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The Top Yukawa coupling profoundly influences several core mysteries linked to the electroweak scale
and the Higgs boson. We study the feasibility of measuring the Top Yukawa coupling at high energy muon
colliders by examining the high energy dynamics of the weak boson fusion to top quark pair processes. A
deviation of the Top Yukawa coupling from the Standard Model would lead to a modified VV → tt̄ process,
violating unitarity at high energy. Our analysis reveals that utilizing a muon collider with a center-of-mass
energy of 10 TeVand an integrated luminosity of 10 ab−1 allows us to investigate the Top Yukawa coupling
with a precision surpassing 1.5%, more than one order of magnitude better than the precision from tt̄h
channel at muon colliders. This precision represents a notable enhancement compared to the anticipated
sensitivities of the High-Luminosity LHC (3.4%) and those at muon colliders derived from the tt̄H process.
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I. INTRODUCTION

Following the discovery of the Higgs boson in 2012 [1,2],
the elucidation of its properties, particularly its interactions
with other Standard Model (SM) fields, has become one of
the top priorities of particle physics. Substantial efforts at the
LHC have focused on quantifying Higgs interactions with
fermions, gauge bosons, and self-couplings. Nonetheless,
precision measurements at hadron colliders face constraints
due to substantial QCD backgrounds. Muon colliders
(MuCs) have emerged as an exciting venue for high
precision Higgs exploration. Recent research accentuates
their potential, combining the precision of lepton colliders
with high center-of-mass energies, thereby allowing for
exploration at scales of 10 TeVor higher in an environment
with low background [3–14]. Admittedly, one inherent
challenge for muon colliders is the short lifetime of muons.
The high energy physics community is working on tackling
the challenges and the research to enable a future muon
collider, in particular, through an ionization cooling scheme.
A crucial physics objective for future colliders is the

precise measurement of Higgs couplings. The Top Yukawa
coupling, one of the least constrained parameters in the SM,
holds significance for Higgs research, with its deep con-
nection to the profound puzzle of naturalness and Higgs

vacuum stability. The recent LHC measurement for Top
Yukawa is yt ¼ 1.16þ0.24

−0.35 [15].
This study emphasizes the measurement of the Top

Yukawa coupling at muon colliders. The dominance of
electroweak gauge boson fusion at muon colliders results
from the logarithmic growth of the electroweak parton
distribution function (PDF) with energy [5,16–22]. We
adopt a factorization approach to compute cross sections,
integrating the enhanced collinear splitting with the vector
boson hard scattering. Factorization and resummation
ensure a cross section devoid of collinear divergences
in high energy limits. Our initial assumption only con-
siders a Higgs coupling shift yt → ytð1þ δytÞ through a
single Standard Model Effective Theory (SMEFT) oper-
ator Ot

y ¼ H†HQ̄ H̃ tR. Additionally, we examine a sce-
nario involving a heavy singlet vectorlike quark.
The paper is structured as follows: Sec. II introduces our

theoretical framework. Section III details various partonic
channels. Section IV presents the results, and Sec. V
contains our conclusions.

II. THEORETICAL FRAMEWORK

The Top Yukawa coupling can be directly measured
from processes with final states containing Higgs boson,
such as htt̄. One can also access the Top Yukawa coupling
with processes with Higgs boson in the intermediate state
but not appearing in the external legs. The scattering
amplitude of a process with longitudinal gauge bosons
as external states, such as VV → tt̄, could grow with energy
if a coupling deviates from the SM. As a result, such an
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amplitude eventually violates unitarity at a high energy
scale, implying the breakdown of the low energy descrip-
tion and the appearance of new physics. Similar study on
the gauge boson scattering has been carried on in [23–27]
to probe the dynamics of electroweak symmetry breaking
and various new physics sectors.
In this section, we first examine the effects of the

anomalous Top Yuakawa coupling in the Wþ
LW

−
L → tt̄

channel and focus on the energy dependence of the
scattering amplitude. We then discuss some possible UV
models that can generate such Top Yukawa coupling and
further discuss the electroweak PDF which would be
convoluted with the VV → tt̄ cross section to obtain the
total signal rate at muon colliders.

A. Perturbative unitarity in the W +
L W

−
L → tt̄ process

In this section, we consider the channel Wþ
LW

−
L → tt̄ to

illustrate the role of perturbative unitarity in the process.
Our analysis of tt̄ production in muon colliders involves
initial state vector boson WW, ZZ, Zγ, and γγ, but we
choose Wþ

LW
−
L → tt̄ as our example here since it is the

dominant channel in our analysis. As shown in Fig. 1, the
Feynman diagrams for the process can be divided into three
categories. The first is the t-channel diagram via the
exchange of the b quark. The second is the s-channel
diagram mediated by the neutral vector boson, and the last
diagram is mediated by the Higgs boson in the s channel.
The leading order contribution for the amplitude of the first
and second diagrams can be estimated to be OðE2=m2

WÞ by
dimensional analysis for t; t̄ helicity of ð�;∓Þ and
OðE=mWÞ for t; t̄ helicity of ð�;�Þ. For the case of
opposite outgoing helicity of the quarks, once we add
the contributions from individual diagrams, the leading
OðE2=m2

WÞ behavior of each diagram is canceled through
gauge symmetry, leaving a constant term as would be
needed for unitarity. While for the case of the same quark
helicity, the leading order energy scaling is not eliminated
without adding the contribution from the Higgs-mediated
diagram. After combining all four diagrams, the energy
growth behavior is precisely canceled, and perturbative
unitarity in this process is restored. Such a cancellation is
expected from the Goldstone boson equivalence theorem.
In the high energy limit, we have

MWþ
LW

−
L→tt̄ ¼ Mϕþϕ−→tt̄

�
1þO

�
m2

W

E2

��
: ð1Þ

The amplitude for Mϕþϕ−→tt̄ in SM is at most a constant.
Hence, we do not expect unitarity-violating behavior in the
Wþ

LW
−
L → tt̄ process.

If the Top Yukawa is shifted,

yt → ytð1þ δytÞ; ð2Þ

only the amplitude of the Higgs-mediated diagram will be
modified from the SM, and one can show that in the high
energy limit, the total scattering amplitude is

MðWþW− → tt̄Þ ¼ mt

ν2
δyt

ffiffiffi
s

p
for

ffiffiffi
s

p
≫ mt: ð3Þ

In order to preserve unitarity, or more precisely, to
maintain the validity of a weakly coupled Effective Field
Theory (EFT), there must be a cutoff. To estimate this
cutoff, we can follow the standard partial wave analysis.
The J ¼ 0 partial wave amplitude is

a0 ¼
1

32π

Z
1

−1
d cos θjMj: ð4Þ

Unitarity requires the amplitude ja0j ≤ 1. Hence, we obtain
the cutoff as (ignoring the constant term)

ΛBSM <
16πv2

mtδyt
: ð5Þ

The current precision on the Top Yukawa coupling yt is
around Oð10Þ%. Therefore, the cutoff scale is well above
the center-of-mass energy of a 10 TeV muon collider. We
note that the parametrization in Eq. (2) is (overly) sim-
plified. We can also characterize the deviation in terms of
the contribution from new physics. In the following, we
describe two approaches to parametrize such contributions.

B. Dimension-six operator

The most straightforward way to express the deviation
of the Top Yukawa coupling from the SM is in terms
of the higher dimensional operators in SMEFT [28–30],

FIG. 1. The Feynman diagrams for the process WþW− → tt̄.
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generated after integrating out heavy new physics [31,32].
One can assume the leading EFT operator is Ot

y ¼
ðH†HÞQ̄LH̃tR with the corresponding Wilson coefficient
cty.

1 After electroweak symmetry breaking (EWSB)
and combining it with the Top Yukawa coupling term,
we get

L⊃−
�
mtþ

�
mt

v
−
ctyv2ffiffiffi

2
p

�
h−

3ctyv

2
ffiffiffi
2

p h2−−
3cty
2

ffiffiffi
2

p h3
�

× ðt̄LtRþ t̄RtLÞ; ð6Þ

in the unitary gauge. After imposing the top pole-mass
physical boundary condition, the Top Yukawa coupling is
shifted by

δyt ¼ −
ctyv3ffiffiffi
2

p
mt

: ð7Þ

The additional terms in Eq. (6) are higher dimensional
operators describing interactions between the top quark
pair and two or three Higgs bosons. Since we are
considering the VV → tt̄ process, only the single Higgs
coupling would enter the calculations. Beyond the sce-
nario, only the operator Ot

y is turned on, and other
operators could also enter the process. Such an
assumption, while minimal, may be oversimplifying. In
addition to Ot

y, the UV models often generate multiple
operators at the same time. Next, we present one simple
UV scenario to generate the effective anomalous Yukawa
coupling in the IR.

C. Vectorlike quarks

Models with vectorlike quarks (VLQs), as a simple
extension of SM, are motivated in a broad class of
new physics theories (see, e.g., Refs. [33–35] and
references therein). As seen from its name, it is similar
to quarks, transforming as a triplet under the SUð3ÞC
group. Its left- and right-handed components carry the
same color and electroweak charge. It is possible to write
a mass term independent of the Higgs vacuum expect-
ation value. Therefore, it has a decoupling limit, and it is
consistent with the electroweak precision and Higgs
precision data. We can exploit its mixing with the third
generation quarks to obtain the effective non-SM Yukawa
coupling at low energies.
We start from the simple case that the VLQ is an SM

electroweak SU(2) singlet [36] and has the same quantum
numbers as right-handed top quark, tR. Denoting the one

flavor VLQ as T, its left- and right-handed components are
TL and TR. The relevant Lagrangian is

L⊃ iT̄DT−ðλ1Q̄LH̃tRþλ2Q̄LH̃TRþM1T̄LtRþM2T̄LTRÞ:
ð8Þ

However, we can always combine tR and TR to get a new
right-handed quark, which we still denote as TR. This field
redefinition can remove the mass mixing term between TL
and tR. The resulting Lagrangian is

L ⊃ iT̄DT − ðλtQ̄LH̃tR þ λ0Q̄LH̃TR þM0T̄LTRÞ: ð9Þ

After EWSB, we can write down the mass matrix as
follows:

−L ⊃ ð t̄L T̄L Þ
�
λtv=

ffiffiffi
2

p
λ0v=

ffiffiffi
2

p

0 M0

��
tR
TR

�
þ H:c:

¼ F̄LMFR þ H:c:; ð10Þ

in which we abbreviate the left-handed and right-handed
fermions into the column vectors, FL and FR, respectively.
The mass matrix is denoted as M. Note that for fermions,
we need separate transformations for the left- and right-
handed components, UL and UR, respectively, to diago-
nalize the mass matrix. We have

ULMU†
R ¼ Λ ¼

�
mt

mT

�
with

UL;R ¼
�

cL;R sL;R
−sL;R cL;R

�
; ð11Þ

where mt and the MT are the physical masses of the top
quark and the VLQ. In the mass basis, the Yukawa matrix
can be written as

UL

�
λt λ0

0 0

�
U†

R ¼
ffiffiffi
2

p

v
UL

�
1 0

0 0

�
U†

LΛ

¼
ffiffiffi
2

p

v

�
c2Lmt −cLsLmT

−cLsLmT s2LmT

�
: ð12Þ

On the other hand, using the identity ULMM†U†
L ¼ Λ2,

we can obtain the relative shift for the Top Yukawa
coupling,

δyt ¼ −s2L ¼ −
ðλ2t þ λ20Þv2=2 −m2

t

m2
T −m2

t
: ð13Þ

In the limit mT ≫ mt, we have δyt ∼ v2=m2
T , as expected

from the correction induced by a dimension-6 operator.
Moreover, the fermion field rotation would modify the
coupling between the top quark and the gauge field.
Making the replacement that tL → cLtL − sLTL, we get

1For simplicity, we consider the cty being real here. One can
study consistently defined CP-violation effects in detail in
differential decays, which will not affect the inclusive rate that
we focus on here.
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gffiffiffi
2

p Wþ
μ t̄LγμbL →

gffiffiffi
2

p Wþ
μ ðcLt̄LγμbL − sLT̄Lγ

μbLÞ;

g
cos θw

�
1

2
−
2

3
sin2θw

�
Zμt̄LγμtL →

g
cos θw

�
1

2
−
2

3
sin2θw

�
Zμ½c2Lt̄LγμtL − cLsLðt̄LγμTL þ T̄Lγ

μtLÞ þ s2LT̄Lγ
μTL�;

g
cos θw

�
−
2

3
sin2θw

�
ZμT̄Lγ

μTL →
g

cos θw

�
−
2

3
sin2θw

�
Zμ½s2Lt̄LγμtL þ cLsLðt̄LγμTL þ T̄Lγ

μtLÞ þ c2LT̄Lγ
μTL�: ð14Þ

Apart from the modified Ztt̄ coupling, there are also new
off-diagonal couplings of the form V − T − t, with V being
the charged and neutral gauge bosons. These couplings
would modify the electroweak oblique parameters T and S,
thus being highly constrained. However, one can always
add more vectorlike quarks carrying the same charge as the
bottom quark to compensate. Alternatively, we can inte-
grate out the heavy quark and obtain the corresponding
matched EFT Lagrangian. At tree level, we get

λ20
M2

0

Q̄LH̃iDðH̃†QLÞ: ð15Þ

After EWSB, this operator leads to the corrections to the
top couplings consistent with the mixing effect discussed
above at the leading order. The single operator in Eq. (15)
can be converted into the operators in Warsaw basis of
SMEFT via the equation of motion. We get

λ20
M2

0

�
ytH†HQ̄LH̃tR þ 1

4
H†iD

↔

μHQ̄Lγ
μQL

−
1

4
H†σaiD

↔

μHQ̄Lσ
aγμQL

�
: ð16Þ

Compared to the coupling modifications discussed in
previous sections, apart from the Ot

y operator, two more
operators with correlated coefficients appear and modify
the coupling of the charged and neutral current of the third-
generation quarks. These correlations have implications
when we interpret our results in later sections.

D. Electroweak gauge boson PDFs

Vector boson fusion (VBF) production is one of the most
important production channels at high energy colliders.
For example, the Higgs boson can be produced by VBF,
in addition to the s channel Higgsstrahlung channels at
future lepton colliders. As the center-of-mass energy

ffiffiffi
s

p
increases, the VBF channel becomes more and more
important than the s channel. For muon colliders with
benchmark

ffiffiffi
s

p ¼ 3 or 10 TeV, the VBF processes dominate
the others for Higgs production. In many cases, a high
energy muon collider can be considered a gauge boson
collider; the virtual gauge bosons split off the incoming

muon and antimuon beams, then participate in hard
scatterings.
There are a couple of challenges in computing the VBF

process accurately at high energy colliders. Splitting a
muon into a virtual gauge boson plus remnant lepton is
highly forward at high energies, and complexities arise for
massive gauge bosons. One useful approximation is to treat
the nearly on-shell gauge boson as the parton within the
incoming muon. Analogous to the proton case, which can
be seen as the collection of separate partons in the QCD
perturbative energy scale, the total collision cross section is
the sum of the convoluted partonic cross section with the
parton distribution function. A factorization procedure
similar to hadron collisions can be applied here. The full
VBF process can be decomposed into the muon splitting
part and the gauge boson scattering subprocess. One can
derive the PDF for the virtual gauge bosons through the
splitting function. Theoretically, it requires solving the
Dokshitzer-Gribov-Lipatov-Altarelli-Parisi equation and
matching between the massless splitting and massive gauge
bosons. The matching can only be meaningfully done with
higher order calculation information, which is beyond the
scope of this study. The gauge boson scattering subpro-
cesses can be convoluted with the PDF to obtain the cross
section. The total cross section can be expressed as

σðμþμ− → F þ XÞ ¼
Z

τmax

τmin

dτ
X
ij

Lij

dτ
σ̂ðij → FÞ; ð17Þ

where X refers to the collinear remnant partons, F stands
for the collection of the final state particles from the hard
scattering, and i, j label the intermediate virtual gauge
bosons. τ ¼ ŝ=s is the fraction of the partonic center-of-
mass energy. The parton luminosity function is defined as

dLij

dτ
¼ 1

1þδij

Z
1

τ

dξ
ξ

�
fiðξ;μfÞfj

�
τ

ξ
;μf

�
þ i↔ j

�
; ð18Þ

in which fiðξ; μfÞ is the PDF for the parton i carrying a
fraction of the longitudinal momentum of the incoming
muon at the factorization scale μf. In the following
computation, we set both the factorization scale μf and

the renormalization scale equal to
ffiffiffî
s

p
=2 [18].
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The photon PDF is the largest among all gauge bosons
due to its huge flux starting from a low energy scale.
However, photon-initiated channels make little contribution
to the signal part of our analysis which comes from the
Higgs exchange diagram. Our main signal channel is from
the longitudinal gauge boson initial states, especially
Wþ

LW
−
L → tt̄. The longitudinal gauge boson (WL, ZL)

PDF has no scale dependence at the leading order
[37–39], which can be seen as the remnant from the
electroweak symmetry breaking. The suppression from
the longitudinal gauge boson PDF can be compensated
by the large partonic cross section. These features are
apparent in Sec. III and key to our sensitivity analysis of the
deviation of Top Yukawa coupling.

III. RELEVANTCHANNELS ATMUONCOLLIDER

At a high energy muon collider, the primary production
channel of top quark pairs is from the VBF process. In this
section, we compute the SM partonic cross sections for the
processes VV → tt̄ and then present the results after
convolution with the muon PDF. FEYNCALC[40] was first
used to calculate the helicity amplitude and the cross
sections. We then modify the vertices in the SM
Universal FeynRules Output model files within
MADGRAPH5_AMC@NLO [41,42] as a cross-check. The
gauge boson PDF is computed at the truncated to leading
logarithmic order as done in [5].

A. Polarized partonic cross section

We first present the SM predictions of the partonic cross
sections in Fig. 2, where all the possible initial polarization
states of the vector bosons are separately shown for the
range of center-of-mass energies from the tt̄ threshold to
10 TeV. First, let us look at the WW initial states, the most
dominant tt̄ production channel. The figure shows that the
primary channel is the one in which both incomingW� are
longitudinally polarized. The subdominant contribution to
the cross section occurs for right-handed W− with longi-
tudinal Wþ as well as the CP-conjugated combination. In
the high energy regime, we observe from the figure that the
cross sections of the channels with initial polarization of
ðWþ;W−Þ are (0,0), ð0;þÞ, ð−; 0Þ, ð−;þÞðþ;−Þ scale as
ŝ−1 and the cross sections of the four other channels scale as
ŝ−2. Therefore, the amplitude squared term does not scale
for (0,0), ð0;þÞ, ð−; 0Þ, ð−;þÞðþ;−Þ and for ðþ; 0Þ,
ð0;−Þ, ð−;−Þ, ðþ;þÞ scales as ŝ−1.
To illustrate the scaling mentioned, we show the explicit

ŝ dependence of the amplitude squared term of all possible
helicity configurations for the WþðhiÞ þW−ðhjÞ →
tðhkÞ þ t̄ðhlÞ processes in Table I, where the helicity of
the particle is shown in the brackets. Here, hi, hj can take
the value of 1, 0, or −1 while hk and hl can be �1=2
(labeled as� in the table for brevity). The tree-level helicity
amplitudes are invariant under the CP transformation,

FIG. 2. The SM partonic cross section for VV → tt̄ as a function of the center-of-mass energy
ffiffiffî
s

p
with different initial helicities states.
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WþðhiÞ → W−ð−hiÞ; W−ðhjÞ → Wþð−hjÞ;
tðhkÞ → t̄ð−hkÞ; t̄ðhlÞ → tð−hlÞ; ð19Þ

which is manifest in the table. For example, if one
compares the third and fourth row, ½Wþð−Þ;W−ð0Þ� is
transformed to ½Wþð0Þ;W−ðþÞ�, and the ŝ power is indeed
swapped under the CP transformation of the top
quark pairs.
We now focus on the scaling of helicity amplitude for

Wþ
LW

−
L → tt̄ due to its significance as the Standard Model

background as well as the source of the signal.2 Let us first
consider t; t̄ helicity ð�;�Þ. For the Top Yukawa coupling
we are probing, this channel is the largest source of the
signal in our analysis due to the Higgs exchange diagram.
Each individual diagram for this helicity scales as

ffiffiffî
s

p
as

seen from Eqs. (A14) to (A17) and Eqs. (A26) to (A29) in
the high energy limit. Once we add all four diagrams, the
leading terms cancels, and in SM, the amplitude scales as
1=

ffiffiffî
s

p
which is the next leading order term in all these

amplitudes. Note that the signal comes only from the Higgs
diagram scaling as

ffiffiffî
s

p
, and so its interference with SM

therefore does not scale. We elaborate interference and
relevant scaling in Sec. IVA.
The leading contribution ofWþ

LW
−
L → tt̄ comes from the

final quark helicity tðþÞt̄ð−Þ, and so, we now focus on t; t̄
helicity ð�;∓Þ to understand their behavior. As shown by
the helicity amplitude in Appendix A, the amplitudes of the
processes with final quarks helicities ð−;þÞ or ðþ;−Þ
approach a constant in the high energy limit given by

MðWþ
LW

−
L → tðþÞt̄ð−ÞÞ¼−

2m2
t

v2
cot

θ

2
þg02

3
sinθþOð1=ŝÞ;

ð20Þ

MðWþ
LW

−
L → tð−Þt̄ðþÞÞ¼ 3g2þg02

12
sinθþOð1=ŝÞ; ð21Þ

where θ is the angle between Wþ and t in the partonic
center-of-mass frame. The leading order behavior of these
amplitudes can be understood from the perspective of the
Goldstone boson equivalence theorem and from the process
ϕþϕ− → tt̄. Let us first consider ϕþϕ− → tðþÞt̄ð−Þ. At
leading order, the s-channel process has contribution only
from the U(1) field Bμ exchange and no contribution from

the SUð2ÞL field, which will be of orderOðmt=
ffiffiffî
s

p Þ for this
helicity configuration. The s-channel Bμ diagram is propor-

tional to g02 and the Wigner function d10;1 ¼ sin θ=
ffiffiffi
2

p
. The

process also has a t-channel contribution from b-quark
exchange which comes from terms in Lagrangian of the
form ytb̄LtRϕ− and its Hermitian conjugate. This explains
why in Eq. (20) we observe t-channel behavior propor-
tional to y2t . Now, let us consider the channel
ϕþϕ− → tð−Þt̄ðþÞ. In the leading order, the s-channel
diagram is mediated by SUð2ÞL charge neutral vector
bosonW3

μ with coupling g and U(1) field Bμ with coupling
g0. Since we assume yb ¼ 0 in our calculation, the leading
order t-channel contribution is of order Oðmt=

ffiffiffî
s

p Þ and
explains the absence of t-channel behavior in Eq. (21). Due
to a t-channel enhancement which is absent in other
channels in the leading order, Wþ

LW
−
L → tðþÞt̄ð−Þ domi-

nates top quark pair production from W bosons and serves
as the largest SM backgrounds in our analysis.
Furthermore, we numerically compute the amplitude of

this channel by decomposing the top current into left-
handed current and right-handed current parts separately.
Explicitly, each s-channel diagram can be decomposed into
the two subdiagrams with t̄LγμtLVμ and t̄RγμtRVμ with V
being either photon or the neutral Z boson. The t-channel
diagram only contains the left-handed current t̄LγμbL plus
its conjugation b̄LγμtL. It turns out that the summation of
the left-handed current consisting of the t̄LγμtL part from
the s-channel diagram and the t-channel diagram dominates
over the summation of the right-handed current part t̄RγμtR
from the s-channel diagrams. This can be understood as
follows. First, in the tðþÞt̄ð−Þ final helicity state, the Higgs
diagram does not contribute, and the t-channel diagram
only contains the left-handed current. In the high energy
limit, the s-channel diagram exchanging Z=γ bosons can be
treated as restoring intoW3

μ field because theW boson pairs
can only interact with W3

μ via the non-Abelian self-
interaction, while the W3

μ field can only couple to left-
handed current. The right-handed current can be only from
the finite Z boson mass effect finally manifested by the g02

TABLE I. The high energy ŝ scaling of the squared amplitude
for WþW− → tt̄ where helicities of the outgoing top quarks and
incoming W bosons are explicitly shown. Here, we have ignored
the potential additional logarithmic dependence. For the fermion
helicities, we use � to denote their helicity.

Wþ W−

(t, t̄)

ðþ;þÞ ð−;þÞ ðþ;−Þ ð−;−Þ
0 0 ŝ−1 ŝ0 ŝ0 ŝ−1

þ 0 ŝ−2 ŝ−1 ŝ−1 ŝ−2

− 0 ŝ−2 ŝ−1 ŝ−1 ŝ0

0 þ ŝ0 ŝ−1 ŝ−1 ŝ−2

þ þ ŝ−1 ŝ−2 ŝ−2 ŝ−3

− þ ŝ−1 ŝ0 ŝ−2 ŝ−1

0 − ŝ−2 ŝ−1 ŝ−1 ŝ−2

þ − ŝ−1 ŝ0 ŝ−2 ŝ−1

− − ŝ−3 ŝ−2 ŝ−2 ŝ−1

2tt̄ can also be produced through the s-channel process, but it is
by far subdominant at high energy muon colliders and easily
distinguishable from the signal process considered here due to its
energetic top quark jet, high invariant mass, and low rapidity of
the tt̄ system.
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terms. Such behavior has a significant impact on the VLQ
model, which is discussed later on.
For ZZ-fusion channels, the partonic cross section is

invariant under the CP transformation and the exchange of
initial particle states. Consequently, only four distinct
behaviors exist for all possible initial Z boson helicity
combinations. Longitudinally polarized Z boson states also
dominate the partonic cross section. The subdominant
channels consist of one longitudinal polarized Z boson
plus the other transverse polarized Z boson. Both t-channel
and u-channel diagrams are possible, resulting in both
forward and backward enhancement of the differential
distribution. This could also be understood because the
top quark exchange is symmetric with respect to θ ¼ π=2.
This contrasts with the WW-fusion case where the
t-channel diagram exchanging the b quark prefers the
forward direction, and there is no u-channel diagram.
For production processes starting from transverse helicity
modes, the cross section from the opposite helicity initial
state is larger than that of the same helicity.
For the diphoton-initiated processes, there are only two

distinct combinations, with either the same or opposite
helicities of the photons. One can see that the opposite-
helicity case (orange curve) is larger than the same-helicity
case (red curve) in the high energy limit. The same-helicity
process scales as ŝ−1 asymptotically while the opposite-
helicity process scales as ŝ−1 log ŝ. A similar pattern also
shows up in the Zγ partonic cross section. It should be
emphasized that the photon PDF from muon is around one
order smaller than that from the electron at the same
factorization scale, due to the two orders difference in
the muon and electron mass. This results in a decreased
signal rate of the diphoton initiated process at a muon
collider.

B. Convolution with PDFs

Having computed the partonic cross section for all
possible polarizations of the gauge boson, the next step
is to convolute them with the electroweak gauge boson

PDFs. Wework with two benchmarks of the center-of-mass
energies for the future muon collider: one is

ffiffiffi
s

p ¼ 3 TeV
with an integrated luminosity of 1 ab−1 and the other one
with

ffiffiffi
s

p ¼ 10 TeV with an integrated luminosity of
10 ab−1. In this section, we first present the differential
distribution with the invariant mass of the top quark pair in
Fig. 3. The orders of tt̄ cross section contributions areWW,
γγ, Zγ, and ZZ initial states. As we have seen in Fig. 2, the
partonic cross section ofWW is over two orders larger than
that of γγ although the photon PDF is larger thanW boson.
Due to the smallness of the Z boson PDF, the ZZ-fusion
channel is suppressed while Zγ sits in between. Beyond the
simple PDF treatment, we also evaluate the importance of
the interference effects between different electroweak
gauge bosons. After all, the PDF treatment is a quasi-real
approximation of the intermediate states, which are fully
interfering. From the view of the full 2 → 4 process
μþμ− → μþμ−tt̄, the intermediate off-shell gauge boson
can be either the Z boson or the photon. One needs to first
sum up the amplitudes of both processes before squaring
them, namely,

M ¼
X
i;j

MVþ;iV−;j
¼ MZZ þMγγ þMZγ þMγZ; ð22Þ

where we denote Vþ as the neutral gauge boson radiated off
μþ and V− from μ−. After squaring, multiple interference
terms should be handled carefully. Remembering that in
computing the gauge boson PDF, there is the term fZγ
which accounts for the mixing from the splitting amplitude
Msplit

μ→μγ and Msplit
μ→μZ. Hence, the total cross section for

μþμ− → μþμ−tt̄ should be

σ ∼
XZ

dx1dx2fi−j−ðx1Þfiþjþðx2ÞMi−iþM
�
j−jþ : ð23Þ

For example, if i− ¼ j− ¼ γ, fi−j−ðxÞ equals to fγðxÞ. The
case of i− ≠ j− corresponds to fZγ function. We use the
brackets to enclose Zγ in Fig. 3 to show their contributions.

FIG. 3. The differential distribution for μþμ− → tt̄þ X versus the invariant mass mt̄t at a 3 TeV and a 10 TeV MuC.
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It turns out that the interference terms are small compared
to the diagonal terms where i� ¼ j�.
The angular distributions are shown in Fig. 4. The left

panel is for the 3 TeV MuC, and the right one is for 10 TeV
MuC. The dominant channel WþW− favors the forward
direction due to the t-channel diagram exchanging inter-
mediate b quark. For the neutral gauge bosons channels,
they are symmetric with respect to θ ¼ π=2.

IV. PROJECTED SENSITIVITIES

After exploring both the rate and the kinematics, we
perform signal analysis and derive the sensitivity of the Top
Yukawa coupling deviations for 3 TeV and 10 TeV muon
colliders. This section presents the projected sensitivities
for the anomalous Top Yukawa coupling and VLQ model.

A. Top Yukawa precision

We show the relative change of the partonic cross section
compared to the SM case due to the anomalous Top
Yukawa coupling presented on the left panel of Fig. 5.
Since the dominant signal comes from the WW channel

after convoluting with PDF, so we concentrate on this
channel first to understand the leading contribution to the
signal sensitivity. We can decompose the squared ampli-
tude as

jMtotj2 ¼ jMSM þ δytMsigj2 ¼ jMSMj2
þ 2δytReM�

SMMsig þ δ2ytjMsigj2; ð24Þ

where δyt is the shift in Top Yukawa, andMsig is the signal
which comes from Higgs-mediated diagram.
The dashed lines in Fig. 5 show the signal-to-

background ratio with linear in δyt contributions (as a
typical choice for EFT analysis), and the solid lines include
the terms proportional to δ2yt. Here, σ̂SM is the sum of all SM
cross sections with all helicities. A constructive interference
between the SM background and the anomalous signal for
δyt < 0 exists, and similarly, a destructive interference for
δyt > 0 exists at linear order. As seen from the figure, if we
only keep the linear term, while the modification to the
s-channel Higgs amplitude scales as

ffiffiffî
s

p
as shown in

Eq. (3), Δσ̂=σ̂SM approaches a constant asymptotically.

FIG. 4. The differential angular distribution for μþμ− → tt̄þ X at muon colliders with
ffiffiffi
s

p ¼ 3 TeV and
ffiffiffi
s

p ¼ 10 TeV.

FIG. 5. The deviation of WW → tt̄ cross section from the Standard Model prediction value for benchmark choices of shift in Top
Yukawa δyt as a function of (left panel) partonic center-of-mass energy and (right panel) scattering angle in the CM frame for a fixed
partonic center-of-mass energy of 2 TeV. The solid and dashed lines are with and without the quadratic contributions, respectively.
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The ratio grows linearly with ŝ in the high energy limit if
we also include the quadratic term. As we show later, the
sensitivity is dominated by the low invariant mass, linear
regime. This implies the requirement for having systematic
control at the subpercent level. As an electroweak machine,
it should be achievable, and we also want to emphasize here
the importance of precision calculation.
To understand the leading order behavior of these ratios,

one should first remember that only the cross section with
final top quark helicities ð�;�Þ receives contributions from
δyt in the processW

þ
LW

−
L → tt̄. For the other two helicities,

the Higgs exchange diagram is absent. More explicitly, we
have

Δσ̂
σ̂SM

∼
P

λ¼�2δytReMh
λλM

�
λλ þ δ2ytjMh

λλj2P jMj2 : ð25Þ

In the numerator, Mλλ refers to all the SM amplitude with
the top quark having the same helicities. Mh

λλ denotes the
amplitude for the Higgs-mediated diagram alone, which
scales as

ffiffiffî
s

p
in the high energy limit. From Table I, we can

infer that the amplitude of Wþ
LW

−
L → tð�Þt̄ð�Þ scales like

1=
ffiffiffî
s

p
in the high energy regime while the term proportional

to δyt coming from the Higgs diagram scale as
ffiffiffî
s

p
. Thus,

the interference between these two terms will have no
scaling behavior. On the other hand, the sum of the squared
amplitudes in SM approaches constant at the leading order.
Therefore, the ratio of the linear term in δyt of Δσ̂ and σ̂SM
becomes asymptotically flat since both have a leading order
constant term. The term quadratic in δyt scales as ŝ, and so
the ratio including both terms increases linearly with ŝ
asymptotically.
The corresponding angular distribution of Δσ̂=σ̂SM is

shown on the right panel of Fig. 5 for the partonicffiffiffî
s

p ¼ 2 TeV. Note that Msig has no angular dependence
due to the spin 0 Higgs boson exchange. Therefore, the

angular dependence of the interference term is purely from
the SM terms, and the term with quadratic δyt is flat. After
dividing by the SM background contribution, the peak of
the ratio occurs in the backward direction since the signal
Δσ is flatly distributed while the background favors the
forward region.
To derive the sensitivity of the Top Yukawa coupling for

the two muon collider benchmarks, we convolute the
partonic signal cross sections with the PDF. For our
analysis, we choose to bin the phase space in terms of
the top quark pair invariant massmtt̄ and the outgoing polar
angle in the Center-Mass (CM) frame with respect to the μþ
direction. Bin-by-bin signal significance after convolution
is shown in Fig. 6, where the range of cos θ is divided into
eight equally sized bins, and mtt̄ is divided into 50 GeV
bins to take into account finite resolution effects. From the
figure, it is clear that our sensitivity will come from the
linear term, which peaks near the threshold. More distri-
bution can be found in Appendix B.
We perform a chi-square test to set bounds on anomalous

Top Yukawa coupling. The results for the χ2 analysis are
presented in Fig. 7 forwhichwe require the number of events
in each bin to be at least 10. We compute the sensitivity
Δχ2i ¼ S2i =Bi using the corresponding number of events for
each bin. It is important to note that the signal (Si) contains
both the interference term and the quadratic term although
the contribution of the quadratic term is negligible at the
energy scale being considered. The total Δχ2 is obtained by
summing over all the bins. This procedure is equivalent to a
template double differential line-shape fit.
For a top quark pair, the branching ratios to various final

states are 44% (hadronic), 44% (semileptonic), and 11%
(fully leptonic) [43,44].3 In our final state considerations,
we conservatively take only the fully hadronic and

FIG. 6. The significance of various bins in ranges of mtt̄ and cos θ at 3 TeVand 10 TeV MuC. For illustration, we take δyt to be 0.015
for 10 TeV muon collider and 0.1 for 3 TeV muon collider, which are close to their one-sigma sensitivity. It can be seen from the figure
that most of the sensitivity is coming from the interference term, near the threshold where the SM cross section peaks and the quadratic
term contribution is negligible.

3Here, we split the τ final states into hadronic ones and leptonic
ones with corresponding τ branch fractions.
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semileptonic tt̄, as they are fully reconstructable without
any sizable ambiguities. We also impose a cut on the
outgoing t angle θ with respect to Wþ in the partonic
center-of-mass frame,

10° < θ < 170°; ð26Þ

to ensure high reconstruction efficiency and avoid the
forward regions where shielding is needed due to beam-
induced backgrounds. These cuts do not notably change
our sensitivity since most of the signal significance comes
from the central bins in angular distribution, as seen
in Fig. 13.
The χ2 analysis presented in Fig. 7 shows that the reach

of δyt at one sigma Confidence Level (CL) is around
ð−6%; 9%Þ for 3 TeV MuC and ð−1.3%; 1.4%Þ for 10 TeV
MuC. The corresponding 2 sigma CL exclusions are
around ð−11%; 19%Þ and ð−2.4%; 3.1%Þ for 3 and
10 TeV MuC, respectively.4 It should be noted that in
Fig. 7, we include the contributions from both the linear
and quadratic terms of the signal. The resulting weight of
these terms to the total Δχ2 is

Δχ2¼ 2.0×102δ2yt−1.2×103δ3ytþ3.9×103δ4yt ð3 TeVÞ;
ð27Þ

Δχ2¼ 5.6×103δ2yt−4.8×104δ3ytþ2.6×105δ4yt ð10 TeVÞ:
ð28Þ

As can be seen, the inclusion of the quadratic term results in
producing asymmetric Δχ2 distribution. Furthermore, at
one sigma C.L for both these colliders, if we neglect the
quadratic term, δyt reach would be 7% for 3 TeVand 1.33%
for 10 TeV case. Figure 7 also shows the results for only
including the interference effects in dashed lines, which is
conventionally done for EFT analysis. We can see the span
of the sensitivity is very similar to the results, including the
quadratic terms. One can obtain the corresponding Δχ2
expressions by dropping the last two terms in the above
equations.
For more general Higgs precision fits, the relative

contributions from theWW-fusion and ZZ-fusion channels
need to be specified. Here, we also write down the Δχ2 in
the widely used κ-framework [12,46–49]. Defining
κW ¼ gWWh=gSMWWh, κZ ¼ gZZh=gSMZZh, κt ¼ yt=ySMt in the
kappa framework, we further perform the chi-square
analysis for 3 TeV collider,

Δχ2 ¼ 2.2 × 102ðκWκt − 1Þ2 þ 2.9ðκZκt − 1Þ2 − 23ðκWκt − 1ÞðκZκt − 1Þ
− 1.2 × 103ðκWκt − 1Þ3 þ 10ðκZκt − 1Þ3 þ 92ðκWκt − 1Þ2ðκZκt − 1Þ
− 1.3 × 102ðκWκt − 1ÞðκZκt − 1Þ2 þ 3.1 × 103ðκWκt − 1Þ4 þ 38ðκZκt − 1Þ4
þ 6.9 × 102ðκWκt − 1Þ2ðκZκt − 1Þ2; ð29Þ

FIG. 7. The Δχ2 as a function of δyt after summation over bins for
ffiffiffi
s

p ¼ 3 TeV (left) and
ffiffiffi
s

p ¼ 10 TeV (right). Contributions from
linear terms (interference piece) and quadratic terms are included in theΔχ2 analysis for the solid curves, and dashed curves only include
the linear terms. For the solid curves, the Δχ2 asymmetry results from including the quadratic term.

4If one uses only the semileptonic tt̄, the 95% CL limit on the anomalous top coupling is projected to be 5.6%. This is highly
consistent with the simulation-based study [45] at a 10 TeV MuC.
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and for 10 TeV,

Δχ2 ¼ 6.2 × 103ðκWκt − 1Þ2 þ 1 × 102ðκZκt − 1Þ2 − 6.6 × 102ðκWκt − 1ÞðκZκt − 1Þ
− 4.7 × 104ðκWκt − 1Þ3 þ 4.4 × 102ðκZκt − 1Þ3 þ 4.0 × 103ðκWκt − 1Þ2ðκZκt − 1Þ
− 5.1 × 103ðκWκt − 1ÞðκZκt − 1Þ2 þ 2.1 × 105ðκWκt − 1Þ4 þ 2.6 × 103ðκZκt − 1Þ4
þ 4.7 × 104ðκWκt − 1Þ2ðκZκt − 1Þ2: ð30Þ

Similarly, one can obtain the interference alone contri-
bution by dropping all terms other than the first lines of the
above equations. These equations also reveal that the
sensitivity reach is dominated by the WW channel. Note
that here, we assume no forward muon tagging, which
means the ZZ fusion and WW fusion are indistinguishable
at the analysis level. In other words, they share the same
backgrounds. If one can tag the forward muons and hence
reduce the ZZ-fusion backgrounds, the relative importance
and contribution will change.

The δyt reach at one sigma CL is (−6%, 8%) for 3 TeV
MuC and (−1.2%, 1.4%) for 10 TeV MuC. In Fig. 8, we
show the one sigma sensitivity on δyt at the current LHC,
HL-LHC, ILC-500, ILC-100, CLIC, FCC-ee, and FCC-hh
and compare them with our results at muon colliders of 3
and 10 TeV. At present, the LHC experimental constraint is
at theOð10%Þ level. The future 100 TeV FCC-hh can probe
the Top Yukawa coupling to around 1%. We show here the
muon collider can achieve comparable sensitivity.

B. VLQ model

Now we study this channel in the VLQ model, where the
Top Yukawa modification correlates with other coupling
modifications. Analogous to our previous discussion, we
first focus on the deviation in the partonic cross section of
the WþW− → tt̄ channel which is shown in Fig. 9 for
s2L ¼ 0.01. Since this is a UV-complete model, we keep all
the higher order terms of δyt or s2L. We observe that the
relative change decreases when the center-of-mass energy
increases from the threshold energy and becomes almost
flat as

ffiffiffî
s

p
exceeds around 1 TeV. To understand this result,

first, we note that the dominant (helicity) amplitude for the
SM background is asymptotically flat. Since we are work-
ing in the weakly coupled UV-completed model, the
amplitude should also be unitarized. This explains why
the two distributions are relatively flat. It is interesting to
note that the angular distribution of the BSM-to-SM ratio
Δσ̂=σ̂SM is also nearly flat, which suggests that the signal

FIG. 8. The reach plot for δyt at 1σ sensitivity on various
colliders with their best projections through various processes.
The bound on the Top Yukawa shift factor δyt from (top to
bottom) the current LHC [15,50], future High-Luminosity LHC
[51], proposed ILC [52,53], CLIC [54], FCC-ee, and FCC-hh
[55]. In the subpanel, we show the zoom-in version to compare
different bars in the smaller range.

FIG. 9. The relative shift of the partonic cross section for the WW channel in VLQmodel as a function of
ffiffiffî
s

p
and the polar angle cos θ.
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follows the shape of the background. In other words, the
VLQ signal shifts the SM cross section.
The shifting can be explained by noting that the leading

order contribution forWþ
LW

−
L → tt̄ is dominated by the left-

handed current as we have emphasized in Sec. III A. For
our VLQ analysis, the tL field is rescaled by cL. Hence, the
amplitudes of the two channels are shifted by a common
factor of −s2L. This explains why the relative shifting factor
for the cross section is approaching −2s2L in the high energy
regime and is almost independent of the theta angle.
On the other hand, we can also compute using

the Goldstone boson equivalence theorem. As discussed
in Sec. II, if there is only a single operator EFT Ot

y, a
new contact vertex ϕþϕ−tt̄ is generated, leading to
the energy growing behavior. While in the VLQ case,
two other operators can generate the new coupling
ið∂μϕþ t̄LγμbL − ∂μϕ

−b̄LγμtLÞ that modifies the t-channel
diagram amplitude which also has the energy growing
behavior. The correlated Wilson coefficients guarantee the
cancellation of individual unitarity violations.

In Fig. 10, we show the S=
ffiffiffiffi
B

p
distribution over the top

quark pair invariant mass mtt̄ after dividing the phase space
into various bins. Curves with different colors refer to the
angular bins. The peak values for the significance occur at
low mtt̄ regime as well as the forward region. As S=B is
almost a constant, we get stronger sensitivity in the forward
direction and a low mtt̄ region where the statistics are large.
We follow the same procedure described in the previous

section to estimate the projected sensitivity and show the
results in Fig. 11. The anomalous Top Yukawa coupling
shift can be tested to around 0.5% at 3 TeV MuC and 0.1%
at 10 TeV MuC at one sigma level. In Fig. 12, we show
various 95% exclusion regions on the mT − δyt plane. The
blue, orange, and pink dashed lines refer to the bound from
the Higgs decaying to di-gluon precision measurement at
10 TeV MuC and the tt̄ channel at 3 TeV MuC and 10 TeV
MuC, respectively. The coupling is strong in the light-
yellow region, violating perturbative unitarity in the Higgs-
mediated four-fermi scattering process, with the UV
Yuakawa coupling λ0 > Oð10Þ in Eq. (13). The shaded

FIG. 10. S=
ffiffiffiffi
B

p
for s2L ¼ 0.01 for both a 3 TeV (left) and a 10 TeV (right) MuC. We cut the whole space in terms of the invariant mass

mtt̄ and the angular variable cos θ. Different colors denote the bin range of cos θ.

FIG. 11. The Δχ2 as a function of s2L ¼ −δyt after summation over bins for
ffiffiffi
s

p ¼ 3 TeV (left) and
ffiffiffi
s

p ¼ 10 TeV (right) in VLQ
model.
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region formT < 5 TeV is denoted as “Direct Search,”where
the TT̄ production is kinematically allowed. We also made
an estimate of the reach of the single heavy VLQ search at
the 10 TeV MuC, and this channel can exclude δyt to be
around the one percent level. However, given the sensitivity
dependence on the detailed realization of VLQ, e.g., the
existence of heavy bottoms, we do not show the estimation
here. For a similar reason, we also do not show electroweak
precision from future Z-pole programs in this plot.

V. CONCLUSION

In this work, we have examined the prospects for
measuring the Top Yukawa coupling at upcoming high
energy muon colliders, focusing on two benchmark center-
of-mass energies: 3 TeV and 10 TeV. We thoroughly
investigated the partonic cross sections of the processes
VV → tt̄ for various helicities and delved into the differ-
ential kinematical distributions. Upon convolution with the
electroweak gauge boson PDFs, it becomes evident that the
dominant partonic channel is the scattering of longitudinal
W bosons into a right-handed top quark and a left-handed
anti-top-quark.
We utilized two scenarios to characterize deviations from

the Standard Model (SM) Top Yukawa coupling. We first

considered the case in which a single dimension-six EFT
operator can encapsulate the influences of new physics,
denoted as Ot

y. Here, the primary effect is an anomalous
deviation in the Top Yukawa coupling. Consequently, the
amplitude ofWþW− → tt̄ rises with the partonic center-of-
mass energy, leading to significant discrepancies from SM
predictions at larger mtt̄. In our second approach, taking
inspiration from a UV-completed model, we introduced a
pair of singlet vectorlike quarks. Post electroweak sym-
metry breaking, a mixture occurs between the top quark
and the heavy VLQ, altering the Top Yukawa coupling. In
this scenario, the amplitude or cross section’s relative shift
remains mostly flat across a broad range of mtt̄.
Constraints on the Top Yukawa deviation can be estab-

lished, assuming future measurements agree with SM.
Segmenting the entire phase space according to the
production polar angle and the invariant mass of the top
quark pair allows for chi-square analysis. For the EFT
model, the Top Yukawa measurement precision approaches
the percent level, providing valuable measurements of Top
Yukawa beyond HL-LHC. The results are summarized in
Fig. 8. Furthermore, we provide chi-square data for global
fit to the Higgs signal in Eqs. (27)–(30). Importantly,
compared to the conventional channel of tt̄h [13,14], our
method is more than one order of magnitude better in
projected precision and also sensitive to the sign of the Top
Yukawa deviation. Conversely, in the VLQ model, this
precision is further improved to nearing the per mil level.
These high precision measurements also require precision
calculation from the theory side to ensure their robustness.
We estimated the leading order perturbative correction
would be at the percent level.

The data associated with the figures in this paper can be
accessed via GitHub [56].
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APPENDIX A: HELICITY AMPLITUDE

In this section, we focus on the amplitude ofWþW−→ tt̄
and its analytic expressions. The total amplitude for a
given helicity configuration can be written as the sum of
contributions from four channels,

FIG. 12. The 95% CL exclusion sensitivity for the parameters
in VLQ model. The blue dashed line is from the top quark pair
production and the Higgs decaying to di-gluon measurement
[13]. The orange and pink dashed lines refer to the exclusion
sensitivity at 95% exclusion limit. The light-yellow region
denotes the strong coupling regime where the UV Yukawa
coupling λ0 is larger than Oð10Þ. We expect the region for mT <
5 TeV can be covered by the direct search, as the TT̄ pair
production is kinematically allowed. More computation details
for the VLQ model can be found in Appendix C.

TOP YUKAWA COUPLING DETERMINATION AT HIGH ENERGY … PHYS. REV. D 109, 035021 (2024)

035021-13



MhWþhW− ;htht̄ ¼ Mγ þMZ þMb þMh; ðA1Þ

where the h in the subscript refers to the corresponding
helicities. Mγ=Z=h refers to the s-channel contribution, and
Mb refers to the t-channel diagram. We compute the
amplitude in the massless b-quark limit. Also, we choose
the incoming Wþ to be aligned along the z axis and
define the scattering angle θ as the polar angle betweenWþ
and the t quark in the partonic center-of-mass frame. Thus,
with this definition, we have in the massless b quark limit,

s¼ 4E2
t ¼ 4E2

W; t¼−
s
4
ðβ2t þβ2W −2βtβW cosθÞ: ðA2Þ

Here, Et;W is the center-of-mass energy of each particle,
and β2t;W ¼ 1–4m2

t;W=s. In this section, all the variables are
partonic variables, and we drop the hat for abbreviation as
there is no ambiguity. For our calculations, we use the
explicit form of four spinors and polarization vectors in the
center-of-mass frame and calculate the helicity amplitudes.
Wigner d functions are explicitly given by

d20;0 ¼
1

2
ð3cos2θ − 1Þ; d22;0 ¼

ffiffiffi
3

8

r
sin2θ; ðA3Þ

d21;0 ¼ −d2−1;0 ¼ −
ffiffiffi
3

8

r
sin 2θ; ðA4Þ

d22;1 ¼ −d2−2;−1 ¼ −
1

2
ð1þ cos θÞ sin θ; ðA5Þ

d22;−1 ¼ −d2−2;1 ¼ −
1

2
ð1 − cos θÞ sin θ; ðA6Þ

d21;1 ¼ d2−1;−1 ¼
1

2
ð2 cos2 θ þ cos θ − 1Þ; ðA7Þ

d21;−1 ¼ d2−1;1 ¼
1

2
ð−2 cos2 θ þ cos θ þ 1Þ; ðA8Þ

d11;1 ¼ d1−1;−1 ¼
1

2
ð1þ cos θÞ; ðA9Þ

d11;−1 ¼ d1−1;1 ¼
1

2
ð1 − cos θÞ; ðA10Þ

d11;0 ¼ −d1−1;0 ¼ −
ffiffiffi
1

2

r
sin θ; ðA11Þ

d10;0 ¼ cos θ; d00;0 ¼ 1; ðA12Þ

djm;m0 ¼ ð−1Þm−m0
djm0;m ¼ dj−m0;−m: ðA13Þ

(i) ð00;þþÞ

Mγ
00;þþ ¼ 2

3
½2

ffiffiffi
2

p
GFmts2ws1=2βWð3 − β2WÞ�d10;0; ðA14Þ

MZ
00;þþ ¼ 2

3

�
1ffiffiffi
2

p GFmt

�
3

2
− 4s2w

�
s3=2

s −M2
Z
βWð3 − β2WÞ

�
d10;0; ðA15Þ

Mb
00;þþ ¼ 1

2
ffiffiffi
2

p GFmt
s3=2

t

�
βt

�
1

3
þ β2W

�
þ βWð1 − β2WÞd10;0 −

4

3
βtd20;0

�
; ðA16Þ

Mh
00;þþ ¼ 1

2
GFytv

s3=2

s −m2
H
βtð1þ β2WÞ. ðA17Þ

(ii) ð00;þ−Þ

Mγ
00;þ− ¼ −

2

3
½2GFs2wsβWð3 − β2WÞ�d10;1; ðA18Þ

MZ
00;þ− ¼ −

2

3

�
1

2
GF

�
3

2
ð1 − βtÞ − 4s2w

�
s2

s −M2
Z
βWð3 − β2WÞ

�
d10;1; ðA19Þ

Mb
00;þ− ¼ 1

2
GF

s2

t
ð1 − βtÞ

��
βWβt −

1

2
βWð1 − β2WÞ

�
d10;1 þ

ffiffiffi
2

3

r
βtd20;1

�
; ðA20Þ
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Mh
00;þ− ¼ 0: ðA21Þ

(iii) ð00;−þÞ

Mγ
00;−þ ¼ 2

3
½2GFs2wsβWð3 − β2WÞ�d10;−1; ðA22Þ

MZ
00;−þ ¼ 2

3

�
1

2
GF

�
3

2
ð1þ βtÞ − 4s2w

�
s2

s −M2
Z
βWð3 − β2WÞ

�
d10;−1; ðA23Þ

Mb
00;−þ ¼ −

1

2
GF

s2

t
ð1þ βtÞ

��
−βWβt −

1

2
βWð1 − β2WÞ

�
d10;−1 þ

ffiffiffi
2

3

r
βtd20;−1

�
; ðA24Þ

Mh
00;−þ ¼ 0: ðA25Þ

(iv) ð00;−−Þ

Mγ
00;−− ¼ −

2

3
½2

ffiffiffi
2

p
GFmts2ws1=2βWð3 − β2WÞ�d10;0; ðA26Þ

MZ
00;−− ¼ −

2

3

�
1ffiffiffi
2

p GFmt

�
3

2
− 4s2w

�
s3=2

s −M2
Z
βWð3 − β2WÞ

�
d10;0; ðA27Þ

Mb
00;−− ¼ −

1

2
ffiffiffi
2

p GFmt
s3=2

t

�
βt

�
1

3
þ β2W

�
þ βWð1 − β2WÞd10;0 −

4

3
βtd20;0

�
; ðA28Þ

Mh
00;−− ¼ −

1

2
GFytv

s3=2

s −m2
H
βtð1þ β2WÞ: ðA29Þ

(i) ð−0;þþÞ

Mγ
−0;þþ ¼ 2

3
½8

ffiffiffi
2

p
GFmtmWs2wβW �d1−1;0; ðA30Þ

MZ
−0;þþ ¼ 2

3

�
2

ffiffiffi
2

p
GFmtmW

�
3

2
− 4s2w

�
s

s −M2
Z
βW

�
d1−1;0; ðA31Þ

Mb
−0;þþ ¼ −

1ffiffiffi
2

p GFmtmW
s
t

�
ð−βtβW − βt − βWð1 − βWÞÞd1−1;0 þ

2ffiffiffi
3

p βtd2−1;0

�
; ðA32Þ

Mh
−0;þþ ¼ 0: ðA33Þ

(ii) ð−0;þ−Þ

Mγ
−0;þ− ¼ −

2

3
½8GFmWs2ws1=2βW �d1−1;1; ðA34Þ

MZ
−0;þ− ¼ −

2

3

�
2GFmW

�
3

2
ð1 − βtÞ − 4s2w

�
s3=2

s −M2
Z
βW

�
d1−1;1; ðA35Þ

Mb
−0;þ− ¼ 1

2
GFmW

s3=2

t
ð1 − βtÞ½ð−βWð1 − βWÞ þ βtβWÞd1−1;1 þ βtd2−1;1�; ðA36Þ
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Mh
−0;þ− ¼ 0: ðA37Þ

(iii) ð−0;−þÞ

Mγ
−0;−þ ¼ 2

3
½8GFs2wmWs1=2βW �d1−1;−1; ðA38Þ

MZ
−0;−þ ¼ 2

3

�
2GFmW

�
3

2
ð1þ βtÞ − 4s2w

�
s3=2

s −M2
Z
βW

�
d1−1;−1; ðA39Þ

Mb
−0;−þ ¼ −

1

2
GFmW

s3=2

t
ð1þ βtÞ½ð−βWð1 − βWÞ − βtβWÞd1−1;−1 þ βtd2−1;−1�; ðA40Þ

Mh
−0;−þ ¼ 0: ðA41Þ

(iv) ð−0;−−Þ

Mγ
−0;−− ¼ −

2

3
½8

ffiffiffi
2

p
GFmtmWs2wβW �d1−1;0; ðA42Þ

MZ
−0;−− ¼ −

2

3

�
2

ffiffiffi
2

p
GFmtmW

�
3

2
− 4s2w

�
s

s −M2
Z
βW

�
d1−1;0; ðA43Þ

Mb
−0;−− ¼ 1ffiffiffi

2
p GFmtmW

s
t

�
ðβtβW þ βt − βWð1 − βWÞÞd1−1;0 þ

2ffiffiffi
3

p βtd2−1;0

�
; ðA44Þ

Mh
−0;−− ¼ 0: ðA45Þ

The corresponding amplitude for hWþ ¼ 0, hW− ¼ þ can be found be by CP transforming the above expressions.
(i) ðþ0;þþÞ

Mγ
þ0;þþ ¼ 2

3
ð8

ffiffiffi
2

p
GFmtmWs2wβWÞd11;0; ðA46Þ

MZ
þ0;þþ ¼ 2

3

�
2

ffiffiffi
2

p
GFmtmW

�
3

2
− 4s2w

�
s

s −M2
Z
βW

�
d11;0; ðA47Þ

Mb
þ0;þþ ¼ 1ffiffiffi

2
p GFmtmW

s
t

�
ðβtβW − βt þ βWð1þ βWÞÞd11;0 −

2ffiffiffi
3

p βtd21;0

�
; ðA48Þ

Mh
þ0;þþ ¼ 0: ðA49Þ

(ii) ðþ0;þ−Þ

Mγ
þ0;þ− ¼ −

2

3
½8GFs2wmWs1=2βW �d11;1; ðA50Þ

MZ
þ0;þ− ¼ −

2

3

�
2GFmW

�
3

2
ð1 − βtÞ − 4s2w

�
s3=2

s −M2
Z
βW

�
d11;1; ðA51Þ

Mb
þ0;þ− ¼ −

1

2
GFmW

s3=2

t
ð1 − βtÞ½ðβWð1þ βWÞ − βtβWÞd11;1 − βtd21;1�; ðA52Þ

Mh
þ0;þ− ¼ 0: ðA53Þ
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(iii) ðþ0;−þÞ

Mγ
þ0;−þ ¼ 2

3
½8GFs2wmWs1=2βW �d11;−1; ðA54Þ

MZ
þ0;−þ ¼ 2

3

�
2GFmW

�
3

2
ð1þ βtÞ − 4s2w

�
s3=2

s −M2
Z
βW

�
d11;−1; ðA55Þ

Mb
þ0;−þ ¼ 1

2
GFmW

s3=2

t
ð1þ βtÞ½ðβWð1þ βWÞ þ βtβWÞd11;−1 − βtd21;−1�; ðA56Þ

Mh
þ0;−þ ¼ 0: ðA57Þ

(iv) ðþ0;−−Þ

Mγ
þ0;−− ¼ −

2

3
½8

ffiffiffi
2

p
GFmtmWs2wβW �d11;0; ðA58Þ

MZ
þ0;−− ¼ −

2

3

�
2

ffiffiffi
2

p
GFmtmW

s
s −M2

Z

�
3

2
− 4s2w

�
βW

�
d11;0; ðA59Þ

Mb
þ0;−− ¼ −

1ffiffiffi
2

p GFmtmW
s
t

�
ð−βtβW þ βt þ βWð1þ βWÞÞd11;0 −

2ffiffiffi
3

p βtd21;0

�
; ðA60Þ

Mh
þ0;−− ¼ 0: ðA61Þ

Amplitudes for hWþ ¼ 0, hW− ¼ − are related by CP transformation.
(i) ðþþ;þþÞ

Mγ
þþ;þþ ¼ −

2

3
½8

ffiffiffi
2

p
GFmtm2

Ws
2
ws−1=2βW �d10;0; ðA62Þ

MZþþ;þþ ¼ −
2

3

�
2

ffiffiffi
2

p
GFmtm2

W

�
3

2
− 4s2w

�
s1=2

s −M2
Z
βW

�
d10;0; ðA63Þ

Mbþþ;þþ ¼ 2
ffiffiffi
2

p
GFmtm2

W
s1=2

t

�
1

6
ðβt − 3βWÞ þ

d10;0
2

ðβt − βWÞ þ
d20;0
3

βt

�
; ðA64Þ

Mhþþ;þþ ¼ 2GFβtytvm2
W

ffiffiffi
s

p
s −m2

H
: ðA65Þ

(ii) ðþþ;þ−Þ

Mγ
þþ;þ− ¼ 2

3
½8GFm2

Ws
2
wβW �d10;1; ðA66Þ

MZþþ;þ− ¼ 2

3

�
2GFm2

W

�
3

2
ð1 − βtÞ − 4s2w

�
s

s −M2
Z
βW

�
d10;1; ðA67Þ

Mbþþ;þ− ¼ GFm2
W
s
t
ð1 − βtÞ

�
βWd10;1 −

ffiffiffi
1

3

r
βtd20;1

�
; ðA68Þ

Mhþþ;þ− ¼ 0: ðA69Þ
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(iii) ðþþ;−þÞ

Mγ
þþ;−þ ¼ −

2

3
½8GFm2

Ws
2
wβW �d10;−1; ðA70Þ

MZþþ;−þ ¼ −
2

3

�
2GFm2

W

�
3

2
ð1þ βtÞ − 4s2w

�

×
s

s −M2
Z
βW

�
d10;−1; ðA71Þ

Mbþþ;−þ ¼−GFm2
W
s
t
ð1þβtÞ

�
βWd10;1−

ffiffiffi
1

3

r
βtd20;1

�
;

ðA72Þ

Mhþþ;−þ ¼ 0: ðA73Þ

(iv) ðþþ;−−Þ

Mγ
þþ;−− ¼

2

3
½8

ffiffiffi
2

p
GFmtm2

Ws
2
ws−1=2βW �d10;0; ðA74Þ

MZþþ;−− ¼
2

3

�
2

ffiffiffi
2

p
GFmtm2

W

�
3

2
−4s2w

�

×
s1=2

s−M2
Z
βW

�
d10;0; ðA75Þ

Mbþþ;−−¼−2
ffiffiffi
2

p
GFmtm2

W
s1=2

t

×

�
1

6
ðβtþ3βWÞ−

d10;0
2

ðβtþβWÞþ
d20;0
3

βt

�
;

ðA76Þ

Mhþþ;−− ¼ −2GFβtytvm2
W

ffiffiffi
s

p
s −m2

H
: ðA77Þ

Amplitudes for hWþ ¼ −, hW− ¼ − are related by CP
transformation.

(i) ðþ−;þþÞ

Mγ
þ−;þþ ¼ 0; ðA78Þ

MZþ−;þþ ¼ 0; ðA79Þ

Mbþ−;þþ ¼ 4ffiffiffi
3

p GFmtm2
W
s1=2

t
βtd22;0; ðA80Þ

Mhþ−;þþ ¼ 0: ðA81Þ

(ii) ðþ−;þ−Þ

Mγ
þ−;þ− ¼ 0; ðA82Þ

MZþ−;þ− ¼ 0; ðA83Þ

Mbþ−;þ− ¼ −
ffiffiffi
2

p
GFm2

W
s
t
βtð1 − βtÞd22;1; ðA84Þ

Mhþ−;þ− ¼ 0: ðA85Þ

(iii) ðþ−;−þÞ

Mγ
þ−;−þ ¼ 0; ðA86Þ

MZþ−;−þ ¼ 0; ðA87Þ

Mbþ−;−þ ¼
ffiffiffi
2

p
GFm2

W
s
t
βtð1þ βtÞd22;−1; ðA88Þ

Mhþ−;−þ ¼ 0: ðA89Þ

(iv) ðþ−;−−Þ

Mγ
þ−;−− ¼ 0; ðA90Þ

MZþ−;−− ¼ 0; ðA91Þ

Mbþ−;−− ¼ −
4ffiffiffi
3

p GFmtm2
W
s1=2

t
βtd22;0; ðA92Þ

Mhþ−;−− ¼ 0: ðA93Þ

Amplitudes for hWþ ¼ −, hW− ¼ þ are related by CP
transformation.

APPENDIX B: SIGNAL VS BACKGROUND

In this section, we show the dependence of the signifi-
cance on the angular variable cos θ and the top quark
invariant mass mtt̄ in the center-of-mass frame for both the
3 TeV and 10 TeV colliders, respectively. Polar angle θ is
defined in the partonic frame and is the angle between the
t quark and Wþ boson.
We show angular dependence of signal significance for affiffiffi
s

p ¼ 10 TeV and Lint ¼ 10 ab−1 collider and for a
ffiffiffi
s

p ¼
3 TeV and Lint ¼ 1 ab−1 collider in Fig. 13 for various mtt̄
ranges using 50 GeV bins.5 In this figure, background B
refers to the prediction from SM, and signal S refers to the
deviation from SM value due to δyt. The fact that the
significance primarily comes from the interference term is
explicit here by noticing higher significance near the
threshold. In both panels, one can notice that the sign of
significance near the forward region is opposite to the rest
for lower energy ranges. This pattern can also be observed
in Fig. 6. The origin of this change of sign in the angular
distribution can be attributed to the change of sign for the
helicity amplitude M00;þþ and M00;−− at cos θ ≈ 0.7 and

5As different lines correspond to different sizes of the mtt̄
energy, we choose to represent the result in such a normalization.
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ffiffiffî
s

p ¼ 400 GeV. Since the signal is mostly coming from the
interference between the above two channels with the
contribution from the Higgs exchange (which has a flat
angular dependence), the signal follows the shape of
M00;þþ, M00;−−, and this can explain why we observe
the pattern in Fig. 13. At higher energies, we have the
contribution from the quadratic δ2yt term, which is always
positive, and so the pattern is not explicit in this region.
Another point to note here is that the significance mainly
comes from the central bins in angular distribution, so angle
cuts in the forward region do not significantly affect our
Δχ2 analysis.

APPENDIX C: PARAMETER
CONSTRAINTS ON VLQ

The VLQ model modifies the couplings between the top
quark and the gauge bosons. The modified Higgs top
coupling would make the precision Higgs observable
deviate from the SM predictions, such as the Higgs decay
modes to diphoton and di-gluon. In SM, the Higgs boson
decay into diphoton occurs via the W boson loop and
charged fermion loop [57–59], and Higgs decay to di-gluon
receives contributions from quark loops [57,60]. Here, we
focus on the h → gg channel since it is more sensitive to the
shift s2L and only considers the t and T loop, since the heavy
quark dominates this loop-induced coupling. In the VLQ
model, we need to consider the T-loop contribution and the

shift in Yukawa couplings for the quark loops. Hence, in
total, the amplitude of Higgs to di-gluon mode before QCD
correction is

Mλλ0ab
q ¼½ð1−s2LÞFfðβtÞþs2LFfðβTÞ�

×
αsgðk1 ·k2gμν−kμ1k

ν
2Þ12δabϵμðk1Þλϵνðk2Þλ

0

2πmW
; ðC1Þ

where

βt ¼
4m2

t

m2
h

; βT ¼ 4m2
T

m2
h

; ðC2Þ

FfðβÞ ¼ −2β½1þ ð1 − βÞfðβÞ�; ðC3Þ

and

fðβÞ ¼ arcsin2ðβ−1
2Þ for β ≥ 1: ðC4Þ

Since the new physics does not change the kinematics, we
can compute the excess squared amplitude and constrain the
new physics parameters. Using δΓ=Γ ¼ δjMj2=jMSMj2
and inserting the projected precision for the Higgs decay
width to di-gluon at future colliders, we can derive the
corresponding allowed region in the parameter plane of the
VLQ model under consideration.
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