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CALCULATION OF THE ANOMALOUS HALL CONDUCTIVITY

In the absence of SOC, the two spin blocks decouple. We can calculate UIT{ and aﬁl separately.

Spin up block

The model we consider consists of the two quasi-1d orbitals, d,.. and d,,., of SryRuO,4. Written in the basis {cq, . (k), cq, ., (k) }
the spin up block of the normal state Hamiltonian reads

Fn(k) = Eoa(k) AKk)\ _ [—2tcosk, —2tcosky, —p 4t sin ky sin k,, W
M=\ MK &.k)) 4t' sin k,, sin ky, —2tcosk, — 2tcosk, — )
The corresponding BAG Hamiltonian is
: Hy(k)  AM(k)
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which is effectively a (spinless) chiral p, — ip, order parameter. For simplicity we have considered only intra-orbital pairing
while neglected any inter-orbital one. The d. (d,.) intraorbital component Aﬁ (Agg) transforms like k, (k,) under the spatial

Dy, group. Hence, Aﬁ(k) = [dl((””) . o-iag]TT = —(Aa4,, —Ay,,)sink,, where dl(f) denotes the k,-like part of dy. Note that

di = A, (Esink, + gsink,) + Aa,, (&sink, — gsink,). Similarly, A} (k) = [dl((y) - oioy) 44+ From Hggg we can define
the electric current velocity operator

ey — (Vi€az(k)  ViA(k)
V(k) - < ka)\(k) vkzyz(k)) ® 12><27 (4)

where 155 is the identity matrix in the Nambu particle-hole space.
We calculate crlTl using the standard one-loop Kubo formula

i Ty (q = 0,0 +i0%) — 7ya(q = 0,w +i0F)

4
= 5
Oy (CU) w 2 ) ( )
where 7, (q, iv,,,) is the electric current-current density correlator, given by
Tay (0, ivm) = €T Y Y Tr[oa (k)G (K, iwn )by (K) G (K, iwn, + ivi,)]. (6)
n k

In this equation G(k, iwy) = [iwn — l’algdG(k)]_1 is the Green’s function. w,, = (2n + 1)7T and v,,, = 2m=T are Fermionic
and Bosonic Matsubara frequencies. The trace Tr is with respect to both the Nambu particle-hole and orbital spaces. e is the
charge of an electron. Using Eq. in the expression of 7y, (0, iv,y,) in Eq. (6), completing the Matsubara sum over w,,, and
then making the analytical continuation, iv,,, — w + id, we obtain

O-ITI(W) _ Z }—II )
e?/h 4= EL(k)ET (K)[E] (k) + BT (0)[(E] (k) + EL (k)2 — (w +i6)2]




where
Fi =32 (t—1)(t")2 (A1 — Ag)?(sin® ky cos ky, + sin® ky cos k, ) sin® k, sin® k,. (8)

E1 (k) are eigenvalues of ﬁgdG(k).
—a++/JaZz —4
El = \/052&57 (9a)

a=—(, + Al + &2, + A2 +2)2), (9b)
B= (&, +|ATIP)E, + 1AL + At + 22 ([all]rall + AT AT — 2X%¢,.¢,.. (9c)

For brevity we have suppressed the k dependence in these equations.
Written out explicitly,

e2 ]:'T
Re[of](w) = — . : (10)
f h Ek: ELEL(EL + ED[(EL + E1)? — w2
mmlol(w) = & Fi_ 5 B+ ET)) —6 B+ B! 11
m[UH](W)—gzk:ﬁﬁ (W—(Ey+E.))—6(w+ (B +EL))|. (11)
Spin down block

The derivation of afl is almost identical. The only difference is that in the definition of the BAG Hamiltonian, A is now
replaced by

AL . sin ]fw 0
A (k) = (Aa,, +A4,,) ( 0 isinky> . (12)
Correspondingly,
i) _ 5 T a3
e2/h 4 ELEY(EL + EY[(EL + EY)? — (w +i0)?)
with

]-'lf = —32(t — £)(t')*(A1 + Az)?(sin® ky, cos ky, + sin® k, cos k) sin? k, sin® k. (14)

EY differs from EL in Eq. (@) by replacing {AlT, AIT} with {AT ALX}. Notice that although the gap magnitudes can be quite
different for spin up and down, min{EI (k) + E' (=k)}, which determines the onset frequency of Im[all] (w) (see Eq. (TI)), is
actually almost the same as min{Ei (k) + E* (=k)}, because both of them are governed by the orbital-hybridization parameter
t’ [1]], instead of the pairing gap magnitudes. This explains why, in Fig. Im[am (w) and Im[afl] (w) become nonzero essentially
at the same frequency.

Comparing flf to ]-";(r in Eq. (8) we see that they carry opposite signs, leading to a partial cancellation between crl%I and o;_rl
(see Fig. . This sign difference comes from AW having a chirality opposite to that of A™. Also, under a relative sign change
between A 4,, and Ay, , ou — —on, because that relative sign determines which chirality of the pairing, p, — ip, (associated
with spin-up) or p, +ip, (with spin-down), dominates. This can be seen from Fig. |2, where we plot oy (w) for a given frequency
as a function of 4A 4., A4, /(|A4,,| + |Aa,, |)?. Fig.[2]also shows that oy = 0if Au,, = 0or Au,, = 0. This is expected
since in this case our mixed helical pairing state is reduced to one of the two single-representation helical states, either A;,, or
Ay, for which the two chiral components completely compensate each other.

ESTIMATION OF THE KERR ANGLE

From the calculated oy (w) we can estimate the Kerr angle for iw = 0.8eV using

_ 4m ou(w) |

() = wd m[n(n2 -1

5)
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FIG. 1. Spin 1 (red dashed line), | (dark green dotted line), and the total (blue solid line) contributions to the 7" = 0 Hall conductivity.
Left: Re[ow]; Right: Im[ou]. Band parameters used are [1]: ¢ = p = 0.4eV, ¢ = 0.1¢, and t' = 0.05¢. Aa,, = 2A4,, = 2Amax with
Amax = 0.23meV [1].
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FIG. 2. Real (blue solid line) and imaginary (red dashed line) parts of the zero temperature oy (w) as a function of 4A a,, Aa,, /(|Aa,, | +
Ay, )2 hw = 0.8eV. Apax = |Aa,, |+ |A4,, | = 0.23meV is kept a constant in this calculation. The plot shows that oy is roughly
linearin 4A 4,, A4y, /(|Aay, | +|A4,,|)?. From the plot we see that oy is odd in the relative sign between A 4,,, and A 4,,,, but even under
the interchange |A4,, | < [Aay, |-

where n = n(w) is the complex index of refraction, given by

n = /€wp(w), (16)

€ab(W) = €00 + %J(w). 17

€ap(w) is the permeability tensor in the ab-plane. e, = 10 [1] is the background permeability. d = 6.84 is the inter-layer
spacing along the c-axis. o(w) is the optical longitudinal conductivity. Following Ref. [[1]] we use a simple Drude model for
o(w)

2
Wyl

)= i )

(18)

where wp = 2.9eV is the the plasma frequency and I' = 0.4eV is an elastic scattering rate. At Aw = 0.8eV, o(w) =
0.33 +40.67, €qp = —0.52 +45.20, and n = 1.53 4 i 1.69. Plugging this n value into Eq. (T3) and using the o (7w = 0.8eV)
value from Fig. 2] we get 6k ~ 20 nrad. The whole frequency dependence of f is shown in Fig.[3]
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FIG. 3. (color online) Kerr angle as a function of iw. Band parameters and the values of {A4,,, Aa,, } are the same as in Fig.[1]

RESULTS FOR CHIRAL P-WAVE PAIRING

For easy comparison, in this section, we reproduce some of the results of oy and 6k obtained in Ref. [[1]] for the chiral p, 4 ip,
pairing. In this case the pairing is between spin up and down with the nonzero order parameter components given by

sin k,, 0
0 isink,

AT (k) = A < ) AV (k) = AT (k). (19)

In the absence of SOC, the BAG Hamiltonian can be again decomposed into two decoupled blocks. One of them is

Hy(K) ATH(k) )

= (1A g e 0

which is written in the basis {Cjixzﬁ(k)’ cjiyz’T(k), Cd,.,.(—k),cq,...(=k)}. The other block is for the same basis but with
opposite spin, and we denote it by Hy, (k). Because AT = A™, A = A - Since the expression of A}, in Eq. is
almost identical to that in Eq. (2)) we can immediately write down the expression of aﬁ,

aﬂ(w) _ Z Fx 21

/R 2 B (B (Q)[E (8) 1 B (R][(B+ (<) + B (k)2 — @+ 0)7]

where
Fi = =32 (t — t)(t')* A (sin? k, cos k,, + sin® k, cos k) sin® &, sin® k, (22a)
_ Jo2 —

E:t — \/W7 (22b)
a=—(&. +2[A0 +&. +2)%), (22¢)
B = (€. + A0 (&). +120%) + AT = 20%€,.€,... (22d)

As a consequence of Héda = HgdG, Ulﬁ = aﬁ for the chiral p-wave pairing such that oy = alﬁ + O'IT[ = 2011. This should be
contrasted with the previous A;,, + A9, pairing case where ‘71%1 and O'ITI carry opposite signs.

Fig. [] shows the corresponding numerical results of oy and fx. Here, k is evaluated from oy using Eq. (I3)) with the same
index of refraction n(w). From Fig. 4| we see that Ok (fiw = 0.8eV) ~ 46 nrad, which is about twice larger than the estimated
value for the Ay, + iAo, pairing (see Fig. . The larger 6k in the current case comes from the absence of cancellation, i. e. a}il

and O'ITI carry the same sign and the two add together instead of cancel each other.

ABSENCE OF CROSS-GRADIENT TERMS IN THE GINZBURG-LANDAU FREE ENERGY

Using the A1, + 1Az, state as an example, we argue that there are no cross-gradient terms in the free energy that are quadratic
in the order parameter components. There are in total four possible such terms that involve both order parameter components as
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FIG. 4. Results of o and 6k for the chiral p-wave pairing. For this calculation the normal state band parameters used are the same as in Fig. [T}
Ap = 0.23meV. In the left plot, the blue solid (red dashed) line is for the real (imaginary) part of oy. In the right plot, the dashed line shows
that Ok (hw = 0.8eV) ~ 46 nrad.

well as gradients in both z and y directions:
a0, A%, OyDa,, +b0yAL 0:An,, + 0 A%, 0yAa,, +dOyA%, 0:AA,, (23)

where the coefficients a, b, c and d assume the values of 1 or -1 and we have dropped an overall Ginzburg-Landau coefficient. The
general requirement is that the free energy be real and invariant under all Dy, point group symmetry transformations. Bearing
in mind the symmetry properties of the two individual components, one can check that no single set of {a, b, ¢, d} ensures the
invariance of the above free energy under all symmetry operations. One thus concludes that these cross-gradient terms must be
absent. Same argument applies to the By, + ¢Bs, state.
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