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Supplementary Materials

1. THEORY

A. Derivation of the effective master equation with a
dissipative dispersive-type interaction

In this subsection, we discuss how the effective master
equation (Eq. (2)) in the main text can emerge in very gen-
eral settings involving the cavity mode a, the qubit, and an
unspecified number of intermediary modes. We provide a de-
tailed derivation of the effective model starting from minimal
assumptions about the microscopic setup. As we show, the
effective master equation (2) can describe a wide range of
setups with very distinct microscopic mediating modes, yet
the cavity-qubit dynamics all converge on a similar simplified
form, whose structure could be deduced from general sym-
metry arguments. It is worth noting that a specialized version
of Eq. is discussed in Ref. [25]], where the nonlinear dis-
sipator only involves a qubit phase shift instead of the more

0+n

generic e 2o operator. In contrast, here we show the gen-
eralized master equation has broad applicability in dispersive
quantum systems exhibiting nonreciprocity.

Below, we use bold text to highlight the essential assump-
tions underlying the theoretical derivation. In Sec. we
will discuss how the experimental systems studied in the main
text are well described by the theory model presented here.
However, we stress that the results in this subsection have
general applicability that is not contingent on details of the
intermediary modes.

Let us consider a multimode setup (see Fig.[I)) consisting of
one cavity mode a and a qubit, as well as additional waveg-
uide and circulator modes evolving at timescales much faster
than the cavity-qubit system. We assume a general situation
where the waveguide and circulator eigenmodes all have
resonances that are far detuned from the cavity-qubit sys-
tem, as well as decay rates that are much greater than
rates characterizing the dynamics of the cavity-qubit sys-
tem of interest. In what follows we denote the cavity mode as
c1, and take the cavity and qubit frequencies to be w; and w;,.
Their respective lowering operators are ¢; and 6_. We also
denote the bosonic waveguide and circulator modes by modes
c; with intrinsic frequencies w; (j = 2,3..., N).

We focus on the regime where the qubit is only strongly
and dispersively coupled to a single waveguide mode,
which we call mode ¢y (frequency w-), so that our starting
microscopic model can be generally written as
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Here, H, o and Lg;ss describe the intrinsic Hamiltonian and dis-

sipative dynamics of the waveguide and circulator modes, and

Yo denotes the dispersive coupling strength between the qubit

and mode cy. Throughout our discussion, we assume the dy-

namics of the bosonic modes alone is quadratic, so that we

have (note that by definition h&g) = wy)
N
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Here, we assume that thermal excitations of the bosonic
modes are negligible. For systems with an external magnetic
field B, the system parameters hﬁ)l and I'y,,, will also depend
on the external field B. For convenience, we omit this para-
metric B dependence when it does not cause confusion.

Note that the dispersive Yo interaction in Eq. (SI) can
emerge from a microscopic Jaynes-Cummings interaction be-
tween the qubit and ¢

Hyc =g (a;&, + égm) . (S4)

One needs to consider the limit where the detuning Ajc =
wy — wg > |g|, as well as Ajc > |y |. The latter condi-
tion allows us to safely neglect the hybridizations h;,,, when
deriving the dispersive coupling xo from Hjc via a standard
Schrieffer-Wolff transformation (see, e.g., [55]). In the case
of stronger hybridizations h;,,, one will obtain a larger set of
starting dispersive couplings in Eq. between the qubit and
multiple internal modes. The general form of the master equa-
tion derived below still holds in this case (though the specific
expressions for the exact effective parameters in Egs. (S2T))
and would be modified). We focus on the simpler case
of a single starting dispersive coupling for clarity.

Next, recall our starting assumption that all the intrinsic
waveguide and circulator dynamics (i.e., their resonances and
linewidths) are much faster than that of the cavity mode ¢;
and qubit. This motivates us to adiabatically eliminate the
dynamics of the intermediary modes. We first transform to
a rotating frame via p(t) — p'(t) = U.(t)p(t)U}(t), with
U,(t) = eil5Ho=+wr T, Ele)t Here, all the bosonic modes
are rotated by a fixed reference frequency w,, which is chosen
to be close to the cavity c¢; eigenmode frequency (i.e., the bare
c1 resonance wi plus any Stark shifts induced by the mediat-
ing modes) compared with all other resonances in the system.
In this new frame, the total system dynamics can be described
by

Op = — i [ﬁ() + %a—zé;@, ﬁ} ¥ Laip,  (SS)
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In what follows, we focus on the case where it is valid to
adiabatically eliminate the waveguide and circulator modes,
i.e. modes c¢; with 7 > 1, from the total system. In this
regime, one can derive an effective Markovian master equa-
tion involving only the cavity mode ¢; and the qubit, which

with ) = 320 | homéém, and hyp, = B



can be generally written as

0up = —ilHeq. p] + LED p (S7)
We now carry out this adiabatic elimination explicitly. While
this can be done using a variety of approaches (see, e.g., [54]]),
here we use an intuitive method based on stochastic equa-
tions of motion in the Heisenberg picture. More specifically,
the quantum Langevin equations of motion (EOM) for the
bosonic modes and the qubit in the rotating frame of Eq.

are given by (assuming Einstein’s sum rule hereafter)
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10,6 = Xothéab_, (S9)

where émn(t) denote quantum input noise operators (in-
corporating the coefficients characterizing dissipative dy-

namics in Eq. (S3)) with <§Zm(t)§m,in(t’)) = 0 and
(€ein(t )§m in()) = Temd(t —t'). As mentioned, we can
integrate out the dynamics of the waveguide and circulator
modes if following conditions hold
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In this limit, the dynamics of modes c; with j > 1 quickly re-
laxes to a stationary state at timescale much faster than typical
dynamics of cavity c; and the qubit. Thus, as far as the cavity-
qubit system is concerned, we can set 9;¢; = 0 for £ > 1, so

that Egs. (S8) simplify to
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Note that Eq. (STO0) provides a sufficient condition for this ap-
proximation to be valid; however, the validity of the adiabatic
elimination procedure extends far beyond the specific regime
where all the bare intermediary modes have large decay rates.
For example, if some of the intermediary modes have large de-
tuning satisfying fg¢ > |Rmj — 5| with £ > 2 and m # j,
then those fast oscillating modes can also be safely integrated
out. Essentially, as long as the dynamical eigenmodes of the
intermediary structure decay faster than their interaction with
the cavity-qubit system (i.e., eigenvalues of H in Eq. (S12) all
have a sufficiently large imaginary part), then Eq. holds
to a good approximation.

Solving Egs. for ¢ > 1, and substituting the solu-
tions into the EOM for the cavity (Eq. with £ = 1)
and the qubit, we can compute an effective set of EOMs
of the cavity-qubit system, which can be uniquely mapped
to a corresponding Markovian master equation in Eq. (S7).
We perform this derivation explicitly below. To simplify
notations, let us first introduce the standard linear response
susceptibilities (or equivalently, retarded Green’s functions)
Gim W] = —i fo ([ée (), ¢l (0)])e™tdt of the linear
part of the bosonic dynamics (1 e. setting xo = 0 in Eq. (S1)),

which are related to the original Hamiltonian and dissipator
parameters as (see also Eq. (S41))

Gom [w] = [(w—H)*ll . H (S12)
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Here, we use boldface letters H and I to denote the Hermi-
tian matrices formed by Hamiltonian (Eq. (S6)) and dissipa-
tor (Eq. (S3)) coefficients, respectively. Note that the dynam-
ics of the system can now be fully captured via a single non-
Hermitian matrix H. We also define shorthand notations for
zero-frequency linear response susceptibilities, as well as the
determinant of the zero-frequency susceptibility submatrix of
modes ¢; and ¢s, as

G =Gy [w =10], (S13)
det G, =GV G - GGY. (S14)

We now seek to solve Eq. (S11)), which can be equivalently
rewritten as

—@m—;mﬁ%z—m@@+§mee—@m
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so that inverting the dynamical matrix on the left hand side,
and noting that (H —iT'/2)"' = H~' = —G(®), we obtain

& = =Gy - 041 + 3 Gl 626 — Gl Ennin:
Specifically, we consider the ¢ = 1 and 2 cases of Egs. (S16),
which are given by

(S16)

o= -G gl + %Gg?&z@ — G0, (S17)

o = -G - id,e1 + %Gg‘?&zéz — G, (SI8)

so that with a few lines of algebra, we can express ¢, as well
as the time derivative i0;¢; in terms of only operator ¢; and
the input noise operators &, in, as

10:¢1 = &, [51 + iGg%fm,m
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Since dynamics generated by Eq. conserves qubit Pauli
operator 6,, we can treat it in the above derivation as if it
were a number. Thus, we substitute the operator 6, with o,
whenever it can be viewed as a number parametrizing the cav-
ity dynamics. The effective qubit-state-dependent self-energy
&, of the cavity mode c; can be derived as

-1
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Further, substituting Eq. (S20) into Eq. (S9), we also obtain
the effective equation of motion of the qubit operator

(S22)
(S23)

0,6 = Xotho e
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where we define the effective qubit-cavity coupling coefficient
A and the effective noise operator Z;;, as

2
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In deriving Eq. (S23), we make use of the fact that the quan-
tum input noise operator satisfies (H:rn_m> = 0. The reader
with a keen eye may also notice that the right hand side of
Eq. has a specific operator ordering; this is done to
simplify the noise terms in Eq. (S23) such that it exhibits an
explicit correspondence with the noise term generated by the
dissipator in a master equation, but the validity of our deriva-
tions does not rely on any particular choice of ordering in the
derivation.

In the following discussion, we relabel the cavity mode c;
to be mode a, in accordance with the main text discussion.
For the derivation below, it is convenient to rewrite the input

noise operators in Egs. (S19) and (S23) as

1040 =Ey_ i — in/REm — iVTe T 0, (S26)
0
i85 =Aatas_ + 2iv/T(sinh 2 Dyat 5_a
— 2ivT(sinh —~" Nt s, (S27)

where éin and 7);, are normalized Markovian quantum in-
put noise operators, so that (ﬂn(t)fin (t)) = 0 and
<én (t)éiTn(t’» = §(t — ') (similarly for 7j;,). The noise oper-
ators can be determined using the following equations

Ve + VTe ™74
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One can show that the quantum Langevin equations in
Egs. (S26) generally correspond to the Lindblad master equa-
tion of the form Eq. (S7] with effective Hamiltonian H.g and

dissipative dynamics [, diss glven by

. A
Hyg = Adata+ 5&2&%7 (S30)
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} . (S31)

We remark that the effective model preserves symmetry and
dynamical features of the original multimode problem: the
qubit Pauli operator &, is conserved exactly, and the dynam-
ics of cavity and circulator modes conditioned on qubit &,
eigenstates are fully quadratic. The effective parameters in
Eq. can be computed via the equations below

A Tene-
£y =Aut 2o, — it (S32)
2 2
A =\ +il'(e" — coshn). (S33)

All individual effective parameters can thus be explicitly de-

rived by combining Eqs. (S32) and (S33) with Eq. (S2I)
and (S24). Note that Eq. (S21) can be rewritten as

@G(O)G(O)

210z
)
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we thus obtain
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as well as the following expression for the averaged cavity
decay rate over two possible qubit states

GfY - ()" G aer iy
(i)

2
— (XO det Gg 2}>
(836)
Comparing Eq. (S33)) with Eq. (S24)), we further have
2 2
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so that substituting Eq. (S35b) into Eq. (S37a), we can ex-
plicitly express I sin # in terms of the microscopic system pa-

rameters. Making use of the following identity relation of the
rates involving I’

I'2(cos? § — cosh? n)
I'(cos § — coshn)

_ —(I'sin#)? — (I'sinh7)?

B I'(cos@® —coshny)

and combing the above equation with Egs. (S335¢), (S36),

(S374)), and (S37D)), we can solve for the remaining decay rates
x and T explicitly.

I'(cos @ + coshn) =

(S38)

B. Application of the theory model in Sec.[TA]to the
experimental systems in the main text

The theory presented in Sec. [l A]can be generally applica-
ble to a large class of dispersive nonreciprocal systems, whose
validity does not rely on details of the underlying mediating
modes. Still, the theory does make a few assumptions about
the nature of the microscopic environment for the qubit-cavity
system. Here, we provide a detailed justification for the valid-
ity of those assumptions in our experiment.

* All mediating modes have negligible thermal excita-
tion. This can be verified by an estimate of the steady-
state cavity photon (without any driving of the cavity
modes). From the dephasing time of the qubit and the
ancilla, we can place an upper bound to the thermal oc-
cupancy of the cavity and buffer cavity modes at 1%
level.

* The qubit is in the dispersive limit. In the experiment,
the qubit at 9.1 GHz is Purcell protected by a buffer
cavity mode at 10.8 GHz and does not have direct inter-
action with the rest of system otherwise. The relevant
bandwidth of bath modes participating in photon trans-
port in the experiment does not exceed a few hundred
MHz (around the 10.8 GHz cavity frequency), hence
the qubit is deeply detuned in the dispersive regime.

* The qubit is only dispersively coupled to a single
waveguide mode. This is well motivated for the exper-
imental systems considered in this work, as the qubit
only has direct interaction with the buffer cavity mode
discussed above.

All the mediating modes are evolving much faster than
the cavity-qubit system such that they can be adiabat-
ically eliminated. Experimentally, the lack of sharp
resonance features in spectroscopy except for the cav-
ity mode (and the buffer cavity mode at high fields)
confirms that the intermediary modes have much larger
linewidths and the adiabatic approximation is well jus-
tified.

It is also worth commenting on the physical meaning of the
A, parameter in relation to experimental parameters. In the-
ory, this denotes the effective cavity eigenfrequency defined

with respect to some reference frequency w,.. In experiment,
the microwave pulse frequency used to initialize cavity co-
herent states provides a natural reference frequency, as it is
close (within several MHz) to the cavity resonance. We fix w,
throughout the experiment across different fields so that the
field dependence of the cavity frequency is reflected in the A,
parameter.

C. Proof of the generalized Onsager-type symmetry relations

In standard linear systems, the microscopic time reversal
symmetry (TRS) naturally imposes a constraint on the sys-
tem’s scattering matrix, which is also known as the Onsager-
Casimir reciprocity relations [39] in the presence of magnetic
fields. Here, we show such reciprocity relations can be gener-
alized to nonlinear systems with dispersive couplings.

For reference, let us first review standard Onsager-Casimir
reciprocity relations [39]. In terms of linear response sus-
ceptibilities G, [w] = —i [ ([e0 (t), &, (0)]) e**dt, the
Onsager-Casimir relations can be written in the frequency
space as

Gom [w; Bl = G [w; —BJ . (S39)
For linear systems (e.g. setting xo = 0 in Eq. (S1))), the con-
straints in Eq. are equivalent to the corresponding sym-
metry conditions on the Hamiltonian and dissipator matrices.
To see this, we can consider the Langevin equations of motion
of cavity and circulator modes, which is given by

(S40)
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from which we can explicitly write the linear response sus-
ceptibilities as

Gom [w] = [(w — ’H)ilhm = [(w -H+ ;I‘)ll
€§41)

Here, the non-Hermitian matrix H = H— %I‘ incorporates ef-
fects from both the Hamiltonian H and the dissipator I' matri-
ces. From Eq. (S4T)), one can show the constraints in Eq.
is equivalent to the following conditions on the Hamiltonian
and dissipator matrices, as

H (B) = [H(-B)|"
I (B)=[(-B)".

(S42)
(S43)

From Onsager-type reciprocity relations on linear response
functions in Eq. (S39), one can show that the effective cavity a
mode self-energy &, also needs to satisfy the corresponding
reciprocity relation, as

& (B) =&, (=B). (544)



From definition of &, in Eq. (S32), we can further show
that the following (combinations of) effective quantum master
equation parameters must also be symmetric under B — —B:

Ac, A, I'sinhn, k + T coshn. (S45)
We note that the symmetry constraint on £,_ can be intuitively
viewed as a specific 1-mode case of the more general time
reversal symmetry of the dynamical matrix of a linear sys-
tem: effectively, it can be attributed to the fact that eigen-
values of the non-Hermitian dynamical matrix H are invari-
ant under time reversal. In contrast, the cavity-to-qubit A
is directly related to the squared norm of response function
|G(£) 2 = |Gy [w = 0]|° from cavity modes 1 to 2. As such,
A also encodes information about the eigenvector of #, and
hence can generally be asymmetric under time reversal. As
a result, the corresponding effective model parameters I sin ¢
and I" cos 6 are also in general asymmetric when flipping the
sign of the magnetic field B.

D. Solution to the effective quantum master equation with
cavity drives

In the main text, we present comparisons between the-
oretical predictions of the effective master equation (2)
(i.e. Eq. (S7)), and experimental measurements of time evo-
lution of the qubit coherence function (G _(t)), due to the ap-
plication of either a short cavity pulse at the start of the proto-
col, or continuous drive. Here, we provide a detailed discus-
sion on the techniques used to obtain the theoretical predic-
tions in Figs. [ and [f] (see solid curves in both figures). For
more details on using this general framework to extract mas-
ter equation parameters and experimental validation based on
continuous wave measurement, see Sec. and Sec.
respectively.

Our goal is to solve the effective quantum master equation
under a cavity linear drive, which can be written in rotating
frame for both the qubit and the cavity, with qubit rotates at
its bare frequency wy, cavity and cavity linear drive rotates at
the reference frequency w, as

(eff) o

A .
Op=—1i|Aata+ 5@&% + Har, p| + Li) ps (S46)

where the linear drive on the cavity is described by the Hamil-
tonian Hg, = e(t)(afe 24t + h.c.), the dissipative term
£ is defined in Eq. (S31) (see also Eq. @) in the main
text), and A, (A4) denotes detuning between cavity mode a
frequency (drive frequency) and reference frequency, A, =
we — wy (Ag = wqr — wy-). Note that for the qubit Ramsey
experiments with a pulsed cavity drive, the cavity drive is set
to be resonant with A; = 0. While the following discussion
is applicable to pulsed and continuous drives alike, to simplify
notations, we abbreviate the drive amplitude €(t) as e when it
does not cause confusion. We first go into the cavity rotating

frame with respect to drive detuning Ay, so that we have

A
Ohp=—i|(Ac— Ag)ata+ JozaTa +e(al +a).p

+ Ly (547)
The qubit coherence function (6_(t)) can thus be computed
by solving the following equation of motion ((1| 4 [{) = p1y)

Oupry = —i [(Ac — Ag)ata+e(a’ +a), pry]

- Z% {ata, pr} + L35 o1 (548)

Before we proceed, it is worth noting that, in principle, one
could try to simulate Eq. (S48)) with a brute-force approach, by
directly numerically evolving the quantum master equation in
the joint basis between qubit states |1), |}) and cavity photon
Fock states. In this case, the simulation cost would depend on
the transient cavity photon number, and grows as the cavity
pump power is increased. Here, we take a approach whose
computation cost does not scale with photon number, making
use of the fact that Eq. (S48) describes a quadratic superoper-
ator on the coherence operator p, so that Gaussian operators
stay Gaussian. As a result, the dynamics in Eq. could
be solved making use of standard phase-space-based meth-
ods [54]. However, noting that the dissipative dynamics in
Eq. do not involve any heating dissipator, this proce-
dure can be further simplified, by taking the ansatz

pru(t) = lar(t)) @y ()] -

Substituting Eq. (S49) into Eq. (S48), one can show that when
the conditional amplitudes satisfy the following linear equa-
tions of motion, Eq. (S48) is also satisfied

(Uz =1, \l/)a

where the effective energies of the conditional cavity ampli-
tudes can again be calculated using Eq. (S32), but with the
drive detuning A, — A, replacing A.. Note that the first term
in the right hand side of Eq. can be intuitively viewed as
taking the expectation value of the Langevin equation (S26)),
ignoring the noise terms. In this case, we can also calculate
the qubit coherence function via the equation below

(S49)

(S50)

iat&gz :gazC_L(Tz +€,

A (t))
dt ‘
=[x+ I'(e? — cosh n)] ara}(6-(t)),

= Aaga}(6- (1))
(S51)

where the coefficient A is given in Eq. (S33). Note that we
have reduced the problem of simulating the equation of mo-
tion of an operator acting on the cavity Hilbert space,
down to integrating the set of linear differential equations in
Eq. (S50), which greatly improves the efficiency of the nu-
merical calculations.

Interestingly, under coherent cavity drives, the instanta-
neous Stark shift and dephasing rates of the qubit, corre-
sponding to the real and imaginary components of Aata] in
Eq. (S51), maintain their relative ratio under magnetic field



inversion B — —B. This arises from the Onsager-type sym-
metry relations for the phase of A:

A(B) _ A(=B)

IAB) IA(=B)|
One can further show the mode amplitudes a, a] are symmet-
ric due to their dependence on the field-symmetric self-energy
terms &, £} (c.f. Eq. @). As a result, the time-cumulative

quantity % as discussed in the main text in Figs. 6 and 7, is
field-symmetric under coherent drives.

To prove Eq. (S52)), we rewrite Eq. relating A to re-
sponse properties of the intermediary modes in terms of the
effective cavity self energies &, , making use of Eq. (S21)), so
that we have

(S52)

2
X0 ’Gg?
- 0 0 0 0)* o 0)*
{6 = aetcV, H{G) + ¥ aerc(s) )
£.EF 2
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From Egs. (S39) and (S44) we see that all terms on the right-
hand side of Eq. (S53) are symmetric with respect to the mag-
netic field except for the real-valued prefactor |Ggi) |2. There-

fore, the phase of both sides of Eq. (S33) must be symmetric
with respect to B — —B as well.

E. Simulation of the effective master equation with a
continuous or pulsed cavity drive

From Egs. (S49) and (S57)), the system dynamics under
continuous drive can be straightforwardly solved. In this case,
the drive amplitude ¢ in Eq. is given by a constant, so
that in the stationary state regime, the qubit-state-conditional
cavity amplitudes can be solved by setting the right hand sides
of Eq. to zero. Substituting these steady-state ampli-
tudes into Eq. (S51)), we can analytically derive the qubit Stark
shift (A,) and dephasing rate (I',) as

(S54)

—i\ +T'(e?? — coshn) €

iAg —Ty = 6

Invoking this equation, and noting that the conditional cavity
frequencies now explicitly depend on the drive detuning A,
we can compute the theory curves in Fig.[5]

To produce the theoretical prediction (solid curves) for the
case with pulsed cavity drive in Fig.[6] we implement a square
cavity pulse of width 18 ns in Eq. (S50) before the beginning
of the qubit measurement sequence, and then evolve Eq. (S30)
without driving (i.e. setting ¢(¢) = 0) for the duration of the
measurement. We then use the numerically solved conditional
cavity amplitudes and Eq. (S5I)) to compute the time evolu-
tion of qubit coherence function. When comparing the theory
predictions with the experimental values, we introduce an ad-
ditional shift in the zero of the temporal axis, to account for
the relatively longer qubit 7/2 pulse during the Ramsey se-
quence.

F. Simulation of the effective master equation with an initial
Fock state, or quasi-single photon dynamics

Here we discuss the numerical methods used to obtain the
theoretical prediction in Fig. (7), i.e. simulating Eq. () either
from a single-photon Fock state or from a qubit excited state
with an additional four-wave mixing (FWM) pulse. For the
first case, the qubit coherence function (6_ (t)) can similarly
be computed by solving the following equation of motion

R . e A off)
Opyy = —i [—AcaTaaPM Y {GTG»PN} + ﬁfni)ﬂw

(S55)

With the cavity starting from a single-photon Fock state as

the initial state, the qubit coherence function in the long-time

steady state limit can be analytically derived as
(6 (c0)) K + Tet?

(6_(0)) A+ r+Tcoshp’

(S56)

which lets us compute the yellow squares in Fig.

For the FWM case, the qubit is initialized into a state with
nonzero population in the higher-level | f) state, and the total
system then evolves in the presence of the FWM drive that
enables the | f0) <> |g1) transition. In the rotating frame with
respect to the FWM drive frequency, the total system master
equation can thus be written as

Oup =i [+ Qa" |g)(f] + He), o] + £5 5
+15 D) (f]) p+ 7D lg)(el] o (s57)

where Hog and E((ﬁfs) are again the effective Hamiltonian and
dissipator after adiabatic elimination of the other waveguide
and circulator modes (see Egs. (S30) and (S31)), and 2 de-
notes the FWM drive Rabi frequency. To accurately describe
time evolution in this case, we also need to include the T}
decay processes of the excited |f) and |e) states, with corre-
sponding decay rates given by -y and . respectively.

In the experiments, the cavity mode a starts in the vacuum
state, whereas the qubit starts in a mixture between |f) and
|g) states due to initialization imperfections. In this case,
time evolution according to Eq. only involves a small
finite number of system levels, so that its numerical integra-
tion is straightforward. Making use of the numerical solution
to Eq. (S57), we obtain the theory predictions for an imperfect
initial | f) state (purple diamonds) in Fig.

2. EXPERIMENTAL SETUP AND TECHNIQUES
A. Device and measurement setup

The device is mounted under a mezzanine plate which is
thermalized to the MXC plate of a Bluefors LD250 dilution
refrigerator, as shown in Fig. and is positioned at the cen-
ter of a superconducting solenoid magnet which operates at
4 K. The qubit port and cavity port of the device are connected
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FIG. S1. Fridge wiring schematic. Our experiment is performed in a Bluefors LD250 dilution refrigerator. The device is mounted under
a mezzanine plate which is thermalized to the MXC plate whose base temprature is around 10 mK. The device is positioned at the center of
a superconducting solenoid magnet which operates at 4 K. The qubit port and cavity port of the device are connected to input cables (with
attenuators as marked) and the open waveguide port is connected to an output amplifier line. The right bottom corner is the picture of the
actual device, two niobium segments are hooked to a copper intermediary region via niobium plates with apertures to illicit an evanescent
coupling. A 21.5 mm X 5.5 mm sapphire chip hosting a qubit is inserted into the niobium segment slot, with extra indium added at the end of
the sapphire slot to ensure the chip is held in place. Two extra blank chips are inserted to maintain the cavity frequency and the symmetry of
the electromagnetic field to ensure enough coupling to the intermediary mode. Two tuning screws at the top of the niobium cavity allow fine
tuning of the cavity frequency. Both niobium cavities are shielded with extra layer of mu-metal to provide further magnetic protection for the

qubits.

to input cables (with attenuators as marked) with eccosorb fil-
ters and a 12 GHz K&L low pass filter to filter high frequency
niose and protect the qubit. The open waveguide port is con-
nected to an output amplifier line, so that we can get the cav-
ity transmission measurement results through the output port.
The cavity port is used to drive both the cavity and its ancilla
which is dispersively coupled to the cavity. The cavity state
information is reflected through the read out ancilla state. The
qubit port receives a drive for both the qubit and its buffer
cavity, with the buffer cavity’s transmission signal collected
from the same output port. The qubit is dispersively coupled
to the buffer cavity, allowing it to act as a proxy for infor-
mation about the cavity state. The FWM drive, which is for
the quasi-single photon measurements, is sent from a separate
generator to the cavity port as well.

Both cavities are made out of niobium which is supercon-
ducting at low temperature and remains superconducting un-

der the magnetic field applied for this experiment. These cav-
ities are shielded with mu-metal sheets to further protect the
qubits from the applied magnetic field, as shown in the inset
picture of Fig.[ST] The mu-metal sheets are mounted to the
cavity for proper thermalization.

Qubits are integrated with the setup to perform this exper-
iment, as shown in the inset picture in Fig. [ST] by using a
21.5 mm x 5.5 mm sapphire chip. This chip hosts a qubit and
is inserted into the niobium segment slot, with extra indium
added at the end of the sapphire slot to ensure the chip is me-
chanically held in place and properly thermalized. Note that
there are three sapphire chips in the niobium segment, and the
qubit is located at the rightmost chip. The rest of the chips
are there for maintaining the symmetry of the electromagnetic
field of the cavity mode inside and tuning the cavity mode fre-
quency. To further tune the frequency, two tunning screws at
the top of the niobium cavity are used to fine tune the cavity
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FIG. S2. Device transmission measurements under various exter-
nal fields. Transmission coefficient S31, from the buffer cavity port
to the output port, measured with a vector network analyzer under
various external magnetic fields. The dominant peak at each field is
the buffer cavity mode which is broadband at low field due to the
strong coupling to the output port. The dip at around 10.81GHz cor-
responds to the cavity mode.
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FIG. S3. An ideal model for the intermediary modes. This sim-
ple 4-mode model (see Eq. (S38)) includes the cavity (c1), the buffer
cavity (cz, which is strongly coupled to the qubit) and two quasi-
degenerate modes in the Y-junction region (c3 and c4). The degener-
acy between c3 and c4 is lifted by the external field which is modelled
through the coupling term +iBk, where B is the magnetic field and
k is a constant.

frequency, thus obtaining a cavity frequency of 10.808 GHz
and the qubit’s buffer cavity frequency 10.809 GHz. As men-
tioned in the main text, the niobium segment housing the qubit
we are interested in is connected to the center region through a
plate with 8 mm x 1 mm aperture, which makes this niobium
segment a very broadband cavity. It has a larger than 5 MHz
linewidth at all tested fields with a linewidth above 20 MHz
at lower fields. The operating cavity uses a 2.5 mm radius
circular aperture, making it a relatively low linewidth.

The transmission properties of the device are obtained
through a Vector Network Analyzer (VNA), with the VNA
ports connected to the buffer cavity port and the output
port. Sweeping the fridge magnet, we obtain the spectrum

in Fig.[S2]
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FIG. S4. Fitting parameters of the eigenmodes used to recon-
struct the 4-mode model (Eq. (S38)). Plotted data points are eigen-
mode frequencies and linewidths as extracted by fitting the mea-
sured linear response function to a set of Lorentzians, whereas the
curves represent theory predictions using Eq. (S38). The effective
Hamiltonian parameters used to produce the curves are: hi1/27m =
10.8085 GHz, hg2/2m = 10.8076 GHz, hs3/2m = 10.746 GHz,
haa/27 = 11.173 GHz, I'11 /27 = 1.5 MHz, I'22 /27 = 0.3 MHz,
Is3/27m = 0.0 MHz, I'44 /27 = 476.6 MHz, hi13 /27 = 13.5 MHz,
h14/27 = 5.6 MHz, has /27 = —58.9 MHz, hos /27 = 24.3 MHz,
k=13.7.

B. A simple model for the intermediary modes

To provide some additional insight to the physical struc-
ture of the bath modes, here we present a simple toy model
based on our understanding of the ideal cavity-magnon po-
lariton mode pair with participation from the Kittel mode (uni-
form magnetization precession) only, assuming a linear mag-
netic susceptibility for YIG in the range of magnetic fields
of interest (at least a factor of 2 below magnetization satura-
tion) [26]. Realistic mode structures are impacted by magnetic
crystalline anisotropy of YIG (which is insignificant at room
temperature but we found to be significant at low temper-
ature), degeneracy-breaking geometric imperfections of the
cavity and the YIG cylinder, nonlinearity of the YIG mag-
netization curve, and should also include contributions from
higher-order magnon modes and dielectric resonance modes
of the YIG cylinder.

We focus on the qubit and four main linear modes in our
system, that is, the cavity ¢, the buffer cavity cs, two quasi-
degenerate modes in the Y-junction region cs, c4, as shown
in Fig.[S3] The treatment of the linear components is similar
to that in our previous work [26]. More concretely, the in-
trinsic dynamics of the linear modes can be described via the



following 4 x 4 non-Hermitian matrix:

hiy — ity 0 his hi4
Heff _ 0 h22 — Z% h23 h24
ho his hos  hsz—it®  —ikB
hia haa ikB  hyy—its
(S58)

The parameters in Eq. (S38)) can be determined, by fitting
the transmission spectrum to the measured data. Specifically,
the real and imaginary parts of the complex eigenvalues of
Eq. (S38) correspond to the observed Lorentzian frequencies
and half linewidths, respectively.

This model proved insufficient in capturing all the rele-
vant features of the transmission data over the entire range
of magnetic fields we measured. As we will discuss, the high
field data is more suitable for such fitting procedure and con-
straining the parameters in Eq. (S38)), and we fit the extracted
Lorentzian parameters (frequencies and linewidths) of the two
prominent eigenmodes in Fig. |S2| with the predictions of the
4 x 4 Hamiltonian model at higher fields as shown in Fig.
From this fitting we can determine all the free parameters in
the model Eq. (S38). Importantly, the main decay channel
of the device is large enough, with an intermediary mode de-
cay rate ['y4 = 476.6 MHz, for us to perform adiabatic elim-
ination and derive an effective qubit-cavity master equation
model at higher fields (B > 20 mT). Note that the 4 x 4
microscopic model in Eq. with this set of extracted pa-
rameters does not capture well the transmission property of
our device at zero field, where the theoretical model would
predict a narrower linewidth for mode cs, clearly contradict-
ing the broadband resonances as observed in the transmission
measurement in Fig.[S2]

We now introduce the qubit, which can shift the buffer cav-
ity frequency by the direct dispersive shift, as denoted by xg.
With a concrete microscopic model of the system in Eq. (S38),
we can compute the qubit evolution with an equator state as
the initial state and the cavity ¢y starting in a coherent state.
We plot the predictions of the qubit Stark shift ., and de-
phasing per photon in the dashed lines in Fig.[S5] While these
show a relatively similar trend as our experimental observa-
tions, they do not match quantitatively. This is a clear sign
of the simple 4-mode model failing to capture the full system
dynamics; in contrast, the master equation model discussed in
the main text and Sec. [I|does not require knowledge about the
microscopic bath modes and provides a quantitatively accu-
rate description of the system dynamics.

Starting from the 4-mode model and employing adiabatic
elimination, we derive the whole set of the master equation pa-
rameters as plotted in Fig.[S6] which show a reasonable agree-
ment for 6, n. Based on this set of derived parameters, we
can further predict the X.q, Xqc and dephasing per photon via
the solid lines in Fig.[S3] which show a good agreement with
the 4-mode model predictions and also exhibiting relatively
similar trends as the experimental observations. As expected,
the effective 1-mode model established in this manner does
not describe the experiments quantitatively well, as Eq. (S38)
only provides an ideal model for the actual mediating bath of
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FIG. S5. 4-mode model and master equation predictions of qubit
xs and dephasing. The top panel is plotting both x4 and x4. and
the bottom panel is plotting hte dephasing rate . The points are from
experimental data and the dashed line is the prediction from the 4-
mode model. The master equation prediction, plotted as a solid line,
uses parameters derived from the 4 mode model. All prediction plots
show a reasonable trend agreement to the data but does not provide
great accuracy in all field ranges.

the cavity-qubit system.

C. Ramsey measurement protocol and analysis

Using the measurement protocol as shown in Fig. 2(A), the
full qubit Ramsey results at 30 mT and —30 mT are obtained
and shown in Fig. The cuts of £ = 200 ns is shown in
Fig. [2(B), which can be fit to a simple sinusoid to accurately
extract the amplitude and phase of the qubit coherence func-
tion (o_(t)). By comparing (o_(t)) to the reference qubit
state (0¥ (¢)) measured without cavity photons (right panels)
at the same t, we can extract the photon-induced phase shift ¢
and decoherence factor ¢ at time ¢ from: (o_)/(c%) = (e'®.
Where the measured phase shift is dominated by the term
I'sin@ of the master equation as per Eq. (I6). The deco-
herence rate is dominated by the term I'(coshn — cos f), see
Eq. (T7). We repeat this analysis for all of the delay time
cuts, and obtain the time domain values of qubit coherence
(¢), accumulated phase shift (¢) and the ratio beetween qubit
decoherence and phase shift (In(¢)/¢) of qubit Ramsey mea-
surement results for transient dynamics plots in Fig.[6]

Cavity Ramsey measurements, using the measurement pro-
tocol in Fig.[2|c), provide oscillatory data that is fit with an ex-
ponentially decayed sinusoid. The fitted oscillation frequency
thus determines the cavity frequency. Note that we do not ob-
tain the cavity decay rate based on the fit exponential decay
rate, as the y-axis of the oscillation is directly related to the
ancilla state. While this oscillation monotonically depends
on the photon number, it is not linearly proportional. The
cavity decay rate measurement follows the pulse diagram in
Fig. B{A). The cavity decay rates, i.e. cavity T} information,
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FIG. S6. 4-mode model prediction of master equation parame-
ters. The solid lines represent the master equation parameters de-
rived from the 4-mode model with adiabatic elimination, whereas
the experimentally derived parameters are plotted as dots. The 6, 7,
display a pretty good match, thus showing our understanding of the
intermediary modes with the 4-mode model gives reasonable, but not
perfect, predictive power to the master equation parameters.
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FIG. S7. Qubit Ramsey measurement results at £30 mT. We plot
the raw result of qubit Ramsey measurements, showing the qubit
state o, under different delay times as the x-axis (¢ in Fig. EKA)).
The y axis is the second qubit pulse’s rotation angle (6 in Fig.EkA)).
The upper panels depict the data taken at 30 mT while the lower pan-
els are taken at —30 mT. The left panels show evolution under cavity
photons population and right panels show just the natural qubit evo-
lution. The plot in Fig.{B) is the depicted dashed linecut at t = 200
ns.
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FIG. S8. Cavity decay rate across magnetic field. The plotted
cavity decay rates are based on the same measurement protocol and
analysis as shown in Fig. [ across varying magnetic fields.

(A) (B)
0.5 51
0.44 4

Py 2

©03 @3

[ (]

© ©

10 12 14 16
[coshn

0.0 0.2

04 06 0.8
[coshn

FIG. S9. Gaussian fits to obtain uncertainty of master equa-
tion parameters. Master equation parameter distributions utiliz-
ing a Monte Carlo simulation for the uncertainty extraction for (A)
I"coshn at —30 mT yield a fairly good Gaussian distribution; the
Gaussian fit curve (red dashed line) yields ¢ = 0.76 as its uncer-
tainty. The extraction for (B) I' cosh n at 10 mT, a noticeably asym-
metric distribution, involves the combination of two half Gaussian fit
curves for each side (red dashed line), yielding 0 = 0.03 from the
left half curve as a lower bound uncertainty and o = 0.09 from the
right half curve as a higher bound uncertainty.

are obtained and plotted in Fig.[S8 These values can then be
used, along with the other measured values, to determine the
master equation parameters as laid out in Sec.[[V D]and shown

in Fig.[3

D. Master equation parameter uncertainty estimation

The analytical expressions used to compute the master
equation parameters, Egs. (12)-(T7), lead to nonlinear prop-
agation of uncertainties from the experimental observables to
the model parameters that may incur singularities. Thus, we
perform bootstrapping with Monte Carlo simulations to ex-
tract uncertainties for each model parameter. Assuming each
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FIG. S10. Master equation parameters. The master equation
parameter values and uncertainties from measurements are plotted.
Each set of measurement data is used in a Monte Carlo simulation to
determine the associated uncertainties.

measurement output satisfies a Gaussian distribution, with the
standard deviation o of the Gaussian distribution set by the
corresponding measurement uncertainty, we perform 10° sim-
ulation runs with randomly generated input to accumulate the
output value statistics of the master equation parameters based
on Eq. (I2)-(T7). For cases shown in Fig. [S9(A), where the
master equation parameter generated fits well to a Gaussian
distribution, the standard deviation o of the Gaussian curve fit
is used as the uncertainty for this parameter. For cases where
the distribution shows asymmetry like Fig. [S9(B), where a
simple Gaussian distribution cannot provide an accurate fit,
we did separate half Gaussian fits for the left and right to ob-
tain the uncertainty of the upper and lower bounds of the pa-
rameter. The fitting result of the Gaussian center would be
the value obtained for the master equation parameter value for
each set of the measurements, as plotted in Fig.[ST0]

Due to repeated measurements at the same magnetic field
being performed, the result in Fig. [ST0] has multiple data
points. We can then average these points to get a final value
and uncertainty at a specific field. There is an intrinsic data
point uncertainty and an uncertainty associated with the distri-
bution of the data points, we combine these two contributions
in the reported uncertainty assuming they are uncorrelated.

E. Validation of the master equation predictions with
continuous wave (CW) cavity drive

In Fig.[STI] we show the complete data set for qubit Ram-
sey measurements under a continuous cavity drive, as shown
in main text Fig.[5] We include the theory prediction and ex-

35 mT
30 mT
20mT

10 mT

10 { —o—e—er®~o—o 10
—e—o—c5o8—a—o—

Stark Shift (MHz)
KB
wv
3
_|
Dephasing (MHz)

-25 mT
-30

-34mT _4 :
-35mT
-40 mT
0-—‘=—°éé o~ 0-
25 00 25 25 00 25

Drive detuning Ay (MHZz) Drive detuning Ay (MHZz)
FIG. S11. Complete data set for parameter-free verification of the
master equation model with continuous cavity drive. Theory pre-
diction (solid lines) and experimental result (dots) of qubit Ramsey
measurement under a continuous cavity drive are plotted, as shown
in main text Fig.[5] The left panel depicts the qubit Stark shift and
right panel the dephasing rate, both across magnetic field. Note that
the theory predictions contains no free parameters and show good
agreement to the experimental data.

perimental results for all of the fields, to highlight their agree-
ment and thus provide more support for the parameter-free
verification of the master equation model.

3. EXPERIMENTAL RESULTS ON DEVICE B

In addition to the results shown in the main text, we per-
formed a set of measurements on a slightly different device,
which we will refer to as Device B. This device has similar
cavity parameters and different qubit parameters, the main dif-
ference being the much smaller dispersive shift xo between
the qubit we are interested in and the broadband cavity that is
housing it. The whole set of qubit and cavity parameters for
both devices are shown in Table [ST]

We observe the nonreciprocal frequency shift from Device
B, as shown in Fig. [SI2] We then repeat the procedure of
master equation parameter extraction on this setup, and plot
the results in Fig. [ST3] to provide further verification for the
master equation (2). There is a discrepancy from the predic-
tion that x is symmetric based on theory as it appears to have
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FIG. S12. Nonreciprocal frequency shift and dephasing data for
Device B. The upper panel plots measured x.q and X4 under dif-
ferent external magnetic fields, showing variable nonreciprocity be-
tween the cavity and the qubit. The X is near-symmetric across the
external field and the x.q is asymmetric. The lower panel shows the
qubit dephasing rate under different external magnetic fields.

frequency 8.305 GHz
anharmonicity 492 MHz
qubit Ty 12.7 ps
T 5.5 us Xo/2m 0.7 MHz
T5 Echo 10.1 pus
. frequency 10.812 GHz
butfercavity  y; cwidth > 5 MHz
cavit frequency 10.814 GHz
Vi linewidth 1.5 - 2.0 MHz
frequency 9.173GHz
anharmonicity 272 MHz Xa/2m 1.1 MHz
ancilla Ty 0.6 us
T 0.8 us
T3 Echo 0.8 us

TABLE S1. Experimental parameters for the Device B measure-
ments.

a degree of asymmetry in our measurement results. We be-
lieve this could be explained by the higher frequency modes
that exist in the cavity and can be excited by the cavity drive
as well. These modes are coupled to the complex interme-
diary modes that dephase and Stark shift the qubit. We be-
lieve those effects induced by the high frequency modes are
symmetric with respect to different external fields. At neg-

ative fields, the dephasing and Stark shift effects from our
aimed cavity is large, making this extra contribution negli-
gible. However, at positive fields, such contribution from the
higher frequency modes could become dominant. This would
result in an overestimation of I' cosh i that depends on qubit
dephasing measurements, and an over- or underestimation of
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FIG. S13. Master equation parameters extracted for Device B.
The extracted master equation parameter values and uncertainties for
setup 2 are plotted utilizing the same Monte Carlo simulation method
as the first set of experiments.

the absolute value of the nonreciprocal frequency shift I sin 6,
which depends on the difference of x . and x.q. The net ef-
fect amounts to a mischaracterization of I" at negative exter-
nal fields, which in turn leads to a discrepancy in the extracted
value of k (see Eq. (]E])). We believe both the deviation of
measured  (in both setups) from the symmetric field depen-
dence as predicted by theory, as well as the unphysical val-
ues of k extracted for Device B, could be attributed from the
aforementioned effect.

With the fully extracted model, we theoretically compute
the qubit Stark shift and dephasing rate under continuous cav-
ity drive and compare them to experimental results. Inter-
estingly, the master equation still produces relatively reason-
able predictions, even though « can now take unphysical val-
ues. Moreover, as Fig. @ shows, the theoretical lineshapes
of qubit frequency shift and dephasing exhibit a nontrivial
asymmetry with respect to drive detunings, which matches the
asymmetry observed in experimental results. This is reason-
able as what controls the cavity decay is the sum, x + I'e=,
which depends on qubit state but in principle does not require
precise knowledge of x on its own.
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FIG. S14. Complete data set of Device B for parameter-free ver-
ification of the master equation model with continuous cavity
drive. The theory predictions (solid lines) and experimental results
(dots) of the Device B qubit Ramsey measurement under a continu-
ous cavity drive are plotted(see main text Sec.[[[D]for discussion on
experimental protocol and analysis used). Note that the theory pre-
dictions contain no free parameters and show good agreement with
the experimental data for field traces at lower fields, i.e. within 30
mT.
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