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ABSTRACT

A fundamental problem in computer simulation of systems of biophysical interest is the
separation of timescales. This refers to the fact that stable integration of the equations
that describe molecular motion requires timesteps on the order of the fastest motion, on
the order of a few femtoseconds, while events of interest, such as ligand binding, protein
conformational rearrangements, etc. take place on timescales of milliseconds or more. Since
even the fastest computers can barely reach the millisecond timescale by brute force, a naive
computation of most ‘textbook’ quantities of interest such as on and off rates for ligands or
free energy differences fail due to sampling error. The main focus of this dissertation is to
develop novel computational methods to attack the rare-event problem and compute such
quantities and more.

Our approach throughout is general: for each of the methods, we attempt to make as
few assumptions on the underlying dynamics beyond Markovianity, while at the same time
attempting to compute as broad a class of statistics as possible. To this end, our main
tool is unbiased short trajectories. We generate a swarm of unbiased, short trajectories,
each of which may be run in parallel, and then develop algorithms to recombine these short
trajectories to compute our kinetic statistics of interest. We begin with a simple linear basis
expansion method known as the dynamical Galerkin approximation. We reformulate the
method to account for finite lag times and also develop new estimators for the reaction rate
and reactive current. Next, we introduce two machine learning based alternatives to the
DGA method. These use the universal function approximation properties of certain neural
networks to overcome limitations in the basis set construction required for DGA. Finally,
we combine our short trajectory methods with the weighted ensemble path sampling scheme
to develop a rapidly converging algorithm for computing arbitrary stationary distributions
for Markov processes. We illustrate our methods on well-characterized low-dimensional test
systems, as well as models of both subseasonal weather and protein folding.
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CHAPTER 1
INTRODUCTION

Molecular dynamics (MD) simulations enable atomic-resolution investigation of complex
processes. These investigations are often carried out by direct simulation: the equations
of motion are numerically integrated forward in time to generate trajectories (times series
of atomic positions and, as needed, momenta) for as long as possible given available com-
putational resources. Since most events of interest occur on timescales longer than those
accessible by direct simulation, many enhanced sampling schemes have been developed to
allow more extensive interrogation of an event of interest without sacrificing model fidelity.

The simplest and oldest class of methods restrict themselves to computing only equilib-
rium statistics. That is, they assume that the system obeys detailed balance, and typically
that the equilibrium distribution is the Boltzmann distribution, and then the algorithm uses
those assumptions to sample the configurational integral. There are a number of examples,
but the two most prevalent are umbrella sampling and metadynamics [6, 7|. In umbrella sam-
pling, one samples a large number of restricted distributions. These restricted distributions
are formed by adding a series of harmonic restraints along the coordinates which resolve the
slowest motions of the dynamics, such that the timescale problem is avoided in each restricted
distribution and the sampling is efficient. Then, the data from each restricted distribution is
combined using a number of different methods such as WHAM or MBAR [8, 7, 9]. Another
common choice is metadynamics [6]. Metadynamics adds a positive Gaussian bias term at
the states that the molecule has visited. This fills up metastable basins, and rapidly pushes
the system to explore more basins. Both metadynamics and umbrella sampling are useful
for computing free energies and some other equilibrium statistics. They are not able to com-
pute any kinetic statistics however. To compute kinetic statistics (or equilibrium statistics
for irreversible systems), several alternative approaches have been proposed. Here we will

discuss transition path theory, path sampling, and Markov state modeling.
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Transition path theory is a means of analyzing rare events by considering quantities
which only depend on the current configuration. We begin with any Markov process X t,
with stationary distribution 7(dz) and two disjoint states A and B, and define D = (AUB)".
In the molecular setting, the sets A and B could correspond to folded and unfolded states
of a protein, for example. Define the forward stopping time 77 (£) = min{s > t : X* ¢ D}
and the backward stopping time 7 (¢) = min{s > ¢ : X~ ° ¢ D}. For any infinite trajectory
{X t}fi_oo, the reactive ensemble is the set of configurations X' for which X T ® ¢ A and
xT'0 ¢,

The basic idea of TPT is to compute expectations over the reactive path ensemble by
decomposing the reaction into a forward and backward fragment. Thus, the reactive density
is

PIX =2, x7 W e 4 xT 0 e gl = px! =2 P,[xT D e AP, [x” VD ep, 11)

X
where the probability can be factorized since the future and past are independent by Marko-
vianity. The latter two conditional probabilities are functions of # which define the backward
and forward committor probabilities respectively. The reactive density can therefore be writ-

ten succinctly as

pap(r) =7(2)q (2)q" (x) (1.2)

Therefore, if the forward and backward committor probabilities can be calculated and ex-
pectations against the stationary distribution can be calculated, then one can compute ex-
pectations against the reactive density.

Another important quantity is the reactive flux from A to B. This quantity is the average
number of reactive trajectories from A to B per unit time. To write down a formula for this

which will prove useful later, consider a set S such that A C S and BN S = @. Then the



reactive flux is given by:

Rap= lim o [ w(o)g (o) El(15(XOLge(X") ~ 1 (X) 15X ") (X"} (13)
dt—0" dt

This formula counts the net number of trajectories that cross the boundary of S and weights
the starting point by the probability of last coming from A, wq , and the end by the prob-
ability of proceeding to B next, qJr (X dt). Finally, another important object is the reactive
current. We define this current to be the mean velocity of reactive trajectories at each point.

Written out using a central difference, this is:

Tap() = T o Bl (X7 O (7 (0 (X ) (X — )+ (X )

dt—0 (1.4)

= tim oz Bl (XX - X0t (TG - )+ s ) (1)
dt—o™+ 2at

Transition path theory (TPT) is an extremely useful theoretical framework, but its utility has
thus far been limited by the difficulty of computing the ingredients in the above reactive flux
and current formulae. In the last decades, several methods have been developed to compute
the committor probabilities and the stationary distribution needed for TPT analysis. We
will introduce the two main ones that we build upon in this work, splitting methods and
Markov state models.

Splitting methods are a common way to compute the stationary distributions and back-
ward committors that TPT needs. Such methods work by branching and pruning a collection
of simultaneously evolving trajectories to promote progress in a small number of order pa-
rameters (or collective variables, CVs) [10, 11, 12, 13, 14, 15]. A well-designed splitting
and killing method will ensure that adequate sampling is maintained along each free energy
barrier. An important example is the cloning method [16, 17|. In this method, copies of

the system are split and killed according to the value of a history-dependent observable A,



commonly the nonequilibrium work or entropy production. The splitting and killing is done
in such at way that the large deviation rate function may be computed. The large deviation
theory quantities may then be used to study a variety of phenomena such as active matter,
chemical reaction networks, or driven systems, to name a few applications. [18, 19]. While
our contributions in this work may be used to refine cloning and other related algorithms,
we will focus mainly on computing stationary distributions.

One of the most important examples of splitting and killing methods is the weighted
ensemble (WE) of Huber and Kim [20]. The weighted ensemble approach proceeds by al-
ternating between evolution and splitting/killing steps. In the evolution step, trajectories
are evolved until they exit a certain pre-defined region of a CV space, known as a bin or
stratum. The splitting and killing step then duplicates and kills the endpoints of the evolved
trajectories in such a way that a fixed number of new points are sampled in each bin. The
weights of each bin are then updated in such a way that unbiased kinetic statistics may
be computed. This approach is often successful at reducing variance in estimation of very
general kinetic statistics relative to brute force simulation, and has been shown to be asymp-
totically unbiased [13]. A drawback, however, is that the removal of initialization bias in
WE and other splitting and killing methods can be extremely slow. This is a drawback we
will address in Chapters 5 and 6.

A third approach to the rare event problem is Markov State Modelling (MSM). The basic
idea of the MSM approach is to coarse-grain the system into a small number, on the order
of 100-1000 microstates. Trajectory data is then used to estimate the transition matrix for
these coarse-grained states. The transition probabilities which need to be estimated are of

the form

(x")], (1.6)

where 1, is indicator function that is 1 if X is in the microstate ¢. The coarse-grained

transition matrix is small enough to be handled with standard numerical linear algebra
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techniques. The MSM approach has been developed from extensive literature from the
last decade that shows that the eigenvalues and eigenvectors of the transition operator for
the full dynamics can be approximated from the eigenvalues and vectors of the coarse-
grained matrix, subject to a Markov assumption on the dynamics of the coarse-grained states
[21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34|. In particular, when the distribution
1 is the stationary distribution for the dynamics, the MSM approach can compute certain
unbiased kinetic statistics. It is often impossible to estimate the correlation functions (1.6)
with p chosen as that stationary distribution, however.

MSMs and other related spectral estimation methods aim to characterize the slowest
dynamical features of the system (e.g., transitions between metastable states) as eigenvectors
corresponding to the largest eigenvalues of the transition operator. When the goal is to
study a particular event of interest, the indirect relationship between the eigenvectors of the
transition operator and the specific event of interest is a weakness of the spectral estimation
approach. Indeed, for many complex systems the true slowest dynamical features of the
system are too slow to be of any physical interest.

The MSM approach has recently been shown to have a natural modification that allows
a similar construction to approximately solve for the TPT quantities introduced above [35,
36]. This extension to the MSM approach allows one to approximate all of the necessary
ingredients of the TPT reactive current and rate formulae. The main contribution of this
work will be to introduce a number of methods to solve for the main ingredients in the formula
(1.5), namely the stationary distribution, backward committor, and forward committor.
Our approach in Chapters 2, 3, and 4 will be to use short, unbiased trajectories as data
to solve the Feynman-Kac equation. In Chapter 2, we will introduce the Feynman-Kac
equation and present a linear method for solving it. This method will refine and clarify
the previously introduced DGA method [35]. We will then illustrate the linear method

on the trp-cage miniprotein. In Chapters 3 and 4, we will introduce two machine-learning



based approximations to the Feynman-Kac equation. The first will minimize the squared
residual of the Feynman-Kac equation, and the second is an inexact subspace iteration.
Our subspace iteration will be illustrated on the AIBq peptide left-to-right handed helix
transition. In Chapter 5, we will introduce a new short-trajectory accelerated variant of the
weighted ensemble sampler which we will use to compute the stationary distribution 7, as
well as the backward committor. The main novel contribution of Chapter 5 is that we will
show how any short-trajectory based approrimation to the stationary distribution may be
inserted into the WE algorithm to yield an unbiased sample of the stationary distribution
without approximation. Finally, in Chapter 6 we will apply this accelerated WE sampler to

a protein folding problem.



CHAPTER 2
LINEAR METHODS AND APPLICATION TO THE TRP CAGE
MINIPROTEIN

2.1 Introduction

In the original work introducing the DGA method, [35], Thiede et. al. compared diffusion
map [37] and indicator basis sets for predicting mean first-passage times and committors for
the Miiller-Brown model [2] and the folding of the protein Fip35 using six long equilibrium
trajectories from D. E. Shaw Research [38]. Because there were only a few folding events
within those trajectories, it was difficult to assess the performance of the method. One goal
of the present study is to generate a protein folding data set that enables robust application
of the approach and to compare different basis sets and estimators systematically. To this
end, we study the trp-cage miniprotein, a 20-residue fast-folding artificial sequence (asn-leu-
tyr-ile-glu-trp-leu-lys-asp-gly-gly-pro-ser-ser-gly-arg-pro-pro-pro-ser) that has been studied
extensively both experimentally and computationally [39, 1, 40, 41, 42, 43, 44|. In solution
at 298 K, the protein folds on a 4 us timescale and unfolds on a 12 us timescale [39], which
makes these processes difficult but not impossible to simulate directly. In particular, D. E.
Shaw Research produced a 208 us equilibrium simulation of the K8A mutant of trp-cage
using the Anton supercomputer with the CHARMM 22* force field [42]. Although, like the
Fip35 data, this trajectory contains relatively few folding events, it has been the subject
of previous MSM [43] and variational approach for Markov processes (VAMP) studies [44].
These earlier studies serve as valuable points of comparison and enable us to identify CVs
that provide good control over sampling. Though DGA does not depend directly on any
choice of CV, its performance is strongly affected by the quality of the data set of sampled
trajectories. We use our chosen set of CVs together with enhanced sampling methods to

generate a new data set comprised of many short trajectories that are distributed evenly
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throughout the CV space.

In this chapter, we reformulate DGA in terms of the transition operator of the underlying
Markov process. This has two primary advantages relative to our previous formulation in
terms of the generator of the process [35]. First, it clarifies the role of lag time in DGA
estimates, showing that correctly constructed estimators should have no dependence on lag
time in the infinite-basis, infinite-sampling limit. Second, the formulation in terms of the
transition operator leads directly to estimators that correctly account for boundary condi-
tions by stopping underlying trajectories appropriately. Using our improved DGA estimators
we introduce new estimators for TPT reaction rates and reactive currents. To make compu-
tation of the reactive current tractable and the result readily interpretable, we introduce a
projection formula for the reactive current onto a CV space which allows us to assign relative
weights to transition paths in arbitrary CV spaces. We also introduce a new procedure for
constructing a basis set from arbitrary molecular features (here, primarily pairwise distances
between C, atoms, though we also explore CVs with delay embedding) and compare it with
two basis sets that are used widely in the MSM literature: indicator functions on molecular
features and indicator functions on time-lagged independent component analysis (TICA) co-
ordinates [45, 46, 47]. We show that our DGA estimators with selected basis sets can robustly
yield remarkably good agreement with published results for committors and pathways, even
though the total simulation time of our trp-cage data set is only 30 us, with a maximum
trajectory length of 30 ns. The projection of the reactive currents on CVs facilitates both
visualization and quantification of information about pathways, enabling immediate identi-
fication of the defining properties of transition states. This makes our approach an efficient

one for exploring mechanisms.



2.2 Long time phenomena from short trajectory data

In this section, we introduce key dynamical statistics and explain how they can be defined
in terms of an evolution operator (Section 2.2.1). An emphasis on forms that lead directly
to practical and accurate numerical estimators causes several departures from the standard
presentation of this material. We present our approach for solving the operator equations nu-
merically by Galerkin (basis expansion) approximation [35] (Section 2.2.2), and distinguish
forward-in-time statistics (Section 2.2.2) from backward-in-time statistics involving the ad-
joint of the evolution operator (Section 2.2.2); this is followed by a discussion of basis sets
(Section 2.2.2) and an approach for constructing an approximately Markovian process when
the molecular representation does not adequately capture the dynamics (delay embedding,
Section 2.2.2). Finally, guided by TPT, we combine the dynamical statistics estimated by

DGA to yield approximations of reaction rates and currents. (Section 2.2.3).

2.2.1 The transition operator and Feynman-Kac representation

The dynamics of a Markov process X (¢) can be encoded in its associated transition operator,
Tt, which specifies the evolution of the expectation of a function f over some interval of time
t>0:

T'f(@) =B [ f(x") | x° = a]. (2.1)

The time index ¢ can be continuous or discrete. The transition operator (also known as the
Koopman operator), and in particular its eigenvectors and eigenvalues, are the key quantities
in well-established methods for discovering slowly decorrelating features of a Markov process
[48]. The transition operator is also central to the DGA approach [35]. However, in DGA,
instead of estimating the spectrum of the transition operator, the goal is to solve linear
equations representing certain conditional expectations.

In ref. 35, we presented DGA in terms of the generator which, for a continuous time

9



process is defined by the limit:

t
£f(x) = lim T fz) — f(z)

t—0 t

(2.2)

For a discrete time process the limit is removed and ¢ in (2.2) is replaced by the unit of a
single time step. A presentation in terms of the generator has the advantage that it results
in very concise equations for quantities of interest. For example, consider the (forward)
committor, ¢, (z), which is the probability of entering a product state B before a reactant

state A starting from = ¢ AU B:
+
¢, (x) =PXT O e Bx° =4, (2.3)

where 71 (0) = min{t > 0 : xX'e AU B} is the time of first entrance into AU B. For z € A,

¢, (x) =0, and, for # € B, ¢, (r) = 1. The committor satisfies the Feynman-Kac relation

1, »r€eB
Lq,(z)=0 for x¢ AUB, q () =1p(z) = for x€¢ AUB (24)

0, ¢ B

(see Egs. (18) and (19) of ref. 35).

In this article we choose to work directly with the transition operator instead of the
generator because it facilitates the implementation of numerical formulas. It also greatly
simplifies our description of TPT and clarifies the relationship between DGA and the well-
established VAC approach to approximating spectral properties of the transition operator
(see ref. 48). In the case of the committor, we integrate (2.4) until a chosen time 7 to obtain

the equivalent form of the Feynman-Kac relation,
S q (z) —q (x) =0 for ¢ AUB, q (r) =1pg(x) for v € AUB. (2.5)

10



In this expression we have introduced the notation S! for the transition operator of the

*(0)

stopped process X , L.e.,

St f) = | FxtT Oy x0 — 4 (2.6)

Here and below ¢ A T (0) = min{t, 77 (0)}, indicating that the evolution process does not
proceed beyond escape.

For a more general domain D and T+(s) = min{t > s : X' ¢ D}, the conditional

expectation
u(@) = E |w(xT ) _ /OT+(O) D(Xh)dt ‘ x0 = x] for €D (2.7)
solves the equation
ST u(z) — u(z) = /O ’ S'T(z)dt for z €D,  u(x)=V(z) for = ¢ D. (2.8)

To obtain (2.5) for the committor, choose D = (AU B)®, ¥ =1, and ' = 0. In (2.7) and
(4.5) we assume for simplicity that I'(z) = 0 for # ¢ D. For a discrete-time process the time
integral in these expressions should be interpreted as a sum.

Crucially, (4.5) holds for any choice of 7 > 0 including relatively small values. For very
large values of 7, (4.5) converges to (2.7). However, in most cases of interest, the escape
time T+(O) is very large, making estimation of w in (2.7) by direct simulation of sample
trajectories of X t prohibitively expensive. In the context of DGA, the significance of (4.5)
is that it expresses u in terms of an expectation over short trajectories. The catch is that

(4.5) must be “inverted” to solve for .
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2.2.2  Dynamical Galerkin Approzimation (DGA)

We now describe a Galerkin approach to approximating conditional expectations from short
trajectory data. We first introduce a “guess” function v that satisfies the boundary conditions

(i.e., ¥(z) = ¥(z) for x ¢ D). Our approximation has the form
u(w) = () + ) oj(x)v;, (29)
j=1

where {¢;(2)} is a set of n basis functions satisfying ¢;(z) = 0 for z ¢ D, and v is a vector

of n coefficients.

Forward-in-time predictions

We begin by approximating predictions of quantities forward-in-time as in (2.7) by expanding
the solution u of (4.5) at a particular user chosen value of 7 called the lag time. While the
solution w itself is independent of 7 in (4.5), the quality of our approximation of u with a
finite basis may depend on the choice of lag time (even in the absence of sampling error). A
similar phenomenon has recently been explained in detail in the context of the VAC algorithm
[48]. Substituting (2.9) into (4.5), multiplying by ¢; and integrating over the distribution of
sampled points y to form the inner product (f,g), = [ f(z)g(x)u(dz), we obtain the linear
system of equations:

(€7 = =17, (2.10)

with matrices C° € R™" for s = 0, 7,

G = (618" 9j)u (2.11)

12



and vector 7 € R",

r. = <¢i,¢(:c) —ST¢(x)+/TStF(m)dt>u. (2.12)

0

Given (4.39) and (2.12), (2.10) can be readily solved for v by standard methods of linear
algebra.

In models that represent molecules with high fidelity, (4.39) and (2.12) cannot be eval-
uated directly because a closed form of 8™ is not known. DGA overcomes this issue by
approximating the action of the transition operator using short molecular dynamics trajec-
tories: if X is a sample drawn from p and {Xt}l;o is a trajectory segment of length 7

starting from XY, then we can estimate C’fj (for s =0,7) and r] as

s 1 < 0 sAT,(0)
iy~ 57 D 0iXm)e; (X ™) (2.13)
m=1
1 M N (T/\T:;)—l
a3 o) [ e — v O A ST ned (2.14)
m=1 p=0

where m indexes trajectory segments, A is the sampling interval. To avoid overhead, it
is advantageous to generate trajectories much longer than 7 (but still much shorter than
typical values of T+) and use a rolling window to generate short trajectories of length 7. We
further note that in practice configurations are not saved at every molecular dynamics step.
This limits the resolution of both the lag time and the stopping time, which we take to be

the time of the first saved configuration outside the domain D.

Adjoints, the steady state, and backward-in-time predictions

13



To compute many important quantities we need not only to solve equations involving the

I

p in the p-weighted inner

transition operator but also equations involving its adjoint (Tt)

product, which by definition satisfies

/ @) T g(w) p(de) = / g(2)(TH] 1 () plda). (2.15)

One such equation is for the change of measure w = dr/dyu, which can be used to reweight

from the sampling distribution p to the stationary distribution 7:

/ f(a)r(dz) = / f(@yw(x)u(dz), (2.16)

assuming p and w are normalized such that [w(z)u(dz) = 1. Owing to the time transla-
tional invariance of averages over the stationary distribution 7, (2.15), and (2.16), the change

of measure satisfies the equation

(T w(z) — w(z) = 0. (2.17)

(2.17) can be solved analogously to (4.5), but, in this case, there are no boundary conditions.

The introduction of a basis leads to a linear system of equations of the form
€™ —cNTv =0, (2.18)

with C® (for s = 0,7) differing from C only in the choice of basis (which is no longer
restricted to D) and the use of 7° in place of S*; T denotes the transpose. We note that

by including ¢;(z) = 1 in the basis we can guarantee that the equation for v has a solution.
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Given an approximate w, (2.16) can be computed as

M
0 0
[ Hantdn) = 3 ro)u ), (219
j=1
with the weights normalized such that
M
S w(xg) =1. (2.20)
j=1

That the change of measure can be estimated from short nonequilibrium trajectory data was
previously observed in ref. 29.
Another important quantity expressible in terms of an equation involving an adjoint of

the transition operator is the backwards committor

¢ (2)=P|xXT O ca|x=z|, T7(s)=max{t<s: X' € AUB}, (2.21)

for x ¢ AU B, where X t, t < 0 is the steady-state backward-in-time process governed by
the transition operator

T f(2) = (THL (@) = ——(TH][ful(@) (2.22)

w(x)

(the last equality can be verified using (2.15)). The backward committor is the probability
that a trajectory currently at position x last came from the reactant state A rather than the

product state B. It satisfies the Feynman-Kac relation
S Tq () —q (v)=0 for ¢ AUB, q_(x) =1y(x) for x € AUB. (2.23)
Consistent with our definition of S° above, § ~!is the transition operator for the steady-state

backward-in-time process stopped upon first entrance in A U B.
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To expand and approximate ¢_ according to the DGA recipe described above, we need
to estimate p-weighted inner products involving S7'. To that end we note that, as long as

g=0on AU B,

<g’S_t f>u N /]E

We provide a derivation of (2.24) in Appendix 2.6.1. Just as for the forward committor,

FxT O 9(x) ‘XO - x] w(z)p(dz) (2.24)

we expect that use of a sampling measure p with high resolution in transition regions will
lead to higher approximation accuracy (i.e., better ability of a finite basis to capture the
dynamics). However, in our experience the factor of w_l(X ") in (2.24) leads to significant
sampling errors for larger values of t. For our backward committor calculation we therefore

weight inner products by 7, using the formula

st - [

(2.25) allows inner products involving S "o be computed using forward trajectories of X

x0 = x} w(z)p(dr). (2.25)

initiated according to u, i.e., exactly the same ingredients required to make forward-in-time
predictions by DGA.

Following our procedure for forward quantities outlined in Section 2.2.2; given a guess
function v satisfying v» =1 on A and ¥ = 0 on B and basis functions ?; that are zero on

AU B, we can build an approximation
n
g () = (@) + )o@, (2.26)
j=1

by solving
CT—C=rT" (2.27)
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with

i7" = (6187 ¢;) = / E [@(XT_“))@(XT) X0 = ] w(z)u(dr)  (2.28)
and
7“2'_7 = (¢, V) — <¢i, 5_T¢>7T
=[] (s = o™ D)) )| X =] wiwuia) 29

where the second equality in each display follows from (2.25).

Along with the forward committor ¢, and the stationary change of measure w, the
backward committor is a key ingredient of TPT. In Section 2.2.3 we describe how DGA
estimates of these quantities can be combined with TPT to reveal key properties of steady-
state transition paths from the reactant state A to the product state B. However, before
that, we complete our presentation of DGA with a discussion of molecular representations
and basis sets, with emphasis on those that we employ in the present study to analyze

trp-cage miniprotein unfolding and folding.

Basis functions

A key determinant of the performance of DGA is the choice of basis set. Constructing a
basis set that respects the boundary conditions of the problem and captures the dynamics
with relatively few functions requires care. Here we discuss how we generated the basis sets
that we compare later in our numerical experiments, and explain why we chose them over
alternatives.

In addition to the choice of functions, there is also a choice of molecular representa-
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tion (i.e., the features that serve as inputs to the functions). Although molecular dynamics
trajectories are generally recorded as sequences of Cartesian coordinates, the inputs to the
basis functions are generally internal coordinates. This removes the effects of trivial trans-
lations and rotations, and it can improve the statistics. The internal coordinates that we
use are pairwise distances between all C, atoms, except those pairs which are less than
three sequence positions apart; for trp-cage, there are 153 such distances. In other words,
the process X () to which we apply DGA (and TPT) is the length 153 vector of pairwise
distance values. In our tests we found that including additional features, such as backbone
dihedral angles, did not improve performance. We assume that the reactant state A and
product state B of interest can be characterized in terms of these variables. We construct
basis functions of these variables that satisfy the homogeneous boundary condition on the
domain D = (AU B)“.

In this work, we compare three choices of basis set: indicator functions on the pairwise
distances, indicator functions constructed on the top 10 TICA coordinates|45, 46, 47| com-
puted from the pairwise distances at a lag time of 0.5 ns, and smooth functions of pairwise
distances that satisfy the boundary conditions. We refer to these henceforth as the distance
indicator, TICA indicator, and modified distance basis sets. We constructed the distance

indicator and TICA indicator basis sets and their guess functions as follows:

1. For the distance indicator basis set, we constructed 200 indicator functions by mini-
batch k-means clustering as implemented in PYEMMA on the values of the 153 pair-
wise distances. For the TICA indicator basis set, the clustering was performed on the

top 10 TICA coordinates constructed on the pairwise distances.

2. We retained all resulting indicator functions with non-zero regions fully contained in
(AU B)° as the basis set. We split any indicator functions with non-zero regions
overlapping with A or B, and we redefined them to be non-zero only in the portions in

(AUB)C. For the change of measure calculations, boundary conditions are not present,
18



so we used all indicator functions unmodified.

3. For the forward committor calculation we took the the guess function to be i(z) =

1p(x). For the backward committor calculation we took the guess function to be
() = Ty(z).

With an indicator basis, the DGA and MSM estimator (with appropriate state definitions) of
the forward committor ¢, and change of measure w become similar [35]. We note however
that the DGA (as formulated here) and MSM approaches diverge both in DGA’s use of
stopped trajectories and in the way ¢, and w (and g_) are used to estimate TPT quantities
as described in Section 2.2.3.

We constructed the distance basis set and its guess function as follows:

1. We computed d4 and dp as the distance in feature space (i.e. in 153-dimensional

Euclidean space) to the sampled points in states A and B, respectively.

2. We set h(z) =dydg/(dg +d B)Q, which obeys the homogeneous boundary conditions

by construction.

3. We computed basis functions obeying the boundary conditions by multiplying each
coordinate of the pairwise distance vector x by h(z): ¢;(z) = x; h(x). For the change
of measure calculation, we use ¢; = z; and add the constant function into the set of

chosen features.

4. To remove any linear dependencies introduced by enforcing the boundary conditions,
and to ensure numerical stability, we orthogonalized the basis set ¢; with respect to

the sampling measure (up to sampling error) using a singular value decomposition.

5. For the forward committor calculation we took the guess function to be ¥(z) =
d% [(dyq+d B)Q. For the backward committor calculation we took the guess function

to be ¢(x) = d4/(dy + dg)*.
19



Although here we use the backbone pairwise distances, we note that this construction proce-
dure could be used to generate basis sets obeying the homogeneous boundary conditions for
a choice of variables other than the pairwise distances such as dihedral angles, radial basis
functions, or soft indicator functions.

The indicator and TICA basis sets are the most widely used in the MSM literature.
Various alternatives have been proposed specifically in the context of spectral estimation
[49, 50, 51, 52|. In our previous work [35], we considered a basis set based on diffusion maps
[37]. Due to the size of our trp-cage data set (~106 datapoints), the O(Ng) scaling of the ma-
trix diagonalization associated with the diffusion map proved prohibitively computationally

costly without subsampling and out of sample extension.

Delay Embedding

Application of DGA as described so far assumes that the underlying process X tis Markovian;
the conditional expectations that DGA seeks to approximate are not fully defined if X tis
not Markovian. Yet, in the previous section we described an approach to building a basis set
for DGA consisting of functions of only a subset of the full collection of variables (selected
pairwise distances). Though the dynamics of this subset are not strictly Markovian, in
Section 2.4 we show that, at least in the specific context of the trp-cage system, the remaining
degrees of freedom relax sufficiently fast that DGA yields accurate results.

However, in some circumstances, one may only have access to a small number of variables
that are insufficient to specify the dynamics. This situation is typical when the data are from
an experiment. In this case, we can construct a more expressive representation of the system
from time-lagged images, i.e., if X " is not itself Markovian we can instead apply DGA to the

augmented process Xt = (Xt_Ma,Xt_(M_l)é, . ,Xt) [35]. For large enough M one can
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expect X to be nearly Markovian. State space augmentation was also used in the history-
augmented MSM (haMSM) approach of ref. 53 to obtain accurate MEPT estimates at all lag
times. Our approach differs in that we construction our basis on the delay embedded space,
whereas in the haMSM approach the transition probabilities are conditioned on visiting
multiple clusters in sequence. In principle, one can explicitly include memory as defined by
the Mori-Zwanzig formalism [54], though our delay-embedding approach is computationally
more straightforward because it does not require choosing a form for the memory kernel and
then estimating it from data, both of which are quite challenging [55, 56].

In Section 2.4.5, we show that delay embedding can significantly improve DGA estimates
when a small number of CVs is used to characterize molecular configurations. Writing the
values of the CVs at time t as the vector X t, we construct the delay embedded process X ¢
We then construct a basis set following the recipe in Section 2.2.2 for the modified distance
basis, but replacing X with X. We then extend other functions f of the CV space to the
delay-embedded space by f(X t) = f(X t=M/ 2J5). This allows us to extend the states A and
B (which can both be defined in terms of the CVs) as well as the functions a and b in (2.7).

We then apply DGA as outlined above directly on the delay-embedded space.

2.2.3 Reaction rates and currents

Estimates of rates from simulations are frequently of interest because they can be compared
directly with experimental measurements, and they can provide indirect information about
mechanisms. TPT in principle provides not just rate estimates but reactive currents or
fluxes, which provide direct information about mechanisms. However, previous calculations
of reactive current have been limited to toy models and depictions of the reactive flux between
metastable states can been difficult to interpret. Working within the TPT framework and
building upon DGA approximations of w, ¢, , and ¢_, in this section we introduce robust

estimates of the reaction rate and of an easily interpretable projection of the reactive current

21



onto CVs (as opposed to over the network of metastable states).
There are various expressions for the rate in TPT. One approach is based on the rate
at which trajectories transition from A to B, R4p. If U is any set for which A C U and

B C U° then, for a continuous time process,

fap = %L“%% (1) T Mye 04)(@) = Lye (@) Ty a,](2)) 4 (2)(dz)

1

= lim = [ (1(@)7'e; (@) = Ty ¢,)(x)) a_()m(do). (2.30)

where the second line is obtained by noting that 1,c(x) = 1 —1;(x). Here and below, for a
discrete time process the limit is removed and t is replaced by the unit of a single time step.

Expression (2.30) simply counts trajectories with forward crossings of the surface dividing
U and U®, weighted by their probabilities that they start in A and end in B. Consequently,
when using this formula to estimate rates from data, only those trajectories that cross the
surface dividing U and U® contribute. Because these trajectories are generally a small
fraction of the data, this results in relatively large variances in estimates. We can obtain
considerably better estimates by considering the isocommittor surfaces: U(z) = {z : ¢, (z) <
z, x € D} for z € (0,1), and noting that R 4p is independent of z. Integrating (2.30) with
respect to z[57|, then exchanging integrals over z with applications of 7! and noting that

fol Lo, (¢4 (x))dz=1—q,(z), we find that

Ryp = lim 1//01 { L. (41 (@) T'qy (2) = T [(H H[O,Z]m)} (x)}dz q_(z)r(dz)

t—0 ¢
=i+ [ {11 0 @70 @) = Ty - 0] @) o @)r(an
= tim = [ (T )~ 0 )T 04 () a_ (@), (2:31)

where we have made use of the fact that the integral of the Heaviside function (which enters

through the indicator functions) is the ramp function. This expression for R 4 g immediately
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suggests the estimator:

1 AT AT, 0 0 0
Rap~ 1 S0 00 [0 () - g 60| e Dkl ea2)
)

for some small choice of t. Note the use of stopped trajectories in (2.32). For very small
values of ¢ the inclusion of the stopping time T has no impact. However, in our numerical
experiments we find that use of stopped trajectories improves the accuracy of (2.32) and, in
particular, (2.36) below, for most choices of t. Given an estimate of R 4p, the rate constant
is

Rap
k = . 2.33
AP s (XD w(xD) (2:3)

The denominator in 2.33 is the mean of the backward committor, which is the fraction of

time the system spends having last visited state A.

We can also use simulations to understand how reactive trajectories flow through a CV
space. One way to do this is to partition the space into discrete states and then estimate
the reactive fluxes between pairs of states [58]. However, the resulting directed graph can be
complicated and difficult to interpret. When the sample paths are continuous the reactive
flux between neighboring values in CV space is can be summarized as a single vector field in
CV space. If 6 is a vector-valued CV and ds is a bin in CV space of volume |ds|, the reactive
current at point s is

1
lim
t,|ds|—0 2t |ds|

Tip(s) = [ (T100,)@) = ()T 0,.0)) 1 peany (g (a)m(d)

+ (7' [ pedsy 0a:)() = 0@) T 1 peasy 4. (@) a_ (@) (do)
(2.34)

In appendix 2.6.2, we show that JgB(s) = [Jap-VO(x)d(0(x)—s)m(dz), and we established
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that the projected reactive current satisfies

/809 Jle(s) : ncgdacg = /60 Jap - nodog, (2.35)

where C? is any region of CV space such that its inverse image (under the CV mapping) in
the full configuration space, C, contains A and does not intersect B. To estimate Jfl g from

trajectory data we have the following estimator:

+(0 -
Tas(s 2t|ds|zq+ X (B0r) - 00X Ly (0 CE X))

M _ _
- OONEH (o6 = 00T ) ey (XD (X Dot 230

Note that the lag time ¢ in (2.32) and (2.36) need not be the same as the lag time 7 used
to estimate the committors ¢, and ¢_. Even with perfect sampling and a perfect basis,
estimates of TPT quantities will depend on ¢, in contrast to 7. Several considerations are
involved in the choice of ¢. For larger values of ¢ (2.32) and (2.36) incur significant bias due
to poor approximation of the t — 0 limit in (2.31) and (2.34). On the other hand, for small
values of ¢, we found that (2.32) and (2.36) suffer large statistical errors. A full analysis of
error sources is beyond the scope of this work, and in practice we choose a lag time that

gives reasonable results for the change of measure and reasonable smoothness in the vector

field.

2.3 Simulation methods and choices

In this section, we specify the computational procedure to generate and analyze the data
set for the unfolding and folding of trp-cage. We describe preparing the system and its

underlying dynamics (Section 2.3.1), choosing collective variables based on their ability to
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distinguish metastable states (Section 2.3.2), generating and validating the data set of short

trajectories (2.3.3), and defining the unfolded and folded states (Section 2.3.4).

2.3.1 System setup

Unless otherwise noted, all molecular dynamics simulations were performed with GROMACS
5.1.4 [59] and PLUMED 2.3 [60, 61, 62| using the CHARMM36m force field [63, 64, 65| in
the NVT ensemble at 300 K using the Langevin thermostat with a temperature coupling
constant of 10 psf1 applied to all atoms, and a time step of 2 fs. Bonds to hydrogen atoms
were constrained using the LINCS algorithm [66]. Electrostatic interactions were computed
using particle-mesh Ewald summation with a cutoff of 1.2 nm. Lennard-Jones interactions
were switched off from 1.0 to 1.2 nm using the default GROMACS switching function.

The system was prepared from an NMR structure of trp-cage (PDB code 1L2Y [67]). The
protein was solvated in a 50 A cubic box with the TIP3P water model [68] using CHARMM-
GUI 3.0 [69, 70]. 10 K' and 11 C1™ ions were added, bringing the system to charge neutrality
and 150 mM KCl. The energy of the system was minimized until the maximum force was
below 1000 kJ/mol nm. The system was then equilibrated for 1 ns in the NVT ensemble
with position restraints (using a 1 fs timestep), 10 ns in the NPT ensemble with harmonic
restraints on non-hydrogen atom positions (force constant 400 kj/mol nm? for backbone
atoms and 40 kj/mol nm? for side chain atoms.) and a Parrinello-Rahman barostat with a
pressure coupling constant of 5 ps_l, 5 ns in the NPT ensemble without position restraints,
and then 10 ns in the NVT ensemble without position restraints. The cubic box length was
determined from the restraint-free NPT equilibration run to be 4.48 nm and fixed at that

value after that run.
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2.3.2  Choice of CVs

The performance of DGA rests on having a data set with good sampling of all states that
contribute to the reaction mechanism. As mentioned in the Introduction, the available
physically weighted molecular dynamics data for trp-cage [42] contain few unfolding and
folding transitions. We thus sought to use enhanced sampling methods to generate a data
set with improved representation outside the stable states. To this end, we evaluated CVs
for their ability to control sampling and resolve the unfolded and folded states.

Based on previous studies [40, 44|, we considered five CVs:

1. The radius of gyration of the C,, atoms (R,);

2. The root mean squared deviation (RMSD) of all C,, atoms from their positions in an

equilibrated structure (RMSDy,);

3. The RMSD of the C,, atoms of residues 2 to 9, which make up the a-helix in the native

state (RMSDy,);

4. The RMSD of the C,, atoms of residues 11 to 15, which make up the 3-10 helix in the

native state (RMSD3_1();

5. The end-to-end distance (d).

Ry, RMSDg), and RMSDy, were used in ref. 40, and RMSD3_ () was used in ref. 44 (there
defined only to residue 14), where they found that it was able to resolve several metastable
states identified by spectral clustering.

To explore how these collective variables change as trp-cage unfolds, we ran a series of
Adiabatic Bias Molecular Dynamics (ABMD) [71] simulations to drive unfolding from the
equilibrated native structure. ABMD uses a ratchet-and-pawl-like bias to trap spontaneous
fluctuations that move the system forward in selected CVs. By applying ABMD with dif-

ferent combinations of the CVs above, we found that RMSDyg,;; and RMSDg_;( yielded
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reasonable control of the system and enabled exploration of all metastable states character-

ized in previous studies.

2.3.3  Generation of the DGA data set

To initialize a data set of short trajectories for DGA, we defined a grid of 64 points in
the space of RMSDy,;; and RMSD3_ 4 (Figure 2.1). We then used 64 independent ABMD
simulations to steer the system to each of these points from the final structure from the
equilibration simulations described in Section 2.3.1. We ran each ABMD simulation for 1 ns,
saving the structure every 5 ps; the force constants were 1.25 kJ/(mol AQ) and 1.0 kJ/(mol
AQ) for RMSDy,;; and RMSD3_ 4, respectively. From the set of all recorded structures, we
chose the 64 structures closest to the targets and equilibrated each for 1 ns with a harmonic
restraint with the same force constants as in the AMBD simulations. From each of the
resulting structures, we then launched 14 free simulations (with different random number
generator seeds) of length 30 ns each, saving structures every 5 ps.

From this data set, we computed all possible two-dimensional potentials of mean force
(PMFs) involving the CVs listed in Section 2.3.2. We compared these PMFs with corre-
sponding ones from replica exchange umbrella sampling (REUS). Based on the DGA PMFs,
we used the RMSD of the a-helix (RMSDy,, ), and the RMSD of the 3-10 helix (RMSD;5_ 1),
and the end-to-end distance (d) to control the sampling. REUS window centers were placed
on a uniform 8 x 8 x 8 grid of these three CVs, with RMSD;, ranging from 0.3 to 2.8 A,
RMSD3_ 4 ranging 0.3 to 3.3 A, and d ranging from 6 to 38 A. This grid fully covered the
relevant areas of CV space identified by previous simulations. The force constants for the
harmonic potentials for each window were 29.2 kJ/(mol - A2) for RMSDy, 20.3 kJ/(mol
: AQ) for RMSD3_ 1, and 0.178 kJ/(mol - A2) for d, following ref. 72. To initialize each
window, structures were taken from the DGA database that were closest to each window

center. The built-in replica exchange functionality of GROMACS was used to create a
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Figure 2.1: Initialization points for the data set of short trajectories. ABMD targets (sym-
bols) are overlaid on DGA PMFs (color scale and contours, spaced every 1 kgT') for the
CVs used for steering. (left) The initial 64 ABMD targets were based on RMSDy,; and
RMSDg_1¢; 14 free simulations of length 30 ns were launched from each of the structures re-
sulting from these ABMD simulations. (right) 64 ABMD targets in RMSD) , and end-to-end
distance added to ensure adequate sampling of the unfolded state; 2 free simulations of length
30 ns were launched from each of the structures resulting from these ABMD simulations.

three-dimensional replica exchange procedure, where structures from nearby windows were
periodically exchanged [73]. Every window was first simulated for 100 ps, with swaps at-
tempted between adjacent windows in d space (i.e., window centers with the same RMSDy,
and RMSD3_ 1 values, but neighboring d values) every 10 ps. This was repeated for a total
of three 100 ps iterations, with the second and third iterations proposing swaps between
neighboring windows in RMSD;,, and RMSD3_ (), respectively. This 300-ps procedure was
repeated until a total simulation time of 10 ns was reached for each window, with struc-
tures saved every 10 ps. Following this protocol, structures were exchanged across all of
the three-dimensional grid, with exchange probabilities in the range 10-60%. The PMF was

constructed by using the Eigenvector Method for Umbrella Sampling (EMUS) |74] extended
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to REUS [75]. The REUS simulations were run until the asymptotic variance of the PMF

dropped below 0.1 (kBT)2 (Figure 2.10).
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Figure 2.2: PMFs for the indicated CVs. Results shown are computed by DGA with the
modified distance basis set and a lag time of 0.5 ns. We use a 50 x 50 grid to compute each
PMF. Similar results are obtained with other basis sets and REUS; see Figures 2.13, 2.14,
and 2.15.

The REUS PMFs suggested that the initial DGA data set did not adequately sample
configurations with RMSDy, > 1.5 (Figure 2.12, note the lack of sampling toward the
upper right areas of the plots compared with those in Figure 2.2). In this case several of the
basins are missing, and the RMSD over all bins is > 1.3 kgT'. Therefore, we selected 64 more

points from a grid with RMSDy, > 1.5 and a range of end-to-end distances from our short
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trajectory data set. From each of these points, we released two new free molecular dynamics
simulations of length 30 ns (Figure 2.1B). With these additional trajectories, we obtained
good agreement between DGA and REUS PMFs. Adding the extra sampling improved the
PMFs involving RMSDy,, the most, but other PMFs were also noticeably improved. The
data set used for all further DGA calculations thus contains a total of 1024 trajectories, each

of length 30 ns, with structures saved every 5 ps.

2.53.4 State definitions

We found that PMFs projected onto only global measures of unfolding (RMSDy, , R, and d)
did not have clearly identifiable unfolded basins (Figures 2.1 and 2.2). By contrast, the PMF
on the CVs tracking secondary structure (RMSDy,, and RMSD3_1) had clearly identifiable
unfolded and folded basins, as well as several intermediates. Based on this analysis, we took

the unfolded state to be

IRMSDy,, — 2.15 | | [RMSDg;9 28 3 _

1. 9.37
0.008 3 0.125 ° (2:37)

The folded state is

(RMSDy,, — 0.3 )? | (RMSDy;)—0.3 )2
0.0289 2 0.04 2

<landd<17. (2.38)

We included the end-to-end distance constraint on the folded state to exclude structures
which are extended but have the secondary structure intact.

Heterogeneous structures contribute to the unfolded state, making it challenging to define,
and there is no guarantee that the choices above are optimal in any sense. Because we expect
unfolding and folding to be among the slowest motions of the system, an alternative would be
to define the states in terms of the slowest mode of the system identified by a dimensionality-
reduction algorithm. However, data-driven state definitions are often difficult to interpret
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Figure 2.3: Top nontrivial TICA eigenvector averaged on the RMSD,, and RMSD3 15 CVs
with physical weighting. The unfolded and folded states are indicated in yellow with repre-
sentative structures. Intermediate states in Table 2.1 are marked and labeled.

physically, despite their theoretical justifications. Furthermore, data-driven state definitions
can be difficult to incorporate into sampling algorithms. We thus use physical CVs for path
sampling, stratification, and state definitions, and we then check for consistency with a
data-driven state choice.

Figure 2.3 shows that the slowest mode of the system identified by TICA applied to the
DGA data set correlates with the PMF and switches between low and high values in going
between the unfolded and folded states. Here and going forward, all functions we project
onto CVs are conditional averages of the form [ f(x)§(0(x) — s)w(dx)/ [ §(0(x) — s)m(dx).

We estimate these by binning our CV space into bins, and for each bin ds, plotting:

J F@)3(6(x) = s)m(dz) _ 32 fXD)w(X}) Tpeqs(X,)
Jo(6(w) = s)m(dz) S w(X) Legs(X7)

(2.39)
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We furthermore show in Section 2.4.2 that this mode correlates with the committor. We
thus feel that RMSD);, and RMSDg3_;( enable the clearest two-dimensional projection of the
reaction and present most of our results in terms of these CVs. In addition to the unfolded
and folded states, we define four intermediate states Ul, U2, L1, and L2 shown on Figure
2.3. In the next section, we apply our DGA and TPT formalism to show that trp-cage can
fold along an upper path through intermediates Ul and U2, or a lower path through L1 and
L2.

2.4 Trp-cage analysis

In this section, we evaluate how the three basis sets described in Section 2.2.2 (indicator
functions of pairwise distances, indicator functions of TICA coordinates, and pairwise dis-
tances modified to satisfy the boundary conditions) impact the performance of DGA for
estimating PMFs, rates, committors, and reactive currents for the unfolding and folding of
the trp-cage miniprotein. Where possible, we compare our results with references obtained

by independent means.

2.4.1 Comparison of PMFs

Figure 2.2 shows PMFs computed on each pair of the physically motivated CVs with DGA
with the modified distance basis set. The corresponding PMFs from REUS are shown in
Figure 2.11; difference maps comparing the results obtained with the two methods and three
basis sets are shown in Figures 2.13, 2.14, and 2.15. All of the main basins identified by
REUS are present in the DGA PMFs, and there is good quantitative agreement between
REUS and DGA, with RMSDs of < 1 kgT for all three basis sets (that said, of these,
the distance indicator basis set results in the largest deviations). Consistent with their
agreement with the REUS PMF, the three DGA PMFs are in agreement with each other.

We did observe that REUS tends to give slightly flatter PMFs than DGA with all three basis
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sets. In principle, there are two sources of error in the DGA PMFs: (i) approximation error
from representing the true change of measure with a basis expansion and (ii) estimation
(sampling) error. Analysis of error in DGA will be the subject of future work. Error in US

is discussed in refs. 74, 75, and 76.

Table 2.1: CV values for metastable states.

State RMSDg,;; /A \ RMSDy, /A \ d/A \ RMSD3 1o/A \ R,/ A \
Folded 1.1 0.30 11.1]0.30 7.0
Unfolded | 5.8 2.1 20.2 | 2.8 9.2
Ul 2.4 0.34 131]1.2 7.3
U2 5.2 0.34 19.3 128 8.8
L1 2.2 1.2 9.5 ] 0.30 7.2
L2 2.6 1.9 14.5 ] 0.30 7.3

3-10 Helix RMSD

0 1 2 3 4 0 1 2 3 4

Alpha Helix RMSD Alpha Helix RMSD

Figure 2.4: Equilibrium average solvent accessible surface area (SASA) projected onto the
RMSDy,, and RMSD3 o CVs for (left) trp-6 and (right) proline-12.

We found that the projection onto the RMSDy, and RMSDg_;( coordinates was best able

to separate the pathways and states of interest, so we now focus on this projection. Figure 2.3
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indicates the folded (lower left) and unfolded (upper right) basins, as well four intermediates.
The intermediates define two pathways, which we label upper (with intermediates Ul and
U2) and lower (with intermediates L1 and L2). Table 2.1 gives the five CV values for each
of the six states.

To understand the characteristics of the intermediate states, we turn to Figure 2.4, which
shows the solvent-accessible surface area (SASA) of trp-6 on the left, and pro-12 on the right.
We find that the U2 intermediate state is characterized by partial solvation of the hydropho-
bic core, measured by the SASA of trp-6, and nearly full detachment of pro-12. Furthermore,
the U2 state is significantly more extended than the lower pathway intermediates as measured
both by Rg and end-to-end distance. In addition to being more compact, with near-native
R, values, L1 and L2 have near-native trp-6 and pro-12 SASA values, suggesting the hy-
drophobic core is fully formed. These intermediate states can be mapped to those previously
reported in the literature. Bolhuis and Jurazek [1]| identified three folding intermediates.
Our Ul and U2 intermediates roughly map onto their P; and I intermediates, and our L1
and L2 intermediates roughly map onto their L intermediate. Ul and U2 also correspond to

states S; and S identified by Sidky et al. [44].

2.4.2  Comparison of committors

We next calculated both forward and backward committors using DGA with the three basis
sets and lag times ranging from 0.5 ns to 12 ns (Figure 2.5 and Figure 2.16). As they should,
the backward committors mirror the forward committors, so we focus our discussion on the
latter. The timescale of trp-cage folding is on the order of 5 us from both experiment [39]
and simulation|[40], thus both our trajectory lengths (30 ns) and lag times are several orders
of magnitude shorter than the motions of interest, providing an appropriate setting in which
we expect DGA to show benefits.

In contrast to the PMFs, we found the committors to be sensitive to the choice of basis
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Figure 2.5: DGA forward committors. Left, middle, and right columns are computed with
the modified distance, distance indicator, and TICA indicator basis sets, respectively. Top,
middle, and bottom rows are computed with lag times of 0.5, 2.5, and 7.5 ns, respectively.

set (and associated guess function). The modified distance basis set, in addition to being
substantially faster to construct as it avoids slow and unstable high-dimensional clustering,
is less prone to discontinuities at the boundary than the distance indicator function basis
set. The TICA indicator function basis set performs similarly to the modified distance
basis set and has the advantage over the distance indicator basis set that clustering on the
lower-dimensional subspace is significantly faster and more stable.

For a given basis set, we found relatively little variation in the committors across lag times.
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This is in contrast to variational approach for conformational dynamics (VAC) algorithm,
where the results can strongly depend on the lag time [48] (although this can be mitigated
by using multiple lag times|77]). We postpone a full investigation of DGA’s error properties,
and in particular its dependence on the choice of lag time, to future work.

Because we expect unfolding and folding to be among the slowest motions of the system,
we can validate the DGA committors by comparing them with the slowest mode of the system
identified by TICA. Comparing Figures 2.3 and 2.5 shows that the largest TICA eigenvector
(estimated with a lag time of 0.5 ns) correlates almost perfectly with the estimated com-
mittors obtained with the modified distance basis set, when projected onto RMSD,,, and
RMSD3_19. The agreement between these two independent calculations furthermore sug-
gests that the physically motivated CVs capture the behavior detected by the data-driven
method. In this projection, we see that the transition states fall where the SASA of trp-6
(Figure 2.4) changes rapidly.

As an additional validation, we used DGA with the modified distance basis set and a
lag time of 0.5 ns (Figure 2.6) to compute committors on the CVs used by Juraszek and
Bolhuis [1]. When projected onto RMSD and RMSDy ., the positions of the transition
states in Figure 4 of ref. 1 fall in areas estimated to have ¢, = 0.5 (white in Figure 2.6).
The traditional shooting approach employed in ref. 1 is quite computationally costly and
provides information about only a limited number of structures. Our ability to capture the
transition states thus makes clear the benefit of DGA. We discuss DGA’s ability to provide

mechanistic information further in the next section.

2.4.3 Reactive currents

We computed reactive currents for the three basis sets using the estimator in (2.36) and
the committors from the the previous section (Figure 2.7). For this calculation, we use the

shortest lag time of 0.5 ns for both the committor and reactive current, though in principle
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Figure 2.6: Forward committor (left) and reactive current (right) projected onto the
RMSDy,, and full RMSD CVs used in ref. 1. Results shown are computed with the modified
distance basis set and a lag time of 0.5 ns.

they could be chosen separately. As previously, we primarily present our results projected
onto RMSDy, and RMSD3_ 1. Overall the results for the three basis sets are similar, though
the distance indicator basis set exhibits greater noise around (RMSDy,, RMSD3_14) = (1.3
A 13 A), consistent with the plateau in the committor in this region.

The currents, which provide information directly about dynamics, confirm the presence
of two paths for the folding process: an upper path with formation of the a-helix prior to
formation of the 3-10 helix, and a lower path with the order of these events transposed.
The upper path proceeds through intermediates Ul and U2, with folding beginning with
formation of the a-helix and partial desolvation of trp-6, followed by full formation of the
3-10 helix. The lower path proceeds through L1 and L2, with folding beginning with collapse
into the L2 intermediate with no a-helix, but the hydrophobic core fully formed, followed by

formation of the a-helix. Both of these paths correspond to troughs in the PMFs on these

37



log(|Current])

3-10 Helix RMSD

3-10 Helix RMSD
I
-
&
log(|Current|)

-16

2 2
Alpha Helix RMSD Alpha Helix RMSD

Figure 2.7: Folding (top) and unfolding (bottom) reactive current projected onto the
RMSDy,, and RMSD3 1o CVs using (2.36) with the three choices of basis set. Left, mid-
dle, and right columns are computed with the modified distance, distance indicator, and
TICA indicator basis sets, respectively. All computations use a lag time of 0.5 ns.

CVs.

Previous studies have found multiple pathways resembling the ones we find here. Kim
et al. [78] used diffusion maps to identify two pathways: one with tertiary contacts forming
first, followed by a-helix formation, and another with the order transposed. Jurazek and
Bolhius came to similar conclusions using transition path sampling [1].

An advantage of the reactive current is that we can use it to assign weights to the two
paths. By computing the relative flux crossing RMSDg 1 = 1.8 A with either RMSD, < 1.4
A (upper pathway) or RMSDy, > 14 A (lower pathway), we conclude that 88% of the
reactive paths proceed by first forming the a-helix, and then the 3-10 helix and hydrophobic
core (i.e., the upper pathway). Although we are not aware of a previous estimate of the

reactive current for this system, we can compare these numbers to the frequencies with

38



which transition path sampling sampled the pathways in ref. 1. There, Juraszek and Bolhuis
observed the pathway in which tertiary contacts form first (i.e., the lower pathway) 80%
of the time. The difference may be due to different CV and state definitions (Jurazek and
Bolhuis [1] used 5 CVs in their state definitions , whereas we consider only RMSD3_ 4, and

RMSD,,,) or force field and setup differences.

2.4.4 Rates

Finally, we computed rates using the estimator in (2.30). We present our results as inverse
rates (unfolding and folding times) to make comparisons to lag times and trajectory lengths
clear. As mentioned previously, these times are expected to be on the order of microseconds.
In particular, Juraszek and Bolhuis used transition interface sampling to estimate inverse
unfolding and folding rates of 1.2 us and 0.4 us [40], though as noted previously those results

are for a different model.
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Figure 2.8: Inverse rates estimated for folding (left) and unfolding (right).
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All three basis sets gave rate estimates that were within an order of magnitude of those
numbers. However, the results for the distance indicator basis were markedly faster. Fur-
thermore, in all three cases, the inverse rate exhibited significant dependence on lag time.
We do not show lag times >12 ns since they suffer from pronounced statistical error due to
the limitations of our short-trajectory data set. Our analysis of the trajectory of the K8A
mutant suggests the need for a lag time of at least 100 ns (consistent with ref. 44), though
as discussed in the Introduction, those data do not contain a sufficient number of unfolding
and folding events to obtain accurate rate estimates. Juxtaposed with the lack of sensitivity
to lag time for the committor and reactive current, these observations suggest that DGA’s
strength is in its ability to give statistical insight into mechanisms with relatively little data,
but that rates may be more efficiently computed by methods that directly sample relevant

statistics such as stratification schemes|14].

2.4.5 Demonstration of delay embedding

As described in Section 2.2.2, delay embedding can be used to construct an approximately
Markovian process when the feature space does not fully capture the dynamics. To illustrate
this idea using our trp-cage data set, we restrict the feature space to the five physical CVs and
apply DGA with the modified distance basis set on either the feature space itself or the delay-
embedded feature space. Figure 2.9 shows the reactive currents and committors resulting
from DGA on these two spaces. We find that the committor and current constructed from
the delay embedded representation largely agree with the DGA result constructed on the
153 pairwise distances. Without delay embedding, we find several qualitative disagreements,
in particular the U2 state has a committor value close to zero, and the reactive current does
not resolve the two pathways since many of the arrows point directly towards the folded

state.
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Figure 2.9: Comparison of DGA estimates for the forward committor (top) and reactive
current for folding (bottom) with the modified distance basis set on a feature space restricted
to the five physical CVs (right) and a delay-embedded feature space (left). The delay-

embedded results are obtained with a delay of 6 = 0.125 ns, N = 40 images, and a DGA lag
time of 0.5 ns.

2.5 Conclusions

In this paper, we have cast the dynamical Galerkin approximation (DGA) [35] for computing
chemical kinetic statistics from short trajectories in terms of the stopped transition operator.
This formulation can be immediately translated into expressions that can be applied to
simulation data. It also clarifies the role of the lag time, showing that estimates of conditional
expectations computed by DGA are exact in the infinite basis and data limit, independent
of the choice of lag time.

To evaluate DGA’s performance, we generated and carefully validated a data set of short
trajectories for the unfolding and folding of the trp-cage miniprotein, a well-characterized

system. We used umbrella sampling to validate our short trajectory data set by comparing
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the resulting PMFs. Quantitative agreement between the PMFs was observed, suggesting
that our short trajectory data set had sufficient sampling to compute dynamical statistics.
The PMF calculations furthermore enabled us to rapidly assess different combinations of CVs
for their abilities to separate metastable states. The a-helix RMSD and 3-10 helix RMSD
in particular allowed us to resolve intermediates to a greater degree than found in previous
studies.

We next applied DGA to compute forward and backward committors between the un-
folded and folded states. We evaluated a number of competing estimators for the backward
committor and found that one based on forward trajectories weighted by the stationary
distribution gave the best results. The committors by themselves are not able to identify
reaction pathways or transition states, but they can be combined according to transition
path theory to extract this information. Specifically, we introduce a new estimator for the
TPT rate, and a projection formula and corresponding estimator for the reactive current
in a CV space. Our projected reactive current allows us to easily resolve and visualize the
pathways that the system takes in arbitrary CV spaces, and even lets us assign relative
weights to these pathways. Acquiring this kind of mechanistic information has previously
been possible only through transition path sampling and related methods; such methods do
not as readily allow exploration of CVs and state definitions because the sampling is linked
directly to them.

We introduced a simple procedure that takes an arbitrary set of molecular features and
adapts them to produce a basis set that satisfies the homogeneous boundary conditions.
Using pairwise distances as the molecular features, we compared the performance of such a
basis set with indicator functions on the molecular features and indicator functions on TICA
coordinates. Other basis constructions such as diffusion maps and radial basis functions are
possible, and we expect that the best choice will be system dependent. We applied our DGA

and TPT formalism to our data set, and identified intermediate states and pathways which
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have been previously reported in the literature, providing further validation of our methods.
We found that the estimates of the TPT rate, while on the same order of magnitude as
previous estimates, nevertheless show significant dependence on lag time. Finally, we showed
that delay embedding can be an effective strategy for constructing a molecular representation
with approximately Markovian dynamics from a low-dimensional feature space.

Our results suggest several interesting directions for future investigation. We have seen
that in our trp-cage application the choice of lag time has only a modest effect on DGA
estimates of conditional expectations, while TPT quantities, in particular the rate, depend
sensitively on lag time. Recently, we showed that integrating over lag times for VAC improves
the robustness of that method [77]. It will be interesting to see if an analogous strategy can
improve rate estimates from DGA. An in depth mathematical study of DGA’s error and its
dependence on lag time along the lines of our previous analysis of VAC [48] is also in order.
By showing how DGA’s results depend on the sampling measure, such an analysis could lead
to a practical scheme for targeting sampling to selected regions, just as our analysis of US
[8, 79] did [75]. This will be particularly important for systems that are not amenable to
the strategy that we took in the present study of using REUS for identifying regions of CV
space that require more sampling.

Though DGA has performed well in our tests so far, looking ahead to larger and more
complex systems, it may become necessary to move away from a Galerkin approach and
toward more flexible representations of the kinetic functions we seek to approximate. This
would be consistent with a trend toward using neural networks to represent eigenfunctions in
spectral estimation [30, 44, 77|. Indeed, some of the first estimates of committors from data
used neural networks [80, 81|. Introducing this higher level of representational flexibility
while maintaining the reliability we observe in our trp-cage application of DGA will be a

challenge.
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2.6 Appendix

2.6.1 Backward-in-time inner products

In this appendix we provide an elementary derivation of (2.24) which is key to our estimates
of inner products involving the stopped backward-in-time transition operator S!. TFor the
purposes of this derivation we assume that X t'is a discrete time process (so that ¢ is a

1

non-negative integer) with probability density p(xllxo) for transition from 2° to 2! and

stationary density m. The steady state backward-in-time process X ~! then has transition

density
0,1y _ pla'la’)r(a”)
qlz”|z”) = T (2.40)
(")
From this expression we immediately find that
t t—1, t t—2, t—1 0, 1
m(a)g(z " [a gz "z ) - q(at]ar)
0 t) t—1 t—1, t—2 1, .0
= m(z)p(a|z )p(z” “fzm %) pla|z”) (2.41)

relating the steady state backward-in-time path density to the steady state forward-in-time
path density. Therefore, for any path function F (xo, :L'l, . ,xt) and any density p (equivalent

to m) we find (recalling that here w = 7/u) that

/E [F(XO,X_l, L XTHX0 = 2| pe)de

0 -t
-/ = ;kgb}x G R o P TR o
t 0
- / F (mu;(';)’fﬁ ) r(aaat ) - - q(@¥)at)dat - - do
t t—1 0
:/E FX i(x%wX) XO:x] w(@)p(z)dz. (2.42)
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We will use (2.42) to find an expression for

.57 = [ [g(x)f(X_(T_(OW)) X0 = o] pla)da

in terms of the forward-in-time process. If we choose

then

<978_tf> = /E [F(XO,X_I,...,X_t) |XO = x] p(zx)de.

In terms of the forward process

where we remind the reader that:

T (t) =max{s <t: X’ € AUB}
with T () =0if X* ¢ AUB forall 0 < s < t.
Applying (2.42) with this choice of F' yields (2.24):

(nt1)= [

g(X")
w(Xh

Fx 0
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xY = x] w(z)p(dr).

(2.43)

(2.44)

(2.45)
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2.6.2 A formula for the reactive current

It has been shown|57] that for a diffusion with generator

Zb )+ = Z a;;(x ( ) (2.47)

the reactive current is the vector field given by

(Jap)i = q4(x)q_(2)J; +

(1) S )5 0) 7@ (0) Y0 G, )

J J J

where J is the equilibrium current:

J; = m(2)b;(z) — Z axij (2). (2.49)

To project the current onto a CV space of interest, we take the dot product with V@ for any

smooth CV 6 and, using the identity

5,95 = " (5@ - ). (2.50)

which follows from direct manipulations, we can write

Tag - V0) = " (4 (@)cla, 0)@) - g, ()L o 0)(0)) (251)

forz € (AUB )C. This formula is not useful computationally since it still contains a backward-
in-time generator. To compute statistics from data, we need to formulate their estimators
as expectations against the stationary distribution since this (1) permits the use of the

adjoint relation to clear away backward transition operators and (2) is consistent with our
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reweighting scheme. To this end, we define the projected reactive current as

‘ = x)- x xr)—s)dr = lim 1 T)- x)dx
Sip(6) = [ Iap(@) V@0 —s)e = fim o [ apl) o, (252

where ds € (AU B) is an infinitesimal region of CV space with s € ds, and {z : 0(z) € ds}
does not intersect AU B. Using (2.51) and the fact that £g, = 0 and ET =0on (AUB),

we have

. 1 m(x
(o) = Jim s [ Vowreany 5 (- @L00,000) — 0, (0)Lia (@) do

()

= Jim = [ toean T (o @2l 0 — (0L, @000

~ 04 @)L 0)(@) + a4 (@)Ll (2)0() ) do.
(2.53)

Writing this expression in terms of the transition operator and canceling terms, we find that

Jap(s) = t|d8‘_>0 2t|ds|/ (0(x)eds) T(T )( (@) T [q0)(x) — q_(2)T gy (2)0(x)

Bl YHa_6)(w) + 4 (@) (T} (@)() ) da

= o 2t|ds| / (1{9( >eds}( a4 0)(x) =T tq+($)9(x)>
* (T 949 Tjpedsy) (@) = T'lay ﬂ{eeds}]($)9(w)) )d:v, (2.54)
N

where the second equality follows from the definition of the adjoint (7)

T

Expression (2.54) for Jz g(s) can be directly translated into an estimator for computing
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from short-trajectory data:

M
Hp(s) ~ g > i (61 (o0xt) - o)
xq_(X]) Tpeqs(XDw(X})
M
+@ ;q+<xf> (60x]) — 60x0))
X q_(X7) Lpegs (X )w(X)). (2.55)

Finally, without affecting the ¢ — 0 limit, we can stop our trajectories when they exit or

enter AU B, yielding the estimator

9 1 U ATt (0) tATT(0) 0
Hhpte) = g Yo (00O o))

Hw(x?) (2.56)

which, in our experience, outperformed (2.55) for larger values of . Note that we could have
canceled additional terms in (2.54) to yield a more concise estimator. However, we found

that the estimator (2.56) gave less noisy results.

2.0.3 Reactive current on a C'V space

We now establish that our projected reactive current gives the flux over surfaces in CV
space. We assume that our CVs are smooth and that, for some subset c? of OV space with

smooth boundary, the set C' = {z : 0(z) € 09} contains A and does not intersect B. We
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will establish that for such a subset,

/809 Jle(s) : ncgdacg = /60 Jap - nodog. (2.57)

Here n o is the outward pointing normal vector to the boundary ac? of C’e, ne is the

normal vector to the boundary 0C' of C, o 4 is the surface measure on ac? and, o is the

C
surface measure on JC'. The significance of (2.57) is that it shows that our definition of Jz B

preserves reactive flux across surfaces in the CV space so that statistics of reactive paths
could, in principle, be computed directly from Jﬁl B-

Let f5 be a smooth function on CV space that is equal to 1 on ¢? and equal to 0 for z a
distance of more than & from C7. Applying the divergence theorem and integrating by parts

we find that

0 .40
/6(]6 Jap(s) noedo g = /Ce divJgp(s)ds
= lim /f5(s) divalB(s)ds
0—0
. 0
= —(%%/JAB(S) -V fs(s)ds. (2.58)

Inserting our definition of Jfl p we find that

/aCHJZB(s) n,0do 0 :—(%E)%Z//JAB - V0,(2)5(0(x) — )a](;i( ) dds

— - an/JAB(x).vej( )g{j( (2))dz. (2.59)

0—0
J

Using the chain rule the last expression can be rewritten as

[ Tns) nadngo == T [ Tap(a) - Vfy(6(@)de (2.60)
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Integrating by parts, taking the § — 0 limit, and applying the divergence theorem again
yields (2.57).

2.6.4 Linear Perturbation Theory

It has been shown that the largest source of error in most Markov state modelling procedures
is sampling error [82]. Since we expect DGA to behave similarly, we therefore would like
to develop tools to assess the magnitude of sampling error and to guide the allocation of
computational resources so as to reduce error as efficiently as possible. In this section and
the next, we state an asymptotic error formula for the DGA method.

Suppose we have a linear system Az = b, and an approximate system Az = b. We want
to estimate the error vector & — x. Our basic tool is the first-order perturbation estimate to

the difference between the original system and the estimated system:
i—1z=AYb- Ax) (2.61)

For an in depth explanation, see Ref. 83, section 3. The estimation error in the DGA

forecast function is then:

i 2
2| [(ue) - i) = © | [ (06,0 ) i) (2:62)
: 2
- B|[ (T o@@ b= ), ) wn)| @6
ik
— [ S oi@a@omtd) (261)
ik
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where

o = E[(A7 (b~ Av)); (A7 (b~ Av)y)] = Cov[A™ (b — Av)]. (2.66)

To estimate the covariance matrix ¥ from data, we use the DGA estimates of Al and vin

2.66, Substituting the DGA definitions of the matrix A and vector b, we have

(tATT)—
s 1 0 0 AT t
b—Av:NZCD(Xj) u(X;) —u(X]™ )+ A Z F(Xj) (2.67)
J
Define the residual
(rATH)—
0 /\T t
R; =u(X;) —u(X]™ )+ A Z r(Xj> (2.68)
Therefore, we have the estimator
. 1 0 2
ik = 2 S AT R(X) AT (X)) R;

(NZA @XO)]R><NZA @Xo)]kR> (2.69)

Global estimation error estimates can then be obtained from (2.65).

2.6.5 Optimal Sampling Distributions

To compute the optimal sampling distribution, we first write down an ansatz for the sampling

distribution:
wlg, (x)pe(dx)

z:fﬂsfm (dx)

(2.70)

with > ,w, = 1. The sets S, are disjoint sets such that | J, S, = D U AU B. In practice,

we often choose Sy to be a set of bins on a low-dimensional CV space which are capable
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of resolving the highest free-energy barriers. The distributions p, are arbitrary but fixed
sampling distributions on each of the sets S;. We then write, for example, the matrix element

estimator as

G = 35 Lesxntx] s, (X7, (2.1)

where Ny = > .1 Sg(XzQ ) is the number of samples in bin S,. With this estimator of the
inner products, our sampling measure does not depend on the number of samples in each
bin in expectation, and so our goal will be to minimize the estimation error over all choices
of the N, subject to the constraint ) ; N, = N. We do this by substituting the sampling

distribution ansatz (2.70) into the covariance matrix estimator (2.66) to obtain:

2
i = ; % {N% ;[AWX?)] JAT (X R 1, (X))

_ (N% Z[A_ICI)(X?)]J'RZ'HS@(X?)> (Z[A_1<I>(X?)]kRZ-> ILSZ(XZO)} (2.72)

1 1

Defining the factor in curly brackets to be Vike, we see that the global error is then given by

2
error = Z % Z C’?ijM (2.73)
; ik

Since asymptotically Vike does not depend on Ny, the minimizer of the global estimation

error over N, subject to the constraint > , Ny = N is then:

0
N >k CikVine

N, = 5
>kt CikVike

(2.74)
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CHAPTER 3
PREDICTING WITH MACHINE LEARNING

3.1 Introduction

In many complex dynamical systems, behaviors of strong interest occur infrequently com-
pared to the system’s fastest timescale phenomena. For example, most climate-related de-
struction is due to extreme weather events (e.g., hurricanes, heat waves, flooding) 84, 85,
86, 87, 88]. More broadly, fluid turbulence in both natural and engineered systems produces
intermittent, damaging extreme events [89]. In the molecular sciences, chemical reactions
and molecular rearrangements occur on timescales many orders of magnitude longer than
the timescale of individual bond vibrations [90, 91|. In the biomedical sciences, it may take
many mutations before a virulent strain of a pathogen emerges [92], or many heart beats
before a cardiac arrhythmia becomes life-threatening [93, 94].

Among the most common computational tasks related to these rare events is prediction—
assessing the likelihood and extent of an event (i.e., the risk and cost in the case of a dele-
terious event)—before it occurs. When the event is not too rare, it can often be predicted
with sufficient accuracy by direct forward-in-time integration of a computer model as is fre-
quently done, for example, in weather prediction. However, when the event is very rare,
direct forward-in-time integration becomes prohibitively expensive because many simulated
model trajectories are required to observe even one instance of the event, leave alone compute
statistics. The computational cost increases further when the goal is to gain an understand-
ing of how the rare event develops, which requires predictions generated from many initial
conditions.

One common approach to this problem is to construct a “coarse-grained” model, in which
some details of the system are treated implicitly [95, 96, 97]. One example is a Markov

State Model (MSM), in which one groups the states of the full system into discrete sets
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and then evolves the system between these sets according to transition probabilities that
are estimated from trajectories of the full system [98, 99, 100, 25]. A variety of machine
learning approaches that instead yield continuous coarse-grained representations of systems
have come to be known as “equation discovery” [101, 102, 103, 104, 105, 106]. When an
accurate coarse-grained model can be constructed, it can be simulated extensively to make
predictions with statistical confidence. However, building an accurate coarse-grained model
can be challenging, in particular, because it is often not clear a priori which features must
be included. The construction of coarse-grained models thus remains a subject of intense
inquiry.

Here, we pursue an alternative approach: directly estimating conditional expectations of
a Markov process as a function of initial condition. We term these conditional expectations
“prediction functions.” Prediction functions can be used to reveal how a rare event develops in
remarkable detail. For example, the committor (also known as the splitting probability)—the
probability that a process proceeds to a set of target states before a competing set of states—
can be used to define the transition state ensemble of a molecular rearrangement [107, 108], as
well as the pathways that lead between the reactant and product states [109, 110]. Prediction
functions can also provide important information for decision making. For example, the
committor can be used by energy, transportation, and financial sectors to measure risk due
to extreme weather and allocate resources accordingly [111]. Committor estimation is a
growing research focus in meteorology [112, 113, 114, 115|. In real-time settings, the lead
time—the expected time until onset of the event given that it occurs—is also essential to
know [116, 117, 115].

Prediction functions satisfy Feynman-Kac equations, linear equations of the operator
that describes the evolution of expectations of functions of a process, the transition operator
(also known as the Koopman operator [24]) and its infinitesimal generator [118, Chapter 3|.

Feynman-Kac equations cannot be solved by conventional discretization approaches because
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they involve a high-dimensional independent variable (the state of the underlying process).
Moreover, the form of the transition operator is generally not known. Nonetheless, we showed
recently that Feynman-Kac equations can be solved approximately by a basis expansion in
which inner products of basis functions are estimated from a data set of short trajectories
[109, 3].

While this approach has been successfully applied to such diverse processes as protein
folding [109], molecular dissociation [110], and sudden stratospheric warming [116], it relies
on identifying an effective basis set. One choice is to use a basis of indicator functions
for discrete sets, in which case the approach reduces to construction of an MSM (but with
appropriate boundary conditions for the prediction function). However, just as it can be
challenging to group states into sets that satisfy the Markov assumption in construction of
an MSM [25, 44|, the choice of basis set is not always straightforward.

Here, we address this issue through a neural network ansatz for prediction functions. Our
work builds on recent studies, which showed that a neural network ansatz can be used to
solve for the committor if one assumes particular, explicit forms for the dynamical operator
[119, 120, 121, 122] (and see [123] for a closely related approach using tensor network ap-
proximation). Similar neural-network techniques have been devised to solve a wide variety
of partial differential equations [124, 125, 126, 127, 128, 129]. Because we work directly with
a data set of short trajectories, our approach is free of restrictive assumptions about the
dynamics (e.g., microscopic reversibility) and does not require explicit knowledge of a model
generating the data, opening the door to treating high-fidelity models, and even experimental
and observational data [115], without simplifying assumptions.

In Section 3.2, we review prediction functions and the Feynman-Kac equation that we
need to solve to estimate them. In Section 3.3 we introduce our neural network approach to
solving Feynman-Kac equations using a data set of paired trajectories. In Section 3.4, we

compare with Galerkin methods and explore the role of the lag time and the distribution of
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trajectory initial conditions on performance. In Section 3.5 we introduce an adaptive sam-
pling method that enriches the data set based on the current neural network approximation.
Finally, in Section 3.6 we apply our algorithm to estimating the probability of onset and the

lead time of a sudden stratospheric warming event.

3.2 Prediction functions and their Feynman-Kac equations

We consider events defined by a set of target states B; often, there is also a competing set
of states A. For example, if we want to estimate the probability that a moderate storm
develops into an intense hurricane before dissipating, we would take B to include all weather
states consistent with an intense hurricane and A to include all quiescent states. The initial
moderate storm would be a state in the domain D = (A U B)“. Mathematically, we select

states in B with the indicator function

1, ze€B
15(z) = (3.1)
0, z=¢ B,

where x denotes a particular state of the system. We define analogous indicator functions
for other sets.

We assume the dynamics of the system can be described by a Markov process X ¢ In the
example above, X O — 4 is a moderate storm state, and the probability that it develops into

an intense hurricane before the weather returns to a quiescent state is the committor:
T T
q(z) =P, [X" € Bl = E,[1p(X")], (3.2)

where the subscript indicates the initial condition, and 7" = inf{t > 0 : X beAu B} is the
stopping time, i.e., when the process leaves the domain D = (A U B)°“.
Continuing the example above, we may also want to compute the lead time, i.e., the
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average time until a moderate storm develops into an intense hurricane, given that the
intense hurricane occurs (B occurs before A). The lead time tells us how much time we have
to prepare for the worst case; by definition, it is shorter than the average time until an intense
hurricane develops, which can be misleadingly large if the storm has a high probability of

dissipating (A occurs before B). Mathematically, the lead time is

E,[T1p(X")]
E,[15(X")]

myp(e) = (3:3)

When the event of interest is rare, computing ¢(x) or m 4g(x) by direct forward-in-time
simulation is difficult. It involves repeatedly simulating X t starting in a selected initial
condition x and running until either A or B is reached (which defines the stopping time
T), and then assembling a sample average. This approach has significant drawbacks: first,
when the time T is very large, generation of a single sample trajectory may be prohibitively
computationally expensive, and second, when ¢(z) is small, many sample trajectories will
be required to observe a single trajectory reaching B. For example, starting from a typical
weather state, the expected time to the next extreme event may be years, and the probability
that it occurs on a much shorter time scale may be very small.

In this paper we estimate prediction functions by solving operator equations for them

approximately. In the case of the committor, the operator equation takes the form
(8" — D)q)(z) = 0 with q(x) =0 for z € A and ¢(z) = 1 for = € B, (3.4)

where 7 is a time interval known as the lag time and Z is the identity operator. Here we
focus on finite 7; the case of infinitesimal 7 is discussed in Section 3.4.4. Above, the stopped

transition operator S° encodes the full dynamics of the system when it is in D; it is defined
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by its action on an arbitrary test function f:

5[f)(x) = E, [f(XTAT+(O))] , (3.5)

where 7 A T (0) = min{r, 7" (0)}. Physically, (3.4) reflects the fact that the average prob-
ability that B occurs before A after time 7 over all trajectories emanating from X 0 _ 2 is
the same as the probability that B occurs before A starting from x. Similarly, the lead time

satisfies

AT (0)
(8T = I)[mgpq)(z) = —E, / q(XS)ds] withmygp=0forz € AUB. (3.6)
0

In this case, the right hand side accumulates the time until reaching AU B, weighted by the
likelihood of reaching B before A.

Egs. (3.4) and (3.6) are examples of Feynman-Kac equations [118, Chapter 3|, which can
take more general forms, such as

(§" = Dul(z) = -E

T

AT (0)
/0 h(XS)dS] with u(z) = g(x) for x ¢ D (3.7)

which is solved by the prediction function.

T (0)
u(z) =E

xT

g(XT+(O)) +/

h(XS)ds] (3.8)
0

We recover (3.4) by setting h(z) = 0 and g(x) = 1g(x) and (3.6) by setting h(z) = ¢(x) and
g(x) = 0; the latter case yields [m 4p¢|(x), and we must solve separately for ¢(z) and divide
by it to obtain m 4g(x). Crucially, (3.7) exactly characterizes u for any choice of 7 > 0. In
particular, 7 can be chosen much shorter than typical values of T'.

On its own, (3.7) brings us no closer to a practically viable approximation of the prediction

function. The independent variable x is typically high-dimensional, rendering useless any
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standard discretization approach to solving (3.7) for u. Instead, the current state-of-the-art
approach involves expansion of u in a problem-dependent basis [109, 110, 3|. In the next

section, we explore a potentially more flexible and automated approach to solving (3.7).

3.3 Solving Feynman-Kac equations with neural networks

The goal of the present study is to solve (3.7) by approximating u by a neural network uy
with a vector of parameters 6. Specifically, we seek § = 0 that minimizes a mean square
difference between the left and right hand sides of the Feynman-Kac equation and boundary
condition in (3.7):

9* = arg mm[CFKE + ACBC] (39)
0

with

2
and Ce = (g — 9)Lpe .

TATT(0)
0

The norm that we use is the p-weighted L* norm Hin = f]f(x)]2u(dx), where p is the

CrKE = H ((ST —Tug + E,

I
(3.10)

sampling distribution. Importantly, unlike the many existing estimators [119, 120, 121, 122,
123, 130, 131, 132, 133, 134], our data need not be generated from (or re-weighted according
to) the invariant distribution of X, (which may not exist), a feature that we exploit in Section
3.4.5. In (3.10), Cpkg and Cg are both zero when uy equals the desired prediction function.
The parameter A controls the strength of the first norm, which enforces the Feynman-Kac
equation, relative to the second norm, which enforces the boundary condition. Smaller values
enforce the boundary conditions more strictly but can compromise the satisfaction of the
Feynman-Kac equation. For our numerical tests below, we tuned A by trial and error to the
smallest value that still enforced the boundary conditions to the desired precision.

The gradient of Cpgkp includes the integral of a product of two terms of the form S™v
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with v = uy and v = Jyuy, the gradient of uy with respect to the parameters 6. While

we cannot hope to evaluate S™v exactly for any non-trivial v, as long as we can evaluate
_l’_

v we have access to the random variable v(X TAT (0)) whose expectation is STv. With

+
TAT(0) for each sample of X 0, we would not be able to build an

only one sample of X
unbiased estimate of the product of two terms of the form S"v. One approach, common in
reinforcement learning applications, is to simply drop the term involving this product from

+
TAT(0) for each

the gradient [135]. However, given at least two independent samples of X
sample of X 0, we can construct an unbiased estimator of the full gradient of Cpky that
converges to the exact gradient of Cpkp in the limit of many samples of X 0 (even when the
number of independent samples of X67 A T+(O) for each sample of X 0 does not increase).
Below we outline a procedure that constructs an unbiased estimate of the gradient of Cpip

+
TATT0) for each sample

given a data set of samples of X O, together with ¢ > 2 samples of X
of X (in tests of 2 < £ < 10, we found the results to be insensitive to the choice of ¢, and
we use ¢ = 2 throughout).

Our procedure is as follows.
1. Select a set of n initial conditions XZQ from the sampling distribution .

2. From each XZQ , launch ¢ independent unbiased simulations to generate trajectories

A SA

{(X?,Xi’j7 o X g )}5:1. Here we assume that 7 = SA.

3. For trajectory j = 1,2,...,¢ with initial condition XZQ, determine the index of its

/
stopping time as k@j = min{s/ : Xi]A € (AUB) or s = S}
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4. Given the data set of grouped trajectories, approximate the first norm in (3.9) as

k; .
1 0 - A
CrkE = Z S Z ug(X —Uo(Xi)+AZh(XS
i ¢ JES; s=0

(3.11)
1 k. /A ”
EP 3 X7 )~ (X +A2h x:9) | 1p(x))
5 j'€S; ’
and the second norm in (3.9) as
~ 1 ¢ 0 0\)? 0
Cc =+ (ug(X)) = 9(x7)) 1 pe(X]). (3.12)
1=1
where S; and SZ{ are randomly chosen index sets such that S; N SZ{ =0.
5. Compute the total approximate loss function as
C = Cpkg + A\Cpe, (3.13)

which converges to the loss in (3.9) as n increases.
6. Adjust the parameters to minimize (3.13).
7. Check termination criteria and stop if met (discussed further below).

8. If adaptively sampling, apply the procedure in Section 3.5 and set n to the total number

of initial conditions.
9. Go to step 3.

In principle, the loss can be minimized over any sufficiently flexible ansatz uy. In this work, u,
is a fully connected feed-forward neural network, and we determine the optimal parameters

via the Adam algorithm [136]. In the present study, we stop training (step 7) when the
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average loss for an epoch is less than zero. It is possible for Cpgp to become negative
because the two parenthetical factors in (3.11) are evaluated using independent samples of
X T/\T+(O). While this could be avoided by choosing S; = SZ{, the result would be a biased
estimator of Cpgp. In the limit of large n, Cpky converges to Cpkp, which must be non-
negative. When using any sample approximation of Crpkp, some regularization is required
to avoid overfitting. We find early stopping at the first occurrence of a negative value of

Crkg to be a natural and effective approach. Further details are given in conjunction with

the numerical examples.

3.4 Illustration of numerical considerations

In this section, we use a model for which we are able to compute reference results to illus-
trate the advantages of our approach relative to existing ones. Specifically, we compare our
approach with one that employs a basis expansion (a Markov State Model) and one that
employs a neural network with an assumed form for the dynamical operator. Finally, we
examine common choices for the sampling distribution. We show that an important practical
advantage of our approach is the freedom to choose the sampling distribution p with which

to weight the norm in Cpkg.

3.4.1 Miiller-Brown model

The system that we study is specified by the Miiller-Brown potential [2], which is a sum of

four Gaussian functions:
1 o 2 2
a (Y, 2) = 20 > Crexplag(y — )" + by — y)(z — 2) + ¢(z — )7 (3.14)
=1

For all results shown, we use C; = {—200, —100, —170,15}, a; = {—1,—1,—6.5,0.7}, b, =
{0,0,11,0.6}, ¢; = {—10,—10,—6.5,0.7}, y; = {1,-0.27,—0.5,—1}, z = {0,0.5,1.5,1}.
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The potential is shown in Figure 3.1(left).
We consider the overdamped Langevin dynamics associated with Vyg, discretized with

the BAOAB algorithm [137]:

X = xt_wv(xhdt + g—;(zt + Ztdh (3.15)
where dt is the time step, [ is the inverse temperature, 7t~ N(0,1), N(0,1) is the normal
distribution with zero mean and unit standard deviation (i.e., Z' is Gaussian noise), and
V = Vyyp with 8 = 1 unless otherwise specified. In practice, we use a time step of dt = 0.001,
saving the configuration every time step, such that A = 0.001 (cf. step 2 in Section 3.3).
When the parameter [ is large, X ! makes only very rare transitions between the local minima
of V\B-

We define states A and B as

A={y,2:65(y+0.5)%—11(y+0.5)(z — L.5) + 6.5(z — 1.5)*> < 0.3}
(3.16)

B={y,z:(y—06)*+5(z—002)? < 0.2},

neighborhoods of two of the three local minima of Vg (Figure 3.1(left)).

The Miiller-Brown model described above is commonly employed as a simple illustration
of the features of molecular rearrangements [2, 3, 120, 121, 122]. The presence of local
minima in addition to A and B, and the fact that, at low noise, the trajectories connecting
the minima do not align with the coordinate axes are both features that can be challenging
for algorithms that enhance the sampling of transitions between the reactant (A) and product
(B) states. In our tests, we specifically focus on the committor. We compute a reference
committor by the finite difference scheme outlined in the appendices of 3, 4| with e = 0.0125.
In all tests, we compare the estimated committor to the reference committor computed using

the same potential energy function used to generate the data.
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Finally, to represent the fact that one of the most challenging aspects of treating complex
systems is that the manifold on which the dynamics take place is generally not known, we
transform the trajectories and sets A and B to a new set of coordinates. Specifically, we

map the two-dimensional system onto a Swiss roll (Figure 3.1(right)):

(c+y)cos((y +c)f)
T et ysin(w o

where the parameter f controls how tightly the roll is wound, and c¢ is an offset to ensure
that the range of x is positive. Unless otherwise specified, we use f = 3 and ¢ = 1.8. For the
remainder of the tests based on the Miiller-Brown potential, we use the three-dimensional
coordinates as input features for all neural networks and k-means clustering. For clarity of
visualization, we plot the estimated committors on the original two-dimensional coordinates.
The error metric that we use is independent of coordinate system.

Unless otherwise specified, for our experiments with the Miiller-Brown model below, we

draw 30,000 initial conditions uniformly from the region:

Q={y,z: -15<y<1.0,-05 <z <25 V(y,z) < 100}. (3.18)

Two independent trajectories of length 7 (to be specified below) are then generated from

each initial condition using (5.32).

3.4.2  Neural network details

For all the numerical experiments involving the Miiller-Brown potential, we use fully con-
nected feed-forward neural networks with three inputs, three hidden layers, each consisting

of 30 sigmoid activation functions, and an output layer with a single sigmoid activation
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Figure 3.1: The system used for the numerical experiments in Section 3.4. (left) Miiller-
Brown potential [2]. Sets A and B are marked by the orange and red ellipses, respectively,
and contours are spaced at intervals of 1 in the units of (5.31). (right) Reference committor
for the Miiller-Brown dynamics mapped to the Swiss roll, and below on the two-dimensional
surface. We compute the reference from a finite difference scheme [3| in two dimensions and
then map it to the Swiss roll using (3.17).

function. In all trials with fixed data sets, we trained for a maximum of 3000 epochs with
a learning rate of 0.0005 and a batch size of 1500. Each epoch proceeds by drawing a per-
mutation of the data set, then one step of Adam is performed using mini-batches of size
1500 (that is, 1500 pairs of trajectories) such that each trajectory pair is used exactly once
per epoch (that is, the number of Adam steps is the data set size divided by the mini-batch
size). The boundary term is computed with the same mini-batch as Cpgp; we use A = 1 to
weight the terms in the loss function. We also explored deeper networks with ReLU activa-
tion functions, and they performed comparably and generally required shorter training times
(results not shown); we focus on the shallower networks with sigmoid activation functions
because they allow a direct comparison with loss functions involving explicit derivatives of

ug in Section 3.4.4.
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3.4.8  Galerkin methods

As discussed in the Introduction, one of our main motivations in introducing an approach
based on neural networks is that it can be difficult to identify basis functions for linear (e.g.,
Finite Element or other Galerkin) methods for solving Feynman-Kac equations. To illustrate
this issue explicitly, we compare estimates for the committor from our approach with those
obtained from dynamical Galerkin approximation |3, 109] using a basis of indicator functions,
which can be considered a MSM [3]. We do so as a function of the parameter f in (3.17)
and generate data sets with 0 < f < 10.

To construct an MSM, we clustered the configurations in each data set by the k-means
algorithm (with & as specified below) applied to the three-dimensional coordinates of the
model. The indicator functions of the set of points closest to each cluster centroid form
a basis for a Galerkin approximation of the committor function. A transition matrix T
was constructed by counting transitions of the stopped process between clusters among our
trajectory data set with a lag time of 7 = 150A. Here we use the convention that the row
and column indices are zero for A and their maximum values for B. The committor is then
computed from Tq, = g, with the last component of the solution vector set to 1. The
neural network and its training were as described in Section 3.4.2.

Figure 3.2 shows the results. We see that as the roll is wound tighter (higher f), the
MSM estimates, constructed with a constant 300 clusters, decrease in accuracy, while the
network estimates remain consistently good. In the right panel, we vary the number of
clusters and report the number required to reach a root mean squared error threshold of
0.045. This threshold is chosen because it results in numbers of clusters in a range that is
typical in MSM studies [109, 116]. We increase the number of trajectories in proportion to
the number of MSM clusters to ensure that each cluster is sampled a consistent amount.
In this test, we see that large numbers of MSM clusters, and hence large amounts of data,

are needed. Intuitively, the MSM encounters problems when a single cluster spans adjacent
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Figure 3.2: Comparison with Galerkin methods. (left) For an MSM estimate with & = 300
clusters, the root mean square (RMS) error in the committor for the Miiller-Brown model as
the Swiss roll is wound tighter (higher f in (3.17)). Shading shows the standard deviation
in the error from training on ten independent data sets. (right) Number of MSM clusters
needed to achieve an RMS error in the committor of less than 0.045.

layers. Therefore, it is necessary to vary the size of the clusters with the distance between
layers of the Swiss roll, which is a linear function of 1/f. Consistent with this idea, in Figure
3.2 we find an approximately linear dependence of the number of clusters needed to achieve
a certain error threshold.

We note that in practice MSMs are often constructed on coordinates obtained from a
method for dimensionality reduction and/or manifold learning. With such pre-processing,
linear methods can clearly be successful. However, kernel-based methods for dimensionality
reduction (e.g., diffusion maps [37]| or kernel time-lagged independent component analysis
[138, 139]) scale poorly with the size of the data set. A neural network (e.g., an autoencoder
[140, 141]) can be used for dimensionality reduction, but the approach presented here is

simpler in that we go directly from model coordinates to prediction function estimates.

3.4.4 Lag time

As discussed in the Introduction, neural networks have been applied to estimating high-

dimensional committors assuming a partial-differential form for the dynamical operator [119,

74



120, 121|. This form arises in the limit that one considers an infinitesimal lag time. In this

case, one can write (3.7) as
Llu](z) = h(x) for x € D and u(z) = g(z) for = ¢ D, (3.19)

where £ is the is the infinitesimal generator:

E, |f(x")] - f()

L = i 3.20
/() = lim o (3.20)
For a diffusion process, £ takes the form
K K 2
af 1 T o f
_ , - () —— 21
0= 3 h 55 2T g (321)

FXHE - are the drift and diffusion coefficients that determine the

where b € R" and 0 € R
evolution of X;. In the limit of small dt, the dynamics in (5.32) correspond to a generator

with b = —=VV and ¢ = /2/f. In this case, the loss function becomes

2
O K 2 0
s 3“9 ) 1 Ty 0,0 up(Xy) 0 0
CFKE—Z Zb +3 > (oo )jl(Xi)ax_—axz_h(Xi) 1p(X;)
i=1 \j=1 ji=1 Je
(3.22)
with an appropriate boundary condition term.

The loss function in (3.22) differs from the one used in many recent articles on the subject
of committor estimation with neural-network (or recently tensor-network) approximations
[119, 120, 121, 122, 123]. Those papers focus specifically on the case of reversible overdamped
diffusive dynamics. In this case the committor can be found by minimizing a sample ap-

proximation of the loss function HVqH?T (for constant, isotropic diffusion coefficient) where

7 is the invariant distribution of the dynamics [134]. Relatedly, despite a resemblance to
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(3.10), the estimator H (q+(XT) - q+(XO)> Hi that appears in [130, 131, 132, 133] is, in fact,
a small 7 approximation of \|Vq||72T

We stress that (3.22) is only appropriate for diffusion processes and requires working with
the full set of variables in which the dynamics are formulated. Importantly, one generally
analyzes only functions of a subset of the variables (termed collective variables or order
parameters) [109, 110, 115, 3]. For example, in a molecular simulation of a solute in solvent,
one may include only the dihedral angles of the solute. In a weather simulation, one may
focus on the wind speed and geopotential height at particular altitudes. When working with
observational data, one only has access to the features that were measured. Even when
the tracked variables can be described by an accurate coarse-grained model, that model
is not known explicitly and is difficult to identify from data. These considerations make
minimization of any loss function explicitly involving (3.21) impossible for many practical
applications.

Nonetheless, the loss function in (3.22) is appealing because it involves only a single time
point, so no trajectories need to be generated if explicit forms for the drift and diffusion
coefficients are known. While this would appear to be an advantage, we show in this section
that, even when the dynamics can be reasonably described by (3.21), it can be preferable to
work with finite lag times.

To make this point, we consider dynamics governed by the Miiller-Brown potential with

a small oscillating perturbation (Figure 3.3A):
V(z) = V() + 0.1sin(2rwz) sin(27rwy), (3.23)

where w controls the spatial frequency of the perturbation. Again we represent the data on
the Swiss roll as described in Section 3.4.1. As shown in Figure 3.3B, the perturbation is
sufficiently small that it makes no qualitative change to the committor.

Given this data set, we train neural networks to minimize the loss function in (3.13),
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using either (3.11) or (3.22) for Cpkp, with h(z) = 0 and g(z) = 1z(z), corresponding to
the committor. The network architecture was the same as above: i.e., fully connected feed
forward with two inputs, 30 activation functions per hidden layer, and one output. The

neural network and its training were as described in Section 3.4.2.
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Figure 3.3: Effect of potential roughness on the performance when using a loss function based
on the infinitesimal lag time limit. Results shown are obtained with (3.22) and (3.23) with
w = 0 (top row), and w = 10 (bottom row). (A) The potentials. (B) Reference committors
obtained from the finite-difference scheme in [3, 4]. (C) Neural network prediction of the
committors. (D) Differences between the references and the predictions. (E,F) Same as
columns C and D, except for a lag time of 100 steps. Note the different scales on the
difference maps in columns D and F.

0.15 0.15 0.15
£0.10 0.10 0.10
w
wn
=
Z 0.05 0.05 0.05
o
00066525 50 75 100 %975 50 100 0.00%5 50 100
w Lag Lag

Figure 3.4: Comparison of infinitesimal and finite lag time loss functions. (left) RMS error
in the committor for the Miiller-Brown dynamics mapped to the Swiss roll obtained with the
infinitesimal lag time loss function in (3.22) as the frequency of the sinusoidal perturbation,
w, is increased. The other panels show the error as the lag time is increased with the
frequency fixed at w = 0 (center) or w = 10 (right). Shading shows the standard deviation
in the error from training on ten independent data sets.
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Typical results are shown in Figure 3.3C and D, and the error in the committor is
quantified in Figure 3.4. As the frequency of the the perturbation increases, the drift becomes
large, with rapid sign changes, and the training of the infinitesimal lag time network tends to
get stuck at poor estimates of the committor (Figure 3.4(left)). By contrast, finite lag time
networks consistently achieve low errors at longer lag times (Figure 3.4(center and right)).
This presumably results from averaging over values of the drift. Interestingly, we found
that when the potential is smooth (Figure 3.4(center)), slightly lower errors can be obtained
using the zero lag time approach. However, in the presence of even such a small amount
of roughness that the committor is qualitatively unchanged (Figure 3.3A and B), our finite
lag time approach performs better (Figure 3.4(right)). We expect the latter case to be more
relevant in many practical applications.

It may be tempting to assume that the zero lag time approach has lower computational
cost since there is no need to actually simulate the stochastic differential equation (here,
(5.32)). This is not necessarily the case. With the infinitesimal lag time loss function, the
drift needs to be evaluated for each data point for every pass over the data set (one epoch).
By contrast, the finite lag time loss function introduced here does not require evaluation of
the drift once the data set is generated. Therefore, if the number of epochs needed to train
the zero lag time network is comparable to the number of time steps used to generate the data
set for the two-trajectory method, the finite lag time method will be less computationally

costly.

3.4.5 Sampling distribution

In this section, we investigate the role of the choice of sampling distribution. Following
generation of a data set as described in Section 3.4.1, we selected initial points from the

region specified in (4.25) with weight p(x) o exp(—p,V(z)) (8, need not be the same as

S

B) and trained over a range of 3, values. To a good approximation when dt is small, the
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Figure 3.5: RMS error of the committor as the sampling temperature, 1/3,, is increased.
The point at 1/5, = 1 corresponds to the stationary distribution for the Miiller-Brown model
(in the small dt limit) at the temperature of the dynamics. Increasing the temperature makes
the distribution more uniform. The point labeled oo is uniform. Shading shows the standard
deviation in the error from training on ten independent data sets.

invariant density of (5.32) is p with 8y = . When f, is large, the data set of initial
conditions concentrates at the local minima of V(z). As 3, becomes small, the distribution
approaches uniform. While this parametric form for the sampling distribution is convenient
for the tests performed in this section, we emphasize that, unlike many existing schemes
[119, 120, 121, 132, 133], our algorithm does not require explicit knowledge of the invariant
density.

We trained ten networks on each pair of sampling distribution and lag time following the
procedure in Section 3.4.2, and the resulting errors and their standard deviations are plotted
as a function of 1/4, in Figure 3.5. At low 1/f,, which concentrates the initial points in the
minima, the network is unable to find a good solution at any lag time. As 1/, increases and
the distribution becomes more uniform, the solution improves significantly. This suggests
that it is important to have the regions between minima well-represented in the data set,
which is consistent with previous observations [80, 3, 109, 116, 122]. In high-dimensional

examples, sampling the transition regions is not straightforward, and we present a solution
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to this problem in the next section.

3.5 Adaptive Sampling

As we showed in Section 3.4.5, the choice of sampling distribution is important. In this
section, we propose a simple method for adding data as the training proceeds. Since the
approach depends on constructing a spatial grid we must first select a low-dimensional (e.g.,
two-dimensional) set of (possibly non-linear) coordinates £(x) which, as noted above, we
term collective variables. We then partition the space of possible £ values into bins of equal

volume labeled S7,S5,,...,5,,, and estimate

N 2
F(" =D+, |7 O neyas] ) 1 eomtoras
= [ s, €Dy (324)

for each bin. The weights P77 are then used to select bins, and new initial points are then
sampled from the selected bins with uniform probability. The essential idea is that we add
data to the regions (bins) that contribute most to Cpgg.

When adaptively sampling to learn the committor we approximate (3.24) by

S (1 Syes, X0 10X ) (1 e o0 - (X8 Y 1, (60xE0)
= z ! . (3.25
" i Ls, (6(X0) (329

We compute (3.25) for each bin, select N bins with probability proportional to Pn with
replacement, and sample a single additional initial point from each selected bin. From each
of the N new initial points we generate a trajectory. In practice, we observed that (3.25)
can become negative for some bins in the same way that Cpgp can become negative. In this
case, we set all negative probabilities to zero.

The success of our adaptive sampling approach depends on the choice of £&. In the absence

80



of other knowledge, a reasonable choice is the current estimate of the committor function
itself. We adopt this choice to test our adaptive sampling procedure on the Miiller-Brown
model. A related adaptive sampling approach using stratified sampling [8, 142| based on a
current committor estimate is proposed in [122].

The simulation and Swiss roll parameters, as well as neural network and training pa-
rameters are the same as above. We initially train with 10,000 pairs of trajectories drawn
uniformly from the region in (4.25) for 1000 epochs. Then we alternate between adding
N = 5000 new pairs of trajectories and training for 500 epochs, for four cycles. We compare
to 30,000 trajectory pairs drawn uniformly from the region in (4.25). Results are presented
in Figure 3.6. We find that the adaptive sampling and uniform sampling perform similarly
at long lag times, although the adaptive procedure gives more reproducible results as shown
by the smaller error bars. At short lag times the average error is lower as well. The adaptive
sampling procedure concentrates sampling in the transition region, that is, near ¢, = 0.5. In
the next section, we illustrate the adaptive sampled distribution on our atmospheric model,
and we again see that sampling is effectively directed to the transition region. For low noise
diffusions, the transition region becomes narrower, and this is reflected by a sharper peak
than in Figure 3.6. In our testing, our adaptive sampling scheme remains effective, although

more data are required at lower noise. We find that our method works for barriers < 10//.

3.6 Predicting an atmospheric transition

As a demanding test of our method, we compute the committor and lead time for a model of
sudden stratospheric warming (SSW), aiming to improve upon the benchmarks computed in
[116]. Like other models of geophysical flows, the dynamics are irreversible and the stationary
distribution is unknown. As a consequence, many competing approaches for computing the
committor (e.g., [119, 120, 121, 132, 133]) are not applicable.

Typical winter conditions in the Northern Hemisphere stratosphere support a strong
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Figure 3.6: Adaptive sampling scheme applied to the Miiller-Brown dynamics mapped to
the Swiss roll. (left) Comparison of uniform and adaptive sampling. Shading and error bars
show the standard deviation in the error from training on ten independent data sets. (right)
Histogram of the final data set as a function of the committor from training a neural network
with a lag time of 100.

polar vortex, fueled by a large equator-to-pole temperature gradient. Approximately once
every two years, planetary waves rising from the troposphere impart a disturbance strong
enough to weaken and destabilize the vortex, in some cases splitting it in half. Such events
cause stratospheric temperatures to rise by about 50°C over several days, affecting surface
weather conditions for up to three months. The polar vortex is dynamically coupled to the
midlatitude (tropospheric) jetstream, which sometimes weakens in response to SSW. This
can engulf the midlatitudes in Arctic air and alter storm tracks, bringing severe weather
conditions to unprepared locations. Predicting SSW events is therefore a prime objective in
subseasonal-to-seasonal weather prediction, but their abruptness poses a real challenge. For
a review of SSW observations, predictability and modeling, see [143] and references therein.

We consider the Holton-Mass model [144], augmented by time-dependent stochastic forc-
ing as in [116] to represent unresolved processes and excite transitions between the strong and
weak vortices. Despite the simplicity of the model relative to state-of-the-art climate models,
these transitions capture essential features of SSW such as the rapid upward burst of wave
activity mediated by the “preconditioned” vertical structure of zonal-mean flow [145, 146].

We briefly describe the model here, but refer the interested reader to [116, 147, 144, 148] for
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additional background and details.

The model domain is the region of the atmosphere north of 30° and above the altitude of
z =~ 10 km (the tropopause). The Holton-Mass model describes stratospheric flow in terms
of a wave-mean flow interaction between two physical fields. The mean flow refers to the
zonal-mean zonal wind u(y, z,t): the horizontal wind velocity component in the east-west
(zonal) direction, averaged over a ring of constant latitude (zonal-mean, denoted by the
overbar). The spatial coordinate y denotes the north-south (meridional) distance from the
latitude line ¢ = 60°, i.e., y = a(p— ¢g), where a is the Earth’s radius and ¢ is the latitude.
The wave refers to the perturbation streamfunction ¢’(x, y,z,t): the deviation from zonal
mean (denoted by a prime symbol) of the geostrophic streamfunction, which is proportional
to the potential energy of a given air parcel. Holton and Mass worked with the following
ansatz for the interaction:

u(y, z,t) = U(z,t) sin(ly)
(3.26)

W (@, y, 2, t) = Re{W(z, 1) * e 2 sin(ey)

where k = 2/(acos 60°) and ¢ = 3/a are zonal and meridional wavenumbers, and H = 7
km is a scale height. The equations in (3.26) prescribe the horizontal structure entirely,
so the model state space consists of U(z,t) and ¥(z,t), the latter being complex-valued.
Insertion of (3.26) into the quasigeostrophic potential voriticity equation yields a system
of two coupled PDEs. Following [116, 144, 147, 148|, we discretize the PDEs along the z
dimension in 27 layers. After enforcing boundary conditions, this results in a 75-dimensional
state space:
X' = [Re{W(Az, 1)}, ..., Re{¥(25A2, 1)},
Im{U(Az,t)},...,Im{V(25Az,1)}, (3.27)
U(Az,t),...,U(25Az,1)].
The two states of interest in this model are a strong polar vortex, with large positive
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U(z,t) (meaning eastward wind, marked as state A in Figure 3.7), and a weak polar vortex,
with a weak wind profile in which U(z,t) sometimes dips negative (marked as state B in
Figure 3.7). Specifically, we define A and B as spheres centered on the model’s two stable
fixed points (¥, U,) and (¥, U,) in the 75-dimensional state space. The two spheres have
radii of 8 and 20 respectively, with distances measured in the non-dimensionalized state

space specified in [116]. In physical units, these correspond to the ellipsoids

2 2
N L 7N [U=Uall” _ 2
A:{\II,U. 2L+ al_ <3 (3.28)
(7.2 x 10° m~/s) (2.9 m/s)

2 2

B:{\If g Ll 1= G <202} (3.29)

T (72x10° m?/s)? (29 m/s)? T
where ||-|| is the complex vector 2-norm.

Figure 3.7 illustrates the key features of this model relevant to the prediction problems
we consider here. We see that the average time to reach B starting from A is over 1000 days,
which is substantially longer than the longest lag times we consider here (< 10 days). We
can also see that the transition paths do not proceed through the saddlepoint of the effective
free energy (i.e., the negative logarithm of the stationary density, marked by the contours),
indicating that dynamical, non-diffusive, irreversible dynamics are important. Specifically,
the transition path can be roughly divided into two stages: a “preconditioning” phase, in
which the vortex gradually weakens, followed by an upward burst of wave activity that rips
the vortex apart. Most of the committor’s increase happens during the preconditioning
phase, which siphons enstrophy (that is, squared vorticity, a measure of vortex strength that
is conserved in the absence of dissipation) away from the mean flow and into the wave activity.
The wave eventually dissipates, but only after its magnitude |¥| bypasses the saddlepoint
(Figure 3.7). See [117, 149 for further discussion.

To generate an initial data set, we sampled 30,000 points uniformly in U(30 km) and

|¥[(30 km) from a long (50,000 days) trajectory and ran two ten-day trajectories from each
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Figure 3.7: TIllustration of some key properties of the Holton Mass model relevant to the
prediction problems considered here. Red and yellow ellipses approximately mark the pro-
jections of states A and B, respectively, on the collective variables. The background color
shows the average time to hit state B, clipped to a maximum of 1300 days to show detail.
Black contours show the negative logarithm of the stationary density marginalized on these
collective variables. Three transition paths harvested from a long simulation are shown in
white.

starting point. Simulation details are reported in [116]. We simulated with a time step of
0.005 days, and saved the state of the system every 0.1 days. To validate our neural network

results, we use a long trajectory of 500,000 days to compute
(q(s)) = E[1g(X7)|uy (XO) € [s,s 4+ As]| for s € [0, 1]. (3.30)

where 6™ are the parameters obtained from solving (3.9). This is the mean reference commit-
tor over the isocommittor surfaces from the neural network function. A perfect prediction
corresponds to (g(s)) = s. We use a similar construction for m 4pq, which we denote

(Im4pya](s)). For the committor, we take the overall error to be

1
= S — S 2 S .
Error = \/ | tats) = o7 (3:31)
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Figure 3.8: Reference statistics for the Holton-Mass model. (left) Committor and (right)
lead time computed from a long trajectory and projected onto U(30 km) and |¥|(30 km).
Colors show reference statistics, and contours show the effective free energy.
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Figure 3.9: Committor for the Holton-Mass model. (left) Colors show predictions, and
contour lines show the density of added points from the adaptive sampling scheme described
in Section 3.5. (right) Comparison of predicted and reference committors. Symbols show
(3.30). Error bars show the standard deviation from networks trained on ten separate data
sets resulting from the adaptive sampling scheme.

Because the lead time does not have a fixed range and scales exponentially with the noise,

for it, we instead compute the relative error

40 9 9
\/ /0 ([mapdl(s)) — 8)2/s%ds. (3.32)

Figure 3.8 shows the reference committor and lead time projected onto the collective vari-

ables.
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Figure 3.9(left) shows results for the committor obtained with the adaptive sampling
method. As collective variables in the adaptive sampling scheme we use £ = (U (30 km), |¥[(30 km)).
The space between U(30 km) = —29 and 72.5 m/s and between |¥[(30 km) = 0 and 1.26 x
107 m/ s2 is partitioned into a 20 x 20 grid of bins. We choose this collective variable space
because it is physically intuitive, coming directly from the model’s state space, and because
it resolves SSW events well. Physically, U measures the strength of the vortex while |V
measures the strength of the disruptive wave. Their coupling is key to the nonlinear dy-
namics of the model. We begin with 50,000 pairs of short trajectories and add 22,000 new
pairs of ten-day trajectories every 100 epochs for a total of 10 cycles. Thus the final number
of trajectory pairs is 270,000. We take A = 10 in (3.13). The network architecture is a
fully connected feed forward network with 75 inputs, 10 hidden layers of width 50, with
ReLU activation functions, and an output layer with a single sigmoid activation function.
We stop training between each addition of data whenever the loss goes below zero (Figure
3.10). Networks for the lead time have the same structure, except that they have a quadratic
output layer. The contour lines in Figure 3.9(left) indicate the density produced at the end
of the training by the adaptive sampling procedure. The method concentrates new samples
in the transition region without being given any information about its location. The method
identifies the transition region on the fly.

To validate the results, we trained ten networks on the data set produced by the adaptive
sampling method and computed (3.30) (Figure 3.9(right)). The error bars show the standard
deviation in (g(s)). We see that the training is robust and consistently able to produce good
estimates of the committor. We used the data set obtained from the adaptive sampling
scheme for the committor to train the neural network to predict the lead time (Figure 3.11).
Once again, we find that the method consistently produces good results compared with
estimates from a long trajectory. We expect the errors in Figure 3.11 to be larger than those

in Figure 3.9 because the estimated committor is used in the loss function for the lead time
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Figure 3.10: The value of the loss as the training progresses for several replicates. We
add data adaptively every 100 epochs and halt training when the loss goes below zero.
Synchronized spikes in the loss function result from adding data where the loss is high.
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Figure 3.11: Lead time for the Holton-Mass model. (left) Colors show predictions, and
contour lines show the density of points in the data set obtained from the adaptive sam-
pling scheme for the committor. (right) Comparison of predicted and reference lead times.
Symbols show ([m 4pq|(s)). Error bars show the standard deviation from networks trained
on ten indpendent data sets resulting from the adaptive sampling scheme used to train the
committor.

(as discussed below (3.7)), allowing errors to compound.
Finally, we determined how the performance of our method depended on key hyperpa-

rameters. To elucidate trends, we trained 10 networks on the data set produced by our
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Figure 3.12: Dependence of performance as key hyperparameters are varied. (left) RMS
error of the committor as a function of lag time. (right) Relative error in the product used
to solve for the lead time as a function of the network depth and lag time. Shading shows
the standard deviation from networks trained on ten indpendent data sets resulting from the
adaptive sampling scheme used to train the committor; on the right, shading is only shown
for the deepest network for clarity.

adaptive sampling method. Figure 3.12 shows the error in our scheme as the lag time is
increased. As we observed in the case of the rugged Miiller-Brown potential, the error de-
creases as the lag time increases. We note that as the lag time goes to infinity, all trajectories
reach AU B, and the algorithm reduces to nonlinear regression of point estimates of the con-
ditional expectation of being in state B (see (3.2)). We also investigated the dependence of
the performance on the network depth, as shown in the right panel of Figure 3.12. We found
that deeper networks were able to achieve low errors at intermediate lag times, although

there was relatively little sensitivity to this hyperparameter at short and long lag times.

3.7 Conclusions

In this work, we have proposed a machine learning method for solving prediction problems
given a data set of short trajectories. By computing conditional expectations that solve
Feynman-Kac equations rather than trying to learn the full dynamical law, we reduce the

scope of the problem and hence render it more tractable. Our method has a number of
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advantages over existing ones:
e it allows computation of any statistic that can be cast in Feynman-Kac form;

e it does not require explicit knowledge of either the model underlying the data or its
dynamics (e.g., the form of the generator and its parameters, such as the diffusion

tensor);
e it allows for use of arbitrary lag times;
e it allows use of an arbitrary sampling distribution;
e it does not require microscopic reversibility.

We illustrate these advantages using two numerical examples. Using a three-dimensional
model for which we can compute an accurate reference solution, we show that our method
using short trajectory data is often more robust than related methods that instead use the
differential operator form of the Feynman-Kac equation [119, 120, 121, 122|. With the same
model, we demonstrate the importance of having data in the low probability regions between
metastable states and adequately weighting it against the data in the high probability regions.
We propose a simple adaptive sampling scheme that allows us to add data so as to target
the largest contributions to the loss during training. Finally, we show that we can compute
key statistics for a 75-dimensional model of SSW events (not just the committor but also
the lead time) from trajectories that are significantly shorter than the times between events.

Our method opens new possibilities for the study of rare events using experimental
and observational data. For example, data sets of short trajectories generated by weather
forecasting centers can be analysed by our method to study extreme weather and climate
events [115]. However, the requirement that two trajectories be generated from each initial
condition poses an obstacle to application of our method to many other data sets. Our next

chapter will focus on relaxing this restriction.
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CHAPTER 4
PREDICTING WITH INEXACT SUBSPACE ITERATION

4.1 Introduction

Modern observational, experimental, and computational approaches often yield high-dimensional
time series data (trajectories) for complex systems. In principle, these trajectories contain
rich information about dynamics and, in particular, the infrequent events that are often most
consequential. In practice, however, high-dimensional trajectory data are often difficult to
parse for useful insight. The need for more efficient statistical analysis tools for trajectory
data is critical, especially when the goal is to understand rare-events that may not be well
represented in the data.

We consider dynamics that can be treated as Markov processes. A common starting point
for statistical analyses of Markov processes is the transition operator, which describes the
evolution of function expectations. The eigenfunctions of the transition operator characterize
the most slowly decorrelating features (modes) of the system [150, 23, 26, 151, 77]. These can
be used for dimensionality reduction to obtain a qualitative understanding of the dynamics
[152, 153], or they can be used as the starting point for further computations [154, 155, 156].
Similarly, prediction functions, which provide information about the likelihood and timing
of future events as a function of the current state, are defined through linear equations of
the transition operator|35, 156].

A straightforward numerical approach to obtaining these functions is to convert the tran-
sition operator to a matrix by projecting onto a finite basis for Galerkin approximation|[157,
158, 159, 150, 23, 35, 156, 160]. The performance of such a linear approximation depends on
the choice of basis [35, 156, 160|, and previous work often resorts to a set of indicator functions
on a partition of the state space (resulting in a Markov state model or MSM [159]) for lack

of a better choice. While Galerkin approximation has yielded many insights [161, 162|, the
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limited expressivity of the basis expansion has stimulated interest in (nonlinear) alternatives.

In particular, artificial neural networks can be harnessed to learn eigenfunctions of the
transition operator and prediction functions from data [163, 30, 141, 164, 165, 77, 166, 167,
121]. However, existing approaches based on neural networks suffer from various drawbacks.
As discussed in Ref.|77], their performance can often be very sensitive to hyperparameters,
requiring extensive tuning and varying with random initialization. Many use loss functions
that are estimated against the stationary distribution [168, 169, 132, 121, 170, 171], so
that metastable states contribute most heavily, which negatively impacts performance {171,
167]. Assumptions about the dynamics (e.g., microscopic reversibility) limit applicability. In
Ref. [167] we introduced an approach that overcomes the issues above, but it uses multiple
trajectories from each initial condition; this limits the approach to analysis of simulations
and moreover requires specially prepared data sets.

The need to compute prediction functions from observed trajectory data also arises in re-
inforcement learning. There the goal is to optimize an expected future reward (the prediction
function) over a policy (a Markov process). For a fixed Markov process, the prediction prob-
lem in reinforcement learning is often solved by temporal difference (TD) methods, which
allow the use of arbitrary ensembles of trajectories without knowledge of the details of the
underlying dynamics[172]. TD methods have a close relationship with an inexact form of
power iteration, which, as we describe, can perform poorly on rare-event related problems.

Motivated by this relationship, as well as by an inexact power iteration scheme previously
proposed for approximating the stationary probability distribution of a Markov process using
trajectory data [173], we propose a computational framework for spectral estimation and
rare-event prediction based on inexact iterative numerical linear algebra.

Our framework includes an inexact Richardson iteration for the prediction problem, as
well as an extension to inexact subspace iteration for the prediction and spectral estimation

problems. The theoretical properties of exact subspace iteration suggest that eigenfunctions

92



outside the span of the approximation will contribute significantly to the error of our in-
exact iterative schemes|[174]. Consistent with this prediction, we demonstrate that learning
additional eigenvalues and eigenfunctions simultaneously through inexact subspace iteration
accelerates convergence dramatically relative to inexact Richardson and power iteration in
the context of rare events.

While we assume the dynamics can be modeled by a Markov process, we do not require
knowledge of their form or a specific underlying model. The method shares a number of
further advantages with the approach discussed in Ref. 167 without the need for multiple
trajectories from each initial condition in the data set. This opens the door to treating a
wide range of observational, experimental, and computational data sets.

The remainder of the paper is organized as follows. In Section 4.1.1, we describe the
quantities that we seek to compute in terms of linear operators. In Sections 4.2 and 4.3, we
introduce an inexact subspace iteration algorithm that we use to solve for these quantities.
Section 4.4 illustrates how the loss function can be tailored to the known properties of the
desired quantity. Section 4.5 summarizes the two test systems that we use to illustrate
our methods: a two-dimensional potential, for which we can compute accurate reference
solutions, and a molecular example that is high-dimensional but still sufficiently tractable
that statistics for comparison can be computed from long trajectories. In Section 4.6, we
explain the details of the invariant subspace iteration and then demonstrate its application
to our two examples. Lastly, Section 4.7 details how the subspace iteration can be modified
to compute prediction functions and compares the effect of different loss functions, as well
as the convergence properties of power iteration and subspace iteration. We conclude with

implications for reinforcement learning.
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4.1.1 Spectral estimation and the prediction problem

We have two primary applications in mind in this article. First, we would like to estimate the

dominant eigenfunctions and eigenvalues of the transition operator T for a Markov process

xXte Rd, defined as
T'f(@) = B, [£(X)] (4.1)

where f is an arbitrary real-valued function and the subscript x indicates the initial condition
X" = 2. The transition operator encodes how expectations of functions evolve in time.
The right eigenfunctions of 7! with the largest eigenvalues characterize the most slowly
decorrelating features (modes) of the Markov process [150, 23, 151, 77].

Our second application is to compute prediction functions of the general form
u(z) =B, [w(x)+ 3 1(xH], (4.2)

where T is the first time X" ¢ D from some domain D, and ¥ and I" are functions associated
with the escape event (rewards in reinforcement learning). Prototypical examples of predic-
tion functions that appear in our numerical results are the mean first passage time (MFPT)
from each x:

m(z) = Eg [T] (4.3)

and the committor:

g(a) = E, [11 B(XT)} ~P, [XT € B} , (4.4)

where A and B are disjoint sets (“reactant” and “product” states) and D = (AU B)°. The
MFPT is important for estimating rates of transitions between regions of state space, while
the committor can serve as a reaction coordinate[175, 176, 170, 177] and as a key ingredient

in transition path theory statistics [167, 178, 57|. For any 7 > 0, the prediction function
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u(x) satisfies the linear equation

(TAT)—1
(Z-8Nul@)=E, | Y T(X (4.5)
t=0
for x € D, with boundary condition
u(z) = ¥(z) (4.6)

for x ¢ D. In (4.5), Z is the identity operator and

STf(x) = By [ F(X7T)] (47)

is the “stopped” transition operator [156]. We use the notation 7 A T = min{r,7'}. The
parameter 7 is known as the lag time. While it is an integer corresponding to a number of
integration steps, in our numerical examples, we often express it in terms of equivalent time
units.

Our specific goal is to solve both the eigenproblem and the prediction problem for X Lin
high dimensions and without direct access to a model governing its evolution. Instead, we
have access to trajectories of X Lof a fixed, finite duration 7. A natural and generally
applicable approach to finding an approximate solution to the prediction problem is to
attempt to minimize the residual of (4.5) over parameters 6 of a neural network uy(z)
representing u(x). For example, we recently suggested an algorithm that minimizes the
residual norm
2

, (4.8)
I

slz=50w |

where r(x) is the right-hand side of (4.5) and p is an arbitrary distribution of initial conditions
XY (boundary conditions were enforced by an additional term) [167]. The norm |[-[|,, is

defined by || f|| u= ={(f, /) " where (f, g =[f(z p(dz) for arbitrary functions f and g.
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The gradient of the residual norm in (4.8) with respect to neural-network parameters 6 can

be written

<<I - ST) Ug — 1, V@U9>M — <(I — ST) ug — T, STVQUG>M (49)

Given a data set of initial conditions {X 9 }?:1 drawn from g and a single sample trajectory

{X;};O of X" for each XJQ, the first term in the gradient (4.9) can be approximated without

bias as
0 TAL t 0
(T8 ug—r.Vgug), = > | ug(X7) —up(X;" ) = > T(XG) | Vup(X7)
j=1 t=0

(4.10)
where T7 is the first time X; ¢ D.

In contrast, unbiased estimation of the second term in (4.9) requires access to two
independent trajectories of X t for each sample initial condition since it is quadratic in
S" |167, 172]. In the reinforcement learning community, TD methods were developed for
the purpose of minimizing a loss of a very similar form to (4.8), and they perform a “sem-
igradient” descent by following only the first term in (4.9) [172]. As in the semigradient
approximation, the algorithms proposed in this paper only require access to inner products
of the form (f, Ag) u for an operator A related to 7~ or S”, and they avoid terms that are
non-linear in A. As we explain, such inner products can be estimated using trajectory data.
However, rather than attempting to minimize the residual directly by an approximate gradi-
ent descent, we view the eigenproblem and prediction problems through the lens of iterative

numerical linear algebra schemes.
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4.2 An inexact power iteration

To motivate the iterative numerical linear algebra point of view, observe that the first term
in (4.9) is the exact gradient with respect to ¢ of the loss

1
§Hu9/ - STu@ — 7“||2

" (4.11)

evaluated at 8’ = 6. The result of many steps of gradient descent (later, “inner iterations”)
on this loss with € held fixed can then be viewed as an inexact Richardson iteration for (4.5),
resulting in a sequence

Ugst1 A STugs +r, (4.12)

where, for each s, ugs is a parametrized neural-network approximation of the solution to
(4.5). To unify our discussion of the prediction and spectral estimation problems, it is

helpful to observe that (4.12) can be recast as an equivalent inexact power iteration:

where

1 1 0
Uy = and A= . (4.14)
T
Up r S
Note that (1, u)—r is the dominant eigenfunction of A and has eigenvalue equal to 1.

Ref. [173] introduced an inexact power iteration to compute the stationary probability
measure of 7, i.e., its dominant left eigenfunction. As those authors note, an inexact power
update such as (4.13) can be enforced using a variety of loss functions. In our setting, the
LZ norm in (4.11) can be replaced by any other measure of the difference between Uy and
S"ug + r, as long as an unbiased estimator of its gradient with respect to ¢ is available.

This flexibility is discussed in more detail in Section 4.4, and we exploit it in applications
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presented later in this article. For now, we focus instead on another important implication
of this viewpoint: the flexibility in the form of the iteration itself.

We will see that when the spectral gap of A, the difference between its largest and
second largest eigenvalues, is small, the inexact power iteration (or the equivalent Richardson
iteration) described above fails to reach an accurate solution. The largest eigenvalue of A in
(4.14) is 1 and its next largest eigenvalue is the dominant eigenvalue of S”. For rare-event
problems the difference between these two eigenvalues is expected to be very small. Indeed,
when XV is drawn from the quasi-stationary distribution of X tin D, the logarithm of the
largest eigenvalue of S” is exactly —7/ E[T][179]. Thus, when the mean exit time from D is
large, we can expect the spectral gap of A in (4.14) to be very small. In this case, classical
convergence results tell us that exact power iteration converges slowly, with the largest
contributions to the error coming from the eigenfunctions of S” with largest magnitude
eigenvalues [174]. Iterative schemes that approximate multiple dominant eigenfunctions
simultaneously, such as subspace iteration and Krylov methods, can converge much more
rapidly[174]. In the next section, we introduce an inexact form of subspace iteration to
address this shortcoming. Beyond dramatically improving performance on the prediction
problem for rare-events when applied with A in (4.14), it can also be applied with A = T~

to compute multiple dominant eigenfunctions and values of 7 itself.

4.3 An inexact subspace iteration

Our inexact subspace iteration for the & dominant eigenfunctions/values of A proceeds as
follows. Let {9035}2:1 be a sequence of k basis functions parametrized by #° (these can be
scalar or vector valued functions depending on the form of A4). We can represent this basis

as the vector valued function

1 2 k
UQS — ((pes,@es, . ,(,Des> . (415)
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Then, we can obtain a new set of k basis functions by approximately applying A to each of

the components of Ups:

Uysin KM~ AU (4.16)

where K*T1 is an invertible, upper-triangular k£ x k£ matrix that does not change the span
of the components of U ps+1 but is included to facilitate training. One way the approximate

application of A can be accomplished is by minimizing

k 2
ZSOHKba A ggs (4.17)

b:

l\l)l»—l

over § and K with 6% held fixed.
The eigenvalues and eigenfunctions of A are then approximated by solving the finite-

dimensional generalized eigenproblem
C"W = Cc'wA (4.18)
where

Cly = {phs, Aphs) p (4.19)

0 b
Cab = (g 2°) 1 (4.20)

each inner product is estimated using trajectory data, and W and A are k& x k matrices.
The matrix A is diagonal, and the a-th eigenvalue A\, of A is approximated by A,,; the
corresponding eigenfunction v, is approximated by szl W gogs.

Even when sampling is not required to estimate the matrices in (4.19) and (4.20), the
numerical rank of C” becomes very small as the eigenfunctions become increasingly aligned

with the single dominant eigenfunction. To overcome this issue, we apply an orthogonaliza-
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tion step between iterations (or every few iterations). Just as the matrices c” and C™ can be
estimated using trajectory data, the orthogonalization procedure can also be implemented
approximately using data.

Finally, in our experiments we find it advantageous to damp large parameter fluctuations
during training by mixing the operator A with a multiple of the identity, i.e., we perform
our inexact subspace iteration on the operator (1 —ay)Z +a A in place of A itself. This new
operator has the same eigenfunctions as 4. In our experiments, decreasing the parameter o
as the number of iterations increases results in better generalization properties of the final
solution and helps ensure convergence of the iteration. For our numerical experiments we

use

1 s<o
g = (4.21)

1/Vs+1—0 s>o
where o is a user chosen hyperparameter that sets the number of iterations performed before
damping begins.
The details, including estimators for all required inner products, in the case of the eigen-
problem (A = 7") are given in Section 4.6 and Algorithm 1. For the prediction problem

with A as in (4.14), they are given in Section 4.7 and Algorithm 2.

4.4 Alternative loss functions

As mentioned above, the inexact application of the operator A can be accomplished by
minimizing loss functions other than (4.17). The key requirement for a loss function in the
present study is that A appears in its gradient only through terms of the form (f, Ag),, for
some functions f and g, so that the gradient can be estimated using trajectory data. As
a result, we have flexibility in the choice of loss and, in turn, the representation of u. In
particular, we consider the representation wy = ((zy), where ( is an increasing function,

and zy is a function parameterized by a neural network. An advantage of doing so is that
100



the function ¢ can restrict the output values of uy to some range. For example, when
computing a probability such as the committor, a natural choice is the sigmoid function
Clr)=(1+e ™)

Our goal is to train a sequence of parameter values so that uys approximately follows a
subspace iteration, i.e., so that ¢ (293+1) ~ Auys. To this end, we minimize with respect to
0 the loss function

E [V(zg) — zgAugs] , (4.22)

X Owu
where V is an antiderivative of ¢, and 6° is fixed. The subscript X 0 (4 in this expression
indicates that X is drawn from p. Note that, as desired, A appears in the gradient of (4.22)
only in an inner product of the required form, and an approximate minimizer, 98+1, of this
loss satisfies ((z 05+1) ~ Auys. This general form of loss function is adapted from variational
expressions for the divergence of two probability measures [180, 173].

The Li loss in (4.17), which we use in several of our numerical experiments, corresponds

1 mentioned above

to the choice ((z) = x and V (z) = :c2/2. The choice of ((x) = (14+¢ *)~
corresponds to V() = log(1 + €*); we refer to the loss in (4.22) with this choice of V as the
“softplus” loss. We note that in the context of committor function estimation, in the limit of
infinite lag time the “softplus” loss corresponds directly to the maximum log-likelihood loss
(for independent Bernoulli random variables) that defines the logistic regression estimate
of the probability of reaching B before A. Logistic regression has previously been used in

conjunction with data sets of trajectories integrated all the way until reaching A or B to

estimate the committor function[181, 182, 183, 184, 185, 186].

4.5 Test problems

We illustrate our methods with two well-characterized systems that exemplify features of

molecular transitions. In this section, we provide key details of these systems.
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Figure 4.1: Miiller-Brown potential energy surface. The orange and red ovals indicate the
locations of states A and B respectively when computing predictions. Contour lines are
drawn every 1 ﬁ_l.

4.5.1  Muiiller-Brown potential

The first system is defined by the Miiller-Brown potential [2] (Figure 4.1):

4
1 2
(Y, 2) = 20 > Cexpla;(y — v;)
i=1

iy — yi)(z — 2) ez — )% (4.23)

The two-dimensional nature of this model facilitates visualization. The presence of mul-
tiple minima and saddlepoints that are connected by a path that does not align with the
coordinate axes makes the system challenging for both sampling and analysis methods. In

Sections 4.6.1 and 4.7.1, we use C; = {—200, —100, —170,15}, a; = {—1,—1,—6.5,0.7}, b; =
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{0,0,11,0.6}, ¢; = {—10,—-10,—6.5,0.7}, y; = {1,—0.27,-0.5, -1}, z; = {0,0.5,1.5,1}. In
Section 4.7.2, we tune the parameters to make transitions between minima rarer; there, the
parameters are C; = {—250, —150, —170,15}, a; = {—1,—3,—6.5,0.7}, b; = {0,0,11,0.6},
¢; = {-10,-30,—-6.5,0.7}, y; = {1,-0.29,—-0.5, -1}, z; = {0,0.5,1.5,1}. For prediction,
we analyze transitions between the upper left minimum (A) and the lower right minimum

(B) in Figure 4.1; these states are defined as

A={y,z:65(y+0.5%—11(y+ 0.5)(z — 1.5) + 6.5(z — 1.5)*> < 0.3}
(4.24)

B={y,z:(y—06)7+0.5—0.02)?%< 0.2}

To generate a data set, we randomly draw 50,000 initial conditions X ;) uniformly from
the region

Q={y,z:-15<y<1.0, =05 <z <25 VWg(y,z) <12} (4.25)

and, from each of these initial conditions, generate one trajectory according to the discretized

overdamped Langevin dynamics

t t—1 t—1 / —1 .t

where 1 < t < 7, the 5; are independent standard Gaussian random variables, and the
timestep is ; = 0.001. We use an inverse temperature of 5 = 2, and we vary 7 as indicated
below (note that 7 is an integer number of steps, but we present our results for the Miiller-
Brown model in terms of the dimensionless scale used for ¢, immediately above). For each
test, we use independent random numbers and redraw the initial conditions because it is
faster to generate the trajectories than to read them from disk in this case. All error bars
are computed from the empirical standard deviation over 10 replicate data sets.

To validate our results, we compare the neural-network results against grid-based ref-
erences, computed as described in Section S4 of the Supplementary Material of Ref. [35]
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and the Appendix of Ref. [187] (our notation here follows the former more closely). The
essential idea is that the terms in the infinitesimal generator of the transition operator can
be approximated on a grid to second order in the spacing by expanding both the probability
for transitions between sites and a test function. To this end, we define the transition matrix

for neighboring sites x = (y, z) and 2 = (y£d,,2)or (y,z=£d,) on a grid with spacings ¢,

1
L+ AVE) V@)

P(2|z) = (4.27)
(this definition differs from that in Ref. 35 by a factor of 1/4, and we scale P—1I, where [ is the
identity matrix, accordingly to set the time units below). The diagonal entry P(x|z) is fixed
to make the transition matrix row-stochastic. We use d,, = 0.0125; the grid is a rectangle
with y € [-1.5,1.0], and z € [—0.5,2.0]. The reference invariant subspaces are computed by
diagonalizing the matrix 2(P — I)/ ﬁég with a sparse eigensolver; we use scipy.sparse.linalg.

We obtain the reference committor ¢, for grid sites in (AU B )¢ by solving

diag(ﬂ(AuB)C)(P —1)q,

= —diag(ﬂ(AUB)c)(P ~Dip (4.28)

and for grid sites in AU B by setting ¢, = 1 p- Here, ¢, and 1 p are vectors corresponding

to the functions evaluated at the grid sites.

4.5.2  AlIBgy helix-to-helix transition

The second system is a peptide of nine a-aminoisobutyric acids (AIBg; Figure 4.2). Because
AIB is achiral around its a-carbon atom, AIBg can form left- and right-handed helices with
equal probabilities, and we study the transitions between these two states. This transition
was previously studied using MSMs and long unbiased molecular dynamics simulations 188,

189]. AIBg poses a stringent test due to the presence of many metastable intermediate states.
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dPC 2

dPC 1

Figure 4.2: Helix-to-helix transition of AIBg. (left) Left- and right-handed helices, which
we use as states A and B, respectively, when computing predictions. Carbon, nitrogen, and
oxygen atoms are shown in yellow, blue, and red, respectively; hydrogen atoms are omitted.
(right) Potential of mean force constructed from the histogram of value pairs of the first two
dihedral angle principal components; data are from the 20 trajectories of 5 us that we use to
construct reference statistics (see text). The left-handed helix corresponds to the left-most
basin, and the right-handed helix corresponds to the right-most basin. Contour lines are

drawn every 2 3 -1 corresponding to a temperature of 300 K.

The states are defined in terms of the internal ¢ and 1 dihedral angles. We classify an
amino acid as being in the “left” state if its dihedral angle values are within a circle of radius

25° centered at (41°,43°), that is
(60— 41°)" + (¢ - 43°)" < (25°)".

Amino acids are classified as being in the “right” state using the same radius, but centered

instead at (—41°, —43°). States A and B are defined by the amino acids at sequence positions
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3-7 being all left or all right, respectively. We do not use the two residues on each end of
AIBg in defining the states as these are typically more flexible [189]. The states can be
resolved by projecting onto dihedral angle principal components (dPCs; Figure 4.2, right)
as described previously [190].

Following a procedure similar to that described in Ref. 189, we generate a data set of short
trajectories. From each of the 691 starting configurations in Ref. 189, we simulate 10 tra-
jectories of duration 20 ns with initial velocities drawn randomly from a Maxwell-Boltzmann
distribution at a temperature of 300 K. The short trajectory data set thus contains 6,910
trajectories, corresponding to a total sampling time of 138.2 us. We use a timestep of 4 fs
together with a hydrogen mass repartitioning scheme [191|, and configurations are saved
every 40 ps. We employ the AIB parameters from Forcefield NCAA [192] and the GB-
Neck2 implicit-solvent model [193|. Simulations are performed with the Langevin integrator
in OpenMM 7.7.0 [194] using a friction coefficient of 1ps 1. To generate a reference for
comparison to our results, we randomly select 20 configurations from the data set above
and, from each, run a simulation of 5 us with the same simulation parameters. For all
following tests on AIBg, batches consist of pairs of frames separated by 7 drawn randomly
with replacement from the short trajectories (i.e., from all possible such pairs in the data
set). From each frame, we use only the atom positions because the momenta decorrelate
within a few picoseconds, which is much shorter than the lag times that we consider. How-
ever, in principle, the momenta could impact the prediction functions [195] and be used as

neural-network inputs as well.

4.6 Spectral estimation

In this section, we provide some further numerical details for the application of our method
to spectral estimation and demonstrate the method on the test problems. For our subspace

iteration with A = 7, we require estimators for inner products of the form (f, 7" g) e For
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example, the gradient of the loss function (4.17) involves inner products of the form

(Voet TT¢§>M : (4.29)

For these, we use the unbiased data-driven estimator
1 n
(£, T 9, 5 Z . (4.30)

As discussed in Section 4.3, applying the operator 7 repeatedly causes each basis func-
tion to converge to the dominant eigenfunction and leads to numerical instabilities. To avoid
this, we orthogonalize the outputs of the networks with a QR decomposition at the end of
each subspace iteration by constructing the matrix ®,;, = ¢y (X ) and then computing the
factorization ® = QR where () is an n x k matrix with orthogonal columns and R is an upper
triangular k& x k matrix. Finally, we set @5 = Zlgzl gog (R_lN )by, Where N is a diagonal
matrix with entries equal to the norms of the columns of ® (before orthogonalization). To
ensure that the networks remain well-separated (i.e., the eigenvalues of " remain away from

zero), we penalize large off-diagonal entries of K by adding to the loss

. 2
MK — diag(K)||g, (4.31)

where 77 allows us to tune the strength of this term relative to others, and ||-||p is the
Frobenius norm. We control the scale of each network output using the strategy from

Ref. 173; that is, we add to the loss a term of the form

Y9 Z 2u, % Z — I/a2 : (4.32)
a=1

=1

where we have introduced the conjugate variables v, which we maximize with gradient ascent
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(or similar optimization). In general, our numerical experiments suggest that it is best to
keep 7 and v, relatively small. We find that stability of the algorithm over many subspace

iterations is improved if the matrix K is set at its optimal value before each inner loop. To

do this, we set

) 2
1 . . a/~-0 ~Q (T
Kl:m’ - argmcln E Z z_: QDH(Xj)Ca - QDS(XJ)
=1 ta=l (4.33)
i—1 )
+ 9 Z Cq-
a=1

The above minimization can be solved with linear least squares. Finally, we note that in
practice any optimizer can be used for the inner iteration steps, though the algorithm below
implements stochastic gradient descent. In this work, we use Adam[196] for all numerical

tests. We summarize our procedure for spectral estimation in Algorithm 1.

4.6.1  Miiller-Brown model

Table 4.1: Parameter choices used in this work

Spectral Estimation Committor MFPT
Hyperparameter Miiller-Brown  AIBg | Miiller-Brown Modified Miiller-Brown — AIBg AIBg
subspace dimension k 3 5 1 2, 1! 1 5
input dimensionality 2 174 2 2 174 174
hidden layers 6 6 6 6 6 6
hidden layer width 64 128 64 64 150 150
hidden layer nonlinearity CeLU CeLU ReLU ReLU ReLU ReLU
output layer nonlinearity none tanh | sigmoid/none none none none
outer iterations S 10 100 100 4+ 10" 100 300
inner iterations M 5000 2000 200 5000 2000 1000
o 2 50 50 0 50 0
batch size B 2000 1024 5000 2000 1024 2000
learning rate n 0.001 0.0001 0.001 0.001 0.001 0.001
" 0.15 0.001 - - - 0.1
Y9 0.01 0.01 - - - 10
loss for @2) L; szl L/Z,,/softplus softplus softplus LZL
loss for Lp‘é fora > 1 L, L, - Li - L,

As a first test of our method, we compute the & = 3 dominant eigenpairs for the Miiller-
Brown model. Since we know that the dominant eigenfunction of the transition operator is

the constant function vy (y, z) = 1 with eigenvalue A\; = 1, we directly include this function
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Algorithm 1 Inexact subspace iteration (with Li loss) for spectral estimation

Require: Subspace dimension £, transition data {X?, X]T }?:1, batch size B, learning rate 7,
number of subspace iterations S, number of inner iterations M, regularization parameters

71 and 7y

1: Initialize {@S}gzl and {(Z)Cf}lg:l
2: fors=1...5do
3: form=1...M do
4: Sample a batch of data {XO, XT}jB 1
5: Ly e B S [HTho e Kia)? = St eh(X)) K { o @4(X]) + (1 = )34 (X)) }]
6: Lg < nlK —kdlag( )HF o ,
£ Lrorm 4 72 2a=1(2V4 (5 T (b)) = 1) = vd)
8: L ﬁl + EKA—i_ ﬁnorm
9: 0 0—nVyLl
10: K+ K —ntriu(VgL)
11: V, <V, + nVVaﬁ
12: end for
13: Compute the matrix ®;, = gog(XZQ) > e RVF
14: Compute diagonal matrix Nsa => @Z(XZQ)2
15: Compute QR-~decomposition ® = QR > Q€ R™* and R € RF*F
~ k b/ p—1
16: g 2190 (R Ny ,
. ) 0 ~ —1 2
17 Kj,,; < argmin, & Z?:l (22:1 wo(Xj)eq — SOEL(X})) + % a1 Ca
18: end for
19: Compute the matrices C Zj 1 Pa(X )gpS(X;-) fort =0,7 > O e RF*F
20: Solve the generalized elgenproblem C™W = C'WA for W and A
21: return eigenvalues A, eigenfunctions v, = Zlgzl Wabgbg

in the basis as a non-trainable function, i.e. goé(y, z) = 1. To initialize ${ for each a > 1,
we choose a standard Gaussian vector (Y, Z%) € RQ, and set ¢f(y,2) =y Y" + 2 Z*. This
ensures that the initial basis vectors are well-separated and the first QR step is numerically
stable. Here and in all subsequent Miiller-Brown tests, batches of trajectories are drawn
from the entire data set with replacement. Other hyperparameters are listed in Table 4.1.
Figure 4.3 shows that we obtain good agreement between the estimate produced by the

inexact subspace iteration in Algorithm 1 and reference eigenfunctions. Figure 4.4 (upper
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Figure 4.3: First two non-trivial eigenfunctions of the Miiller-Brown model. (top) Grid-based
reference. (bottom) Neural network subspace after ten subspace iteration steps, computed

with 7 = 300 steps (i.e., 0.36; 7).

panels) shows how the corresponding eigenvalues vary with lag time; again there is good
agreement with the reference. Furthermore, there is a significant gap between A3 and A,
indicating that a three-dimensional subspace captures the dynamics of interest for this sys-
tem.

We compare the subspace that we obtain from our method with that from an MSM
constructed from the same amount of data by using k-means to cluster the configurations into
400 states and counting the transitions between clusters. This is a very fine discretization for
this system, and the MSM is sufficiently expressive to yield eigenfunctions in good agreement

with the reference. The relative error of 1— ), is comparable for the two methods (Figure 4.4,
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Figure 4.4: Spectral estimation as a function of lag time (in units of §; 1) for the Miiller-
Brown model. (top left) Second eigenvalue. (top right) Third and fourth eigenvalues; only
the reference fourth eigenvalue is shown to illustrate the spectral gap. (bottom left) Relative
error in the first spectral gap (i.e., 1 — Ay). (bottom right) Subspace distance between
estimated and reference three-dimensional invariant subspaces.

lower left). To compare two finite dimensional subspaces, U and V, we define the subspace
distance as[151]

dU,V) = ||(I = Py)Py|lp, (4.34)

where P, and Py, denote the orthogonal projections onto ¢ and V, respectively, and ||-||p is
the Frobenius norm. Figure 4.4 (lower right) shows the subspace distances from the reference
as functions of lag time. We see that the inexact subspace iteration better approximates the
three-dimensional dominant eigenspace for moderate to long lag times, even though the

eigenvalues are comparable.
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4.6.2 AIB,

For the molecular test system, we compute the dominant five-dimensional subspace. We
compare the inexact subspace iteration in Algorithm 1 with MSMs constructed on dihedral
angles (“dihedral MSM”) and on Cartesian coordinates (“Cartesian MSM”). We expect the
dihedral MSM to be accurate given that the dynamics of AIBg are well-described by the
backbone dihedral angles [188, 189|, and we thus use it as a reference. It is constructed
by clustering the sine and cosine of each of the backbone dihedral angles (¢ and ) for
the nine residues (for a total of 2 x 2 x 9 = 36 input features) into 1000 clusters using
k-means and counting transitions between clusters. The Cartesian MSM is constructed by
similarly counting transitions between 1000 clusters from the k-means algorithm, but the
clusters are based on the Cartesian coordinates of all non-hydrogen atoms after aligning
the backbone atoms of the trajectories, for a total of 174 input features. Because of the
difficulty of clustering high-dimensional data, we expect the Cartesian MSM basis to give
poor results. The neural network for the inexact subspace iteration receives the same 174
Cartesian coordinates as input features. We choose to use Cartesian coordinates rather than
dihedral angles as inputs because it requires the network to identify nontrivial representations
for describing the dynamics.

As in the Miiller-Brown example, we use goé = 1 and a random linear combination of
coordinate functions to initialize gécf for a > 1. Other hyperparameters are listed in Table 4.1.
With these choices, the neural-network training typically requires about 20 minutes on a
single NVIDIA A40 GPU; this is much longer than the time required for diagonalization of
the 1000 x 1000 MSM transition matrix, which is nearly instantaneous. However, the time
for neural-network training is negligible compared with the time to generate the data set,
which is the same for both approaches.

Taking the dihedral MSM as a reference, the Cartesian MSM systematically underesti-

mates the eigenvalues (Figure 4.5). The subspace iteration is very accurate for the first four
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Figure 4.5: First five eigenvalues of the transition operator for AIBg as a function of lag
time. (left) Comparison between eigenvalues computed using the dihedral MSM with 1000
clusters (solid lines) and the inexact subspace iteration (dashed lines). The shading indicates
standard deviations over five trained networks for the subspace iteration. (right) Compari-
son between a dihedral MSM (solid lines) and Cartesian MSMs with 1000 clusters (dashed
lines). The standard deviations for the Cartesian MSMs over five random seeds for k-means
clustering are too narrow to be seen.

eigenvalues but the estimates for the fifth are low and vary considerably from run to run. A
very small gap between A\, and A5 may contribute to the difficulty in estimating 5. In Fig-
ure 4.6, we plot the first two non-trivial eigenfunctions (vy and vg), which align with the axes
of the dPC projection. The eigenfunction vy corresponds to the transition between the left-
and right-handed helices; the eigenfunction vg is nearly orthogonal to vy and corresponds
to transitions between intermediate states. It is challenging to visualize the remaining two
eigenfunctions by projecting onto the first two dPCs because v, and vy are orthogonal to vq
and vg. The estimates for vy are in qualitative agreement for all lag times tested (Figure 4.6
shows results for 7 corresponding to 40 ps), but the subspace iteration results are less noisy
for the shortest lag times. Moreover, the estimate for vg from subspace iteration agrees more
closely with that from the dihedral MSM than does the estimate for vg from the Cartesian
MSM. The subspace distance for vy and vg between the subspace iteration and the dihedral
MSM is 0.947, compared with a value of 0.969 for the subspace distance between the two
MSMs. Together, our results indicate that the neural networks are able to learn the leading

eigenfunctions and eigenvalues of the transition operator (dynamical modes) of this system
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despite being presented with coordinates that are not the natural ones for describing the

dynamics.

4.7 Prediction

Inexact subspace iteration for A in (4.14) is equivalent to performing the inexact Richardson
iteration in (4.12) on the first basis function goé and then performing an inexact subspace
iteration for the operator 8™ on the rest of the basis functions. The iteration requires

unbiased estimators of the forms

(870~ 3 Fxg(x] ) (1.35)
j=1
and
Lo (T/\Tj)—l
(for), ~ ﬁZf(X?) S orx)), (4.36)
j=1 =0

where T is the first time X; enters D and 7 is the right-hand side of (4.5), as previously.
The Richardson iterate, gpé, must satisfy the boundary condition goé(x) =U(x)forx ¢ D.
The other basis functions should satisfy @g(z) = 0 for ¢ D. In practice, we enforce the
boundary conditions by explicitly setting gpé(a:) = U(z) and @y(r) = 0 for a > 1 when
x ¢ D.
When the boundary condition is zero, as for the MFPT, we find an approximate solution

of the form

k
ug = Z W05 (4.37)
a=1

by solving the k-dimensional linear system

(CO - CT> w=p (4.38)
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Figure 4.6: First two non-trivial eigenfunctions of AIBg projected onto the first two dPCs
(i.e., averaged for bins in the two-dimensional space shown). (top) MSM constructed on
sine and cosine of dihedral angles with 1000 clusters and lag time corresponding to 40 ps.
(middle) Inexact subspace iteration using Cartesian coordinates and the same lag time.
(bottom) MSM constructed on Cartesian coordinates with 1000 clusters and the same lag
time.
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where, for a,b > 1,

Chy = (96, 5" 0h), (4.39)

for t =0, 7, and

Pa = {28, By [o(X)]),, (4.40)

In (4.40), we introduce the notation

p(X)= > T (4.41)

for use in Algorithm 2.
When the boundary condition is non-zero, as for the committor, we restrict (4.38) to a
(k — 1)-dimensional linear system by excluding the indices a = 1 and b = 1 in (4.39) and

(4.40) and setting

p(X) = op(XM) —pp(x + 3T (X, (4.42)

In this case the corresponding approximate solution is

k
1
ug =0+ > wph. (4.43)
a=2

This approximate solution corresponds to the one given by dynamical Galerkin approxima-
tion [35, 156] with the basis {gog}];:2 and a “guess” function of goé.

When the boundary conditions are zero, the orthogonalization procedure and the matrix
K are applied to all basis functions as in Section 4.6. When the boundary conditions are
non-zero, the orthogonalization procedure is only applied to the basis functions {@3}222,
and K,4 = I,;, the al element of the identity matrix. We summarize our procedure for

prediction in Algorithm 2.
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Figure 4.7: First eigenvalue of S” (second of A in (4.14)) for the Miiller-Brown model as a

function of lag time (in units of J; 1). The gap between this eigenvalue and the dominant
eigenvalue, which is one, determines the rate of convergence of the Richardson iteration.

4.7.1  Miiller-Brown committor

In this section, we demonstrate the use of our method for prediction by estimating the
committor for the Miiller-Brown model with a shallow intermediate basin at (—0.25,0.5)
(Figure 4.1). Here the sets A and B are defined as in Eq. (5.40) and 7" is the time of first
entrance to D = A U B. In this case, a one-dimensional subspace iteration (i.e, k=11in
Algorithm 2) appears sufficient to accurately solve the prediction problem. Figure 4.7 shows
the largest eigenvalue of the stopped transition operator S™ (the second largest of A in
(4.14)) computed from our grid-based reference scheme (Section 4.5.1). Richardson iteration
should converge geometrically in this eigenvalue[174|, and so, for moderate lag times, we
can expect our method to converge in a few dozen iterations. To initialize the algorithm we

choose gé% = 1. All other hyperparameters are listed in Table 4.1.
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Algorithm 2 Inexact subspace iteration (with Li loss) for prediction functions

. n
Require: Subspace dimension k, stopped transition data {Xj,X j 1 X reward data
]:

{p(X j)}?:y batch size B, learning rate n, number of subspace iterations S, number of
inner iterations M, regularization parameters vy and vy

1: Initialize {¢Z}§:1 and {@Cf}z}:l

2: fors=1...5do

3: form=1...M do

4: Sample a batch of data {XO,

T/\T B
]}g 15 1p( j)}jzl
TAT;

5 JAREER S 30> Fo w(X?)Kba) -y (Thor b 505 o)1) )|

6 Ly —% Zf L (- ay) Y SOZKba@g(XJQ)

o L e K - ding(K)l

S Luom 7 Xama(a(f X7 (05(X))%) — 1) = )

9: L Ly+Lo+Ly+ Ly

10: 0 0 —nVyL

11: K« K —n(trin(V L))

12: Vg & Vg + nVVaﬁ

13: end for

14: if U(z) =0 then

15: Compute the matrix ®,, = goZ(XZ-O) > @ e RVF
16: else

17: Compute the matrix ®,, = pg(X ) fora > 1 > @ e RMFD
18: end if

19: Compute QR-~decomposition & = QR
20: Compute diagonal matrix Nza => gpg(XZQ)2
21: Pr Elgzl gog (R_lN)ba > if U(z) =0 exclude a =1
2
1 ‘ 0 TAT i—1 2
2 Ky agming S (Shoy eh0e, - 45057 ) 4 S
23: end for

24: Compute the matrix Cflb = %Z?:l gpg(X]Q)gag(X;) fort =0,7 AT} > Ot e RMK
25: Compute the vector p, = % Z?:l gog(X;))p(Xj)
26: Solve linear system (C’O —CHw=p > if ¥(z) = 0 enforce wy =1

27: return v = 25:1 wawg

We compare the estimate of the committor from our approach with that from an MSM

constructed from the same amount of data by using k-means to cluster the configurations
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Figure 4.8: Committor prediction for the Miiller-Brown system as a function of lag time (in
units of d; 1). (left) Comparison of the inexact Richardson iteration using the Li loss and

an MSM with 400 states. (right) Same comparison using the softplus loss in place of the LZ
loss.

outside A and B into 400 states and counting the transitions between clusters. In addition

to the root mean square error (RMSE) for the committor itself, we show the RMSE of

. e+q

for points outside A and B. This function amplifies the importance of values close to zero
and one. We include ¢ because we want to assign only a finite penalty if the procedure
estimates ¢ to be exactly zero or one; we use € = e 20,

Results as a function of lag time are shown in Figure 4.8. We see that the Richardson
iterate is more accurate than the MSM for all but the shortest lag times. When using the

LZ loss, the results are comparable, whereas the softplus loss allows the Richardson iterate

to improve the RMSE of the logit function in (4.44) with no decrease in performance with
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Figure 4.9: Committor prediction for the Miiller-Brown as a function of number of initial
conditions for a fixed lag time of 7 = 0.1, L (left) Comparison of inexact Richardson
iteration using the LZ loss and an MSM with 400 states. (right) Same comparison using the

softplus loss in place of the Li loss.

respect to the RMSE of the committor. Results as a function of the size of the data set are
shown in Figure 4.9 for a fixed lag time of 7 = 0.1, 1. The Richardson iterate generally
does as well or better than the MSM. Again, the differences are more apparent in the RMSE
of the logit function in (4.44). By that measure, the Richardson iterate obtained with both
loss functions is significantly more accurate than the MSM for small numbers of trajectories.

The softplus loss maintains an advantage even for large numbers of trajectories.
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Figure 4.10: Richardson iteration for the committor converges slowly for a Miiller-Brown
potential with a deepened intermediate. (top left) Potential energy surface, with states A

and B indicated. Contour lines are drawn every 1 B_l. (top right) Reference committor.

(bottom left) Dominant eigenvalue as a function of lag time (in units of 6, 1) from an MSM
with 400 states, subspace iteration, and the grid-based reference. (bottom right) Example
of the Richardson iteration after 400 iterations. Note the overfitting artifacts and lack of
convergence near the intermediate state.

4.7.2  Accelerating convergence by incorporating eigenfunctions

As discussed in Section 4.2, we expect Richardson iteration to converge slowly when the
largest eigenvalue of S7, \{, is close to 1. More precisely, the number of iterations required
to reach convergence should scale with —1/log Ay = E[T] /7, the mean escape time from
the quasi-stationary distribution to the boundary of D divided by the lag time. With this in
mind, we can expect inexact Richardson iteration for the Miiller-Brown to perform poorly
if we deepen the intermediate basin at (—0.25,0.5) as in Figure 4.10 (top left). Again,
the sets A and B are defined as in (5.40), and T is the time of first entrance to D =
AU B. In this case, —1/log A is on the order of 100 for the lag times we consider and, as

expected, inexact Richardson iteration converges slowly (Figure 4.10, bottom left). Estimates
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of the committor by inexact Richardson iteration do not reach the correct values even after
hundreds of iterations (Figure 4.10, bottom right).

We now show that convergence can be accelerated dramatically by incorporating addi-
tional eigenfunctions of S™ (i.e., k > 1 in Algorithm 2). For the Miiller-Brown model with
a deepened intermediate basin, the second eigenvalue of S is of order 1074 for a lag time
of 7 = 1000 steps or 1 5t_1 (while the first is near one as discussed above). We therefore
choose k = 2 with @% initialized as a random linear combination of coordinate functions
as in previous examples. We run the subspace iteration for four iterations, compute the
committor as a linear combination of the resulting functions, and then refine this result
with a further ten Richardson iterations (i.e., & = 1 with the starting vector as the output
of the k = 2 subspace iteration). To combine the functions, we use a linear solve which
incorporates memory (Algorithm 3) [197, 198]. We find that the use of memory improves
the data-efficiency substantially for poorly conditioned problems. For our tests here, we use
three memory kernels, corresponding to 7,0, = [7/4].

The bottom row of Figure 4.11 illustrates the idea of the subspace iteration. The second
eigenfunction (Figure 4.11, center) is peaked at the intermediate. As a result, the two neural-
network functions linearly combined by the Galerkin approach with memory can yield a good
result for the committor (Figure 4.11, bottom right). Figure 4.12 compares the RMSE for
the committor and the RMSE for the logit in (4.44) for Algorithm 2 with & = 1 (pure
Richardson iteration) and k = 2 (incorporating the first non-trivial eigenfunction), and an
MSM with 400 states. We see that the Richardson iteration suffers large errors at all lag
times; as noted previously, this error is mainly in the vicinity of the intermediate. The MSM
cannot accurately compute the small probabilities, but does as well as the subspace iteration

in terms of RMSE.
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Algorithm 3 Memory-corrected linear solve for predictions

INT; AT
Require: Stopped transition data {XQ,X j T ,X; ]}?:1, guess function h, reward

data {p(X j)}?:l’ basis set { fa}];:l, lag between memory kernels 7, ..,

1: for s =0...(7/Tpem) do
2: Initialize the matrix C° with zeros > 0 e REF)x(k+1)
3: 0181 +— 1
4: fora=2...kdo AT

0 STmem j
5: Cor = & 0oy FUXG)p( ™)
6: forb=2...k do T

0 b $Tmem 1

7 Cap 5 251 F (X (X, )
8: end for
oF end for
10: end for
1m: Ae ot -V
12: for s =0...(7/Tpem) — 2 do . .
14: end for )
15: Ao — A+ S\ T/Tmem) =2 pr8
16: Solve A ., w =0
17: return u = h + 25:2 w, f*

4.7.8 AIBy prediction results

As an example of prediction in a high-dimensional system, we compute the committor for the
transition between the left- and right-handed helices of AIBg using the inexact Richardson
iteration scheme (k = 1 in Algorithm 2) with the softplus loss function. Specifically, for this
committor calculation T is the time of first entrance to D = AU B with A and B defined
in Section 4.5.2. As before, we initialize @% =1pg.

To validate our results, we use the 5 us reference trajectories to compute an empirical

committor as a function of the neural network outputs, binned into intervals:

g(s) =P [XT € B ‘ ug(XP) € [s, 5+ As] (4.45)
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Figure 4.11: Tllustration of the subspace iteration for the Miiller-Brown committor. (top left)
Modified Miiller-Brown potential. (top center) Reference second eigenfunction. (top right)
Reference committor. (bottom left) Neural-network Richardson iterate after four iterations.
(bottom center) First non-dominant eigenfunction obtained from the neural network after
four iterations. (bottom right) Committor resulting from linear combination of the Richard-

son iterate and second eigenfunction. Results shown are for 7 = 1000 steps (i.e., 15,;1).
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Figure 4.12: Committor for the Miiller-Brown potential with deepened intermediate as a
function of lag time (in units of (5{1). (left) Comparison of RMSE for subspace iteration
as described above, Richardson iteration (as in Section 4.7.1 but instead with 500 subspace
iterations), and an MSM with 400 states. (right) RMSE of the logit function in (4.44).

for s € [0,1 — As]. Here, we use As = 0.05. The overall error in the committor estimate is

defined as
1/As—1 1/2

q error = | As Z [q(nAs) — nAs]2 . (4.46)

n=0
While this measure of error can only be used when the data set contains trajectories of long
enough duration to reach D, it has the advantage that it does not depend on the choice of
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projection that we use to visualize the results.

Results for the full data set with 7 corresponding to 400 ps are shown in Figure 4.13.
The projection on the principal components is consistent with the symmetry of the system,
and the predictions show good agreement with the empirical committors. As 7 decreases,
the results become less accurate (Figure 4.14, top left); at shorter lag times we would expect
further increases in the error. We also examine the dependence of the results on the size
of the data set by subsampling the short trajectories and then training neural networks
on the reduced set of trajectories (Figure 4.14, top right). We find that the performance
steadily drops as the number of trajectories is reduced and degrades rapidly for the data sets

subsampled more than 20-fold (Figure 4.14, bottom), corresponding to about 7 us of total

sampling.
1.0 1.00
o 0.75 4
~ o &
% 0.5+ £ 0.501
S
w 0.25 4
0.0 0.00 T
0.0 0.5 1.0

NN g

Figure 4.13: AIBg committor for the transition between left- and right-handed helices. (left)

Averages of 1p5(X T) for initial conditions in bins in the first two dPCs computed from
20 long (5 us) trajectories. (middle) Averages of representative neural-network committors
trained on the data set of 6,910 short (20 ns) trajectories; 7 corresponds to 400 ps. (right)
Comparison between empirical committors (as defined in (4.45)) and the neural-network
committors (trained as for the middle panel). Error bars indicate standard deviations over
ten different initializations of the neural-network parameters.

Finally, we compute the MFPT to reach the right-handed helix using the same data set.
For the MFPT calculation T is the time of first entrance to D = B. Note that the time of
first entrance to B includes long dwell times in A and is expected to be much larger than

the time of first entrance to AU B.
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Figure 4.14: AIBg committor for the transition between left- and right-handed helices, as
functions of lag time (in ps) and number of initial conditions. (top left) Error in the com-
mittor as a function of lag time (in ps). Shading indicates the standard deviation over ten
different initializations of the neural-network parameters. (top right) Error in the committor
as a function of the number of initial conditions with 7 corresponding to 160 ps. Shading
indicates the standard deviation over ten different random samples of the trajectories. (bot-
tom) Comparison between empirical committors and neural-network committors trained on
data sets with (left) 1/2 and (right) 1/20 of the short trajectories. Error bars indicate stan-
dard deviations over ten random samples of the trajectories.

We compare against an empirical estimate of the MFPT defined by

m(s) = E [T‘UQ(X% € [s,5+ As| (4.47)
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for s € [0, My, — As] where As = 3 and m,,, = 57 ns. Overall error is defined analogously
to Eq. (4.46).

In Figure 4.15, we show the MFPT obtained from Algorithm 2 with & = 5 and the Li
loss function. Initially we set gb% equal to an arbitrary positive function (we use 51 4) and @S
for @ > 1 to a random linear combination of coordinate functions. In Figure 4.16 we examine
the convergence of the MFPT from the left-handed helix to the right-handed helix for the
MFPT computed with £ = 1 (pure Richardson iteration) and k& = 5. The horizontal line
indicates a MFPT of about 56 ns estimated from the long reference trajectories. We see that
the algorithm with & = 5 converges much faster (note the differing scales of the horizontal
axes) and yields accurate results at all lag times other than the shortest shown. The need
to choose k > 1 for this MFPT calculation is again consistent with theoretical convergence
behavior of exact subspace iteration. Because the typical time of first entrance to B from
points in A is very large, we expect the dominant eigenvalue of S” to be very near to one
when D = B®. In contrast, the committor calculation benefits from the fact that the time of

first entrance to AU B is much shorter, implying a smaller dominant eigenvalue of S” when

D = (AU B)".
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Figure 4.15: AIBg MFPT to the right-handed helix. (left) Averages of the time to next
reach B for initial conditions in bins in the first two dPCs computed from 20 long (5 us)
trajectories. (middle) Averages of representative neural-network committors trained on the
data set of 6,910 short (20 ns) trajectories; 7 corresponds to 400 ps. (right) Comparison
between empirical committors (as defined in (4.47)) and the neural-network committors
(trained as for the middle panel). Error bars indicate standard deviations over ten different
initializations of the neural-network parameters.
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Figure 4.16: MFPT between left- and right-handed helices for the AIBg system. (top left)
Convergence of Richardson iteration. The Illll to rrrrr MFPT is computed by averaging the
richardson iteration result over each frame of each of the long reference trajectories in the
1111 state. (top right) Convergence of a five-dimensional subspace iteration. (bottom left)
MFPT after 100 and 200 subspace iterations as a function of lag time. Shading indicates
standard deviations over ten different initializations of the neural-network parameters. (bot-
tom right) Overall error in MFPT. To obtain the results shown in this figure, we first use the
short-trajectory dataset to train neural networks to predict the MFPT; we then use these
networks with fixed parameters to evaluate the MFPT for all structures in the long reference
trajectories and average the results for those structures in the left-handed helix state. The
horizontal lines in the top panels are obtained from averaging the time to the right-handed
helix for the same structures.

4.8 Conclusions

In this work we have presented a method for spectral estimation and rare-event prediction
from short-trajectory data. The key idea is that we use the data as the basis for an inexact
subspace iteration. For the test systems that we considered, the method not only outperforms
high-resolution MSMs, but it can be tuned through the choice of loss function to compute
committor probabilities accurately near the reactants, transition states, and products. Other
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than the Markov assumption, our method requires no knowledge of the underlying model
and puts no restrictions on its dynamics.

As discussed in prior neural-network based prediction work[167, 171], our method is
sensitive to the quality and distribution of the initial sampling data. However, our work
shares with Ref. 167 the major advantage of allowing the use of arbitrary inner products.
This enables adaptive sampling of the state space [199, 167| and—together with the features
described above—the application to observational and experimental data, for which the
stationary distribution is generally unavailable.

In the present work, we focused on statistics of transition operators, but our method
can readily be extended to solve problems involving their adjoint operators as well. By this
means, we can obtain the stationary distribution as well as the backward committor. The
combination of forward and backward predictions allows the analysis of transition paths
using transition path theory without needing to generate full transition paths|[178, 57, 187]
and has been used to understand rare transition events in molecular dynamics[156, 158, 161,
162, 200, 201] and geophysical flows[202, 203, 204, 205, 206]. We leave these extensions to
future work.

In cases in which trajectories that reach the reactant and product states are available, it
would be interesting to compare our inexact iterative schemes against schemes for committor
approximation based on logistic regression and related approaches [176, 181, 182, 81, 183, 184,
185, 186). These schemes are closely related to what is called “Monte-Carlo” approximation
in reinforcement learning [172], and also to the inexact Richardson iteration that we propose
here with 7 — oo.

We have seen that temporal difference (TD) learning, a workhorse for prediction in
reinforcement learning, is closely related to an inexact form of Richardson iteration. Variants
like TD(A), have similar relationships to inexact iterative schemes. As we showed, subspace

iteration is a natural way of addressing slow convergence. We thus anticipate that our results
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have implications for reinforcement learning, particularly in scenarios in which the value
function depends on the occurrence of some rare-event. Finally, we note that our framework
can be extended to the wider range of iterative numerical linear algebra algorithms. In
particular, Krylov or block Krylov subspace methods may offer further acceleration. In fact,
very recently an approach along these lines was introduced for value function estimation in

reinforcement learning|[207].
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CHAPTER 5
COMPUTING STATIONARY DISTRIBUTIONS BY RAPIDLY
CONVERGING TRAJECTORY STRATIFICATION

5.1 Introduction

The sampling of a stochastic process can be controlled by evolving an ensemble and splitting
and merging the trajectories of its members, and various algorithms based on this strategy
have been introduced |20, 208]. Because the trajectory segments between splitting events are
unbiased, such algorithms can yield dynamical statistics, such as transition probabilities and
mean first passage times (MFPTs) to selected states, in addition to steady-state probability
distributions and averages. Furthermore, splitting algorithms generally require little com-
munication between the members of the ensemble, making them relatively straightforward
to implement regardless of the underlying dynamics, and community software is available
[209]. As a result, splitting algorithms are widely used.

Recent mathematical analysis of one of the oldest splitting algorithms in the molecular
simulation literature, weighted ensemble (WE), shows that it is asymptotically unbiased and
can dramatically reduce the variance of statistics when the splitting criteria, which are based
on a partition of the state space, are chosen appropriately [210, 211]. However, the method
relies on convergence of the steady-state ensemble of trajectories, which is known to be slow.
In fact, as we argue below and as was observed previously|211], it is as slow as running direct
unbiased simulations. Prior to convergence, the method is systematically biased.

Convergence can be accelerated by introducing an element of stratification. That is, to
manipulate the weights of not just individual trajectory segments but groups of them based
on their common features. In particular, nonequilibrium umbrella sampling (NEUS)|212,
213, 214, 11, 215, 14] groups trajectories that are in the same regions of state space, as

defined by collective variables (CVs), and estimates the steady-state probabilities of the
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regions by solving a global flux balance equation; this strategy was subsequently adopted in
exact milestoning (EM) and extensions of WE|[216, 217]. A unified framework for trajectory
stratification that incorporates elements of all of the above algorithms and is unbiased in the
limit that each region contains an infinite number of ensemble members is presented in Ref.
14, which also shows that the regions can be defined in terms of path-based quantities.

In the present work, we show how to accelerate convergence further. Our starting point
is the fact that, as noted above, splitting and trajectory stratification algorithms sample
unbiased trajectory segments. As a result, their data can be used to construct Markov State
Models (MSMs)[159]. Indeed, Zuckerman and co-workers used history-augmented MSMs,
which separate trajectories based on the last metastable state from which they came, to
improve MFPTs from WE|218|. In that case, the MSMs are used after sampling to improve
statistical estimates. Here, we extend this general approach to accelerate the sampling itself.
In formulating our algorithm, we first present the weighted ensemble method in such a way
that it is clear exactly how it can be modified to accelerate convergence without introducing
bias. We show that the NEUS algorithm is a special case of our new scheme.

The remainder of the paper is organized as follows. In Section 5.2, we review the WE
algorithm and recast it to show why an initialization bias is slow to disappear. This formu-
lation also clarifies the relation of WE to the NEUS algorithm as described in Ref. 14, and
we show how software for WE can be easily extended to enable trajectory stratification in
Section 5.3. In Section 5.4, we introduce a generalization of MSMs that allows more free-
dom in the choice of basis functions|35, 156, 160| and in turn our strategy for accelerating
sampling, which we term Basis-Accelerated NEUS (BAD NEUS). We show that NEUS cor-
responds to a particular choice of basis set. In Section 5.6, we demonstrate BAD NEUS on

a two-dimensional model with a known steady-state distribution.
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5.2 Weighted Ensemble (WE)

As described above, in WE, the state space is partitioned into regions, and then trajectories
are cloned into multiple copies (splitting) or removed from the ensemble (killing) criteria
are based on them. Here, we use a relatively simple procedure and represent the splitting
and killing by resampling the ensemble within each region. Mathematically, we denote the
state of ensemble member (henceforth, walker) ¢ at time ¢ by Xit , and we associate with ¢ a
weight wf such that ), w? = 1. We track the index of the region containing Xf by an index
process Jf . For example, Jz-t might track the element of a partition of state space in which
Xf currently resides. Other options for the index process are available and advantageous
(see Refs. [14, 219] for further discussion). Each iteration of the sampling consists of two
steps: evolution according to the underlying dynamics and resampling the ensemble. In the
evolution step, for each walker 7, we numerically integrate for a time interval A to obtain
XZHA from Xf and update Jf +A accordingly. In this step the weights are unchanged;

WA

= w?. We note that A can be a stopping time, not just a fixed time interval. An often
useful choice is to take A to be the first time that the value of the index process changes. In
this case, each walker has a different value for A. In the resampling step, for each value k of the
index process (e.g., for each region in a partition of state space), if there is at least one walker
with JZHA = k, we select a number N;. Then we sample from the set & = {7 : JZHA =k}
N;. times with replacement according to the probabilities p; = w§+A /D ico wf+A. For
each index r so chosen, we append (X;EJFA, JﬁJrA, Y oicd warA/Nk) to the new ensemble. If
the underlying dynamics are ergodic, WE can be used to compute steady-state averages of

functions as
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where the subscript on the expectation indicates that we draw the initial state X 0 from
the steady-state distribution 7, and n indexes successive weighted ensemble iterations. Here
and below, X without a subscript indicates a realization of the underlying Markov process
rather than a walker in an ensemble. An important example is the steady state flux into a
particular set D of interest, which is obtained by setting g(XO, . ,XA) = ILDc(XO)]lD(Xl),
where 1p(x) is an indicator function that is 1 if + € D and 0 otherwise. This amounts to
counting the number of walkers that enter D in a single time step and summing the total
weight of those walkers.

Having stated the basic WE algorithm, we now present WE in a new way. While this
may initially appear to complicate the description, it reveals why WE is slow to converge
and facilitates the introduction of approaches to accelerate convergence. In this descrip-
tion, which we call the distribution representation of WE, we directly evolve distributions
rather than approximating them through individual walkers. To this end, we define the flux

distributions

7o(da|k) = PIX°Y € da| 70 = ] (5.2)

where dx is an infinitesimal volume in state space that is located at a specific value of x and
S(¢) is an increasing sequence of stopping times. For example, if we choose S(¢) = (A then
the following description will correspond to the standard version of WE already sketched.

Alternatively, we might let S(¢) be the time of the ¢-th change in the value of the index
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process J:

S(0) =0 (5.3)

S(1) =min{t > 0: J, £ J 1}

S(¢) = min{t > S(¢—1): J" £ J71).

In all practical implementations of the sampling algorithms that we discuss, the flux

distributions take the form of empirical distributions of N walkers:

N
1
me(delh) = = D w08 0@ (), (5.4)
4

20 =1

where 4, is the Dirac delta function centered at position x, and the normalization constant

2? is the distribution of weight restricted to region k at time S(¢):

= = ppJS Zw Mg (77, (5.5)

We now write the evolution and resampling steps in terms of operators. For the former,
we define the operator U, which propagates a flux distribution for one change of the index

process.

UR(dz, §) = 741 (da, ). (5.6)

In the long-time limit, this yields the eigenequation
T(dx, j) = UT(dx, j), (5.7)
where 7 is the steady-state flux distribution. In practice, one approximates the distributions
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through walkers, and we denote the corresponding evolution by ¢. Mathematically,

1 & S, (¢ 1 S;(£+1)
NZ ; (5 Sl (dx)]lk( :NZ S(0+1) (d33)]1k(J ). (5.8)

The subscript on the weight does not change because the evolution step only affects the
state and index of a walker, not its weight. I as defined in (5.8) is a unbiased stochastic

approximation of U in the sense that, for any function f and any distribution p,

Z/ijupdx] Z/fxyblpdxj). (5.9)

If distributions are represented with some approximate ansatz such as a neural network, one
can also approximately apply the propagator using a variational method as outlined in [173].
This scheme would not require new trajectories to be run at each iteration, nor would it
require a resampling step.

As noted above, we also represent resampling through an operator, R;. We define it

such that, for any distribution p and any function f

Z/m( ﬂ{k}()(dw> Z/fIJRkP (5.10)

and
Ck = Z/]l{k} p(dz, j). (5.11)

Above, the LHS selects the portion of the distribution p in region k and then renormalizes
it, while the RHS corresponds to resampling from the distribution. A simple choice which is
commonly employed for the operator R, is to sample the set of walkers in region £ at the end

of the evolution (denoted K') from a multinomial distribution with probability proportional
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to {wf"(g)]l{k}(in(z))}ieK with N}, trials and then return the distribution

N
1 S(e S(¢ 1
Ri | % Zwi ( )5)(5“) (d2) Ly (17| = N, Z 5X]$<e) (dz) (5.12)
i=1 jeK
and normalization
7=y ﬂ{k}(in(é))w;qi(g)- (5.13)

In words, (5.12) shows that R, constructs the state distribution from a sum over the re-
sampled walkers in each region. There are other possible ways of resampling in the walker
representation, such as stratified or pivotal resampling, and these may in practice be better.
However, any choice that satisfies (5.10) suffices for our discussion.

Finally, we connect the flux distributions 7(dz|k) to the stationary distribution 7(z, j) for
the process (X t, J t), where the absence of subscripts here indicates the dynamics in general
rather than those of an individual walker. We do this with a key identity, which we now

state. For a function g of a length 7 trajectory,

0 ;0
Epyrlg(X, 0, X T0] =
e JaldelR)Eyo_, oy [Zfz%)_l g(x' g X

S Z [F(delk)Eyo_ j0_, [S(D)]

(5.14)

This identity says that, for each region k, we draw initial walker states Xy from 7(dz|k) and
set Jy = k; we evolve those walkers until they leave region k; then we compute averages
over them and weight the contribution from the walkers that started in region k£ by Ek,
which is the steady-state limit of Zf. We derive (5.14) in Appendix 5.8.1. The distribution

representation of WE is summarized in Algorithm 7. The distribution representation of WE

is summarized in Algorithm 7.
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Algorithm 4 WE (distribution representation)

Require: Approximate Markov propagator U, Resampling operator R, starting flux dis-
tributions {7 (dz|k)}}_;, initial region weights {Elg}zzl with >, Elg =1
1: for {=0...L do
2 wydx,j) < Z)7(dxl]))
3: T < [UT)(dx, §) > One Power Iteration Step

4: fork=1...ndo

5 Trar(dalk), 241 — Ry[7]
6: end for

7: end for

8: return 7 (dz|j) and EJL

We see that each step of WE applies the operator U to the previous distribution 7,(dx, j).
Therefore, WE can be seen as performing a power iteration in U, starting from some initial
distribution. The resampling step in WE plays a role analogous to the renormalization
step in standard power iteration in the following sense. In regular power iteration, the
renormalization step serves to prevent the iterate from becoming too small or too large and
introducing numerical instability. In WE, the resampling step serves to prevent any of the
region-distributions from becoming poorly sampled, and thus increasing variance. However,
the renormalization step in power iteration and, in turn, the resampling step in WE does not
accelerate decay of initialization bias, nor is the WE autocorrelation time reduced relative
to direct sampling.

Algorithm 6 suggests that, if # = 7 in step 5, convergence would be achieved. Therefore,
our strategy for accelerating WE is to replace the power iteration step with a more accurate

approximation. Specifically, we compute changes of measure v, such that

w(dx, j) = vy(x, j)Ty(dz, j). (5.15)
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If we set up our approximation such that whenever 7y = 7, we get vy = 1, then the resulting
modification of WE will have a fixed point at the true steady-state distribution, and there
will be no approximation error resulting from the finite basis, but our scheme can approach

steady state potentially much faster than regular WE.

5.3 Nonequilibrium umbrellla sampling (NEUS)

We now present NEUS as a simple extension to WE that accelerates convergence in the way
suggested in (5.15). Our development is based on the algorithm in Ref. [14], which corrects
a small systematic bias in earlier NEUS papers [212, 213, 214, 11, 215]. We begin by making

the observation that, at steady state,
0 S(1
Exyrl1y (/] = Eyo_ [11(7°D)] (5.16)
Or, in terms of the density we wish to compute:

/ (de,j) =Y / m(dz, K)Eyo_, 0_,[1 (5 (5.17)
k

This observation introduces one equation per possible value of the index j. Therefore, we

can parameterize the change of measure with as many free parameters:
T(dz, j) = c)lpT(de, §) = ¢, 1327 (dz])) (5.18)
Substituting this ansatz into (5.17) and simplifying yields the matrix equation

;i oy -
C‘éZ'é = ZCéZéij, (519)
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where

Cj = / T dal ) go_ po_ [1(7° )] (5.20)

We summarize NEUS in Algorithm 5.

Algorithm 5 NEUS

Require: Approximate Markov propagator U, Resampling operator R, starting flux dis-
tributions {7 (dz|k)}}_;, initial region weights {Elg Veeq with > Eé: =1
1: for {=0...L do
2 Gy JmdeR)E go_ jo_ L3 (Ts(n))]
3: Solve ¢,z,G = ¢z, for ¢z,
1 wylde,j) < )1z (del))
5: T < UT(dz, §)

6: for k=1...ndo

_ _k ~
& Tr1(delk), Zopy < Ry (7]
8: end for
9: end for

10: return 7 (dz|j) and E]L

We thus see that NEUS is distinguished from WE by steps 2 and 3. [note here about
distribution algorithm vs walker algorithm, theory vs practice| In practice, walkers are drawn
and their dynamics are simulated to determine S(¢ + 1) in the loop over ¢ prior to step 2
(the resulting state distribution is used later in step 5); then, Ekj is computed in step 2 from

walkers at iteration ¢ as

2 ﬂ{k}(J{qi(g))]l{j}(n’is"(gﬂ))

Gy ~ .
! > ﬂ{k;}(JiSZ(g))

(5.21)

We solve for the product ¢,z, directly and update the approximation for 7 accordingly. We
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then proceed as in WE.
We note that, if the flux distributions 7(dz|k) and normalization constants Zj, assume
their steady-state values, then (5.19) is satisfied by c¢; =1, and NEUS has the correct fixed

point.

5.4 BAD NEUS

To improve on NEUS, it is necessary to improve the approximation of the change of measure
in (5.15). Here we do so by introducing a basis expansion. This allows us to vary the
expressivity of the approximation through the number of basis functions, which can exceed
the number of regions, in contrast to the steady-state condition in (5.16).

To this end, we note that, for any lag time 7 and any function f(z,j),

E XV N - f(xT U =0. (5.22)

(XO,JO)NW [f(

We stress that this relation holds for any fixed time 7. Expanding this expectation using
(5.14), with ¢(X°, J°, ..., X", J7) = £(X°,J% — £(X7, J7) and multiplying through by the

normalization in the denominator, we obtain

S(1)-1
_k | = t 4t t t
0=Yz /w(dx|k)lEXo:x7Jo:k SOOI - p xR (5.23)
k t=0
We then introduce the basis set {¢,(z, k)},, and write

w(de, k) = 2T (delk) = Y Do (@, k)Zim(dalk). (5.24)
p
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Making the choice f = ¢, and inserting the basis expansion into (5.23) gives

S(1)-1
_k — t 4t t+ t+
0=> dz /¢p(:c, k)T (dalR)Eyo_ 0, > 6 (XN T) = o (XTI
kp t=0
(5.25)
This is a linear system which can be solved for the expansion coefficients:
0=> c'M,. (5.26)
p

The basis set ¢, must include the constant function so that the system has a unique nontrivial

solution. We note here that the NEUS algorithm corresponds to the choice

Op(a, k) =1, (k) (5.27)

and 7 = 1. We summarize the BAD NEUS algorithm in Algorithm 6.
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Algorithm 6 BAD NEUS

Require: Approximate Markov propagator U, Resampling operator R;., starting flux dis-
tributions {7y(dx|k)}}_,, initial region weights {ilg}zzl with >, EIS = 1, basis set
{op(x,k)},, lag time 7

1: for {=0...L do

2 Wy Ty,

3 My, Sy [ 2 oy(e iymde B vo_ 0[S0 6, (X7 ) = 6,(xXTTL T
4: Solve cM =0

5 (e k) < S Do (e, k)T (delk)

6: T« UTy(dz, §)

7: for k=1...ndo

_ _k ~
8: Toy1(delk), Zgy < Ry[7]
9 end for
10: end for

11: return 7y (dx|j) and EJL

Consistent with WE and NEUS, in practice, we estimate the integral My, through a sum

over walkers:

S;(0+1)—-1
My = 32 o, (X7 1 ) | Y @I o XETIET) | (29)
ki t=5,(¢0)

Given M and, in turn, the estimated expansion coefficients, we update the weights as

S.(0)
S

S;(0) _ 2 Si(0)  p5;(0)

wt == Ep:c’jcbp(Xi T, (5.29)

where Z normalizes the total of the walker weights to one. If the basis set contains the

constant function in its span, and the flux distributions 7,(dx|j) and region weights 5% take
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their steady-state values, then the linear system (5.25) is solved by >, c,¢(z, j) = 1, and
BAD NEUS has the correct fixed point. To reduce variance in our estimate of the matrix
M to ensure a stable solve, it is often useful to work with the mixture distribution for the

last h iterations (including the current iteration):

1

h
t=0—h+1

7y p(dalk) = 7 (dx|k). (5.30)
When working with walkers, this mixture distribution corresponds to concatenating the
walkers from the last h iterations, and therefore contains more data than using a single
iteration. We may simply substitute 7, for 7, j, in all of our algorithms.

Finally, we note that the general strategy of improving the approximation of the change
of measure is not limited to using a basis expansion. Just as one can use various means
to solve equations of the transition operator that encodes the statistics of the dynamics
[35, 156, 220, 221], one can represent the change of measure here by either a basis expansion
or a nonlinear representation. In particular, our tests based on the approach of repeatedly
approximately applying the propagator using a variational formulation in Ref. 221 show

significant promise (unpublished results).

5.5 Implementable algorithms

Here we give algorithms written in terms of walkers. These are the routines which we

implement directly.
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Algorithm 7 Trajectory Stratification (walker representation)

Require: Starting ensemble of walkers £y = {(XZO J7-0 : w? )}f\il, with sz\il wz(-) = 1, number

of past iterations to retain h, total iterations L, number of strata n. lag time 7
1: for {=0...L do
2: N <« length(E))
3: Generate a list of trajectories

T, + {KXS@(() JSi(é) Sl-(é))’ (XSZ-(E)—l—l’JSi(E)—H wSz‘(f)) o

1 1 ) 7 '}
S;(t+1)+7 S (+1)+1  Si(0)\ 1 N
(Xi ( ) T"]i ( ) T7wz‘ ( ))]}i—b
where (x>0 50 450y — g ji

4: Ty < concatenate({Ty, Ty_1, ... Ty_p_1})
5: N <« length(7))
6: renormalize the weights in T} by dividing each by A.
7: Update weights {wfi(g)}fil using Algorithm 8.
8: Initialize an empty list £y, = {}
9: for kk—l ndo 5.0 S.(041)
10: Zp41 4 Zz pw; L ()
11: forr=1...N, do
12: Sample an index b with probability proportional to wfb(g)ll {k}(J Sb(£+l))
13: Append to E; the configuration (Xl;gb(€+1), Jfb(€+1),2§+1/]\7k)
14: end for
15: end for
16: end for

17: return T, and Ef

Algorithm 8 Approximating the steady-state flux distribution (walker representation)

Require: List of trajectories T), lag time 7, basis functions gbp, bin weights Zz,

1 My, g 20 (X5 013 (D) [ ) 6, ) = 0, (XTI
2: Solve ¢yM =0

S;(0)
3. wf(é) - <_£JZ /2) Zp C§¢p (Xfi(é)a in(€)>
4: return {w }Z 1
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5.6 Two-dimensional test system

We first illustrate our approach by sampling a two-dimensional system, which enables us to
compare estimates of the steady-state distribution to the Boltzmann probability and to run
the simulations until convergence. Specifically, the system is defined by the Miiller-Brown

potential [2], which is a sum of four Gaussian functions:

4
1 2
Vu,v) = %0 g C; expla;(u — v;)
=1

b (u — ;) (v — v) + ¢;(v —v;)%]. (5.31)

For all results shown, we use C; = {—200, —100, —170,15}, a; = {—1,—1,—6.5,0.7}, b, =
{0,0,11,0.6}, ¢; = {-10,-10,-6.5,0.7}, u; = {1,-0.27,-0.5, -1}, v; = {0,0.5,1.5,1}.
The potential is shown in Figure 5.2.
We evolve the system with overdamped Langevin dynamics, discretized with the BAOAB
algorithm [137]:
dt

X = xt_wv(xdt + %(zt + Zt7dh, (5.32)

where dt is the time step, § is the inverse temperature, and Z, ~ N(0,I5) is a random
vector drawn with components drawn from the normal distribution with zero mean and unit
standard deviation. For all results shown, we use a time step of dt = 0.001 We use § = 2.
The time until, X; makes a transition between the local minima of V' is exponential in beta.
For our rate calculations, we define states A and B, indicated by the orange and red ovals

in figure 5.2 respectively. These states are defined as:

A={y,v:65u+0.5)? —11(u+0.5)(v — L5) + 6.5(u — 1.5)* < 0.3}
(5.33)

B={u,v:(u—0.6)%+0.5v—0.02) < 0.2}
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10

Figure 5.1: Miiller-Brown potential. Orange and red ovals indicate the states referenced
above.

5.6.1 Comparison of algorithms

A key point of our theoretical development is that NEUS and BAD-NEUS are simple elab-
orations of WE. This enables us to define a unified walker-based algorithm that we use
in practice (Algorithm 7, with the added operations needed for NEUS and BAD-NEUS in
Algorithm 8). Splitting and stratification are defined through the rule for switching the
index process. The sequence of stopping times S(¢) is then determined by the index process
through (5.3). The update rule for J; that we employ for all three algorithms is as follows.
Let {4 ()} =1, . be a set of nonnegative functions. If ¢ (Xt+dt) > 0, then JT¥ = J,
otherwise, lP[JHdt =k] = @/}k(XHdt)/ >k ¢k(Xt+dt). That is, the value of the index pro-

cess remains the same until the walker leaves the support of gt and then a new index value

147



k is drawn with likelihood proportional to 1, (X Hdt). For the Miiller-Brown model, we use

1 ifjv—vl<eg,andl<k<n

1 fv—v.<epand k=1

Yp(u,v) = (5.34)
1 ifv,—v>erand k=n

0 otherwise.

Unless otherwise indicated, we set n = 10, space the v;, uniformly in the interval [—0.2, 1.8],
and set £, = 0.6(vj 1 —v},), so that the regions of support (strata) overlap. This choice pre-
vents walkers in barrier regions from rapidly switching back and forth between index values,
limiting the overhead of the algorithms. Unless otherwise indicated, we use 2000 walkers
per region and run them until their index processes switch values. Initial configurations for
J0 = I are generated by uniformly sampling the support of ;..

For BAD-NEUS, we use a basis set consisting of 10 indicator functions per stratum. The
indicator functions are determined by clustering all the samples in a stratum with k-means
clustering and partitioning it into Voronoi polyhedra based on the cluster means. Unless
otherwise indicated, we compute statistics using data from the last h = 3 iterations and use
a lag time of 7 = 10 time steps.

We measure convergence by computing the root mean square (RMS) difference in In(7(z))
from —pV, where 7(z) is an estimate of the steady-state distribution from the normalized
histogram of samples. For the histogram, we use a uniform 50 x 50 grid on the rectangle
defined by the minimum and maximum values in the NEUS dataset. Since some grid regions
are empty because they correspond to energies too high for NEUS to sample, we only compute
errors over bins with V' < 7. We stop each simulation when the RMS difference drops below
one. Results are shown in Figure 5.2. We see that WE requires about 73 times more iterations

than NEUS, which in turn requires about 13 times more iterations than BAD-NEUS to reach
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Figure 5.2: Convergence of the steady-state distribution of the Miiller-Brown system for
different algorithms as indicated. For these simulations, there are 2000 walkers per stratum,
h = 3 iterations are retained, and the lag time is 7 = 10 time steps.

the convergence criterion.

5.6.2  Choice of hyperparameters

Having demonstrated that trajectory stratification outperforms WE for this system, we now
examine the effect of key hyperparameters in NEUS and BAD-NEUS.

First, we investigate the effect of the number of strata. To compare simulations that
require essentially the same resources, we hold the total number of walkers fixed at 40000,
and we divide the walkers uniformly across the strata. For these simulations, we use a lag
time of 7 = 1 and retain h = 3 past iterations. In Figure 5.3 we plot both the number of
iterations to reach convergence and the total number of time steps needed for convergence as
we vary the number of strata. We see that the number of BAD-NEUS iterations required for
convergence increases linearly with the number of strata. However, the lengths of trajectories
decrease because the strata are spaced more closely. Due to this interplay, the total effort
to achieve convergence decreases until about 12 strata and then levels off. While actual
performance will depend on the overhead incurred by stopping and starting the dynamics

engine and computing the BAD-NEUS weights, these results indicate that finer stratification
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Figure 5.3: Effect of the number of strata on convergence of BAD-NEUS applied to the
Miiller-Brown system. The number of iterations required (top) and the total number of time
steps (bottom)—a proxy for computational effort—until convergence. The total number of
walkers is held fixed. Error bars are the standard deviation over 10 replicate simulations.
For these simulations, there are 40000 walkers total, h = 3 iterations are retained, and the
lag time is 7 = 1 time step.

is better.

Next, we examine the dependence of convergence on the number of iterations used to
compute statistics, h (other hyperparameters are set to the default values given above).
Using data from a larger number of iterations allows for more averaging, but it can also
contaminate the statistics with samples obtained before the steady-state distribution has
converged. While the trends are clearer for NEUS than BAD-NEUS because the former
converges more slowly, Figure 5.4 indicates that retaining fewer iterations is better for both
NEUS and BAD-NEUS. It is therefore important to use enough walkers per iteration that
data from past iterations need not be retained. If one has access to a large number of process-
ing elements, and many walkers can be simulated in parallel, this is not a severe restriction.
Once convergence is achieved one can begin accumulating data to reduce variance.

Finally, we investigate the impact of the lag time in Figure 5.5 (other hyperparameters are

set to the default values given above). We find that using longer lag times weakly decreases

the number of iterations required for convergence.
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Figure 5.4: Effect of retaining past iterations on convergence of NEUS (top) and BAD-
NEUS (bottom) applied to the Miiller-Brown system. For these simulations, there are 2000
walkers per stratum, and the lag time is 7 = 10 time steps.

5.6.3 Kinetic statistics

A common problem in molecular dynamics is that while equilibrium averages are relatively
straightforward to calculate from biased simulations (via, for example, the various methods
reviewed in Ref. 222), dynamical averages are much harder. In this section, we use BAD-
NEUS to compute dynamical averages efficiently. Specifically, we consider the backward
committor, ¢_, which is the probability that the system last came from a reactant state A

rather than a product state B, and the transition path theory (TPT) rate, defined as the

=
o
o

5.0

< # of lterations >

N
[

10 20 30
T (# of steps)

Figure 5.5: Dependence of convergence on the lag time for BAD-NEUS applied to the Miiller-
Brown system. For these simulations, there are 2000 walkers per stratum, and h = 3

iterations are retained.
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mean number of A to B transitions per unit time divided by the fraction of time spent last
in A. Both of the systems that we consider are microscopically reversible, so ¢_ =1 —q,,
where ¢, is the forward committor, the probability that the system next goes to state B
rather than state A.

As shown previously [223, 214, 219|, these quantities can be obtained by splitting the
ensemble of transition paths. Here, we consider the following history dependent stratification.
Let {ka@)}k:l,...,n and {w/?(x)}kzl,...,m be non-negative functions, let ¢, = ¢]€1 if £ <n;
otherwise, let v, = wf_n, and let 14 and 1pg be indicator functions on sets A and B,
respectively. Let T (t + dt) be the time the system was last in A or B, so that 1 4(T" (¢t +
dt)) =1 —1g(T" (t + dt)) reports whether A rather than B was last visited. Define the

index process by the following update rule:

.

G XTI (T (¢ + de) ) S o (XM k< np o (X =0 or
LA(T ™ (t+dt)) # 14(T™ (1))
Pliar =k = o (X150 (4 dr)/ 07 (XY k> 00 (X =0or

Lo(T™ (¢ +dt)) # 1 (T (1))

\ 0 It otherwise

(5.35)

where ¢ It is the Kronecker delta function.
Thus there are n+ m total strata, the first n of which contain walkers that last visited A,
and the remainder of which contain walkers that last visited B. The steady-state distribution

of walkers which last visited A is proportional to 7w(x)g_(z), and that which last visited B

is proportional to m(1 — ¢_(x)). This ensemble lets us compute dynamical averages. The
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backward committor projected onto a space of CVs can be computed using

¢ (s) = E[ﬂggn}ﬂwxweds}]

7 (5.36)
ﬂ{G(Xt)eds}]

where 6 is a vector with components that are the CVs and ds is a bin in the space. We

obtain the TPT rate constant

k (5.37)
A Eqlo—(2)]
by choosing
0 ;0 t 4t 0 1

g(X7, T, X T) = 1 ge(XT)1p(X )1{J0<n} (5.38)

in (5.14) for the numerator and

0 40 t gt

g X, J L X T) = 1{J0<n} (5.39)

for the denominator. This corresponds to the steady-state flux into B from trajectories that
originated in A.

For the Miiller-Brown system, we define states A and B as

A={y,v:65(u+05)>—11(u+0.5)(v — 1.5) + 6.5(u — 1.5)* < 0.3}
(5.40)

B ={uv:(u—0.6)>%+05(v—002)72<0.2}
We use a similar index process construction as for the equilibrium calculations, except there
are 10 v, that are evenly spaced in the interval [0,1.6] for w,‘f and 10 v, that are evenly
spaced in the interval [—0.3,0.8] for Qﬁf, for a total of 20 strata. We use different definitions

for wjj and 1/1;? because, for walkers originating from state A (B), a stratum located below

(above) state B (A) is unlikely be populated. Both NEUS and BAD-NEUS use 2000 walkers
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Figure 5.6: Convergence of the TPT inverse rate estimate for the Miiller-Brown system. The
green line is the grid-based reference obtained from 5.41. For these simulations, there are
2000 walkers per stratum, h = 4 iterations are retained, and the lag time is 7 = 10 time
steps.
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Figure 5.7: Illustration of the backward committor computed from BAD-NEUS. (top left)
Reference backward committor. (top right) Reference In(¢_/(1 —g¢_)). (bottom left) BAD-
NEUS backward committor at iteration 20 computed from (5.36). (bottom right) BAD-
NEUS In(q_/(1—gq_)), showing that BAD-NEUS effectively computes backward committors
close to states A and B. These results are obtained from the same simulations as Fig. 5.6.

per stratum, and we compute statistics using data from the last h = 3 iterations. For BAD-
NEUS, we use a basis set consisting of 10 indicator functions per stratum, again based on
k-means clustering; we use a lag time of 7 = 1.

To compute reference values for these kinetic statistics, we use the grid-based approxi-
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mation to the generator in Ref. 221, with the same grid parameters. Since the dynamics
are microscopically reversible, we obtain the backward committor by solving for the forward
committor using the approach in Ref. 221, then setting ¢_ = 1 — ¢,. We solve for the

reaction rate using

2(rg_)  (P1p)
kap = , 5.41
AP (7' 7.)(Bey) o4

where P is the discretized transition matrix defined on the grid, €, is the grid spacing, and

arrows indicate vectors of function values on the grid points (7g_ is a single vector of product
values).

Figure 5.6 shows estimates for the TPT rate. We see that BAD-NEUS converges several
fold faster than NEUS. Each BAD-NEUS iteration requires an average of 407 time units
of sampling (arising from 2000 walkers in each of 20 strata, with an average time before
leaving the stratum of 10.2 time steps). Each iteration is therefore significantly less total
computational cost than generating a single A to B transition on average (1200 time units,
as evidenced by k;é) and is amenable to parallelization.

Figure 5.7 shows the backward committor computed at BAD-NEUS iteration 20 using
(5.36) with the variables of numerical integration as the CVs. We represent the results in
two ways: the committor itself and its logit function. The former emphasizes the transition
region (g_ =~ 0.5) while the latter emphasizes values close to states A and B (¢_ ~ 0 and

q_ ~ 1). Both show excellent agreement with the reference.

5.7 Conclusions

We have introduced a new trajectory stratification scheme which converges faster than exist-
ing methods. We show that our scheme is a natural generalization of the weighted ensemble
scheme originally introduced by Huber and Kim [20]. The key modification we introduce is

that we insert an approximation to the stationary distribution before the resampling step.
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This approximation algorithm is set up such that it preserves the stationary distribution
of the dynamics, and therefore does not introduce systematic errors into the algorithm in
the large-data limit. We show that this simple modification accelerates the convergence of
statistics for the Miiller-Brown model by several orders of magnitude.

Our work leaves open several possible extensions and generalizations. Our algorithm can
be easily modified by replacing our basis expansion approximation by another approximation
to the stationary distribution. Examples include machine learning methods [173, 221] and
basis expansions which include memory effects [197]. These approximations alleviate the

need to identify basis sets which describe the dynamics well.

5.8 Appendix

5.8.1 Derivation of (5.14)

(5.14) Here we derive (5.14) by modifying the proof from Ref. 224. Let Z' be a markov

process, and let S" = ?:_01 g(Zt) be the partial sum of a function g. Let w(z) satisfy the
linear problem:
1
(T" = Dw(z) = —(9(z) — Erlg(2)]) (5.42)

subject to the constraint E_[w] = 0. Where the forward transition operator is defined as:
T'(z) =Elg(2')|2° = 2] (5.43)

Consider the process:

U'=85"—-E_[gln +w(Z") (5.44)

Then U is a martingale with respect to Z O, o Zt. To see this, we compute:

BU™ -012°,..2" = BIS™ ~Brlg)(t4+ 1) +w(2) - (8" = Brlglt + w(29) 12, . 2"
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= Elg(2") - B lg] + w(2™") —w(2")2°,..2"]
= 9(2') — Blg) + Blw(2") - w(29))2°, .. 2]
= 9(Z") = Eglg] + (T = Dyw(2")
= 9(Z") = Blg] — 9(2") + Eglg] = 0

We refer the reader to 224 for a more technical discussion and conditions under which the
relevant expectations are bounded such that we may apply the optional stopping theorem.

Then, for any stopping time 7" with E[T] < oo:

Which yields the result:

E[Y o 9(2)] _

h (5.46)

Now take Z' = (Xt, JH X Jt+T) and take the stopping time to be S(1). In the case
where X O, J% is distributed according to the steady state flux distribution 7(dx, k), (5.7)
implies that X T, JT~ 7(dz, k), and hence the distribution of 7% and 27 are the same, and

so the residual term in (5.46) is zero. In this case, we note that the distribution of X O, 7Y is

given by:
w(dz) = P[X" € da] (5.47)
=S Px% edr| 0 = k)P = k] (5.48)
k
=" 27 (dalk). (5.49)
k

The joint distribution for (X, J) is 7(dz, k) = ?kﬁ(dﬂk:). Therefore,
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S(1)—-1
E| Y o' J, . X7 0] =

t=0
S(1)—1
sz/ﬁ(dx]k)]EXo:x o, (Xt Tt XTI (5.50)
k ’ t=0
and
E[S(1)] :sz/ﬁ(daz\k)EXo:x’Jo:k[S(l)] (5.51)
k

Substituting these into (5.46) and remembering that the residual term is zero yields (5.14).
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CHAPTER 6
APPLICATION OF TRAJECTORY STRATIFICATION TO NTL9

6.1 Introduction

In this chapter, we apply BAD NEUS to a realistic model of a molecular system. Our
test molecule is the 56-residue N-terminal domain of the ribosomal L9 protein, known as
NTL9. The native secondary structure is fSaSa sequentially; in the native state, the three
p-strands form an anti-parallel S-sheet, and the two a-helices pack on either side of it (Fig.
6.1). The reversible folding of NTL9 has been extensively studied both experimentally and
computationally [5, 225, 226]. In addition, the timescale of folding is on the order of a
millisecond which is at the upper limit of what may be accessed with traditional molecular
dynamics simulations. For these reasons, the NTL9 peptide is a good test case for our new
method.

We use our study of NTL9 to illustrate a general workflow for examining reversible
molecular rare events. The outline of this workflow is as follows. We biased our system
away from the stable folded state to generate initial structures for BAD NEUS sampling.
We found that this procedure populated all the strata at the start of the simulation. Next,
we select a set of CVs which we suspect describe the folding mechanism, and we use these
to construct a basis set for BAD NEUS.

We also illustrate how BAD NEUS results may be used for mechanistic analysis. One of
the key features of BAD NEUS is that it naturally yields both the TPT rate for folding and
unfolding, as well as the backward committor and stationary distribution. We therefore show
how one can use logistic regression to extract the backward committor from simulation data,
and then use the backward committor as a CV for visualization, and to extract transition
state structures. Finally, we summarize our conclusions and present future research directions

and applications.
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Figure 6.1: Representative native and melted NTL9 structures. Native structure is the
crystal structure, and the melted structure is taken from the BAD NEUS simulation.

6.2 System setup and Molecular Dynamics Details

All MD simulations were performed with the OpenMM engine [194]. Since our algorithm
only requires us to stop and start the MD engine while running unbiased dynamics, we do
not need to modify OpenMM in any way. To enable direct comparison to previous work
on this system [5], we model NTL9 using the AMBER FF14SB force field [227| and the
Hawkins, Cramer and Truhlar generalized Born implicit solvent model [228, 229|. We use
a Langevin thermostat with a timestep of 2 fs, a temperature of 303.15 K, and a friction
constant of v = 80 ps_l, which corresponds to the high-viscosity case considered in Ref. 5.
We characterize the structure with the full root mean square deviation in atom positions
(RMSD) and the fraction of native contacts (Q)). We define the folded state as a configuration
having full RMSD) < 0.28 nm and @ > 0.85. The unfolded state has full RMSD > 0.80 nm
and @ < 0.35.

The stratification is similar to that for the Miiller-Brown in the previous chapter. Let
{Vap(@)} =1, n and {¥py(2)} =1, ., be non-negative partitions of unity, let ¢y, = ¢4y, if
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k < n otherwise let ¢, = ¥g;._,,, and let 1 4 and 1 be the indicator function on a sets A
and B. Let 14(T,g(t + dt)) be the augmented variable that tracks whether a trajectory

last visited A rather than B. Define the index process by the following update rule:

(

Up(Xiqar) 1 A(Tgyp(t +dt)) k<n (X q) =0
or Ly (Tyyp(t+dt) # Lo(Typ())
Plltyar = K = § ¢ (Xppa) (1 = 14(Ta gt +dt) k>n, Uy (Xipar) =0

or 14(Ty p(t+dt)) # La(Txypt))

\ 07,k otherwise

(6.1)

Thus there are n + m total strata, the first n of which contain walkers which have last
visited A, and the remainder of which have last visited B. The upshot of this is that the
steady state law of walkers which have last visited A is proportional to 7(x)q_(x), where ¢q_

is the backward committor probability. For the NTL9 system, we set

1 |QUX) — Qpl <6
B an(X) = bpp(X) = S (6.2)

0 otherwise,

where QQ(X) is the fraction of native contacts using the definition of Ref. 230. We determine
the native contacts from the crystal structure, PDB ID 2HBB [231]. We space 20 Q)
uniformly in the interval [0.35,0.85] and set 6, = 0.6(Q 1 — Q), so that the regions
overlap. Thus there are 40 total strata.

To initialize the simulation, we first denature the protein by simulating for 80 ns at 380 K
starting from the crystal structure and saving every 1.0 ps. We sample 4000 frames in each
of the 40 strata from this trajectory and weight them uniformly; this set forms our starting

walkers, {Xé, JS, 1/N}£\Ll, where N = 40. We use a lag time of 10 ps, and we retain h = 4
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past ensembles. The initialization pipeline, integrator settings, and stratification choice are
the same between NEUS and BAD NEUS.

To construct the basis set for BAD-NEUS, we define the following eight CVs: (1) the
fraction of native contacts, (2) the full backbone RMSD, (3-5) the backbone RMSD for
each of the three -strands individually (residues 1-5, 16-20, and 36-39), (6-7) the backbone
RMSD for the two a-helices individually (residues 23-33, and 41-51), and (8) the backbone
RMSD for the three -strands together. Our basis set consists of 10 indicator functions on
each stratum constructed by k-means clustering on the 8 dimensional CV space. At each
iteration (i.e., one pass through the outer loop in Algorithm 7 of Chapter 5), we form our
basis set by taking the cluster centers from the prior iteration’s basis set and refining them

with 10 iterations of Lloyd’s algorithm [232].

6.3 Extraction of the Backward Committor by Logistic Regression

Our trajectory stratification algorithm, using the history dependent stratification scheme,

allows us to compute expectations against the committor of the form:

Exlf(2)q—(2)]

for a given function f. In Section 5.6.3 we showed how to use expectations of this form to
project the backward committor onto a CV space of interest. However, to use the backward
committor itself as a collective variable, we need the value of the backward committor at
each point in the dataset. For example, to compute the PMF along the backward committor,

one needs to evaluate:

p(s) = —kyTlog | > willy (x,)—s<ds/2| - (6.3)
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However, the fact that ¢_ appears by itself prevents this sum from being written in the form
of an expectation over mq_.

Since NEUS returns a change of measure to the distribution 7¢q_, it is not possible to
extract ¢_ pointwise with out approximation, even though expectations against mg_ can
be computed without bias. However, it is possible to extract the backward committor by
regression. To do this, suppose we have a parameterized representation of the backward
committor with parameters 5, and recall that the logistic regression loss function for the

backward committor may be written in the form:

L(F) = —E, [1,(x7 ) 1og<£>] “E, [%(XT_“’)) og1— ¢ (6.4
Since
0@ =Ey_, [1,x7 ) (6.5
and
1=g (@) =Ego_, |15 V) (6:6)
we have
LB =-E, [q_ () log(q” <x>>] ~E, [(1 g (e)log1— ¢ <x>>] 6

If we make the choice u = 7, the loss function (6.7) is an expectation we can compute from

NEUS using (5.14) with the choices:

—

f@,7) = log(¢” ()1 <, (6.8)

and

—

flx,5) =log(1 — " ()15, (6.9)
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for the first and second terms, respectively.
In this chapter, we use a small collection (8-12) of physical CVs, and represent the

backward committor using a sigmoid composed with a linear expansion:

E ! |
=) 1+ exp (—E 5(x)> (6:10)

—

where 0(x) is the vector of CV functions. We perform all of our optimizations using the
Nelder-Mead simplex algorithm. In many cases, it may be advantageous to use a more
flexible representation with a larger input feature space and perform the optimization with

gradient based methods, however we leave this complication to future work.

6.4 Mechanism of NTL9 Folding

Before discussing the mechanism, we verify covergence by examining the inverse folding rate.
Figure 6.2 shows the results of the BAD-NEUS inverse rate, the NEUS inverse rate, and the
haMSM accelerated weighted ensemble (haMSM-WE) inverse rate reported in Ref. 5. We
find that the BAD-NEUS estimate is within the 95% credibility interval of the haMSM-WE
estimate, while the NEUS estimate is relatively low. The BAD-NEUS estimate is slightly
higher than the haMSM-WE estimate; while we do not have a true reference, we expect it is
more accurate as in both Ref. 5 and the present work, methods tend to approach the folding
time from below. Both BAD-NEUS and haMSM-WE required significantly less aggregate
simulation than the time needed to see a single folding event, which is about 1 ms. The
haMSM-WE calculation used an aggregate simulation time of 252 us, while the BAD-NEUS
calculation used an average of 4 us per iteration, for a total of about 160 us. Not only does
BAD-NEUS require less sampling, as shown for the Miiller-Brown system in the previous
chapter, we can compute statistics in addition to the rate, such as the logarithm of the

steady-state distribution (the potential of mean force) and backward committor.

164



—— BAD-NEUS

NEUS
= haMSM
m
£
5 p
_¥<E

0 10 20 30 40
Iteration

Figure 6.2: Comparison of NEUS, BAD-NEUS and the haMSM-WE |[5] estimates for the
average time for NTL9 folding. The shaded area shows the Bayesian 95% credibility region
reported in Ref. [5].
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Figure 6.3: Potential of mean force on the regressed backward committor (top), and the
regressed linear function that is composed with a sigmoid to yield the backward committor,

— - b(x).

We next move to a detailed analysis of the folding mechanism of NTL9. As outlined
in Section 6.3, we extract the backward committor using logistic regression. This enables
us to use both qé and the function —B’ . 5(&:) as CVs; we show the PMFs for these CVs
in Figure 6.3. The PMF for the backward committor has a generic shape for a two-state
reaction. However, examining the PMF for —g- 5(x) reveals a second metastable well at

backward committor values close to zero (or equivalently forward committor values close to
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one, as plotted). It is important to note that the backward committor, often used as the
ideal reaction coordinate, contains nearly the same information as the function —ﬁ . 5(9(;),
since the two are related by an monotone function. The latter CV ’stretches out’ the x-axis
near backward committor values close to 0 or 1. This allows us to resolve details in the PMF
which are not visible if we visualize using the backward committor. We therefore focus on
—fB - 6(x) for further analysis.

To interpret the PMFSs, we examine representative structures from the native state, a
melted structure, the barrier located at —E . 5(3:) = 0.99, and the intermediate basin located
at —f3 - 5@) = 16.75. Figure 6.4 shows the results. This sequence of structures show a clear
folding pathway: The melted state has less secondary structure, in particular the § strands
are fully melted. The transition state involves a partially formed [-sheet, In particular, the
hairpin formed by the first two [-strands is partially formed. The intermediate has the (-
sheet fully formed, with the C-terminal a-helix out of place and partially melted, and the mid-
sequence a-helix in place, but partially melted. The final step is the simultaneous formation
of both « helices, and the movement of the C-terminal helix into its native orientation relative
to the [-sheet.

To verify our proposed mechanism, we compute the average values of the -sheet RMSD
(i.e., the RMSD for residues 1-5, 16-20, and 35-39) and the two a-helix RMSDs (residues
23-33 and 41-51) as functions of the —5 .6 CV. That is, we compute the conditional mean

for function f:
_ Ex[f(2)d(0(x) — 67)]

Eq[fXDI0XY) = 0] = = G = 67

(6.11)

l
In practice, the d-functions are approximated by bins of uniform width; for this section we
use 100 bins. We compute the equilibrium averages using the BAD-NEUS data and (5.14).
Figure 6.5 shows the results. We reproduce the PMF along with the conditional mean of the
three RMSD coordinates for reference. The top center panel shows the conditional mean of

the S-sheet RMSD. We see that at the transition state, the RMSD sharply drops, indicating
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that crossing this barrier corresponds to full formation of the beta sheet. The bottom two
panels show the two a-helix RMSD coordinates. Folding of the first a-helix coincides with

barrier, while folding of the second follows it.

Melt TS Intermediate Native

p

o

SR
& G

)
£~

Figure 6.4: Sequence of structures from the BAD-NEUS simulation. Left to right: melted
state, —E- g = 0.99, intermediate at ZZ B;0; = 20.34, and native state. In the transition
state (i.e., the highest barrier located at —5- g = 0.99, which corresponds to ¢_ = 0.3)
that the (-sheet is partially formed, with the N-terminal S-hairpin partially formed. In the
intermediate, the (§-sheet is fully formed, while the C-terminal a-helix is out of place and
partially melted, and the central a-helix is still partially melted. Top and bottom rows are
the same structures rotated by 90°. to show the side view of the 3-sheet.
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Figure 6.5: Average values of the 3 sheet RMSD (top), central a-helix RMSD (bottom left),
and C-terminal a-helix RMSD (bottom right) We see that the § sheet RMSD drops sharply
around the first local maximum in the logit-committor PMF, and the two helix RMSDs drop
sharply around the second (and much lower) free energy barrier.

We can also compute PMFs and conditional averages of functions on other CV spaces.
To illustrate, we here look at the 2 dimensional CV space of the full backbone RMSD
and the fraction of native contacts. Figure 6.6 shows the results. The contour lines are
spaced every 2kpT, and the conditional means of the backward committor, the logit of the
conditional mean of the backward committor, the 5 sheet RMSD, and the C terminal «
helix RMSD are shown. The PMFs on the 2 dimensional CV space also show a single major
barrier around a backbone RMSD of 0.75 nm and a fraction of native contacts () = .45,
as well as an intermediate state at backbone RMSD of around .55 nm and ) = .75. We
also see that crossing the main barrier correlates with a sharp drop in the S sheet RMSD,
while the o helix RMSD only drops after leaving the intermediate state. These observations
are in agreement with our analysis based on the backward committor extracted by logistic
regression. This agreement gives us confidence that we have indeed resolved the backward

committor accurately.
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Figure 6.6: BAD-NEUS backward committor and PMF contours for NTL9 after 40 iterations.
Top left: Backward committor projected onto the fraction of native contacts and the full
RMSD. Top right: Logit of the projected backward committor. Bottom left: $-sheet RMSD.
Bottom right: C-terminal a-helix RMSD. We find that the formation of the (-sheet very
closely correlates with a large decrease in the backward committor, suggesting that this step
is rate-limiting, in agreement with the findings of Ref. [5]. We also see that the formation
of the C-terminal a-helix is the final step, and only occurs after the protein is nearly fully
committed to folding.

Our NEUS results may be compared to other computational and experimental studies of
NTL9. As may be seen in Figure 6.4, our transition state has a native-like tertiary structure,
with significant partially formed contacts among the three §-strands and among the one a-
helix and the (-strands. This observation is broadly in agreement with the experimental
results of Ref. 226. Satoshi et al. measured ¢ values for a variety of mutants, and found that
most residues have a small ¢ value, indicating that specific side chain interactions are not
strongly formed in the transition state. They combine this observation with other experi-
mental data to conclude that the transition state has significant hydrogen bond structure,

and a native like topology. This is broadly in agreement with our BAD-NEUS results. In
169



addition, comparison of folding of the truncated peptide (residues 1-51) has shown that the
C-terminal helix adopts a helical conformation in the melted state, but full consolidation of
the helical structure does not occur until after the rate limiting step [225]. This observa-
tion agrees with our proposed mechanism, which has both helices fully adopting their native
structures only after the peptide is fully committed to folding having crossed the highest

barrier.

6.5 Conclusions

In this chapter, we have illustrated the BAD-NEUS method by computing the rate, backward
committor, and PMF for NTL9 folding. Our calculated folding rate agrees well with prior
experimental and computational work, but in addition to the rate, we are also able to
compute the backward committor and stationary distribution. We showed how the backward
committor may be extracted by logistic regression, and subsequently used as a collective
variable. We used the function whose sigmoid is the regressed committor as a collective
variable, and found that this CV enabled us to extract transition state and intermediate
structures which suggest a folding mechanism that proceeds by first forming the beta sheet,
followed by formation of the alpha helices only after the rate limiting step has occurred. Our

results agree with prior experimental observations.
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CHAPTER 7
CONCLUSIONS AND OUTLOOK

In this thesis, we have developed a number of new techniques for attacking the rare event
problem. Our basic approach throughout has been to use short, unbiased molecular dynamics
trajectories to compute kinetic statistics of interest. In Chapter 2, we refined the DGA [35]
method. This method solves the Feynman-Kac equation for prediction statistics and the
stationary distribution using a linear basis expansion. In addition, we propose estimators
for the reactive current projected onto a CV space and reaction rate, and we apply the
DGA method and our rate and current estimators to understanding the folding of the trp-
cage miniprotein. To our knowledge, this is the first computation of the reactive current
on a high-dimensional system using data; previous studies were limited to low-dimensional
systems because they relied on direct solution of the partial-differential equation (e.g., Ref.
233). There are a number of extensions and refinements to our work that could be pursued.
Principally, at present we do not have a way to estimate the magnitude of the sampling error.
In Appendices 2.6.4 and 2.6.5, we propose asymptotic formulae for the sampling error, as
well as a possible approach to drawing new samples in an optimal way, but we have not been
able fully test and refine these proposed approaches.

In Chapters 3 and 4, we again tackle the prediction problem. A major limitation of
the DGA method is that the quality of the approximation is limited by the expressivity of
the basis set, even with infinite sampling. To address this limitation of the linear method,
we developed two machine learning (ML) approaches to the prediction problem (that is,
solving the Feynman-Kac equation). Our first ML approach required multiple independent
short trajectories launched from each initial condition, which limited its utility. To relax
this requirement we developed the inexact subspace iteration in Chapter 5. We illustrated
our ML approaches on two-dimensional toy models, and also an atmospheric model, and

a molecular model, and we found that our machine learning approaches agree with brute
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force calculations in all cases. The main thrust of future work here is to extend our ML
approaches to the adjoint problem. Our current methods only work for solving operator
equations involving the forward in time transition operator, yet many quantities of interest,
namely the backward committor and stationary distribution, satisfy equations involving the
adjoint of the transition operator. More work will be needed to modify our subspace iteration
to solve such adjoint equations.

Finally, in Chapters 5 and 6, we developed a modification to the weighted ensemble
algorithm. Our approach uses the observation that it is possible to insert a short-trajectory
based approximation to the stationary distribution into the WE algorithm in such a way that
the resulting scheme converges to the true stationary distribution without approximation.
In our work, we use a linear basis expansion approximation to the stationary distribution.
There are a two main future directions for developing these methods. The first is to perform a
rigorous error analysis of NEUS along the lines of previous error analyses of EMUS or MBAR
[8, 234]. The similar structure of the algorithms suggests that a similar approach could be
successful. This analysis would help us refine stratification schemes and assess convergence.
The second future direction is to use more accurate stationary distribution approximations
than our linear ansatz. This could involve modifying the approach in Ref. 173 to approximate
the weights at each NEUS step. Finally, our NTL9 analysis is preliminary. Future work will
analyze the folding mechanism in more detail, including examining the effect of truncating
the peptide, and looking at the extent of side chain interactions as folding progresses in order

to make more direct comparisons to experimental data.
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