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Due to an accidentally large s-wave scattering length, in a relatively wide range of energy, neutrons are
approximately described by the nonrelativistic conformal field theory of unitarity fermions, perturbed by
one relevant and an infinite number of irrelevant operators. We develop a formalism which provides a
nonperturbative definition of local operators in that nonrelativistic conformal field theory. We compute the
scattering-length and effective-range corrections to the two-point functions of primary charge-three
operators using the technique of conformal perturbation theory. These calculations allow us to find the first
corrections to the scale-invariant behavior of the rate of nuclear reactions with three neutrons in the final
state in the regime when the neutrons have small relative momenta.
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I. INTRODUCTION

It is well known that neutrons present a natural realization
of fermions near unitarity: the low-energy neutron-neutron
scattering is resonant in the s-wave and characterized by an
anomalously large scattering length, a ≈ −19 fm, as com-
pared to a more typical (for nuclear interactions) value for the
effective range r0 ≈ 2.75 fm [1]. Fermions at unitarity is
described by a universal interacting nonrelativistic conformal
field theory (NRCFT) [2,3], where the symmetries impose
nontrivial constraints on the correlation functions. In par-
ticular, the correlation functions possess scale invariance.
The scale-invariant behavior of the neutron-neutron inter-
action is, however, limited to a finite energy window
between ϵa≡ℏ2=ðmna2Þ∼0.1MeV and ϵr0 ≡ ℏ2=ðmnr20Þ∼
5 MeV (wheremn is the neutron mass); the upper end of this
energy range is somewhat below the energies typically
encountered in nuclear physics. One system where neutrons
can be approximated as fermions near unitarity is weakly-
bound nuclei, especially, weakly-bound two-neutron halo
nuclei. For the latter, quantitative predictions for the proper-
ties of the system can be reliably made [4].
It has recently been pointed out that the scale-invariant

regime in neutron physics also exhibits itself in the physics
of nuclear reactions [5]. This can be illustrated in the

example of a reaction in which the final states contain
several neutrons and one another particle:

A1 þ A2 → Bþ nþ nþ � � �|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
N neutrons

: ð1Þ

(An example of such a reaction, considered in Ref. [5],
is the radiative capture of a pion by a triton nucleus:
π− þ 3H → γ þ 3n.) At a given center-of-mass energy of
the colliding particles, the spectrum of B has an end point
(i.e., a maximal energy) E0, and near this end point the
neutrons move along almost the same direction with
approximately the same velocity. In this regime the reaction
can be thought of as occuring in two steps. In the first,
primary, step, the initial particles A1 and A2 collide to
produce the particle B and an object called “unnucleus” U,
which has the same quantum numbers (mass, charge,
and baryon number) as N neutrons. The unnucleus is
not, however, a particle, but is a local field in the non-
relativistic conformal field theory. In the second step, the
unnucleus decays into N free neutrons. Near the end point
the differential cross section is proportional to the decay
rate of the unnucleus U into neutrons, which is determined
by scale invariance. The differential cross section thus
vanishes according to a power law where the exponent is
the scaling dimension of an operator in the nonrelativistic
conformal field theory of unitarity fermions,

dσ
dE

∼ ðE0 − EÞΔU−5=2: ð2Þ

Here ΔU is the scaling dimension of the operator in the
NRCFT that produces that unnucleus U that eventually
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decays into N final-state neutrons. The value of ΔN for a
few small values of N are: Δ2 ¼ 2, Δ3 ≈ 4.27272 in
p-wave and 4.66622 in s-wave, and Δ4 ≈ 5.0. This
“unnuclear” behavior of the cross section is a nonrelativ-
istic version of the “unparticle physics” speculated to exist
beyond the Standard Model [6].
One expects that the power-law “unnuclear” behavior

derived in Ref. [5] has a finite range of applicability: the
“relative” kinetic energy of the neutrons, i.e., the total
kinetic energy of the neutrons in their common center-of-
mass frame, has to be between ϵa and ϵr0 . In this paper, we
compute the deviation from the scaling behavior (2) that
comes from two sources of violation of scale invariance:
the finite scattering length and the nonzero effective range
in the s-wave neutron-neutron scattering.
The method used in this paper is a nonrelativistic version

of conformal perturbation theory. In this approach, one uses
the NRCFT of fermions at unitarity as an unperturbed
starting point, and then treats violation of scale invariance
as small perturbations, over which one develops a pertur-
bation theory. The first correction to the two-point function
hUUþi is then expressed in term of a three-point function
hUL1Uþi, where L1 is the perturbation of the Lagrangian.
The result can be summarized as follows. When the

relative energy of the neutrons (i.e., the energy of the
neutrons in their center-of-mass frame) ω approaches
the lower end of the conformal window, the correction
from the scattering length becomes more and more impor-
tant. The “unnuclear” energy dependence of the cross
section in Eq. (2) is captured by the imaginary part of
the time-ordered two point function of the operator U in
the NRCFT of fermions at unitarity. The first correction
is proportional to the inverse scattering length and has
the form

ImGUðωÞ ¼ c0ωΔU−5=2
�
1þ CU

a
ffiffiffiffiffiffiffiffiffi
mnω
p

�
; ð3Þ

where c0 is a normalization factor that can be absorbed in
the definition of the operator U and GUðωÞ is the time-
ordered two point function of the operator U. We will
compute the coefficient CU for the two lowest-dimension
charge-three operators1: the p-wave (ΔU ¼ 4.27272) and
s-wave (ΔU ¼ 4.66622) operators. Numerically,

CU ¼
�
2.64179; l ¼ 1;

4.14759; l ¼ 0:
ð4Þ

Note that for neutrons a < 0, so the correction in Eq. (3)
suppresses the result, and the suppression is stronger at
lower ω. This matches with the expectation that in the limit
ωa2 ≪ 1 the behavior of ImGU is dictated by the scaling
dimensions in free field theory (ΔU ¼ 11=2 for the p-wave

and 13=2 for the s-wave), which are larger than the
corresponding values at the interacting fixed point.
When ω approaches the upper end of the conformal

window ϵr0, one expects, from dimensional analysis, a
correction of the form

ImGUðωÞ ¼ c0ωΔU−5=2ð1þ C0Ur0
ffiffiffiffiffiffiffiffiffi
mnω
p Þ: ð5Þ

Our calculation yields C0U ¼ 0, which means that the first
effective-range correction appears at order r20mnω. We do
not currently completely understand the reason for the
absence of the Oðr0Þ correction; it seems that it does not
have a symmetry origin, but is related to the integer value of
the number of spatial dimensions.
The structure of this paper is as follows. We start with

Sec. II where we review the conventional effective field
theory description of fermions near unitarity. We show that
this theory can be thought of as a nonrelativistic conformal
field theory deformed by one relevant and one irrelevant
operator, with the coefficients proportional to 1=a and r0.
We then proceed with a systematic analysis of local
operators in the theory of unitarity fermions. In Sec. III,
we provide a nonperturbative definition of the local
operators, and illustrate it on the examples of charge-two
and charge-three operators, for which the scaling dimen-
sions can be determined exactly. We then develop the
technique of conformal perturbation theory in Sec. IV and
compute the corrections to the two-point functions from
the scale-invariance-breaking terms in the Lagrangian in
Sec. V. We conclude with Sec. VI and relegate technical
details to the Appendices.

II. PRELIMINARIES: THE NRCFT OF
FERMIONS NEAR UNITARITY

In this Section, we consider the conventional EFT
description of fermions near unitarity. We then show that
this theory can be understood as a NRCFT perturbed by
additional operators.
We start with the effective Lagrangian of spin-1=2

fermions with pointlike interaction,2

L ¼
X
σ¼↑↓

ψ†
σ

�
i∂t þ

∇2

2

�
ψσ þ cψ†

↓ψ
†
↑ψ↑ψ↓: ð6Þ

Using a Hubbard-Stratonovich transformation, the
Lagrangian can be rewritten as

L ¼
X
σ

ψ†
σ

�
i∂t þ

∇2

2

�
ψσ −

1

c
d†dþ ψ†

↓ψ
†
↑dþ d†ψ↑ψ↓:

ð7Þ

1We use “charge” and “particle number” interchangeably.

2We set the mass of the single particle state m ¼ 1 for the rest
of the paper.
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where d is an auxiliary field. The full inverse propagator of
d can be computed by evaluating a fermion one-loop
diagram. One finds

D−1ðp0; p⃗Þ ¼ −
1

c
þ
Z

d3q⃗
ð2πÞ3

1

q2 þ p2

4
− p0 − iϵ

: ð8Þ

The loop integral diverges linearly in the ultraviolet (UV).
The divergent piece is isolated in the following manner

D−1ðp0; p⃗Þ ¼
1

4πa
þ
Z

d3q⃗
ð2πÞ3

�
1

q2 þ p2

4
− p0 − iϵ

−
1

q2

�
;

ð9Þ
where a is defined through

1

4πa
¼ −

1

c
þ
Z

d3q⃗
ð2πÞ3

1

q2
; ð10Þ

The divergence on the right-hand side (rhs) is linear which
can be evaluated by imposing UV cutoff for momenta and
renormalizes the bare coupling c.Z

d3q⃗
ð2πÞ3

1

q2
≡
Z

Λ

0

dq
2π2
¼ Λ

2π2
ð11Þ

Near unitarity, the inverse four-fermion coupling 1=c is
fine-tuned to almost cancel the diverging integral, leaving
out a finite part, which is physically the s-wave scattering
length. One can check that in the limit Λ → ∞, the integral
in Eq. (9) is finite.

D−1ðp0; p⃗Þ ¼ −
1

4π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2

4
− p0 − iϵ

r
þ 1

4πa
; ð12Þ

Once this fine tuning is done, all physical quantities are
no longer dependent on the UV cutoff. We define the
critical four-fermion coupling at which the scattering length
is infinite as c�,

1

c�
¼
Z

d3q⃗
ð2πÞ3

1

q2
: ð13Þ

The theory at this value of coupling,

LCFT¼
X
σ

ψ†
σ

�
i∂tþ

∇2

2

�
ψσ−

1

c�
d†dþψ†

↓ψ
†
↑dþd†ψ↑ψ↓;

ð14Þ
is a nonrelativistic conformal field theory. In this theory, d
is a local operator. The two-point Green’s function of d, in
coordinate space, is

hTdðt; x⃗Þd†ð0; 0⃗Þi ¼ −
4

πt2
exp

�
i
x2

t

�
: ð15Þ

This has the form of the two-point function of a primary
operator with scaling dimension Δd ¼ 2.
Now when c is away from the finely tuned value, the

Lagrangian can be written as

L ¼ LCFT þ
1

4πa
d†d: ð16Þ

This means that the theory describing fermions with finite
scattering length, zero-range interaction is the conformal
theory, deformed by the operator d†d. This operator has
dimension 2Δd ¼ 4 and is hence relevant (recall that in a
nonrelativistic theory in 3 spatial dimensions, the dimen-
sion of a marginal operator is 5).
To describe an interaction with a finite range, one needs

to include into the theory irrelevant interactions. Including
the irrelevant term with lowest dimension (6) leads to the
Lagrangian

L ¼ LCFT þ
1

4πa
d†d −

r0
8π

d†
�
i∂t
↔þ ∇!2 þ ∇ 2

4

�
d: ð17Þ

The last term is the only dimension-6 operator which is
Galilean invariant. By computing the amplitude of the
s-wave scattering of two ψ-particles, one can identify r0
with the effective range.

III. LOCAL OPERATORS AND THEIR
CORRELATION FUNCTIONS

In this section we introduce how local operators are
defined in the NRCFT and illustrate the formalism on the
example of the charge-two operator.

A. Hilbert space and Hamiltonian of NRCFT

Here we provide an alternative nonperturbative defini-
tion of the NRCFTwhich will turn out to be convenient for
our future calculations.
The Hilbert space of a nonrelativistic system is decom-

posed into sectors with different number of particles

H ¼ H0 ⊗ H1;0 ⊗ H0;1 ⊗ H1;1 ⊗ H2;1 ⊗ � � � ð18Þ

where Hm;n is a sub-Hilbert space of states with m spin-up
and n spin-down fermions.
The states in the sector Hm;n are parametrized by the

wave functions

Ψðfx⃗i; y⃗jgÞ≡Ψðx⃗1; x⃗2;…; x⃗m; y⃗1; y⃗2;…; y⃗nÞ: ð19Þ

Fermi statistics requires that Ψ is antisymmetric under
the exchange of any pair of x’s or y’s. The unitarity s-wave
interaction implies a boundary condition (the Bethe-Peierls
boundary condition) on the behavior of the wave function
when a spin-up and a spin-down particle approach each
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other. One requires that the s-wave part of the wave
function is singular, and expandable in a series over odd
powers of jx⃗i − y⃗jj starting from power −1:

Ψðx⃗i; y⃗jÞ→
C0

�
x⃗iþy⃗j
2

�
jx⃗i − y⃗jj

þ jx⃗i − y⃗jjC1

�
x⃗i þ y⃗j

2

�
þ jx⃗i − y⃗jj3C2

�
x⃗i þ y⃗j

2

�
þ � � �

þ non-s-wave parts; ð20Þ
where we have suppressed the dependence on the coor-
dinates other than x⃗i and y⃗j.
The Hamiltonian is the sum of the kinetic energies of all

particles,

H ¼ −
1

2

Xm
i¼1

∂
2

∂x⃗2i
−
1

2

Xn
j¼1

∂
2

∂y⃗2j
: ð21Þ

The Hamitonian does not take a state out of the space of
wave functions (20) and is a Hermitian operator.

B. Charge-two operator

We will now define, within the Hilbert-space approach,
the charge-two operator d in the field theory of Sec. II.
Let us first limit ourselves to the charge-two sector of the
Hilbert space, which contains the two particle states which
can be expressed as,

jΨi ¼
Z
x⃗;y⃗

Ψðx⃗; y⃗Þψ†
↓ðy⃗Þψ†

↑ðx⃗Þj0i: ð22Þ

The wave function Ψðx⃗; y⃗Þ satisfies the Bethe-Pierls boun-
dary condition (20) with infinite scattering length to
account for the zero-range interaction.
We now define a charge-two operator O2ðX⃗Þ by giving

its matrix elements:

h0jO2ðX⃗ÞjΨi ¼ lim
x⃗→X⃗
y⃗→X⃗

jx⃗ − y⃗jΨðx⃗; y⃗Þ; ð23Þ

where the factor jx⃗ − y⃗j ensures that the matrix elements
are finite despite the singular boundary condition.
Local operators in NRCFTs have well defined quantum
numbers—mass (or particle number, if all particle types
carry the same mass) and scaling dimension [3]. The
particle number of our charge-two operator is fixed
by virtue of its definition: NO2

¼ −2, while the scaling
dimension can be worked out by the following alternative
definition of the charge-two operator in terms of an equal-
time operator product expansion

ψ↑ðx⃗Þψ↓ðy⃗Þ ∼
1

jx⃗ − y⃗jO2

�
x⃗þ y⃗
2

�
þ � � � : ð24Þ

Considering the fact that the scaling dimension of the
fermion field is Δψ ¼ 3

2
(in d dimensions Δψ ¼ d

2
), we get,

ΔO2
¼ 2Δψ − 1 ¼ 2. We can also check that the operator

defined in Eq. (24) is a primary operator, i.e., satisfies

½Ki;O2ð0⃗Þ� ¼ ½C;O2ð0⃗Þ� ¼ 0: ð25Þ

Where Ki and C are the operators of Galilean boost and
proper conformal transformation, respectively. One can
intuitively think that the leading term in the OPE creates the
two neutron state with low relative velocity or low centre-
of-mass energy. The subleading operators in the expansion
correspond to descendants with higher Δ (because of
derivatives) and hence higher energies.
We will now evaluate the two-point correlation functions

of O2 and connect this operator with the operator d
in Sec. II.

1. Two-point Green’s function of charge-two
operator in NRCFT

We will be interested in the time-ordered Green’s
function of O2,

GO2
ðt; x⃗Þ ¼ −iΘðtÞh0jO2ðt; x⃗ÞO†

2ð0; 0⃗Þj0i: ð26Þ

The time-ordered Green’s function coincides with the
retarded Green’s function thanks to O2ðt; x⃗Þj0i ¼ 0.
In order to compute the CFT two point function,

we insert complete set of states between the operators
O2 and O†

2,

h0jO2ðt; x⃗ÞO†
2ð0; 0⃗Þj0i ¼

X
n

h0jO2ðt; x⃗ÞjnihnjO†
2ð0; 0⃗Þj0i:

ð27Þ

Because of number conservation, only two-particle states
contributes to the sum.3 Thus, in order to evaluate this sum,
we need to count all the two-particle intermediate states.
This is possible in our theory because all solutions to
the Schrödinger equation with Bethe-Peierls boundary
condition are known.
In addition, the operator O2 has nonvanishing matrix

elements only for states with zero angular momentum
between the two particles and the vacuum. In three spatial
dimensions, the Schrödinger equation for the two-particle
states with zero relative angular momentum is�
1

4
∇!2

Rcm
þ ∂

2

∂
2r
þ 2

r
∂

∂r

�
ΨðR⃗cm; r⃗Þ ¼ −EΨðR⃗cm; r⃗Þ; ð28Þ

3Recall that in a relativistic CFT, such a simplification does not
occur and we have to take into account multiparticle states as
well: relativistic theories contain both particles and holes.
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where

R⃗cm ¼
x⃗þ y⃗
2

; r⃗ ¼ x⃗ − y⃗; ð29Þ

are the center-of-mass and relative coordinates, respectively.
The energy eigenstates are labeled by the center-of-mass

momentum P⃗cm and the relative momentum k,

ΨP⃗cm;k
ðR⃗cm; r⃗Þ ¼ CP⃗cm;k

cos kr
r

eiP⃗cm·R⃗cm ;

EP⃗cm;k
¼ P2

cm

4
þ k2; ð30Þ

where CP⃗cm;k
is the normalization factor and r ¼ jr⃗j. Note

that the Bethe-Peierls boundary condition has already
been taken into account; the alternative solution to the
radial wave equation r−1 sin kr was rejected.
To find the normalization factor CP⃗cm;k

and to count the

states, we can assume the center-of-mass coordinate R⃗cm
runs in a rectangular box of volume V with a periodic
boundary condition, while the relative coordinate r is
confined in a finite sphere of radius Rmax with the hard-
wall boundary condition ψðRmaxÞ ¼ 0, which quantizes k
to discrete values

k ¼ ð2nþ 1Þπ
2Rmax

; n∈Z: ð31Þ

The normalization coefficient can now be computed, and
we have

ΨP⃗cm;k
ðR⃗cm; r⃗Þ ¼

eiP⃗cm·R⃗cmffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πRmaxV
p cosðkrÞ

r
: ð32Þ

At large V and Rmax the sum over intermediate states can
be transformed into integrals using the usual rules,X

P⃗cm

→
V
ð2πÞ3

Z
d3P⃗cm;

X
k

→
Rmax

π

Z
∞

0

dk: ð33Þ

The two-point function of the charge-two operator in
Eq. (27) takes the form

h0jO2ðt; x⃗ÞO†
2ð0; 0⃗Þj0i

¼ VRmax

ð2πÞ3π
Z

d3P⃗cm

Z∞
0

dkh0jO2ðt; x⃗ÞjΨP⃗cm;k
i

× hΨP⃗cm;k
jO†

2ð0; 0⃗Þj0i: ð34Þ

We use the definition of the matrix elements of the charge-
two operator as defined in Eq. (23), as well as Heisenberg
evolution, Oðt; x⃗Þ ¼ eiHtOð0; x⃗Þe−iHt to get,

h0jO2ðt; x⃗ÞO†
2ð0; 0⃗Þj0i

¼ 1

ð2πÞ4π
Z

d3P⃗cm

Z∞
0

dk exp

�
iP⃗cm · x⃗−

i
4
P2
cm − ik2t

�
:

ð35Þ

Using the integrals in Appendix A, we find

GO2
ðt; x⃗Þ ¼ −iΘðtÞh0jO2ðt; x⃗ÞO†

2ð0; 0⃗Þj0i

¼ iΘðtÞ
4π3t2

exp

�
i
x2

t

�
: ð36Þ

To compute this Green’s function in momentum space, we
can use the general formula,Z

dtd3x⃗
ΘðtÞ
tΔ

exp

�
i
Mx2

2t
þ iωt − ip⃗ · x⃗

�
¼ iΔ−1

�
2π

M

�
3=2
�
p2

2M
− ω

�Δ−5=2
Γ
�
5

2
− Δ

�
; ð37Þ

to get

GO2
ðω; p⃗Þ ¼ −

1

4π
ffiffiffiffiffiffiffiffiffiffiffiffiffi
p2

4
− ω

q : ð38Þ

Comparing with Eq. (12) in the large scattering length
limit, we identify the dimer field with the O2 operator that
we have defined in Sec. II,

O2 ¼
d
4π

: ð39Þ

2. Correlation functions and deformations

We will be interested in the correlation functions when
the theory is deformed from the conformal fixed point. For
the problem of fermions at unitarity, the most important
deformations are given by the inverse scattering length a−1

and the effective range r0, and the Lagrangian of the
perturbation is, according to Eqs. (17) and (39)

Lpert ¼
4π

a
O†

2O2 − πr0O
†
2

�
i∂t
↔þ ∇⃗2 þ ∇⃖2

4

�
O2: ð40Þ

This perturbation Lagrangian contains two operators of
lowest dimension: a relevant operator of dimension 4,
multiplied by a−1, and the leading irrelevant operator of
dimension 6, whose coefficient is r0.
In relativistic theory, there is a powerful technique of

conformal perturbation theory. We will develop this tech-
nique for the problem at hand. The idea is to view the
NRCFT as the starting point and develop perturbation
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theory over 1=a and r0. This bypasses the need for
“resummation” of perturbative series in the conventional
effective-field-theory approach.
We are interested in computing time-ordered correlation

functions of k local operators Oi, i ¼ 1;…; k in the
perturbed CFT. This correlator can be formally written
as a path integral,

GO1;…Ok
ðt1; x⃗1;…; tk; x⃗kÞ

¼
Z

DψDd
Yk
i¼1

Oiðti; x⃗iÞei
R

dtdx⃗L: ð41Þ

Writing L ¼ LCFT þ Lpert and expanding over Lpert, the
correlator can be written as

GO1;…Ok
ðt1; x⃗1;…; tk; x⃗kÞ

¼
X∞
n¼0

1

n!
h0jT

Yk
i¼1

Oiðti; x⃗iÞ
�Z

dtdx⃗Lpertðt; x⃗Þ
�

n
j0iCFT;

ð42Þ
where T denotes time ordering and Lpert is given
in Eq. (40).
The main focus in this paper is to study the two-point

functions of primary operators and its leading corrections in
the inverse scattering 1=a and effective range r0. We first
illustrate our technique on the example of the two-point
function of the charge-two operator which was defined in
Eq. (23). The correlator of O2 is known to all orders in a−1

and r0,

GO2
ðω;p⃗Þ¼ 1

4π

	
−

ffiffiffiffiffiffiffiffiffiffiffiffiffi
p2

4
−ω

r
þ1

a
þr0

2

�
p2

4
−ω

�
−1
: ð43Þ

Our aim here is more modest: to compute the corrections
linear in a−1 and r0 to GO2

:

GO2
¼ GCFT

O2
þ 4πi

a
Grel

O2
− iπr0Girrel

O2
; ð44Þ

where GCFT
O2

is the two point function in the unperturbed
NRCFT and the perturbations to linear orders in a−1 and r0
are given by (40),

GCFT
O2
ðt; x⃗Þ ¼ −ih0jTO2ðt; x⃗ÞO†

2ð0; 0⃗Þj0i; ð45aÞ

Grel
O2
ðt; x⃗Þ ¼ −i

Z
dt0d3y⃗h0jTO2ðt; x⃗ÞO†

2ð0; 0⃗Þ

×O†
2ðt0; y⃗ÞO2ðt0; y⃗Þj0i; ð45bÞ

Girrel
O2
ðt; x⃗Þ ¼ −i

Z
dt0d3y⃗h0jTO2ðt; x⃗ÞO†

2ð0; 0⃗ÞO†
2ðt0; y⃗Þ

×

�
i∂
↔

t0 þ
∇⃗2

y þ ∇⃖2
y

4

�
O2ðt0; y⃗Þj0i: ð45cÞ

3. Corrections to two-point function
of charge-two operator

We now proceed to evaluate the deformed two-point
functions. Taking into account O2j0i ¼ 0 and h0jO†

2 ¼ 0,
the two deformations can be rewritten as

Grel
O2
ðt; x⃗Þ ¼ −iΘðtÞ

Z
t

0

dt0
Z

d3y⃗h0jO2ðt; x⃗ÞO†
2ðt0; y⃗Þ

×O2ðt0; y⃗ÞO†
2ð0; 0⃗Þj0i; ð46aÞ

Girrel
O2
ðt; x⃗Þ ¼ −iΘðtÞ

Z
t

0

dt0
Z

d3y⃗h0jO2ðt; x⃗ÞO†
2ðt0; y⃗Þ

×

 
i∂t0
↔
þ ∇!2

y þ ∇ 2

y

4

!
O2ðt0; y⃗ÞO2ð0; 0⃗Þj0i:

ð46bÞ

We apply the method previously used to compute the two-
point function to evaluate these deformations. We insert a
complete set of eigenstates, and note that number con-
servation constrains that only the vacuum state needs to be
inserted between the operator O†

2ðt0; y⃗Þ and O2ðt0; y⃗Þ. For
the relevant (∼a−1) deformation we find

Grel
O2
ðt; x⃗Þ ¼ −iΘðtÞ

Zt
0

dt0
Z

d3y⃗h0jO2ðt; x⃗ÞO†
2ðt0; y⃗Þj0i

× h0jO2ðt0; y⃗ÞO†
2ð0; 0⃗Þj0i: ð47Þ

This can be written as

Grel
O2
ðt; x⃗Þ¼ i

Z∞
−∞

dt0
Z

d3y⃗GO2
ðt− t0; x⃗− y⃗ÞGO2

ðt0; y⃗Þ; ð48Þ

which, in momentum space, is simply

Grel
O2
ðω; p⃗Þ ¼ i½GO2

ðω; p⃗Þ�2 ¼ i
16π2

1
p2

4
− ω

: ð49Þ

The irrelevant deformation (46b) can be dealt with sim-
ilarly. Inserting the only possible intermediate state—the
vacuum state—betweenO†

2ðt0; y⃗Þ andO2ðt0; y⃗Þ, we can write

Girrel
O2
ðt; x⃗Þ ¼ i

Z
dt0d3y⃗GO2

ðt − t0; x⃗ − y⃗Þ

×

 
i∂t0
↔ þ ∇!2

y þ ∇ 2

y

4

!
GO2
ðt0; y⃗Þ: ð50Þ
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In momentum space, this reads

Girrel
O2
ðω; p⃗Þ ¼ −2i

�
p2

4
− ω

�
G2

O2
ðω; p⃗Þ ¼ −

i
8π2

: ð51Þ

To summarize, the two-point function of O2, with the
first-order corrections in a−1 and r0, is, according to Eq. (44)

GO2
ðω; p⃗Þ ¼ −

1

4π

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
p2

4
− ω

q −
1

4πa
1

p2

4
− ω

−
r0
8π

: ð52Þ

which can be checked to coincide with Eq. (43) when the
latter is expanded to linear order in a−1 and r0.

C. Charge-three operators

We now turn our attention to the charge-three local
operators. In total analogy with the charge-two operator
considered in the previous subsection, the most straightfor-
ward way to construct a local charge-three operator is by
defining its matrix elements between an arbitrary three-
particle state of the interacting theory and the vacuum.
The central object of our study is therefore the three-body
wave functions which solve the free Hamiltonian, with
Bethe-Peierls boundary condition to account for the short-
range interaction.
The spectrum of dimensions of the charge-three oper-

ators crucially depend on the allowed short-distance
behaviors of the solutions of the three-particle wave
functions. When the total spin of the three particles is
3=2, the wave function is totally antisymmetric in coor-
dinate space and the Bethe-Peierls boundary condition
plays no role. As a result, all spin-3=2 charge-three
operators behave exactly like in the free theory. In the
channel with total spin 1=2, we have, e.g., two spin-up and
one spin-down particles, and the Bethe-Peierls boundary
condition can no longer be neglected.
Let us denote the coordinates of the particles as x⃗i, i ¼ 1,

2, 3, and let particles 1 and 3 carry spin pointing upward
and particle 2 carry spin pointing downward. The three-
body wave function Ψðx⃗1; x⃗2; x⃗3Þ is antisymmetric under
the exchange of two spin-up particles: Ψðx⃗1; x⃗2; x⃗3Þ ¼
−Ψðx⃗3; x⃗2; x⃗1Þ. The wave function blows up as inverse
power of the distance when x⃗2 approaches either x⃗1 or x⃗3.
The Bethe-Peierls boundary condition does not, however,
directly prescribe the behavior of the wave function when
all the coordinates of all three particles shrink to a point. To
determine that, we need to carefully look at the solutions to
the three-body Schrödinger equation.
In our case, the three-body problem can be completely

solved analytically. For completeness, we present here
Efimov’s solution, following closely the presentation of
Ref. [7]. The Schrödinger equation is given by

−
1

2

�X3
i¼1

∇2
x⃗i

�
Ψðx⃗1; x⃗2; x⃗3Þ ¼ EΨðx⃗1; x⃗2; x⃗3Þ; ð53Þ

and is supposed to be valid when the none of the three
coordinates coincide. We now introduce the Jacobi coor-
dinates,

R⃗cm ¼
x⃗1 þ x⃗2 þ x⃗3

3
; ð54aÞ

r⃗ ¼ x⃗2 − x⃗1; ð54bÞ

ρ⃗ ¼ 2ffiffiffi
3
p
�
x⃗3 −

x⃗1 þ x⃗2
2

�
: ð54cÞ

For future reference, the Jacobian of the change of
coordinates is

∂ðx⃗1; x⃗2; x⃗3Þ
∂ðR⃗rm; r⃗; ρ⃗Þ

¼
� ffiffiffi

3
p

2

�
3

: ð55Þ

Assuming the wave function is a plane wave in the center-of-
mass coordinate,ΨðR⃗cm; r⃗; ρ⃗Þ¼ expðiP⃗cm · R⃗cmÞψ ð3Þðr⃗; ρ⃗Þ, in
the relative coordinates r⃗ and ρ⃗ the Schrödinger equation is

−ð∇2
r þ∇2

ρÞψ ð3Þðr⃗; ρ⃗Þ ¼ k2ψ ð3Þðr⃗; ρ⃗Þ: ð56Þ

where the energy of the relative motion is denoted as k2. The
total energy is the sum of the energies of the center-of-mass
motion and relative motion: E ¼ 1

6
P2
cm þ k2.

Equation (56) should be supplemented by the Bethe-
Peierls boundary condition at x⃗2 → x⃗1 and x⃗2 → x⃗3. We
defer the detail discussion of this boundary condition
to later.
To solve the Schrödinger equation, we go from r⃗ and ρ⃗

(total of six coordinates) to the hyperspherical coordinates,
consisting of the hyperradius,

R ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ ρ2

2

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx⃗1 − x⃗2Þ2 þ ðx⃗2 − x⃗3Þ2 þ ðx⃗3 − x⃗1Þ2

3

r
;

ð57Þ

and five hyperangles Ω ¼ ðα; r̂; ρ̂Þ, where

α ¼ arctan
r
ρ
; r̂ ¼ r⃗

r
; ρ̂ ¼ ρ⃗

ρ
: ð58Þ

Again for future reference, we note the Jacobian of the
coordinate change,

d3r⃗d3ρ⃗ ¼ 2R5sin2 2αdRdαd2r̂d2ρ̂: ð59Þ

In the hyperspherical coordinates, the Schrödinger equation
has the form

−
1

2

�
∂
2

∂R2
þ 5

R
∂

∂R
þ∇2

Ω
R2

�
ψ ð3ÞðR;ΩÞ ¼ k2ψ ð3ÞðR;ΩÞ; ð60Þ

APPLIED NONRELATIVISTIC CONFORMAL FIELD THEORY: … PHYS. REV. D 109, 016001 (2024)

016001-7



where the hyperangular Laplace operator is

∇2
Ω ¼

∂
2

∂α2
þ 4

tan 2α
∂

∂α
þ ∇2

r̂

sin2 α
þ ∇2

ρ̂

cos2 α
: ð61Þ

The task of finding the solution to the Schrödinger equation
boils down to finding the spectrum of the hyperangular
Laplace operator ∇2

Ω. Suppose we know the complete
spectrum of this operator. We denote the eigenvalues of
this operator by −s2 þ 4:

∇2
ΩΦsðΩÞ ¼ ð−s2 þ 4ÞΦsðΩÞ: ð62Þ

Then the solution to the Schrödinger equation can be
searched in the form

ψ ð3ÞðR;ΩÞ ¼ FsðRÞ
R2

ΦsðΩÞ; ð63Þ

where FsðRÞ satisfies the hyperradial wave equation

−F00ðRÞ − 1

R
F0ðRÞ þ s2

R2
¼ 2k2FðRÞ: ð64Þ

1. Solving the hyperradial wave equation

We will see that for the problem of spin-1=2 fermions,
s2 > 0, so we will consider s real and positive. There are
two independent solutions to the hyperradial wave equa-
tion (64), FðRÞ ∼ Jsð

ffiffiffi
2
p

kRÞ and FðRÞ ∼ Ysð
ffiffiffi
2
p

kRÞ, where
JsðxÞ and YsðxÞ are the Bessel functions of first and second
kind, respectively. The asymptotics of these solutions at
small R are Jsð

ffiffiffi
2
p

kRÞ ∼ Rs and Ysð
ffiffiffi
2
p

kRÞ ∼ R−s. The
normalization integral for the wave function contains a
factor

R
R5dRjFðRÞ=R2j2 ¼ R RdRjFðRÞj2. This factor

never diverges for the Js solution, but diverges for
the Ys solution when s ≥ 1. As we will see, in our case
all eigenvalues of the hyperangular Laplacian has s > 1,
so we set

FðRÞ ¼ Jsð
ffiffiffi
2
p

kRÞ: ð65Þ

In analogy with the charge-two case, we impose the
vanishing boundary condition for the wave function at a
maximal hyperradius Rmax:

FðRmaxÞ¼0⇒k¼ πffiffiffi
2
p

R

�
nþ s

2
þ3

4

�
; n∈Z: ð66Þ

We now proceed to define charge-three operators. First
we note that a general three-body state will have the
following behavior at short distances,

Ψðx⃗1; x⃗2; x⃗3Þ ¼
X
s

RsΦsðΩÞΨsðR⃗cmÞ; ð67Þ

when the three coordinates x⃗1, x⃗2, x⃗3 shrink to the same
point R⃗cm in an uniform way (i.e., with R → 0 and all
hyperangles fixed). One can then define the charge-three
operators Os

3 so that

h0jOs
3ðR⃗cmÞjΨi ¼ csΨsðR⃗cmÞ; ð68Þ

where cs is some constant chosen for convenience. If there
are several eigenstates of the hyperangular Laplacian with
the same eigenvalues (for example in the cases of states
with nonzero angular momentum) then in Eq. (67) one
needs to include in the expansion (67) the complete
orthonormal set of basis eigenvectors ΦsðΩÞ with that
value of s and define one charge-three operator for each
eigenmode (which would form a SOð3Þ rotational multiplet
if the degeneracy is due to rotational symmetry).
For completeness, here we note two other possible

behaviors of the three-body sector.
(i) When s2 < 0, the hyperradial wave equation (64)

corresponds to the situation of “falling to the center.”
The three-body problem is not well-defined without
a UV cutoff. With an UV cutoff, solving Eq. (64)
one finds an infinite number of bound states with
binding energies Bn tending to 0 exponentially with
the radial quantum number n: Bn ∼ e−2πns. This is
the Efimov effect and is the situation with three
identical bosons with unitarity interaction.

(ii) When 0 < s2 < 1, both Js and Ys are normalizable
at small R. In this case, there are two CFTs, one with
non-fine-tuned three-body interaction and the other
with a fine-tuned three-body resonance. The radial
wave function FðRÞ behaves as Rs and R−s at small
R in these two CFTs. This is the situation with
fermions when the mass difference of the spin-up
and spin-down species is within a certain range.

2. Solving the hyperangular wave equation

Now we find the spectrum of the Laplace operator in
the hyperangular coordinates. The hyperangular Laplace
equation, Eqs. (61) and (62) look simple, but we need to
remember that the wave function has to be antisymmetric
under the exchange x⃗1 → x⃗3 and satisfy the Bethe-Peierls
boundary condition when x⃗2 → x⃗1 and x2 → x3. Since the
hyperradius (57) is invariant under the exchange of any pair
of coordinates, Fermi statistics imposes an antisymmetry
condition on the hyperangular wave function ΦsðΩÞ. The
Bethe-Peierls boundary condition when x⃗2 → x⃗1 is,

lim
r⃗→0

ψ ð3Þðr⃗; ρ⃗Þ ¼ 1

r
Aðρ⃗Þ þOðrÞ; r≡ jr⃗j; ð69Þ

which can be formulated as a differential constraint,

∂ðrψ ð3ÞÞ
∂r

����
r¼0
¼ 0: ð70Þ
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and has a simple form in the hyperangular coordinates,

∂ðαΦðα; r̂; ρ̂ÞÞ
∂α

����
α¼0
¼ 0; ð71Þ

but the boundary condition when x⃗2 → x⃗3 is quite com-
plicated when written in the language of the hyper-
angular coordinates (58). The problem is that the Jacobi
coordinates (54) treat the two spin-up particles (particles 1
and 3) unequally.
Efimov’s solution makes use of a decomposition of the

wave function into the Faddeev components. We note that
Eq. (72) is valid only when x⃗2 ≠ x⃗1 and x⃗2 ≠ x⃗3; if one
wants to write an equation that is valid for all values of the
coordinates, one would have delta-functional sources,

−
1

2

X3
i¼1

∇2
x⃗i
Ψðx⃗1; x⃗2; x⃗3Þ

¼ EΨðx⃗1; x⃗2; x⃗3Þ þ δðx⃗2 − x⃗1ÞF
�
x⃗3;

x⃗1 þ x⃗2
2

�
− δðx⃗2 − x⃗3ÞF

�
x⃗1;

x⃗3 þ x⃗2
2

�
; ð72Þ

where the function F can be in principle related toΨ so that
Eq. (72) becomes a closed equation for Ψ, but we will not
need this relation. We can formally write Ψ into the sum of
two parts,

Ψ ¼ Ψ12 −Ψ32; ð73Þ

where

Ψ12 ¼
�
−
1

2

X3
i¼1

∇2
xi − E

�
−1
δðx⃗2 − x⃗1ÞF

�
x⃗3;

x⃗1 þ x⃗2
2

�
;

ð74Þ

Ψ32 ¼
�
−
1

2

X3
i¼1

∇2
xi − E

�
−1
δðx⃗2 − x⃗3ÞF

�
x⃗1;

x⃗3 þ x⃗2
2

�
¼ P13Ψ12; ð75Þ

where the operator P13 is the operator that exchanges x1
and x3: Ψ32ðx⃗1; x⃗2; x⃗3Þ ¼ Ψ12ðx⃗3; x⃗2; x⃗1Þ. Ψ12 and Ψ32 are
called Faddeev components. By construction, they satisfy
the free Schrödinger equation at noncoinciding coordi-
nates, but they satisfy neither Fermi statistics nor the Bethe-
Peierls boundary condition. Efimov’s method is to search
for the general expression for the Faddeev components and
then impose the Bethe-Peierls constraint by hand [Fermi
statistics is built in in the linear combination (73)].

The Faddeev component Ψ12 can also be searched in
the form

Ψ12 ¼
FðRÞ
R2

Φs;12ðΩÞ; ð76Þ

where Φs;12ðΩÞ satisfies the equation

∇2
ΩΦs;12ðΩÞ ¼ ð−s2 þ 4ÞΦs;12ðΩÞ; ð77Þ

and FðRÞ satisfies Eq. (64). As the hyperradius R is
symmetric under permutation [see Eq. (57)], Φs;32 ¼
P13Φs;12. From Eq. (74) one sees that Φ12 contains only
the s-wave component in r̂, so one can set in the hyper-
angular Laplacian ∇2

r̂ ¼ 0.4 Searching for the solution of
the form

Φs;12ðΩÞ ¼
ϕl
sðαÞ

sinð2αÞY
m
l ðρ̂Þ; ð78Þ

where the spherical function is normalized as

Ym
l ðθ;φÞ ¼ eimφ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl −mÞ!
ðlþmÞ!

s
Pm
l ðcosðϑÞÞ;Z

dΩjYm
l ðθ;φÞj2 ¼

4π

2lþ 1
; ð79Þ

we find the equation for ϕl
sðαÞ:

ϕl
s
00ðαÞ − lðlþ 1Þ

cos2 α
ϕl
sðαÞ ¼ −s2ϕl

sðαÞ: ð80Þ

The Bethe-Pierls boundary condition (70), which should
be imposed on Φs;12ðΩÞ − P13ΦsðΩÞ, and the regularity in
ρ → 0 limit, in these coordinates, translate to the following
condition on ϕðαÞ:

ϕ0lsð0Þ − ð−1Þl
4ffiffiffi
3
p ϕl

sðπ=3Þ ¼ 0; ð81Þ

ϕl
sðπ=2Þ ¼ 0: ð82Þ

In deriving Eq. (81) we have made use of the fact that r → 0
implies α → 0, P13α → π

3
, and P13ρ̂ → −ρ̂. We will be

interested in the cases of l ¼ 0 and l ¼ 1. The hyperangular
wave functions satisfying the second boundary condition
(82) are given by

ϕl¼0
s ðαÞ ¼ sin

	
s

�
π

2
− α

�

;

ϕl¼1
s ðαÞ ¼ −s cos

	
s

�
π

2
− α

�

þ tan α sin

	
s

�
π

2
− α

�

;

ð83Þ

4The authors thank Félix Werner for explaining this argument,
due to Yvan Castin, to them.
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while the first boundary condition becomes an equation
determining the spectrum of s,

l ¼ 0∶ s cos

�
π

2
s

�
þ 4ffiffiffi

3
p sin

�
π

6
s

�
¼ 0; ð84Þ

l ¼ 1∶ ðs2 − 1Þ sin
�
π

2
s

�
þ 4ffiffiffi

3
p s cos

�
π

6
s

�
− 4 sin

�
π

6
s

�
¼ 0: ð85Þ

(The equation for a general value of l can be found in
Ref. [7].) There is an infinite number of solutions for each
of the equations; the numerical values for the lowest four
solutions for each l are given in Table I. (The two spurious
solutions s ¼ 2 for l ¼ 0 and s ¼ 1 for l ¼ 1 have been
ignored, since the both lead to ΦsðΩÞ ¼ 0.) We also note
here the asymptotic behavior of nth solution of each
equation at large n,

sn ¼
�
2nþ 1þOðn−1Þ; l ¼ 0;

2nþOðn−1Þ; l ¼ 1:
ð86Þ

Once the function s has been found, the hyperangular
part of the wave function can be computed through

ΦsðΩÞ ¼ ð1 − P13Þ
ϕl
sðαÞ

sinð2αÞY
m
l ðρ̂Þ: ð87Þ

3. Normalizing energy eigenstates

We normalize the three-body wave function by requiringZ
d3x⃗1d3x⃗2d3x⃗3jΨðx⃗1; x⃗2; x⃗3Þj2 ¼ 1: ð88Þ

The three-body state is then related to the wave function by

jΨi ¼ 1ffiffiffi
2
p
Z

d3x⃗1d3x⃗2d3x⃗3Ψðx⃗1; x⃗2; x⃗3Þψ†
↑ðx⃗1Þ

× ψ†
↓ðx⃗2Þψ†

↑ðx⃗3Þj0i: ð89Þ

The energy eigenstates are written as a function of the
Jacobi coordinates as

Ψl;m
s;k ðR⃗cm; r⃗; ρ⃗Þ ¼

�
2ffiffiffi
3
p
�

3=2
Nl

ke
iP⃗cm·R⃗cm

Jsð
ffiffiffi
2
p

kRÞ
R2

Φl;m
s ðΩÞ;

ð90Þ

where Nl
k is a normalization constant and the factor

ð2= ffiffiffi
3
p Þ3=2 has been inserted for convenience. Using

Eqs. (55) and (59), the normalization integral can be
written as

1¼jNl
kj2
Z

d3R⃗cm

Z
RdRJ2sð

ffiffiffi
2
p

kRÞ
Z

dΩjΦl
sðΩÞj2; ð91Þ

where dΩ̄≡ 2sin2 2αdαd2ρ̂d2r̂. As before, we assume
that R̂cm is confined in a large, but finite box of volume
V and the hyperradius has a large, but finite maximal value
of Rmax where the wave function vanishes, the normaliza-
tion factor is

jNl
kj2 ¼

ffiffiffi
2
p

πk
VRmaxfls

; ð92Þ

where we have defined

fls ≡
Z

dΩ̄jΦl;m
s ðΩÞj2: ð93Þ

4. Defining charge-three operators

In analogy with the case of the charge-two operator, we
now define charge-three operators by its matrix element
between the vacuum and the three particle momentum
eigenstate,

h0jOl;m;s
3 ðR⃗cmÞjΨð3Þi

¼ lim
R→0

R2−s
Z

dΩ̄Ψð3ÞðR⃗cm; R;ΩÞΦl;m
s ðΩÞ: ð94Þ

For example, for the normalized energy eigenstate given by
the wave function (90)

h0jOl0;m0;s0
3 ðR⃗cmÞjΨð3ÞP⃗cm;l;m;s;k

i

¼
�

2ffiffiffi
3
p
�

3=2
Nl

kf
l
s

ks

2s=2Γðsþ1Þe
iP⃗cm·R⃗cmδss0δll0δmm0 : ð95Þ

We see that there is an infinite number of charge-three
operators, labeled by the eigenmodes of the three-body
hyperangular Laplacian.
The charge-three operators should appear in the operator

product expansion (OPE) of a charge-two and a charge-one
operator. To find the coefficients of this OPE, we compute
the matrix element

TABLE I. The first four solutions for s for l ¼ 0, 1.

l ¼ 0 l ¼ 1

2.16622 1.77272
5.12735 4.35825
7.11448 5.71643
8.83225 8.05319
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h0jO2ðy⃗Þψ↑ðx⃗ÞjΨð3ÞP⃗cm;l;m;s;k
i ¼ lim

z→0
jz⃗jh0jψ↑

�
y⃗þ z⃗

2

�
ψ↓

�
y⃗ −

z⃗
2

�
ψ↑ðx⃗ÞjΨð3ÞP⃗cm;l;m;s;k

i

¼
ffiffiffi
2
p

lim
jz⃗j→0
jz⃗jΨð3Þ

P⃗cm;l;s;k

�
2y⃗þ x⃗

3
;−z⃗;

2ffiffiffi
3
p ðx⃗ − y⃗Þ

�

¼
ffiffiffi
2
p �

2ffiffiffi
3
p
�

3=2
Nl

k exp

	
i
3
P⃗cm · ð2y⃗þ x⃗Þ


 Js� 2ffiffi
3
p kjy − xj

�
2ffiffi
3
p jy − xj ϕl

sð0ÞYl
mðdx − yÞ: ð96Þ

Comparing with Eq. (95), one finds5

O2ðy⃗Þψ↑ðx⃗Þ ¼
X
s;l;m

�
2

3

�s−1
2 ϕl

sð0Þ
fls

Yl
mðdx − yÞjy⃗ − x⃗j1−sOl;m;s

3

�
2y⃗þ x⃗

3

�
þ descendants: ð97Þ

Similar charge two case, the three body neutron configuration with low relative velocity can be considered as the operator
that appears in the leading OPE of the charge two and charge one operators.
We now compute the two-point function of the charge-three operator Ol;m;s

3 ðt; x⃗Þ. We insert a complete set of states
to get,6

h0jOl;m;s
3 ðt; x⃗ÞO†;l;m;s

3 ð0; 0⃗Þj0i ¼
X
P⃗cm;k

h0jOl;m;s
3 ðt; x⃗ÞjΨð3Þl;m;s;kihΨð3Þl;m;s;kjO†;l;m;s

3 ð0; 0⃗Þj0i

¼
ffiffiffi
2
p

VRmax

ð2πÞ3π
Z

d3P⃗cm

Z
∞

0

dkh0jOl;m;s
3 ðt; x⃗ÞjΨð3Þl;m;s;kihΨð3Þl;m;s;kjO†;l;m;s

3 ð0; 0⃗Þj0i; ð98Þ

where we have used the fact that in the infinite volume limit the sum over discrete eigenvalues go to the continuum obeying
the following rules

X
P⃗cm

→
V
ð2πÞ3

Z
d3P⃗cm;

X
k

→

ffiffiffi
2
p

Rmax

π

Z
∞

0

dk; ð99Þ

the latter is due to the spacing between the quantized values of k in Eq. (66). Using Eq. (95), we find

h0jOl;m;s
3 ðt; x⃗ÞO†;l;m;s

3 ð0; 0⃗Þj0i ¼
�

2ffiffiffi
3
p
�

3 21−sfls
ð2πÞ3Γð1þ sÞ2

Z
d3P⃗cm exp

�
−
i
6
P2
cmtþ iP⃗cm · x⃗

�Z
∞

0

dkk2sþ1e−ik2t

¼ 2−sþ3
2fls

Γð1þ sÞπ3
2

1

ðitÞsþ5
2

exp

�
3ix2

2t

�
: ð100Þ

Thus, we get

h0jOl;m;s
3 ðt; x⃗ÞO†;l0;m0;s0

3 ð0; 0⃗Þj0i ¼ 2−sþ3
2fls

Γð1þ sÞπ3
2

1

ðitÞsþ5
2

exp

�
3ix2

2t

�
δss0δll0δmm0 : ð101Þ

This has the form of a two-point function of a primary operator with mass M ¼ 3 and dimension Δ ¼ sþ 5
2
.

5For the interested reader, the full equal-time OPEs in the charge-three sector (i.e., including the descendant contributions) are worked
out in Appendix B.

6Note that due to orthogonality of the hyperangular wave functions, only the two-point functions of operators with the same s, l, and
m are nonzero.
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IV. SOME THREE-POINT FUNCTIONS IN NRCFT

In this section we evaluate some three point functions that will be needed later for the conformal perturbation theory.

A. hO2ψ
†
↓ψ

†
↑i

As an warm up exercise, we compute the three point functions of the charge-two operator with two ψ fields. This
calculation will be used in the test case for conformal perturbation theory in Sec. VA. We will only need the expression of
the three-point function when the two ψ fields are evaluated at the same time.
We evaluate the three point function h0jO2ψ

†
↓ψ

†
↑ þ j0i using the same quantum mechanical approach that we followed

for the two-point function. We insert the complete set of two-particle energy eigenstates to get,

h0jTO2ð0; 0⃗Þψ†
↓ðt; y⃗Þψ†

↑ðt; x⃗Þj0i ¼ Θð−tÞ VRmax

ð2πÞ3π
Z

d3P⃗cmdkh0jO2ð0; 0⃗ÞjΨð2ÞP⃗cm;k
ihΨð2Þ

P⃗cm;k
jψ†

↓ðt; y⃗Þψ†
↑ðt; x⃗Þj0i: ð102Þ

These matrix elements have been already evaluated earlier in this paper. From Eqs. (32) and (23), we obtain,

h0jO2ð0; 0⃗ÞjΨð2ÞP⃗cm;k
i ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi

2πVR
p ; ð103aÞ

hΨð2Þ
P⃗cm;k
jψ†

↓ðt; y⃗Þψ†
↑ðt; x⃗Þj0i ¼ −

cosðkjx⃗ − y⃗jÞffiffiffiffiffiffiffiffiffiffiffiffi
2πVR
p jx⃗ − y⃗j exp

	
iP⃗cm ·

x⃗þ y⃗
2
þ i

�
P2
cm

4
þ k2

�
t



: ð103bÞ

The three point function takes the form,

h0jTO2ð0; 0⃗Þψ†
↓ðt; y⃗Þψ†

↑ðt; x⃗Þj0i ¼ −
Θð−tÞ

4π3t2jx⃗ − y⃗j exp
�
−
i
2

x2 þ y2

t

�
; ð104Þ

where we have used integrals in Appendix A. Similarly

h0jTψ↑ðt; x⃗Þψ↓ðt; y⃗ÞO†
2ð0; 0⃗Þj0i ¼ −

ΘðtÞ
4π3t2jx⃗ − y⃗j exp

�
i
2

x2 þ y2

t

�
: ð105Þ

B. hO3O
†
2ψ

†
↑i

In this subsection we evaluate the three point functions that are needed for computing the deformation of the charge-three
operator two point function. For brevity we will explicitly derive the result for l ¼ 0 and will only state the result for general
l. We insert the complete set of three-particle momentum eigenstates to get

h0jTOl¼0;s
3 ð0; 0⃗ÞO†

2ðt; y⃗Þψ†
↑ðt; x⃗Þj0i

¼ Θð−tÞ
ffiffiffi
2
p

VR1

ð2πÞ3π
Z

d3P⃗cm

Z∞
0

dkh0jOl¼0;s
3 ð0; 0⃗ÞjΨð3Þ

P⃗cm;l¼0;s;k
ihΨð3Þ

P⃗cm;l¼0;s;k
jO†

2ðt; y⃗Þψ†
↑ðt; x⃗Þj0i: ð106Þ

These matrix elements are evaluated as follows

h0jOl¼0;s
3 ð0; 0⃗ÞjΨð3Þl¼0;s;ki ¼

�
2ffiffiffi
3
p
�

3=2
N0

kf
0
s
2−s=2ks

Γðsþ 1Þ ; ð107aÞ

hΨð3Þl¼0;s;kjO†
2ðt; y⃗Þψ†

↑ðt; x⃗Þj0i ¼ −
2

31=4
N0

k

Js

�
2ffiffi
3
p kjy⃗ − x⃗j

�
jy⃗ − x⃗j ϕ�l¼0s ð0Þ exp

	
i

�
P2
cm

6
þ k2

�
t − iP⃗cm ·

2y⃗þ x⃗
3



; ð107bÞ
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where we have used Eq. (96). The three point function then
simplifies to

h0jTOl¼0;s
3 ð0; 0⃗ÞO†

2ðt; y⃗Þψ†
↑ðt; x⃗Þj0i

¼ Nl¼0
3ptΘð−tÞ

jy⃗ − x⃗js−1
ð−tÞsþ5

2

exp

	
−
i
t

�
x2

2
þ y2

�

; ð108Þ

where we have used Eq. (93) and the integrals listed in
Appendix A. We have also defined

Nl¼0
3pt ≡ −

i−s−
5
22−

s
2
þ131−s

2 ϕ�l¼0s ð0Þ
π3=2Γðsþ 1Þ : ð109Þ

Similar manipulations give us,

h0jTψ↑ðt; x⃗ÞO2ðt; y⃗ÞOl¼0;s†
3 ð0; 0⃗Þj0i

¼ Nl¼0
3pt
�ΘðtÞ jy⃗ − x⃗js−1

ð−tÞsþ5
2

exp

	
i
t

�
x2

2
þ y2

�

: ð110Þ

Generalization to charge-three operators with arbitrary
spin l is straightforward and we have,

h0jTOl;s
3 ð0; 0⃗ÞO†

2ðt; y⃗Þψ†
↑ðt; x⃗Þj0i

¼ Nl
3ptΘð−tÞ

jy⃗− x⃗js−1
ð−tÞsþ5

2

exp

	
−
i
t

�
x2

2
þ y2

�

Ym
l
�ðdy− xÞ:

ð111Þ

In our computation of the effective-range correction to
the two-point function of the charge-three operators we will
also need to evaluate the following three point functions
which involve a descendant of O2,

h0jTψ↑ðt; x⃗Þ
�
i∂t þ

∇2

4

�
O2ðt; y⃗ÞOl;m;s†

3 ð0; 0⃗Þj0i;

h0jTOl;m;s
3 ð0; 0⃗Þ

�
−i∂t þ

∇2

4

�
O†

2ðt; y⃗Þψ†
↑ðt; x⃗Þj0i: ð112Þ

Using the fact that ψ and ψ† satisfies the free equation of
motion when acting on the vacuum from the left and the
right, respectively,

h0j
�
i∂tþ

∇2
x

2

�
ψ¼0;

�
−i∂tþ

∇2
x

2

�
ψ†þj0i¼0; ð113Þ

we can write,

h0jTψ↑ðt; x⃗Þ
�
i∂tþ

∇2
y

4

�
O2ðt; y⃗ÞOl;m;s†

3 ð0; 0⃗Þj0i

¼
�
i∂tþ

∇2
x

2
þ∇2

y

4

�
h0jTψ↑ðt; x⃗ÞO2ðt; y⃗ÞOl;m;s†

3 ð0; 0⃗Þj0i;

ð114aÞ

h0jTOl;m;s
3 ð0; 0⃗Þ

�
−i∂tþ

∇2
y

4

�
O†

2ðt; y⃗Þψ†
↑ðt; x⃗Þj0i

¼
�
−i∂tþ

∇2
x

2
þ∇2

y

4

�
h0jTOl;m;s

3 ð0; 0⃗ÞO†
2ðt; y⃗Þψ†

↑ðt; x⃗Þj0i;

ð114bÞ

and hence these three point functions are reduced to the
ones that have been computed previously.

V. CONFORMAL PERTURBATION THEORY
FOR SCATTERING-LENGTH AND

EFFECTIVE-RANGE CORRECTIONS

We are now in a position to address the main question in
this paper. As stated in the introduction, NRCFT is relevant
for the nuclear reactions involving the emission of a few
(N, where in this paper N ¼ 2 or 3) neutrons and one other
particle near the end point in the energy spectrum of the latter
particle. The cross section for this process is determined by
the imaginary part of the correlator of two unnucleus fields,
i.e., local operators carrying same quantum numbers as N
neutrons in the NRCFT of unitary fermions. This correlator
has a scaling behavior dictated by the scaling dimension of
the unnuclear operator. This scaling behavior is violated
by the deviation of neutron physics from that of a particle
with zero-range, infinite-scattering-length interaction. This
deviation is parametrized by the relevant and irrelevant
deformation terms that appear in the effective Lagrangian
describing the neutron. There is only one relevant deforma-
tion, corresponding to the finite inverse scattering length, and
among the infinite number of irrelevant deformations the one
with the lowest dimension corresponds to the effective range.
From now on by “irrelevant” deformation we will have in
mind the effective-range deformation.
In Sec. III B we have computed the relevant and

irrelevant deformation to charge-two operator. Recall that
because of particle conservation, at an algebraic level, the
computation involved integrating over three point func-
tions. Our next goal is to evaluate the scattering length and
effective range correction to the O3 two point function. As
we see below, this involves integrating over three point
functions in true spirit of conformal perturbation theory:

GOl;m;s
3
ðt; x⃗Þ ¼ GCFT

Ol;m;s
3

ðt; x⃗Þ þ i
4πa

Grel
Ol;m;s

3

ðt; x⃗Þ

−
ir0
8π

Girrel
Ol;m;s

3

ðt; x⃗Þ; ð115Þ
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whereGCFT
O3
ðt; x⃗Þ is the usual two point function and the relevant and irrelevant deformations are given by Eq. (14) (here we

have simplified the expressions as in the charge-two operator case and used Eq. (39). We also omit the indices in the
operator O3),

Grel
O3
ðt; x⃗Þ ¼ −16π2iΘðtÞ

Zt
0

dt0
Z

d3y⃗0h0jO3ðt; x⃗ÞO†
2ðt0; y⃗0ÞO2ðt0; y⃗0ÞO†

3ð0; 0⃗Þj0i; ð116aÞ

Girrel
O3
ðt; x⃗Þ ¼ −16iπ2ΘðtÞ

Zt
0

dt0
Z

d3y⃗0h0jO3ðt; x⃗ÞO†
2ðt0; y⃗0Þ

�
i∂
↔

t0 þ
∇⃗2

y0 þ ∇⃖2
y0

4

�
O2ðt0; y⃗0ÞO†

3ð0; 0⃗Þj0i: ð116bÞ

In analogy with our treatment of the correlation function of the charge-two operator, we insert the complete set of states
between the operatorsO2 andO

†
2. Due to number conservation, we need to insert only single-particle states, so we have (we

will write the formula for the relevant deformation; the formula for the irrelevant deformation is written completely
analogously)

Grel
O3
ðt; x⃗Þ ¼ −16π2iΘðtÞ

Zt
0

dt0
Z

d3x⃗0
Z

d3y⃗0h0jO3ðt; x⃗ÞO†
2ðt0; y⃗0Þjt0; x⃗0;↑iht0; x⃗0;↑jO2ðt0; y⃗0ÞO†

3ð0; 0⃗Þj0i; ð117Þ

where

jt0; x⃗0; σi ¼ ψ†
σðt0; x⃗0Þj0i; σ ¼ ↑;↓: ð118Þ

Our deformed correlation functions then takes the form of integrals of the product of product of two three point functions

Grel
O3
ðt; x⃗Þ¼−16π2iΘðtÞ

Zt
0

dt0
Z

d3x⃗ 0
Z

d3y⃗ 0h0jO3ðt; x⃗ÞO†
2ðt0; y⃗ 0Þψ†

↑ðt0; x⃗ 0Þj0ih0jψ↑ðt0; x⃗ 0ÞO2ðt0; y⃗ 0ÞO†
3þð0; 0⃗Þj0i; ð119aÞ

Girrel
O3
ðt; x⃗Þ ¼ −16π2iΘðtÞ

Z
t

0

dt0
Z

d3x⃗0
Z

d3y⃗0
	
h0jO3ðt; x⃗ÞO†

2ðt0; y⃗0Þψ†
↑ðt0; x⃗0Þj0ih0jψ↑ðt0; x⃗0Þ

�
i∂t0 þ

∇2
y0

4

�
×O2ðt0; y⃗0ÞO†

3ð0; 0⃗Þj0i þ h0jO3ðt; x⃗Þ
�
−i∂t0 þ

∇2
y0

4

�
O†

2ðt0; y⃗0Þψ†
↑ðt0; x⃗0Þj0ih0jψ↑ðt0; x⃗0ÞO2ðt0; y⃗0ÞO†

3ð0; 0⃗Þj0i


:

ð119bÞ

Thus we see that our deformations can be thought of as
integrating over two three point functions. We evaluate
these integrals systematically in the following subsections.
Before we present the explicit details, we record the

expectation from general arguments of boost and scale
invariance. In NRCFT, two point functions of primary
operators are completely fixed by Galilean-boost and scale
invariance. Consider a charge-NO primary operator
ONðt; x⃗Þ. The action of the generators of Galilean boosts
on a primary operator is given by

½Ki;ONðt; x⃗Þ� ¼ ð−it∂i þ xiNOÞONðt; x⃗Þ: ð120Þ

We can use this and scale invariance to constrain the two
point function of primary operators as follows [3]

h½Ki;ONðt; x⃗ÞO†
Nð0; 0⃗Þ�i ¼ 0 ⇒ hONðt; x⃗ÞO†

Nð0; 0⃗Þi

¼ fðtÞ exp
�
−
iNOx2

2t

�
; ð121Þ

where the scale dependence is contained within the
function fðtÞ ∝ t−Δ (using conformal invariance). The
relevant and irrelevant interactions we are considering,
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Orel ¼
Zt
0

dt0
Z

d3x⃗0O†
2ðt0; x⃗0ÞO2ðt0; x⃗0Þ; ð122aÞ

Oirrel ¼
Zt
0

dt0
Z

d3x⃗O†
2ðt0; x⃗0Þði∂

↔

t þ
∇⃗2 þ ∇⃖2

4
ÞO2ðt0; x⃗0Þ;

ð122bÞ

commute with the generator of Galilean boosts. For the
relevant deformation, a short calculation shows that,

½Ki;Orel� ¼ −i
Zt
0

dt0
Z

d3x⃗t∂iðO†
2ðt0; x⃗ÞO2ðt0; x⃗ÞÞ ¼ 0;

ð123Þ

where we have used NO†
2
¼ −NO2

. Thus the two point

function deformed by the relevant deformation still obeys
the differential equation as the unperturbed one,

h½Ki;ONðt; x⃗ÞOrelO
†
Nð0; 0⃗Þ�i¼0

⇒ hONðt; x⃗ÞOrelO
†
Nð0; 0⃗Þi∼

1

tΔ−
1
2

exp

�
−
iNOx2

2t

�
; ð124Þ

where the power of t in the preexponent is determined by
dimension. The irrelevant deformation works out similarly
(although a bit more tedious),

h½Ki;ONðt; x⃗ÞOirrelO
†
Nð0;0Þ�i¼0;

⇒ hONðt; x⃗ÞOirrelO
†
Nð0;0Þi∼

1

tΔþ1
2

exp

�
−
iNOx2

2t

�
; ð125Þ

where we have used,

½Ki; ∂tO� ¼ −2i∂iO − it∂i∂tOþ NOxi∂tO;

½Ki; ∂2xO� ¼ 4NO∂iO − it∂2x∂iOþ NOxi∂2xO: ð126Þ

Fourier transforming these deformations, we record the
expectation for the imaginary part of the deformed two
point function on grounds of scale and Galilean boost
invariance,

ImGON
ðω; 0Þ ∼ ωΔ−5

2

�
1þ Crel

a
ffiffiffiffi
ω
p þ r0Cirrel

ffiffiffiffi
ω
p �

: ð127Þ

Note that the result for the deformation corrections in
the correlator of the charge-two operator [Eq. (52)] is
consistent with this general expectation.

A. Test case: Chemical potential

Before studying the perturbation of the three-body
operator, as a warm up exercise and a nontrivial check
of our formalism, we determine the corrections to the
dimer propagator due to a chemical potential deformation
and obtain agreement with the expectation. The chemical
potential is a relevant deformation given by,

L0 ¼ LCFT þ μ
X
σ¼↑↓

ψ†
σψσ: ð128Þ

The first order deformation to the charge-two two point
function is given by,

GO2
ðt; x⃗Þ ¼ GCFT

O2
ðt; x⃗Þ þ iμGμ

O2
ðt; x⃗Þ; ð129Þ

where GCFT
O2
ðt; x⃗Þ is the unperturbed two-point function

[which we have evaluated in Eq. (38)] and the chemical
potential deformation is given by Eq. (128) (here we have
simplified the expressions as in the charge-two operator
case),

Gμ
O2
ðt; x⃗Þ ¼ −iΘðtÞ

X
σ

Zt
0

dt0
Z

d3y⃗0h0jO2ðt; x⃗Þψ†
σðt0; y⃗0Þψσðt0; y⃗0ÞO†

2 þ ð0; 0⃗Þj0i: ð130Þ

Analogously to the charge-two operator case, we insert a complete set of single particle states [see Eq. (118)] to evaluate the
deformed two-point functions.

Gμ
O2
ðt; x⃗Þ ¼ −iΘðtÞ

X
σ;σ0

Zt
0

dt0
Z

d3x⃗0
Z

d3y⃗0h0jO2ðt; x⃗Þψ†
σðt0; y⃗0Þjt0; x⃗0; σ0iht0; x⃗0; σ0jψσðt0; y⃗0ÞO†

2ð0; 0⃗Þj0i

¼ −2iΘðtÞ
Zt
0

dt0
Z

d3x⃗0
Z

d3y⃗0h0jO2ðt; x⃗Þψ†
↓ðt0; y⃗0Þψ†

↑ðt0; x⃗0Þj0ih0jψ↑ðt0; x⃗0Þψ↓ðt0; y⃗0ÞO2ð0; 0⃗Þj0i: ð131Þ
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The three point functions that appear under the integral can be understood as time-ordered correlators. Thanks to our
computation in Eq. (104), we now have all the ingredients to evaluate Eq. (131). We have

iμGμ
O2
ðt; x⃗Þ ¼ μ

8π6
ΘðtÞ

Zt
0

dt0
Z

d3x⃗0
Z

d3y⃗0
1

t02ðt − t0Þ2jx⃗0 − y⃗0j2 exp

264i
�
x⃗0þy⃗0
2

�
2

t0
þ iðx⃗0 − y⃗0Þ2t

4t0ðt − t0Þ þ
iðx⃗ − x⃗0þy⃗0

2
Þ2

t − t0

375: ð132Þ

In order to evaluate this integral, one can make the change
of coordinates to x⃗þ ¼ 1

2
ðx⃗0 þ y⃗0Þ, x⃗− ¼ x⃗0 − y⃗0. One then

finds

iμGμ
O2
ðt; x⃗Þ ¼ −

μΘðtÞ
2π3t

exp

�
i
x2

t

�
: ð133Þ

Putting everything together we get (129) to be,

GO2
ðt; x⃗Þ ¼ i

ΘðtÞ
4π3t2

exp

�
i
x2

t

�
−
μΘðtÞ
2π3t

exp

�
i
x2

t

�
: ð134Þ

The Fourier transform is given by [using Eq. (37)],

GO2
ðω; p⃗Þ ¼ −

1

4π
ffiffiffiffiffiffiffiffiffiffiffiffiffi
p2

4
− ω

q −
μ

4πðp2

4
− ωÞ32

: ð135Þ

This result can be easily checked independently. The dimer
propagator under chemical potential deformation can be
computed exactly by noting that the effect of chemical
potential is to shift the energy of a charge N operator to

ω → ωþ Nμ. This exact result can be obtained diagram-
matically

Gexact
O2
ðω;p⃗Þ¼−

1

4π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2

4
−ω−2μ

q
¼−

1

4π
ffiffiffiffiffiffiffiffiffiffiffiffi
p2

4
−ω

q −
μ

4πðp2

4
−ωÞ32

þOðμ2Þ: ð136Þ

We obtain agreement using two different approaches and
this serves as a nontrivial test of our conformal perturbation
theory techniques.

B. Scattering length deformation

In this section we evaluate the scattering length correc-
tion to the three-body operator two point function for l ¼ 0
and l ¼ 1. Let us recall that the relevant deformation is
given by Eq. (119a). The three-point correlators can be read
from Eq. (111). Making a change of coordinates to,
x⃗þ ¼ 1

3
ðx⃗0 þ 2y⃗0Þ, x⃗− ¼ y⃗0 − x⃗0 and using the integrals in

the Appendix A, one obtains

Grel
Ol;m;s

3

ðt; x⃗Þ ¼ −
64i

ffiffiffi
2
p

π9=2jNl
3ptj23sΓðsþ 1

2
ÞΘðtÞ

ð6lþ 3ÞðitÞsþ2 exp

�
3ix2

2t

�Zt
0

dt0
1

t0ðt0 − tÞ12

¼ −2
�

2ffiffiffi
3
p
�

6 27π5=22
3
2
−sjϕl

sð0Þj2Γðsþ 1
2
ÞΘðtÞ

ð2lþ 1ÞΓðsþ 1Þ2ðitÞsþ2 exp

�
3ix2

2t

�
; ð137Þ

where we have used the normalization of the spherical harmonics noted in Eq. (79) and the generalization of (109) to any l.
Combining Eqs. (101) and (137), the first order relevant deformation gives us the following two-point function

GOl;m;s
3
ðt; x⃗Þ ¼ −i

	
2−sþ3

2fls
Γð1þ sÞπ3

2ðitÞsþ5
2

−
π5=22

13
2
−sjϕl

sð0Þj2Γðsþ 1
2
Þ

πað2lþ 1ÞΓðsþ 1Þ2ðitÞsþ2


ΘðtÞ exp

�
3ix2

2t

�
: ð138Þ

Using the Fourier transform (37) we obtain

GOl;m;s
3
ðω; p⃗Þ ¼ 23−sπ

3
3
2Γ2ðsþ 1Þ

	
fls

sinðπsÞ
�
p2

6
− ω

�
s

−
32π3jϕl

sð0Þj2
ð2lþ 1Þ cosðπsÞ

1

a

�
p2

6
− ω

�
s−1

2



: ð139Þ

The imaginary part of the correlator is is given by,

ImGOl;m;s
3
ðω; p⃗Þ ¼ −Nl;s

0 Θ
�
ω −

p2

6

��
ω −

p2

6

�
s

0B@1þ Cl;s

a
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ω − p2

6

q
1CA; ð140Þ
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where

Nl;s
0 ¼

23−sπfls
3

3
2Γ2ðsþ 1Þ ; Cl;s ¼ 32π3jϕl

sð0Þj2
ð2lþ 1Þfls

: ð141Þ

We evaluate the inner product fls defined in (93) for l ¼ 0

and l ¼ 1. We present the numerical values of Nl;s
0 and Cl;s

in the Table II for l ¼ 0 and l ¼ 1, relegating the details to
Appendix C. We also note that for the nth l ¼ 0 operator at
large n, from Eq. (86) we find Cl¼0;s ¼ 2þOðn−1Þ. The
trend of Cl¼0;s converging to 2 can already be seen in
Table II.

C. Effective-range correction

We now proceed to evaluate the effective-range correction. The correction to the two-point function of O3 is

Girrel
O3
ðt; x⃗Þ ¼ −16π2iΘðtÞ

Z∞
−∞

dt0
Z

d3x⃗0
Z

d3y⃗0

×

	
h0jOl¼0;s

3 ðt; x⃗ÞO†
2ðt0; y⃗0Þψ†

↑ðt0; x⃗0Þj0ih0jψ↑ðt0; x⃗0Þ
�
i∂t0 þ

∇2
y0

4

�
O2ðt0; y⃗0ÞOl¼0;s

3 ð0; 0⃗Þj0i

þ h0jOl¼0;s
3 ðt; x⃗Þ

�
−i∂t0 þ

∇2
y0

4

�
O†

2ðt0; y⃗0Þψ†
↑ðt0; x⃗0Þj0ih0jψ↑ðt0; x⃗0ÞO2ðt0; y⃗0ÞOl¼0;s

3 ð0; 0⃗Þj0i


: ð142Þ

We use the three-point functions listed in Eqs. (114) and perform the integrals to get,

Girrel
O3
ðt; x⃗Þ ¼ −16π2jNl¼0

3pt j2iΘðtÞ
Z∞
−∞

dt0
	
−
Θðt − t0ÞΘðt0Þ
t03=2ðt − t0Þ3=2

stðs − 1Þ
ð2s − 1Þ þ

Θðt0Þffiffiffi
t0
p ∂t0

Θðt − t0Þffiffiffiffiffiffiffiffiffiffi
t − t0
p −

Θðt − t0Þffiffiffiffiffiffiffiffiffiffi
t − t0
p ∂t0

Θðt0Þffiffiffi
t0
p




× 4
ffiffiffi
2
p

π5=23s−1t−s−2Γ
�
sþ 1

2

�
exp

	
−
iðπst − 3x2Þ

2t



: ð143Þ

The integral is divergent, and the divergent piece can be
interpreted as wave-function renormalization ofO3. We are
interested in the finite piece, which can be read out from the
integrals listed in the appendix [see Eqs. (A4) and (A5)].
We conclude that the first order deformation has no
finite piece. This is due to, in particular, the presence of
Γð1 − 3

2
− 3

2
Þ ¼ ∞ in the denominator. A similar analysis

can be done for l ¼ 1 and we find that the conclusion
remains the same.
The absence of the finite piece can be understood as a

feature of integer dimensions. In Appendix D we show
that indeed for noninteger dimensions, we do have a finite
piece along with the wave-function renormalization. It
might be a worthwhile exercise to try and understand
vanishing of the irrelevant deformation in this NRCFT
from the perspective of correlation function behavior of a

higher dimensional relativistic CFT where momentum
space renormalization schemes have been studied in
detail and explicit counterterms classified [8,9].7 In a
similar manner, in Appendix E we observe the absence,
near the free fixed point, of the first-order correction due
to the scattering length (which is an irrelevant deforma-
tion near that fixed point).
As a possibly relevant anecdote, let us consider the first

order irrelevant deformations of two point functions of
relativistic conformal field theories [10,11].8 Consider the
deformation of two point function of primary operators O

TABLE II. Numerical values of Nl;s
0 and Cl;s [defined in

Eq. (141)] for l ¼ 0, 1 and a few lowest values of s.

s Nl¼0;s
0 Cl¼0;s

2.16622 3.12650 4.14759
5.12735 3.43747 × 10−3 1.72021
7.11448 3.83887 × 10−7 2.16335
8.83225 7.81789 × 10−11 2.02332

s Nl¼1;s
0 Cl¼1;s

1.77272 182.046 2.64179
4.35825 0.294377 2.06642
5.71643 1.98465 × 10−3 2.24789
8.05319 1.02679 × 10−7 1.84982

7We thank Kostas Skenderis for suggesting this possibility.
8We thank Bruno Balthazar and Yuji Tachikawa for discus-

sions on this.
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by an irrelevant operator Õ of dimension Δ. The
Lagrangian of the system is given by

L ¼ LCFT þ λ

Z
dd x λÕ: ð144Þ

The first order deformation of the scalar primary operator
two point function is given by [10],

hOðx1ÞOð0Þiλ ∼
ΓðhÞΓðΔ − hÞΓð1

2
ð2h − ΔÞÞ2

x
Δ−2h
2

1 ΓðΔ
2
Þ2Γð2h − ΔÞ

; h ¼ d
2
:

ð145Þ

ForΔ ¼ dþ n, this expression vanishes when n is odd, it is
finite when n is a noninteger with no divergent pieces for
either case. It has a finite as well as a divergent piece when
n is an even integer. We seem to be witnessing a similar
phenomenon for NRCFT irrelevant deformations. It would
be interesting to justify these observations from symmetry
reasons for both relativistic as well as nonrelativistic CFTs.

VI. CONCLUSION

In this paper we have studied the notion of local
operators in the NRCFT describing fermions at unitarity.
Because the latter theory is basically nonrelativistic quan-
tum mechanics, these local operators can be defined
explicitly through formulas expressing the matrix elements
of these operators between two arbitrary states with the
wave functions of these states. In principle, this allows one
to compute any correlation function in the NRCFT by
inserting the complete sets of states between the operators;
the “only” requirement is that one needs to know the
general solution of the Schrödinger equation for the
relevant number of particles that appear in the complete
sets. In practice, for unitarity fermion, exact analytic
solutions to the Schödinger equation are known for one,
two, and three particles, which already allows the solution
of a number of nontrivial problems, including the compu-
tation of corrections to the unnuclear scaling law propor-
tional to the inverse scattering length and effective range.
We have found that the first effective range (r0) correction

to the imaginary part of the two-point functions vanishes in
three spatial dimensions. This means that effective-range
corrections appear first at order r20. At this order, however,
the nuclear reaction cross sections receive a contribution

from the two-point correlator of the descendant ∇⃗O3, and it
is not clear if the r20 correction can be cleanly separated from
the contribution from that descendant.
There are several avenues to be explored. It would be

worthwhile to try to sum up the relevant perturbations to
the two-point function of the charge-three operator at the
unitary fixed point to all orders in 1=a and derive an
expression that gives the two-point function along the

renormalization group (RG) trajectory connecting the
interacting fixed point and the free theory. For the
charge-two operator O2, the exact expression is known
and reproduces the Watson-Migdal formula for the emis-
sion of two neutrons [12,13]. The exact three-point
function of ON along the RG flow will gives the
“unnuclear” behavior of processes with the production
of N neutron from the scale ℏ2=mnr20 down to arbitrarily
small energy. Note that although the leading r0 correction
vanishes near the unitarity fixed point, it does not have to
vanish along the whole RG flow.
In Appendix D, we have worked out the quantum

numbers of the charge-three operator in general dimensions
(2 < d < 4). It would be satisfying to evaluate and cross-
check our data for the charge-three operator, obtained in
this work, using ϵ expansion perturbation theory for unitary
fermions around d ¼ 2 and d ¼ 4 [3].
In Refs. [14,15], a toy model for holographic con-

struction of Schrödinger invariant quantum field theories
was proposed. Although these are not realistic duals of
unitary fermions, these constructions provide a way to
explore universal features of NRCFTs through dimen-
sional reduction of usual relativistic quantum field
theories. More precisely, in Ref. [16], the authors
showed that light cone reduction of tree level AdS three
point correlators is in agreement with hO2ψ

†ψ†i three
point correlator upto a normalization constant. It would
be interesting to extend this geometric picture to corre-
lators of the charge-three operators evaluated in this
work. One might even hope that such an exercise sheds
light on the vanishing of the first order irrelevant
perturbation as well.
A natural question is to extend our analysis of defining

local operators and their correlation functions, to higher
charges. A knowledge of the behavior of the two-point
correlator of the charge-four operator may be useful for
interpreting the recent observation of nontrivial correlation
in the four-neutron system [17–19]. One may expect that the
present method outlined in this paper is not the most
efficient way of going about this since solving the
Schrödinger equation for many-body wave function with
short range interaction is a difficult task. However, recent
years has seen a lot of progress in understanding non-
relativistc quantum field theories in the large charge regime,
where the inverse charge acts as a perturbative parameter for
strongly coupled theories [20–22]. The large charge sector
is described by a Nambu-Goldstone EFT, associated with
theUð1Þ particle number [23] and properties of large charge
operators have been studied in detail [24–26]. It would be
interesting to compute correlation functions of the chargeQ
operators, hOQO

†
Qi and hOQþqO

†
qO

†
Qi for Q ≫ q in this

formalism. Using the nonrelativistic state-operator corre-
spondence, one may expect such correlation functions
to be respectively evaluated as inner product or matrix
elements of Oq in eigenstates of the harmonic potential,
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which can be evaluated semiclassically using the Nambu-
Goldstone EFT.9

Another direction of exploration is bosonic systems with
unitarity interaction. Such systems which is approximately
realized in nature by the 4He atoms, as well as by the
α-particles in nuclear physics. A treatment of the Efimov
effect, as well as of the Coulomb interaction in the case of
the α-particles, would be essential. Neutral charm mesons
also provide a playground for NRCFT [29]. We leave these
threads for future work.
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APPENDIX A: USEFUL INTEGRALS

In this Appendix we list some useful integrals we use in
the main text,Z

d3 x eix⃗
2αþix⃗·β⃗þIγ ¼

� ffiffiffi
π
pffiffiffiffiffiffiffiffi
−iα
p

�
3

exp

�
iγ −

iβ2

4α

�
; ðA1aÞ

Z∞
0

dk
eiαk

2

cosðβkÞ
β

¼
ffiffiffi
π
p

2
ffiffiffiffiffiffiffiffi
−iα
p

β
exp

�
−
iβ2

4α

�
; ðA1bÞ

Z∞
0

dk ksþ1eiαk2JsðkγÞ ¼ 2−s−1ð−iαÞ−s−1γs exp
�
−
iγ2

4α

�
:

ðA1cÞ

We outline the method of doing divergent integrals
encountered in Sec. V C in order to extract the finite piece.

AðtÞ ¼
Z∞
−∞

dt0
Θðt − t0ÞΘðt0Þ
ðt − t0Þαt0β : ðA2Þ

We first evaluate the Fourier transform AðωÞ via analytic
continuation (Since the Fourier transform is valid only for
α; β < 1) and inverse Fourier transform to get the position-
space answer.

AðωÞ ¼ Γð1 − αÞΓð1 − βÞð−iωÞαþβ−2: ðA3Þ

The inverse fourier transform gives us,

AðtÞ ¼ ΘðtÞΓð1 − αÞΓð1 − βÞ
Γð2 − α − βÞ t−α−βþ1: ðA4Þ

Similarly, we record the following integrals that we use,

Z∞
−∞

dt0∂t0
	
Θðt− t0Þ
ðt− t0Þα



Θðt0Þ
t0β
¼ −

Z∞
−∞

dt0
Θðt− t0Þ
ðt− t0Þα ∂t0

	
Θðt0Þ
ðt0Þβ




¼ −
ΘðtÞΓð1− αÞΓð1− βÞ

Γð1− α− βÞ t−α−β;

ðA5Þ

APPENDIX B: OPERATOR PRODUCT
EXPANSION

In this Appendix we present an expression for operator
product expansion of charge-two and charge-one primary
operators at equal times. Schematically the OPE10 can
be stated as

O2ðt; y⃗Þψ↑ðt; x⃗Þ ¼
X
i

fi

�
t; x⃗− y⃗;

2y⃗þ x⃗
3

�
Oi

�
t;
2y⃗þ x⃗

3

�
;

ðB1Þ

where fi is a functional of its arguments and encodes the
contribution of descendants of the primary operator Oi, the
label i denotes the different primary operators that appear in
the OPE. We provide a closed form expression for the
functional fi in this Appendix for the particular class of
primaries Ol;m;s

3 . We take our three point function (111),

9The relativistic counterpart of this exercise was carried out in
Refs. [27,28].

10See Refs. [30,31] and references therein for some progress in
understanding OPE structure of NRCFTs in general.
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h0jOl;m;s
3 ðt; x⃗ÞO†

2ðt0; y⃗0Þψ†
↑ðt0; x⃗0Þj0i ¼ Nl

3pt
jy⃗0 − x⃗0js−1
ðt − t0Þsþ5

2

Ym
l
�ð dy⃗0 − x⃗0Þ exp

	
i3ðx⃗ − x⃗0þ2y⃗0

3
Þ2

2ðt − t0Þ þ iðx⃗0 − y⃗0Þ2
3ðt − t0Þ



;

Nl
3pt ¼ −

i−s−
5
22−

s
2
þ131−s

2 ϕ�lsð0Þ
π3=2Γðsþ 1Þ : ðB2Þ

In the OPE limit, this can be schematically written as

lim
x⃗0→y⃗0
h0jOl;m;s

3 ðt; x⃗ÞO†
2ðt0; y⃗0Þψ†

↑ðt0; x⃗0Þj0i ¼ fl;m;s

�
t0; x⃗0 − y⃗0;

2y⃗0 þ x⃗0

3

��
Ol;m;s

3 ðt; x⃗ÞOl;m;s†
3

�
t0;
2y⃗0 þ x⃗0

3

�

¼ Nl
2ptfl;m;s

�
t0; x⃗0 − y⃗0;

2y⃗0 þ x⃗0

3

� exp
h
3iðx⃗−2y⃗0þx⃗0

3
Þ2

2ðt−t0Þ
i

ðt − t0Þsþ5
2

; ðB3Þ

where Nl
2pt ¼ 3

3
22

−s−3
2fls

Γð1þsÞπ32ðiÞsþ52
. Comparing Eqs. (B2) and (B3), we can now express fl;m;sðt0; x⃗0 − y⃗0; 2y⃗

0þx⃗0
3
Þ as a differential

operator. More precisely,

Nl
2ptfl;m;s

�
t0; x⃗0− y⃗0;

2y⃗0 þ x⃗0

3

�exp
�
3iðx⃗−2y⃗0þx⃗0

3
Þ2

2ðt−t0Þ
�

ðt− t0Þsþ5
2

¼Nl
3pt

�jy⃗0− x⃗0js−1Ym
l
�ð dy⃗0− x⃗0Þ

ðt− t0Þsþ5
2

�
exp

�
i3ðx⃗− x⃗0þ2y⃗0

3
Þ2

2ðt− t0Þ þ iðx⃗0− y⃗0Þ2
3ðt− t0Þ

�
: ðB4Þ

After a bit of algebra, we can write,

fl;m;sðt; x⃗−; x⃗þÞ ¼
Nl

3pt

Nl
2pt

jx⃗−js−1Ym
l
�ðˆx⃗−Þ0F1

�
; sþ 1;−

jx⃗−j2
3

�
∂
2
x⃗þ

6
− i∂t

��
; ðB5Þ

where 0F1ð;b; zÞ is a hypergeometric function which has the formal series expansion

0F1ð; b; zÞ ¼
X∞
k¼0

zk

k!ðbÞk
: ðB6Þ

APPENDIX C: COMPUTING THE OVERLAP f ls

We illustrate the numerical integration of (93), performed in the main text. For this purpose let us recall

fls ¼
Z

dΩ̄
����ð1 − P13Þ2

ϕl
sðαÞ

sin 2α
Ym
l ðρ̂Þ

����2: ðC1Þ

Let us explicitly see the action of the operator P13 on the coordinates α and ρ̂.

α ¼ arctan
jr⃗j
jρ⃗j ; ρ̂; where r⃗ ¼ x⃗2 − x⃗1; ρ⃗ ¼ 2ffiffiffi

3
p
�
x⃗3 −

x⃗1 þ x⃗2
2

�
: ðC2Þ

This implies,

P13ðr⃗Þ ¼
r⃗ −

ffiffiffi
3
p

ρ⃗

2
; P13ðρ⃗Þ ¼ −

ffiffiffi
3
p

r⃗þ ρ⃗

2
; P13ðαÞ ¼ tan−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2 cos2 α −

ffiffiffi
3
p

sin 2αr̂ · ρ̂

2 sin2 αþ 1þ ffiffiffi
3
p

sin 2αr̂ · ρ̂

s
;

P13ðρ̂Þ ¼ −
ffiffiffi
3
p

r⃗þ ρ⃗

j ffiffiffi3p r⃗þ ρ⃗j ¼ −
ð ffiffiffi3p sin α r̂þ cos αρ̂Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2sin2 αþ 1þ ffiffiffi
3
p

sin 2αr̂ · ρ̂
q ;

wherer̂ ¼ ðsin θr sinϕr; sin θr cosϕr; cos θrÞ; ρ̂ ¼ ðsin θρ sinϕρ; sin θρ cosϕρ; cos θρÞ: ðC3Þ
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For l ¼ 0 therefore the overlap integral is

f0s ¼ 4π

Zπ
0

sin θrdθr

Zπ
0

sin θρdθρ

Zπ
−π

dϕ−

Zπ=2
0

sin2 2α
	
2jϕ0

sðαÞj2
sin2 2α

−
ϕ0
sðαÞϕ0

s
�ðP13ðαÞÞ þ ϕ0

sðP13ðαÞÞϕ0
s
�ðαÞ

sin 2α sin 2P13ðαÞ


; ðC4Þ

where we have used ϕ− ¼ 1
2
ðϕr − ϕρÞ, ϕþ ¼ 1

2
ðϕr þ ϕρÞ.11 Similarly for the l ¼ 1 case,

f1s ¼ 4π

Zπ
0

sin θrdθr

Zπ
0

sin θρdθρ

Zπ
−π

dϕ−

×
Zπ=2
0

dαsin2 2α

	
2jϕ1

sðαÞj2cos2θρ
sin22α

−
ðϕ1

sðαÞϕ1
s
�ðP13ðαÞÞ þ ϕ1

sðP13ðαÞÞϕ1
s
�ðαÞÞ cos θρP13ðcos θρÞ

sin 2α sin 2P13ðαÞ


; ðC6Þ

where we use (C3) and,

r̂ · ρ̂¼ cosθr cosθρþcosð2ϕ−Þsinθr sinθρ; P13ðcosθρÞ¼−
ffiffiffi
3
p

sinαcosθrþcosαcosθρffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2sin2αþ1þ ffiffiffi

3
p

sin2αr̂ · ρ̂
q ; Yl¼1

m¼0ðρ̂Þ¼ cosθρ: ðC7Þ

We have used cylindrical symmetry to simplify the inner product r̂ · ρ̂. Integrals (C6) and (C4) are now numerically
evaluated using the Gauss-Kronrod method. We note that the numerical integral has potential convergence issues at
α ¼ π=3 (these are absent when one tries to do them analytically [7]). We isolate an ϵ ∼ 10−10 neighborhood around this
region and perform the integral and obtain agreement up to 10−6 with the analytic result for l ¼ 0 in Ref. [7].

fl¼0s ¼ 32π2

s
sin

�
πs
2

�	
πs
2
sin

�
πs
2

�
− cos

�
πs
2

�
−

2π

3
ffiffiffi
3
p cos

�
πs
6

�

: ðC8Þ

We present the results of numerical integration of (C1) for l ¼ 0, 1 for various values of s in Table III.

APPENDIX D: ANALYSIS IN GENERAL
DIMENSIONS 2 < d < 4

In this appendix we define the charge-two and charge-
three operators in general dimensions 2 < d < 4. We also
compute the irrelevant deformation of their respective two

point functions and show that it has a finite piece in
noninteger dimensions.

1. O2 in general dimensions

In d dimensions, the two particle wave function

Ψð2Þd ðx⃗1; x⃗2Þ obeys the following Bether-Peierls boundary
condition

TABLE III. fls for l ¼ 0, 1.

s fl¼0s

2.16622 15.9415
5.12735 554.016
7.11448 443.969
8.83225 457.113

s fl¼1s

1.77272 345.377
4.35825 2174.79
5.71643 3915.43
8.05319 11514.6

11The measure changes asZ
2π

0

dϕr

Z
2π

0

dϕρ ¼
Z

π

−π
dϕ−

Z
2πþϕ−

ϕ−

dϕþ:

Hence we have for functions with cylindrical symmetry,

2

Z
π

0

sin θrdθr

Z
π

0

sin θρdθρ

Z
2π

0

dϕr

×
Z

2π

0

dϕρ

Z π
2

0

dα sin2 2α gðϕ−; θρ; θr; αÞ

¼ 2ð2πÞ
Z

π

0

sin θrdθr

Z
π

0

sin θρdθρ

×
Z

π

−π
dϕ−

Z π
2

0

dα sin2 2α gðϕ−; θρ; θr; αÞ: ðC5Þ
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lim
x⃗1→x⃗2

Ψð2Þd ðx⃗1; x⃗2Þ ∼
1

jx⃗1 − x⃗2jd−2
: ðD1Þ

As a result, the finite charge-two operator is therefore
defined as,

h0jOd
2

�
0;
x⃗1 þ x⃗2

2

�
jΨð2Þd i ¼ lim

x⃗1→x⃗2
jx⃗1 − x⃗2jd−2Ψð2Þd ðx⃗1; x⃗2Þ:

ðD2Þ

where, as before, the factor jx⃗1 − x⃗2jd−2 ensures that the
matrix elements are finite despite the singular boundary
condition. It is easy to see that the charge-two operator in
general dimensions still has ΔOd

2
¼ 2. In d dimensions, the

Schrödinger wave function for the two particle states with,
zero relative angular momentum, becomes,

−
1

2

�
1

2
∇2

Rrm
þ2∇2

r

�
Ψð2Þd ðR⃗cm;rÞ¼EΨð2Þd ; E¼P2

cm

4
þk2;

ðD3Þ

where

R⃗cm¼
x⃗1þ x⃗2

2
; r⃗¼ x⃗1− x⃗2; ∇2

r¼
∂
2

∂r2
þd−1

r
∂

∂r
: ðD4Þ

We follow the same algorithm of quantizing this wave
function in a box to get the normalized wave function
solution with quantized eigenvalues.

Ψð2Þd ðR⃗cm; rÞ ¼
eiP⃗cm·R⃗cmffiffiffiffiffiffiffi

VR
p

�
π

2

�1
2
−d
4

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Γ
�
d
2

�s ffiffiffi
k
p

r1−
d
2Yd−2

2
ðkrÞ;

k ¼ ð2nþ 1Þπ
2R

; n∈Z: ðD5Þ

The undeformed two point function takes the form

h0jOd
2ðt; x⃗ÞOd†

2 ð0; 0⃗Þj0i

¼ 2d−5ðd − 2Þπ−d−1 cscðπd
2
ÞΓðd

2
− 1Þ2

t2
exp

�
ix2

t

�
: ðD6Þ

We illustrate that the first order irrelevant deformation of
the charge-two operator two point function remains finite
for d ≠ 3 and the divergences cancel

Girrel
Od

2

ðt; x⃗Þ ¼ −16iπ2ΘðtÞ
Zt
0

dt0
Z

ddy⃗0
	
h0jOd

2ðt; x⃗ÞOd†
2 ðt0; y⃗0Þj0ih0j

�
i∂t0 þ

∇2
y0

4

�
Od

2ðt0; y⃗0ÞOd†
2 ð0; 0⃗Þj0i

þ h0jOd
2ðt; x⃗Þ

�
−i∂t0 þ

∇2
y0

4

�
Od†

2 ðt0; y⃗0Þj0ih0jOd
2ðt0; y⃗0ÞOd

2
† þ ð0; 0⃗Þj0i



¼ Nd

O2

iπ
d
2
þ1td2−4 cscðπd

2
ÞΓðd

2
− 1Þ

Γð3 − d
2
ÞΓðd − 4Þ exp

	
i
4

�
πdþ 4x2

t

�

; ðD7Þ

where

Nd
O2
¼ −16iπ2

	
2d−5ðd − 2Þπ−d−1 csc

�
πd
2

�
Γ
�
d
2
− 1

�
2


2

:

ðD8Þ
This expression vanishes for d ¼ 3, which is understood as
the fact that it is a delta function in position space, and is
nonzero for noninteger values of 2 < d < 4.

2. O3 in general dimensions

In this section we present the solution for the d-dimen-
sional wave function Ψdðx⃗1; x⃗2; x⃗3Þ for the charge-three
operator for 2 < d < 4 starting with the free particle
Schödinger equation

−
1

2

�X3
i¼1

∇2
x⃗i

�
Ψdðx⃗1; x⃗2; x⃗3Þ ¼ EΨdðx⃗1; x⃗2; x⃗3Þ: ðD9Þ

As before, the free-particle Hamiltonian can be separated
into the center-of-mass piece and relative coordinates,

−
1

2

�
1

3
∇2

Rcm
þ2ð∇2

rþ∇2
ρÞ
�
ΨdðR⃗cm; r⃗; ρ⃗Þ¼EΨdðR⃗cm; r⃗; ρ⃗Þ;

E¼P2
cm

6
þk2; ðD10Þ

where the coordinates r⃗ and ρ⃗ have been defined as in the
main text.We can therefore assume the separation of variables

ΨdðR⃗cm;r⃗;ρ⃗Þ¼ΨdðR⃗cmÞψ ð3Þd ðr⃗;ρ⃗Þ. The d-dimensional Bethe-
Peierls boundary condition implies the following differential
constraint,

1

rd−3
∂ðrd−2ψ ð3Þd Þ

∂r

����
r¼0
¼ 0: ðD11Þ
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We also require that the solution be well behaved as
ρ → 0. As before, we introduce the d-dimensional Efimov
coordinates,

R¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2þρ2

2

r
; α¼ arctan

r
ρ
; r̂¼ r⃗

r
; ρ̂¼ ρ⃗

ρ
; ðD12Þ

where r̂ and ρ̂ are now the d-dimensional unit vectors.
In these coordinates, we have the hyper radial and hyper
angular wave function ansatz as

ψ ð3Þ;lid ðr⃗; ρ⃗Þ ¼ FdðRÞ
Rd−1

ϕli
d;sðαÞ

sinð2αÞd−2 Yliðρ̂Þ; ðD13Þ

where we also denote the solution to the d-dimensional
Laplace-Beltrami operator by the d-dimensional spherical
harmonics Yli , where i∈ ð1; d − 1Þ. We will be interested in
the s-wave answer so for convenience we set flig ¼ 0.
In Efimov coordinates, we obtain the following set of

equations for the hyperradial, hyperangular part,

−F00dðRÞ −
1

R
F0dðRÞ þ

s2

R2
¼ 2k2FdðRÞ; ðD14aÞ

−
2ðd − 3Þ cosð2αÞϕ00

d;sðαÞ
sinð2αÞ

− ðd − 3Þ2ϕ0
d;sðαÞ þ ϕ000

d;sðαÞ ¼ −s2ϕ0
d;sðαÞ: ðD14bÞ

The choice of ansatz was motivated by the fact that even in
general dimensions, the hyperradial equation continues to
be a schrodinger equation in a s2

R2 potential, where s is the
eigenvalue corresponding to the hyperangular equation. To
ensure correct symmetry property, we supplement this
solution with

Ψd
li¼0
s;k ðR⃗cm; ρ⃗; r⃗Þ ¼

�
2ffiffiffi
3
p
�

d=2
Nl

k;dΨdðR⃗cmÞ
FdðRÞ
Rd−1

× ð1 − P13Þ
ϕ0
d;sðαÞ

sinð2αÞd−2 ; ðD15Þ

where P13 implements x⃗1 ↔ x⃗3. The Bethe-Peierls boun-
dary condition (D11) and the well behavedness in ρ → 0

limit (i.e., ϕl
d;sðπ=2Þ ¼ 0), in these coordinates, translate to

a recursion relation condition on the eignevalue s.
The hyperradial solution in general dimension therefore

is the same as d ¼ 3, given by (65). The hyperangular
equation in (D14b) has the following solution which is
regular at α ¼ π

2

ϕ0
d;sðαÞ ¼ cosd−2ðαÞ2F1

�
1

2
−
s
2
;
s
2
þ 1

2
;
d
2
; cos2ðαÞ

�
:

ðD16Þ

Putting this in the generalized Bethe-Peierls condition in
Eq. (D11), we obtain the following recursion relation for
the ϕd;s

12

4 × 3d=2 csc

�
πd
2

�
cos

�
πs
2

�
− 3 × 2d2F1

�
1 − s
2

;
sþ 1

2
;
d
2
;
1

4

�
¼ 0: ðD19Þ

In d ¼ 3, this reduces to the recursion relation obtained in
Eq. (84). Equation (D19) has a solution s ¼ d − 1 which
has to be excluded because it would lead to a zero wave
function (D15), which can be seen using the formula

2F1ða; b; b; zÞ ¼ ð1 − zÞ−a. We list the nontrivial s values
for two non integer dimensions in Table IV. We have
checked that the hyperangular solution is nonzero for these
values of s at α ¼ 0. The normalized wave function takes
the form

Ψd
l¼0
s;k ðR⃗cm; r⃗; ρ⃗Þ ¼

�
2ffiffiffi
3
p
�d

2

N0
k;de

iP⃗cm·R⃗cm
Jsð

ffiffiffi
2
p

kRÞ
Rd−1

× ð1 − P13Þ
ϕ0
d;sðαÞ

sin 2αd−2
; ðD20Þ

TABLE IV. The first three values of s in two different fractional
dimensions.

d s1 s2 s3

2.8 2.36961 5.09858 7.13990
3.3 1.84220 5.15849 7.05806

12More generally, the recursion relation for s can be solved for
a system of fermions or bosons (η ¼ −1, η ¼ 2 respectively)

4 × 3d=2 csc

�
πd
2

�
cos

�
πs
2

�
þ 3η × 2d2F1

�
1 − s
2

;
sþ 1

2
;
d
2
;
1

4

�
¼ 0: ðD17Þ

For the bosons, this is in agreement with similar recursion relation
derived in [32] (see Eq. 411). Our equations match with theirs
upon application of the hypergeometric identity

2F1ðc − a; c − b; c; zÞ ¼ ð1 − zÞaþb−c2F1ða; b; c; zÞ; ðD18Þ

and the identification s ¼ ffiffiffi
λ
p

.
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where

N0
k;d ¼

ffiffiffi
2
p

πk
R1f0s;dV

; f0s;d ¼ 2

Zπ=2
0

dα sinðd−1Þð2αÞ
Z

dΩρ̂d

Z
dΩr̂d

����ð1 − P13Þ
ϕ0
s;dðαÞ

sin 2αd−2

����2: ðD21Þ

The charge-three operator is similarly defined as

h0jOli¼0;s0
3;d ðR⃗cmÞjΨð3Þli¼0;s;k;di ¼ lim

R→0
Rd−1−s0

Z
dΩdΨ0

s0;k;dðR⃗cm; R; Ω̄dÞð1 − P13Þ
ϕ0
s;dð2αÞ

sin 2αd−2

¼
�

2ffiffiffi
3
p
�d

2

N0
k;df

0
s;d

�
2−s=2ks

Γ½sþ 1�
�
eiP⃗cm·R⃗cm : ðD22Þ

We obtain the three point function needed for the relevant and irrelevant deformations as

h0jTOli¼0;s
3;d ðt; x⃗ÞOd†

2ðt0; y⃗0Þψd
↑
†ðt0; x⃗0Þj0i ¼ Θðt − t0ÞNl;d

3pt
jy⃗0 − x⃗0js−1
ðt − t0Þsþd

2
þ1 exp

	
i3ðx⃗ − x⃗0þ2y⃗0

3
Þ2

2ðt − t0Þ þ iðx⃗0 − y⃗0Þ2
3ðt − t0Þ



;

Nl;d
3pt ¼ −

ffiffiffi
2
p �

2ffiffiffi
3
p
�d

2 i−s−
d
2
−12−

3
2
−d6

1−s
2 ϕ�0s;dð0Þ

πd=2Γðsþ 1Þ : ðD23Þ

We present the finite piece of the first order irrelevant deformation of charge-three operator two point function in general
dimensions d,

Girrel
O3;d
ðt; x⃗Þ ¼ 16iπ2jNl;d

3ptj2
2d=2πdþ13s−1ðd2 − 6d − 2s2 þ 10Þ cscðπd

2
Þt−s−3Γðd

2
þ s − 2Þ

ðd − 2ÞΓð3 − d
2
ÞΓðd − 3Þ exp

	
−
iðπst − 3x2Þ

2t



: ðD24Þ

We see that the finite piece vanishes in d ¼ 3 because of the Γðd − 3Þ factor in the denominator.

APPENDIX E: IRRELEVANT DEFORMATION OF THE FREE FIXED POINT

In this Appendix, we compute the first order irrelevant deformation about the free fixed point which is described by,

L ¼
X
σ

ψ†
σ

�
i∂t þ

∇2

2

�
ψσ − 4πaψ†

↑ψ
†
↓ψ↓ψ↑: ðE1Þ

At the free fixed point, the scattering length deformation is an irrelevant deformation. We wish to compute the first-order
deformation of the two point function of the charge-three operator. The free field realization of the charge-three operator
describing free neutrons is given by [5],

Ofree
3i ðt; x⃗Þ ¼ ψ↑ψ↓∂iψ↑ðt; x⃗Þ: ðE2Þ

The two-point function of the charge-three operator can be computed by Wick contraction

hTOfree
3i ðt; x⃗ÞOfree†

3j ð0; 0⃗Þi ¼
ΘðtÞ

i7=2ð2πÞ9=2t11=2 exp
�
3ix2

2t

�
δij; ðE3Þ

where we have used the free fermion propagator

hTψσðt; x⃗Þψ†
σ0 ð0; 0⃗Þi ¼

ΘðtÞ
ð2πitÞ3=2 exp

�
ix2

2t

�
δσσ0 : ðE4Þ
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The first order irrelevant deformation is similarly computed using Wick contraction,

hTOfree
3i ðt; x⃗ÞOfree†

3j ð0; 0⃗Þia ¼
Z

d3x⃗0
Z

∞

−∞
dt0hTOfree

3i ðt; x⃗Þðψ†
↑ψ

†
↓ψ↓ψ↑ðt0; x⃗0ÞÞOfree†

3j ð0; 0⃗Þi

¼ c5ΘðtÞ
Z

d3x⃗0
Z

∞

−∞
dt0Θðt − t0ÞΘðt0Þ−t

02xixj þ tðit0ðt0 − tÞδij − tx0ix
0
j þ 2t0xix0jÞ

t7=2t04ðt − t0Þ4

× exp

	
−
2ix⃗ · x⃗0

t − t0
þ ix2ð3t − t0Þ

2tðt − t0Þ þ
itx02

t0ðt − t0Þ



¼ ΘðtÞ 3δijc
5
ffiffiffiffiffiffi
−14
p

π3=2

2t4
exp

�
3ix2

2t

�Z
∞

−∞
dt0

Θðt − t0ÞΘðt0Þ
t03=2ðt − t0Þ3=2 ; ðE5Þ

where we have used integrals listed in Appendix A and c ¼ ð2πiÞ−3=2. The final integral is divergent and has zero finite
piece upon regularization [using Eq. (A4)]. Thus we observe that the first irrelevant correction to the two-point function of
the charge-three operator vanishes at the free fixed point.
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