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Particle transport across junctions between two superconductors is commonly described using a simplifying
approximation (often called the Andreev approximation), which assumes that excitations are fixed at the
Fermi momentum and only Andreev reflections, with no normal reflections, occur at interfaces. While this
approximation is appropriate for superconductors with high carrier density (for which the chemical potential
vastly exceeds the pairing gap), it breaks down for superconductors with low carrier density, such as topological
superconductors, doped semiconductors, or superfluid quantum gases. Here, we present a general analytical
framework for transport in superconducting junctions that does not rely on this limiting Andreev approximation.
We apply our framework to describe transport in junctions between s-wave superconductors along the BCS-BEC
crossover, which interpolates between the conventional high-carrier-density (BCS-)regime and moderate- as
well as low-carrier-density regimes (unitary and BEC regimes), for which the high-carrier-density (Andreev)
approximation is not valid. As the system is tuned from the BCS to the BEC regime, we find that the
overall magnitude of a subgap current, which is attributed to multiple Andreev reflections, decreases. However,
nonlinearities in the current-voltage characteristic become more pronounced near the intermediate unitary limit,
giving rise to sharp peaks and dips in the differential conductance with even negative differential conductance
at specific voltages. Microscopically, the negative differential conductance is related to the van Hove points
in the band structures, at which enhanced normal reflection occurs and that become accessible only when the
chemical potential is comparable to or smaller than the pairing gap. The subgap current due to multiple Andreev
reflections vanishes at a critical interaction strength on the BEC side, which we identify as the splitting point
where the particle dispersion changes curvature. Our work shows that a description of transport in low-density

superconducting junctions necessarily requires a treatment beyond the standard Andreev approximation.
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I. INTRODUCTION

Superconducting junctions, in which two superconduc-
tors are connected through a tunnel barrier or point contact
[Fig. 1(a)], are the elementary building blocks of super-
conducting qubits [1,2] and quantum electronics [3] with
wide-ranging applications in high-precision measurements
[4,5] and quantum computing [6]. Their properties are probed
experimentally by measuring the current across the junction:
For example, such measurements were among the first to char-
acterize the superconducting gap [7,8], and are now routinely
used to determine the order parameter of exotic supercon-
ductors [9], detect subgap states [10—14] such as Majorana
bound states [15,16], or study semiconductor-superconductor
heterostructures [17-22].

Transport across superconducting junctions at bias volt-
ages smaller than the tunneling gap occurs through a
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mechanism called Andreev reflection [23-25] where, at a
normal-superconductor interface, a particle is reflected as
a hole and vice versa. Extending transport calculations in
normal-superconducting junctions [26] to superconductor-
normal-superconductor junctions [Fig. 1(a)] is very difficult as
one needs to account for multiple Andreev reflections [27,28]
[see Fig. 1(b)], which occur repeatedly until a particle or hole
acquires enough energy to overcome the excitation gap and
transmits into either the left or the right superconductor. In
treating this process, existing theoretical calculations [29-35]
all rely on a high-carrier-density approximation (called the
Andreev approximation) [24,36], which assumes that the
chemical potential of the superconductor is much larger
than its pairing gap (u > A), so that all particles have the
same Fermi momentum and no normal reflections occur at
normal-superconductor interfaces [red and green arrows in
Fig. 1(b)]. This approximation works extremely well for stan-
dard BCS-type superconductors like niobium [37], but it is not
reliable for most superconductors of current interest, such as
topological superconductors [38—44], high-T, superconduc-
tors [9,45], superconducting semiconductors like strontium
titanate [46—51], iron chalcogenides [52-55], twisted cuprated
superconductors [56-58], and superfluid junctions in ultra-
cold Fermi gases [59-68]. The description of these systems
requires a more general formulation of transport theory valid
at all carrier densities.
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FIG. 1. (a) Superconducting junction with a tunnel barrier
(brown-vertical bar). Shown are the scattering amplitudes for par-
ticles (p, orange) and holes (k, magenta) with arrows indicating
propagation directions. (b) A quasiparticle enters the junction from
the left reservoir and gains energy through multiple Andreev re-
flections until it is transmitted into a reservoir. (c) Scattering at
a normal-superconductor interface with © > 0 and u >~ A (upper
panels) and u < O with || >~ A (lower panels). Left panels: Bogoli-
ubov dispersions and examples of quasiparticle states. Right panels:
Amplitudes of Andreev reflection [A(E), blue line], normal reflection
of particles [N”(E), red] and holes [N”(E), green]; Andreev approx-
imation results are plotted as dashed lines.

In this paper, we present a general analytical framework
for transport in superconducting/superfluid junctions without
resorting to a high-carrier-density approximation. Our calcu-
lations are based on the Landauer-Biittiker formalism, which
describes the current across a Josephson junction in terms of
Bogoliubov scattering states. One particular advantage of this
approach is that it allows a discussion of the current in terms
of elementary processes, such as the scattering of particles
and holes at normal-superfluid interfaces and tunnel barri-
ers, and thus provides an intuitive microscopic interpretation
of transport features. To apply our approach to a system of
current interest, we consider particle transport along the uni-
versal BCS-BEC crossover [69] in junctions between s-wave
superconductors or superfluids, which describes transport in
fermionic quantum gases and superconducting semiconduc-
tors like strontium titanate. Here, the reservoir interaction
strength is parametrized by an inverse s-wave scattering length
(kra)~!, where kp is the Fermi momentum, which continu-
ously interpolates between a high-carrier-density BCS limit
(kra)™' < 0 with 4 > A and regimes where existing cal-
culations break down: a unitary regime at (kra)~' = 0 with
u ~ A followed by a BEC regime at (kpa)~' > 0 with nega-
tive chemical potential u < 0.

Our general formalism reveals two features not captured
within the high-carrier-density approximation: First, we show
that multiple Andreev reflections lead to a significantly
more pronounced current-voltage characteristic in the unitary
regime compared to the BCS limit. Here, the current shows
sharp peaks and dips at specific voltages that lead to negative
differential conductance, which are associated with the van
Hove points of the band structures at which enhanced nor-

mal reflections occur. Second, the subgap current induced by
multiple Andreev reflections vanishes at a critical interaction
strength on the BEC side of the crossover, and we identify
this point as the so-called splitting point [70-72] where the
quasiparticle dispersion changes its curvature (i.e., its mini-
mum shifts from finite to zero momentum).

This paper is structured as follows: In Sec. II, we outline
the general Landauer-Biittiker framework that applies beyond
the high-carrier-density (Andreev) approximation. We begin
in Sec. IT A by presenting a general Josephson junction setup
and introducing basic definitions. In Sec. II B, we derive an
expression for the current across the junction. Section I1C
presents the scattering states used to calculate the current.
In particular, we derive a closed-form recurrence relation
linking the scattering coefficients at different energies, which
are connected by multiple Andreev reflection processes. The
solution of the recurrence relation is sketched in Sec. IID.
As an important check of the validity of our solution, the
tunneling limit is discussed in Sec. ITE. Section III presents
results for the dc current and differential conductance in a
Josephson junction across the BCS-BEC crossover; readers
interested only in the applications of our method can skip
directly to this section. In Secs. III A and III B, we discuss
in detail our main results, which cannot be obtained using
the Andreev approximation, namely the negative differential
conductance at unitarity and the suppression of the multiple-
Andreev-reflection induced subgap current as the interaction
is tuned to the BEC regime. We end with a conclusion in
Sec. IV. Various details of the calculation and analytical re-
sults are relegated to Appendices A to H.

II. THEORETICAL FRAMEWORK

This section presents a self-contained derivation of
the Landauer-Biittiker formalism for superfluid-normal-
superfluid junctions, where we focus in particular on
complications introduced when going beyond the Andreev ap-
proximation. General introductions to the Landauer-Biittiker
formalism applied to superconducting junctions are found,
for example, in Refs. [73,74]. Earlier references that discuss
transport across superfluid-normal-superfluid junctions using
the Andreev approximation are Refs. [29-31,75].

A. Setup

We consider two superfluid reservoirs as sketched in
Fig. 1(a). The reservoir on the left-hand side (right-hand side)
is defined by a chemical potential w; (ug) and a pairing
gap Ay (Age'®). There is a potential U (x, r ) that confines
particles in the radial r; direction but allows particle ex-
change between the reservoirs through a small contact at
x = 0, thereby giving rise to a particle current. Given a bias
V = up — g, we aim to determine this current, i.e., the ex-
pectation value of the operator

. —lh
I(t,x) =

Z/drl[w (Vi) = (VID,1 (D
o=m

where V, is a fermion field operator for a particle of mass
m and spin projection o. The Landauer-Biittiker formalism
assumes no particle interactions inside the junction (for a
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study of interaction effects in a quantum dot in the BCS-BEC
crossover using other methods, see Ref. [76]) and describes
transport in terms of scattering solutions for Bogoliubov exci-
tations. In principle, the condensate depends self-consistently
on the Bogoliubov modes through a gap equation,

A = =5 3 FE)D) )00, x). @

where g is the interaction strength, f(E) = 1/[exp(E /kgT) +
1] is the Fermi function (we set the temperature 7 = 0), n
runs over all Bogoliubov eigenstates with excitation energy
E,, o, is the x-Pauli matrix in Nambu space, and ®,, solves
the Bogoliubov-de Gennes equation

Hy — p(r)
A*(r)

A(r)
~(H; ~ M(r))> On0)- )

Here, Hy = —i*V?/2m + U(x,r,) is the Hamiltonian of a
single particle in the potential U (x, r, ). If the confining po-
tential U (x, r ) varies slowly along the x direction, we may
separate the wave function into a transverse part A, (r) and
a longitudinal part W,(x) as ®,(r) = ¥, (x)A,(r, ), where «
is the transverse band index. In the following, we consider a
single transverse band.

In the standard description of Josephson junctions, we
assume that the chemical potential is given by a step-like
function

E,®,(r) = <

“

e, x <0,
px) = {MR, x> 0.

In addition, we include a tunnel barrier at x = 0 to account
for the transparency of the junction. In a self-consistent cal-
culation, the gap inside the constriction will be smaller than
the bulk value in the respective reservoirs [77] and it will be
further decreased by beyond-mean-field fluctuations in this
confined geometry [78]. In this paper, we thus make the stan-
dard approximation [73,74] to forgo a self-consistent solution
of Eq. (2) and instead choose a step-like function for the

pairing gap

AL, X < —6/2,
A(x)=10, —02 <x<{/2, (&)
Age®, x> £/2,

with constant pairing gaps in both reservoirs (in the following,
we set the superconducting phase difference ¢ = 0) equal
to their bulk values, while the constriction is assumed to be
a normal region of length £. Since in a non-self-consistent
description of the pairing potential, the current in the su-
perconducting region is not a conserved quantity [79], the
inclusion of this normal region simplifies the calculation as
the current can be evaluated in the normal region, where cur-
rent conservation holds. The step-function profile (5) has the
additional advantage that it allows for a transparent discussion
of elementary physical processes, i.e., Andreev and normal
reflections at the normal-superfluid interfaces as well as scat-
tering off the tunnel barrier in the normal region, where the
scattering matrices corresponding to these processes can be
derived analytically. The step profile (5) is a conventional ap-
proximation for superconducting junctions that is used widely
in the literature [29-37,40—43], and it is valid provided that

the junction length ¢ is shorter than the coherence length
(or specifically the phase coherence length) of the supercon-
ductors since details of the junction do not matter in this
regime. For simplicity, we consider “short junctions” (£ — 0)
throughout the paper.

B. Landauer-Biittiker formalism

The Landauer-Biittiker formalism makes two central as-
sumptions:

(a) The fermion operators in Eq. (1) may be expanded in
a basis set of Lippmann-Schwinger scattering states across
the junction [Egs. (4) and (5)]. Restricting to a single trans-
verse channel o = 0 with transverse eigenmode 1 (r ), these
fermion operators are

(t/?m r))
¥z, r)

) o0 dE hq j(E)
= ho(r1) Y /(}o\/ﬁ,(m\/7

k=p,h*
j=L.R
x (W37 (E, 7,04 ,(E) + W 7 (E, 7, ), (E)),
6)

where \I/fﬁ(E, 7, x) describes the time-dependent scattering
states in the longitudinal direction for the reservoir j = L, R
that are asymptotically described by a right-moving ({ =—)
or left-moving ({ =<-) incoming Bogoliubov quasiparticles
(k = p) or quasiholes (x = h) with energy E. We postpone
the explicit calculation of these scattering states to the next
section (Sec. IIC). The fermionic Bogoliubov operators in
Eq. (6) satisfy the anticommutation relation

(& J(E).al, (BN} = 8ud;pdec8(E—E. ()

Furthermore, the term

dqe (E)|™!

dE

in Eq. (6) is the residual Jacobian of the transformation
from a wave number to energy integration. By conven-
tion, we separate a factor ,/fig, ;(E)/m in Eq. (6) from the
Lippmann-Schwinger wave functions such that the Bogoli-
ubov excitations carry unit probability current.

(b) Itis assumed that the scattering states are in equilibrium
with their respective reservoirs, i.e.,

U, j(E) = ‘ ®)

(aﬁfj(E)af’ AE") = 888 8(E —ENF(E),  (9)

K

where f(E) is the Fermi-Dirac distribution.

The expectation value of the current [Eq. (1)] consists
of a contribution from quasiparticles and quasiholes injected
from the left reservoir j = L (calculated using the scattering
states \Il,ij_’) and a current due to quasiparticles and quasiholes
injected from the right reservoir j = R (calculated using the
state lllff). The total current is the difference

IV)y=17(V)=17(V) (10)

between a current I~ from the left to the right reservoir and its
reverse I . Since states injected from the left/right reservoir
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that impinge on the junction are right/left moving, we will use
Jj = L, R and suppress the index = in some of the following
discussions for notational simplicity. Because of the chemical
potential mismatch between the left and right reservoirs, states
at different energies are related by multiple Andreev reflec-
tions in the Josephson junction. The Lippmann-Schwinger
scattering states are then given by

where
E,=E +nV, (12)

with V = u; — ug being the chemical potential difference
between the two reservoirs, i.e., the bias voltage. Substituting
Eq. (11) into Eq. (1), we write the current as

I=Ie(V)+2 Y [AV)cos(¢) + o)

1=2,4,6,--
00 (n) .
W (Er = 3 e (%(nj)i ;) an +B(V)sin(@r + ol (13)
n=—00 Xi.j where ¢; = 1¢/2, w; = IV /h, and
|
2 0]
A = 2Re [ dE[DUE) [FEITIOE) + (1= FENTEE] = DaE[FETEOE) + (0 = FENTE),
(14a)

2 o0
Bi(V) = 3Im / dE{DL(E) [f(E)T'V(E) + (1 — fF(ENTID(E)] — DR(E) f(E)TID(E) + (1 — FENTIOE)]},

I (V) = Ap(V).

Here,

h_quz,j(E)

Dj(E) = — 5, (E)

as)

is an effective quasiparticle density of states in the j = L, R
reservoir, T” EZ)(E ) and Thgl)(E ) are the dimensionless /th
Fourier components of the particle and hole current density
due to quasiparticle injections at energy E from the left
(¢ =—) or the right (¢ =<—) superfluids, which are given by

. (o]
l —ih !
10 )= 50 3 (o @[V )]

— [Vel R @l p ). (162)
7D —ih (ntiys
L0 By =20 3 (e[ )

n=—0o0

[V LR ). (16b)
As shown in Sec. II C, the quasihole contribution to the current
is equal to the quasiparticle current, hence the overall factor
of 2 in Eq. (14). While in this paper, we focus only on the dc
current, our formalism can also be used to calculate the time-
dependent (ac) current by computing the coefficients .A;(V)
and 53;(V) in Eq. (14), where [ = 2,4, 6, ... is a positive even
integer.

C. Scattering matrix formalism

To evaluate the current densities [Eq. (16)], we need to
calculate the scattering states in Eq. (6) by solving the Bogoli-
ubov equation [Eq. (3)] with spatially varying potentials 1¢(x)
and A(x) given in Eqgs. (4) and (5). In this section, we derive
these states and obtain an expression for the current density.

(14b)
(14c)

Within each region, where i and A are constant, solutions
take a standard plane-wave form with Bogoliubov dispersion

= (e, — )’ + 1A%, (17)

where &, = I?q?/2m. Figure 1(c) illustrates this dispersion
in the superfluid and normal regions for u = 1.25A (upper
panel) and u = —A (lower panel), where arrows indicate
the propagation direction set by the group velocity 9(E) =
dE(q)/dq. Here, we distinguish particle-type (orange) and
hole-type (magenta) excitations, for which the velocity and
the momentum have equal or opposite sign, respectively.
Within a high-carrier-density approximation (u >> A), this
picture simplifies considerably: All excitations are fixed at the
Fermi momentum #ikr = /2mep, and the momentum essen-
tially drops out as a variable.

The particle/hole-like (v = p/h) Bogoliubov state with
energy E (normalized to unit probability current) in the left
(L) and right (R) reservoir is

vy = [ (”“L(E))e"f“‘x, as)

qu,(L (E) UKL(E)
B m u.r(E )e‘iVTf i
\I’S E) = if KR I PLOE 19
(B = € R E) (vKR<E>e+'Vn)e 1)
with Bogoliubov factors u;L IR vlsz R= [1x£ (e, —

mr/r)/E1/2. Detailed properties of the Bogoliubov states
are reviewed in Appendix A. The time dependence ¢!/ in
Eq. (19) appears because the state is written with reference
to the left reservoir chemical potential [73]. As discussed
in the previous section, due to multiple Andreev reflections
each of the scattering state is a superposition of right- and
left-moving Bogoliubov states with energy E, given in
Egs. (12) and (17), where the amplitudes must be matched
at the normal-superfluid boundaries and tunnel barrier. We
use ar/r.n> br/rns €L/r 0> and dp g, to denote the amplitudes
of right-moving particles, left-moving holes, right-moving
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FIG. 2. Scattering processes across the superfluid-normal-
superfluid junction, where solid-vertical lines mark the normal-
superfluid boundaries and the dashed line denotes the tunnel barrier.
Shown is the insertion of particle (J; ) and hole (J}!,) states into the
left normal region due to the injection of a quasiparticle from the left
superfluid reservoir with energy E as well as subsequent scattering
processes. Normal reflections of particles (N[ ) and holes (N} R
at the normal-superfluid boundary are indicated by red and green
arrows, respectively, while Andreev (A g ,) reflections are denoted
by blue arrows [the same convention is used as in Fig. 1]. The
magenta- and orange-colored horizontal arrows correspond to the
scattering states for particles and holes, respectively, where in our
convention the voltage drop across the reservoirs is absorbed in a
time-dependent tunnel barrier that changes the energy of particles
and holes. At the tunnel barrier, each transmission event changes
the Floquet index n of scattering states by £1 where the scattering
matrices at the tunnel barrier are denoted by S, for particles and S
for holes.

holes, and left-moving particles with energy E, in the left
(L)/right (R) normal region, respectively. This is sketched in
Fig. 2, which shows the energy-resolved structure of different
contributions to the scattering wave function for a state
inserted from the left reservoir. As is apparent from the figure,
computing the Lippmann-Schwinger states in the presence
of a voltage bias is a highly nontrivial Floquet-type problem
rather than a simple potential scattering calculation. The full
form of the scattering wave functions is listed in Appendix B.

Substituting the scattering wave functions, we evaluate the
dc current in Egs. (14) and (16) as

2 o0
(V) = Z/ dED;(E)

x [FEYTPOE) + (1 — FENTINE)]. (20)

where Dy (F) is the quasiparticle density of states of the left
superfluid, and

o0
TIOE)= Y (lay,l* -

d,,,)O(uL +Ey),  (la)
n=—0o0
o0
T'E)= > (b, 1> = e, )O(uL — E))  (21b)
n=—0oo

are the dimensionless particle and hole current densities at
energy E due to quasiparticles that are transmitted into the
normal region as particles [Eq. (21a)] and holes [Eq. (21b)],
respectively. Due to particle-hole symmetry, there is an equal
current from quasihole injections, hence the factor of 2 in
Eq. (20).

There are several relations between the amplitudes of right-
moving particle and hole states (a, and c,) and left-moving
states (d, and b,) due to elementary scattering processes at
the superfluid-normal interfaces or the tunnel barrier:

First, at the left S;-N; boundary, particles or holes in the
normal region that propagate away from the normal-superfluid
boundary are created either by transmitting a Bogoliubov
excitation across the boundary, normal-reflecting a particle or
hole that impinges on the normal-superfluid junction, or by
Andreev-reflecting an impinging excitation to an excitation
of opposite type. This is described by the scattering matrix

equation
a; .\ _ (N, Aua\(d, I
()= Gl ) em) e
where Ag ,, Lp 4> and Nz'n are the (energy-dependent) An-
dreev reflection as well as the normal reflection amplitude for
particles and holes, respectively. Note that normal reflections
can occur due to the breakdown of the Andreev approxima-
tion (as discussed in this paper), but can also arise due to
a mismatch in Fermi velocities [80] or for d-wave pairing
[45,81]. Here, J¥ and J!' are the transmission amplitudes of
injected quasiparticles from the left (S;) reservoir into par-
ticles and holes in the left normal region (N). Analytical
expressions for these amplitudes are obtained by matching the
wave functions at the normal-superfluid boundaries. Explicit
expressions are listed in Appendix C. Note that in Eq. (22), we
consider quasiparticle states injected from the left reservoir,
which contribute to I;; (the reverse current /3 is obtained by
interchanging the reservoir indices).
Second, the analogous process at the right Ng-Sg boundary

(o) =G MG e
bR,n AR,n N[I{’l!n CR,n

The scattering processes [Eqs. (22) and (23)] are illustrated
in Figs. 1(b) and 2, where Andreev reflections are sketched
in blue, normal reflections of particles in red and of holes
in green. The expression for the coefficients Ng,n, ng,n’ AR,

J? J,’;yn are obtained from the corresponding coefficients at
the left S-N boundary by replacing the subscript L by R. The
corresponding scattering amplitudes together with the band
structure at the junction interfaces are shown for two cases in
Fig. 1(c). Within the Andreev approximation, a quasiparticle
entering from a reservoir is always transmitted into the normal
region as a particle, such that J7 = 1 and J}' = 0; the opposite
is true for a quasihole. In addition, normal reflection is absent
and perfect Andreev reflection |Az ,| = 1 occurs for energies
below the pairing gap [blue dashed line in Fig. 1(c)]. As is
apparent from the figure, the Andreev approximation is not
reliable once u >~ A.

Figure 3 shows in more detail the scattering coefficients
for different ratios of chemical potential © and gap A, where
results in the Andreev approximation regime are shown in
Figs. 3(a) and 3(f). Note that Figs. 3(c) and 3(e) are iden-
tical to the right upper and lower panels in Fig. 1(c). As is
apparent from the analytical results [Eqgs. (C1) and (C2) in
Appendix C] and Fig. 3, the expressions simplify considerably
in the Andreev approximation limit since there is no normal

is
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FIG. 3. Plots of dimensionless scattering coefficients at a normal-superfluid interface for different ratios of chemical potential x and gap
A. [Upper panel: (a)-(e)] Amplitudes for Andreev reflection [A(E )], normal reflections of particles [N”(E)], and holes [N"(E)]. Note that the
magnitude of the normal reflection coefficients N”(E) and N*(E) for energies below the gap (JE| < A) increases from 0 (no normal reflection)
to 1 (total normal reflection) as the chemical potential changes from large positive values (1 3> A) to negative values, i.e., as we move away
from the Andreev approximation regime. [Lower panel: (f)—(j)] Transmission amplitudes of quasiparticle injections from the reservoir into
particles [J?(E)] and holes [J"(E)] in the normal region, multiplied by the quasiparticle density of states D(E). Note that J"(E) becomes

nonzero as we move away from the Andreev approximation regime.

reflection for particles/holes, and Bogoliubov quasiparticles
inserted into the normal region are always transmitted as par-
ticles (never as holes) and vice versa. Furthermore, we note
that the Andreev approximation becomes unreliable even for
a moderate increase in the gap [see Figs. 3(b) and 3(g)] and no
longer gives the correct scattering form as we deviate further
from the Andreev approximation regime [see Figs. 3(c)-3(e)
and 3(h)-3(j)].

Third, the scattering matrices for particles and holes at the
tunnel barrier are

< d ) =S < ar ., ) . (”p,n ttp,n )( ar , )
=p = _lpn )
AR n+1 dn1 fpn i3 P dni

(24a)
bL,n . CL,n . 'n.n th,n CL,n
(CR,n—l) = S (bR,n—l> B (thv" —ﬁ}%:rZ,n bro1)’
(24b)

with transmission (?, ,, #5,,) and reflection coefficients (7,
rp,n)- In this paper, we assume a delta-function barrier [74,82]
with energy-independent reflection and transmission coeffi-
cients given by

tom =15, = te" (25)

and
Fpn =Tppp = —ie\/1 — 2 (26)

where n = —arctan(Z). Here, Z is the dimensionless barrier
strength as defined in the Blonder-Tinkham-Klapwijk theory
[26], which is related to the barrier transparency 7 = 2 by
Z=J{1/T)—1.

The various coefficients in the scattering wave functions
are successively eliminated using Egs. (22)-(24), which re-

duce to a recurrence relation for a single set of coefficients
{dr.»} in the normal region. A lengthy but straightforward cal-
culation, which is detailed in Appendix D, gives the following
recurrence relation:

andL,rH-Z + ﬁndL,n + yndL,n—Z = stﬂo + SQSVL,—Z’ (27)

where «,, B,, V, SZ, and Sﬁ are functions of the scattering
coefficients in Eqgs. (22)—(24), for which we obtain a closed
analytical expression, see Appendix D.

D. Calculation of the full current

In this section, we briefly summarize the calculation of the
current across the junction. The current [Eq. (10)] consists of
contributions from states inserted from either reservoir, which
are described by a set of reservoir parameters (i.e., the chem-
ical potentials p; or ug and the gaps Ay or Ag). Each contri-
bution is defined in terms of an energy integral [Eq. (20)] that
is evaluated numerically, where the integrand given in Eq. (21)
depends on the scattering coefficients of the Lippmann-
Schwinger states (which are {ap/gu, br/rn, CL/R 1> AL/RA))-
For a given energy, these coefficients are obtained by first
solving the recurrence relation [Eq. (27)] to obtain the set
{dr.n}. For this infinite system of equations, efficient numer-
ical solution algorithms exist in the form of the modified
Lenz method [31,83] (see Appendix E for details). Remaining
scattering coefficients are then obtained by substituting back
into Eqgs. (22)—(24). For quasiparticles injected from the right
reservoir, we use the same approach to solve for the scattering
coefficients (see Appendix D).

E. Tunneling current

An important check of our calculations irrespective of the
Andreev approximation is made by taking the tunneling limit:
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FIG. 4. Current /. vs voltage V calculated using the full scat-
tering formula [blue lines; Eq. (20)] and the analytical tunneling
expression [red lines; Eq. (28)], demonstrating excellent agreement
between the two. Shown are two cases where (a) the Andreev approx-
imation holds (u./er = 100) and (b) the Andreev approximation
does not hold (i /er = 3). The tunneling current can flow only if
\% 2 AL + AR = 1.58;‘.

For tunnel junctions with small transparency 1> < 1 (i.e.,
[tp,nl = |th,nl =1t — 0), the current arises due to direct trans-
mission from the occupied states in one reservoir to empty
states of the other reservoir. Standard calculations using a
tunneling Hamiltonian predict a current [84]

2 o0
V) = 21 f dE pL(E)pr(E + V) (E) — f(E + V),

b 28)
which is proportional to the product of the particle tunneling
densities of state p;/z in both reservoirs. Since the tunnel-
ing current is due to direct transmission instead of multiple
Andreev reflections, it can flow only if the voltage is greater
than the energy difference between the occupied band of one
reservoir and the empty band of the other reservoir, i.e., if
V| > AL + Ag where Ay g is the spectral gap of the fermion
dispersion (A = A for u >0 and A = [u?> + A?]'/? for
u < 0; see Fig. 1). Note that since the Landauer-Biittiker
formalism does not take into account the density of states in
the final reservoir, this is a strong check of our results.

Equation (28) is derived analytically within our framework
by taking the tunneling limit of the full current in Eq. (20). In
this limit, the reflection and transmission coefficients across
the delta-function barrier, which are given in Eqgs. (25) and
(26), reduce to ry, = rj, = —(1 —12/2) + O@*) and 1,, , =
ty, = —it corresponding to n = —m /2. This implies that
terms of order O(t") in the scattering coefficients represent
transmission processes across the tunnel barrier of at least
n times. For t> <« 1, we only need to consider terms up to
O(t?), which limits the number of contributing scattering
channels to |n| < 2; see Fig. 2. Substituting these results into
the expression [Eq. (21)] for the tunneling density, which is
used to evaluate the current [Egs. (10) and (20)], we obtain
the tunneling current as given in Eq. (28). The full derivation
is detailed in Appendix F.

Figure 4 shows the current calculated using the analytic
tunneling formula [Eq. (28)] (red lines) and the full expression
[Eq. (20)] (blue lines). We show plots for two separate cases:
Figure 4(a) is for a case where the Andreev approximation
holds (ur/er = 100) and Fig. 4(b) represents a case where

the Andreev approximation does not apply (@1 /eg = 3). The
parameters used for both plots are Ay /eg = 1, Ag/er = 0.5,
and 7 = 0.001. Note that the kink in Fig. 4(b) corresponds
to the transmission of particles from the van Hove singu-
larities of the left normal region (E = —u; = —3¢p) into a
quasihole at the gap edge of the right reservoir (E = —Ag =
—0.5¢p); this tunneling process occurs at a voltage V/eg =
(L — Ag)/er = 2.5. In both cases, there is excellent agree-
ment, thus demonstrating that the full calculation reduces to
the tunneling expression in Eq. (28) for small junction trans-
parencies.

III. JOSEPHSON JUNCTIONS IN THE BCS-BEC
CROSSOVER

Having established a general Landauer-Biittiker frame-
work for transport across a Josephson junction that does
not rely on the Andreev approximation, we proceed in this
section to apply our general formalism to superconducting
junctions along the BCS-BEC crossover. We first outline
and present the main transport results for different regimes
along the crossover, and then proceed to discuss in detail the
emergence of negative differential conductance at unitarity in
Sec. III A as well as the suppression of the subgap current
as the current is tuned from the BCS to the BEC regime in
Sec. III B.

A Josephson junction in the BCS-BEC crossover is de-
scribed by three parameters: First, the density imbalance
between reservoirs

V= u’ (29)

np + ng
which sets the voltage bias V = u; — g that induces a parti-
cle current across the junction; second, the interaction strength

L (30)

k}:a
where a is a three-dimensional scattering length and the
Fermi momentum kp = (3727)'/3 is defined in terms of the
average density of both reservoirs, 1 = (n; + ng)/2, with a
corresponding unit of energy er = h2k§/2m; and third, the
tunnel-barrier transparency 7 that sets the strength of the
delta-function scatterer in Egs. (25) and (26). The BCS-BEC
crossover is tuned by the interaction strength 1/kra, which is
either done by varying the carrier density (with high densities
corresponding to small interactions strengths), or by changing
the scattering length as done in cold atom experiments.

For small attractive interactions (1/kra — —o0), the reser-
voirs are in the BCS limit, where the chemical potential
vastly exceeds the pairing gap in either reservoir (u > A).
This is the regime of conventional superconductivity where
the Andreev approximation is expected to hold. Here, we
expect and confirm conventional transport signatures, where
a subharmonic gap structure appears due to multiple Andreev
reflections with a weak onset resonance whenever the voltage
bias matches a harmonic fraction of the pairing gaps in the
reservoirs. As the interaction strength increases but still in
the attractive regime (1/kra < 0), the magnitude of the pair-
ing gap increases and becomes comparable to the chemical
potential. As we will demonstrate, already in this regime
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of mild deviation from the strict BCS limit, the Andreev
approximation is no longer valid and normal reflections start
to play an important role. In addition, the transport is now also
affected by the van Hove singularities in the band structure,
which become lower in energy as the junction is tuned away
from BCS limit [see Fig. 1(c)]. These van Hove singularities
manifest as new features in the subharmonic gap structure.

At unitarity (1/kpa = 0), the interaction changes sign
where the infinitely attractive and repulsive limit are contin-
uously connected. This point marks the crossover from the
BCS to the BEC regime. Here, the Andreev approximation is
completely invalid, and there is a strong enhancement of nor-
mal reflection processes. Indeed, as we show, the subharmonic
gap structure takes a complex form marked by even negative
differential conductance whenever the voltage bias matches a
harmonic fraction of the van Hove energies.

Finally, as the interaction is tuned to the repulsive regime
(1/kpa > 0), the pairing gap increases further while the chem-
ical potential decreases rapidly and becomes negative for
sufficiently strong repulsive interaction. There is a particular
interaction strength on the BEC side (known as the splitting
point) at which the position of the minimum of the supercon-
ducting band structure changes from finite to zero momentum
[illustrated in the lower panel of Fig. 1(c)]. Beyond this
point, multiple Andreev reflections are no longer possible,
leading to a complete suppression of the subgap current. The
splitting point plays an important role in the phase diagram
of spin-imbalanced Fermi gases [70-72], where it separates
unpolarized superfluid phases, gapless superfluids, and Fulde-
Ferrell-Larkin-Ovchinnikov phases. Transport measurements
in a Josephson junction transport offer a way to detect this
point experimentally.

We note that all transport signatures that emerge beyond
the Andreev approximation, such as the negative differential
conductance at unitarity and the suppression of the Andreev
current as the interaction is tuned to the BEC regime, are
linked to the superconducting band structure. As such, it
is crucial to take into account the energy-dependence of
various Andreev and normal reflections processes, and it
is not possible to obtain these features using standard An-
dreev approximation calculations [28-31,85,86] combined
with phenomenological approaches, such as including addi-
tional tunnel barriers [28] or a Fermi velocity mismatch [80].

In our calculations, we relate a and v to the reservoir
chemical potentials and pairing gaps using the bulk mean-field
equations, which are summarized in Appendix G. This choice
is not specific to our method and these parameters can also be
taken from full many-body calculations [72]. Note that while
we present results in terms of the density imbalance instead of
the bias voltage, both quantities are proportional for small v
with

V _(ue—pr) 2
EF EF

= —, (€20)

Keph
where k = (1/7%) x (371/du) is the electronic compressibil-
ity. For mean-field parameter values, the proportionality holds
for nearly all density imbalances as illustrated in Appendix G.

We proceed in the remainder of this section to present
comprehensive results of the dc current across the Josephson
junction for all interaction strengths and transparencies, and

T =10

[ T T
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[ 1/kpa = 0.5
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FIG. 5. (a) DC current I3 and (b) differential conductance
dly./dV of a transparent junction (7 = 1) as a function of density
imbalance v along the BCS-BEC crossover (each differential con-
ductance curve is shifted by 8/4). Close to unitarity 1/kga = 0, the
current becomes strongly nonlinear with sharp peaks and dips re-
sulting in negative differential conductance at specific voltages. The
chemical potential and pairing gaps used as the inputs to calculate
the current and conductance are shown in Fig. 12.

then discuss detailed features in subsequent sections. Figure 5
shows the dc current (top panel) and differential conduc-
tance (bottom panel) for different scattering lengths along
the BCS-BEC crossover, calculated for perfect transparency
T =1, as a function of density imbalance v. In the strict
BCS limit (1/kra < 0O, light-green line in Fig. 5), multiple
Andreev reflections give rise to a large subgap current with
nonanalyticities at voltages given by harmonic fractions of the
superconducting gap, consistent with results in Refs. [27-34].
As the interaction is tuned toward the BEC limit, the cur-
rent decreases, indicating that the reservoirs become more
insulating where the strength of normal and Andreev re-
flections increases and decreases, respectively. Near unitarity
(1/kpa — 0), the subgap current develops sharp dips giving
rise to negative differential conductance, which is an experi-
mental signature of the unitary regime. This is our first central
result, and it is discussed in detail in Sec. IIT A.

Further on the BEC side of the crossover (dark-green lines
in Fig. 5), the multiple-Andreev-reflection induced subgap
current is completely suppressed below a threshold imbal-
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FIG. 6. DC current /,. (upper panels) and differential conductance dl;./dV (lower panels) as a function of the density imbalance v between
reservoirs for different transparencies 7 as the system is tuned from the BCS to the BEC regime (left to right). Upper panels show the current
Igc normalized by the dimensionless conductance at v =1, Gy = h x dly./dV (v = 1). The chemical potential and pairing gaps used as the

inputs to calculate the current and conductance are shown in Fig. 12.

ance. This complete suppression happens as the interaction
is tuned to the BEC limit (at and beyond the splitting point)
and will be discussed in detail in Sec. III B. The residual cur-
rent above threshold imbalance is linked to a single Andreev
reflection process. As discussed above, these features are not
artifacts of the sharp gap and chemical potential profiles con-
sidered here, but are linked to the van Hove points in the
superconducting band structure at which normal reflections
are significantly enhanced.

Besides tuning the interaction from the BCS to BEC
regime, the subgap current is also suppressed by decreasing
the barrier transparency. To compare these effects, we show in
Fig. 6 the current Iy (upper panels) and differential conduc-
tance (lower panels) as a function of v along the BCS-BEC
crossover (left to right panels) for different barrier trans-
parencies, interpolating between the tunneling limit (7 — 0),
where it matches Eq. (28), and the perfectly transparent barrier
(7 — 1) shown in Fig. 5. The current generally decreases
with decreasing barrier transparency 7. The current-voltage
dependence in the BCS regime becomes more nonlinear at
intermediate transparencies with kinks in the current and res-
onances in the differential conductance [29,32,34]. However,
there is no negative differential conductance, which is thus
visibly different from the unitarity limit shown in Figs. 5,
6(d), and 6(i). As shown in Figs. 6(d) and 6(i), the subgap
harmonic structure at unitarity is still visible for intermediate
values of junction transparency (7 2 0.7), implying that this
feature is quite robust against disorder. On the BEC side
[Figs. 6(e) and 6(j)], the subgap current due to multiple An-
dreev reflections vanishes beyond the splitting point, even for
the fully transparent junction, with a concomitant reduction in
the single-Andreev reflection induced current.

A. Negative differential conductance as a signature
of BCS-BEC crossover

In this section, we discuss the subharmonic gap structure—
i.e., the nonanalyticities in the dc current as a function of

density imbalance—that is visible in the dc current shown in
Figs. 5 and 6, focusing in particular on features beyond the
Andreev approximation. Within the Andreev approximation,
it is understood that these nonanalyticities occur whenever
the voltage matches a harmonic fraction of the reservoir
gaps, which marks the onset of an additional Andreev reflec-
tion channel. Our results beyond the Andreev approximation
show additional subharmonic gap structures in the BCS-BEC
crossover. These new subgap features arise as a result of
multiple Andreev reflections in conjunction with the enhanced
normal reflection at the van Hove points in the supercon-
ducting band structure. They appear as a reduction (or dip)
in the current (and hence negative differential conductance)
at specific voltages that corresponds to a harmonic series of
the reservoir chemical potential. In Fig. 7, which is explained
below, we show quantitatively that the voltages at which these
subgap features appear are set by harmonic fractions of the
van Hove singularities of the left (Eyys 1) and right (Eygs g) re-
gions of the superfluid-normal-superfluid junction. These van
Hove singularities, which mark discontinuities in the density
of states of the superfluid or normal regions in the junction,
are located at energies Evygs = U, A, or /u? + AZ.

To illustrate this, we begin by considering a superconduct-
ing junction in which both reservoirs have positive chemical
potentials (u; > 0 and pg > 0). The corresponding band
structure of the superconducting and normal regions in the
junction is sketched in Fig. 8(a). The subharmonic gap struc-
ture occurs at specific voltages that can be expressed as
harmonic series of the energies of the van Hove singularities
EVHS,L and EvHs,Ra

V]| = EvHs,L/na (32a)
V| = EVHs,R/ns (32b)
V| = (Evis.L + Evis,g)/(2n = 1), (32¢)

where n € Z™T is a positive integer. First, the subharmonic
gap voltages in Eq. (32a) correspond to the case where a
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FIG. 7. Subharmonic gap structure at unitarity (1/kga = 0). The current is the same as in Fig. 6(d). Vertical-dashed lines denote the density
imbalance at which the subharmonic gap structure occurs, with corresponding voltages given in Table I of Appendix H. The chemical potential
and pairing gaps used as the inputs to calculate the current are shown in Figs. 12(II.d) and 12(IL1).

quasiparticle enters the junction from the occupied band of
the left superfluid and undergoes (2n — 1) Andreev reflections
until it is transmitted into the empty band of the left superfluid.
Second, the voltages in Eq. (32b) correspond to a similar
case where a quasiparticle enters the junction from the right
superfluid, undergoes (2n — 1) Andreev reflections until it is
transmitted into the empty band of the right superfluid. Third,
the subharmonic gap voltages in Eq. (32c) corresponds to the
case where a quasiparticle entering the junction from either
the left/right superfluid, undergoes (2rn — 1) Andreev reflec-
tions until it is transmitted into the empty band of the opposite
reservoir. In the following, we show that Eq. (32) indeed
quantitatively describes the position of the subgap features,
and then proceed to illustrate the various processes in more
detail.

Figure 7 shows a magnified plot of the dc current of
Fig. 6(d) at unitarity (1/kga = 0), where u;, >~ A; > 0 and
Ur >~ Ag > 0. We indicate using dashed lines the positions of
the subharmonic gap structure that are visible in the current,
where the labels of these subgap features with their corre-
sponding voltages are given by

h, : V, = Agr/n, (33a)
in 2 Vo= (UL + Ag)/(2n — 1), (33b)
Jn 2 Vu = ur/n, (33¢0)

where n € Z7 is a positive integer. Note that in this paper, we
show the subharmonic gap structure only for positive voltages
(corresponding to n € Z™) even though Egs. (32) and (33)
also hold for negative voltages. The positions are determined
using Eq. (32), which takes only the mean-field chemical po-
tentials and pairing gaps as inputs. Corresponding numerical
values for the positions are listed in Appendix H. The very
precise agreement between the position of the subharmonic
gap structure obtained from our transport calculation and
Eq. (32), which is done independently of our transport calcu-
lation, is an extremely strong check of our results and confirms
the underlying physics that links these features to the super-
conducting band structure. Of particular importance are the
subharmonic-gap-structure positions labeled by j,, for which
dips appear in the current that give rise to negative differ-
ential conductance. This subharmonic gap structure appears
atvoltages V,, = ug/n = ur/(n+1) = (ur + ur)/2n + 1),
where the second and third equalities follow from the def-

inition V = pu; — ug. At these voltages, multiple Andreev
reflections send particles from the band bottom of the particle
dispersion (E = —pu) to the band top of the hole dispersion
(E = ) of the same or opposite region of the superconduct-
ing junction [see Fig. 8(b)].

Let us discuss the physical mechanism that give rise to
negative differential conductance in more detail. In Fig. 8(b),
we show all multiple Andreev reflection processes that con-
tribute to one particular current dip point j, that is located
at v =0.295 [see Fig. 7]. Since the band bottom (top) of
the particle (hole) dispersion marks the energy beyond which
the particle (hole) density of states vanishes, we have perfect
normal reflections for particles (holes) and completely sup-
pressed Andreev reflections close to and beyond these van
Hove points. As a result, the multiple Andreev reflections that
link these two van Hove singularities are suppressed and give
rise to dips in the current and hence negative differential con-
ductance. We note that if instead of taking uy = psz = (e
and puy g = (sr = g for the chemical potentials in the nor-
mal region (as in this paper), we chose v . > [u5, + A7]'Y?
and pun g > [Mg,R + A,%]W, i.e., where the band bottom (top)
of the particle (hole) dispersion in the normal is at an energy
below (above) those in the superfluid, the dips in the current
would occur at V,, = [Mé,k + Afe]m/n, [,U%}L + A%]l/z/(n +
1), and ([u3, + A71YV2 + [uf x + AR]Y?/(2n + 1), which
would lead to a small quantitative shift in the subharmonic
gap structure but no qualitative change.

Negative differential conductance appears routinely in
mesoscopic devices whenever the bias voltage is tuned to
allow resonant tunneling to bound states in the junction,
see, for example, Refs. [40,87-89]. Note that this resonant
bound-state tunneling is different from our mechanism for
negative differential conductance: First, unlike the physical-
bound-state case, our negative differential conductance will
disappear as the interaction is detuned from unitarity. Second,
for our mechanism, the differential conductance measured in
the tunneling limit will not have any bound-state tunneling
peaks.

B. Suppression of multiple Andreev reflections
at the splitting point

As a second main result, we propose an experimental pro-
tocol to determine the splitting point, namely by measuring
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FIG. 8. (a) Sketch of the energy dispersion of a superconducting junction at unitarity, where the chemical potentials of both reservoirs are
positive and comparable to the superconducting gap. (b) Four different multiple Andreev reflection (MAR) processes that contribute to the
point labeled j, in Fig. 7, which appears as a dip in the current at a voltage V = ug/2 = ur/3 = (. + ur)/S. The reduction in the current
is linked to the enhanced normal reflection at the bottom of the particle band and the top of the hole band as shown in Fig. 3. Shown are the

Andreev reflection (blue arrow), and the normal reflection of particles (red arrow) and holes (green arrow).

the current or differential conductance as the interaction is
tuned into the BEC (1/kra > 0) regime, where the splitting
point defines the critical interaction strength at which the sub-
gap current or differential conductance due multiple Andreev
reflection vanishes [see Figs. 9(a) and 9(b)]. This is because at
this critical interaction strength, the chemical potential of the
right reservoir turns negative (i.e., the quasiparticle-dispersion
curvature changes). Beyond this point multiple Andreev re-
flections are suppressed and current flows only due to a single
Andreev reflection at the left normal-superfluid interface. This
is explained in more detail in the following discussion.

An Andreev reflection process requires overlapping par-
ticle and hole bands in the superconducting band structure,
which only exist for a positive chemical potential. This is
illustrated for the band structure in Figs. 1(c) and 8(a) and
is shown quantitatively in Fig. 3. Correspondingly, as soon as
the chemical potential of a reservoir turns negative, an An-
dreev reflection at the corresponding normal-superconductor
interface can no longer take place, hence the vanishing of the

subgap current as the interaction strength is tuned to the BEC
side of the crossover [see Figs. 9(a) and 9(b)]. Above a critical
interaction strength, the chemical potential of the right reser-
voir turns negative [Fig. 9(c)], and its quasiparticle dispersion
changes curvature [Fig. 9(d)], which (for mean-field parame-
ters) defines the splitting point. Note that the residual current
at and beyond the splitting point is not due to direct tunneling,
but due to a single Andreev reflection, which occurs at the left
normal-superfluid interface where the chemical potential is
still positive [see Fig. 9(d)]. This results in an Andreev current
/4% + A% [Fig. 9(e)]. Even though there
is a subgap current due to a single Andreev reflection, the
subharmonic gap structure due to multiple Andreev reflections
is completely suppressed. Only far on the BEC side of the
crossover, where the chemical potentials of both reservoirs
become negative, is this single Andreev reflection process
completely suppressed, which then results in no current at all.

This characteristic suppression of the current on the BEC
side allows us to identify the splitting point as the critical
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FIG. 9. (a) DC current I, (b) differential conductance dly./dV , and (c) chemical potential of the left (¢, , dashed) and right reservoir (g,

solid) for different interaction strengths 1/kra near the splitting point (shown in different colors) as a function of the density imbalance v. The
current and differential conductance are calculated for a transparent junction (7 = 1) and the chemical potentials are plotted in units of the
Fermi energy eg. For the interaction strength at and above the splitting point (1/kra 2 0.42), current flows only via a single Andreev reflection
(AR) at the left normal-superfluid interface and the subgap current due to multiple Andreev reflections (MAR) is suppressed due to the absence
of Andreev reflection at the right normal-superconductor interface. (d) At the splitting point, the chemical potential of the right superfluid (1)
becomes negative, which (within mean-field theory) changes the curvature of its quasiparticle dispersion (i.e., its minimum is shifted from
finite to zero momentum). (e) Schematics of the single Andreev reflection process at the left normal-superfluid interface that gives rise to the
current at and above the splitting point. Shown are the Andreev reflection (blue arrow), and the normal reflection of particles (red arrow) and
holes (green arrow).
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interaction strength at which the subgap current due to mul-
tiple Andreev reflections vanishes as the system is tuned
towards the BEC limit. Our calculation using mean-field pa-
rameters shows that this point occurs at an interaction strength
of 1/kpa ~ 0.42. Calculations beyond mean-field theory pre-
dict a value 1/kpa ~ 0.8 further on the BEC side [71,72],
implying that the current on the BEC side is more pronounced
for non-mean-field parameters.

IV. CONCLUSIONS

In summary, we have presented a general transport frame-
work for voltage-biased superconducting junctions without
relying on the Andreev approximation. Our formalism can
be used to describe transport in most systems of current in-
terest where the Andreev approximation, which assumes a
reservoir chemical potential much larger than the supercon-
ducting gap, is not valid. We apply this framework to provide
a comprehensive discussion of transport across superconduct-
ing or superfluid junctions with s-wave interactions along the
BCS-BEC crossover. Crucially, our general formalism reveals
several transport features that cannot be captured using the
Andreev approximation, in particular, negative differential
conductance in the unitary regime and suppression of the
subgap current on the BEC side of the crossover.

On a technical side, relaxing the Andreev approximation
complicates further the already daunting complexity of ex-
isting calculations that use this approximation [29-35]. We
summarize three main differences between our formalism and
a treatment that assumes the Andreev approximation:

(1) In contrast to calculations using the Andreev ap-
proximation, where all quasiparticle momenta are energy-
independent, i.e., assumed to be fixed at a (large) Fermi
momentum k = kr = /2merp /h, we take into account the full
energy-dependence of the quasiparticle momenta.

(2) While the standard formalism using the Andreev ap-
proximation assumes that only perfect Andreev reflection
(and no normal reflection) occurs at the normal-superfluid
interfaces, we take into account the energy-dependent normal
reflections at the normal-superfluid interfaces. These normal
reflections, particularly the perfect normal reflections for par-
ticles (holes) with energies below (above) the energy of the
van Hove singularities of the particle (hole) band, give rise to
new transport features that cannot be captured by assuming
the Andreev approximation.

(3) In contrast to the Andreev approximation case, where
quasiparticle entering from a reservoir can only be transmitted
into the normal region as a particle and not as a hole, a
quasiparticle entering from a reservoir can also be transmitted
into the normal region as a hole, opening up an entirely new
transmission channel.

Since transport features based on multiple Andreev re-
flections are routinely used to probe the spectral properties
of superconducting junctions [90-92], one can expect the
negative differential conductance proposed here to be ob-
served in experiments, especially in ultracold atomic junctions
[60-62,65-68], which are usually defect free. Indeed, the
current across a superfluid point contact at unitarity has been
measured in several quantum gas experiments [61,93]. There,
the current at small voltage is larger than that in the BCS

limit, which can be attributed to fluctuations and geometric
effects in the reservoir [94-98] that are not modeled by our
theory. Although the measured current at unitarity (Fig. 2(b)
of Ref. [61]) has an oscillatory form similar to our results,
this appears to be a remnant of data processing [99]. The
resolution of the nonlinear subgap current in quantum gas
experiments, predicted by our theory as a signature of the
BCS-BEC crossover, is thus an interesting prospect for fu-
ture experiments. Our work also provides an experimental
protocol to determine the splitting point, a central point in
the cold-atom phase diagram. Furthermore, our formalism
can be extended to calculate higher-harmonic (ac Josephson)
currents, which are used to quantify the superfluid condensate
fraction [66,100,101].
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APPENDIX A: BOGOLIUBOV STATES

In this Appendix, we present the solution of the Bogoli-
ubov equation for a constant gap profile, which describes
excitations propagating in the x direction deep in a single
reservoir, i.e., where A(x) is independent of x and equal to the
bulk values Ay and Age’®, respectively. The explicit result for
the wave function of an excitation with momentum ¢ along
the x direction is (recall that the prefactor is chosen such that
for real g, the state has unit probability current)

m (u(q)\ _ie,c/h igx
V(g)= |— it/ Al
@= /7 (U(q))e e (A1)
with two energy branches (for an s-wave gap)
E,=+/(e,— 0 + AP, (A2)
(@u>0 du<0
E E
M+
A
>q >q

FIG. 10. Energy spectrum Eq. (A2) for (a) u > 0 (corresponding
to the BCS-side of the crossover) and (b) u < 0 (corresponding to the
BEC-side of the crossover).
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2 . .
where ¢, = /=42, and the Bogoliubov coefficients are
q 2m

W (q) = (+ P ) (A3a)

v2(q) = %(1 _&= “). (A3b)

The Bogoliubov spectrum (A2) is illustrated in Fig. 10 for (a) positive and (b) negative chemical potential. We call states

(i) particle-like if their group velocity ¥(q) = (dE,;/9q)/h has the same sign as g (red and blue lines in Fig. 10, orange lines
in Fig. 1 of the main text), and

(ii) hole-like if the group velocity and momentum have opposite sign (orange and green lines in Fig. 10, magenta lines in
Fig. 1 of the main text).

Furthermore, we denote a state as

(1) right-moving if it has positive group velocity (orange and red lines in Fig. 10), and

(ii) left-moving if it has negative group velocity (blue and green lines in Fig. 10).

For a given energy, the momentum of the right-moving particle-like excitation (red line in Fig. 10) is

ilyE2 — |A2 — pu]'2, E < —/u2+|AP,
[ +i0—VE?—API"2, =W +]AP <E < —|A|,
qp(E) = @ [+ i/IAR — E?)'2, —|Al <E <A (A4)
[ +i0+ET = [AR]'2, |A| <E < /u2+ AP,
[+ VE? = [AP]'2, Vi + AP <E,

and the momentum of the hole-like left-moving excitation (green line in Fig. 10) is

ln+VEZ = APTY, E < —/ur +1AP,
—i0+VE2 - |AP]'?, —/u2+ A2 <E < —|A|,
Qh(E):@ [w—iVIA]2 — E?]'V2, —|Al < E < |A], (AS)
—VEX—|API'Y?, Al <E < p+ AR,
—ilyVE2—[AP — 1'%, U2 +]AP <E.
The imaginary part is chosen such that right-moving excitations with momenta g,(E) and —g;(E) decay at positive spatial
infinity, and left-moving excitations with momenta —g,(E) and g;(E) with negative imaginary parts decay at negative spatial

infinity. Note that the Andreev approximation neglects the energy-dependence of the momenta completely and assumes modes
propagating with a fixed wave number kr = /2mu/h. The Bogoliubov coefficients for particle-like states are

VR YR IE > A,
up(E) = (A6)
[L(14 MEED g <A,

—A|2
sen(E)/ (1 - YELE0) B > Al

v, (E) = (A6b)
— IAEE IE| < |Al

[\)._A

L
2
Since ”,2;//1 = %[1 + (&g,,5) — K)/E] and vp/h [ — (&g,5) — W)/E] where g,(E) = q;(—E) and qf,(E)/(Zm)_

—[qﬁ(E)/(Zm) — ], we then have u,(E) = v}/ (— E) = up( E) and v,(E) = —uj(—E) = —v;(—E). For a given energy E,

right- and left-moving particle eigenstates are equal; the same holds for right- and left-moving hole states. In addition, for a
particle eigenstate (u,(E), v,,(E))T, the corresponding hole state of equal energy is (u,(E), n(ENT = (vp(E), up(E))T.

APPENDIX B: SCATTERING STATES

In this Appendix, we present the explicit form of the scattering states across the superfluid-normal-superfluid junction in
terms of right- and left-moving Bogoliubov states in the superfluid (S; and Sg) and normal regions (N, and Ng). Figure 11
shows an example Bogoliubov spectrum across the superfluid-normal-superfluid junction, with the same color coding for the
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@ S u=p>0,A=A) | BN (u=p>0,A=0) (©) Ni (i = g < 0,A = 0) () Sk (= pr < 0,4 = Ap)

E E E E
A
N~/ e
AL - )
Hg + 8%
1 > >
—2muy/h \2muy [h —/2m /h

FIG. 11. Example energy spectrum of the Bogoliubov excitations for the S;-Np-1-Ng-Sg junction. Here, we choose u; > 0 and ug < 0.

different branches as in Appendix A. We write the states with reference to the energy in the left reservoir, such that states in Ng
and Sg carry an additional phase factor e¥"*/". Since the Bogoliubov excitations are superpositions of a spin-up particle and a
spin-down hole, a change in the reference potential (for example, due to the chemical potential mismatch between reservoirs)
will affect the phase of the two Bogoliubov components in Eq. (A1) in the opposite way [73]. While in the main text, we present
only the calculation for the case where the normal-region length is ¢ — 0, for completeness, here we state the wave functions
for junctions of finite length €.

The scattering state in the left superfluid region S, reads

B E,)
WS (E) = iE/n)s 5, | (UCE) gt
e Xn:e 0%\ g (Ey) \VL(E)
—i—af _m (u(Ey) L EDGH/2) 4 b m v (Ey) S (EG+E/2)
hq;?L(En) v (Ey) hth(E ) ur (Ey)
¢ vL(En) el (E)(x+E/2) d ur(Ey) o iapL (Ex)(+/2) B1
Ty hth(E)<’4L(E ) * hqu(En) oL (Ey) : BD

In the right superfluid region Sg, we have

i m ug(Ep)e = VtIn\ o Ee—t2
WSy = S emiBli)g 5 _( R(E)e” iR E)—E/2)
R ( ) ; n09¢, hqu(En) UR(En)etVr/h
+d [T ”R(En)eid’,_iv;/h QURENG—/2) 4 e [ M ”R(En)ew._w;/h SarEDGE—E/2)
21\ gpr(En) \ vr(En)e’™ 21\ g (Eq) \ ur(En)e”™
[ m VR(E)E VIR E G-ty | gt m ug(E,)e = VTIm\ i Ea—t2)
+C{ - . e qnR Ly )(X +d i e iqpr(Ey)(x , B2
2.n hth(En) ( MR(En)elVr/h 2.n qupR(E,,) UR(En)eIVr/h ( )

where the phase factors e¥V /" account for the chemical potential mismatch between the reservoirs. Likewise, the wave function
in the left normal region N is

N ¢ _ iE,T/h m 1\ ik B Gere/2) ¢ m I\ it E)a+e/2)
E P d J— P
)= Ze { Ly Tk (E, )() L hka(En>(0 ‘
—iE, /R m_ (0w Eare2) | & m (O ik Enere) B3
t2e { VMMEK) +%memKle ’ ®3)
(0)e

and in the right normal region Ng, we have

W) = —i(E,—V)t/h m L\ ik ED—/2) | ¢ m —ikpr(E)x—€/2)
"= Ze {“ "\ Tkpr(Ey ><0>e Tk 7B 0
—i(E, AV )T /R [ m 0\ ioeEna—t2) , ¢ [ ™M 0 —itmEG—t/2)
+ Z e {b Hon(ED) (1)6 + ¢k, (B <1 e , (B4)

with momenta

v 2m .

kpr/R(E) = T\/E + ur/r + 00, (B5a)
V2m .

knr(E) = 5V —E + pupr — 10, (B5b)
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where the chemical potential of the left (N, ) and right (Nz) normal region are taken to be p; and g, which are the same as the
chemical potential of the left (S;) and right (Sg) reservoir, respectively. The coefficients in the normal region are shown in Fig. 1
of the main text.

In terms of the scattering state in the normal region, Eq. (B3), the expression [Eq. (16)] for the dimensionless current density
becomes (we evaluate the current in the left normal region)

ka(En) + k;L(En-‘rl) ka(En) - k;;L(En-‘rl)

a{ *a; n - d; n *dg n + d;' n *a{ n - ; n *dz nl’
) ka(En)k,”;L(EnH)[( L,n+l) L= K ] 5 ka(En)k;L(EnJrl)[( Last) G — ( L, ) ;]

(B6a)

e -

k (En) + k; (En l) * * khL(En) -k (En l) * *
Th(l) E) = hL hL + (4 b{ (-5 e hL + e b( _ bé' e )
pi (E) B khL(En)k,TL(EnH)[( L,n+z) L (CL,n-H) CL.n] + > khL(En)k;,"L(EnH)[(CL'"+I) Ln ( L,n+1) cL,n]

(B6b)

For a dc current, which corresponds to [ = 0, Eq. (B6) reduces to Eq. (21) of the main text. The challenge is to determine
the scattering coefficients {azn}, {bzn}, {ci’n}, and {din} from a solution of the scattering problem, which is done in the next
Appendix C.

Finally, using e~ 4" EX = [¢4~EX]* and (u(E), v(E)) = (v(—E), —u(—E))*, it follows that that the current due to quasihole
injections is equal to the current due to quasiparticle injections. As a result, the total current is equal to twice the current due to
quasiparticle injections, which justifies the factor of 2 in Eq. (14).

APPENDIX C: SCATTERING COEFFICIENTS AND WAVE FUNCTION MATCHING

The scattering states states introduced in Sec. II C and Appendix B contain a large number of scattering amplitudes {ajn},
{bi.’”}, {cin}, {dﬁn} in each region j =1, L, R, 2. As discussed in Sec. II C, these amplitudes are linked by various individual
scattering processes, which are determined by a solution of the scattering problem in the potential given by Egs. (4) and (5).
They are obtained by matching the scattering wave functions and their derivatives at the normal-superfluid boundaries and at the
tunnel barrier. Here, we present the analytic expressions of the coefficients in the scattering matrix at the left superfluid-normal

boundary [Eq. (22)]:
_ u12‘ (En)[khL (En) + qhL (En )] [ka (En) —d4qpL (En))] - U12‘ (En)[th (En) + ka (En )] [khL (En) —4qpL (En )] iA>

N, =5 ! 0, (Cla)
’ ML(En)[khL(En) + th(En)][ka(En) + qu(En)] + UL(En)[th(En) - ka(En)] [khL(En) - QpL(En)]
Nt up (En)knr(En) — qni(EDkpr (En) + qpr(E)] + V2 (E)gnL(En) — kpr (EDknL(En) + qpr(Ey)] M (Clb)
Ln u%(En)[khL(En) + QhL(En)][ka(En) + q;)L(En)] + v%(En)[CIhL(En) - ka(En)][khL(En) - QpL(En)] '
A — 2/ kpr (En)knr (E)ur (En)vr (En)(qne(En) + qp(En)) ALY (Clo)
b u%(En)[khL(En) + th(En)] [ka(En) + qu(En )] + U%(En)[th(En) - ka(En)][khL(En) - qPL(En )] uL(En) '
and
o 2\/kpL(E)qpL(E)qnL(En) + kn (E)lup(Ey) (uf (En) — v7 (Ep)) 44 uj (E,) — v (Ey)
b (B (En) 4 qre (EDNKpL(En) + g (En)] 4 v EDIgns (En) — kpr (E)]kns (En) — qpL(En)] ur(Ey) ’
(C2a)
leyn _ 2\/ khL(En )QpL(En)[QhL (En) - ka(En)] UL(En)(u[%(En) - v%(En)) iA) 0. (C2b)

u%(En)[khL(En) + th(En )] [ka(En) + qpL (En)] + U%(En)[th(En) - ka(En)] [khL(En) - CIpL(En )]

The scattering coefficients in Egs. (C1) and (C2) are plotted in Fig. 3 of the main text. In the above equations, we also include the
limiting form of the scattering coefficients when using the Andreev approximation (AA). Results in the Andreev approximation
limit agree with Refs. [26,102]. Taking into account that there are no particle (hole) propagating states for £, < —uy (E, > ur),
we have the scattering coefficients given by

Eq.(Cla), E, > —ur,

P _

New=11. E < —u,. (C3a)

Eq.(CIb), E, <
h q n X ML,
New =11, E > . (C3b)
_ JEq.(Clc), —pp <E, < pforug 20,
ALn = 0, otherwise. (C30)
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APPENDIX D: RECURRENCE RELATION FOR THE SCATTERING AMPLITUDES

In this Appendix, we derive a recurrence relation for the scattering amplitudes in the normal region, which are needed to
compute the current density Eq. (21) across the junction. The starting point is the following set of equations that contains only
the coefficients of normal-region modes propagating away from the tunnel barrier, which are obtained by expressing the incoming
modes in the scattering matrices [Eq. (24)] in terms of states reflected at the normal-superfluid boundaries or transmitted from
the reservoir [Egs. (22) and (23)],

iy = Tpn[ N di, 4 Aaby, + 800d] ] 4 tpn[NE 108 i + ARt 1CR s - (Dla)

Agps1 = tp,n[Np di, +ALabr, + 8,1()]{’ ] Zn ;ﬂ[ngn-‘rlaR,nJrl + eid)AR,nJrlC;,nH]’ (D1b)
o

U = ThnlArady sy + N b + 8u0d) ] + thne ®Arnr1axuy + Np 1€t ] (Dlc)

Crnot = halArady, + N b7 + 8u0d) ] — Z:;—’”r;’n[e”"”AR,n_lazn,I + Ng o1 Crnt]- (D1d)
n

Next, we solve the last two equations [Egs. (D1c) and (D1d)] for the coefficients {ay’, } and {cy’,} of the right-normal region and
substitute the result for az’, | and ¢, | in the remaining two constraint equations [Eqs. (Dla) and (D1b)], which only leaves
the coefficients {57, } and {dfn} as unknown variables. Once these are known, the remaining coefficients ar’, and ¢, in the left
normal region follow from Eq. (22). We solve the constraint equations [Egs. (D1a) and (D1b)] for b;’, and express the {br,}in
terms of the d;, coefficients as

Zn+1 2 2 p 2
Lt = *_{|tp,n| Arnt1dphns2* + [thonsa (tp.n(NR w1 VR i1 — Ak, 1)
h,n+2

AL n+2
—
+ rP ”tp nNR n+1) + T'n ’l+2th n+2 (tP '1NR n+1 + rP n )] | 3 |2dL,n+2
n+

Jh
h p 2 % h * 4 * L.n+2
+ [thq”+2 (th"(NR,n-&-lNR,nJrl AR n+l) + rP-"tp,nNR,n-‘rl) + rhs’1+2th,n+2 (tPJlNR,nH + rpvntp.n)] |th +2|2 8”‘*2:0 } ’ (D2)
N

with
2 h 2 h h
n = ”Zn+1 |2h,n+11 {th,n+1 (NL,n+1 - ”Z,n+|)[tp,n—l (AR,n - NR,nNII;,n) - rP’"—lt;,n—lNR»n]

+ t;lk,n-‘rl (1 - rh»n+1N£.n+l) (tp,n—lNgyn + rP-"—lt;.n—l)}_] . (D3)

Finally, using this result in the remaining constraint equation [Eq. (D1a)], we obtain a closed-form matrix equation for the {d; ,},
which must be solved first to determine all other scattering amplitudes [Eq. (27) of the main text]

\ h,
a:d:J1+2 + IBn_)dL_)n + yn_)dL_,)n—Z = Sg,n_)ano + SL,VTS"‘FZO’ (D4)
with coefficients
r
o) = ==Lty PALns2AR n 1Tt (D5a)

h,n+2

,
P Ten o P P
B =1—rpaNp, + rTAL,n[th”—z(thﬂ(AR net = NeutNgae1) = linhaNg 1)

h,n

*

t
* h * Zn—1 pn 2 [ 4 h
- tP,”*er’”fz(th*”NR»ﬂfl + th,nrh»”)]_Q - *_tp,n [th,n+2NR.n+l (1 - rh’”+2NL,n+2)
|20 Thonta
h * h P Zn+1
+ 02 (N7 o = Thonra) (AR NR,n+1NR,n+l)]—|th IER (D5b)
n
r
pn
Vn_) = |tpn 2 AL nARn—1Zn—1, (D5c¢)
h n
r Zn—1
p—> _ p p.n h 2 h 14 * p * h % n—
SL,n - r[’-'l‘lL,n B ‘]L,nALq"[t[?»ﬂ*Z (th," (AR,nfl - NR,nleR,n—]) - th,nrh’”NR,n—l) - tp,n72r[7,n*2(th,ﬂNR,nfl + th,nrh»”)] | N |2 ’
h,n n
(D5d)
h, n 2 yh
S = |tp,n| JL,n+2AR,n+1Zn+l' (DSe)
h,n+2
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For quasiparticles injected from the right reservoir ({ =<—), we derive a similar recurrence relation

«— <« «— <« «— <« QP h, <
&, Ag ot By Ayt YV, Ao =Sk, 0 + Sk, Sn—2,0,

where the coefficients o~

n °

L—Rntl—->nFl,andn+2 —> nF2.

(D6)

P VARN Sﬁ:: , and SZ:: are obtained from the corresponding quantities in Eq. (D5) by replacing

As a check of our results, consider the Andreev approximation: Here, Egs. (D3) and (D5) simplify considerably and reduce

to
—1
Fpn—1ty tyn—
p:n—1"p n—1 p.n—1 ,2
ZnZ[ s~ o Aka| (D7)
It 1Py g1 Uppg
and
— Tp.n 2
o, = ————tpnl AL n+2ARn+1Zn+1, (D8a)
h,n+2
r Ip,n—2"h nt)k _ tyn— 1
— P42 P M pn—2 p.n—2 2 pin 242
ﬂn =1- " AL,nZn—l|: T AR’n,l + " |tp,n| AR,nJ,»]ZIH-lﬂ (D8b)
hon Inn Thon hont2
r
p.n 2
Vn*) = _T|[p,n—2| AL,nAR,n—lzn—la (DSC)
h,n
p— 4
SL’n = Vp,nJL,,,, (D8d)
h,—
S, =0, (D8e)

respectively, which agrees with the literature [31].

APPENDIX E: SOLUTION OF THE RECURRENCE
RELATIONS FOR THE SCATTERING AMPLITUDES

In this section, we discuss the solution of the infinite-
dimensional matrix equation [Eq. (27)]. The solution can be
obtained by first casting a continued-fraction representation of
the constraint equations (see Refs. [29,31,75]), which is then
solved using a modified Lentz method [83]. Other scattering
amplitudes then follow by direct substitution.

We begin by defining
d‘ii, n>2,
W= (E)
s =0
and rewriting Eq. (D4) as
a,Tx,,‘Lerﬂ,TJr%:O, n>0, (E2a)
a’; +B, +v, % ,=0, n<-=2, (E2b)

n

with two additional equations containing the source terms for
n=0andforn=-2,1i.e.,

By 4oy )+ vy dp, =S80y
asdry+ (B +yaxT)dp, = Sﬁ’:z'

We rewrite Eq. (E3) in matrix form as

(E3a)
(E3b)

P R——
=) By +a0x ) B +y X)) —asy,”

5 (ﬁ? +YT W )(551(7 )
B+ J\SL D)

a7,
(E4)

(

where the coefficients dZo and dZ—z can be calculated once
the {x,”} are known. Having solved for d;, and d;” ,, we
obtain the remaining coefficients {d;, },-0,—2 from Eq. (E1),

— = e
g= = P X, n >0, (ES)
L.n — — = —>d—> _2
Xy XXy L.—2> n< .

To determine the values of {x,” }, we rewrite Eqs. (E2a) and
(E2b) as continued fraction expansions, where we express x,,”
in terms of higher-index coefficients x,; with |m| = |n| 4 2,

Y

— n>0
ﬂ‘)_’_aﬁxﬁz 9 E)
xrf = " 7;_, " (E6)
J— | E— —
Bty X2, n< -2

Recasting this in the general form of a continued fraction gives

>
- __ > n,1
xn _gn,0+ I fnj ) (E7)
8n1 + N %)
8 +W

with the following coefficients for n > 0:

_y’r)’ m— l’
o =\ g - (E8)
_an+2(m—2)yn+2(m_1)7 m > 1,
01 m = 0’
Sum =\ g (E9)
21y M >0,
and forn < —2:
f4> _an_)’ m = 1, (Elo)
n,m —)/,:z(m—bazz(m,l), m>1,
s 07 m = 0’
gn,m = — (El 1)
n—2(m—1)° m > 0.
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In principle, the continued fraction expansion [Eq. (E7)]
can be solved by introducing an index npy,x with x,?max =0
and iterating lower-index coefficients x,”, which however
introduces a systematic error. Instead, we employ the mod-
ified Lentz method [83] to solve continued fraction systems
[Eq. (E7)], which we outline in the remainder of the sec-
tion (restricting to the case n > 0 for notational simplicity).
First, we define x,” :0m) (with m > 0) as the partial evaluation
of the coefficient x,” obtained by setting x,7,, = 0in Eq. (E7).
Formally, this is written as

F—)
X =2 (E12)

with F,” =g F,>+ f, F,>, and G, =g.G~> +

f>Gy ,, where Fy” =gy, F; =1,Gy =1,and G7, =0

as well as fi7 = -, 827 = ~Vlmu-1%tom and
8 =0, &% =B om-1)- The modified Lentz method

introduces the ratios W,” = F,” /F,” ,andY,” =G, _,/G,’,
such that x;(" =x>"=DW >y >  and then iterates

with initial conditions W, =x,>© and Y;> =0 as

J

— __ aTP — —>
ap, = NL,zdL,z +AL2bp,,

- _ =
b, =—crss

— __ ath —> —
€L =Npobr, +AL2d; ),

- _ _ =
L2 = —A4ro

aro =Jlo+ N odry +ALobr,

o= —(1—=12/2)cyy +ithg_,,
o =Jo+ Nl obro +Arodry
diy=—(1—1*/2)ar, — itdg’,

— AP — —
ap_, =Ny _,d; 5+ AL 2b 5,

—> _ —

L,—2 = —€L 2>

— __arh s -
cp o =Ny obp 5+ AL 2d s,

- =
L—2 = —Aar 2

follows:
1
Y T = E13
" g;) + lyyrer ( )
W> =g~ + 2 El14
m = 8m W (E14)

This is done until convergence is reached, i.e., x,”*™ does
not change within the numerical resolution. Whenever W,” or
(Y,>)~! are zero, they should be shifted by an infinitesimal
amount. Similarly, by using the substitution d;, — ag, and
dr e = Ag 40, We use the above method to solve the re-
currence relation [Eq. (D6)] corresponding to the case where
quasiparticles are injected from the right superfluid.

APPENDIX F: ANALYTICAL EXPRESSION FOR THE
TUNNELING LIMIT

In this Appendix, we derive an analytic expression for the
current in the tunneling limit (7 = 7> < 1) and show that it
takes the form given in Eq. (28). Substituting the perturbative
transmission and reflection parameters into Egs. (22)—(24), we
find the following relations between the scattering amplitudes
(see Fig. 2 for a graphical illustration of the various coef-
ficients) for the case of quasiparticles injected from the left
reservoir:

- —
agy = —ita; oy —dg’y,
— — h —
by =Agraag; + Ng ¢k s
- _ 3
Cr1 = —bgy,

— _ AP = —
dg’y = Ng1ag 1 +Aricg s

— I
ag_y = —dg_y,

— _ — h —
bg_y =Ag-1ag _; +Np _icp_y,
— I

Cp_y =itc g —bg_y.

— AP — —
dg = NR,flaR,—l + AR,—ICR,—l >

(F1)

where higher coefficients do not contribute to the perturbative current. Solving this set of equations, we obtain the following

results for the dimensionless current density:

TPOE) = (lag,|* — ld,|)OE + up).

_p [M%(E)QpL(E)} D(E; )I:qu(El)’hze(El) + qur(E1)VR(E))
kpr(E1)

kpL(E)

i|®(E1 + ur)OE + pr),  and (F2)
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TY(E) = (Icio* = 1b|)O(—E + pur)

2 E E E_ 2 E_ E_ 2 E
:tz[vL(khiﬁ(IZL)( )]DR(EI)[QhR( Duz( k;i(";qfa;e( DVR( 1)}@(—E1+MR)®(—E+ML), (F3)

In going to the last lines of Eqs. (F2) and (F3), we have used the quasiparticle density of states

1 O(E| - ANO(E + /u3 + A%), w; >0,

Dy(E) = ——5— X
WB(E)—vIE) " |o(E - \/W) 1 <0,
B O(E| — ANO(E + Jud + A%), ;> 0, )

[E2— A2 | O(E - /uj + A)) wj <0,

for j = R. The dc current due to the quasiparticle injections from the left reservoir is

e’} 2 2 2
V) =2 / dE D) | “PEMED N o b 4 ) FEIDR(E +V)OE, + | LR EL R ED T 1B )vp(Er)

h —00 ka(E) kpR(El )
vz<E>qu<E)}® e | ENDAE — VO E [qhkw1>u§<E1>+q,,R<E1>v,%<E1>“
[—khL(E) (—E + )1 — f(E)D(E — V)O(—E_, + jug) s .

(F5)

Changing the integration £ — —E for the hole part and using 1 — f(—E) = f(E), Dyr(—E) = Dy g(E), and k (—E) =
kyi(E) gives the expression

L EY(E) + g (E)W}(E
I (V) = EIZ/ dE{DL(E)®(E+uL)["”L( ) L(k) n(E v ( )}
—o0 pL(E)
EDu}(Ey) + qur(E))vR(E
w Dy(E + V)OE; +MR)|:5][7R( Dug(Er) + grr(E1)vg( 1)]f(E)}
kpR(El)
2, (%
=5 dE pL(E)or(E +V)f(E) (F6)
—00
Vkea = —1.5 1/kga = ~1 1/kea = 0.5 1/kea =0 1kea = 0.5
JEF ST T T T T T T T T
;(II.a) 1 [dlb) 1 [dlLeo L(1d) M
1.0F 1 F 1t 1t 1k ]
i — Aufer
L Ag/er r 1
UE I :.\(Hﬁ
r — V/er b ;§0‘57 . 7 ]
0.5? /l/é?rl: 1.28v 7 7 /e = 1.19v 7 7 /l/é:rl=rl.02v ; 7 <2 0 79 ] 7 . _(7(1::1) = -/‘;
0F 1 F 1 F ’ Fiep = 0.79v ; w/eg = 0.55v

; IR AR PRI AR AP | IR AR ARTRTI PRI N | Lot b by by Lot b by by PRI AR AR PRI B,
T2 -1 0 1 2 0 0204060810 0 0204060810 0 0204060810 0 0204060810 0 0204 06 08 1.0
1/kga Density imbalance v Density imbalance v~ Density imbalance v~ Density imbalance v~ Density imbalance v

FIG. 12. Left panel: (I.a) Mean-field gap and (I.b) chemical potential in units of the Fermi energy er as a function of interaction strength
1/kra across the BCS-BEC crossover. [(Il.a)—(IL.e)] Pairing gaps of the left (A, blue line) and right (Ag, orange) reservoirs. [(IL.f)—(IL;j)]
Chemical potential of the left reservoir (., blue), chemical potential of the right reservoir (14, orange) and bias voltage across the superfluid-
normal-superfluid junction (V = u; — ug, green). All quantities are plotted in unit of the Fermi energy ¢ as a function of density imbalance
v for different interaction strengths 1/kra along the BCS-BEC crossover. Inset (IL.j): Plot of the proportionality constant between V/eg and v
as a function of interaction strength 1/kra, where the proportionality constant is 4/3 (dashed-brown line) deep in the BCS regime and is given
by 3kpa/(5+/2) (dashed-brown line) deep in the BEC regime.
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with the particle tunneling density of states (j = L, R)
Gy (EW(E) + gy (EWE)
kpi(E)

,Oj(E)EDj(E)[ i|®(E+,Uvj)~

(F7)
Note that in the Andreev approximation regime, p;(E) =
D;(E). Subtracting the current due to quasiparticle injections
from the right reservoir I (V) gives the tunneling current

[Eq.(28)].

APPENDIX G: BULK MEAN-FIELD EQUATIONS FOR THE
PAIRING GAPS AND CHEMICAL POTENTIALS

The main text presents results for the current across a
Josephson junction along the BCS-BEC crossover. Here, we
summarize results for the reservoir pairing gaps Ay or Ag
and chemical potentials ./ or g obtained from a mean-field
calculation. These mean-field parameters are used in the main
text for the reservoir parameters, although we emphasize that
other parameters taken from more general many-body cal-
culations can be used and the Landauer-Biittiker framework
derived in this paper is independent of this choice.

We describe a particular configuration in terms of the
density imbalance (29) between reservoirs as well as the
interaction strength (30). Note that this definition implies
nr g = (1 £ v)i for the reservoir densities and thus, kg ;g =
(1 £ v)kr and g /8 = (1 £ v)*3ep. In particular, results
given in units of &g 1k are expressed in terms of the common
Fermi energy ¢f as

BLIR _ (1 g yy2/s BLIR (Gla)
EF EF,L/R

A A

SLR — (1 k0P ER (G1b)
EF EF.L/R

The mean-field equations are written in compact form as
[103-106]

A 2 73 1 2 2 V3
52[312@)} ’ @7:_5[312@)] ho), (62)

L) /"od of 1 1
= xx | ———=,
1y A E. 2

where

L(y) = / dxx2(1 — 5-) (G3)

0 Ex

and we define the dimensionless variables

n*k? 1z &k

2 _— = — = — = 2 —
= Y=L &x X5 Y
_ Bk _ 2

EX_X—,/SX+1. (G4)

Both integrals are evaluated in terms of complete elliptic
integrals of the first and second kind. Figures 12(I.a) and
12(1.b) show the mean-field result for the gap and chemical
potential of a single reservoir as a function of scattering length
across the BCS-BEC crossover. As shown in the figure, the
condition A <« u corresponding to the Andreev approxima-
tion is satisfied only in the strict BCS limit [1/(kra) < 0].
In the unitary limit, the gap and chemical potential are of
comparable magnitude, and on the BEC-side the chemical

TABLE 1. Density imbalance v and voltage V,, at which the n-th
order of the subharmonic gap structure occurs at unitarity. Shown
also are the values of the chemical potentials (u., ug) and pairing
potentials (A, Ag) of the left (L) and right (R) reservoirs. A plot of
the chemical potentials, pairing potentials and voltages as a function
of density imbalance at unitarity can also be found in Figs. 12(IL.d)
and 12(ILi).

(a) hn: an = AR/"

n % V./¢er Ag/er
1 0.521 0.42 0.42

2 0.331 0.263 0.525
3 0.241 0.19 0.571
4 0.189 0.149 0.597
5 0.155 0.123 0.613
6 0.132 0.104 0.625
7 0.115 0.09 0.633
8 0.101 0.08 0.639

(b) in: Vo = (ur + Ag)/(2n — 1)
n v Va/éer nr/er Ag/er
2 0.5 0.402 0.774 0.432
3 0.313 0.249 0.708 0.534
4 0.227 0.179 0.677 0.578
5 0.178 0.14 0.659 0.603
6 0.146 0.115 0.647 0.618
7 0.124 0.097 0.638 0.629
8 0.107 0.085 0.632 0.636
(©) ju: Vo = ug/n

n v Va/er MUR/EF
1 0.478 0.383 0.383
2 0.295 0.234 0.468
3 0.212 0.168 0.504
4 0.166 0.131 0.523
5 0.136 0.107 0.536
6 0.115 0.091 0.544

potential even turns negative. For two reservoirs, Fig. 12
shows the mean-field gap A;,z [upper panel: (ILa)-(ILe)]
and chemical potential puz/r [lower panel: (ILH)—(ILj)] as a
function of density imbalance v for five different interaction
strengths (kpa)~' = —1.5, —1, —0.5, 0, and 0.5, correspond-
ing to the parameter values in Fig. 6 of the main text. The
green line indicates the chemical potential difference or bias
voltage V = up — ug. We see that the Andreev approxima-
tion (A <« u) breaks down even for moderate deviations from
the BCS regime at (kpa)~! = —1 [Figs. 12(ILb) and 12(IL.g)].

The bias voltage [shown as green curves in Figs. 12(IL.f)—
12(IL.j)] is linearly proportional to the density imbalance for
v < 0.5, with a constant given by 2/(kegfi), according to
Eq. (31). The inset of Fig. 12(IL.j) shows that the proportion-
ality constant decreases from a value of 4/3 deep in the BCS
regime [which follows directly from the chemical potential
w = B> (3mi)*3/(2m) of a free Fermi gas], assumes a value of
~0.79 at unitarity (1/krga = 0), and vanishes as 3kpa/(5\/§)
deep in the BEC regime.
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APPENDIX H: SUBHARMONIC GAP STRUCTURE

In this Appendix, we list in Table I the numerical values for the positions of the subharmonic gap structure in the current-
voltage characteristic calculated at unitarity shown in Fig. 7 of the main text.
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