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ABSTRACT

This dissertation focuses on efficiently learning the optimal dynamic mechanism when the
agents’ valuations can be characterized by a Markov Decision Process (MDP). In Chapter 1,
we provide a high-level motivation for our problem setting, discussing the motivations for
combining theoretical Reinforcement Learning (RL) with dynamic mechanism design. In
subsequent chapters, we provide three representative problems at the intersection of these
two fields. These chapters vary in terms of the difficulty of designing the optimal mechanism,
the generality of function approximation, and the RL setup considered, providing a high-level
overview of recent advances along this interdisciplinary research direction.

In particular, in Chapter 2, we show how the revenue maximizing, incentive compatible,
and ex-post individually rational mechanism can be learned computationally and sample
efficiently, when the single buyer’s type distribution is governed by a tabular MDP. In Chap-
ter 3, we provide an online learning algorithm that learns the optimal second-price auction
with reserve prices with (5(\/T ) regret, even if the participating buyers behave strategi-
cally. In Chapter 4, we show that the welfare-maximizing, ex-ante incentive compatible, and
ex-ante individually rational mechanism can be obtained under general function approxi-
mation setting using only a pre-collected data set, with no additional interactions with the

environment.
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CHAPTER 1
A GENERAL INTRODUCTION

Sequential decision making processes, in particular Markov Decision Processes (MDPs), have
long attracted researchers for their ability to capture time-based and state-based dynamics
in human decision making [Puterman, 1990, White, 1993|. In recent years, development of
computational and theoretical methods leads to an unprecedented amount of interest in the
topic, as we can now efficiently learn MDPs both in theory and in practice |Auer et al.,
2008, Kakade, 2001, Li, 2017, Sewak, 2019|. These new tools gave rise to the vibrant field of
Reinforcement Learning (RL), which has seen great empirical success in games (the colloquial
sense) such as Go [Chen, 2016a, Silver et al., 2017, 2016], Atari games [Mnih et al., 2013,
and StarCraft II [Vinyals et al., 2019]. RL has also been applied in high risk real-world
control problems, ranging from self-driving cars [Liang et al., 2018, Spielberg et al., 2019]
to even nuclear fusion [Degrave et al., 2022]. Even ChatGPT, arguably the most popular
machine learning project in early 2023, uses RL under the hood, as it incorporates human
feedback in training via reinforcement learning with human feedback [Choi et al., 2023, Guo
et al., 2023].

It is then no wonder that MDP and RL have also been used in real-world economics
problems such as tax policies [Zheng et al., 2020, 2021] and business applications such as
bargaining on eBay [Green and Plunkett, 2022|. Indeed, the state-based and time-based
structure that MDP captures better reflect the sequential nature of human behavior in real
life, where earlier actions and earlier history affect agents’ later decision making and shaping
the agents earlier history would then undoubtedly affect their later behavior.

Of course, computer scientists are far, far from the only people who have made this
basic observation about human decision making. In economics and operations research, the
field of dynamic mechanism design studies allocating and pricing goods when agents’ types

evolve over time |[Bergemann and Vélimaki, 2019, Gallien, 2006, Doepke and Townsend,
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2006, Kakade et al., 2013|, with widespread applications ranging from sponsored search
auctions [Mirrokni et al., 2018, Shen et al., 2020] to pricing Wi-Fi at Starbucks [Parkes and
Singh, 2003, Friedman and Parkes, 2003].

Applications of dynamic mechanism design often depend heavily on the assumption that
the transition dynamic of the agents’ types is known beforehand, yet the assumption can be
unrealistic in practice. The problem is further complicated by the nature of MDP, where
transition probabilities depend on the action taken. While observational studies can be
used to efficiently estimate type distributions in the stationary setting or the Markov chain
setting, a reasonable justification for assuming the type distributions are known a priori,
for MDPs simply observing the outcomes of arbitrarily chosen actions is insufficient, a well-
known result that highlights the difficulty of RL compared to the stationary setting [Osband
and Van Roy, 2016].

It is then natural to bring together dynamic mechanism design and RL by using tech-
niques from the latter to learn the optimal dynamic mechanisms for MDPs. To our dismay,
existing results are limited, with existing works that are either lacking in theory or not fully
indicative the nuances of dynamic mechanism design.

Due to the limits of existing works, the dissertation focuses on answering the following

central question

Can we provide an efficient algorithm for learning the “optimal” dynamic mechanism in the

single agent setting, where the agent’s type evolve according to an MDP?

The remaining chapters are devoted to three different variants of the problem, organized
as follows. More specifically, in Chapter 2, we define optimal as the revenue-maximizing,
dynamic incentive compatible (IC), and ex-post individually rational (IR) mechanism. We
focus on tabular MDPs, where action is defined as the allocation the buyer receives, state
is some feature variable dubbed public context, and the buyer’s private types is drawn from

a distribution parameterized by the public context. The learning setup is PAC RL, with
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the goal of outputting a near-optimal mechanism using only polynomially many interactions
with the environment, with high probability. We emphasize that the term PAC RL is a bit
of a misnomer: in PAC learning, the samples are i.i.d. generated from some distribution,
whereas typically PAC RL allows the learner to use different policies to generate sample
trajectories from the environment (see Dann et al. [2018|, for instance). Nevertheless, we use
the term to differentiate it from online RL, discussed in the sequel. The chapter is adapted
from a currently unpublished manuscript and the result of a collaboration with Haifeng Xu
and Song Zuo.

In Chapter 3, we define optimal as the revenue-maximizing multi-phase second price
auction with reserve prices. We focus on linear MDPs, where action is decomposed into two
components, with the first being the reserve price, and the second being the type of the item
being sold at that particular step. State is again some feature variable that parameterizes
the buyers’ private types. The learning setup is online RL, where we aim to minimize regret
throughout the interactions with strategic agents. The chapter is adapted from Ai et al.
[2022], a collaboration with Rui Ai, Zhuoran Yang, Zhaoran Wang, and Michael I. Jordan.

In Chapter 4, we define optimal as the welfare maximizing, incentive compatible, and
ex-ante IR mechanism. We focus on a general function approximation setting, where we
only assume that the relevant value functions can be approximated sufficiently well by some
function class. Particularly, we assume that the participating agents’ types are fixed, but
their valuation functions depend on some arbitrary state and action that evolve according to
an MDP. The setup considered is offline RL, where we only assume the existence of an pre-
collected dataset, and aims to recover a near-optimal mechanism with no further interactions
with the environment. The chapter is adapted from Lyu et al. [2022b], a collaboration with
Zhaoran Wang, Mladen Kolar, and Zhuoran Yang.

We hope that the three chapters can highlight the number of possible open questions in

the intersection between RL and dynamic mechanism design. Due to the changing notions



of optimality, function approximation assumption, and learning setup, it is hard to provide
a concrete mathematical overview of these problems, encompassing all three chapters. Nev-
ertheless, we highlight three important threads connecting these chapters, and hope that the

discussion demonstrates the inherent cohesiveness of the chapters.

Complexity of mechanism design. From front to back, the optimal mechanism becomes
easier and easier to characterize. The most complicated dynamic mechanism is constructed in
Chapter 2, requiring a novel revelation-style argument for describing the optimal mechanism.
In Chapter 3, mechanism design is simplified by the fact that we only focus on the optimal
multi-phase second price auction with reserve prices, which is IC and IR by well-known
results, with the key challenge being simultaneously learning (1) the best policy for choosing
which item to sell at each step, conditioned on the state, and (2) the optimal reserve price
for each state and item sold, under the condition that the buyers are strategic and may bid
untruthfully. The dynamic VCG mechanism being learned in Chapter 4 is the easiest to
characterize, depending only on the welfare-maximizing policy and, for each agent, a price

to be paid.

Generality of function approximation. From front to back, we allow the underlying
MDP to be more general. In Chapter 2, we only focus on tabular MDPs, requiring that
both the state and action spaces are finite. In Chapter 3, the assumption is weakened, as
we assume a linear MDP, which loosely translates to the assumption that the transition
dynamics and the valuation distributions are linear in some feature vector for the state and
action. In Chapter 4, the assumption is further weakened, and we only assume the existence

of some arbitrary function class that can sufficiently accurately describe the value functions.

Difficulty of exploration exploitation trade-off. From front to back, we gradually

reduce the emphasis on exploration and focus more on exploitation. The PAC-RL setting



in Chapter 2 does not consider exploitation at all, as the only goal is to output a near-
optimal mechanism at the end of algorithm. We do note it is nearly trivial to obtain an
online RL algorithm by adapting the PAC RL one we obtained using the explore-then-
commit framework discussed in [Lyu et al., 2022a], albeit with a looser regret bound. For
the online RL setting in Chapter 3, we focus on obtaining the tightest regret bound possible,
necessitating various techniques employed to better balance exploration and exploitation,
discussed in the sequel. Finally, for Chapter 4, we forgo exploration altogether and instead
focus on how to best exploit a pre-collected dataset, with no additional interactions with the
environment.

We hope that our discussion can provide general insights for future researchers working on
the intersection of RL and mechanism design. By “tuning” these three factors contributing to
the overall hardness of the problem, researchers can either make existing results more broadly
applicable and thereby interesting, or develop novel results under a simplified setting for a
seemingly impossible problem. With the discussion in mind, we proceed with the rest of the

dissertation.



CHAPTER 2
PAC RL FOR REVENUE MAXIMIZING DYNAMIC
MECHANISM IN TABULAR MDPS

2.1 Introduction

How should a monopolistic seller (she) sell an item to a buyer (he), when the buyer’s later
demands are affected by the earlier allocations he receives? For example, consider an airline
trying to price tickets to popular travel destinations over the course of a year. If the airline
set the prices too low early in the year, passengers may splurge more initially but will be
less likely to travel to expensive destinations towards the end of the year: their demand for
travel has been fulfilled early on. As an another example, consider a new restaurant pricing
a prix-fixe menu, i.e. one where a multi-course meal is offered at a pre-determined price, for
the year when the restaurant opens. It may be more favorable for the restaurateur to lower
the prices first to promote its brand, and then raise these prices in order to increase total
revenue. !

A blessing of modern technology is the subjective data that can be used to gauge consumer
demand. Instead of having to survey its customers on how likely they are to travel, the
airline may use data from search engines to accurately estimate consumer demand level.
The restaurateur may use the number of social media followers or its ratings on review
platforms to gauge valuation distribution. The existence of such data ensures that, while
the buyer’s later valuation distribution are affected by earlier allocations, it is possible to
accurately estimate these distributions using publicly available information. An approach
these sellers could take is to first understand how their pricing strategy alters the evolution of

these observable public data, which we call public contexts, and then estimate the valuation

distribution conditioned on these contexts.

1. This can be done via discount, rather than truly changing the price values on the menu.
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Nevertheless, the key challenge behind both settings is the fact that later public context
and valuation distributions can both depend on earlier allocations. It is not always clear
whether lowering prices earlier on increases or decreases later demand. Unlike seasonal trends
in demands that can be estimated accurately by simply recording the valuation distributions
in each time period, it is imperative for the seller to also explore different mechanisms. Should
she set the prices moderately high initially to ensure that there will be sufficient demand
later on? Or should she lower the prices to drum up demand? These questions cannot be
answered by using only observational data and often require actual experimentation with
different strategies, naturally leading to reinforcement learning.

The challenges of learning optimal mechanisms naturally arise in large-scale Internet
applications as well. For instance, consider the spot instance 2 pricing problem faced by
Amazon Web Services (AWS) [Agmon Ben-Yehuda et al., 2013], where dynamic pricing has
been used. Holding substituting services’ prices fixed, we may view AWS as a monopo-
listic seller of cloud computing instances to a group of buyers. The company can gauge
the ground-truth valuation distribution by examining the current demand level for spot in-
stances. Increasing allocation by lowering prices may attract more customers, but those
attracted may be less willing-to-pay, as it is possible for them to be only interested in paying
low prices. Reducing allocation, on the other hand, could drive away customers that are
willing to pay more for earlier access to these spot instances, leading them to favor com-
peting services. Fortunately, these changes in buyers’ valuations can be estimated via user
bids and demand level. Using these publicly observable features as the public context, the
seller can model buyer valuation’s evolution via a MDP framework, faithfully representing
the effect of its allocation policy on next-step valuation distribution.

A different setting that nevertheless shares similar underlying problem structure is online

2. Spot instances are idle cloud computing resources that not currently used by any users. These instances
are priced dynamically by AWS based on predicted market demand, often at a considerably lower price but
with lower priority when other contracted demands come [Agmon Ben-Yehuda et al., 2013, George et al.,
2019, Baughman et al., 2019].



advertising where an ad exchange platform sells advertising opportunities to an advertiser.
In this case, both the advertiser’s targetting user population and demographic information
about each Internet user are public and dynamically changing contexts. They help the
platform to estimate the advertiser’s willingness to pay and thus to better price the advertiser.
The evolution of the advertiser’s valuation distribution then naturally follows the following
MDP structure. If he is allocated the ad spot, the user population he has already captured
is updated. This may facilitate the advertiser’s value to transit to a different one due to
his potentially switching target of audience. This contributes to the new public context
about the advertiser, to whom the platform proceeds to sell the next ad opportunity. In
such applications, our MDP formulation is crucial for capturing such transition dynamics,
as a context variable is necessary for recording the audience that the advertiser has already
reached, and the public context’s evolution is affected by both the current public context

and the allocation the advertiser receives.

Our contributions. Motivated by the applications above, we formalize and study a dy-
namic mechanism design problem where the buyer’s valuation distributions is described by
a Markov Decision Process (MDP), with past allocation outcomes as the “decision”. We
aim to find the direct, incentive-compatible (IC), and ex-post individually rational (ex-post
IR) dynamic mechanism with maximal revenue. To address the practical challenge that the
seller may not know in advance how allocations affect later valuations, we also study the
natural machine learning problem on how to efficiently learn an optimal mechanism through
interacting with the environment. Towards that end, we present three major findings, as
detailed below.

First, we introduce a natural dynamic design problem in an MDP environment and show
a revelation-principle-style characterization. That is, it is without loss of generality to con-
sider a family of mechanisms we call Augmented Bank Account Mechanism (ABAM). ABAM

significantly generalizes the previously known bank account mechanism (BAM) [Mirrokni



et al., 2016a, 2020]. Specifically, BAMs were developed for situations where past trajectory
does not affect future environment parameters such as buyer value distribution. Hence, they
only need to track buyer’s total surplus thus far (i.e., the “bank account”), and does not
need to track past item allocations to the buyer neither the public context. However, in our
MDP setup, past allocations affect both future context and buyer valuations. Therefore, to
optimize aggregated utility and also to account for buyer’s incentive, our mechanism need
to additional track past allocations, hence the name “augmented” bank account mechanism.
Notably, this augmentation is not a trivial modification — it makes both the revenue maxi-
mization and enforcing dynamic incentive compatibility much more challenging. To address
these challenges, the ABAM has to carefully design the payment rule that can accurately
account for the impact of untruthful reporting on both current-step utility and expected fu-
ture utility. Built upon these changes to the mechanism, we prove that ABAMs can achieve
optimal revenue in our setting. On the technical side, core to this proof is a non-trivial gen-
eralization of the family of “symmetric mechanisms”, first introduced in in [Mirrokni et al.,
2020], to the novel and more challenging MDP setting. The generalization is meticulously
constructed to keep track of the effects of earlier allocations, while also taking care avoiding
violating the timing of interactions in our setting.

Second, built upon the revelation principle above, we develop an algorithm to compute an
(additive) e-optimal mechanism in time polynomial in the input size and 1/e when the MDP’s
transition probabilities are known beforehand.® This result requires us to go significantly
beyond earlier results for settings with independent valuations across time (e.g., [Ashlagi
et al., 2023, Mirrokni et al., 2016b]). For these settings, the key idea shared by previous
approaches is to show that the seller’s expected continuation revenue is a concave function of
the buyer’s expected continuation utility. This crucial property then allows them to construct

a polynomially-sized piece-wise linear approximation to the expected continuation revenue.

3. This is also called a Fully Polynomial Time Approximation Scheme (FPTAS).



Then near-optimal mechanism can by found via dynamic programming. Unfortunately, such
approach fails in our MDP setting because the seller’s expected continuation revenue here
depends on not only buyer’s expected continuation utility but also the allocation probability
of each type. A similar approach of discretization as in Mirrokni et al. [2016b| will lead
to an approximated continuation revenue function that is the product of a piecewise linear
function in expected utility and a linear function in the allocation rule. However, since
both expected utility and allocation rule are decision variables, the resulting approximation
revenue function is a piece-wise bilinear function, making it intractable to optimize. To
bypass these challenges, we resort to a refined analysis of the properties of continuation
revenue in our setting. Specifically, employing a generalized variant of the envelope theorem
by Milgrom and Segal [2002], we are able to show that the continuation revenue is sufficiently
smooth in the allocation level. Using the observation, our proposed algorithm simultaneously
discretize the allocation level and continuation revenue, using only polynomially many pieces.

Finally, we study the situation without knowing the underlying MDP in advance. Lever-
aging the above computational algorithm, we develop an efficient reinforcement learning
algorithm to learn an e-optimal, approximately IC, and approximately ex-post IR mecha-
nism, using polynomially many samples in polynomial time.* We stress that, whereas typical
RL approaches look to learn a near-optimal Markovian policy, the optimal mechanism in our
setting is non-Markovian. In particular, the allocation, per-step payment, and spend rules
of an ABAM are all non-Markovian, requiring special care when designing a learning al-
gorithm. Moreover, we also need to guarantee that the learned non-Markovian spend rule
yields a mechanism that is approximately IC and approximately ex-post IR. To address these
challenges, we carefully relax the dynamic program for solving the optimal mechanism, which

allows us to isolate the estimation errors to the spend rules alone. As approximate IC and

4. We are aware that for static setups of mechanism design, there is a quite general black-box reduction
from eBIC mechanism to an exactly BIC mechanism modulo negligible revenue loss Cai et al. [2021].
However, it appears unclear whether such a reduction exits for our dynamic mechanism design setup, which
is an intriguing open problem.
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approximate ex-post IR guarantees all require on high-accuracy estimates of the spend rule,
we draw inspiration from “reward-free reinforcement learning” to ensure that the spend rule
is estimated sufficiently well with polynomially many samples [Jin et al., 2020a|. Specifi-
cally, we are able to show that, loosely speaking, so long as there exists some policy that can
reach the context with non-negligible probability, then the corresponding spend rule will be
estimated well, despite its non-Markovian nature. Careful analysis of the error terms shows
that the constraint violation at each public context is small, as long as there exists some
dynamic mechanism that can easily reach the context. Conversely, we show that IC and
ex-post IR are not violated significantly, unless the context occurs rarely under all possible
dynamic mechanisms. Specifically for the approximate-IC guarantee, our results imply that
the amount a buyer may gain from untruthful reporting is bounded uniformly for all bidding
policies, and the amount is independent of either the learned mechanism or the optimal

mechanism itself.

Related Works. Our work subscribes to the rich line of research on optimal dynamic mech-
anism design |[Kréhmer and Strausz, 2015, Mirrokni et al., 2016b, Papadimitriou et al., 2016,
Deng et al., 2019, Mirrokni et al., 2020, Bergemann and Valiméki, 2010, Kakade et al., 2013,
Kanoria and Nazerzadeh, 2014, Athey and Segal, 2013|. Particularly, [Mirrokni et al., 2016a,
2020, Ashlagi et al., 2023| are among the first works to pursue the revenue-maximizing, IC,
and ex-post IR mechanism in dynamic mechanism design, focusing on the setting where the
buyer’s valuation distribution may change over time. However, in their models, the buyer’s
value is not affected by his previous allocations. Following this line of work, Deng et al.
[2021] offer a more general treatment of the problem, allowing additional constraints such as
the buyer’s budget. However, their results do not imply computationally efficient algorithms
for computing near-optimal mechanisms in our setting neither show how such a mechanism
could be efficiently learned. In the same vein, Pavan et al. [2014] characterize the first-order

optimality conditions for a very general setup of dynamic mechanism design. However, their
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results are not computational neither learning-theoretic. Another loosely related line of work
studies “Markovian buyers” [Battaglini, 2005, Ouyang et al., 2015, Garrett, 2016]|, where the
buyer’s valuation is assumed to evolve according to a Markov process, as opposed to a Markov
Decision Process. Compared to our setting, this line of work omits the challenges caused
by the dependence of valuation distribution on earlier allocations, and often do not consider
efficient computing or learning algorithms. We refer interested readers to [Bergemann and
Vilimaki, 2019] for additional discussions on related concepts in dynamic mechanism design.

Our work is also related to, but drastically different from, the line of recent work com-
bining reinforcement learning (RL) with dynamic mechanism or information design [Wu
et al., 2022, Ai et al., 2022, Lyu et al., 2022b, Min et al., 2022, Liu et al., 2022, Zu et al.,
2021, Mansour et al., 2022, Simchowitz and Slivkins, 2023|. Of these works, some features
a “factorized” action space, where one component of the seller’s action affects only the later
valuation distributions, but not the current step’s IC constraints, and the other component
focuses on only the current step’s IC constraints, without considering the later steps’ valu-
ation distribution [Ai et al., 2022, Min et al., 2022]. Some assumes that a new participant
arrives at every step of the underlying MDP and leaves immediately after [Wu et al., 2022].
Both setups significantly reduce the difficulty of designing an optimal IC mechanism, leading
to easier-to-characterize optimal mechanisms that are also easier to learn via RL. On the
other hand, while works such as [Mansour et al., 2022, Simchowitz and Slivkins, 2023| do
not feature similar simplifying assumptions, their setting is drastically different from ours.
In our setting, the learner is a monopolistic seller whose aim is to maximize revenue. In this
line of work, however, the learner is simply trying to learn the optimal policy in some MDP,
whose challenge lies in incentivizing agents to explore via strategically revealing information
to these agents. While they provide efficient learning algorithms, these algorithms shed little
light on how a revenue-maximizing mechanism could be recovered.

Finally, our techniques for learning optimal mechanisms is inspired by the line of work
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on reward-free RL, pioneered by Jin et al. [2020a|, with later works improving sample-
complexity [Zhang et al., 2021b, Li et al., 2023| or extending the results into more general
function approximation settings [Wang et al., 2020b, Wagenmaker et al., 2022, Zhang et al.,
2021al. While we utilize the design idea of Jin et al. [2020a], it is far from being straightfor-
ward to convert reward-free exploration guarantees to approximate IC guarantees, a technical

contribution of our work.

Notations and Terminology. We use |- |o to denote the {op-norm. For two non-negative
functions f, g, we say f(n) = O(g(n)) if there exists some ¢ > 0, ng > 0 such that f(n) <
cg(n) for all n = ny. We use O when the logarithmic factors are ignored. Finally, we say a
mechanism is e-optimal if the expected revenue it achieves is at least OPT — ¢, where OPT
is the maximum expected revenue that can be achieved by any exactly IC, IR, and direct

mechanism.

2.2 Preliminaries

We use the tuple (S,0,X, H,P) to describe the MDP that governs the evolution of the
buyer’s valuation distribution. Particularly, S is the space for the public context at each
step, © is the buyer’s type space, X = {0,1} is the seller’s allocation space, where xj, = 0
means that the seller does not sell the item to the buyer at step h and z; = 1 means the
seller does sell the item. We use H to denote the horizon. Let PS = {§ x X — A(S)}
and PO = {§ — A(0)} denote the transition kernel, where for each h € [H], P}‘f( | sp,xp)
is the distribution over the public context s; 1 at h + 1, conditioned on the public context
sy, and realized allocation xj, at step h. The buyer then draws his private type 6}, from
a distribution dependent on s, 1, i.e. 0,1 ~ P}?+1(‘|5h+1)- For convenience, we let P =
{778, 73@} and assume without loss of generality that s is deterministic, that is, the initial
context is always fixed at some s7.

We focus on direct mechanisms and let the buyer’s report space be ©. The interaction

13



Figure 2.1: Visualization of the Transition Dynamics. Dashed lines denote correlation and
solid arrows denote conditional independence.

between the buyer and the seller can then be summarized as follows. When h = 1, the
initial public context sj is realized and the buyer receives his private type 6;. For all
h € [H], the public context realizes at s;, € S and the buyer receives his type 6;, € ©. The
buyer then reports, potentially untruthfully, to the seller his type as ah € ©. The seller,
having observed the public context s; and received the reported type éh, chooses her action
xyp, ~ Ber(xy(+)) and price p;, = ¥y,(+) according to some mechanism M(x, ). The buyer
realizes his instantaneous utility and the next step’s context is given by sp,1 ~ P}‘f(-|sh, xp).

Before we characterize the mechanism, we define the history available to the seller at each
step h € [H], which we denote by ﬁ(L h—1) to reflect the fact that the history is dependent

on the reported type 0 rather than the actual private type itself. Particularly, we let
W = (sn.0p,xp), for all he [H],

and use Hj, to denote the space of all histories with length h. Additionally, we let H =
Ui »_1Hp- Under the definition, the tuple (7 N(1,h—1)> ,sp,) captures all the publicly available
“historical” variables, save for the buyer’s current step’s report, that the buyer may include
as inputs to the mechanism xp, (7)1 ,—1), sh,éh) and ¥ (7(1,p-1), sh,gh). For convenience,
we let (1,h—1) denote the history when the buyer is truthful in the first h — 1 steps. At each
step h, the buyer’s utility is up, (7)1 ,—1), S éh; On) = 0 Elxp] —pn = Onxn (M1 p—1)> Sk, Gh)

Uy (N 1(1,h—1)> Shs Qh) where the expectation is taken over the randomness of xj,, the current

step’s allocation.
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The buyer’s expected continuation utility for any arbitrary bidding policy b is then

H
=D(h41,H)  ~ ~ D1, H b1,
Uh( * )(n(l,h—1)>5h79h) =, E Z uT(n(i’:_l))asTabT(n(i,:_l))w%'?eT);eT) )
B LH) L r=htl
lh+1,H) "R

where we let ﬁb denote the history under a specific bidding policy b. We highlight the fact
that U also takes expectation over the current step’s allocation outcome z, as the buyer
cannot observe the realized outcome when attempting to maximize his future expected utility
at each step. For convenience we let U denote the expected future utility when the buyer
reports truthfully.

For any mechanism M we let UTL(M) denote the expected episodic utility attained
under the mechanism and UTL(M|n, ) denote the expected episodic utility conditioned

on the history N(h,h!)> both under the assumption that the buyer is truthful. Particularly

UTL(M|np pry) =

H
/ / /. pnl I nl ! _
E”El,h—l)’s/h ;1 uT(n(l’T_l)v St 07’7 ‘97')|(S 78 » L )(h’h/) = (37 9, x)(h,h/)] .

Let UTL(M |0, 1y —1), S, Or) be analogously defined whenever we wishes to take into con-

sideration the realized public context and private type at step h’. We note that

UTLOMI 1) 10 On) = Bay | UTLM s 109) |

With these definitions in mind, we now formalize two key desiderata that an ideal mechanism

should satisfy: dynamic incentive compatibility and ex-post individual rationality.

Dynamic Incentive Compatibility. Our definition of dynamic incentive compatibility
is directly adapted from [Mirrokni et al., 2020], where the seller’s goal is to incentivize

the buyer to report truthfully regardless of his prior history. As the buyer does not know
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the realizations of future public contexts nor private types, he considers his current-step
utility u in addition to the continuation utility U. We formalize the definition below and
refer interested readers to [Mirrokni et al., 2016a, 2020 for additional discussions on the

constraint.

Definition 2.2.1 (Dynamic Incentive Compatibility). We say a mechanism M is dynamic
incentive compatible (IC) if for any step h € [H], history ﬁ(l,h—l)’ context sy, deviating

report éh, and bidding strategy in subsequent steps b(h+1,H)’ we have

w01, h—1)s 31 Oni On) + Un(01 p—1ys Sh On) (22,1

A~

N ~ —=b(hy1,H ~
> (A p1y, 500 003 00) + T, Bn1y 5w On)-

We also introduce stage-1C, a notion that is equivalent to IC but is easier to work with
in a dynamic mechanism design setting. The key distinction between the two definitions is
that the former takes into consideration all possible continuation bidding strategies, whereas
the latter restricts our focus to the setting where the buyer deviates at the current step, but
reports truthfully in all ensuing steps.

Stage-IC  up, (71 p—1): Shs O3 0n) + Un(fi1,n—1): 51 On) (229

= up (N1, h—1)s Shs O3 On) + Un(1 p—1)> 51 On)-
Despite the differences in appearances, stage-IC and IC are in fact equivalent.

Lemma 2.2.2. IC, as defined by Definition 2.2.1, is equivalent to stage-1C (2.2.2).

Ex-Post Individual Rationality. Inspired by prior literature, we focus on ex-post par-
ticipation constraints, where the buyer’s episodic utility is non-negative for every realization

of public context and buyer types. In particular, we impose the following ex-post individual
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rationality constraint on the mechanism, where for any truthfully reported history we have

H
IR > wp(ng1 p1)> ks Oni ) = 0, (2.2.3)
h=1

namely, buyer’s who participate truthfully should almost surely receive non-negative utility

at the end of the mechanism.

Reinforcement Learning Preliminaries. We now introduce concepts in reinforcement
learning that will be useful when we discuss our learning algorithm. Let T(1,H) {S —
A(X )}H denote a (Markovian) type-agnostic policy. That is, for any h, s, 7j(s) outputs a
distribution over the allocations in X when the public context reached at step h is s, not
affected by either 7y j,_y) or 6. Let Prj(s) denote the probability that the context s is
reached by 7 at step h. Although type-agnostic policies seem much more restrictive than
the allocation rule in general mechanism design, it can be used to generate any distribution
over the contexts for any allocation rule y and bidding policy b. We formalize the statement

as follows.
Lemma 2.2.3. For any allocation rule X(1,H) and bidding policy b(l,H)f there exists a type-

agnostic policy T(1,H) such that for all h, s

T(o) — Pra _
Pry(s) = Prn(l,H)NX(l,H)ab(l,H)(Sh = 5),

where the probability on the right hand side is calculated with respect to the distribution over

the reported history ﬁ(l,H)-

A key implication of the lemma is that we can use a Markovian policy to fully explore
the environment, covering all possible distributions that could be covered by possibly non-

Markovian dynamic mechanisms, even when the buyer is not truthful.
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2.3 The Augmented Bank Account Mechanism and its

Characterization

Before we formally introduce the family of augmented bank account mechanisms, we begin
with a short detour to better understand the constraints posed by incentive compatibility,
turning our focus back to (2.2.2). Plugging in the definition of wy(-,-;0}), we rewrite the

equation as

Onxn (M1, n—1) ShsO0n) = Y (01 n—1)> 51 On) + Un(f1,n—1y, Sh 0n)

> 0 X0 (A1 h—1) 510 0n) = a1y 580 0) + T (@11 500 0n),
which in turn rearranges to

V(A1) 5 0n) = Un (A1) 55 0n) <OnXa (A1 5 0n) = OnXn (A1), 5n: Op)

+ U1 h-1) 51 00) — Un(A1n—1)> 5n: 0n)-
(2.3.1)

The expression, at a high level, highlights the fact that the pricing rule for any dynamic IC
mechanism must roughly account for two terms, the instantaneous utility 6, x;(,, ) and
the expected future utility Uy, (-, -, ). More specifically, for each step h € [H], the difference
in payments levied for type 6, and type éh should reflect both the change in the buyer’s
instantaneous utility and the buyer’s future expected utility.

The inequality (2.3.1) reminds us of bank account mechanisms introduced by Mirrokni
et al. [2016a,b|. A defining feature of this family of mechanisms is the notion of bank account
“balance”’, which keeps track of the buyer’s expected episodic conditioned on the history
observed so far. Via the “balance” term, bank account mechanisms are able to measure the

change in expected future utility U}, as the history evolves, thereby ensuring IC.
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In the MDP setting, however, it is not sufficient to keep track of the bank account
balances, as the distribution over types is affected by the previous step’s allocation due to
the Markovian transition kernel PS. To resolve the issue, we propose the following family
of mechanisms called Augmented Bank Account Mechanisms (ABAMs), where we augment

balances with the previous step’s history.

Definition 2.3.1. An augmented bank account mechanism B is parameterized by the tuple

<f(1,H);S0(1,H),baZ(17H), 5(1,H)f0(1,H)> where for each h € [H]

e allocation rule &, : Ry x H1 x & x © — [0, 1] maps balance, previous step’s one step

history, current public context, and current type to an allocation probability,

o payment rule ¢p : Ry x H1 x § x © — R4 maps balance, previous step’s one step

history, current public context, and current type to step payment,
e balance function baly : Hp_1 x S x © — Ry is defined recursively by the following

equation,

V(1 h—1) Shs Ops DALy = baly — op(baly, np_1,5p) + 6p(balp, mp—1, sp. 0p)

where baly =0,

o deposit rule 0y, : Ry x H1 xS x© — R4 maps balance, previous step’s one step history,
current public context, and current type non-negative real that is added to the current

balance.

o spend rule op : Ry x Hi x & — R maps balance, previous step’s one step history, and

the current public context to a real number no greater than the current balance,

where we recall Hy is the space of all possible tuples (sr,0r,x) for any arbitrary T € [H].
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As the type distribution at each step relies on the previous step’s allocation, only by
keeping track of previous step’s history can we accurately calculate the next step’s type
distribution. The proposed mechanism can be viewed as a specialized instance of Lossless
History Compression mechanism proposed by Deng et al. [2021], where the history is com-
pressed to balance and previous step’s history. However, we note that the LHC framework is
too general and lacking in computational guarantees. Moreover, although Deng et al. [2021]
provide a convincing argument extending their results to our setting, we are not aware of
mathematically rigorous proofs for why LHCs extend to the case where later type distribu-
tions depend on earlier allocations.

As a shorthand, we use

u(baly, fp—1, Sp, O0p; Op) = &p(0alp, A1, sp, 0p)0n — op(balp, fp—1, sp. 0p)

to denote the per-step utility of the augmented bank account mechanism when the buyer’s
true type is 6;, and reports instead éh, differentiating it from the instantaneous utility uy,.

At each step, the mechanism charges the buyer

P, = ep(baly, 1, sp, 0p) + op(baly, Tp—1, sp),

according to the balance, the previous step’s history, and the current step’s public context
and reported type.

Before proceeding further, we highlight the importance of and explain the intuition behind
the spending rule oj, in our setting. Consider a simple two-stage setting. The seller’s
allocation rule in the first stage affects the distribution of s9, which is observed only at
the next stage. The terms 31751, when combined with the seller’s allocation rule, yield
the conditional distribution of s9, much like the type distribution in a traditional one-step

mechanism design problem. The seller can then account for the information rent of so via
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o9, and the allocation and payment rules &, ¢ only need to account for the uncertainty
surrounding f9. More succinctly, o, accounts for the uncertainty in sy, and £, ¢ accounts
for the uncertainty of 0, after observing sy,.

We now show how this property simplifies the analysis of IC conditions.

Lemma 2.3.2. An augmented bank account mechanism B is IC if for all h € [H], baly,

Nh—1,Sh, and pair of types Oy, 9;1
W(oaly, ny—1,5h, 0h; 0p) = @(baly, np_1,sp, 05 6p)

and for any baly, N,_1 and bal?l, ﬁ;l_l, we have

[o(baly, fp—1,5,)] — E [o,(ball, 7)1, 53]

~ ’ It r
Th—1,5h|Sh—1,0n—1 xh7175h|5h7179h71

15 Onlsny. By LR T, 5k, O3 O]

- !~ / ! . ol
s sy By OB T 51 O O1)]

Similarly, the deposit rule ¢§j, streamlines the analysis of the ex-post IR condition.

Lemma 2.3.3. An augmented bank account mechanism B is ex-post IR if for all h € [H],

baly, Np—1, Sp, Op, and 0,

u(baly, np—1,Sh, 0p; 0n) = 0p(0alp, np—1,5p, Op)-

Our goal is to show that it is without loss of generality to restrict our focus to augmented
bank account mechanisms. Observe that in Definition 2.3.1, the tuple baly, s;_1,0,—_1
almost ubiquitous. As it turns out, some notion of equivalence is implied by the tuple, and
we focus on mechanisms that, loosely speaking, treat all histories with length h by only

looking at the tuple (baly, sp_1,0,_1) with an appropriately constructed way to update
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balances. Particularly, we have the following definitions, extending their counterparts found

in earlier works into our novel MDP setting.

Definition 2.3.4 (History Equivalence). Given any direct mechanism M, equivalence rela-

tion between histories, (n(l,h—2)v Sh—1,0n—1) ~ 0721,/1—2)7 52_1,9;1_1), is defined as

(71, h—2)s Sh—1,0n—1) ~ (77{1,;%2),52_1,92_1)
UTL(M|77(1,h—2)7 Sh—1,0p-1) = UTL<M|77£17}L_2)7 S;L—l’ 02_1%

/ /
Sh—1 = Sp_1:0n—1=0},_1.

History equivalence allows us to focus a specific family of dynamic mechanisms. Specif-
ically, one that treats all equivalent histories as if they were the same. At a high level,
because equivalent histories share the same public context and reported type, if they receive
the same allocation level at step h — 1, the resulting public context and type distributions at
step h will also be the same. Moreover, as these histories have the same expected episodic
utility, using the same submechanism starting from step h yields the same utility for both

histories. We formalize the definition of such mechanisms as follows.

Definition 2.3.5 (Symmetric Mechanism). We say a mechanism M is symmetric if for
pairs of equivalent histories the corresponding submechanisms are identical. That s, if
(77(1,h—2)73h—179h—1) ~ (nél,h—2)’s;1—1"%—1)’ then for all possible x;_1, 7 € [H], and

history from step h to T — 1 we have

XT(<n(1,h—2)7 (Sh—la Op—1, xh—l)? n(h,r—l))v ST, 97’)
= XT((UEM_Q)? (Sz_l, 9;1_17 Th-1), n(hﬂ——l))? s7,07) for all (sr,07) € S x O,

Ur((n(1,h—2)> (Sh—1,0h—1, Th—1), N(h r—1)), 57, 07)

- ¢T((7721,h—2)’ (3;1_1,(92_1,1:;1_1),n(h7T_1)),sT,6’T) for all (s7,07) €S x O.

(2.3.2)
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Symmetric mechanisms are much less complicated than the general class of all possi-
ble dynamic mechanisms. Rather than keeping track of all possible values, we can select
one ‘representative” value for each (77(1,hf2)a3h—1’9h—1)- By Definition 2.3.5, symmetric
mechanisms function the same for all histories equivalent to the selected representative, sig-
nificantly reducing the policy’s complexity. As it turns out, in the MDP setting it is again

without loss of generality to consider only symmetric mechanisms, which we formalize below.

Lemma 2.3.6 (Symmetrization). For direct, IC, and ex-post IR dynamic mechanism M,

there is a symmetric, IC, and ex-post IR dynamic mechanism MSY™RETIC sych that
UTL(M) = UTL(Msymmetric>’ REV(M) < REV(MsymmetriC)'

Moreover, if M is deterministic, MSY™MEIC s qlso deterministic.

A key challenge behind Lemma 2.3.6 is, again, the fact that the buyer’s valuation distribu-
tion relies on the allocation he receives in the previous round. Unlike earlier works [Mirrokni
et al., 2016b, 2020|, the definitions of history equivalence and symmetric mechanisms both
need to include the public context and the buyer’s reported type at step h—1: both variables
are needed for calculating the type distribution at step h, and only tracking the expected
utilities is no longer sufficient.

We now focus on a specific subset of mechanisms within the family of ABAMs. Inspired
by [Mirrokni et al., 2016a|, we call this kind of mechanism core Augmented Bank Account

Mechanism, or core ABAM for short.

Definition 2.3.7. Let g5, : H xS x © — R be a function mapping a history of length
h — 1, a public context, and a type report to a real number for all h € [H] v {0} and
yp - H xS x 0 — AX one that maps from a history of length h — 1, the current public

context, and the current reported type to an allocation.
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Consider the following construction of an augmented bank account mechanism based on

functions g = {gh}hH:O and y = {yh}le, which we denote as B9'Y.

o baly i 1(10(1,n—-1): Sk On) = 9n(0(1,1—1): Sk On) — Ch,

&, (valy, np—1, Sh,0p) = yh(nzl,h—l)’sh’eh)’ where nzl,h—l) is some arbitrary history

such that balh(nzl,h—m’ 5;171, 9;1*1) = baly;, and 77;#1 = Np_1-

6
en(baly, np_1,8p,0n) = Ep(0aly, M1, 8, 00)0n — S € (0aly, mp—1, 51, 0)d0,

Op(0alp, Np—1,5p,0n) = Ep(balpy, Mp—1, Sh, 04)0n — op(balp, mp—1,Sh. 0h),

Uh(balhu MTh—15 Sh) = baly + 5h(ba1h7 h—1>5h, Qh) —balyq,

where the constants C},, Cip satisfy the following constraints to ensure the balance is non-

negative.
Ch < inf??(lﬁ_l),sh,eh gh(n(l,hflw Shs gh) fOT all h € [H - 1]7

Cy <minf0,infy o0 9000 H-1) 51, 01)}

When the construction is well-defined, we call the resulting mechanism a core ABAM.

Core ABAM differs from earlier works due to its need to track the previous step’s history.
Without such information, the seller cannot exactly calculate the buyer’s type distribution
at the next step, which is affected by the allocation rule the seller selects in the current step,
making optimal mechanism design impossible. We now show that for each symmetric direct

mechanism, one can construct a core ABAM with the same overall outcome in the form of

the following lemma.
Lemma 2.3.8. For any symmetric direct, IC, and IR mechanism M = (x,v), B9Y is a

core ABAM if for all h and all histories of length h

9n(M(1 h—1)> ShsOn) = E[UTL(M|ney 1, sp: 0n)].
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Moreover, B9'Y satisfies
UTL(BYY) = UTL(M) = Eg, [91(@51.6)].  REV(BIY) = Rev(M),

and is IC and IR.

Proof Sketch of Lemma 2.3.8. The full proof is deferred to Appendix 2.7.3. The key com-
ponent is to utilize that different histories can be mapped to a representative one and the
subsequent submechanisms are the same under symmetric mechanisms.

While our construction and proof draws inspiration from earlier results in [Mirrokni et al.,
20164/, a crucial yet nuanced difference between core ABAMs and existing methods lies in
the input space to core ABAMs, unique to our MDP setting. Observe that core ABAMs
make use of (baly,n;,_1) as opposed to (baly,sp,_1,0,—1). In other words, core ABAMs
also keep track of the realized allocation, in addition to the public context and reported
type. Indeed, it is possible for the general family of symmetric mechanisms to also depend
on the realized allocation xj,_ at the previous step, and omitting the variable could limit the
generality of core ABAMs. As xj,_1 € X = {0, 1}, the inclusion of the variable only scale the
number of possible inputs by a constant factor, and will not incur significant computational

costs. O

Having shown that it is without loss of generality to consider only core ABAMs, we

conclude this section by characterizing such mechanisms.

Theorem 2.3.9. A function g is consistent if for all h € [H], histories N(1,h—1)

Ih—11 h—2)> Sh—1:0n—1) = By s 0, (9001 —1)5 Sh- O]

is an absolute constant. A function g is symmetric if for all h € [H], histories 77?1 h—2)’
Min—2y o 9h—101n-2)5h—1,0n-1) = Gh-1(0( ,_9y Sh—1,0n—1) for some s,_1,041,
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then for all xp_1, sy, 0y

In (01, n-1)> 58 0n) = 90 (O1{1 2y Ih—1): 3 On),

where we recall nj,—y = (sp—1,0p—1,2p-1) and 0 p_1) = (01 p—2): Th—1). The mechanism

B9Y is a core ABAM if and only if for any h € [H]

e y;, is a sub-gradient of g;, with respect to 0}, with range being A(X'). That is, for all h

and (11 p—1, S.0n), we have yp (11 j—1y: Sp. ) = %gh(n(m—maé’h,@h) € [0,1].

e gp, is consistent and symmetric, conver in 0y, and weakly increasing in 0y, for all

h7 77(1,}171), Sh-

Detailed proof is deferred to Appendix 2.7.3. The result is key to designing an efficient

algorithm for computing an e-optimal mechanism, one that we discuss in detail in the sequel.

2.4 Efficient Computation of an e-Optimal Dynamic Mechanism

We now discuss how the optimal mechanism can be approximated when S and © are finite.
We recall from Theorem 2.3.9 and Lemma 2.3.8 that it is without loss of generality to assume
that g(n) = UTL(M|n) where M is the Augmented Bank Account Mechanism induced by
g. We may use (5,,m,—1) to represent 1(1,h—1), Which is justified by Lemma 2.3.6, from
which we know is without loss of generality to consider symmetric mechanisms. Finally, we
assume without loss of generality that the lowest type in © is 0, namely 0 € ©.

As revenue is always the difference between welfare and utility, our objective reduces to
maximizing the difference between welfare and balance. We use Wy, (8, Sp—1,0h—1;Yn—1) to

capture the difference between the mechanism’s welfare from step h to H minus the final
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balance. Specifically, for all 1 < h < H, we let

U (Bhy Sh—1,0n—1;Yn—1)

H
= max E s Nr—1,S7,07)07 —Dbal )
9,9, Th1 M, H) [Tghyr(&' Nr—1, St 7') T H—l—l]

9h—1(N(1,h—2)>Sh—1,0n—1)=Ph

For the special cases where h = H + 1 or h = 1, we have

VB, sy 0mvg) = —Br+1,

9,Y,¢ n(l,H)

H
qjl(ﬂla@7®;®) = max E [Z yr(ﬁT,nT_l,t%-,gT)eT—ba1H+1
90(D)=H

] (2.4.1)

=1

In this case, we use ( as a stand-in for expected episodic utility. The term y;_1 € [0, 1]
denotes the allocation probability (i.e., the probability that xz; = 1) assigned to the the
history (77(1,h—1)7 sp, 0p,) and is needed for capturing the public context distribution at step
h.

The function ¥y, can be computed from Wy, ; via the program in Table 2.1. Particularly,
for any B, > 0,81 € 8,01 €S, and yp, 1 = yp1(Bp—1.Mh—2:Sp—1,0-1) € [0, 1], the
optimum of the program equals to Uy, (8, Sp—1,0n—1; Yn—1)- Because the buyer’s types are
now discrete, the characterization provided in Definition 2.3.1 no longer pinpoints a unique
per-step payment rule, and we seemingly need to optimize over the per-step payment rule
@ as well. Nevertheless, as we show in Lemma 2.7.3, the program described in Table 2.1 is

correct, as ¢ is determined by y; and gp.

Lemma 2.4.1. Mazimum revenue is given by maxg, > U1 (81, T, T, &), where the func-
tion V1(51, &, T; ) is obtained by recursively solving for ¥y, ...,V using the program in
Table 2.1, with Vg1 given by (2.4.1).

Detailed proof is deferred to Appendix 2.7.4. The proof makes use of the characterization
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E [yh(ﬁh, Nh—1,5h:0n)0n

max xh—lvsh79h|yh—1
Y + U 1(Brae1(Brh—1-51,01), Shy O un (Brs Mh—1, Shy Qh))]
(2.4.2)
8-t U (B =151, 0':08) = Yn(Bhs th—1, 58, 0")0h — 01 (Brsh—1, 51, 0),  (2.4.3)
U, (Bhs -1, Sh, O3 0n) = U (Bpy 1. 51,0 0p), (2.4.4)

Br1(Bn h—1- 5k, On) = 9n(1(1,1—1)> 5h> On)
= B + un(Bhs =1, 51> 013 0) + Un(Bhs ih—1, 5n 1)
— By sn 0 1snrm LW B i1, 5, 0':0") + Up(Bhs -1, 51, 6))]
= B + Up(Bps Mh—1, Sh Ons Op)
— By om0 1m0 (B i1, 51, 0':0")],

9n(M(1 h—1)> Shsh) = 0.

Table 2.1: Dynamic Programming for ¥; when P is Known

of core ABAMs, provided in Theorem 2.3.9. Indeed, notice the various constraints in Ta-
ble 2.4.2, where (2.4.4) and (2.4.4) ensures that v, is a subgradient of g;, and (2.4.5) ensures
that g, satisfies the requisite conditions discussed in Theorem 2.3.9.

Unfortunately, naively solving the program from H to 1 is not computationally efficient,
as the fj, and y;,_q are both continuous. FPTAS obtained by earlier works such as [Mirrokni
et al., 2016a| does not apply, either, as each step’s type distribution relies on previous
step’s allocation rule, making it much more challenging to use piece-wise linear functions to
approximate Wy . It is unclear if we could approximate ¥j,, | sufficiently well using only
polynomially many pieces, as its domain now contains two continuous variables. Moreover,
as there are multiple possible distributions over types at each step, due to the range of values
that the public context s; may take, it is more challenging to control the propagation of

computation errors. Nevertheless, as we show in Theorem 2.4.2; there exists a polynomial-
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time algorithm that returns an (additive) e-optimal mechanism, enabled by careful analysis

of the properties of Wy,.

Theorem 2.4.2. For any € > 0, there is an algorithm that computes an (additive) e-optimal

mechanism in 5(poly(1/e, N)) time, with N being the input size of the problem.

Proof. Our proof is largely comprised of three steps. First, we carefully uncover a crucial
property of Wy, showing that it is in fact H-Lipschitz in the allocation level y;,_1. Second,
we use the property to design a piece-wise linear additive approximation to ¥y, using only
polynomially many pieces. Third, we use the piece-wise linear approximation to design an
efficient algorithm that solves for an e-optimal mechanism.

Step 1. We begin by showing that the function Wy, is Lipschitz in y_1.

Proposition 2.4.3 (Lipschitz). The function Yy (By, Sh—1,0n—1;Yn—1) is H-Lipschitz in

Yp—1 for any h e [H], sp_1 €S, and 0},_1 € ©.

Proof. Let By, sp—1,0n—1, and y,_1 be arbitrary and fixed. The feasible region of the pro-
gram in Table 2.1 is clearly compact due to the linearity of the constraint. The objective
function in the program is also continuous, and its derivative in y;,_ is clearly continuous by
linearity of expectation. As such, by Theorem 2.7.13, a variant of envelope theorem proven

by Milgrom and Segal [2002], we have

0
OYn—1

Uh(Bhy Sh—1,0n—1;Yn—1)

= Ely; (Brs h—1, 51, 01)0n | yn—1]

+ B[ 118541 (Bh =15 50, 08) s 8k Ons 3 (B> h—1, S On) | yp—1],

with yp, 3} denoting the solution to the program in Table 2.1 for the specific choice of

Bhs Sh—1,0n_1, and y,_1. Because 6 € © < [0, 1], it is bounded by 1, and therefore Wy, ,q is
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also bounded. Consequently, we have

5yi—1 U (Bhs Sh—1+0n—1:Yn—1)
= [Ely}, (Bh 15 51 00)0n | yn—1]]
+ |E[W 41 (85 1By th—15 5k O Sho O U (Bhs =15 51, On) [y —1]]
<H,
completing the proof. n

Step 2. Using the previous fact, we then show that the function ¥;, can be approximated
using a piece-wise linear function with polynomially many pieces, despite the fact that it
depends on two continuous variables in 3;, and yj,_1.

Corollary 2.4.4. For any h € [H], sj,_1 €S, and 0y,_1 € O, the function U, (-, sp,_1,0h-1; ")
can be additively k-approximated by two functions \I/hA and \Ifhv More specifically, the fol-

lowing holds for all (By,y;—1) € [0, Zf:h maxes By poy.| s)[@]] x [0,1]

A
VY (B sh-1.0n—1:Un—1) < Y (Bhy Sh—1,0n—1:n—1) < ¥y (Bh Sh—1,0h—1; Yn—1);

A
Uy (Brs i1, On—1590—1) — ) (Bps Sh—1, 0h—1; Yp—1) < &

Moreover, the functions \IIfY and \I/hA are piece-wise linear, have at most O (N2//£2) pieces,
and can be constructed using O (N2//€2) calls to an evaluation oracle for Wy, with N being

the input size.

Proof Sketch of Corollary 2.4.4. Detailed proof is deferred to Appendix 2.7.4. Our first step
is to show that for any s;_1,0,_1, and yj,_1, there exists a piece-wise linear approximation
to Uy, (-, Sp—1,05—1; yp—1) with at most polynomially many pieces, using the technique found

in [Mirrokni et al., 2016a|. The specific technique we use is detailed in Lemma 2.7.12 for
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completeness.

We emphasize that while the construction of the piece-wise linear approximation directly
uses prior results, showing that the conditions of Lemma 2.7.12 hold for all s;_q,0,_1,
and yj,_1 requires significantly different arguments than those found in [Mirrokni et al.,
2016a]. Specifically, in our setting the next-step context’s distribution relies on the cur-
rent step’s allocation rule. This makes finding a suitable upper bound for the function
Uy (-, $p—1,0p_1;yp—1) more challenging: we need to control the impact of y;, on both Wy, ¢
itself and the distribution over sy, it induces. As a result, in Appendix 2.7.4 we feature a
series of algebraic manipulations that differ significantly from those found in [Mirrokni et al.,
2016a] in order to ensure that their approximation scheme remains valid.

Having shown that W is H-Lipschitz in y;_1 (Proposition 2.4.3) and that there ex-
ists piece-wise linear approximations to Wy (-, s,_1,0,—_1;yp—1) for all possible values of
yn—1, the construction of the approximation scheme is straightforward: we simply find
O(H /e) points over the interval yj,_;, and then find a piece-wise linear approximation of
Uy (- sp—1,0p_1;yp—1) for each y,_q1 on the grid. Combining Lemma 2.7.12 with Proposi-

tion 2.4.3 completes the proof. ]

Step 3. Finally, we show that we can use the piece-wise linear approximation discussed in
Corollary 2.4.4 to design an efficient algorithm. Specifically, we show that the approximation
error in Wy, can be controlled via induction. Let \Ilhvﬂ, \IthH be an additive xk-approximation
of Uy, 1. With a slight abuse of notation, let Wy, (-, s,_1,0,_1;-.), Y4 (-, Sp_1,0h_1;, D)
denote the solutions to the optimization program in Algorithm 2.1 when all U}, ¢’s are
replaced by their respective additive xk-approximations. For all 3, s,_1,05,—1, and y;,_1, we

have

U (Bhy sh—1,0n—1:Yn—1, V) < Y (Bhsh—1.0n-1:Yn—1) < Y (Bps Sh—1:0n—-1:Yn—1. L),
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and

Uy (Bhysh—1,0n—1:Un—1) — Y1 (Bhs Sh—1,0n—1:Yn—-1, V) < K,

U (Bhs Sh—1,00—1:Yn—1, D) — Yi(Bh, sh—1,0h—1; yn—1) < K.

By Corollary 2.4.4, a polynomially-sized piece-wise linear additive 2x-approximation can
also be constructed for Wy,: rather than directly querying Wy, (5, Sp—1,0n—1; Yn—1), We in-
stead solve for Wy, (5h, Sp—1,0n—1;Yn—1, V), and use it to construct the piece-wise linear
approximation. The corresponding upper bound is constructed similarly.

Setting k = ¢/2H and inducting from h = H + 1 to 1, noting that WUy, itself is
already linear, shows that we can construct a polynomially-sized piece-wise linear additive
e-approximation to ¥y in O(poly(1/e, N)) time, with N being the problem’s input size.
Recalling the correctness of the dynamic program from Lemma 2.4.1 completes the proof.

O

We remark that the generalized version of Envelope theorem is crucial to the proof:
typically, Envelope theorem requires the solution of the program to be continuously differen-
tiable in the variable of interest, y;,_1. Showing the property holds for the one in Table 2.4.2
requires a precise characterization of its optimal value’s relationship to y;_1, which has
not been characterized even in the easier independent valuation setting discussed in earlier

works [Ashlagi et al., 2023, Mirrokni et al., 2016b].

2.5 Pricing Unknown Buyers via Reinforcement Learning

We first describe our learning setup. Assume that the seller only knows the context space
S, the type space ©, as well as the horizon H. The transition probabilities PS and P® are
unknown and need to be recovered from repeatedly interacting with the environment over a

number of episodes. The interaction can be described as follows.
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1. A new buyer arrives at the beginning of each episode and stays until the end of the

episode.

2. For h = 1,..., H, the seller executes some dynamic mechanism, records the public

context, reported private type, and realized allocation at each step.
3. The buyer leaves. A new episode begins.

Recalling Definition 2.2.1, we know that ensuring IC in a dynamic mechanisms requires
that the improvement in continuation utility is bounded for any potentially untruthful bid-
ding policy. Unfortunately, it is in general impossible to satisfy the constraint exactly when
the transition probabilities P are unknown, as estimation error in transition probabilities

preclude exactly estimating U. As such, we define the following notion of approximate IC.

Definition 2.5.1 (Approximate Dynamic Incentive Compatibility). For any mechanism,
we say it is C-approximately IC at step h for context s if it satisfies for all earlier reported

history ﬁ(l,h—l)r reported type ah; actual type 0y, and future bidding policy b(h+1,H) that

~ 7 —=D(ht1,H)  ~ ~
w1 p-1)> 5 0 0) + T, (R py, 5, 0)

— (up (1, p—1)s 81 O3 On) + Un(0(1 p—1> 10 0)) < €.

As we will show in the sequel, the estimation error is manifested in errors in the spend
rule. While Lemma 2.3.3 seemingly implies that an ABAM is ex-post IR as long as the
amount deposited is no greater than the per-step utility, an amount that can be exactly
evaluated when allocation and per-step payment rules are given, the result implicitly relies
on the fact that the spend rules are accurately calculated, as statistical errors may cause
the spend rule to exceed the current balance. As a result, we also propose the following

relaxation of ex-post IR.
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Definition 2.5.2 (Approximate Ex-post Individual Rationality). For any mechanism, we

say it is (-approximately ex-post IR for the history (1,H) if

"
— > (g p—1> 50 i 0p)) < C.
h=1

The seller’s objective is to output an e-optimal mechanism with probability at least 1—9,
where € > 0,9 € (0,1), using as few interactions with the environment as possible. Moreover,
the mechanism needs to be approximately IC and approximately ex-post IR.

Unlike earlier RL literature, even those combining dynamic mechanism design with RL,
the near-optimal mechanism being learned in our setting is non-Markovian. Indeed, while
Lemma 2.3.8 seems to convert all possible non-Markovian mechanisms into a Markovian
core ABAM, we emphasize that the balance bal is a quantity that depends on N(1,h—1)-
Via balance, core ABAMs are non-Markovian, which explains its generality depicted in
Lemma 2.3.8, but causes these mechanisms to be much harder to learn.

In addition, one major challenges to learning the near-optimal mechanism is the approx-
imate IC guarantee. By Lemma 2.3.9, we know that obtaining sufficiently good guarantees
on IC requires sufficiently good estimates of the distribution over sj, 0}, conditioned on the
previous step’s realized allocation xj,_1 and public context sj,_1. Such guarantees are, how-
ever, impossible, unless we can guarantee that the context s;_; and the allocation xj;_ are
covered by the data-collecting algorithm. Moreover, to ensure IC, we need to ensure that
the continuation utilities U cannot be improved significantly by any bidding policy, even
including those that are non-Markovian in nature.

To resolve the challenges, we propose Algorithm 1, utilizing a reward-free exploration
procedure to carefully generate a dataset that, loosely speaking, covers well all public contexts
that can be reached. The dataset is then used to construct empirical estimates of the

transition probabilities. Particularly, for the collected dataset D, we first calculate the
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Algorithm 1 Reinforcement Learning via Reward-Free Exploration

Input: Accuracy e > 0, failure probability ¢ € (0, 1).

1:

Collect a set of O(H®|S|?/e2) trajectories D = {(sp, 0p, 1, Shy1)} via REWARD-FREE
RL-EXPLORE, using only type-agnostic policies to interact with the environment for up
to O(H®|S|? /2 + H7|S|*/e) episodes. Do not charge the buyers anything.

Update empirical counts using (2.5.1) for all (5,0, 2,5 h) € S x © x {0,1} x S x [H].

3: for all (s,0,2,s' h)eS x O x{0,1} xS x [H] do

4.

5:
6:

7

A~ N, T, /
A e

5O Np(s.0) 5O

Pr(0]s) < N, () if Nj(s) >0, else P}’ (-]s) <
end for R o
: Solve the relaxed program in Table 2.2 using P}, = {77;?, 73}(? } as transition probabilities.

if Ny, (s,z) > 0, else ﬁf(|s,x) — Fl\

L
el

Output: Estimated mechanism B = BI:U%.

number of occurrences for all (s, 0, z,s", h) as follows

Ny (s,0,2,5") < 2 1{s, = 5,0, = 0,7}, = 1,5,.1 =5}
(shaahvxhash—i-l)ep
Nu(s,2,8) = 3 Np(s,0,2,8),  Ny(s,2) = 3 Ny(s, 2, ) (25.1)
0O s'eS
Ny (s,0) « Z Ny (s,0,x,5"), Np(s) < Z Ny (s,0,2,5).
x€{0,1},8'eS xe{0,1},s’'eS

These counts are then used to construct the estimated transition probabilities 73;? and 73}?

We let P = {(73,‘?, 73}(? )}hH=1 for convenience and, from now on, use E to denote expectation

taken over the estimated probabilities. Inspired by the “optimism in the face of uncertainty”

principle in RL, we feature a relaxed dynamic program for calculating ¥, given in Table 2.2.

The defining feature of the relaxed program is the relaxation of the spend rule esti-

mate, constructed in (2.5.2). Observe that there are two places in the program in Table 2.2

that uses the empirical estimate: the objective function, and the expected per-step utility

I@[ﬂh(ﬁh,nh_l, sp,0':0")]. Controlling the effect that estimation error has on the objective

function is relatively easy, and we focus on how Table 2.2 controls for the estimation error
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A~

i xh_l,ShI,%hlﬂh_l [@h(ﬁha Mh—1,5hs )0 i
Un-Ph0h + U 1(Bhr1 (Bro Mh—1+Sh> On), Sk O3 Yn(Bhos -1 Shy Qh))]
st Wn(Bhs th—1551,0":0n) = G (B mh—1, 5> 0")0n — B (B th—1, 51, 0'),
W (Bhs =150, O 0n) = Wn(Bps -1, 51, 05 01,
G (B =1 50) = Eoy 0015152 00 (Bh M1, 81,0 9’)]‘
< cH|S||6|/log(cH|S||O)])/b (2.5.2)
< (Np1(sh-1,0) 72 4+ (N1 (521, 1)) 77,
Br+1BhsMh—1, 51, 0n) = Gr(n(1,n—1)> 5k On)
= B + up(Br, Mh—1, Sk Ons On) — 01 (Bps -1, sn),
In(n(1,n—1)> 5h, On)
> —cH|S||8]/log(cH|S||©)])/0

x (N1 (sp1.00) "2 + (N1 (551, 1) 1/2).

Table 2.2: Relaxed Program for W; when P is Learned

in E[a, (Bp, mp—1, 51,0 0')].

As the spend rule is now estimated via I/F:‘,, the expectation taken over the empirical
transition probability estimates 73, we allow the spend rule estimate to deviate from the
estimated expected per-step utility, in order to ensure that valid ABAMSs are feasible despite
the estimation errors. Such relaxation leverages the “optimism in the face of uncertainty”
principle (see for instance [Neu and Pike-Burke, 2020]), as we can ensure that while the
estimated mechanism B may not be exactly IC, it achieves higher estimated revenue than the
optimal mechanism itself, as the optimal mechanism is feasible under the relaxed program.
Of course, under the relaxation, we are no longer directly solving the program over (g,y),
but over (y, ¢, o), i.e. the allocation, payment, and spend rules. Doing so helps us isolate the
estimation error to the estimated spend rule 7}, only, which remains the same for different 6},.

By isolating the statistical errors to the spend rule, which is in itself an estimate of expected
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utility, we can control the estimation errors in a non-Markovian dynamic mechanism to a
term that is “Markovian”, depending only how well we estimate the transition probabilities in
P. The construction enables us to use the properties of reward-free exploration, explained in
greater detail in Appendix 2.7.1, to efficiently recover a near-optimal non-Markovian dynamic
mechanism.

Finally, we stress that Algorithm 1 is IC and ex-post IR throughout the learning process.
As REWARD-FREE RL-EXPLORE interacts with the environment only via type-agnostic
policies m and the seller does not charge the buyers anything, these buyers’ reporting policies
affect neither their received allocations nor the amount they pay. As each buyer stays for
only one episode, he also has no incentive to alter the type-agnostic policy used during
exploration, ensuring that the learning algorithm itself is IC. The fact that the seller does
not charge the buyer anything directly ensures that Algorithm 1 is ex-post IR.

With our learning algorithm defined, we then introduce the key result of this section,
that is, the guarantee that a near-optimal mechanism can be learned in polynomial-time

using only polynomially many samples.

Theorem 2.5.3. There exists a polynomial-time algorithm such that, for any € > 0 and
d € (0,1), with probability at least 1—4, the algorithm outputs a dynamic mechanism satisfying

the following.

o (e-optimal.) Assuming the buyer reports truthfully, the learned mechanism is (H +1)e-

optimal.

[S[1/2[0)e
maxy Prj (s)

e (Approzimate IC.) The learned mechanism is O ( > approximately IC at

step h for context s for all s€ S,h e [H].

1/2
e (Approzimate ex-post IR.) The learned mechanism is O (Zle mflliTr'Z@(;)) approz-

imately ex-post IR for any history (1,H) where S(1,H) are the public contexts included

TN, H)-
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Moreover, the algorithm requires at most O(H®|S|? /2 + HT|S|*/e) episodes of interaction.

Detailed proof of Theorem 2.5.3 is deferred to Appendix 2.7.5. Notably, the approximate
IC and approximate ex-post IR guarantees in Theorem 2.5.3 do not depend on either the
optimal mechanism or the estimated mechanism. The term maxy Prj(s) depends only on
the underlying ground-truth transition probabilities P, and measures how likely the context
s is to be reached under any possible type-agnostic policy: as long as the context can be
reached by some type-agnostic policy, then max PrZ(s) is large, and the IC and ex-post IR
violations are small. Recalling Lemma 2.2.3, Theorem 2.5.3 implies that it is either unlikely
to reach the context s at step h by any dynamic mechanism, or the amount the buyer can
gain from any bidding policy is small, offering a strong deterrence to untruthfulness. The
approximate ex-post IR guarantee complements the result, further showing that truthful
buyer will not be much worse off from participating: unless some rare state is reached, the

buyer’s ex-post utility will not be too low.

2.6 Conclusion

We introduce a novel problem setting where the buyer’s valuation distributions may change
according to the allocations that he receives. We first derive a concrete family of mechanisms
capable of achieving the optimal revenue under the settings. We then show that (additively)
e-optimal mechanisms can be calculated efficiently when the seller knows a priori how the
buyer’s valuation distribution changes according to the allocations she chooses. Leveraging
the efficient algorithm for computing the near-optimal mechanism, we further show that such
an mechanism can also be learned efficiently in polynomial time and using only polynomially
many samples.

We believe our results pave the way for numerous important future directions. For
instance, would it be possible to extend our results to the dynamic auction setting, similar

to how [Mirrokni et al., 2016b| extends the results in [Mirrokni et al., 2016a]? Although
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it is trivial to adapt our results to a no-regret learning algorithm, it it possible to devise
a learning algorithm that recovers an ezactly IC, exactly ex-post IR dynamic mechanism,
under suitable additional assumptions on the transition probabilities P? Moreover, can we
incorporate additional constraints such as buyer budget into consideration? Lastly, again
inspired by the AWS spot instance pricing problem [Baughman et al., 2019], the seller may
also prefer a more stable dynamic mechanism, in which the average allocation level does not

change significantly from step to step. Can our results be extended to this setting as well?

2.7 Technical Details

2.7.1 Detailed Description of REWARD-FREE RL-EXPLORE

In this section we discuss the key intuition behind the REWARD-FREE RL-EXPLORE proce-
dure introduced by Jin et al. [2020a] and the theoretical properties of the algorithm that we
use in order to prove Theorem 2.5.3. For brevity, we only provide a high-level description
of the procedure as well as some intuitive arguments for why the algorithm is valid. We
refer interested readers to the original paper for an in-depth description of the algorithm.

REWARD-FREE RL-EXPLORE utilizes a two-stage approach and can be described as follows.

1. For each h, s, perform the following procedure. Let the reward function r(sy, ) = 1
if s;, = s, and set the reward to O for all other & and contexts. Run an RL algorithm
for Ny episodes to find a policy that approximately maximizes the reward. Record the

policy for all h, s and store them in a policy set.

2. Collect and return a set of N trajectories obtained by by first sampling one policy from

the set of policies given by the first step, and then executing the policy.

Intuitively, if max; Prf (s) is sufficiently large, that is, if there is some policy that can reach

the public context s in step h with sufficiently high probability, then step 1 of the algorithm
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will also find a policy that reaches s at step h with sufficiently high probability. By executing
these policies uniformly at random in step 2, the sampling distribution of D, the dataset
returned by the algorithm, covers well all (s,h) that can be reached by any policy. We

formalize the intuition as follows.

Theorem 2.7.1 (Restatement of Theorem 3.3 in [Jin et al., 2020a|). There exists absolute
constant ¢ > 0 such that for any e > 0 and § € (0,1), if Ng = ¢|S|>HO(log(c|S|2H3/(€6)))3 /e,
then with probability at least 1 — 9, REWARD-FREE RL-EXPLORE will return a dataset D
consisting of N trajectories which are i.i.d. sampled from a distribution 1(1,H) € A(S x © x
X )H satisfying

PrT(s;, x
we have max h( h )

€
v B
= (e 7).
Vs, h where max Prj(s) 2|S|H?’ T i (Sp )

< 4|S|H. (2.7.1)

Proof. The theorem is a direct application of Theorem 3.3 in [Jin et al., 2020al, noting that

there are exactly 2 possible actions in our problem setting. O

We then introduce the concept of V-functions as follows. For any bounded function
f {8 x {0,1} — [0,1]}¥, which maps the public context and received allocation at step
h to a number in [0,1], and type-agnostic policy = : {S — A({0, 1})}H, we define the

V-function as

H
Vi (s) = By )@ |7 D Fwspap) sy = s
W=h

Additionally, our results will also use the following result on evaluation of V-functions.

Lemma 2.7.2 (Restatement of Lemma 3.6 in [Jin et al., 2020a|). There exists absolute
constant ¢ > 0, for any ¢ > 0,6 € (0,1), assume dataset D has N i.i.d. samples from
distribution iy pry which satisfies (2.7.1), if N > cH|S|?log(c|S|H/(8€)) /€, then with
probability at least 1 — 0, for any bounded function f : {S x {0,1} — [0, 1]} and any type
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agnostic policy 7, we have

W (s) = 7 (sl < e
where V is the estimated value function under transition probability PS.

Proof. The lemma, again, is by direct application of Lemma 3.6 in [Jin et al., 2020a], noting

that there are exactly 2 possible actions in our problem setting. O]

2.7.2  Omitted Proofs in Section 2.2

We include below the full proofs of the statements in 2.2.

Proof of Lemma 2.2.2

As IC takes into consideration all possible bidding strategies, reporting truthfully in the
ensuing steps is also covered by the definition. Therefore, IC implies stage IC.

We then show that stage IC implies IC. Let M denote an arbitrary mechanism that is
stage IC. Let b denote an arbitrary and fixed reporting strategy and let h be arbitrary and
fixed. By (2.2.2), the definition of stage IC, and taking the expectation over 6 1, we know

that for any history of length A, (ﬁ(l,h))v and any context at step h + 1, s541, we have

Eg, [Uh+1(77(1,h)75h+179h+1;9h+1> +Uh+l(ﬁ(1,h)75h+179h+1)]
= Ky, w1 pys she1 bne1 (0 pys Sha 1 On1)i Ons1) (27.2)

+ Un1 (01, h)s $he15 O 1 (01 Y Shr1s O )]

Equivalently, for all histories (ﬁ(17h—1)7 Shy §h), taking the expectation over z; and realiza-

tions of s, 1 shows that

— ~ ~ _b ~ ~
Un(1,h-1): 500 00) = U (0 p—1) 500 0n)
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where with a slight abuse of notation we let b, denote the bidding strategy where the
buyer bids according to b at the (h + 1)-th step and then bids truthfully in the remaining
steps. Repeat the same argument but replacing step (h + 1) with (h + 2), and integrating

over 0y, 9 instead, we know that

me 1

~ b
P By s Op) = T,

h (ﬁ(l,h—l)’shveh)‘
Repeating the argument until we reach the final step H shows that

Ub(h+1,H)

b R ~
U, h (n(l,h—l)’shﬁeh)'

n (1p—1)sSh On) =

In other words, stage IC implies the following inequality by applying the stage IC defini-

tion for steps h +1,..., H

uh (N1 h=1)s hs O3 On) + Un(la p—1)s Shs On)
> up(M(1,h—1 ks 003 0n) + Un(a,n—1)» Shs On)

. A b1~ -
> up (1, 5—1)> 5hs 003 0n) + U3 0 p—1)s 510 On)

A~

~ ~ —=bhy1,H o~
> (A1) 500 003 0) + T, By 5w On),

for any reported type at step h, éh' The result is then equivalent to Definition 2.2.1, con-

cluding the proof. m

Proof of Lemma 2.2.3

We prove the claim by construction. For all A, s let

Th(5) = Ea ) iy~ Xa T n=1)> $h: On) | 51 = s].
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By definition of conditional random variables, the expression on the right hand side is a
valid function of s for each h. Additionally, as X(1, H)’S range is A(X), the range of the term
on the right hand side is also A(X'), ensuring that for all h, 7, is a function mapping S to
A(X).

We then show the equation holds by induction from A = 1 to H. The base case triv-
ially holds as there is no history prior to s;. We then show that the marginal distribution
over (sp—1,%p—1) is the same under both 7 and the distribution induced by x(1 1), b(1, 1)

assuming the marginal distribution over s;_7 is the same. By construction

Th-108n-1) = B 1 ~by X101 p—2)s Sh—1:0p—1) [ Sh-1 = sh-1],

therefore when conditioned on any sj,_1, the distribution over xj,_1 is the same. By inductive
hypothesis, the marginal distribution over (sj,_1,zj_1) is also the same. The definition of

the transition kernel 77,‘19_1 completes the proof. O]

2.7.3 Omitted Proofs in Section 2.3

Throughout this section, we use the following shorthand notations for convenience

h h h h
balT = ba17-<7'](17,7__2), St—1» eT—l)a balS' ) = balT(n((]_,)T_Qy 85-_)17 97(—_)1)7

(h) . (h) (h))7

h
or = or(bals,nr—1,57), 07(' ) = or(balr y -1 ST

(h)

where 07 has the same distribution as 6 for all 7 < h, equals to a potential untruthful

report éh when 7 = h, and has the same distribution as that of the private type at step 7

if the report at step h were to be changed to some arbitrary gh instead. Additionally, ng-h)

denotes the history at step h if the reported type at step h were changed instead and S(Th) is
similarly defined.

With shorthand notations defined, we proceed with the proofs.
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Proof of Lemma 2.3.2

Let B be an arbitrary and fixed ABAM satisfying the conditions in Lemma 2.3.2. By
Lemma 2.2.2, we know that it suffices to show that any ABAM satisfying the desired prop-
erties also satisfy stage IC. By construction of the per-step payment rule of ABAMs, we

have

up(1(1,h—1)> 8hy On; On) = Up(0alpy, 1, 8p, 03 0p) — opy

for all h € [H]. The bidder’s instantaneous and continuation utility if he were to report éh

instead at step h, but truthful from step 1 to h — 1, is

w11+ 5 053 0n) + Un(ng1p—1y- 5 0n)

= Up(baly, np—1,5h,0p:0n) — op

H
HE ) m )[ > (ﬂT(balgh),nih_)l,sgh),ﬁgh);9@)—aﬁh))]

= Up(baly, np—1,5p,0p:08) — op

o [ a7 50,600, 600) — 610

T

H
+ E & m (h)
T:;H h M1,y
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Similarly, if the buyer were to report truthfully at step h, his instantaneous and continuation

utility sum to

wn(M(1,h—1)> $hs O On) + Un(n1 h—1ys Sh: On)

= Up(baly, np—1,5h, 0p:0n) — op
il

+;Exhﬂkh+LHj }: ur(bals,nr—1,87,07;07) — o7
T=h+1

= Up(baly, np—1,5p, 0p:0n) — op
it

+ Z El‘h,’r](thl’T,l),sT,@T [aT(balTv Nr—1,57, 97’7 07’) - UT] :
T=h+1

The difference between the two is

Wh (N1, h—1)s 31 013 On) + U1 p—1ys Sh- 0n)
— (wp (11, 1=1)s 51 083 On) + Un(n1 p—1y» 51 0n))

= Up(baly, p—1,8h,0n; 0n) — o — (Up(oaly, np—1, sk, 00 0n) — o)

H

~ h h h h h h

+ Z (E () (k) (h) y(h) [Ur(balg )7777(-_)1785' ),9$ );Qg )) - U$ )]
St Ly, 777(h+177—_1)a87' Or

- ]E.%'hm(h_i_l’,r_l),sﬂef [aT(balTa Nr—1, ST, 97‘7 07’) - UT]) :

We know by the conditions for @ that

up,(baly, np—1, Sp, On; 0) < up(baly, np_1,sn, 0n;0h).

For the second difference term, consider an arbitrary and fixed 7 > h + 1 and the joint
. . h h h h
distribution over (x% ),néhllj_l), SS—)P 95_)1) and (zp, M(h41,7—2) ST—1 0;_1). Due to the

Markovian transition kernel, the pair is independent conditioned on (1, h—1)>Sh> O, gh) and
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we know

~ h h h h h h
E 1w o (1) o(h) [Ur(balg ),ni_)l,sﬁ )ﬁg );95 )) — U& )]
xh an(h+177_1)75T T

- Ewhan(h+1,7—1)757a97 [ur(balr,nr—1, 57,07 07) — or]

~ h h h h h h
= ElE (h) () gk (B) o) [Ur(bal(T ):777(—_)1737(' >,9§ );Hg )) - Ug )]
Tr_1-87 Ut |ST*1’9T71

o Ex7—1557—797—|57_1,97—_1 [aT(balTa Nr—1,957, 97; 97’) — UT]:|,

where the expectation on the outside is taken with respect to the joint distribution over
. h h h h .

the pair (xgl )’n((hirl,T—2)’ 35——)17 07(__)1) and (Ih777(h+1,7__2), Sr—1,07_1). For the equation, we

used the fact that the transition dynamics of the buyer’s private type is Markovian and thus

the distribution over :L'(Th_>1, s(Th), QQL) depend only on s<h) Q(h) (and the same holds for the

T—1"7r-1
distribution when the buyer is truthful). We know that for any (xglh), nEle 1) sih_)l, 97(_}1_)1)

and (xha 77(h+177—_2)> St—1s 97’71)

o [ 5522, 0,090 — o]

E m o (1) g

Th o Mht1,,—1)57

- Exh,n(hﬂﬁ_l),sﬂeﬂ. [@T(balr, Nr—1, 57, 0r; 97’) - UT]

(h)
=B w0 g ) e o7 1 = Ep | 5000150 1,0,1107]

Lr_ 157 U7 T—1"7—1
i [ 800 00,0 _ 0

T—1

- (B0 g0,

“Ey s ol y0 [r(bale, s 1, 57,01 67) — aT]) .
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Recalling the statement of Lemma 2.3.2

~ h h h h h h
E n o (1) o(h) [Ur(bal(T ),775_)1,8(7 ),Qg );Qg )) - Ug )]
Ty, ,77(“177_1),87 O

= Ezh,n(h+1’7_l),57,97 [tur(balr,nr—1, 57,075 07) — or]

Applying the equality from 7 =h +1,... H,

Un((1,h—1)s > 0n) = Un(0(1 ji—1)s 81 0n) = 0,

showing

uh (1 h—1)s s O3 On) + Un(01 p—1)s Sk On)

< (un(n(1 h=1ys 2 O3 0n) + Un (01 p—1)» Sk On))-

The inequality immediately implies stage IC, completing the proof.

Proof of Lemma 2.3.3

By construction of the update formula for baly, we know that

H H
> p(baly,my_1,5p,0;) = baly gy —baly + > op(baly,m,_1,sp).
h=1 h=1
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When the condition in the statement of Lemma 2.3.3 holds for all A, summing from h = 1

to h = H obtains

H H
balh Nh— 17Sh79h79h) 2 5h(ba1h77]h—175h79h)
h=1 h=1
H
=balpyi1 —baly + Z op(balp, np_1,p)
h=1

=

M=

op(baly, np—1,5h),

h=1

where the inequality uses the fact that bal; = 0 and that baly,; > 0. By construction of the

payment rule, we know up, (11 1, S, 0p: 0n) = up(daly, np—1, sp, 0p; 0p) — 0. Therefore,

H H H
Z N(1,h—1)s Shy On; O0n) = Z p(0aly, 1, 5p, 05 0p) — O op(baly, my_1, ) =0,
h=1 h=1 h=1

which is exactly the definition of ex post IR. O]

Proof of Lemma 2.3.6

We first argue that it is without loss of generality to assume that for any h € [H — 1] and

(77(1,h—1)’ sp, 0p,) the expected utility is 0, namely

up (N1 h—1)s Shy On; 0p) = 0. (2.7.3)
For any dynamic mechanism M = (, ), consider the following mechanism

M’ = (x,¢'), where

X(M(1,h=1): Shs On)0n hel[H —1],
' (N p—1)s 51 0n) = (Lh=y)

X(N(1,h—1)> 5> On)0n — UTL(M 0 1), 5p,0p) h = H.
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As the mechanisms M’ and M have the same allocation policy, the distributions over the
space of possible histories are the same between the two mechanisms. Moreover, the two
mechanism levy the same amount of payment over the entire episode and would lead to the
same episodic utility and revenue.

We then follow the outline in [Mirrokni et al., 2016a] and proceed by inducting on step
h from h = 1 to h = H. For each h € [H], our goal is to show that it is possible to construct
a mechanism that yields the same buyer utility, higher seller revenue, and is symmetric in

the first h steps. We begin with the base case.

Base Case. When h = 1, the statement is trivially true, as there is no history at the start

of each episode and hence the submechanisms are the same.

Inductive Hypothesis. Let 1 < h < H be arbitrary and fixed. Assume that for any
dynamic mechanism M, there exists some mechanism M’ that is symmetric over equivalent
histories up to length A — 1. Moreover, M’ yields the same expected utility as M and at

least the same amount of seller utility.

Inductive Case. Let M = (x,v) denote a mechanism that satisfies the inductive hy-
pothesis, i.e. is symmetric up to equivalent histories of length A~ — 1. Our goal is to design
a mechanism that is symmetric up to equivalent histories of length A and yields the same
utility and revenue as M.

Step 1: Constructiing the Mechanism. Consider the following construction of M’ = (\/, /)

e For all 7 < h, the payment rules and allocation rules of M’ remain the same as those

of M, namely for all N(1,h—1)> Sh 0y,

Xr (1 h—1)> 00 00) = Xr (0 =1y s O0n)s - V2 (01 n—1) Shs On) = Yr (1 15 Sh On)-
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We stress that under such construction, for any history (77(1, h—1)s Sh 0;,), the distribu-

tion over z, is the same for both M and M.

e For any 7 > h + 1, we first define the concept “representative history” using Defini-
tion 2.3.4, partitioning the space of histories based on the equivalence relationship.

Particularly,

H(U(Lh_n,shﬂh) = {(nzl,h—lyslh’ 0;1) eHj_ 1 xS xO:
UTL(M|77(1,h—1)a Sh; gh) = UTL(M’nzlvh_l)a S?p 9;1)7

/ /
Sp = Sh,eh = Hh}

The representative history for each partitioned set is the history with the highest

expected seller revenue

N (H(U(Lh—l)ashﬁh))

H
/
= emax Bl e 25 ey py 1)) 57 6r) |
(n(l’h,1)78h79h) T:h+1

picking among the set of histories a representative with the highest expected future
5 . . . "

revenue under M?. Here with a slight abuse of notation we let 7 <H(77(1,h—1)75h»9h)> €

Hp_1 x S x © denote the history, context, type tuple over which the equivalence

relationship is defined. We finally formally introduce the allocation policy and payment

5. The maximization procedure here is for simplicity of presentation. Equivalently, we can also pick, for
each set of equivalent histories, a unique history that yields expected continuation revenue no less than the
average taken over the set of equivalent histories.
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rule, where for all 7 > h + 1

X;'(n(lﬂ-—l)? ST, 07’) = XT<(77* (H(n(l,h—l)ashﬁh))’ Th; 77(h+1,771))> ST, 97‘)7

wT( N(1,r—1)> 57 QT) = wT((n*(%(77(17;171),%,9;1))’ Tp, 77(h+1,7'—1))7 ST, 97’)'

In other words, the mechanism first takes (77(1,h—1)a sy, 0;) and finds an equivalent
history with the highest expected continuation revenue (finding the “representative
history”). The ensuing mechanism then acts as if first h steps’ history (excluding the

realized allocation at step h) was instead changed to 77*(7-[(77(1 h—l)aShvoh))'

Our goal then reduces to showing that the constructed mechanism M’ satisfies the fol-

lowing two properties.

1. M’ is symmetric for any equivalent histories of length at most h, namely for all v < h

and two equivalent histories of length v, (n(lw_l), Sy, 0y) ~ (7]21 y—1) sh,.0!), we have

forall v+ 1 <7< H, xp, Nw+1,H)> and all s;, 6, that

X;'(n(l,T—l)v s7,07) = X;((nzl’l,fly 77(1/,7—1))7 st,07)

wT( N(1,7—1)> 575 07) = w/T((nELy_l)v??(z/,T—l))? sr,07)

where we recall that 0y, (s, 0y, 2,) = (s},,0],,2,,) by definition of equivalence.

2. UTL(M’) = UTL(M) and REV(M’) = REV(M).

For ease of presentation, we prove the two properties in a switched order, beginning with

property 2 and ending with property 1. We proceed as follows.

Proof of Property 2. For any h < H and N(1,h—1): Shs 0},, by definition of expected episodic
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utility UTL, we have

UTL(M |01 -1y, Shs O1)

= E wr” (01 r—1)> 57,073 07) 101 h—1)> Sho O | 5
Tho(ht1,10)~ M 2 T )’

where with a slight abuse of notation let M’ denote the utility at a particular step under

M. By linearity of expectation and the construction of M’, we know

UTL(M |01 p—1)s 5k On)

h H
/
Z N1,7-1) s7,0r;07) + E , 2 u7'/_\/l (77(1,7-—1)757767397')
T=1 oM+ 1,0) ~M T=h+1

—M

= X ur(m 1), 57.07:07) + U3 (001, 5—1): 5h:0n),

T=1

(2.7.4)
where the first equation comes from the fact that in the first i steps, M’ and M have the
same allocation and payment rules, and for the second line we, similar to uM/, abuse the
Aq!

notation and let U M denote the expected continuation utility under M’.

Recall that it is without loss of generality to assume that at all steps, save for the H-th,

the utility is exactly zero. We can simplify (2.7.4) as

_ !/

M
UTL(M (01 —1)s 81 01) = Un" (01, h—1)» Sk On)-
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By construction of M/,

H
_M/ M/
Uh (n(l,h—l)’ Sh’ eh) = E‘Th,n(h+17H)"'M/ [ Zh: u (77(1’7_1)’ ST’ 67—)]
T=h+1

H

MI

= ]Exhvn(h—&-l,H) ~M’ [ Z u ((77* (H(n(17h,1),sh,9h))a Lh 77(h+1,7-—1))7 ST, 07’)]
T=h+1

H

M

- Exhvn(h+1,H)~M [ ; u ((n*(HO](Lh_l),Sh,eh))ﬂJ"hnn(h—‘y—LT—l))?STaeT)] )
T=h+1

where the third equality comes from the fact that M’ reduces to M under the representative
history and the distribution over zj, is the same under both M and M’. Letting Up(-,-)

denote the expected continuation utility under M, we have

H

M

Exhan(h+1,H)~M [ % u ((77* (H(n(17h_1),sh,9h))7 Th, 77(h+1,7—1))> ST, 97‘)]
T=h+1

AL
=Up (n (H(n(1,h—1)78h,9h)))'

We also note that

UTLMI11(1, n1)s 8k 00) = Un” (1 p—1)s 02 0n) = Ui (0" (K ) snon))s

where first equality is by similar reasoning as (2.7.4) and the second the definition of equiv-

alent history. Therefore

_M/

UTL(M |01 p—1)s 51 00) = U3 (01 p—1)» Sk On)
_M "
=Un (0 (H(n(1,h—1)78h,9h))) (2.7.5)
= UTL(M|n(1 5-1)> $h: On)-
Moreover, as the mechanism M and M’ have the same allocation rule for steps 1,...,h—1,
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the distribution over (n(l,h—1)> sy, 0y,) is the same for both mechanisms. Integrating over the
tuple then gives us

Utn(M') = Utn(M).

Our attention then turns to showing that M’ yields no less revenue than M. Recalling
how the representative history is selected, for any 1(1,h) the revenue M’ achieves starting

from step h + 1 satisfies

H
I Z @/};'(77(1,7'1)737"07)]

EALH) | 25
T H

— E / * 0
Thol(h+1,H) _T_Zh:HwT((n (%(77(1,h71)78h,9h))’xh’n(h+1,7—1))’37’ )

T H
= E Z wT(n(l,T)asTaeT)]7

TR L) | S

where we note that conditioned on the representative history the distribution over future
types remain the same for both mechanisms. The equation highlights that, similar what we
have shown for utility, the expected continuation revenue of any history of length A under M’
can be re-written as the expected continuation revenue of its representative history under M.
By definition of representative history, any history’s expected future revenue is no greater
than that of its representative history.

By construction of M’ all histories of lengths A yield the same revenue under M and M’
in the first h steps, as both the allocation and the payment rules are the same. Therefore,

we have

REV(M') = REV(M).

Proof of Property 1. Note that the constructions of x’ and v/, as well as their desired
properties, have the same mathematical form. Therefore, for sake of brevity we only prove

the property for x’, as the proof for 1)’ can be obtained by simply swapping the two symbols.
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Let 7 denote an arbitrary time step and v the length of some history. We recall that,
for property 1 to hold, we need to show that for all equivalent histories of length v < h, the
resulting submechanism induced by M/ is the same for all H > 7 > v. We then divide the

problem into three cases.

1. When 7 < h. Since 7 > v, in this case we know that v < 7 < h, or in other words,
v < h — 1. By inductive hypothesis, we know that the mechanism is symmetric w.r.t.
equivalent histories of length v. Since XI(l h)(" ) = X(l,h)(" -,+) by construction of

M/’ the claim trivially holds in this case, as M’ reduces to M for all 7 < h.

2. When 7 > h and v < h. We first show for all z,, Nw+1,h—1)> Shy and 60y, that

(M(1,p—1)s Sv: Ov) ~ 0y (ﬁ(ljy_l)ﬁf/,@'y)

= ((1,n-1)> 51 0n) ~ (01— 1) Mwh—1)) 51 )

where we slightly abuse the notation and let ~ y, denote equivalence under M’. Here
we recall by Definition 2.3.4 that 1, = (sy,0,,7,) = (s,,,0!,,1,). Intuitively, we want
to show the two histories of length v under M’ implies that the induced histories of
length h are also equivalent under M’. The observation allows us to without loss of
generality consider only equivalent histories of length h, which we discuss immediately

after addressing this case.

Recall from (2.7.5) that
UTL(M |0 1, $h, 0n) = UTL(M 11 1) 85, 0p)-

As M and M’ share the same allocation rule up to step h, s, = s, and 6, = 0/,

the distribution over (x,, N(w+1,h—1): Shy 01,) is the same under M and M. Integrating
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over the distribution gives us
UTL(MIM(LV*l)v Sv; 91/) = UTL(M|77(1,1/71)» Sv, Qu)-

In other words, if N1w) ~M 7721,1/)’ then N1w) ~M nELV)’ where ~ », denotes the
equivalence relationship under M.

As v < h, v < h—1. By the inductive hypothesis on M’ the submechanisms following
step v are the same under both histories. Crucially, for the same (z,, Nv+1,h—1)> Shs 0y),

we have

UTL(M i1, -1y, 550 08) = UTLIM (11 1) 04 1,0-1))s 305 O),

where again we recall that 0, = (sy,0,,2,) = (s},,0,,2,). The equation thus shows
that (g1 p—1)> h On) ~ a0 U1y 1y Nwp—1))> ko O) for all (zw, 041 51y, 5h: On)
as the two histories trivially have the same context and type at step h. Therefore we

know

(77(1,1/*1)7 sv, ) ~ M (77217y_1)> S/w gly)

= (1(1,h—1)> Sh>On) ~ a1/ ((77{1,,,_1),77(1/,;1—1)),Sh,9h)-

3. When 7 > h and v = h. Since the two histories have length h and are equivalent
under M’; again invoking (2.7.5), we know that they are also equivalent under M.

Consequently, they are mapped to the same partition H.

Since the representative history is unique, the two equivalent histories are mapped to
the same representative history and would hence have the same submechanism at all

steps 7 > h.

Combining the three cases, we know for any h, we can use a mechanism symmetric with
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respect to equivalent histories up to length h — 1 to construct M’, a mechanism that is
symmetric with respect to equivalent histories up to length h.

By mathematical induction, we can then recursively construct a symmetric mechanism
with the same buyer utility and at least the same amount of seller revenue for any dynamic

mechanism, completing the proof.

Proof of Lemma 2.3.8

We begin by outlining the structure of our proof. The proof consists of two parts, where we
first show that B9Y is a valid augmented ABAM and subsequently we show that BYY is IC
and IR.

Part 1: B9Y is a valid ABAM. We first outline the requirements for B9Y to be a well-

defined ABAM.
1. The functions involved in B9Y are defined on their domains,

2. The bank account payment rule ¢; and bank account deposit rule d;, are always non-

negative.
3. The spending rule oy,(+, -, ) is independent with 0}, and does not exceed baly,.

4. The spending rule o},(-, -, -) and the deposit rule d(-,, -, -) lead to the correct next step

balance baly 1.

We then prove these properties one by one. By Lemma 2.3.6, we assume without loss of

generality that M, the mechanism from which B9+Y is constructed, is a symmetric mechanism.

1. We first show that &, ¢}, dj, are valid functions. For the bank account allocation &,
we first note that if two histories have the same balance, then they have the same

expected conditional episodic utility and are hence equivalent. More concretely, let
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(77(1,h—2)a Sp—1,05_1) and (nzl,h72)7 s}, 1,07, _1) be a pair of equivalent histories. Since
M is symmetric, there exist two histories <77£rl,h—2)’ 5};_1, 6};_1), (77%17]1_2), si_l, 6%} 1)

such that

En(balp(n(1 p—2) Sh—1,0n—1), h— 1a3h>9h)—yh((772rl’h 2)a32_1792_1)777h—1>5ha9h)7
§h(balh(7721,h_2),3;171,9;171)777h—173h76h) ((nzlh 2) 82 1792 1) Nh— 1’Sha0h)

where

(n(l,h72)73h—179h—1) ~ (Ugl’h_g),s};_l,@; 1) (276)
(11 h—2)> Sh—1:Op—1) ~ (U%Lh %) N ) (2.7.7)

By Definition 2.3.4 we have

balh(”th—z)’S%—v@iTL—l) = balh(”(im—z)’ 82—179111 1)
32—1 = Si—lveT 9}; 1
showing that (nth_Q),sJ}rL_l,G;rl_l) ~ <77%1,h—2)’ 32_1,62_1).
As M is symmetric, we know that £ is a well-defined function with a unique output for
all possible inputs, as pairs of histories with the same 7n;_; and balance are assigned
to the same allocation rule under y. As the bank account payment rule ¢;, and the
bank account deposit rule d; are all constructed off of &, we also ensure that for
the same bank account balance baly, n,_1, sp,, and private type 6, the functions
yield unique outputs and are valid functions. Moreover, note that baly(-,-,-) is always
non-negative due to C. The functions &, ¢y, dp, s, are then well-defined on their

respective domains.
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2. We show the bank account payment rule ¢, and bank account deposit rule ¢§; are

always non-negative. By construction of the bank account allocation rule, £, we have

En(balp, -1, 5h:0n) = Xn(0(1,10—1): ShyOn),

where, due to symmetry of M, it is without loss of generality to consider one arbitrary
history N(1,h—1) that yields some balj, with the h — 1-th step’s history being n;,_1. As
the underlying mechanism is IC, the allocation rule yj,, and by extension £, must be

increasing in 6y,.
We then turn our attention back to ¢ and have

On,
en(aly, np1,8p, 0p) = Ep(0aly, np_1, p, 0p)0n — . &n(baly, mp_1, sp,0)do = 0.

Similarly, 6, (baly,, m,—1. 5, 61) = §o" € (balp, 1, 53, 6)d6 > 0.

3. We show that spending rule oj,(baly,np,_1,sp) is independent of 0, and does not

exceed balj, regardless of the realization of s;,. By construction of oy,

dop(baly,np—1,5,)  Obaly N d(&p(daly, mp—1, 55, 05)0n — pp(daly, my_1, 55, 04))

oo, 06, o0,
 AUTLMIn p-1): 51 0n) = Ch)
20,
_ 0§ € (baly, 1. sp, 0)d0 OUTL(MIng j1): 5. 0p)
OUTL(MIn(1 j—1): S On)
= fh(balhanh7178h70h> - (géh ) ,

where for the first equality we use the definition of ¢}, and g, the second the definitions

of baly, ¢y, C}, and the third the fundamental theorem of calculus.
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Focusing on the second term, we have

OUTL(MIn( p—1), h:0n) Oy ur(1r—1y, 57073 07) + U (1 -1y 51 Op)
o0, a 06,
 Qup(n(1 p—1)> $h> 05 On) + Un((1 p—-1), 5h, On)

- 00,

= Xn(N(1,n-1): $h> 1),

where the last equation is by Envelope theorem and the incentive compatibility of M.

Plugging the result back, we have

Oop(baly, np—1:5h)
20, = &p(dalp, mp—155h,0n) — Xn(0(1,h—1), 5h:0) = 0

by construction of the bank account allocation rule &, and the fact that M is symmet-

ric.

Due to the independence between #;, and o},, we may assume 6, = 0, in which case

op(balp, np_1,sp) = baly + dp(baly, np_1, sp,0) — baly 1 (baly, my—1.sp,0)

= bal; — bathrl(balha Th—1:5h; O) < baly,

where for second equality we used the construction of d;, and the fact that balances

are nonnegative.

4. Plugging in the definitions of the respective terms, we quickly note that the spending

rule oy, (-, -, -) and the deposit rule 0y (-, -, -, -) lead the correct next step balance baly, 1.

Part 2: BY9Y is IC and IR. We begin with showing BY9Y is IC. By construction of the
in-stage payment rule ¢, it is easy to verify that the in-stage utility @ is maximized when
the buyer reports truthfully.

Our goal is then showing that the differences in spending rules capture the differences in
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expected in-stage utility. Condition on any arbitrary history (n(l,h—1)7 sp, 0y,), rewriting the

update rule for bal gives us

op(0aly (i p-2) Sh—1:0n—1), Mh—1, Sn)
= UTL(M(n(1 j,—1), Sh, On) — UTL(M|n(1 p—2)> Sh—1,0p—1)

+ u(baly, np—1, 5K, 0p:0n) — Ch—1 + Ch,

which holds true for all possible realizations of the current private type 60; as o is not
affected by 60;,. We then integrate the right-hand side over the distribution of xy_1, sy, 6y,

when conditioned on s;,_1,0;,_1 to obtain

By 1osnlsn1.0n 11000210001 p—2), Sp—1,0n—1): M1, 51)]
= UTL(Mn(1 p—2), Sh—1,0n—1) = UTLIMnq p_2): Sh—1,0n-1)
+Ey, | sp0,[0(0alp, 1,8, 0p5 0p)|sp—1,0p—1] — C—1 + Cy,

=Ky, 59,0, [0(0a1 kM1, 55, 005 0p) [sh—1,0h—1] — Ch—1 + Cp,.

Consequently the conditions of Lemma 2.3.2 hold for both @, o, and B%Y is incentive com-
patible.
Examining the deposit rule shows that the ABAM satisfies the requirement outlined in

Lemma 2.3.3, showing that BYY is also ex post IR. ]

Proof of Theorem 2.3.9

Sufficiency. We first show that the conditions given in the statement of Theorem 2.3.9 is
sufficient for B9Y to be an ABAM. The proof largely follows that of Lemma 2.3.8 and we

summarize below the key differences.

e We know by the construction of bal;, that for any s;_1,0;,_1 and pair of histories
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N(1,h—2): (1 p—2) Such that balp(nq p—2)sh—1,0h-1) = balp((y 9y Sh—1,0n-1),

we would also have

In-101(1,1—2) Sh—1:0n-1) = 9n-101{1 p_2)» Sh—1,Op—1)-

By definition of symmetry, for any xj_1, sp, 0, we have

an (01 h—2)» Mh—1) 51, 0n) = 9n (01 1,— 9y Ih—1); Sh, On)

where we recall that ng,_1) = (sp—1,0p-1,25-1)- Since yj is the sub-gradient of gj,

with respect to 6,

09n(N(1,h—1): Sh- On)
Yn((0(1,h—2) Mh—1): Sns0p) = : aeh)

B agh((nh’h_g)? nh—1>7 Shs eh)
B o0y,

= yh((ngl’h_Q)a nh—l)v Sh; 9h>

for all possible values of n;,_1, sj,. Therefore, we know that &;,(baly, np_1, S, 0) is a
well-defined function, as any pair of history of length h—2 mapping to the same balance
leads to the same allocation for any fixed (n,—1,sp.0p). As yp(n(1 p—1) Sp,0p) is a
valid allocation rule, the function &, also maps to a valid allocation policy. Moreover

&y, 1s nonstochastic whenever vy, is.

e &, 0n,0p, 0, are defined on their domains and ¢y, dj, are always non-negative for the

same reason as in Appendix 2.7.3.

e By construction of the spending rule and the deposit rule, we know for any h € [H],
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Nh—1, Sk € H, and balance bal

op(baly, np—1,sp) = baly + op(baly, np—1,sp,0p) —balyiq
On
= 9101 h—2)s Sh—1,0n—-1) = Cp—1 + . En(baly, np—1, sp,0)do

= 9n(M(1,1—1)> Sh»On) + Ch.

Taking partial derivative with respect to 6;, shows that

dop(balp, Mp—1,5h) O9n(n(1,n—1)> Sh» On)
20, = Yn(N(1,n—1)> 5h> ) — a0, =0,

where the second equality comes from the fact that y is the sub-gradient of g. We can

then conclude that the construction of ¢ yields a valid function of bal and s.
Following the proof of Lemma 2.3.8 we know that oy, (baly, n,_1,sp) < baly,.

Since p(baly, np—1, Sp, 0p), given by yp,, is the subgradient of gp, (11 41, Sp, 0p) with
respect to 0y, by Envelope theorem and the construction of ¢y, for all baly, n,_1, sp,
01, the term @y, (baly, np_1, sp, 07 0p) is maximized when 6, = 6j,.

Furthermore, as gp, (11 p—1): Sh, 0n) = UTL(/\/l|17(17h71),sh,0h), using a similar argu-
ment as the proof of Lemma 2.3.8 we can show that o, satisfies the conditions in

Lemma 2.3.2 and the resulting mechanism is IC.

Using a similar argument as the proof of Lemma 2.3.8 shows that the mechanism B9Y

is IR.

Necessity. We now show that the conditions given in the statement of Theorem 2.3.9 is

necessary for B9Y to be an ABAM, namely, any ABAM B%Y must satisfy the conditions

listed in Theorem 2.3.9.
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Since an ABAM satisfies IC, by construction of the payment rule and the spending

rule we have for any 7y 1y, p, 0

ooy, (baly, np—1,Sp) agh—l(n(l,h—l)vSh79h>
20, = Yn(0(1,h—1) - On) — TR :

Since the spend rule is not affected by 6}, by construction, the derivative must be zero

(79h—1(77 1,h—1 7Sha0h)
and we have yh(n(l,h—l)’ Sk, 0p) = (69h : :

Since the spend rule oy,(baly, nj,_1,sp) is a valid function, for any pair of histories

N(1,h—2) nELh*?) such that
baly (11, p—2)s Sh—1,0p-1) = balh(nzl,h_g), Sh—1,0n—1)

we also have

o (balpy (1 h-2)s Sh—1:0n-1) -1, 5n) = o (0211 (1(1 9, Sh—1,0h-1), M1, 51)-

Consequently, for any 6, we have

baly (11 p—2)s Sh—1,0p—1) + 0p(daly, np1,Sp, 0p) — balp 1 (0 p—1) Shsn)
= balh(WELh_Q)» Sh—1,0n—1) + Op(balp, np—1, sp, 0p)

- balh+1((77£17hf2), Nh—1),5h,0p)-

As ¢ and baly, cancel out, we know that the next step balances are equal, namely,
the balances balh+1(77(1,h—1)>5h79h) and balh+1((77£17h,2)>77h—1)’3h79h) are equal.
Recalling how the balance function bal is constructed from g proves that the function

g must be symmetric.

The construction of vy, implies that the functions ¢}, and y;, must have the same range.
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Thus the range of y;, must be A(X) as well.

e By IC and the Envelope theorem y;, must be weakly increasing in 0, and its integral,

gp, must be convex and increasing in 6y,.

e Again by IC, the term oy,(baly, n,_1,sy) — Elup(baly, np—1, Sp, 0 0p)] must be a
constant for any fixed baly,n,_1, Sy Recalling the recursive construction of baly |

from baly, oy, and dj, shows that g is consistent.

2.7.4  Omitted Proofs in Section 2.4

Throughout the section, we assume the type space O is discrete. Let Q = |©| denote the
number of distinct types and 69 denote the g-th smallest type. More specifically, we have
0l < ... <09. Furthermore, we recall it is without the loss of generality to assume that the

lowest type 61 = 0.

Proof of Lemma 2.4.1

By definition, we know

H
maX\IJ = max max (balr, ,S7,0:-)0+ — bal
ERS 1(61 I, @) Bis0 G 77(1 ) [ZI?JT Ty Nr—1,ST1 ) T H+1]
90(D)=pH1 T
H
= max max (balr, ,Sr,07)0 —Dbal
5120 B:UTL(B) = 51771H [TglyT 73 Mr—1,57,07)07 H+1]

[ H
=max E Z or(bals, nr—1,s7,07) + or(bals, nr—1, Sr,07)) — ba11]

B N@1,m/) 1

B N1,mH)

[ H
=max K Z YT balTunT 178776T)+0-T(ba17'7777 1737'707'))])

| 7=1
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which is exactly the amount of revenue the seller generates, comprising of the per-step
payment ¢ and spend rule o at each step 7 € [H|. For the second equality, we recall
Lemma 2.3.8 the assumption that ¢ is UTL. Here B represents a generic ABAM, as we have
shown it is without the loss of generality to consider only such mechanisms. For the third
equality, we recall the construction of the balances in Definition 2.3.7. The fourth equality
comes from telescoping the sum and the last equality the initial condition that bal; = 0,
again given by Definition 2.3.7.

Our next step is to show that the dynamic programming approach in Table 2.1 is correct.

Lemma 2.7.3. The program in Table 2.1 correctly returns Vp, 5y, Sh—1,0n—1; yn—1) as long

as V11 s given.

Proof. For brevity, for any arbitrary random variable X, we let E[X |y;,_1] be the shorthand

for

E[X|yp—1(n1,n—2), Sh—1,0n-1) = Yn—1];

the expected value of X conditioned on the event that the allocation probability at step
h —1is set to y, 1 for the history (1 _2),54-1,0p—1). Additionally, we let 8, =

gh(n(l,h—l)aSh—l’eh—l) denote the balance that the history is mapped to. By definition,
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we know

U (Bhy Sh—1,0n—1;Yn—1)

H
= nax th) [Z (Brsnr—1,57,67)07 —baly 1 |yp— 1]
9h—1(N(1,h—2)>Sh—1,0n—1)=Ph
= max E “Mh—1,5Sh,01)0 _
max (n(h,H) (5. (Bhs nh—1- Sh- 00)0n | yp—1]
9h—1(N(1,h—2)>Sh—1,0n—1)=Ph %
+ E Z Yr(Brynr—1,87,07)07 —balg 1 |yp 1 )
"1k, H) T=h+1
= max E s Mh—1,Sh, 0p)0 _
Srt) B o ( oy, [Yn (B =15 51, On)0n | yp—1]
Ih—1(N(1,h—2)+5h—1.0n—1)=Bn I
+ E Z Yr(Br,nr—1,57,07)0r —balpiq|yp—1 )
"1(h.H) T=h+1

where we recall that it is without the loss of generality to assume that g(n) = UTL(M]|n).
For the second equality, we observe that the objective and constraints are independent of

(9(1,h=1)7Y(1,h—1)> P(1,h—1))- We can further rewrite ¥y as

Uy (Bh,sh—1,0n—1:Yn—1)

9h- YhPh
9(h+1,H)>Y(h+1,H)>P(h+1,H)

H
— — ) — 70 - =
9h 1(77(1’h 2)%h=1,7h 1l ﬂ}E [ Z yT(ﬁTﬂ%—l,STﬁT)QTba1H+1|Sh])

- max (Exh_l,sh,eh (Y1 (Bhs =15 51, 00)0n | yn—1]

Mty | 5

= ma E 1, ,6 0

gh,yhi(ph ( O, [wn (Bhs =151, On)0n | 53]

In—1(M(1,h—2)h—1:0n—1)=Bp "
+ glya/)gé ’I’](}ILEH) [ Z y7(57—7 777—_17 87’, 97’)97‘ - balH+1]>
I p—1)Sh00)=Bhs1  LT=ht1

- mwa E 1,55,01)0) | s

Insihah ( 0, [Yn (Bhs Mh—15 51, 01)0n | 53]

Ih—1(N(1,h—2)+5h—1.0n—1)=Bn

+Eg, [Yhi1(Bnr1ssnsOni yh)]>,
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where for the second equality, we note that 9(h+1,H) Y(h+1,H)» P(h+1,H) affect only the
second term in the objective function. For the third equality, we recall the definition of
U, 1. Observe that the expression matches exactly the objective defined in equation (2.4.2).

We then note that, by construction of the ABAM, we must have

UnBrs th—1>50:00) = By, 1 5 0 1y [T (Brs i1, 51, 0')] = 0.

due to the construction of the spend rule o for 7 = h + 1, ensuring that the balance update
rule given in (2.4.5) is correct. Additionally, by (2.4.5), we know ¢}, can be determined once

gn, Yy are given. Since

9 (01 h=1)» 5 On) = B + T B 1,50 O3 0n) — By 1 sy 07 1y [0 (B =1, 51,0 6')]

and we have assumed without the loss of generality that 0 € ©, we have

In (1 h—1)51:0) = Br = By | sp 0 gy 00 Brs i1, 51,05 0))-

Consequently, recalling (2.4.3)

©n(Bns M1+ 5h:00) = B+ Yn(Brs 1. Sh: 000k + 9n (01 p—1), 51, 0)
= B = 9n((1,1h—1)> s On)

= Yn(Bhs h—1, 1, On)0n + 90 (N1, 1—1)> 51, 0) = 9n (N1 11> 5h, On)-

As such, it suffices to maximize over only gj,, yp, in the program in Table 2.1.
We finally argue that the resulting mechanism is a valid ABAM. By definition of ¥y, 1,

we know the conditions in Theorem 2.3.9 is satisfied by 9(h+1,H) and Y(h+1,H)- Moreover,

e Equation (2.4.4) ensures that gh(ﬁ(l,h—l)»shaeh) is convex in h.
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Equation (2.4.5) ensures that gh(n(l,h—l)v Sh,0p) is consistent, because for any 7y ,_1)

By 150,00 190 (M1 =1 582 O0)] = 9n—1(0(1 h—2)> Sh—1,On—1) = Bp — B, = 0.

The assumption that g is expected episodic utility and Lemma 2.3.6 jointly imply

that gj, is symmetric.

Equations (2.4.3) and (2.4.5) jointly imply yj, is a subgradient of gp,(n(1 ;,—1), Sh, Op)-

Finally, (2.4.6) ensures that the next step balance is non-negative and hence the inputs

to Wy, 1 are within the function’s domain.

As such, whenever Wy, is given, we can use the program in Table 2.1 to solve for ¥y,

completing the proof. O

Recursively apply Lemma 2.7.3 and we know that we can solve for Wy via the program

in Table 2.1, obtaining a valid ABAM in the process. n

Proof of Corollary 2.4.4

Inspired by Mirrokni et al. [2016a|, we then show that W, can be approximated in 3}, as
soon as yp,_1 is fixed. As the function is defined over two continuous variables, we first show

that it is concave in both (3;, and y;_; as follows.

Proposition 2.7.4 (Concavity). The function Yy, (By, Sp—1,0h—1;Yn—1) s jointly concave

in (B, yp—1) € Ry x [0,1] for any h € [H], sj,_1 €S, and 0;,_4 € O.

We then characterize U at extreme choices of balances. Intuitively, when balance is too
low, the buyer achieves low episodic utility, and there is relatively little excess utility for
the seller to extract at later iterations. When balance is too high, however, seller promises
buyer too much utility and, due to the fact that the maximum welfare is bounded, the excess
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promised utility could in turn hurt revenue. Below we provide quantitative analysis of ¥ at

two extremes. We begin with the following result for when balance is zero.

Proposition 2.7.5 (Value at Low Balance). For any h € [H], sj_1 € S,0;,_1 € ©, and

Yn—1 € [0, 1], we have

U (0,81, 0h—1;yn—1) = E[¥41(0, sp,,05;0)]

+ By, [P (0% ] s) max{0,69 + Wy 11(0, 55, 03 1) — Upp1(0, 53,05 0)}].
Moreover, for any B,

U, (B sh—1,0n—1:Yn—1) <Yn(0,8,-1,0h_1;Yn—1)

H O /i
Pr (6°[s)
H T - .
" (Tzzhse?,?ﬁcg PO (gi+1[s)(61+1 — ez)> P

where we recall 01 is the q-th highest-type in ©.

The result for high balance is more involved, and requires defining the function MAXWEL.

Particularly, for any history N(hp!)> the function

H
MAXWELy (0(hpr)) = max B, 4, D e r—1ys 57.07)07) [0 ) (2.7.8)
T=h

is the maximum continuation welfare when conditioned on the history (kY- The functions
MAXWELR (91 ;1) 5n) and MAXWELR (91 ;,—1), Sy, 6) are similarly defined.

We stress that in the MDP setting, the welfare maximizing policy is not necessarily the
one that always gives the item to buyers without charging anything. The distribution over
later contexts, and by extension the buyer’s future types, are affected by the allocation rule.
As such, it is possible that withholding the item from the buyer may increase his future

types, which can be exploited by the welfare maximizing policy. As such, it is necessary for
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us to introduce the notion of MAXWELj, as we cannot simply replace it with the expected

sum of all future types.

Proposition 2.7.6 (Value at High Balance). For any arbitrary and fized h, N(1,h—2): Sh—1

0nh_1, and yy,_q, the following holds

1. for all By, = 0, Wy (B, Sp—1,0n-15Yn—1) < By, [MAXWEL (11 1)) | Yn—1] = Bn.

2. for all By, = 371y maxees Egpoy. | 5)[0].

Uh(Bn: $h-1,0n-15Yn—1) = By, [MAXWELR (101 p—1)) | Yn—1] — B

With these properties in mind, we are now ready to state the proof itself.

Proof of Corollary 2.4.4. We prove the claim by construction and begin by introducing our
proposed discretization scheme.
1. Select % evenly spaced points on the interval [0, 1]. Let VT denote the set of points

selected.

2. For each yT € ))T, use the discretization scheme in Lemma 2.7.12 to construct a mul-
tiplicative 5p-approximation for the function Wy, (-, s,_1,0,_1; yT). We then receive

functions \I/,Y and \Illf which are piece-wise linear in fy,.

3. For all (8, yp—_1), let y+ € YT be the point that yp—1 1s the closest to. Set

Y By, $h—1,0n-1:Yn—1) = ) (Bp. 551,01 9%) —

N|F N X

A A
U (B -1, 00— 159n—1) = V7 (B sp_1.Op—139%) +

By Propositions 2.7.4, 2.7.5, 2.7.6, we know that for all fixed y;_1 € [0, 1], the function
U (- $p—1,05—1; yp—1) satisfies the conditions in Lemma 2.7.12. As a result, Step 2 of the

proposed discretization scheme is valid.
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We then show that the functions \Ifhv, \I!hA are an additive s-approximation. Let (5}, yp,—1)
be arbitrary and fixed, and let yi e V' be the closest point to y,_1. From Proposition 2.4.3

and the number of evenly spaced points in Y1 we know

K
3B $h—1, 0513 9n-1) = Ya(Bs sh—1,0p—1;9")| < 5
Because the types 6 are bounded, ¥y, is uniformly bounded by H, and applying Lemma 2.7.12
shows that \Ifhv and \I’hA is an additive k-approximation.

Finally we control the number of pieces. Again by Lemma 2.7.12, we know that con-
structing \I/hv, \IJhA requires O(N?2/k2) calls to the evaluation oracle and both \IIIY, \I/hA have

@) (N 2 / /12) pieces, completing the proof. O

Proof of Proposition 2.7.4

Let M) = B(g(l)’y(l)), M2) = 3(9(2),1/(2)) denote two arbitrary and fixed ABAMs. We use

N1 h—2), Sh—1,05—1) to denote some arbitrary and fixed history. With a slight abuse of
(1,h—2) Sh—1:0h—1

notation, we overload the notation and let y(l) and y(2) denote the allocation levels for the

history given by the two mechanisms. That is

1) 2)

vV =W an oy sn1.00-1).  ¥® =3P 02 s5-1.0-1).
Assume without loss of generality that ¢ (-) = UTL(MD)].), g2 (-) = UTL(M?)].).

Let ¢ € [0, 1] be an arbitrary and fixed constant, 6,(11) = 9}(11)(77(1,h—2)a Sh—1,0,—1), and
ﬁ}(f) = g}?) (77(1,h—2)’3h—1"9h—1)- Consider the mechanism formed by mixing MD) and
M@ whose allocation rule is y(-,-,-) = cyM (-, ) + (1 — )y (.,-,-). With a slight abuse

of notation, let
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the allocation level the mixture mechanism chooses for the history (”(1,h—2)>3h—179h—1)-
By linearity of expectation, the balance corresponding to the history (77(1’ h—2) Sh—1 0,-1)
is 05}(11) + (1 - c)g).

While the mixture mechanism is not necessarily an ABAM, applying Lemma 2.3.6 and
Lemma 2.3.8, there must exist an ABAM with revenue no less than the interpolation of
revenue from M) and revenue from M(2). As U, (B, Sh—1:0n-1; yn—1) takes the maximum

over all ABAMs, we must have

(B + (1= )8 sp_1,0p_1sentV) ) + (1= ot?))

> C‘I’h(ﬁl(ll), Sh—1,0n—1; y;(ll_)l) +(1— C)‘Ifh(ﬁ;(f), Sh—1,0n—1; y;(f_)l),

completing the proof.

Proof of Proposition 2.7.5

Let h,sp_1,0,_1, and yj,_1 be arbitrary and fixed. For brevity, we drop them from the
notation during the proof. By (2.4.5) and (2.4.6), when 3, = 0, recalling that the lowest

type in © is 0, we must have
9 (Bhsmn—1,0) =0 =By o o iy [Tn(Bps i1, 51, 6';6")] = 0,
which implies Exh_1,8h,9’\yh_l[ah(ﬁhmh—l’ sp, 050" = 0.
By non-negativity of iy, we know up, (Bp; njp—1, Sp, Op; 0p) = 0 and g5 (8, mp—1, sp,0p) = 0

for all xp,_1, sy, 0p,. Focusing on some fixed xj,_1, sy, we know y(0,m,,_1, sp,09) = 0 for

all ¢ < @, that is, the allocation probability is zero for all types save for the highest one.
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Moreover, in this case the part of the objective function in (2.4.2) reduces to

(B 15 51, 09089 + W3, 1(0, 53,095 94 (Bps -1, 51, 09)).

By the Markovian transition kernel and the fact that y;, encodes the probability that xp = 1,

we have

U100, 51,0995 (Brs 1, 51, 09))

= yh(ﬁh’ h—15Sh, QQ)\Ijh—‘rl(Oa Sh 9Q7 ]-) + (]- - yh(ﬁha Nh—15Sh> 8Q>>qjh+1(07 Shs QQ, 0)

The objective function is thus now linear in y;,. Moreover, as gy, (8p, Th—1, Sh, 0p) = 0 for all
Tp_1,Sh, 0y, the optimization program in Algorithm 2.1 is now reduced to a linear program

that can be solved exactly by hand, whose solution is

Un(Bhs 15 51, 09) = 109 + 0}, 1 (0, 55, 015 1) = Wy, 1(0, 57, 03,3 0)}

and we have

U (0,5,-1,0n—1;yn—1) = E[¥},41(0, 51, 05;0)]

+ By, [PP (09 | 51) max{0,09 + Up, 1 (0, 5p,, 0 1) — W4 10, 57, 035 0)}].

We now focus on the second equation and prove it by inducting on h from H + 1 to
h. The base case for when h = H + 1 is clearly true. We then focus on some arbitrary
and fixed By, np_1, sy and assume that the inequality holds for W, ;. For brevity, we drop

BhsNh—1, Sp, from our notation in our ensuing discussion.
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By (2.4.4), we know for two adjacent types 87, 9971
A (0%071) = yp (0907 — o5 (09) < (091 0771,
Subtracting up, (09; 6%) = y;,(07)09 — ¢, (09) from both sides gives us
yp(09) (09— 09) < @y (097 07h) — @, (67 67) < @y (095 09T,

where the second inequality comes from the fact that @y, (0;07) > 0 for all g € [Q]. Recalling
that 07 is the ¢-th largest type, we know 09t — 99 > 0 and dividing both sides by the term
gives us yp(07) < mgh(eqﬂ; ga+hy.

Therefore for any ¢ < @ and valid y;,(07), we must have

yp (0107 + W, 1 (Bp11(0), 0%y, (69))

H 0 pi
- < > X Pr(0']s) ) Bpy1(09)

4 se8i2Q PO (BT L[s) (07— 67)

(i)
< yp(01)07 + Wy, 1 1(0, 0% yp,(67))

D (070 4y, (07, 1(0,0% 1) + (1 — yy (99)) ¥y, 41(0, 0% 0)

= yp(09) (07 + Wp41(0,0%1) — Wp41(0,6%0)) + Wp41(0,0%0)

(i)

< yp(0))(H = h+1) + V51 (0,0%0)

H—-h+1
~nq+1. pg+1 q.

<ririag2< pTES w7097 + Wy, 1(0,07;0),
where (i) comes from the inductive hypothesis on W, , 1, (ii) from the fact that yj (69) itself is
the allocation probability and the definition of the transition probabilities 73;?, and (iii) from
applying a naive upper bound on the value of ¥j ¢ and that U,(0,s,_1,60,_1;y,—1) = 0

for all 7. The naive upper bound holds by noting that § < 1 for all # € ©, and is easily be

proven by induction, using the formula for ¥ (0, s,_1,0,_1;y-—1) that we have established

5



in the earlier part of the proof.

For the highest type GQ, we have

yn(09)69 + Wy, 1 (B4 1(09),609;y1,(69))

< yp(09)69 + Wy 1(0,09;y;,(69))

H Opi
1§ ) s

P 5€8,i<Q PR(0iTL]s) (11 — 07)

< max {y,(09)69 + Up41(0, 09 ;,(09))}
yh(GQ)E[O,l]

H O (i
+ H ( Z max .PT ( ’8) . >6h+1(9Q).

A se8i<Q PO(0IF1]s) (07T — 6

Taking expectation over x;,_1, sj, 0, conditioned on sp,_1,yp_1, we know

Elyn(07) + Wp11(Bn+1(09), 6% 55 (69))]

H O(pi
—H( S max g PrOl) _ei)>E[ﬁhH<xh1,sh,M>]

LR seSa<Q PR (0 s) (07

< E[Pﬁ?(eQ s max {ga(6969 + 0y 1 (0,6% 4 (09)))
v (09)€[0,1]

Q-1
£ 3 PO 5,041 (0, 6 o>]
qg=1

H—h+l 1. it
+E[<rln<aé< ST )th (6" | sp)a(0 1 o0t

H—h+1
= Up(0,8p1,0p1;yp-1) + E {(max ha ) Z PR sp)a(0" 9”1)] :

Z<Q 92-1—1

where the equality again comes from the expression for W, (0, s,_1,0,_1; y5—1) that we have
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just developed. Meanwhile, we note that for any xj_; and s,

H—h+l +1, git1
oy tsd) S e

PRO T s) ~h+1) \ G o it - pitl.
< 92+1 924-1. 91—1—1
(IZILaQ 77@(9”1 | sp,) (11 — 67) Z:Z:l Py ( | sp)u( ; )

POO | sp)(H — h+ 1)
= max . ; .
i<Q P07+ | sp,)(0'+1 — 6

)> Eg, | 5, [0(0h; 01)],

where for the equality we recall that we assumed without the loss of generality that the

lowest type is 0, which corresponds to a per-step utility of 0. Consequently

Uy (Bhs 8h—1,0n—1:Yn—1)

PO |s1)(H — h + 1
<‘I’h(078h—1,9h—1;yh—1)+(max i (0" )

' ~ 5 E u(0p; 0
i<Q PO+ | sp,)(01+1 — 92)) 1,510, [8(0n3 Op)]

H O (gi
PO(0i) q
H ( :; 136%1,?}2@ P9(9i+1‘8)(6'i+1 _ 92) Emh_l,shﬁh[ﬁh-l-l(ﬁh?xh—lvShae )]

< (()3 0 » )—|—H i ax ’P@(92|) B
S Ypl0,8h—1,0p—15Un—1 = SESZ<Q73@(91+1‘ Yo+ —giy |

where the second inequality comes from (2.4.5). O

Proof of Proposition 2.7.6

We prove both claims by induction. The base case for when h = H + 1 trivially holds. For
the rest of the proof, we assume both claims hold for h + 1, all 8,1 = 0,sp,,0},, and y,.
For convenience, similar to the proof of Proposition 2.7.5, for now we focus on a specific

By Sh—1,0n—1, and yj,_1 and drop them from our notation unless otherwise specified.
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We begin with the first claim. Observe that

Eo s U0 (@n—1,8n:00)0n + Vi1 (Bpy1(Tp—1:5h,0n), Shs Oni yn(xp—1, Sp, 0p))]
<Eg, 5.0, [n(Tn—1,5h,01)0p
+ By, [IMAXWELp, 11 (001 1)) | Yn(@h—15 S, On)) = Brs1(@n—1, 55, 01)]
< By, [MAXWELR (01,1 —1) | Yn—1) = Bht1(€h—1,5h, 0n)]

= Eu,_ [MAXWELL (01 ,—1)) [ ¥n—1] — Bn,

where the inequality holds by our inductive hypothesis, the second by a one-step expansion of
MAXWELp, (11, 1,—1) | yp—1) using its definition in (2.7.8), and the last equation the constraint
in (2.4.5). Noting that the upper bound holds for (2.4.2), the objective function of the
optimization program in Algorithm 2.1, completes the proof.

We then show a corresponding lower bound, and these two bounds meet for all sufficiently
large f3;,. Easy to see that when (), > Zf[:h maXees E9~P9(~ B [6], a feasible solution to
the optimization program in Algorithm 2.1 is to set yy,g;, to the sub-mechanism of the
welfare-maximizing mechanism at step h. By (2.4.5), we know that under this choice,

H

Bha1(Th_1, sp,0p) = Zh maxBy pey.|q)[0] —maxE, pe | [f]

H
> Z maxE, o/ [0
O~PP(-| )LD
T=h+1 se€S

noting that 1y, is non-negative and naively bounding E,, | s, g, [Un(zp—1,8p,0p;05)]. Again
using a one-step expansion of MAXWEL, (11 ;1) | yp—1) and that the sub-mechanism of the

welfare-maximizing mechanism is not necessarily optimal, we know
Up(Bhs sh—1,0n-15Yn—1) = Eay | [MAXWELy, (01 ,—1)) | Yn—1] — Bn
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for all g, > Zf[:h maxees By po. ) [#]. Combining the lower bound with the upper bound

above completes the proof. O]

2.7.5 Ommited Proofs in Section 2.5

Proof of Theorem 2.5.3

We first introduce useful intermediate results that streamlines the proof of Theorem 2.5.3,
beginning with the following bound on the expectation of the evaluation error of spend and
payment rules, when the expectation is taken over P rather than P. Proofs are deferred to

Appendix 2.7.5 unless stated otherwise.

Lemma 2.7.7. With probability at least 1 —0, the following holds simultaneously all ABAMs

BIY
oy ) .
et amy Uh(ﬁh’"h—lﬁswl — By [Z Uh(ﬂh,nh—bsh)] < He,
| h=1 h=1
S ) .
ety ) ‘Ph(ﬁhmh—l’sh’@h)] — By [2 Sph(ﬂh,ﬂh—LSh,@h)] <6
| h=1 h=1

where we recall B is taken with respect to the estimated transition probabilities P.

The lemma relies on properties of REWARD-FREE RL-EXPLORE, which we discuss in
detail in Appendix 2.7.1. At a high level, for any Markovian function that depends only
on the public context s, REWARD-FREE RL-EXPLORE ensures that its expected value is
estimated accurately, when the expectation is taken over the public context distribution
induced by any type-agnostic policy 7. Such strong guarantees are crucial for controlling the
estimation error of non-Markovian functions o, ¢, as we take the “worst possible” realized
values of N(1,h—1) for any ,0,p, taken with respect to the estimation error in E,;, , and

transform the non-Markovian functions o, to Markovian ones. The errors can then be
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controlled via properties of REWARD-FREE RL-EXPLORE, noting that the guarantees hold
simultaneously for all Markovian functions and policies.
The lemma then implies that the estimated revenue of any given mechanism can be

controlled, which we formalize as follows.

Corollary 2.7.8 (Revenue Estimate Error). For any (possibly non-core) ABAM B, letting
REV denote its expected revenue under the ground-truth transition probabilities P and REV

the estimated revenue computed using the estimated transition probabilities 73, we have
IREV(B) — REV(B)| < (H + 1)e.

Proof. Revenues from ABAMs only come from the payment and spend rules. Lemma 2.7.7

directly bounds the estimation error in revenue, completing the proof. O

We now turn our attention to the estimation procedure, specifically the relaxed program

in Table 2.2. We first obtain the following lemma.

Lemma 2.7.9 (Expected Per-Step Utility Error). There exists some absolute constant ¢ > 0
such that, with probability at least 1 — ¢, the following inequality holds simultaneously for all
he [H]aﬁh = 0,81 € S’eh—l €0, and Yh—1€ [07 1]

|E$h_1,sh,9/ | sh—1,Yn—1 [ah (Bh: Nh—155h; Qha eh)]

- Exh—l,shveh | Sh—1:Yh—1 [ah(ﬂfm Th—15 Sh 0h7 0h)]|

< cH|S||01y/1og(cHIS[[01/0) (N1 (s5-1,0)) 2 + (Ny_1(sp-1,1)7?) .

Proof Sketch of Lemma 2.7.9. Estimation error in ﬁ[ﬁh(ﬁh, Nh—1,5h,0';0")] can be controlled
via bounding estimation error in 73}‘?_1 and 73,? using Dvoretzky—Kiefer—Wolfowitz inequal-
ity [Massart, 1990|. We note that extra care is taken to relate the sum of the estimation

errors in 73}(?(8’ | sp,) over all sy, 6 back to Nj,_1(s,—1,0) and Nj,_1(sp_1, 1), the number of
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times that s;,_1 has been visited. ]

The following Corollary then immediately shows that the relaxation taken by optimiza-
tion program in Table 2.2 is correct, that is, it ensures that the optimal ABAM remains

feasible under the relaxed program.

Corollary 2.7.10 (Optimistic Estimation). With probability at least 1 — §, the optimal

ABAM B* =BT s q feasible solution to the relaxed optimization program in Table 2.2.

Proof. As the mechanism B* is a valid ABAM, by correctness of the program in Table 2.1
(Lemma 2.4.1) and the upper bound on estimation error of g (Lemma 2.7.9), with probability
at least 1—0, the mechanism B* yields a feasible solution to the relaxed program in Table 2.2.

]

Moreover, also via Lemma 2.7.9, we can control the amount of estimation error in the
spend rules. We first let &y, (By, mh—1,51) = Eup | 5,0, [Un(Bhs Mh—1, Sp, 0p)] denote the
“ground-truth” spend rule for the estimated mechanism l§, calculated using exactly the un-
derlying transitions probabilities P, rather than estimated values in P. While estimation
errors in spend rule incur errors in 3}, we recall that (3, is merely a function of N(1,h—1) and let
on(N(1,h—1)>Sh) = Oh(Bh,Mn—1, Sp), where By is updated according to the estimated spend
rule . Additionally, let &j,(n(1 p,—1), ) = Gn(Bp,Mh—1, ) where By is instead updated

according to . We then have the following.

Corollary 2.7.11. For any estimated spend rule o with probability at least 1 — § we have

H
max By, o r 18R 1) 51) = O n—1): sn)| | < BlOW/c|S]e.
m,0(1, 1), (1,H) ’ 1

Proof Sketch of Corollary 2.7.11. We prove the claim by combining properties of REWARD-
FREE RL-EXPLORE with Lemma 2.7.9. Specifically, we divide all possible values of sj_1

into two categories: those that can be easily reached by some arbitrary type-agnostic policy
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at step h — 1, and those that are hard to reach by any type-agnostic policy at step h — 1.
For the former, we bound the expected error via Lemma 2.7.9 and multiplicative Chernoff
bounds, as REWARD-FREE RL-EXPLORE ensures Nj,_1(s;_1,2p—1) is sufficiently large for
both z;,_1 = 0 and z;,_1 = 1. For the latter, we combine a naive upper bound on the

estimation error with the fact that s;_1 is hard to reach by any policy. O]
With the auxiliary results in mind, we are now ready to state our proof.

Proof of Theorem 2.5.3. We divide the proof into three parts.
e-optimal. By Corollary 2.7.10, the optimal mechanism B* is feasible under the relaxed
program in Table 2.2 with probability at least 1 —§. Conditioned on the event, as B* is not

necessarily the optimal solution, letting B denote the output to Algorithm 1, we have
REV(B*) < ReV(B),

where we note that the objective function of the program in Table 2.2 is exactly REV following

the same logic in Lemma 2.4.1. Therefore we know with probability at least 1 — ¢

REV(B*) — REVB = REV(B*) — REV(B*) + REV(B*) — REV(B) < REV(B*) — REV(B*)

< (H + 1),

where the last inequality is by Lemma 2.7.7 and observing that the revenue comes from
only the spend and payment rules. Following the same technique as in Theorem 2.4.2 shows
that an e-optimal and feasible solution to the relaxed program in Table 2.2 can be solved in

O(poly(1/e,N)) time. We thus complete the proof by noting the additivity of the subopti-

mality term.

Approximate IC. Conditioned on any N(1,h—1)> for any s;, and éh we know that the differ-

ence between the expected continuation utility under B and B = 337,@,67 i.e. the mechanism
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parameterized by the learned allocation rule, learned per-step payment rule, and spend-rule

calculated using the ground-truth transition probabilities, is at most

A~

U =1y, 80 01) = U (1 1) 50, 0p)|

H H
- Z Exh’"(hﬂﬁ—l)’sTﬁT (o7 — ol < Z Exhvn(h+1,T—1)asTng[’aT —or|].
T=h+1 T=h+1

For any potentially untruthful bidding policy b(h, H) consider the following type-agnostic

policy 7.

e From steps 1 to h — 1, use the type-agnostic policy that maximizes P17 (sy,), that is,

use argmax; Prj (sp,).

e From steps h to H, if the type at step h is s, then use the type-agnostic policy 7 that
generates the same marginal distribution over S(h+1,H) 85 @\( h,H) when the balance at
the h-th step is balj. Use some arbitrary policy otherwise. Such a policy exists by

Lemma 2.2.3.

As 7Y induces the same marginal distribution over S(h+1,H) 85 B and B, combined with

Corollary 2.7.11, the following holds with probability at least 1 — ¢

~ _

U5 011y 51 0) = UF (15 512 0|

H
< max Ery | D) 167 —&rl |5 = sp
baln,m):0(h,m) @ (h,H) Sy
H 1/2)c(1/2
1 R 5¢/ 4| S| =|O|e
< = max E lor —ar|| < ,
szo(sh) bal(y my.0(1,H)%(1,H) o L; ! ! ] maxy PTZ(Sh)

where the last line also uses the definition of 70,

83



Noting that B itself is stage-IC and therefore IC by Lemma 2.3.2, we also know that

2 ~ _Bb ~
B sY(h,H
OF -1y 510 00) = 0y, "™ (1 1) 50 0,

where b( h,H) is some potentially untruthful bidding policy. Following the same procedure as

above, where we now construct some 7! as follows

e From steps 1 to h — 1, use the type-agnostic policy that maximizes Prg(sh), that is,

use argmax, Prj (sp,).

e From steps h to H, if the type at step h is sy, then use the type-agnostic policy 7 that
generates the same marginal distribution over S(h+1,H) 85 33( h,H) when the balance at
the h-th step is baly, and the buyer reports according to the bidding policy b( h,H)- Use

some arbitrary policy otherwise. Such a policy exists by Lemma 2.2.3.

ab(h,H)(

_B ~ ~B.b ~
Via 71, the difference between U, N(1,h—1)> Shs0p) and Uy (b H) (M(1,h—1)> 5h>Op) can

also be controlled. Therefore we know the following holds with probability at least 1 — ¢ for

any potentially untruthful bidding policy

5 ~ _Bbu ~
TP -1y 500 0n) = Ty "™ (0t -1y 50 On)

> —[UP (1 1y 50 0) — UP (1 1y 500 0n)|
—gvb h,H o —Bvb h,H
— 10, (g 1y sna ) — T,
10

B 1/2) o(1/2
> ———————c /4|85 7|0e,
maxy PrZ(sh)C [SI771Ole

N(1,h—1)+ Sh: On)|

completing the proof for approximate IC.

Approximate ex-post IR. The proof is largely the same as the one provided for approx-
imate IC. Note that the induced d;, = 4, and does not need to be estimated. Notice that

the mechanism B is also exactly ex-post IR, as 7y, is exactly calculated according to P, and
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therefore B is a core ABAM. As a result, we know that

H H H
> Ap(0aly, my1, 5,05 60h) = Y 0(baly, mp—1, 5p,0) = > Fp(baly, my—1,sp),
h=1 h=1 h=1

where the exact derivation follows the proof of Lemma 2.3.3, provided in Appendix 2.5.2.
Here we also use the fact that the allocation, per-step payment, and deposit rules are the
same for B and B.

We then let N(1,H) be arbitrary and fixed. For each h, s, similar to the proof for ap-
proximate IC, we can construct some type-agnostic policy that maximizes the probability of
reaching sj, at step h. As Corollary 2.7.11 holds uniformly over all policies, using the fact

that absolute values are non-negative, we know that

bt

1/2) o(1/2
maXﬂ—PI"Z(Sh)C S

oy, (baly, mp—1,sp) — op(baly, np—1, sp)| <

Therefore for the mechanism g

H H H
> up(daly, np_1,sp,0p:0p) = . Ap(oaly,np_1, 55, 0p:0,) — > Gp(baly, my_1, )
h=1 h=1 h=1
H H - 1/2/¢1/2
~ 5¢/4| S| #|Ole
= — oy, (bal ) —1> - bal ) —1> = - )
2 oy, (baly, mp—1, ) — op(baly, np—1, sp)| 2 maxﬁPrZ(sh)
h=1 h=1
completing the proof. O

Proof of Lemma 2.7.7

As the proof of the two inequalities are largely the same, we focus on showing the first
inequality holds, as proving the second inequality only needs repeating the arguments used
for proving the first.

We show that the estimation error of Ey, [Zﬁ:l on(Br, Mh—1, sh)] can be bounded
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by estimation errors of some V-function, which can in turn be controlled by Lemma 2.7.2.

Observe that

H H
B m [Z Uh(ﬁh,nh—LSh)] =By [Z Uh(ﬁhmh—LSh)”
h=1

h=1

< max
B(1,5)M(1,H)

H H
ES(h,H) !Z Uh(ﬁhyﬁhlysh)] _Es(th) !Z Uh(ﬁh,nhl,sh)] '

h=1 h=1

Because [y, is a function of N(1,h-1)> there are only finitely many possible choices for 6(17 H)>
and there must be some 52‘1 H) that maximizes the expression above. Similarly we can find
some nZ‘l H) We note that we do not require these values to be valid. In other words, we do

not require
ﬁ*h-‘rl = gh(nzk17h_1)7 Shy 0;;)
nor do we require 7y = (sp, 07, r7) for some 0%, 2. The goal of 52‘1 H) 772‘1 o) is merely to

find a pair of sufficiently adversarial 8 and histories that maximizes the estimation error.

As a result, plugging ﬁE"l H): 772‘1 H) back into the inequality gives us

H H
Eney [Z Uh(ﬁhmh—LSh)] —Enm [Z Uh(ﬁhﬁh—bb”h)”
h=1

h=1

<

H H
ES(h,H) !Z Uh(ﬁZanz_lash)] - ]Es(h,H) [Z O-h(ﬂ;;vn;z_lash)]|

h=1 h=1

) 5*7 *_ N 57 5*7 *_ )"
<max B, _polVy I (5] B s 07 5y < e

where the last inequality is by Lemma 2.7.2, noting that o, (85,7, _;,-)’s range is in [0, H]
and the lemma holds uniformly over all such functions. The bound for cumulative esti-
mation errors in the payment rule holds similarly, by picking an adversarial combination

of 5(17 H)(1,H)> 9(1, H) ignoring whether or not such a combination is possible under the
ABAM B9Y. O
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Proof of Lemma 2.7.9

Focus on an arbitrary and fixed history N(1,h—1)- Taking the expectation over sy, 0}, we have

A~

B, 051 snr.en1 Lh B h—1, 51, On: 0n)] — B, 0, 151y [0R (B -1, S O O3)]]
< | Pr(zp—1,sp:0n | sp—1,yn—1) — Pr(zp_1,8p: 0 | sp—1.yn—1) 1

= > IPr(@p_1.sp. 0 | sp—1.¥n—1) = Pr(zp_1. 5,05 | sp—1. yp—1)|.
Sh,0h

As the inequality above uses only the fact that @ is in the interval [0, 1], it holds for all
possible values of 3;, and 7;,_1, as the function remains bounded regardless of the values of

these parameters. Expanding the probabilities shows for any sy, 6},

| Pr(zp_1, 54,0 | Sh—1,Yn—1) — Pr(zp_1, 51,0 | Sh—1,Yn—1)]
S S 5S 5 S
<Py, (sp | sn—1, 2n—1) Py (O | sn) — Py (sp | sn—1,2p—1) Py, (On | 51|
S S 5 S
<Py On | sp)I Py (sp | sh—1,xh—1) — Pj (sp | Sp—1,Tp—1)|

+ P2 (s | sh_1, 2n—1)[PS (0 | sp) — P50 | sp).

By Dvoretzky—Kiefer-Wolfowitz inequality we know for any 6 > 0, with probability at least

1 — 4, the following holds for a specific choice of h, s;,_1,x,_1 and all choices of 3y, 0;,_1

PS (51| she1s 1) P5 O | sn) — PS (sp | sp1, xh_1) P (01 | s1)

log(4/6 ~ log(4/6
<7>;§<eh\sh>\/ B0 B8, | spy,an o)y | 2B

2Np_1(8h—1,Th—1) 2Ny, (sp)

87



Summing over s, 0, gives us

B, 6, (511 [0 B M1 50 O3 00)] = o, 6, 511y [0 (B i1 50 033 0|

log(4|S|©|/6 ~ log(4|S]|©]/é
|5\\/ 5(45]/01/9) H@‘Zpg(sh|shml>\/ 5(45101/0)

2Np—1(sh—1,Th-1) ” 2Np(sn)

Because

Np_1(sp—1,2p-1,51)
Np—1(sp—1,2p-1)

5S
Py (sp | sp—1,2p-1) =

and clearly Ny (sp) = Njp_1(sp—1,%p—1,Sp), by Cauchy-Schwarz inequality

~ log(4|S]|1©1/6 ~ log(4|S||©|/6
pr(5h15h1,$h1)\/—g( 51161/9) < 27’;‘?(811\8}%1,%71)—& 51161/9)

” 2Np(sn) 2Np(sn)
3 No1(sn-1,2n-1,5n)  log(4|S[10/0) | |5]log(4|S]|O]/5)
S Np—a(sp—1,2p-1) 2Np—1(sp—1,Tp—1,51) 2Np_1(sp—1:Tp-1)

Consequently for a specific choice of h, sj, 1,21 and all 3y, 0,1, with probability at least
1-9,

B, 051 snr.en1 Lh B h—1 51, On: 0n)] — B, 0, 150 1y [0R B =1, S O O1)]]

< 1] log(4[S]|©]/6) T |S| log(4]S]|©]/6)
2Ny _1(sp—1, 1) 2Np_1(8p—1,Tp—1)

< 25| \/ log(4/5]161/5)

Np_1(sp—1,2p-1)

We then take a union bound over all possible values that P = {PS, PO} may take. For any
o > 0 the | - |so-covering number of A(©) is upper bounded by (1/e)!©l. Similarly, the
| - |lo-covering number of A(|S]) is no greater than (1/¢y)/°!. Via a simple discretization and

covering-based argument, we know by union bound that there is some constant ¢ such that
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the following holds for all possible values of h, sy, z;_1 and all possible P with probability

at least 1 — ¢

| Sh,eh | Sh—1sTh—1 uh ﬁh "Th—1:Sh; 6]17 eh)] Esh,eh | Sh—1:Th—1 [ah(ﬁha Th—1: 5h; eha 6h>]|

log(cH|S||©]/9)
CH|S||®|\/Nh 1(Sp—1,Tp-1)

When the bound above holds for all h, 8y, sp_1,0,—1,2,—1 and all P, for all choices of

yp—1 € [0, 1] we have

|E$h—175ha9h | Sh—1Yh—1 [ah(ﬁha 77h717 Sh? 9h7 eh)]

=B s | shvoun1 L8k (Bhs =1, S, O3 Op)]|
< |Es, 05 |sn_1.2n1=110hBhs h—1: S, O Op)]
- Esh,eh snv@n_1=1L0n(Br Mh—1, $p, O3 0p)]|
+ [Eq, 001 5n_1.0n_1=0LUn(Br: Mh—1, 5k On; O4)]

A~

- Eshﬁh ‘ Sh_l,xh_lz()[ah(ﬁfl? Nh—155h; 0h7 9h>]|7

where the inequality again holds by Holder’s inequality. Reusing the bound developed for

all zj,_1 completes the proof. O

Proof of Corollary 2.7.11

Let 7 be arbitrary and fixed. Focus on an arbitrary and fixed h € [H], and let

# ¥ % %
M1 h—1) Th Ok Sha1

= argmax By [0041((01,n-1) (Sh: Ons 7)) sh+1)
Bh+1:%h:0n:5h+1

= on(((1,h—-1)> (Shs Ons @0))s sha 1)
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As a result, we know for all N(1,h—1) Ths Onsp+1 and all

argmax  Eg | o[|16411((01 p—1): (5h: On> T1)), Spy1)
ﬁh-‘,—laxhvgh’sh-i-l

= on((n,n=1)> (Sns O 1)), Spr1) ]

< ]Esh | W[’ah-ﬂ—l(@}ﬂ;_Fl? (Sha 9;;7 xlﬂ;)v 8714_1) - 6h+1(6}ﬂ;+17 (Sha 9;;7 x2)7 8714_1)‘]7

Note that the function whose expectation we take only takes s; as an argument. By
Lemma 2.2.3, we let m be the task-agnostic policy that generates the same marginal dis-

tribution over s;. We also let

€
SJF = {S € S : mﬁXPI‘Z(S) = W},
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and have

En(17H)~z§[|5h+1(”(l,h)’ Sh+1) = Oh+1(M(1, 1) Sh1)!]

= Z [|8h+1((772<17h_1)7(5h>97wx2>>752+1)
ShES;—

= on+1((0(1 p—1)> (5 055 23)), s ) 1P (51)

+ Z [|3h+1((772<17h_1)7(Shvez’xZ))asz+l)
Sh¢8}—:_

- 5h+1((77(17h,1)7 (n, 9};7 :c};)), 57L+1)H PTZ(Sh)

< Z \3h+1((772<1’h71),(8h7927$2)),52+1)
ShGS}T
€

= O (00 1y (800 O @) S DI PL (5) + 579

g( Z |8h+1((n2‘17h71),(sh,ﬁz,ﬁ)),s}iﬂ)
ShES}T

€

1/2
= () GO S5 PP )+ 5

where the second-to-last line is by definition of S h+ and the last by Cauchy-Schwarz inequality.

Noting that

5h+1((772<17h_1), (Sh> 6‘;2’ 1’2)), 524-1) - 6h+1((772<17h_1)7 (Sh> 627 xZ))7 82—{-1)
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is entirely induced by estimation error in expected per-step utility, applying Lemma 2.7.9,

with probability at least 1 — ¢ we have

AR+ 1Bhs1: M5 Sha1) = Tt 1 (Bros 1 Mhs Sha1)]]

N(1,H)
€

< cH|S|OVe | Y] (Nn(sps 0)) 72 4+ (Ny(sp, 1)) ~Y2)2 Prf (sp,) + I
sheS; (2.7.9)

< cH|S||OV2e | Y (Ny(sp, 0071 + Ny (sp,, 1)~1) Prf(sp,) +

€
2H?’
ShES;

where the second inequality uses the fact that (a + b)2 < 2(a® + b2). By Theorem 2.7.1

1 1
P 1 P
luh(sh? O) 4‘S|H rh (Sh) luh(shv ) 4‘8’[’[ I'h(Sh)

Therefore, for any sj, € S}J{, xp, € {0, 1}, we know

Ny (sp,2) " PrT () < 4\5;1{%.

The claim then holds by applying multiplicative Chernoff bound and recalling our choice of

. H5|S|?
N. More specifically, we know that N > ¢ o

log (CELH) Therefore, for any h, sp, zp,

Euh(shwh)[Nh(Sh,iCh)] = /Lh(Sh,.Z'h)N >

cH3|S| (C\S|H>
log .
€ oe
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Taking a union bound over all h, s, and xj, € [0,1], we know by one-sided multiplicative

Chernoff bound that

- Np(sp,@p)
= Pr(3(h, sp, xp) s-t. Np(sp,xp) < pp(sp, xp)N/4)

3
< 2|S|H exp (— 9eH"|5] log <C|S‘H))

Pﬁ'(ﬂ(h,sh,xh)si; Hn(3hy Th) 2»4PJ1)

32¢ de

H3 1
< dexp <—903T€|S|log (E)) < 9,

where the last line holds as long as ¢, |S|, H are sufficiently large.
By the union bound, we then know with probability at least 1—4, we have for all h, s, xj,
that

82

N “IPi7(s;) < 8|S|HN L < )
h(sn,xp) " Prf(sy) < 8IS cHY|S[log(c|S|H /(d¢))

and plugging the bound back into (2.7.9) shows that with probability at least 1 — o

Ene iy 10h+1Bns1: s sn1) = Gn1 (Bt hs Sh1)]

€

< CH|S||@|\/Z Z \/Nh(sh,xh)_l PrZ(sh) +ﬁ
shES}T,th{O,l}

- 4|0]e c|S] € o 4|Oler/c|S| L€
log( H

7] c[S|H/(6e)) " 2H? 202

Finally, summing over all H and noting that the claim holds for arbitrary @ completes the

proof. O]

2.7.6  Aumziliary Results

Lemma 2.7.12 (Piece-wise Linear Approximation, Lemma A.6 in [Mirrokni et al., 2016a]).

For any concave function f defined on interval [a,b], if
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e f(a) and f(b) are given;

e there exists |Bq| < +o0 and |5y| < 400 such that
f(&) < Bal€ —a) + fla), f(§) < Bp(€ —b) + f(b);

then for any k > 0, a pair of lower and upper bounds, fA and fV can be computed via O(n)

queries to the evaluation oracle of f, such that
o let = (f(b) = f(a))/(b—a), then

(5@ - Bb)2 .
(Ba = B)(Bp — )

n < — + log
K

e both of fA and fV are concave, continuous, and piece-wise linear and have at most

O(n) pieces;
o the gap between 2 and fV is (maxc f(¢) — min{f(a), f(b)}) K.

Theorem 2.7.13 (Envelope Theorem, Corollary 4 in [Milgrom and Segal, 2002|). Suppose
that X is a nonempty compact space, f(x,t) is upper semicontinuous in X, and a%f(x, t) is

continuous in (x,t). Let V(t) = supgex f(z,t). Then
1. 'V is absolutely continuous and V' (t) = V(0) + S(t) a%f(x*(s), s)ds.

2. VI(t+) = MaX,e y (1) ;%f(x,t) forany 0 <t <1 and V'(t—) = min e x+ () ;%f(x,t)

forany 0 <t < 1.

3.V is differentiable at a givent € (0,1) if and only Zf{;%f(x, t) |z e X*(t)} is a singleton,

and in that case V'(t) = %f(x,t) for all z € X*(t).
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CHAPTER 3
ONLINE RL FOR REVENUE MAXIMIZING SECOND PRICE
AUCTIONS IN MDPS WITH LINEAR FUNCTION
APPROXIMATION

3.1 Introduction

Second price auction with reserve prices is one of the most popular auctions both in the-
ory |Nisan et al., 2007| and in practice [Roth and Ockenfels, 2002]. While closed form expres-
sions for the optimal reserve price have been known ever since the seminal work of Myerson
[1981], directly applying the result requires population information, such as the bidders’
valuations’ distribution, is known a priori. Various attempts have been made to weaken
the assumption, with one of the most prominent lines of literature being reserve price opti-
mization for repeated auctions in the contextual bandit setting [Amin et al., 2014, Golrezaei
et al., 2019, Javanmard and Nazerzadeh, 2019, Deng et al., 2020].

A limitation of existing works lies in the bandit assumption. Indeed, while reserve price
optimization is already challenging as-is, allowing the auction to be both contextual and in-
troducing temporal dependent dynamics, particularly, incorporating Markov Decision Pro-
cess (MDP) induced dynamics in the evolution of bidders’ preferences, opens up a wider
range of problems for studying. For example, Dolgov and Durfee [2006] studies optimal
auction under the setting and developed novel resource allocation mechanisms, Jiang et al.
[2015] leverages both MDP and auctions to better analyze resource allocation in IaaS cloud
computing, and Zhao et al. [2018] uses deep Reinforcement Learning (RL) to study sponsored
search auctions. We refer interested readers to Athey and Segal [2013] for more motivating
examples. A question naturally arises: is it possible to optimize reserve prices when bidders’
preferences evolve according to MDPs?

In this article, we provide an affirmative answer. Our work assumes that the state of the
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auction is affected by the state and the seller’s action in the preceding step. To facilitate
interpretation, we refer to the seller’s action in this context as “item choice”: bidders’ later
preferences could be affected by the types of items sold in previous rounds, a phenomenon
well-documented by empirical works in auctions [Lusht, 1994, Jones et al., 2004, Lange
et al., 2010, Ginsburgh and Van Ours, 2007].

As is the case in many real-world problems, we assume that the underlying transition

dynamics and the bidder’s valuations are both unknown. We further emphasize that we do
not make any truthfulness assumptions on the bidders, allowing them to be strategic with
their reporting. Under such a challenging setting, our goal is to learn the optimal policy of
the seller in the unknown environment, in the presence of nontruthful bidders.
Our Contributions. We begin by summarizing the three key challenges we face. First,
bidders have the incentive to report their valuation untruthfully, in hopes of manipulating
the seller’s learned policy, through either overbidding or underbidding, making it difficult
to estimate their true preferences and the underlying MDP dynamics. Existing works such
as Amin et al. [2014], Golrezaei et al. [2019], Deng et al. [2020] do not apply due to technical
challenges unique to MDP. Second, when the market noise distribution is unknown, even
in the bandit setting existing literature often only obtains (5(K 2/ 3) guarantee [Amin et al.,
2014, Golrezaei ct al., 2019] and Q(K2/3) revenue regret lower bound exists in the worst
case [Kleinberg and Leighton, 2003]. Third, the seller’s reward function, namely revenue, is
unknown, nonlinear, and can not be directly observed from the bidders’ submitted bids and
LSVI-UCB cannot be directly applied.

We are able to address all three challenges with the CLUB algortihm. Motivated by the
ever increasing learning periods in existing works [Amin et al., 2014, Golrezaei et al., 2019,
Deng et al., 2020], our work further draws inspiration from RL with low switching cost [Wang
et al., 2021] and proposes a novel concept dubbed “buffer periods” to ensure that the bidders

are sufficiently truthful. Additionally, we feature a novel algorithm we dub “simulation”
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which, combined with a novel proof technique leveraging the DvoretzkyKiefer-Wolfowitz
inequality [Dvoretzky et al., 1956, yields O (v K) revenue regret under only mild additional
assumptions. Finally, by exploiting the mathematical properties of the revenue function, our

work provides a provably efficient RL algorithm for when the reward function is nonlinear.

3.1.1 Related Works

We summarize below two lines of existing literature pertinent to our work.

Reserve Price Optimization. There is a vast amount of literature on price estima-
tion [Cesa-Bianchi et al., 2014, Qiang and Bayati, 2016, Shah et al., 2019, Drutsa, 2020,
Kanoria and Nazerzadeh, 2014, Keskin et al., 2021, Guo et al., 2022a]. Deng et al. [2020]
considers a model where buyers and sellers are equipped with different discount rates, propos-
ing a robust mechanism for revenue maximization in contextual auctions. Javanmard et al.
[2020] proposes an algorithm with O(v/T) regret while Fan et al. [2021] achieves sublinear
regret in a more complex setting. Cesa-Bianchi et al. [2014] studies reserve price optimiza-
tion in non-contextual second price auctions, obtaining (5(\/T ) revenue regret bound. Drutsa
[2017, 2020] studies revenue maximization in repeated second-price auctions with one or mul-
tiple bidders, proposing an algorithm with a O(loglog T") worst-case regret bound. However,
their setting is non-contextual and they cannot be applied to our setting.

Among this line of research, Golrezaei et al. [2019, 2023] are possibly the closest to our
work. Golrezaei et al. [2019] assumes a linear stochastic contextual bandit setting, where the
contexts are independent and identically distributed, achieving O (1) regret when the market
noise distribution is known and (5(K 2/ 3) when it is unknown and nonparametric. While the
O(1) regret under known market noise distribution seems to be better than our bound, we
emphasize that their stochastic bandit setting does not require exploration over the action
space required in our work and, even in generic linear MDPs, a Q(v/K) regret lower bound

exists [Jin et al., 2020b|]. For unknown distribution, there’s another difference that they
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consider a time-varying model while we focus on dealing with underlying MDP but fixed.
Though the difficulty of these tasks is hard to compare directly, Amin et al. [2014] considers
a non-parametric but fixed distribution setting and suffers 5([( 2/ 3) regret which may hint
at the main difficulty comes from a non-parametric rather than time-varying setting. We
delay more discussion about concrete techniques in Golrezaei et al. [2019] in Section 3.6.1.
Lastly, as we discussed previously, the approaches in Golrezaei et al. [2019] cannot be directly
applied in the MDP setting, necessitating our novel algorithmic structure.

At the same time with our paper, Golrezaei et al. [2023] considers another pricing problem
with non-parametric noise, achieving (5(\/7 ) regret. However, they only set a reserve price for
all bidders while we customize reserve prices for each bidder to attain more revenue. On the
one hand, the seller will achieve more revenue by setting different reserve prices for different
bidders which is in line with the goal of the seller because there are fewer corresponding
constraints. On the other hand, in the real world, it is more common to set up personalized
reserve prices in the online advertisement market, like price discrimination [Paes Leme et al.,
2016, Wu et al., 2019|. Additionally, Golrezaei et al. [2023| is in the scope of contextual
bandits and is a special case of our MDP setting. Pricing in contextual bandit settings is
much easier than MDP because i.i.d. context will form a positive definite covariance matrix
and linear regression works well. But in MDP, features depend on action and absolutely not
i.i.d. Without positive definite assumption, algorithms designed for contextual bandits lose
effects and we need innovative algorithms to incorporate pricing and complex information
structures.

RL with Linear Function Approximation. Linear contextual bandit is a popular model
for online decision making [Rusmevichientong and Tsitsiklis, 2010, Abbasi-Yadkori et al.,
2011, Chu et al., 2011, Li et al., 2019, Lattimore and Szepesvari, 2020] that has also been
extensively studied from the auction design perspective [Amin et al., 2014, Golrezaei et al.,

2019]. Its dynamic counterpart, Linear MDP, remains popular in the analysis of provably
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efficient RL [Yang and Wang, 2019, Jin et al., 2020b, 2021b, Yang and Wang, 2020, Zanette
et al., 2020a, Jin et al., 2021a, Uehara et al., 2021, Yu et al., 2022, Wang et al., 2021, Gao
et al., 2021|. In particular, Jin et al. [2020b] is one of the first papers to introduce the
concept, proposing a provably efficient RL algorithm with (5(\/K ) regret. Jin et al. [2021D)|
generalizes the idea to offline RL.

While we use linear function approximation, the seller’s per-step reward function, rev-
enue, is non-linear. Our work also features novel per-step optimization problems to combat
effects from untruthful reporting. While our work draws inspiration from Wang et al. [2020c|
and Gao et al. [2021], as we discussed previously, these inspirations are needed to for ob-
taining high quality estimates when the bidders are untruthful. Thus, our work differs
significantly from prior works on linear MDPs.

Notations. For any positive integer n we let [n] denote the set {1,...,n}. For any set A
we let A(A) denote the set of probability measures over A. For sets A, B, we let A x B be
the Cartesian product of the two. Throughout the whole paper, we use k € [K] to refer to
an episode and h € [H] to refer to a horizon. In addition, we use k to refer to a buffer period

associated with the k-th episode.

3.2 Preliminaries

We consider a repeated (lazy) multi-phase second-price auction with personalized reserve
prices. Particularly, we assume that there are N rational bidders, indexed by [IN], and one
seller participating in the auction. For ease of presentation, we use “he" to refer to a specific
bidder and “she" the seller.

Second Price Auction with Personalized Reserve Prices. We begin by describing a
single round of the auction. Each bidder i € [N] submits some bid b; € R>( and the seller
determines the personalized reserve prices for the bidders in the form of reserve price vector

pE Rgo, with p; denoting bidder ¢’s reserve price. The bidder with the highest bid only wins
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if he also clears his personal reserve price, i.e., b; = p;. If the bidder 7 receives the item, he
pays the seller the maximum of his personalized reserve and the second highest bid, namely
max{p;, max;; b;j}, which we dub m; for simplicity. When the bidder with the highest bid
fails to clear his personalized reserve price, the auction fails, the seller gains zero, and the
item remains unsold. In summary, bidder i receives the item if and only if b; > m; and
the price he pays is m;. For any round of auction, we let ¢; = 1(bidder i receives the item)
indicate whether bidder 7 received the item or not. For the sake of convenience, throughout
the paper we assume that there are no ties in the submitted bids.
A Multi-Phase Second Price Auction. We now characterize the dynamics of the multi-
phase auction setting we study. Assume that the transition dynamic between rounds can
be modeled as an episodic Markov Decision Process (MDP)l. A multi-phase second price
auction with personalized reserves is parameterized as (S, T, H, P, {rz}f\; 1), with the state
space denoted by S, seller’s item choice space Y2, horizon H, transition kernel P = {]Ph}thl
where Py, : & x T — A(S), and the individual bidders’ reward functions r; = {Tih}thl for
all i € [N]. The choice of item v € T affects the bidders’ rewards as well as the transition.
The interaction between the bidders and the seller is then defined as follows. We assume
without loss of generality that the state at the initial step is fixed at some x1 € S. For each
h € [H], the seller and the bidders engage in a single round of second price auction. Given
the seller’s item choice at step h, vy, nature transitions to the next state according to the
transition kernel Py,.
Motivations for the MDP Model. The core of our setting is to study what will happen
when selling heterogeneous goods. We provide three real-world scenarios to motivate this

phenomenon.

1. We can easily extend our setting to that of an infinite-horizon MDP by improperly learning the process
as an episodic one. Here we focus on the finite-horizon case purely for simplicity of presentation.

2. Here we use “item choice" to better illustrate what T intuitively represents. The term can be extended
to more generic notions of seller’s action.
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e (Online Advertisement) Google sells lots of advertising positions every day while
buyers face budget constraints. In the early rounds, since buyers have more budget left,
they are usually eager to bid higher and have a stronger willingness to pay. Therefore,
Google may want to sell the most valuable position at first so that buyers have the

ability to pay higher acceptable prices and avoid being underbid and unsold.

e (Antique Auction) For traditional auction design, the prior auctions may affect the
latter auctions. For instance, consider when Sotheby’s wants to sell several antiques.
The order of selling is of significance and that’s the reason why Sotheby’s needs to sell a
few other pieces to warm up before selling the final flagship piece. The order influences
people’s valuation and consequently, total revenue. For example, if Sotheby’s wishes to
auction a valuable Chinese ancient artifact, they would auction some related artifacts

during the warm-up session to enhance buyers’ expectations.

e (Automobile Sales Market) The last example is on the market of cars. If one buyer
wants to buy a sedan in General Motors, recommending Chevrolet first or Cadillac
first will influence his preference for the course. If he sees Chevrolet first, he may think
Cadillac is too expensive. However, if he sees Cadillac first, he may think Chevrolet
lacks a sense of experiential quality. To achieve maximum profitability, General Motors
carefully arranges the recommended order. In a broader sense, they meticulously design

the sequence in which cars appear in advertisements.

All in all, contextual bandits lack the ability to depict such kinds of problems. We need
to use MDP to model these issues.
Bidder Rewards. We assume that for each bidder i € [N] at time & € [H], his reward?

depends on both the state x and item being auctioned off at that round v € T, which we

3. Wes use the term “reward” to maintain consistency with existing RL literature.
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formalize as

rin(e,0) = 1+ (2, v) + 24, where 2y, "5 R

Here, z;;, denotes the randomness within bidders’ rewards and are drawn i.i.d. from the
market noise distribution F'(-). We assume that F(-) is supported on [—1,1] and has mean
0. Let pjj, : S x T — [0, 1] denote the conditional expectation of the reward less one, where
the constant is added to ensure r;;,(z,v) € [0, 3].

Policies and Value Functions. Before we describe the seller’s policy, we first discuss the
action space A = T x Rgo. At each h € [H], the seller chooses some action a;, = (v, pp,),
comprising of item choice v € T and reserve price vector p € ]Rgo. The seller’s policy is then
T = {ﬂh}le, where 75, : § — A(A). We let 7¥ and 7” denote the marginal item choice
and reserve price policies, respectively. Recall that the seller garners revenue only when the

item is sold to a bidder. At each h € [H], her per-step expected revenue is then

N
B =By, [Z mip L(mgp, < bih)] (3.2.1)
1=1

as we recall that m;j, = max{p;j,, max;; b;,} and bidder i pays the seller m;y, if and only if
b;p, = m;p,. The value function (V-function) of the seller’s revenue for any policy 7

and the action-value function (Q-function) is @} : & x A — R are then

H
Vi(z) = Ex [ Z Ry (xpr,ap) | sp = :L‘]
h'=h

and

H
Qp(x,a) =Ex [ > By(xp,ap) sy =z a), = a] :
W=h

respectively.
Since the bidder reward only depends on state z and the choice of item v instead of

reserve p, we have a family of mappings from & x T to Rgo that determines p. Therefore,
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with a slight abuse of notation, we can rewrite our Q-function as Q(x, a) = Q(x, (v, p(z,v))),
restricting the role of setting reserve prices using such mappings without loss of generality.
From now on, we use Q(s, v) to denote Q-function for simplicity. For any function f : § — R,

we define the transition operator P and the Bellman operator B as

(Pnf)(w,a) = E[f(sp41) [ sp = =, a5, = al, (Bpf)(x,a) = E[Rp(sp, ap)] + (Ppf)(x, a)

respectively. Finally, we let 7* denote the optimal policy when the bidders’ reward func-
tions, the MDP’s underlying transition, and the market noise distribution are all known to
the seller. We remark that when these parameters are known, second price auctions with
personalized reserve prices are inherently incentive compatible and rational bidders will bid
truthfully.

Performance Metric. The revenue suboptimality for each episode k € [K] is
SubOpty () = Vi* (1) — V™ (21),

with 7. being the strategy used in episode k. Our evaluation metric is then the revenue

regret attained over K episodes, namely

K
Regret(K) = Z SubOpty (7). (3.2.2)
k=1

Impatient Utility-Maximizing Bidders. We assume the bidders are equipped with
some discount rate v € (0,1) while the seller’s reward is not discounted. For the sake of
simplicity, we assume 7 is common knowledge. Drutsa [2020] consider a scenario where
v is unknown but with a strictly less than one upper bound. We highlight that it works
with our CLUB algorithm as well as long as we replace + with its upper bound. We can

have regret bounds with the same order because we adopt more conservative estimators and
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buyers won’t violate as much as the corresponding results of . Then all results in our
paper hold up to some changes of absolute constants. Bidder ¢’s utility at step h is given
by (75, (sp, ) — mip) 1(b;;, = m;p), as we note that he only receives nonzero utility upon

winning the auction. His objective is to maximize his discounted cumulative utility

K H

-1 k k k k k k k

Utility; = Z V' Enr, Z (rin(sp,vp) —myy) L(bjy, = mg) [ s1 = 1| .
k=1 h=1

Note that in practical applications, sellers are usually more patient than bidders and
discount their future rewards less. Consider a sponsored search auction, where the seller
usually auctions off large numbers of ad slots every day. Bidders usually urgently need
advertisements and value future rewards less. On the other hand, the seller is not especially
concerned with slight decreases in immediate rewards. We refer the readers to Drutsa [2017],
Golrezaei et al. [2019] for a more detailed discussion on the economic justifications of the
assumption and emphasize that the assumption is necessary, as Amin et al. [2013] shows
that when the bidders are as patient as the seller, achieving sub-linear revenue regret is
impossible.

Linear Markov Decision Process. As a concrete setting, we study linear function ap-

proximation.

Assumption 3.2.1. Assume that there exists known feature mapping ¢ : S x T — RY such
that there exist d-dimension unknown (signed) measures M;, over & and unknown vectors

{Qih}g\il e RY that satisfy

Py (ZE/|I, U) = <¢($7 U)v Mh<$/)>7 :UJih(x7 U) = <¢(ZL’, U)v 92h>

for all (z,v,2') e S x T x 8, i€ [N], and h € [H]. Without loss of generality, we assume
that |(z,v)| < 1 for all (z,0) € S x T, |[My(S)| < Vd, and |0;,] < Vd for all h € [H]

and 1 € [N].
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There're some scenarios in reality that mapping ¢(-,-) is public knowledge like repre-
senting the order of items. However, for unknown mapping |Lattimore et al., 2020], there
are some ways to pre-train features using a reproducing kernel Hilbert space, neural net-
works or the Knowledge Discovery in Databases (KDD) method |Lange and Riedmiller,
2010, Claessens et al., 2016, Wang et al., 2020a]. Utilizing these, we can obtain a working
feature representation in practice.

We close off the section by remarking that while the transition kernel P;, and the bidders’
individual expected reward functions {,ul}f\i | are linear, the seller’s objective, revenue, is
not linear, differentiating our work from typical linear MDP literature (see Yang and Wang

[2019], Jin et al. [2020b] for representative works).

3.3 Known Market Noise Distribution

We remind the readers of our three main challenges, with the first challenge being exploring
the environment even when the bidders submit their bids potentially untruthfully. The
second challenge emerges only when the market noise distribution is unknown and we defer
its resolution to Section 3.4. The third challenge is performing provably efficient RL even
when the seller’s per-step revenue, detailed in (3.2.1), is nonlinear and not directly observable.

In this section, we present a version of CLUB when the market noise distribution is
known. We assume for convenience that K is known, as we can use the doubling trick (see
Auer et al. [2002] and Besson and Kaufmann [2018] for discussions) to achieve the same order
of regret when K is unknown or infinite. Since we can utilize the doubling trick to partition
K into at most [logg K] + 1, adding corresponding regret will lead to a regret bound of the

same order up to some logarithmic terms.
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3.3.1 CLUB Algorithm When F(-) is Known

We start with the first challenge, which we address by a collection of algorithms that suc-
cessfully induce approximately truthful bids from the bidders.

Addressing Challenge 1: Untruthfulness. To curb the sellers” untruthfulness, we need
to punish such behavior, achieved through a random pricing policy in the form of Algorithm 2.
For each h € [H], Tpqpq randomly chooses an item and a bidder, offering him the item with
a reserve price drawn uniformly at random. The bidder’s utility decreases whenever he
reports untruthfully, risking either not receiving the item when he underbids, or overpaying
for an item when he overbids. Combining lazy updates (see Algorithm 3), we can ensure
approximate truthfulness because with the discount rate being less than one, the benefit the
bidder gains from misreporting the bids will decay as timestep increases. However, since
we consider multi-phase auction design, it remains some nuisance introduced by MDP. For
instance, there is no guarantee of a positive definite covariance matrix and it’s challenging to

give a low regret union bound. We will see how to solve them in the following paragraphs.

Algorithm 2 Definition of m.,,q
1: forh=1,...,H do
2:  Randomly chooses an item vy, € Ty,.
3:  Choose a bidder i € [ N] uniformly at random and offer him the item with reserve price
pin, ~ Unif([0, 3]). Set other bidders’ reserve prices to infinite.
4: end for

We further introduce a novel technique, “buffer period”, which explicitly forces the bidders
to wait before starting a new learning period, thereby decreases the discounted utility the
impatient bidders may gain from untruthfulness. Indeed, a typical algorithm in bandit setting
only features m.,,,q and a sequence of learning periods that double in length [Amin et al., 2014,
Golrezaei et al., 2019, Deng et al., 2020|. In the bandit setting, data collected in all previous
periods is used to update the policy at the end of each period. The increasingly lengthy

periods ensure that the seller switches policy less frequently, ensuring that the impatient
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buyers need to wait longer before benefiting from untruthful reporting, deterring them from
doing so. Unfortunately, the same technique does not work for MDPs, as the rate at which
the smallest eigenvalue of the covariance matrix estimate grows cannot be determined and
we cannot ensure our estimate of the underlying environment is not “stale” when we double

the length of the periods.

Algorithm 3 Buffer Period with Known F(+)

1: Receives buffer start buffer.s(k + 1) = k and end buffer.e(k + 1) = k + S)g()—%ﬁ).
2: Do nothing for all episodes buffer.s(k + 1) < k < buffer.e(k + 1), i.e. do nothing
during the buffer period before the end.

3: At the end of the buffer period, update policy estimate T and Q-function estimate
AT

QhE“ (-,-) using Algorithm 5, and then increment buffer period counter k « k + 1.

While we can mimic the aforementioned bandit algorithms by drawing inspiration from
low-switching cost RL literature, we cannot guarantee that the periods are sufficiently long
without buffer periods. Indeed, we can use the smallest eigenvalue of the covariance matrix
to determine when to start a new period. However, it is impossible to determine a priori
the rate at which the smallest eigenvalue grows. Buffer periods ensure that each period is
sufficiently long, deferring any utility gain from untruthful reporting. Combined with the
bidders’ discount rate, a combination of m,,q and buffer periods ensure that the bidders
behave approximately truthfully. The technique is detailed in Algorithm 3.

With buffer periods defined, we summarize CLUB’s update schedule in Algorithm 4 and
include Figure 3.1 for visual representation. Let H—lf(oﬂrand‘i'(l—ﬁ)(mg represent a mixture

policy combining m,,q and T where for each h, with probability ﬁ we act according to

~

Trand and with probability 1— Hl_K according to 7. For convenience, we assume buffer.e(k)

~

is an integer, as rounding up buffer.e(k) does not affect asymptotic regret. Unlike a typical

low switching cost RL algorithm, Algorithm 5 further delays updating for lig()—%ﬁ) episodes

after the switching criterion in line 4 is satisfied.

The mixture policy sufficiently punishes untruthfulness. Combined with buffer periods
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Algorithm 4 Contextual-LSVI-UCB-Buffer (CLUB) with Known F'

1: Initialize policy estimate m, buffer period counter k= 0, buffer period starting points
buffer.s(0) = 1, and buffer period end points buffer.e(0) = 1.

. for episodes k =1,..., K do

. Execute mixture policy Hl_K O Tprand + (1 — HL) o Ty

W N

P collecting outcomes ¢], and

B UR) (@], v;;)T +1 for all he [H.
)) X Q(Ak )~1, schedule a new buffer

3log K
log(1/7)

updating covariance matrices Ak — ZT 16(
e(

4:  If there exists h € [H] such that (A
period starting at buffer.s(k + 1) = k and ending at buffer.e(k + 1) = k +

using Algorithm 3, and set k buffer.e(% +1).
5. end for

M1 buffer Mg = {n-l.é,h}ﬁ:l
A A

buffer.e(k —1)  buffer.s(k) buffer.e(k) X buffer.s(k + 1)

Figure 3.1: Learning periods and buffer periods: buffer.s(-) and buffer.e(-) represent the
start point and the end point of a buffer respectively. Episode k lays between buffer.e(k)

and buffer.s(k + 1) and the length of each buffer is %.

(Algorithm 3) and the update schedule (line 4), Algorithm 4 also limits the discounted utility
bidders gain from untruthfulness, thereby curbing excessive overbidding and/or underbid-
ding. Line 4 represents a kind of lazy update. We only calculate new Q-function when at
least one eigenvalue decays by half, restricting the total number of updates and beneficial
to construct high probability union regret bounds. At the same time, we wait for the length
of buffer periods before updating to motivate truthful bidding. While 7,4 is suboptimal,
the mixture policy ensures that it is not executed too many times, reducing its damage to
revenue.

With the techniques discussed above, namely Algorithms 2, 3, and 4, we now have suf-
ficiently addressed our first challenge, obtaining approximately truthful reports in the face
of strategic bidders. We then tackle the third challenge outlined in the abstract: provably

efficient reinforcement learning even when the per-step revenue is nonlinear.
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Addressing Challenges 2 and 3: Regret Minimization and Nonlinear Revenue.
Having shown that our algorithm punishes untruthful behavior, we begin by showing that
the resulting reports are sufficiently truthful for obtaining accurate parameter estimates. It’s
still quite intricate as regret depends on both state, action related to transition kernel and
reserve prices. Traditional point estimation with uncertainty quantity is not enough since
we need to not only combine the structure of underlying MDP and coordinate with buffer
periods, the so-called lazy updates, but also consider the small proportion of untruthful
bids. Whereas LSVI-UCB directly learns from empirical rewards, here we use indicators qfh,
which we recall is one if bidder ¢ receives the item at episode k step h and zero otherwise.
As we cannot guarantee that the empirical covariance matrix is positive definite, existing

techniques in Amin et al. [2014], Golrezaei et al. [2019] cannot be applied. We instead have

buffer.e(k+1)
Oip = argmin >0 (g, — L+ F(mf, — 1= (o(a], 0]). 0)))%, (3.3.1)
lol<2vd =1
where p7, is agent i’s reserve price and m], = max{max;; b7, , p7; }. (3.3.1) is justified by the
observation that, assuming that he bids truthfully, bidder ¢ wins the auction with probability
1—F(m], —1—{¢(x],v]),0)), conditioned on x7 v}, and m],. Controlling the uncertainty
around @h then resembles controlling the uncertainty of a generalized linear model with F'(-)
being the link function. As bidders need to overbid or underbid significantly to alter the
outcome of the auction, é\)ih is less susceptible to untruthfulness.

While we use a typical linear function approximation assumption, the seller’s revenue
function Ry, is not linear and we cannot directly apply existing approaches. We instead
directly estimate Rj, and link our uncertainty on the seller’s revenue to the typical linear
MDP uncertainty quantifier, summarized Algorithm 5.

We let b+ and pT denote the highest truthful bid and the highest reserve price, re-

spectively. Similarly, let b~ and p~ denote the second-highest. Algorithm 5 estimates the
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] . . A1
Algorithm 5 Estimation of Q,"*'(-,-)

. Estimate é\zh using (3.3.1) and set fi;(+, ) < (¢(-,-), 0 Azh> for all 4, h.
: Estimate reserve price pj (-, ) = argmax, y(1 — F'(y — 1 — [ (-, -)))
(-,

1

9 for all 7, h.
3: Estimate revenue Ry, (-,-) < E[max{b, (~,-), 5} ()} 10} (-, ) = 5y
4

5

)]
:forh=H,...,1do

Ay — leufier.e(k—&-l) e ﬁ,vg)cb(x;,vg)T + M.
1 Zbuffer € k+1) (b(x};, ’UZ)[HI&XU @h+1($z+1, ).
T Q) minfel 6(,) + RO, + poly(log K)o, )] y1,3H).

. v i AWE-H i
8: Tl h( ) < argmax, Q" (-, v).
(-))-

pz
w0 Pl

10: end for o
A k+1
11: Return {Q, (,)} _, and {7

6: wh<—A

k+1 h

ben Ol

Q-function optimistically by dividing the problem to two halves: per-step revenue estima-
tion (lines 1 to 3) and transition estimation (lines 4 to 10). In the first half, we use (3.3.1)
to estimate all 07, which in turn gives estimates for bidders’ rewards in the form of fi;,.
We then feed the reward function estimates to line 2, yielding an estimate for the optimal
reserve price. With Algorithms 2, 3, and 4, the effects of untruthful reports are controlled,
and we can ensure that the revenue estimate is sufficiently close to the ground truth. With
p;n, estimated, we then obtain revenue estimates for all states and item choices via line 3.
Consequently, we decide both nearly optimal reserve prices and the order of items, addressing
the second challenge of regret minimization.

While the rest of Algorithm 5 resembles a typical LSVI-UCB algorithm [Jin et al., 2020b],
we highlight several key differences. First, we use the plug-in revenue estimate, whereas exist-
ing works estimate the Q-function with the empirically observed rewards. To accommodate
the plug-in estimate, here wy, estimates PV}, 11, the transition operator applied to the V-
function, as opposed to B, V}, 4 1, which uses the Bellman evaluation operator instead. Lastly,
in line 7 we link the uncertainty of revenue to the uncertainty bonus typically seen in linear

MDPs, thereby obtaining an optimistic estimate of the QQ-function induced by revenue. We
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conjecture the transition estimation procedure can be changed to other suitable online RL
algorithms under other function approximation assumptions.

In summary, in this section we addressed the first and third challenges. The first challenge
is addressed mainly by a novel technique dubbed “buffer periods" and the third one through
nontrivial extensions to the LSIV-UCB framework. By combining the loss from incentivizing
truthful mechanism and learning underlining model to set reserve prices, we get the final
Algorithm 4, which explores efficiently and achieves the following regret upper bound, and

then addresses the second challenge of regret minimization.

3.3.2  Regret Bound When F(-) is Known

We introduce the following assumptions before we bound the regret. These regularity as-
sumptions are commonly found in economics literature [Kleiber and Kotz, 2003, Bagnoli and

Bergstrom, 2006|.

Assumption 3.3.1. Market noise pdf f is bounded, i.e. there exist constants ci,Cq such

that cp < f < Cf.

Assumption 3.3.2. Market noise pdf f is differentiable and its derivative is bounded. That

is, there exists a constant L such that |f'| < L.
Assumption 3.3.3. Market noise cdf F(-) and 1 — F(-) are log-concave.

At a high level, Assumptions 3.3.1 and 3.3.2 ensure that the pdf f is generally well-
behaved, namely, bounded and smooth. Assumption 3.3.3 is a popular assumption in eco-
nomics that ensures the validity of the Myerson lemma [Myerson, 1981, Kleiber and Kotz,
2003, Bagnoli and Bergstrom, 2006]. We further remark that these assumptions are mild
and are satisfied by commonly used distributions such as truncated Gaussian distribution

and uniform distribution |Golrezaei et al., 2019].
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Remark 3.3.4. We note that Assumption 3.3.3 is in fact made redundant by Assumption
3.8.1 because we have a quite “smooth” distribution with bounded differential. Then, once
we have a good estimation for the parameters, “smooth” F(-) leads to a good estimation of
the reward function. Nevertheless, we retain this assumption as it streamlines our proof by
avoiding discussion of market stability with multi-optimal reserve prices and getting bogged

down in tedious regret decomposition.

We are now ready to state our results. If we set poly(log K) = C7 + CgH log? K in Algo-
3
rithm 5, where constant Cg is determined in Theorem 3.6.7 and constant Cy = BgH?2 log K

with constant Bg determined in Theorem 3.6.31, then we have Theorem 3.3.5.

Theorem 3.3.5. Under Theorem 3.2.1, 3.3.1, 3.3.2 and 3.3.3, for any fized failure prob-
ability 6 € (0,1), with probability at least 1 — &, Algorithm 4 achieves at most 5(V HYK)

revenue regret, where 5() hides only absolute constants and logarithmic terms.
Proof. See Section 3.6.2 for a detailed proof. m

As we discussed previously, when H = 1, our result cannot be compared to existing
works that focus on the stochastic bandit setting due to our need to explore the action space
T (see Broder and Rusmevichientong [2012], Drutsa [2020, 2017], Golrezaei et al. [2019] for
works that achieves O(1) revenue regret in the stochastic bandit setting). The closest work
we are aware of is Cesa-Bianchi et al. [2014], which obtains a similar O(v/K) regret in the

adversarial multi-armed bandit setting, matched by our bounds.

3.4 Unknown Market Noise Distribution

We now discuss when the market noise distribution is unknown. Recall from previous dis-
cussions that our second challenge lies in minimizing revenue regret when the market noise
distribution is unknown. Existing techniques, similar to the one in Golrezaei et al. [2019],

incorporate pure exploration rounds to address the challenge, yet necessitates a 5([( 2/ 3)
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revenue regret. In this section, we instead introduce a novel technique dubbed “simulation",
which eliminates the need for pure exploration rounds and achieves instead a (5(\/F ) regret.
While the first and third challenges have been previously addressed, the approaches in Sec-
tion 3.3 also require careful adjustments, as the unknown market noise distribution makes a
direct application of these approaches impossible. We detail our techniques and procedures

in the rest of this section.

3.4.1 CLUB Algorithm When F(-) is Unknown

Similarly, there are three steps to do auction design when F(+) is unknown. First, we leverage
Algorithm 2 and Algorithm 6 to motivate an approximately truthful mechanism. Second, we
utilize Algorithm 9 in coordination with newly proposed Algorithm 8 to estimate underlying
MDP and set reserve prices. We motivate truthfulness through buffer periods and quantify
the uncertainty by constructing corresponding ellipsoid bounds. Finally, we add up all these
uncertainties and minimize regret with high probability.

Addressing Challenge 1: Untruthfulness. When the market noise distribution is un-
known, the techniques used in Section 3.3 cannot be applied directly, necessitating careful
adaptations. We summarize the changes to these techniques, beginning by introducing Al-
gorithm 6, the counterpart to Algorithm 3, for when F(-) is unknown. The key difference
lies in the optimization subroutine called in line 3, which is required for addressing the third

challenge when the market noise distribution F(-) is unknown.

Algorithm 6 Buffer Period with Unknown F'(-)

1: Receives buffer start buffer.s(k + 1) = k and end buffer.e(k + 1) = k + %.
2: Do nothing for all episodes buffer.s(% +1) <k < buffer.e(% + 1), i.e. do nothing
during the buffer period before the end.

3: At the end of the buffer period, update policy estimate T and Q-function estimate
AT

thﬂ (+,-) using Algorithm 9, and then increment buffer period counter Fek+1.

We then discuss Algorithm 7, a close variant of Algorithm 4, whose biggest change lies
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in the update schedule in line 4. Algorithm 4 maintains only an accurate estimate of the
underlying MDP, achieved with a low switching cost style update schedule, which in turn
deters untruthful bidding. On the other hand, Algorithm 7 needs accurate estimates of both
the MDP and the market noise distribution F'(-). We force additional updates whenever k
is a power of 2, also ensuring that F(-) is close to F(:). As the number of updates remains

in O(log K), the extraneous updates do not affect the regret asymptotically.

Algorithm 7 Contextual-LSVI-UCB-Buffer (CLUB) with Unknown F

1: Initialize policy estimate mg, buffer period counter k= 0, buffer period starting points
buffer.s(0) = 1, and buffer period end points buffer.e(0) = 1.

2: for episodes k =1,...,K do

3:  Execute mixture policy Hl_K O Mrand + (1 — Hl_K) o my, collecting outcomes ¢, and

updating covariance matrices A]fL — Zﬁ:l o(x},, v] ) oz}, UZ)T + I for all h e [H].
4:  If there exists h € [H] such that (_/X‘;)Luffer'e(k))*1 X 2(A%)*1 or logy(k) is an in-
teger, schedule a new buffer period starting at buffer.s(% + 1) = k and ending at

buffer.e(k + 1) = k + l?)gk()ig/ly() using Algorithm 6, and set k < buffer.e(k + 1).
5: end for

Similar to Section 3.3, these techniques, namely the buffer periods and the update sched-
ule, ensure that the impatient bidders are sufficiently truthful. However, for estimating
0;1, as we do not know F'(-), the optimization problem in (3.3.1) no longer applies. For-
tunately, we know that whenever m.,,q is executed, assuming the bidders are truthful,
Pr(g] = 1) = 3LN(2 — (¢(x],v]),0)) conditioned on x7,v], as the bidder i and the re-
serve price p;, are drawn uniformly at random. Leveraging this observation, we quickly
realize that we can simply use the outcomes from when 7, is executed to estimate the
bidders’ rewards, even when F'(-) is unknown. Unfortunately, using the observation naively

introduces the second challenge: minimizing revenue regret when F(+) is unknown.

Addressing Challenge 2: Regret Minimization. An intuitive way to incorporate the
previous observation is to simply perform pure exploration rounds with m.,,4, similar to
the technique in Golrezaei et al. [2019]. However, doing so incurs 5(K 2/ 3) revenue regret,
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as Mpand does not set the reserve prices optimally and we are not exploring and exploiting
simultaneously. To balance exploration and exploitation, we propose a new technique that

we dub “simulation", which allows us to continue exploiting with the mixture policy.

Algorithm 8 Simulation

1. forh=1,...,Hand 7=1,...,K do

2. Generate virtual reserve prices p;, by selecting one bidder i € [ V] uniformly at random.
Let 'ﬁzrh ~ Unif([0, 3]) and set all other reserve prices to infinity, i.e. Py, = oo for all
] #F 1.

3:  Use real bidding data b;, simulated reserve prices p;, to simulate outcome g7, for all
i € [N], namely set b], = 1(b7, = p7,) for all i € [N].

4: end for

5: Return the simulated outcomes {c"}fh}

Here we introduce a new random variable ¢/, = 1(b], > p;,), where for each h,T we

select one i € [ N] uniformly at random and then draw p7, from Unif([0, 3]). For all j # i we
set pj, to co. At a high level, g7, “simulates" executing 7 4,q: holding x7 and v} constant,
what would be the outcome if we were to act according to 7 ,,q instead? As we do not need
to execute 7p4,q, revenue regret can be decreased. Furthermore, g, still enjoys the same
resilience towards untruthful reporting that ¢;, does. Indeed, when the bidder overbid or
underbid by a small amount, the number of times g, changes could be controlled effectively.

More technically, Algorithm 8 is critical for two reasons. First, the difference between

F(-) and F(-) decays at a rate of O(1/v/K). If we simply use Equation (3.3.1), only replacing

F(-) with ]3(), the estimation error is roughly on the order of @(\/buffer.e(% + 1)) which
precludes achieving 5(@ ) regret. Second, replacing c}ZT , with g7, does not work, as we need
to de-bias the estimator when we switch from F(-) to the uniform distribution induced by
Trand- Even when the bidders report truthfully, we cannot guarantee that Pr(q], = 1]z}, v7)
could be related to 3LN(1 + (@}, v} ), 0;5)). Consequently, it would be hard to ensure that

when all bidders are truthful, the estimator é\zTh would converge to 0;p,.

Addressing Challenge 3: Nonlinear Revenue. With the first challenge addressed by

carefully adjusting techniques in Section 3.3 and the second by the simulation technique
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detailed in Algorithm 8, we now discuss the third challenge: provably efficient reinforcement
learning when the revenue is nonlinear and F(-) is unknown. We start with summarizing

how we simultaneously estimate 6;;, and F(-) in the form of (3.4.1).

buffer.e(k+1)

O;p = argmin Y, BN~ (146, v),0))

f||<2vd =
Pl<2vd  7=1 (3.4.1)

1 buffer.e(k+1)

N
B Nbuffer.e(k + 1)H z=21

H
F(z) D b, — 1= (], O3 < 2).
h=1

(
T=1
We note that we are simply using a histogram to estimate F'(-) and, as we have successfully
decoupled the estimation error of F(-) from that of 6,;, using histogram is sufficient for
achieving (5(\/? ) revenue regret. We then introduce Algorithm 9, whose key difference
with Algorithm 5 lies in the added uncertainty due to I and the inclusion of the simulation
subroutine. Similar to Section 3.3, the procedure then provides us with sufficiently accurate

policy and Q-function estimates, resolving our third and final challenge.

Algorithm 9 Estimation of @Z%H(-, -) with Unknown F'(-)

1: Collect simulation outcome ¢ using Algorithm 8.

2: Estimate 60;;,, F'(-) using (3.4.1).

3: Estimate ﬁih('? ) - <¢(7 ')7 92h> R

4: Set reserve price pj (-, ) = argmax, y(1 — F(y — 1 —1(:,))).

5: Estimate revenue Ry, (-,-) < E[max{d, (-,-), 5} (~ )} 10} (-.-) = 5} (-,)]-

6: for h = H,...,1do
buffer.e(k+1) o r T . .

(CNIVEESS oz, vp)o(x], vi)t + AL > We set A = 1 in this paper.
_1 butfer.e(k+1 ~

s wp e A LSRR o o maxg Qi (2,4, )],

9:@?%»~mw%mwﬂn+mmmm¢mmﬁmﬁfmgww}

10: () < argmax, @Z%H(-, v).

¥
b+1,h
Pi ~ a

11: ~ . . . b . .

OO R MSEL NG

12: end for

ATy
13: Return {Qhk“(-, -)}th1 and {W%Jrl,h(‘)}hH:y
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In summary, we have addressed all three challenges for when the market noise distribution
is unknown. The first challenge is resolved by carefully adjusting the techniques introduced
in Section 3.3, ensuring that they are still valid when F'(-) is unknown. For the second
challenge we feature a novel technique dubbed “simulation" that allows us to “simulate" pure
exploration rounds without actually executing them, reducing revenue regret. For the third
challenge, we build off of the simulation technique and introduce new estimation procedure

for jointly estimating F'(-) and 6.

3.4.2  Regret Bound of CLUB Algorithm When F(-) is Unknown

We now argue that Algorithm 7 achieves 5(\/? ) regret. We begin with a slight detour,

making a basic assumption on the hypothesis class for F(-).
Assumption 3.4.1. The market noise distribution F(-) belongs to a distribution family F.

We further let Ne(F) be the e-covering number of F with respect to the metric that
dist(F, G) = sup, |F(z) — G(x)|. We now have our main theorem when noise distribution
is unknown. If we let poly; (log K) = Cy5 + C13H log? K and polys(log K) = C4H? log? K
in Algorithm 9, where C15 = D7 H 5 and the constant D7 is determined in Theorem 3.6.39,
constants C13 and C14 are determined in Theorem 3.6.16, we would attain the following

regret guarantee.

Theorem 3.4.2. Under Assumptions 3.2.1, 3.3.1, 3.3.2, 3.3.3 and 3.4.1, when F(-) is
unknown, for any fized failure probability 6 € (0, 1), Algorithm 7 achieves at most (5([—[3\/?4—

H2'5\/K logNl/K(]-")) regret with probability at least 1 — § in the worst case, where O(-)

hides only absolute constants and logarithmic terms.
Proof. See Section 3.6.3 for a detailed proof. O]

We highlight that when N / i (F) is polynomial in 1/K, an implicit assumption found

in Kong et al. [2021], Foster et al. [2021], Jin et al. [2021a], Theorem 3.4.2 shows that Al-
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gorithm 7 achieves (’3(\/? ) regret, improving over revenue regret guarantees found in Amin
et al. [2014], Golrezaei et al. [2019] with only mild additional assumptions on the nonpara-
metric hypothesis class F. Our result is able to beat the well-known Q(K 2/ 3) revenue lower
bound in Kleinberg and Leighton [2003] with the help of Assumptions 3.3.1 and 3.3.2 for
similar but not totally same scenarios to be fair. Nevertheless, as we argued previously,
these assumptions are satisfied by widely-used parametric distribution families such as nor-
mal distribution and truncated normal distribution [Golrezaei et al., 2019], hence our result
still remains broadly applicable. The way Kleinberg and Leighton [2003] constructs regret
lower bound is to find a special case containing no information. As they say "the expected
revenue per buyer is a constant independent of the offer price outside the interval of good
prices", it provides nothing useful for learning. However, with Theorem 3.3.1, it guarantees
the information in each exploration and partial out this extreme situation.

Finally, we highlight that both bounds in Sections 3.3 and 3.4 match corresponding lower
bounds with respect to K. From the Q(v/K) lower bound in Jin et al. [2020b], we directly
know that results in Theorems 3.3.5 and 3.4.2 match corresponding regret lower bounds as

the problem in Jin et al. [2020b] is a subproblem of our problem.

3.5 Numerical Experiments

Here, we present numerical simulations to compare the performance of Algorithm 7 with
several baseline policies in different settings. To be specific, we compare the performances
of CLUB (i.e. Algorithm 7), SCORP |Golrezaei et al., 2019] and NPAC-S [Golrezaei et al.,
2023 in contextual bandit settings (i.e. H = 1) and the performances of CLUB and NPAC-S
in MDP settings. In all experiments, we assume that the noise distribution F'(-) is unknown.
The numerical experiment written in Python 3.10.9 runs on a laptop with an Apple M2
CPU. All three algorithms use less than 30 seconds to calculate 10000 episodes which shows

their practicability in reality. We delay more details in Section 3.6.6.
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Figure 3.2: Experiment results for contextual bandit settings: Figure 3.2a compares the
revenue achieved by CLUB and benchmark, showing CLUB obtains more than 98% revenue.
Figure 3.2b shows the sublinear regret associated with our CLUB algorithm as the curve
trend is below linear. Figure 3.2c¢ exhibits that CLUB is comparable with NPAC-S, over-
whelming SCORP.

In contextual bandit setting, we set K = 10000, v = 0.9 for each setting and repeat the
procedure for n = 30 trails for each algorithm. We show results in Figure 3.2. Figures 3.2a
and 3.2b show results in one trial, where we find that CLUB can obtain more than 98%
revenue compared with the benchmark, where the underlying model is common knowledge.
At the same time, Figure 3.2b testifies 5(\/?)—shaped regret. In Figure 3.2c, we show the
average regrets among all 30 trials of these three different algorithms. The average regrets
in 30 trials are 106.62, 178.96 and 99.69 respectively. As for the number of winning times,
CLUB wins 15 times while NPAC-S wins 14 times. SCORP only wins once. Therefore,
we conclude the performances of CLUB and NPAC-S are comparable, overwhelming the
performance of SCORP. Since SCORP doesn’t work well even in contextual bandit settings,
we only compare CLUB and NPAC-S under MDP.

In the MDP setting, we also incorporate K = 10000, H = 2, v = 0.9 and conduct
n = 30 trails for both two algorithms. We show the corresponding results in Figure 3.3.
Our CLUB can obtain more than 98% revenue (c.f. Figure 3.3a) against the benchmark
which highlights its great performance. In Figure 3.3b, it’s clear to see the O(v/K)-shaped

regret. Among all 30 trails, CLUB wins all 30 times. As for average regrets, it’s 203.07 for
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CLUB and 756.31 for NPAC-S. Therefore, we can conclude that under the MDP setting,
CLUB sufficiently works better than NPAC-S. Together with experiments under contextual
bandits, our experiments are in favor of CLUB algorithms which shows the importance of

our newly proposed techniques.
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(a) The performance of CLUB (b) The regret accumulation (c) The average performances
against the benchmark. of CLUB. of two algorithms.

Figure 3.3: Experiment results for MDP settings: Figure 3.3a compares the revenue achieved
by CLUB and benchmark, showing CLUB obtains more than 98% revenue. Figure 3.3b
shows the sublinear regret associated with our CLUB algorithm as the curve trend is below
linear. Figure 3.3c exhibits that compared with NPAC-S, CLUB has less regret testifying
its optimality.

3.6 Technical Details

3.6.1 Detailed Comparison with Golrezaei et al. [2019]

There are three different models and corresponding algorithms named CORP, CORP-II and
SCORP respectively in Golrezaei et al. [2019]. We compare them with our model one by
one.

CORP considers a contextual bandit setting with known noise distribution achieving
5(1) regret. However, as we mentioned before, accommodating underlying MDP, Q(v/ K )
regret lower bound is inevitable. In Section 3.3, we propose our optimal CLUB algorithm
matching the lower bound.

CORP-II considers an unknown but parametric noise distribution and achieves 5(\/? )
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regret. However, in Section 3.4, we consider an unknown and non-parametric noise distribu-
tion. Therefore, compared with the setting for CORP-II, our model is strictly much harder
for the following two-fold reasons. We need to consider extra MDP and non-parametric noise
distribution. Moreover, since CORP-II don’t have enough horizons to explore, it doesn’t work
well under our MDP setting and cannot achieve its original 6(\/? ) regret.

SCORP considers time-varying and non-parametric noise distribution achieving 5(K 2/ 3)
regret. We share the similarity that both of these settings can’t be parameterized, which
means that we lose the opportunity to utilize some concentration inequalities directly and we
need to bypass these obstacles to achieve sublinear regrets. There are two main differences
between our model and SCORP. First, the underlying MDP makes our problem harder than
the one of SCORP. Second, we consider fixed noise distribution and use a different benchmark
making these two models not comparable directly. As a result, our algorithm achieves
O(VK) regret with mild additional assumptions on the shape of F(-) (c.f. Theorem 3.3.1
and 3.3.2). Although it is hard to compare the difficulties between our setting and SCORP
in strict order, we believe they have a similar degree of difficulty. As we mentioned in
Section 3.1.1, the work [Amin et al., 2014] explores a scenario with a non-parametric yet fixed
distribution setting, experiencing a regret of 5(K 2/ 3). This observation suggests that the
primary challenge might arise from the non-parametric nature of the problem, as opposed to
the time-varying setting. Moreover, we should highlight that an 5([( 2/3 ) regret is inevitable
even though the distribution is fixed corresponding to a saddle point for SCORP, as they
spend “too many” episodes to explore while we don’t “waste” time to do pure exploration so
that balance the exploration-exploitation tradeoff better and achieve better regret bounds.
Objectively, our method will suffer Q(K 2/ 3) regret lower bound for a time-varying model

and it’s of independent interest for future research.
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3.6.2  Omitted Proof in Section 3.3

In this section, we show some useful lemmas in order to prove theorems in Section 3.3. We
organize the section as follows. Firstly, we introduce lemmas to bound the effect of untruthful
bidding. Then, we will show that we are able to estimate unknown parameters accurately.

Finally, combining them leads to bounded regret with high probability.

Useful Lemmas for Proving Theorem 3.3.5

Now, we begin to prove our conclusions. First of all, we show the following lemma to bound

the number of buffers.

Lemma 3.6.1. Under Theorem 3.2.1 about linear MDP, it holds that the number of episodes

2
of buffer is not larger than Z&H_Cl*gglol&' Then, the number of corresponding steps is not larger
¥
2 2
than %, where Cy is a constant only depends on d and .
¥

Because of the existence of buffer, the bidder will not overbid or underbid a lot in the

other episodes. Then, we have the following lemma.

Lemma 3.6.2. Apart from the buffer periods, a rational bidder won’t overbid or underbid

3H+2N CsH
for more than KT’ denoted by =4—.

Then we define L being the number of steps the bidder doesn’t bid his true value and
change the outcome of the auction. Then, it holds the following lemma with the help of

Theorem 3.6.2. We formalize the definition of L for any given i, h as follows.
L= {k: 1(vf,w > max{bFF, ph}) # 1(0f, > max{p"t ok ). (3.6.1)

Lemma 3.6.3. With probability at least 1 — 6, it holds that for any given i, h

2
L < 3HCylog” K

1

ONH
1 +4C,C3H + 8log(T) < C4Hlog? K,
og a
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where Cy is a constant independent of K and H.

Now, we bound the number of steps we use m,,q instead of s Especially, we regard

Trand @S the policy used in the situation that happens with probability Kl_H

Lemma 3.6.4. With probability at least 1 — 6, the number of steps using manq S smaller

than max{4,1 + % log %}

Now, we will show the wedge between [i;p,(+,-) and p;p, (-, ) for any bidder i and step h.

It holds the following lemma.

Lemma 3.6.5. We use 07, to denote the true parameter and gih to represent the outcome

~

from Equation (3.3.1) in episode buffer.e(k). Therefore, under Theorem 3.3.1 and Theo-

rem 3.3.2, for any i and h, it holds the following union bound that C% is a constant and

V@ — 5 T autter o) G, — 7)< C5vH o5 K,

with probability at least 1 — 0§, conditional on Good Event &£.
Then, we are ready to have the bound for zi. It holds the following lemma:

Lemma 3.6.6. Conditional on Good Event £, it holds that

|ﬁ§h('7 ) - :u’fh<7 )’ < 05\/ﬁlOgKH¢(7 ')H(Abuffer.e(%)),l’
h

where buffer.e(%) is the last episode using Equation (3.3.1) before episode k, similarly here-

inafter.

Now, we focus on the gap between R(-,-) and the estimate Z/%(, -). We are ready to show
the following lemma.
First of all, we introduce some notations. RZ(-,-) = sz\il ]E[max{rfh*,afﬁ}]l(rfh >

_ ~ N _ ~ e
max{rfh ,ai?;:})] and R}kl(-, ) = ZizlE[max{?fh ,afh}]l(rfh > max{rfh ,afh})]. In short,
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R(-,-) is the expectation of revenue if we choose the optimal reserve price af}’; for every

bidder based on the knowledge of ,ufh(~, -) and everyone bids truthfully based on his valuation.
Respectively, ]%(, -) is the one we choose reserve price afh with the estimation of ,ufh(-, ),
e, i ().

Lemma 3.6.7. When Theorem 3.6.6 holds, we have

B ) = BRC, )| < CoH10g KO0ty
h

where Cg 1s a constant independent of K and H.
Let’s have an example when N = 1, i.e., there is only one bidder.

Example 3.6.8. In this situation, R(-,-) = o*(1 — F(a* — 1 — pu(-,-))) and R(-,-) = a(1 —
Fla—1—-=p(-,-))). Therefore,

IR(-,) — R(,-)| < (601 + 1)C5vVHlog K||6(-, )| 41,

which is consistent with Theorem 3.6.7.

Now, we focus on the regret not in buffer caused by Algorithm 5, denoted by A;. In

order to facilitate the understanding, we rewrite the definition of Ay explicitly as follows.

K
A= YV (af) — VR (F)] L(k ¢ butfer).
T=1

Let’s revisit our thought of bounding regret. We use empirical data to estimate unknown
parameters and then we assume that bidders will bid truthfully to construct the estimation
of R-function and Q-function. Then, we chase down the greedy policy. Therefore, when we
take expectation operator, we assume truthful bidding. Since Aj is easy to bound, we focus
on how to bound A;. With a little abuse of notation, we will use V(-) to replace V(-) from

now omn.
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Then, we have the following lemma.

Lemma 3.6.9. Under Theorem 3.2.1, Theorem 3.3.1 and Theorem 3.53.2, if in Algorithm &

we set poly(log K) = (C7+CsH log? K)|¢(-,-)| , where C7 = BgH% log K and

(A‘;)luffer.e(z)),l

Bg is determined in Theorem 3.6.31, it holds that with probability at least 1 — 20,

Ay < Cgr\/H?K log® K|

where Cg is a constant independent of H and K.

Proof of Theorem 3.3.5

Let’s make a decomposition of the regret at first. It holds that
Regret < A1+ Ao + Az + Ay + As.

Aq is defined in Theorem 3.6.9 and with probability at least 1 —26, Ay < Cgv/ HOK log5 K.
3 3HCy log? K

log% '
Az comes from the use of policy m,,q- By applying Theorem 3.6.4, it holds that Ag <

Ao comes from the use of buffer. With Theorem 3.6.1, it holds that A9 <

3H max{4,1 + %log %} with probability at least 1 — 4.

A4 comes from the consequence from the existence of L. Due to Theorem 3.6.3, we have
Ay < NH(AC1C3H + 8log(25))3H = 3NH?(4C1 C5 H + 8log(25H)), with probability at
least 1 — 9. As we have already considered loss from buffer in A9, there is no need for us to
consider it in Ay.

Ar comes from the difference between the expectation of revenue when buyers bid truth-
fully and the actual expectation of revenue when buyers overbid or underbid but it does
not change the outcome. Since we already consider the loss from buffer, the size of overbid
or underbid we should think about is less than QKLH thanks to Theorem 3.6.2. Therefore,

the difference between the expectation of revenue when buyers bid truthfully and the actual
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expectation of revenue when buyers overbid or underbid but it does not change the outcome
is less than QKLH each step. So, it holds that A5 < C3H?.
When estimating ]%(, -), we have at most probability J not satisfying the inequality in

Theorem 3.6.5.

Consequently, we set § = }57, and it ends our proof. n

3.6.3  Omitted Proof in Section 3.4

Compared to Section 3.6.2, this section introduces a well-performed estimator to estimate
underlying distribution. With the help of it, we prove corresponding the theorems when the

market noise distribution is unknown.

Useful Lemmas for Proving Theorem 3.4.2

In order to estimate noise distribution, we have the following lemma [Dvoretzky et al., 1956]
to bound the gap between true distribution and empirical distribution. We assume that F (+)
and f() inherit all the properties of F(-) and f(-), because we can easily use some smooth
kernels? to achieve this goal. However, in order to make the paper easy to understand, we

do not explicitly write down the choice of smooth kernel.

Lemma 3.6.10. Given t € N, let my, ma,...,my be real-valued independent and identically
distributed random variables with cumulative distribution function F(-). Let ﬁt() denote the
associated empirical distribution function defined by Fy(z) = %Z;’f:l 1<z} where z € R.

Then with probability 1 — 6, it holds

~ 1 2 1
sup |Fy(z) — F(z)| <A/ =log =t~ 2.
x 2 )

4. It may introduce a constant 2 when describing the distance of two distributions. However, it doesn’t
matter as we consider order only.
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Now, similar to the methodology in Section 3.6.2, we state the following lemmas parallelly.

Lemma 3.6.11. Under Theorem 3.2.1 about linear MDP, it holds that the number of
episodes of buffer is not larger than CoH log? K. Then, the number of corresponding steps

s not larger than CgH2 log? K, where Cy 1s a constant that only depends on d and \.

Recall that when market noise distribution is unknown, we implement Algorithm 8 to
generate ¢ and we use ¢ to estimate # instead of q. Therefore, L there considers simulation
outcome ¢ rather than real outcome ¢q. We formalize the definition of L there as follows and

we use p to represent reserve price in Algorithm 8.
k k ~k k k ~k
L={k:1(v} > max{b:irh,pih}) # 1(b;}, > max{bijh,pih})}.

L= {k:1(vf > max{p"t 581) # 1(0f, > max{oFF, ph ). (3.6.2)

Lemma 3.6.12. With probability at least 1 — 0, it holds that for any given i, h

ONH
L < CgH log? K + 4C1C3H + 8log(——) < CioH log? K,

where Cg is defined in Theorem 3.6.2 and C1qg is a constant independent of K and H.

Lemma 3.6.13. We use 0, to denote the true parameter and @h to represent the out-
come from Equation (3.4.1) in episode buffer.e(k). Therefore, under Theorem 3.5.1 and
Theorem 3.3.2, for any @ and h, it holds the following union bound that C'11 s a constant

and

\/(gih - efh)TAb“ffer‘e(%)@h —05) < CiiVHIog K,

with probability at least 1 — &, conditional on Good Event .

As same as Theorem 3.6.6, we have the following lemma.
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Lemma 3.6.14. Conditional on Good Event &, it holds that

B8, () = iy () < CuVH og K |6, )| ttera(B) -
h

Now, we introduce a lemma bounding the gap between the noise distribution F'(-) and

F(-).

Lemma 3.6.15. Conditional on Good Fvent &£, it holds with probability at least 1 — § that

~

for any x in episode buffer.e(k)

~ 1, 2K ~ 1 C1C3H CyHlog? K
F(z) — F(z)| <o/ =log =—(N Hbuffer.e(k)) % + + e~
[F(z) = F(x)] 4[5 log —( (k)) I outtor.o(l)

+ ClCll\/ﬁlOg KHQb(ZEz, U;L-) ”(Abuffer.e(%)),l
h

Hlog? K
<C12 o8 —,
buffer.e(k)

where C1g 1S a constant.

Now, we begin to bound the wedge of R(-,-) and R(-,-) corresponding to F(-). It holds
the following lemma.

Lemma 3.6.16. Conditional on Good Event £, we have

H2log* K
,+Cu o8 —,
buffer.e(k)

B3 () = RGN < CraH108” KOG muerer oty
h

where C13 and C14 are constants independent of K and H.

We define A; as the one in Theorem 3.6.9 of Section 3.6.2.
Lemma 3.6.17. Under Theorem 3.2.1, Theorem 3.53.1 Theorem 3.3.2 and Theorem 3.4.1, if
we set poly; (log K) = C5+ C13H log? K and polyy(log K) = C14H? log? K in Algorithm 9,
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where C5 = D7H% and D7 s determined in Theorem 3.6.39, it holds that with probability
at least 1 — 20,

Proof of Theorem 3.4.2

It is similar to the proof of Theorem 3.3.5. The only difference comes from Theorem 3.6.15.
The probability of Bad Event £¢ is now less than 65. Then, we set 0 = % and it ends the

proof. O]

3.6.4 Auxiliary Lemmas and Proofs in Section 3.6.2

In this section, we prove the lemmas mentioned in Section 3.6.2 detailedly. It is organized

by the order of lemmas.

Proof of Theorem 3.6.1

First of all, we have the following lemmas.

Lemma 3.6.18 (Lemma 2, [Gao et al., 2021]). Assume m < n, A = 3" ¢r¢L + A
B =>3", gbrqzﬁf + A\, where ¢r is abridge for ¢(xr,vr), similarly hereinafter. Then if

A=Y ¥ 2B~ we have

log det B > log det A + log 2.

Lemma 3.6.19 (Lemma 1, [Gao et al., 2021]). Since |¢-| < 1. Let A = Z§=1 drdL + A,
then we have

logdet A < dlogd + dlog(K + \) < Kjlog K.

~ -1 ~ ~
Therefore, if we have 2(AbUffer'S(k+1)) * (AbUffer'e(k))_l, as well as buffer.e(k +

1) > buffer.s(k + 1), it holds that 2(Abuffer'e(%+1))*1 * (Abuffer'e@))*l. We can then
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control the matrices’ determinants and have det APuffer. e(k+1) > 2 det Abuffer. o(k ). Then,
using Theorem 3.6.18, we know that for any h and k, it holds logdet Alfl < Kilog K. We

have log det A?L = dlog A. Combining Theorem 3.6.18, we have that the number of episodes

310gKK1 log K—dlog A

. Th th i tant
log; Tog 2 en, there is a constant Co

of buffer for any h is not larger than
satisfying Kjlog K — dlog A < Cylog2log K. Therefore, the total episodes in buffer is not

2
larger than %. For the number of total steps, it is obvious that it is smaller than
2l

H times the number of episodes. Then, it ends the proof. O

Proof of Theorem 3.6.2

Myerson [1981] shows that the optimal strategy for one-round second-price auction is to bid

truthfully. Therefore, if a bidder overbids or underbids for more than %H \/—H%N his loss holds

that
B 18 3H
NHK2K3K K3(1—7)

Loss =

where g = SHVIN

L=y
The inequality holds since that with probability ﬁ, the policy will be 7,4 and the

bidder is selected, and the total loss is higher than the loss with policy 74,4 With a uniform

reserve price, the probability that loss happens is % Then, average loss is % Since the
existence of buffer, the overbid or underbid can only make an influence on policy ¢t = %
5

episodes later. Because of the existence of discount rate, an upper bound of revenue for each
buyer after ¢ episodes is 3H ﬁ%
Therefore, with the assumption that buyers are all rational, it finishes the proof. n
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Proof of Theorem 3.6.3

For convenience, similar to Golrezaei et al. [2019], we define
={t:te[0,K]and 1(v} =ml) = 1(b} = mb)},

for each buyer 1.

We define 0’5 = (bf — Uf)+ and sf = (vf - b§)+, where t = 1,..., K given h. When we can
determine the subscript through the context, we omit the subscript A for convenience.

Then we define qﬁ which is a binary variable. It equals one if buyer ¢ wins and zero if
loses. Therefore, we have S; = {t : t € [1,[(],(];f = 0 and S;’f > a} and O; = {t : qf =
1 and o} > a}. As aresult, L; = L{|J LY, where Lf = {t : 1(v} > rl) = 1,1(b} = rl) = 0}
and LY = {t : 1(v} > rl) = 0,1(b! > rl) = 1}. Finally, we have S¢ = {t: ¢! =1 or st < a}.
So, [Li] =[S M Li| + [S§ M L]

To bound [(S; () L§) J(O; (1 LY)]: using Theorem 3.6.1 and Theorem 3.6.2, we have that

3HCylog? K

log %

To bound [S{ () L;|: it means that underbid changes the outcome and the level of un-

if we set a = Cg%, it is bounded by

derbid is smaller than a. Since |f| < C1, it holds for origin x:

T+

Pr(t e Sfﬂ Li|Ft) < f f(z)dz < Cra.

xT

Let’s define & = 1(t € S¢(0) L§) while wy = Pr(t € S¢(L§| F). Then [S¢ L5 = YK &
and E(&§ — wy | F) = 0.
Using Azuma-Hoeffding inequality [Hoeffding, 1994], it holds that

c s 1+ K
Pr(|S; ﬂLZ| Zwt < exp(— Zwt).
1
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Let A= Z{{ wr < KCia, € = % and ¢ = %log(w), we have

ONH
157 Z§] < 21+ )A < 2KCra + 4log(=5—),

with probability at least 1 — %

Similarly, we bound |Of () LY| with the same bound that

2NH
|05 ﬂ Lj| < 2KCia+ 4log(T),
with probability at least 1 — ﬁ

Then, we set a = C%H and combine the items all to obtain

3HCylog? K ONH
2—01g +4C1C3H + 810g(T),

|L;| < 1
Og;

with probability at least 1 — %
With the same methodology, we obtain the union bound for any given ¢ and h with

probability at least 1 — § that

3HCylog? K ONH
L< 2—01g +4C1C3H + 810g(T),

log 5

and it finishes the proof. O

Proof of Theorem 3.6.4

We use random variables X7,..., Xxr to represent whether m.,,q is used. If we choose

policy mpang, then X =1, or X = 0 otherwise.
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Using Bernstein inequalities [Bernstein, 1924], it holds that

P (%{X KH— > t) < exp{ —12/2 }
r ; —_— = X eX s
& KH CPUT 1K H) + 13

since X — ﬁ has mean zero and Var(X) = ﬁ(l - ﬁ)
Therefore, set t = max{3, 4 log%}, the right side is smaller than ¢ and it finishes the

proof. O

Proof of Theorem 3.6.5

First of all, we omit subscripts ¢ and h for convenience and we will get the union bound in
the end.

Then, we introduce some notations. We use ¢ to represent the outcome that every
bidder bids truthfully and ¢r to represent the outcome with real bidding. Then 9 and 0
correspond to {¢r} and {gr}.

Now, we focus on buyer ¢ and step h, so we omit subscripts ¢ and h from now on. We

have the following lemma at first:

Lemma 3.6.20. Under Equation (3.3.1), it holds that

buffer.e(k) R buffer.e(k)
Yo @1+ Fmr—1=(r )P < Y, (@ =1+ F(mr —1-(6r,0%))* + 6L,
=1 T=1

where L < CyH log? K due to Theorem 3.6.5.

Proof of Theorem 3.6.20 Since there are at most L steps that overbid or underbid
changes the outcome, ¢ and ¢ differ in at most L different points. Since ¢r and ¢r belong

to {0, 1}, we have

buffer.e(k) buffer.e(lNc)
Y @ -vi< ) @-DP+L
T=1 T=1
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Then, since F(-) € [0, 1], it holds that
_22(1 —qr)F(mr —1—{(¢r,0)) < _22(1 —qr)F(mr —1—{¢7,0)) + 2L.

for any 6.

Therefore, it holds that

DG =1+ F(mr = 1= {7, 0))* < X (G — 1+ F(mr —1—(6r,0)))* + 3L, (3.63)

T T

for any 6.

Finally, with the optimality of 0 and 5, it holds that

2(@ — 1+ F(mr — 1 —(¢7,0)))?

<Z — 1+ F(my —1—{¢r,0)))> + 3L
<Z 1+ F(mr —1—{¢r,0)))? + 3L
<Z 1+ F(my —1—{¢r,0))) + 6L
<Z — 1+ F(my — 1 —{¢r,0%)))* + 6L.

The first and third inequalities hold due to (3.6.3). The second and last inequalities hold
because of the optimality of 6 and 6. Then, it finishes the proof. m
Then we use fy, ((¢r,6)) to represent F'(m; — 1 — {(¢+,0)) in shorthand.

Therefore, with Theorem 3.6.20, we have

M fmy ((Dr,0)) = Frn, (D7, 0°0)] <21 D& (fin, ((br.0)) = fin, ((Dr,0%)))] + 6L,

where & = (1 —Gr) — fm, ({¢r,0%)). The inequality holds because of simple rearrangement.
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Then, we have

" orb)
i €60.0) = i (00 = | Tl (s

~ 1 ~
(48— 6% fo Fh (brys0 4+ (1 5)07)ds

= (¢7,6 —0")Dr,

where D; = Sé ffnT ({or, 5O + (1 —5)0%))ds.
So, it holds that

Y D2((er. 0 — 0%)) < 2| > & Drlpr, 0 — 6%)] + GL.

Since |0 < +/d, we use Ve which is a set of ball with radius e to cover B(0,/d) x B(0,V/d).

Then, the cardinality of V; is smaller than Bl(\/Tg)M = 5—3, where By and By are constants

only depending on dimension d. Thanks to Theorem 3.3.1 and Theorem 3.3.2, we have
|| < L and |D;| < Cy.

Therefore, for any (5, 6*), there exists (6, 0'), which is the center of a ball in V, so that
1(6,6%) — (6,60")|| < e. In this way, it holds that

o7, Dr(8,0')(0 — ') — D7(8,0%)(8 — 6%)))|
<2Vd|D7(8,0') — D(8,6%)| + |D-|(|6 — 8] + |¢ — 6%])
<2LVde + Cye

<(2LVd + Cy)e.

The first inequality holds since ||| < v/d. The second inequality holds since |f”| < L and
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Therefore, it holds that

I &rler, D (8,6%)(0 — 0%)| < | > &7, Dr(0,6")(0 — 0| + (2LVd + 1 )butfer.e(k)e,

since [&7] < 1.

Let’s define the following shorthands
V(9) = Y (o, Dr (0~ 0))%,
T

V() = > o1, Dr(8 — )2,

Therefore, by applying the inequality above, we have
V(8) < V() + 4C1Vd(2LVd + Cy )butfer.e(k)e. (3.6.4)

The inequality holds because of the square difference formula.

Since for positive number a b and ¢, if a < b+ ¢, than y/a < Vb + ve. So, it holds that

VV(g) < \/ V(9) + \/ AC1VA(2LVd + Oy )butfer.e(k)e. (3.6.5)

Since 0* is the true parameter and & = (1 — gr) — fm, ((¢r, 0%)) which is determined by
truthful bid, it holds E(&r | ¢1.7,&1:7—1) = 0 whose value is determined by zr only. Due to
Azuma-Hoeffding inequality [Hoeffding, 1994], it holds that

2By HN 5
5262 —V(9)] < == (3.6.6)

Pr(| ZfTDT<¢T7 0 — ‘9’>‘ = \/IOg

for any (0, 0") with probability at least 1 — %
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Therefore, it holds that

V(¢) <4CiVdA(2LVd + Cy)butfer.e(k)e + V()

2B, HN

<401V d(2LVd + C)butfer.e(k)e + 2\/log 5—dV(gb) + 6L
€2

~ 2BoHN ~
<4C1Vd(2LVd + Cp)butfer.e(k)e + 24 /log 2—[\/ V(o)

Se2d

\/4(71 2L\f-|- C)buffer. e(k) ] + 6L

2By HNbuffer.e(k)2d ~

—4C1Vd(2LVd + C4) ;

log

+\/401 d(2LVd + Cy

e
\/ 2By H Nbuffer.e(k)2d ~
log

+2
|

<ACIVA(2LNVA + Cy) + 2 ; [V V(9)
|

+\/401 d(2LVd + C4

)| + 6L
)

+ 6C4H log? K.

The first inequality holds due to (3.6.4) while the second one holds due to (3.6.6) and (3.6.20).

1

The third inequality holds because of (3.6.5). The equality holds since we set € = —————~.
buffer.e(k)

The final inequality holds because of Theorem 3.6.3.
Finally, applying the root formula of the quadratic equation, it is obvious that there
exists a constant Bz > 0 that V(¢) < ByHlog2 K.

Similar to Wang et al. [2020c|, we have

\/(é\zh _ Q;h)TAbuffer.e(lz) (é\’Lh _ efh) < Cl—l /V(gg) + 2@)

for any ¢ and h with probability at least 1 — 9.

It holds since

VG- oryTamszere® -0 < J0- 07T Socd)0 070+ G -0 0 - )
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Then, we have D2 > ¢ and H(@h —05) a1 < 2VdA

In the end, we find that there exists a constant Cy that satisfies

V@, — 03T Aostter o) G, — 03,) < CoHlog K.
which ends the proof. n

Proof of Theorem 3.6.6

Using Cauchy inequality, we have the following statement:

Lemma 3.6.21. It holds that

(o, v),0 = 0)] < \/(5— TG — 0)|¢(x,v)] y-1.

~ ~

Specially, taking A = Azuffer'e(k) = ZbUffer'e(k) gb(xz,vlg)gb(xz,vz)T + A, the inequality

T=1

holds.

Then Theorem 3.6.21 and Theorem 3.6.5 lead to Theorem 3.6.6. O

Proof of Theorem 3.6.7

: ~ N _ _
Firstly, we define Rﬁ(', )= E[max{rfh ,oth} ﬂ(rfh > max{rfh ,afh)]. Then, \Rﬁ(', )=

REC, < |REG,) = REC, )+ |REC, ) = REC, )
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To bound |]§fb(, ) — }A%Z(, -)|, we have

N
|RE(-, ) — RF(, ZE\ [max{r¥ ™, ol } 1(rf > max{rl~, ol )]
=1

k
[max{rlh, zh}]l( in = max{rm, il

N
< Z Al + AQ + Ag
=1
< (14 6C1)NCs5VH log K (-, ~)H(A2uffer.e<z>),l’
where
Ay ﬁ[max{rlh , zh}]l( max{rlh , zh})]
[max{rm, zh}]l(rz max{rzh, zh})]‘
Ag =[[max{Fly", afy} 1(rfj, = max{rl" ajj,})]
[max{r ih zh}]urfh max{rzh ) Zh})]‘
and

e
Ag =|[max{F~ ok V17 > max{rl o })]

— [max {7~ oV 1(FF, > max{FF ", o 1)]].

The first inequality holds due to the properties of convex functions. The second inequality
holds due to triangle inequality. The third inequality holds since Ay < |max{rfh_, afh} —
max{?fh_, afh}| < |r—7], Ay < 3Cy|r—7] and Ag < 3C1|r—7|. The reason why A9 < 3C1|r—
7l is max{?, o} < 3 and E[1(rh, > max{rf~ ok }) — 17K > max{rf~ ok V)| < Cy|r — 7.
To bound ]Ré(-, ) - Rh(" )|, we have the following lemmas. We define Wf;l(a) =
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E[max{vfh_, a} ]l(v]?h

7

> max{vfh_, a}) | gb]fl] at first.

Lemma 3.6.22 (Lemma C.3. [Golrezaei et al., 2019]). Since af,f: is determined by Myerson

Lemma [Myerson, 1981], we have W,k(ozf];‘) = 0. Furthermore, there exists a constant
By that for any o between akh and a *, we have ]W;;lk(a)\ < By for any i and h, under

assumption Theorem 3.3.1, Theorem 3.3.2 and Theorem 3.3.3.

Lemma 3.6.23 (Lemma C.4. [Golrezaei et al., 2019|). Under Theorem 3.3.3, it holds that

ok — ok | < [k, i, — 0]

By applying Theorem 3.6.23, we have

Y By ks kN2
(R, () — By ()] < ZT(th_alh)

i1

%<<¢h, Ok

By
—Csﬂlog K|g(-,)|”

(A‘;)Luffer.e(g))_l

1

By 2 2 i
< N—CtHlog” K|o(-, - P .
5 5 og "¢( )H(A‘;)Luffer.e(k))_l \/X

The first inequality holds due to Taylor expansion. The second inequality holds due to
Theorem 3.6.23, while the third one holds due to Theorem 3.6.6. The last inequality holds

: 1
since [¢],-1 < 5.

Remark 3.6.24. Without Theorem 3.3.3, we can get the last inequality from the integral
form of R(-,-). For example, when N = 1, it holds that R(-,-) = a(l — F(a —1 —{(¢,0))).
Then, |R—R| < 3C1[(0—0, ¢)| due to Theorem 3.3.1. It shows that Theorem 3.5.3 is actually

redundant as Theorem 3.3.1 exists.
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Combining the differences |}~%2(, ) — }A%fb(, -)| and |R£(-, ) — f?i(, -)|, it holds that

B
L2 Hog? KIN6(-,-)|

REC,) = RE(, )| < [(1+6C))CsvVHlog K + S
| h( ) h( )| [( 1) 5 0og 2\/X (At;buffer.e(k))_l

Therefore, there exists a constant Cg which is independent of H and K, satisfying

'%“*Rﬂﬁg%m@KW”me@p’
h

and it ends the proof. O

Proof of Theorem 3.6.9

In order to prove Theorem 3.6.9, we have the following lemmas for help.

Lemma 3.6.25. For any fized policy 7, let {W}T}he[H] be the corresponding vectors such that

Q7 () = R(-,:) +<&(,-),wf) for any h. Then, it holds that
Jwpill < 3HV4,

for any h.

Proof. Since it holds

QR() = (R+PpVi 1) (),

and the linearity of MDP, we have

o = [V 0aM(0)

Therefore, considering |V| < 3H and |M,(S)| < v/d, Theorem 3.6.25 holds. O
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buffer.e(k)

Lemma 3.6.26. For any (k,h) € [K] x [H], the vector wj, in Algorithm 5 satisfies:

buff dbuffer.e(
Jwy r-e{ H = |wf] < ’\/— < 3H\/

Proof. Since we only update at episode buffer.e(k;) wﬁ is the same as wzuffer e(k)'

For any vector v € ]Rd, we have

0 B buffer.e(k)

T buffer.e T, A buffer.e -1

lv W | =|v (Ak ) Z q% mgXQthl(‘, )|
T=1

\Z3H| T buffere ) ¢h|

g3]_1\/[2VT(AZuffer.e(%)) 1 ][Z(¢T)( buffere ) 1¢7—]

douffer.e(k)

< 3H]|v| ;

The first inequality holds since ) < 3H, while the second inequality holds due to Cauchy

buffer.e(%)),

inequality. The third inequality holds since (A, 1< %I and the following lemma.

]

Lemma 3.6.27 (Lemma D.1. [Jin et al., 2020b]). Let Abutfer-e(k) _ \ yrbutfer-e(k B g 6T
where ¢r € RY and A\ > 0. Then it holds

buffer.e(k)

Z ¢7— (Abuffer .e ) 1¢7‘ \

T=1

buffer. e

Thus, with |w, butter.e(k

H = max,.|, |- T wy, | it ends the proof. O

In order to prove the next lemma, we introduce two useful lemmas at first.

Lemma 3.6.28. For any given h, suppose {CBT}?_Ozl being a stochastic process on state space
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S with corresponding filtration {Fr}> . Let {¢}X_ | be an R -valued stochastic process

(k) qu(b;, then for any

~

d, with probability at least 1 — ¢, for any k corresponding to buffer.e(k) and any V €V so

. buffer.
when ¢r € Fr_1. Since |¢r| <1 and Abuffer.e@) =M + 2711 er.e

that sup,. |V (z)| < 3H, we have

k 3 2 2.2
54CoH? log* K 32ke
| D) 6r{V(@r) = E[V(2r) [ Fral} 3 o < = -
T=1 buffer.e(k) A IOg ¥

d. k+A N
212 >~ €
+ 144H [2 log 3 + log 5 ],

where N is the e-covering number of V with respect to the distance dist(V, V') = sup,(V (z)—
V/(x)).

Proof. First of all, we have

k
| Y, 6riV(@r) —E[V(2r) | Fral}3
T=1

buffer.e(k)

k 2
1. 3HCylog? K
<2 2| Y ¢ {V(wr) — E[V(wr) | Fro1]} Lk ¢ busfer}|? ; +2 x BH 3H"——2"2 2
=1 Ay A loga
i o 540y H3log? K
<4| Z ¢r{V(zr) — E[V(z7) |‘FT—1]}HA71 + 1 .
- k Alog 5

Firstly, we have (a + b)?> < 2a? + 2b%. Then, it holds since we divide the episodes into
two parts, the ones in buffer and the ones not. For the ones in buffer, due to the def-
inition of buffer.e(k), it is casy to prove that it is smaller than 4| Zlﬁzl o {V(zs) —
E[V(xr) | Fro1]} 1{k ¢ buffer}Hi’;l. As for the one not in buffer, % is a trivial
bound due to Theorem 3.6.1 and V() < 3H. ’

Therefore, with Lemma D.4. in Jin et al. [2020b|, we simply replace its H with our upper

bound of V'(+), i.e., 3H, and it finishes our proof. ]

Lemma 3.6.29. Let V denote a class of functions mapping from S to R with the following
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parametric form
V(-) = minfmaxw’ ¢, v) + B, v) + Bl(-,v)| y-1,3H},

where |w| < L, 8 € [0,B] and the minimum eigenvalue satisfies Apin(A) = . Suppose
(-, )|l < 1 and let N be the e-covering number of V with respect to the distance dist(V, V') =

sup, |V (z) — V'(x)|. Then, it holds

N 32+/d B2
e

8N Bsv/d

L
log Ne < dlog(1 + 8—) + d?log(1 ) + dN log(1 + ),
€

where By is a constant.

Proof. Due to Lemma D.6. in Jin et al. [2020b], it holds that
dist(V1, V2) < w1 —wa| + +/[A1 — Azl + sup | B (z,v) — Ra(z,v)),
v

where A = 82A71. Let C, be an §-cover of {w € R?| |w| < L}, and then it holds |C,,| <
(1+ %)d Similarly, for %-cover for {A}, we have |C4| < [1+ %E]dz.

Now, in order to bound the covering number corresponding to ]:?(x, v), we show that it
links to {gz}f\il first. As R(-,-) is function of {ﬁz}f\il and F(-) is differentiable with | f| < C1,
it holds that gl% < By for any i, where By is a constant. By is bounded since p; € [0, 1] and

the interval [0, 1] is compact. Therefore, since i = (¢, §>, it holds that

N
sup [ Ry (z,v) — Ry(z,v)| < sup > Bs|(fy; — 0;)" ¢l
v P:fl o<1 =1
N ~ -~
< ). Bsf1; — bai-
i=1
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Therefore, it holds that combining ﬁ—cover for gi,

8N Bsv/d
IChl < (1+ 7)6”\?

Then, it finishes the proof. O
Now, with lemmas prepared, we have the following lemma.

Lemma 3.6.30. For any 0, with probability at least 1 — ¢, there exists constants Bg and By

independent of K and H so that

k
V(k,h) e [K] < [H]: | Y o [VE (0h,0) — BV (2], o)1)

= (AZuffer.e(k))

< BgH3log? K + B7H?log Cs.

-1

Proof. Combining Theorem 3.6.26, Theorem 3.6.28 and Theorem 3.6.29, we set L = 3H 4/ d—){f
With Algorithm 5, we have B = C + CgH log? K. Then we have

k
~ e Sk 2
” Z (z);;[vh-i-l(xz-l-l) - th+1(377};, U}’T;)]H buffer.e(k) -t
T=1 h
< o 4 T2dH? log 2 14H2dlog(1 + \/:) + 144H7 log ——
Alog 5 A ¢ A g

2 Hlog? K)? NB k22
| 32Vd(Cr + CsMlog S 42N og(1 + W) | 32

144H2d?1
+ og[ \e2 € ) A

Therefore, by setting A = 1 and € = %, then we have the right side of the inequality is

O(H31og? K + H?log C7) and it finishes our proof. O
Now, let’s show the determination of Cf.

Lemma 3.6.31. There exist a constant Bg so that C7 = BgH% log K, and for any fized
policy 7, on Good Event &, i.e., all inequalities hold, we have for all (x,v,h,k) e S x T x
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[H] x [K] that:
(D, ),y + REC,) = QF () = Pp(VE = VD)) + AR,

where Az(.’ )< (Cr+ CH log? K)|o(-, .)H(Abuffem(%))_l.

h

Proof. Due to Bellman equation, we know that for any (z,v,h) € S x T x [H], it holds
Therefore, it gives

(B )s ey + RECL) = QF () = (o, ), wf — > + (RE = Ry (-, ).

Then, since wz = wzuffer'e(k), it holds that

~

- buffer.e(k)

k buffer.e(k)\—1 Sk
wf —wf = ()TN G ) — o
T=1

7 buffer.e(k)
buffer. _ -
— (Ao L S BTV (ah) — PAVIR (e o))}

T=1
=01 + 09 + I3,
where
buffer.e(k)\—1 7
B buffer.e(k)
buffer. — > >
by = (AT Y GV (@hyy) = PRV (2, o),
T7=1

& buffer.e(k)
buffer. — >
03 = (Ahu ey Z ¢iTl]P)h(Vif+1 — Vi) (g, vp).

T=1
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Then, we begin to bound items corresponding to 41, do and 03 individually.

Firstly, it holds

(. ), S0l <VAJwf|o(-, )] buster.e(F)) 1

(A,
SBHm"(b(? ) H buffer.e(k) 1
(A, )

The first inequality holds due to Cauchy inequality and A > AI. The second

buffer.e(k)

inequality holds due to Theorem 3.6.25.

Secondly, it holds that

|<¢(7 ‘)7 52>| < \/BGH?) 10g2 K+ B7H2 1Og O7H¢(7 ')H(Abuffer.e(E))_l'

h

It holds because of Theorem 3.6.30.

Lastly, we have

- buffer.e(k)
(B(,), 830 = (B, -), (ATEET =L S gy (DF L — VT D (@], of)

=1
buffer.e(k)

— (6( ), (TR S T f<9,f+1—v,zf+1><x'>th<x’>>
1

— (), f (F | — V)@Y dMy () — Mo(-), f (V) = Vi )AMy)
=P, (VFy = V)G
— X@(-, ), (APeEFem-e(h)y -1 f(ﬁ,{:l — V) (@) dMy ()

< ]P)h(vff:-i-l o Vf’L]r—&-l)('? ) + 3H~ d>\”¢(7 ')H(Abuffer.e(z))_l'
h

The second and fourth equations hold due to the definition of the operator IP;. The third

equation holds due to simple algebra arrangement. The inequality holds due to Cauchy
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inequality, V(-) < 3H and A, . o(i) = A

With the bounds in hand, we have AZ(-, ) < (3HVdN++/BgH3log? K + ByH?log C7 +

3H\ A +CgH log? K)o (-, )| (Abuffer.e(%))_1‘ Then, it is obviously that there exists a constant
h

Bg, so that BgH% log K = 3HVd\+ \/BGH?’ log? K + ByH?1log C'7 +3H+/dX and it finishes

the proof. O

Now, we are ready to show the reason why we chose such a bonus. We have the following

lemma.

Lemma 3.6.32. Under the setting of Theorem 3.3.5, on the Good Event &, it holds that for
any (z,v,h, k) e S x YT x [H] x [K],

*

Qfi(x,v) < QF (,v).

Proof. We will prove this lemma by induction.

First of all, for the last step H, since the value function is zero at H + 1, we have

|§Ij§{(7 ) + <¢(7 ')a w%> - Qg(a )| < (07 + C6H 10g2 K)||¢(> ')||(Abuffer.e(]~€))—1
H

due to Theorem 3.6.31. Therefore, we have

Qif () < min{Rfy(-.) + (Ol ), wip) + (Cr + CoH10g” K)O( ) rcer oy, 35

(A% N1

and we use Q];{(, -) to represent the right side.
Now, supposing the statement holds at step h + 1, then for step h, with Theorem 3.6.31,

it holds that

RS + (6w = QF = Br(Viey = VG )(o )l < (Cr + CH log? K)|[6(-, )] eees o)) 1
h
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By the induction assumption that ]P’h(V]{ZLl — Vfﬁl)(-, -) = 0, it holds that

QF () < min{RF(-,) + (o, ), wh) + (C7 + CoH log? K) (-, )| 3H)

(AZuffer.e(%))_l )

which ends the proof. O

Then, we have the following lemma about a recursive formula from 55 = V]Zf (:E]fl) —

T~
vV, B (f).

Lemma 3.6.33. Let 65 = fo(xz) - V;%(xlg) and §§+1 = E[5£+1 | xi,vfli] — 554—1‘ Then
conditional on Good Event £, it holds that for any (k,h) € [K] x [H],

k k k 2
6h < 5h+1 + £h+1 + 2<C7 + CGH log K)”(b(a ')|’(Abuffer.e(E))_1'

h

Proof. Due to Theorem 3.6.31, it holds that

s

Q) = QR () < PL(VE L =V, F () +2(Cr + CoH log? K)| (-, )|

(A];LufferAe(E))_l :

Then, since 3 =

b= Toutter.e(i) S the greedy policy before mixture at episode k by Algorithm 5,

we have
k k. k k 5o ko k
5h = Qh('r}pvh) - Qhk(fl,’],“l} )

Then, it ends the proof. O

With these preparations, we begin to prove Theorem 3.6.9.
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Using notations in Theorem 3.6.33, it holds that conditional on Good Event £

g

I
=
<

™ (@) =V, F (@] 1(k ¢ buffer)

\]
I
_

5’f 1(k ¢ buffer)

N
1=

Bl
I
_

N
M=
M=

&+ 2(C1 + Col 108" K)O(, )| snssenaty,_, 1k # butfer)
h

q
I
_
T
_

N
D=
M=

& +2v2(Cr + CoH log? K)[0(-, )|y -1 L(k ¢ butter)

3
I
—_
=
I
—_

N
=
M=

& + 2V2(Cr + CgH log” )6 ()| p)-1-

N
I
—_
=
Il
=

The first inequality holds due to Theorem 3.6.32, while the second one holds due to Theo-
rem 3.6.33. The third inequality holds due to the process of Algorithm 4, while the last one
is trivial.

For the first term, since the computation of \A/ff”'() is independent of the new observation
a:l;; at episode k, we obtain that {fiki} is a martingale difference sequence satisfying ]§}]§| < 3H

for all (k,h). Therefore, with Azuma-Hoeffding inequality [Hoeffding, 1994, it holds

K H 62
k
Pr(z Z Sh = 6) = exp(—m).
T7=1h=1

Then, with probability at least 1 — 9, we have

K H 1
MY egr< \/ 18K H3 log .
7=1h=1

For the second term, thanks to Abbasi-Yadkori et al. [2011], it holds that

K A+T

(61T (AT) Lol < 2dlog -

T=1
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Then with Cauchy inequality, we have

SEs < — 1 K
Z Z HaﬁZH(A;)— Z Z ¢h (A7) ¢h ]2 < H\/QdKlog T
7=1h=1 h=1 =1

Finally, combining the two terms and we have

1 A+ K
A1 < q/18KH3logg +2\@(C7+C’6Hlog2K)H\/2dKlog —;
< OgH??4\/ K log® K,

and it finishes our proof. O

3.6.5 Auxiliary Lemmas and Proofs in Section 3.6.3

In this section, we provide proof of lemmas in Section 3.6.3 in detail. We organize this section

in the order of lemmas.

Proof of Theorem 3.6.11

In Algorithm 7, there are two types of {buffer.e(k)}. The number of {buffer.e(k)} satis-

2 2
fying 2(/\%)_1 * (AZUffer'e(k))_l is smaller than wQ—i?lg—K due to Theorem 3.6.1. The
ol

number of {buffer.e(k)} when logs k is an integer is smaller than [logs K] + 1. Combining

the two parts finishes the proof. O]

Proof of Theorem 3.6.12

Since we have buffer period, the bound of the size of overbid or underbid is as same as
the situation when market noise distribution is known. Then, recall that the proof of The-
orem 3.6.3 is conditional on reserve price and others’ bid, it doesn’t matter whether we

consider ¢ or ¢ because the only difference between them is the way generating reserve has
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been 7. Conditional on reserve, the proof of Theorem 3.6.3 still holds on regarding to q.
With the same methodology in Theorem 3.6.3, we have the lemma due to Theorem 3.6.11.
[

Proof of Theorem 3.6.13

Similar to the proof of Theorem 3.6.5, we replace 1 — F(m; —1—{¢,0)) by 3LN(1 +{¢7,0))
to form Equation (3.4.1). We just need to prove that E[g — SLN(l +{¢7,0))] = 0 if bidders
bid truthfully. If g, = 1, it satisfies that we choose i using my with reserve price p; and
1+ {¢7,0) + z = p;. With some conditional probability calculation, the probability is
sy (1+(6r,0)).

Therefore, by simply setting ¢y = C] = 3LN in Theorem 3.6.5, we prove Theorem 3.6.13.

O

Proof of Theorem 3.6.15

In order to estimate F'(-) precisely. We need to bound two-fold errors. First, we need to
bound errors coming from randomness. Second, we need to bound errors from untruthful
bidding.

First of all, if every buyer bids truthfully, then with Theorem 3.6.10, it holds with prob-

ability at least 1 — % for each update that

F()~ F()] <y 5 log %(NHbuffer.e(%))%.

However, bidders may overbid or underbid for less than %TH due to Theorem 3.6.2 and
the estimation of p has error. Therefore, the c.d.f that F () estimates is not the same as

F(-). Since |f ()] < C1, the difference because of overbid or underbid is smaller than ClCT?’H
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Then, due to Theorem 3.6.14, the difference because of error in p is smaller than

~

o buffer.e(k)
Zh:l Zq—:]_ HQS(J;;;; Ug>||(Abuffer.e(E)

C1C11VH log K = h
Houffer.e(k)

)-1

Vd

< Clcllmlogl( —.
buffer.e(k)

The inequality holds since we have the mean value inequality and Theorem 3.6.27.

Since the number of episodes in buffer for each buyer ¢ is no larger than Co H log? K, it

holds that

~ 1, 2K ~ —1 C1C3H CgHlog? K

F() = F(-)| <a/=1log = (N Hbuffer.e(k)) ? + + =

() = PO =y 3 los 5 ) = rrere®
Vd

buffer.e(k)

+C1C11VHlog K

Because the number of episodes we run Equation (3.4.1) is smaller than K, then the total

probability happening Bad Event £¢ is smaller than 6. Then, it ends the proof. O]

Proof of Theorem 3.6.16

In order to prove Theorem 3.6.16, we introduce the following lemma first.

Lemma 3.6.34. Under assumption Theorem 3.3.2, when Theorem 3.6.15 holds, using his-

togram method to estimate p.d.f f(-) leads to the following bound that for any x

F@) — Jw)) < Dy Y8 K

buffer.e(k)

)

[ L

where D1 is a constant.
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Proof of Theorem 3.6.34 With Theorem 3.6.15 in hand, we divide [—1, 1] into 2M parts

denoted by {—M,...,0,..., M — 1} uniformly, then we have

Flo) = MIB(S) — B(<0)

where x € (ﬁ, %]

Under assumption Theorem 3.3.2, it holds that

~

. _ buffer.e(k)? .
By setting M = “VHlogk we finish our proof. m

Therefore, unlike Theorem 3.6.23, we have the following lemma.
Lemma 3.6.35. Under Theorem 3.3.3, it holds that

i ~ DyH log? K
g — oy | < [Kof, O, — O] + ————

Y

ST

buffer.e(k)

where D9 is a constant.

Proof of Theorem 3.6.35 Myerson [1981] shows that the optimal reserve price satisfies

a=1+p()+¢ L(=1—pu("),

where ¢(z) =z — 1}@()@ is virtual valuation function.
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We use o to denote the optimal reserve price while & to denote the reserve price we use
with F(-) and f() Also, we use & to denote reserve price corresponding to fi, F'(-) and f(-).
Theorem 3.6.23 shows that |&@ — o*| < |<¢Z, 0, — 0:1)).-

To bound |& — a|, we have

A~

1-F() 1-?(.)’ _ |1—F(~) - 1-?(-)|+|1—ﬁ(-) C1-F()
f() Foy o f0) f0) f0) 7
C’lngogQK N DivVHlog K

<
c11/ buffer.e(k) c%buffer.e(%)

The first inequality holds due to triangle inequality. The second inequality holds due to

=

Theorem 3.3.1, Theorem 3.6.15 and Theorem 3.6.34.

Then, we will show that ¢'(-) > 1.

1-F .
_ W()z) =1+ m. Under Theorem 3.3.3, it holds that
1 — F(-) is log-concave implying log’(1 — F(+)) is decreasing. Therefore, ¢'(x) > 1.

It holds that ¢(x) = x

~ 2 ~
Therefore, we have |¢(@) — ¢(a)] < —Ceflog K | DivHIeK .14 4F) = $(a).

~

01\/buffer-e(k) cbuffer.e(k)?

Then, it holds that

. CioH log? K DivVHlog K
|Oé — O[| < — + _ 1
Cl\/m c%buffer.e(k’)4

because ¢/(+) > 1.
Then, it ends our proof. m
Now, we are ready to prove Theorem 3.6.16. Using notations in Theorem 3.6.7, we use
another factor F to show that we use F(-) and f(-) in the function while factor F to denote

the use of ﬁ() and ]?()
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With the same methodology in Theorem 3.6.7, it holds that

|RZ(7 ) F) - ﬁl}i(: Y F)’ <[(1 + GCl)CllﬁlOg K]N‘|¢(7 ')H(Abuffer.e(%))_l
h

NBy

DoH log? K
+ 20k O — )? + 22

—)’]
buffer.e(k)?
1

<D3Hlog” K|¢(-,")| |+ DyH?log* K

Y

buffer.e(k) _ ~
(A butfer.e(k)

where D3 and Dy are two constants. The first inequality holds since (a + b)? < 2(a® + b?).
The second inequality holds by rearrangement.

Then, we will bound |RE(-, -, F) — RE(-, -, F)|.

Since RE(-, -, F) = SN Ep[max{?h of }1(75 > max{F¥~ ok 1)] and RE(, F) =
Z L E4 [max{rlh : zh} ]l( > max{?fh_,afh})], we have that the difference of expected

2

revenue about each buyer is smaller than 3N CmM. It comes from that the ex-
buffer.e(k)

pected revenue depends on N-fold integral with respect to random variable {szh}f\i |- Since

2
§z(dF —dF') = = {(F — F')dz < 3|F — F'||» < Chg—A18 K " cach integral has error
buffer.e(k)

2
less than BClngLKN. With N buyers in total, it holds that
buffer.e(k)

Hlog? K

[RE (-, F) = RE(-,-, F)] < 3N*Cha _.
buffer.e(k)

Combining the two parts, it holds

[Ri() = RiCo)l = R F) = By, F)|
Ci4H? log4K
(Abuffer.e(%))_l + ~
h buffer.e(k)

< C13H log? K|¢(-, )|

which ends the proof. Similarly, we can use Theorem 3.3.1 to achieve parallel results without
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Theorem 3.3.3 as Theorem 3.6.24 says. [

Proof of Theorem 3.6.17

Now, we introduce some lemmas in parallel in order to prove Theorem 3.6.17.

Lemma 3.6.36. For any given h omitted for convenience, suppose {x+}>_| being a stochas-
tic process on state space S with corresponding filtration {Fr}> . Let {¢7}7 ;| be an

R-valued stochastic process when ¢r € Fr_i. Since |pr| < 1 and A = M +

buffer.e(k)

Zﬁiflfer'e(k) nggbZ, then for any o, with probability at least 1 — 9, for any k corresponding to

buffer.e(k) and any V € V so that sup, |V (z)| < 3H, we have

i 31002 2,2
54CoH"log® K 32k“e
| 6rViar) ~EVG@) | FroaB2,  <2BL1 ;
=1 buffer.e(k) A IOg ¥

d. k+A N
212 X~ €
+ 144H [2 log ;) + log 5 ],

where N is the e-covering number of V with respect to the distance dist(V, V') = sup,(V (z)—
V/(x)).

Lemma 3.6.37. Let V denote a class of functions mapping from S to R with the following
parametric form

V() = min{mawa¢(-,v) + ﬁf(',’l}) + 5‘|¢('7U)HA_1 + A> 3H}7

a

21004
where |lw| < L, € [0,B], A = M m episode k and the minimum eigenvalue
buffer.e(k)

satisfies Amin(A) = X. Suppose |é(-,-)| < 1 and let N be the e-covering number of V with

respect to the distance dist(V, V') = sup,. |V (x) — V'(z)|. Then, it holds

324/ d B2 16N Brr/d
n L2) +dNlog(1 + —5[) +logN_e (F),

8L
log N < dlog(1+ =) + d?log(1
€ € € 12N2
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where By is a constant.

Proof of Theorem 3.6.37 When F(+) is unknown, it holds that

sup ]ﬁ’l(x,v) — ]5;2(:1;, v)| =sup ]ﬁ’l(x,v, ﬁ’l) — ﬁg(x,v, ﬁ2)|
T,V

v

<sup| Ry (z, v, F1) — Ro(z,v, F)]

T,
+ sup \ﬁg(m,v, Z?’l) — ]§2(a:, v, ]32)]
T,v
Then, we use C’g to denote the cardinality of the balls corresponding to f and C F to
denote the cardinality of the balls corresponding to F.

Like the proof of Theorem 3.6.29, we simply use ﬁ—ball to cover @i, and it holds that

16NB5\/3)dN

\C’g’ < (1+ .

Conditional on w, A and {@}Z]\i 1, with Theorem 3.6.16, we know that in order to satisfy
SUDy 4 \R(z,v, F) — R(z,v, F)| < 7, what we need is |F = Fllo < oy Lhen, it ends the
proof. O

Then, it holds the following lemma.

Lemma 3.6.38. For any 0, with probability at least 1 — ¢, there exists constants Bg and By

independent of K and H so that

k
V(k,h) e [K] < [H]: | Y ehViEy (2740) - Pv,f+1<xz,v;>]|2Abuﬁerhe@))
=1 h

-1

< DsH? + DgH?log Cy5,

where Dg ~ (5(1) omitting log K and Dg is a constant.

Proof. Similar to the proof of Theorem 3.6.30, we just replace Ne by dlog(1+ %) +d? log(1+
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B2VAB%) | AN log(1+ 0N B5VY) L 1og A7 (F). Then, we set A = 1, B = Cy5+C3H log? K
12N

and € = % With Theorem 3.4.1, we finish our proof. O]

Now, let’s show the determination of Cfs.

Lemma 3.6.39. There exist D7 ~ (5(1) so that C15 = D7H%, and for any fixed policy ,
on Good Event &, i.e., all inequalities hold, we have for all (x,v,h,k) e S x T x [H] x [K]
that:

@, )wiy + BEC) = QF) = Br(Vify = VI D) + AR(),

H?log* K

b+ Oyl K
uffer.e(k ~
(AZ ther.el ))71 buffer.e(k)

Proof. The proof of Theorem 3.6.39 is the same as proof of Theorem 3.6.31. Let’s show the

where AG(:,) < (C1 + CrgH log? K)o (-,-)|

determination of D7 in parallel. With Theorem 3.6.38 in hand, it holds that

D-H? > 3HVd + ¢ Ds H3 + DgH?1og Cy5 + 3HVAM.

Then, it is easy to see the existence of D7 where D7 ~ (5(1) O O

Also, we have the following lemma about the recursive formula from 55 = th (xﬁ) -

V}ZTE (xlfl) It holds due to Theorem 3.6.39 and Theorem 3.6.32.

T

Lemma 3.6.40. Let 6% = V}f(xfb) -V (:p,’fb) and ff]fﬂ = E[égﬂ |x£,vlﬁ] - 5§+1. Then

conditional on Good Event £, it holds that for any (k,h) € [K] x [H],

H?log* K

T < O + €l + 2(C1s + Cr10g? K)OC | msseraiy, + 2011 =
h buffer.e(k)

Now, we are ready to prove Theorem 3.6.17.

Similar to the proof of Theorem 3.6.9, it holds that

N K & H21og* K
AL SOWVHIK)+ Y > 20y —
k=1h=1 buffer.e(k)



~

Due to Algorithm 7, we have k < 2buffer.e(k). Therefore, it holds that

which ends the proof. O

3.6.6 Detailed Results of Numerical Experiments

In this section, we give some details about our numerical experiments.

In the contextual bandits setting, we show the total regrets of three different algorithms
(i.e. CLUB, SCORP and NPAC-S) in all 30 trails in the following table. Among all 30
trials, CLUB has the lowest regret in 15 trials while NPAC-S does in 14 trials. SCORP
only wins in the twelfth trial. For their average regrets, it’s 106.62 for CLUB, 178.96 for
SCORP and 99.69 for NPAC-S. Therefore, we conclude that for contextual bandit settings,
the performances of CLUB and NPAC-S are comparable, overwhelming the performance of
SCORP sufficiently.

For the implementation details, we assume N = 1 and there are two different contexts
both appearing in probability 0.5. Besides, we assume 6 = [0, 4, 0.6]T and underlying noise
distribution is Unif(|-1,1]). In order to discrete these strategies, we constrain that bids must
be a multiple of 0.01. To simulate strategic bidders, we use Theorem 3.6.2. Once it’s in
the buffer period, we assume bidders randomly bid. However, if not, we assume bidders bid
their value plus a random noise with scale % For NPAC-S, we use similar ways to simulate

strategic behaviors. However, for SCORP, we stated before that it uses too many episodes to
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explore, we loosen its constraints and assume truthful bidding. Although we only consider an
upper bound for its performance, SCORP still performs worse than CLUB and NPAC-S. So,
we only compare CLUB and NPAC-S in MDP settings. To solve Equation (3.4.1), we seek
help from scipy.optimize package. Actually, most of the running time is spent on solving
Equation (3.4.1). We believe we can reduce our running time by using other commercial
optimization solvers.

In the MDP setting, we show the total regrets of CLUB and NPAC-S in the 30 trails
in Table 3.2. Among all 30 trials, CLUB wins NPAC-S every time. The average of CLUB
is 203.07, overwhelming the corresponding 756.31 for NPAC-S. As a result, it shows that
CLUB has better performance against NPAC-S in the MDP setting.

For the detailed setting of MDP and the implementation, we consider the situation that
H = 2. We state different settings than the ones in contextual bandits as follows. The action
space contains two actions. The first action will lead to the first context with probability
1 and the second action will lead to the second context in the next phase. In our MDP
setting, we only discount once every episode which means two phases. Therefore, we set the
discount rate to be /v for NPAC-S. It is a more conservative situation and will decrease the
extent of untruthful bidding for NPAC-S At the same time, we assume NPAC-S will choose
actions randomly. For our CLUB algorithm, we construct a 4-dimensional feature space to
capture the structure of the underlying MDP. Additionally, instead of selecting d, we set
polyq(-) = Hlog?(K) and polys(-) = H2log*(K) which decide a unique probability to break
our PAC-learning bounds.

To sum up, the performance of CLUB and NPAC-S are comparable in contextual bandit
settings, overwhelming sufficiently the performance of SCORP. As for MDP setting, CLUB
is the only one to achieve sublinear regret bounds in both theory and practice. Therefore,
CLUB captures the underlying information structures precisely and depicts a practical way

in dynamic mechanism design.
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Trail\Regret | CLUB SCORP NPAC-S
1 57.20 170.77 131.41
2 139.75 230.29 113.23
3 58.01 189.06 41.46
4 238.57 168.39 54.59
) 79.43 161.72 59.99
6 171.67 211.33 53.72
7 52.24 204.67 185.61
8 59.40 185.07 135.82
9 228,57  176.15 37.69
10 150.11 181.72 91.58
11 80.74 197.85 123.08
12 179.27  167.39 239.79
13 37.25 186.11 56.14
14 83.27 168.86 240.07
15 54.92 163.89 219.48
16 72.72 175.39 86.02
17 56.35 174.99 35.80
18 55.40 178.67 52.55
19 34.40 170.65 70.55
20 15.57 160.40 169.44
21 95.18 164.27 171.89
22 324.05 176.15 24.25
23 184.31 174.79 30.46
24 41.43 174.32 64.36
25 51.32 171.11 89.65
26 30.47 177.63 191.52
27 30.46 178.80 58.29
28 367.42 182.17 84.62
29 54.69 171.78 44.27
30 114.49 174.32 33.29

Table 3.1: Regrets of three different algorithms in each trail.
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Trail\Regret | CLUB NPAC-S | Trail\Regret | CLUB NPAC-S
1 111.12 719.32 16 202.51 843.94
2 86.96 744.47 17 24.77 699.18
3 369.94  (694.44 18 262.83 709.15
4 78.32 1204.41 19 505.96 802.21
) 586.62 660.06 20 163.90 696.09
6 46.89 647.03 21 33.60 653.59
7 303.41 695.98 22 156.05 872.66
8 61.22 698.99 23 46.15 746.18
9 281.11 686.92 24 388.10 781.76
10 40.48 742.37 25 160.19 699.93
11 125.29 790.36 26 552.07 732.08
12 140.18 744.64 27 89.34 734.74
13 516.48 855.74 28 112.73 702.72
14 55.23 660.48 29 191.32 663.03
15 87.22 1002.02 30 311.99 804.94

Table 3.2: Regrets of two different algorithms in each trail.
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CHAPTER 4
OFFLINE RL FOR WELFARE MAXIMIZING MECHANISM IN
MDPS WITH GENERAL FUNCTION APPROXIMATION

4.1 Introduction

Mechanism design studies how best to allocate goods among rational agents [Maskin, 2008,
Myerson, 2008, Roughgarden, 2010]. Dynamic mechanism design focuses on analyzing op-
timal allocation rules in a changing environment, where demands for goods, the amount of
available goods, and their valuations can vary over time [Bergemann and Valiméki, 2019|.
Problems ranging from online commerce and electric vehicle charging to pricing Wi-Fi access
at Starbucks have been studied under the dynamic mechanism design framework |Gallien,
2006, Gerding et al., 2011, Friedman and Parkes, 2003|. Existing approaches in the literature
require knowledge of the problem, such as the evaluation of goods by agents |[Bergemann
and Valiméaki, 2010, Pavan et al., 2014, the transition dynamics of the system [Doepke and
Townsend, 2006, or the policy that maximizes social welfare [Parkes and Singh, 2003, Parkes
et al., 2004]. Unfortunately, such knowledge is often not available in practice.

A practical approach we take in this chapter is to learn a dynamic mechanism from
data using offline Reinforcement Learning (RL). Vickrey-Clarke-Groves (VCG) mechanism
provides a blueprint for the design of practical mechanisms in many problems and satisfies
crucial mechanisms design desiderata in an extremely general setting [Vickrey, 1961, Clarke,
1971, Groves, 1979]. In this chapter, we approximate the desired VCG mechanism using a
priori collected data [Jin et al., 2021b, Xie et al., 2021, Zanette et al., 2021]. We assume
that the mechanism designer does not know the utility of the agents or the transition kernel
of the states, but has access to an offline data set that contains observed state transitions
and utilities [Lange et al., 2012]. The goal of the mechanism designer is to recover the

ideal mechanism purely from this data set, without requiring interaction with the agents.
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We focus on an adaptation of the classic VCG mechanism to the dynamic setting [Parkes,
2007] and assume that agents’ interactions with the seller follow an episodic Markov Decision
Process (MDP), where the agents’ rewards are state-dependent and evolve over time within
each episode. To accommodate the rich class of quasilinear utility functions considered in
the economic literature [Bergemann and Valimaki, 2019], we use offline RL with a general
function approximation [Xie et al., 2021| to approximate the dynamic VCG mechanism.

Related Works. Parkes and Singh [2003] and Parkes et al. [2004] studied dynamic mech-
anism design from an MDP perspective. The proposed mechanisms can implement social
welfare-maximizing policies in a truth-revealing Bayes-Nash equilibrium both exactly and
approximately. Bapna and Weber [2005] studied the dynamic auction setting from a multi-
arm bandit perspective. Using the notion of marginal contribution, Bergemann and Valiméki
[2006] proposed a dynamic mechanism that is efficient and truth-telling. Pavan et al. [2009]
analyzed the first-order conditions of efficient dynamic mechanisms. Athey and Segal [2013]
extended both the VCG and AGV mechanisms [d’Aspremont and Gérard-Varet, 1979| to the
dynamic regime, obtaining an efficient budget-balanced dynamic mechanism. Kakade et al.
[2013| proposed the virtual pivot mechanism that achieves incentive compatibility under a
separability condition. See Cavallo [2009], Bergemann and Pavan [2015], and Bergemann and
Vilimaki [2019] for recent surveys on dynamic mechanism design. This chapter builds on the
mechanism in Parkes [2007] and Bergemann and Viliméki [2010], but focuses on learning a
mechanism from data rather than designing a mechanism in a known environment.

Only a few recent works have investigated the learning of mechanisms. Kandasamy et al.
[2023] provided an algorithm that recovers the VCG mechanism in a stationary multi-arm
bandit setting. Cen and Shah [2022|, Dai and Jordan [2021], Jagadeesan et al. [2021], and
Liu et al. [2021a] studied the recovery of stable matching when the agents’ utilities are given
by bandit feedback. Balcan et al. [2008| shows that incentive-compatible mechanism design

problems can be reduced to a structural risk minimization problem. In contrast, our work
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focuses on learning a dynamic mechanism in an offline setting.

This chapter is also related to the literature on offline RL [Yu et al., 2020, Kumar et al.,
2020, Liu et al., 2020, Kidambi et al., 2020, Jin et al., 2021b, Xie et al., 2021, Zanette
et al., 2021, Yin and Wang, 2021, Uehara and Sun, 2021]. In the context of linear MDPs,
Jin et al. [2021Db| provided a provably sample-efficient pessimistic value iteration algorithm,
while Zanette et al. [2021] used an actor-critic algorithm to further improve the upper bound.
Yin and Wang [2021] proposed an instance-optimal method for tabular MDPs. Uehara and
Sun [2021] focused on model-based offline RL, while Xie et al. [2021] introduced a pessimistic
soft policy iteration algorithm for offline RL with a general function approximation. Com-
pared to Xie et al. [2021], in addition to the social welfare suboptimality, we also provide
bounds on both the agents’ and the seller’s suboptimalities. We also show that our algo-
rithm asymptotically satisfies key mechanism design desiderata, including truthfulness and
individual rationality. Finally, we use optimistic and pessimistic estimates to learn the VCG
prices, instead of the purely pessimistic approach discussed in Xie et al. [2021]. This differ-
ence shows the difference between dynamic VCG and standard MDP. Our work also features
a simplified proof of the main technical results in Xie et al. [2021].

Our Contributions. We propose the first offline reinforcement learning algorithm that
can learn a dynamic mechanism from any given data set. Additionally, our algorithm does not
make any assumption about data coverage and only assumes that the underlying action-value
functions are approximately realizable and the function class is approximately complete (see
Assumptions 4.2.3 and 4.2.4 for detailed discussions), which makes the algorithm applicable
to the wide range of real-world mechanism design problems with quasilinear, potentially
non-convex utility functions [Carbajal and Ely, 2013, Bergemann and Véliméki, 2019].

Our work features a soft policy iteration algorithm that allows for both optimistic and
pessimistic estimates. When the data set has sufficient coverage of the optimal policy, the

value function is realizable, and the function class is complete, our algorithm sublinearly
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converges to a mechanism with suboptimality O(K -1/ 3), matching the rates obtained in Xie
et al. [2021], where K denotes the number of trajectories contained in the offline dataset. In
addition to suboptimality guarantees, we further show that our algorithm is asymptotically
individually rational and truthful with the same O(K ~1/3) guarantee.

On the technical side, our work features a simplified theoretical analysis of pessimistic
soft policy iteration algorithms [Xie et al., 2021], using an adaptation of the classic tail bound
discussed in Gyorfi et al. [2002]. Moreover, unlike [Xie et al., 2021], our simplified analysis
is directly applicable to continuous function classes via a covering-based argument.

Notations. For any positive integer z € Z~q, let [z] = {1,2,...,z}. For any set A,
let A(A) be the set of probability distributions supported on A. For two sequences xp, yn,
we say =, = O(yp) if there exist universal constants ng, C' > 0 such that z,, < Cy,, for all
n > ng. We use O(-) to denote O(-) ignoring log factors. Unless stated otherwise, we use

| - || to denote the f5-norm

4.2 Background and Preliminaries

In this section, we define the dynamic mechanism and related notions. In addition, we
discuss three key mechanism design desiderata and their asymptotic versions. Finally, we
introduce the general function approximation regime and related assumptions.

Episodic MDP. Consider an episodic MDP given by M = (S, A H,P, Vi,h}?j){h:l)’
where S is the state space, A is the seller’s action space, H is the length of each episode, and
P = {Ph}ile is the transition kernel, where Py, (s'|s, a) denotes the probability that the state
s € S transitions to the state s’ € S when the seller chooses the action a € A at the h-th step.!
We assume that S, A are both finite but can be arbitrarily large. Let r;j, : S x A — [0,1]

denote the reward function of an agent 7 at step A and Toh S x A — [—Rmax, —n + Rmax]

1. In mechanism design literature the reward function is often called “value function." We use the tem
“reward function" throughout the paper to avoid confusion with state- and action-value functions.
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the seller’s reward function at step h, which can be negative, as policies can be costly.

A stochastic policy m = {ﬂ'h}thl maps the seller’s state S to a distribution over the action
space A at each step h, where 7, (als) denotes the probability that the seller chooses the
action a € A when they are in the state s € S. We use d to denote the state-action visitation
measure over {S x A}H induced by the policy m and use E; as a shorthand notation for the
expectation taken over the visitation measure.

For any given reward function 7 and any policy m, the (state-)value function Vi (-;7) :
S — R is defined as V] (z;7) = EW[Zﬁ:h Ty (Sprsapr)|sp, = x] at each step h € [H] and
the corresponding action-value function (Q-function) Q7 (-,:;7) : & x A — R is defined as
Qp(z,a;7) = EW[Zg:h Ty (Sprsap)|sy, = x,ap = a]. For any function g : S x A — R, any
policy 7, and h € [H], we use the shorthand notation g(s, ;) = E,_r, (5)l9(s,a)]. We
define the policy-specific Bellman evaluation operator at h with respect to reward function

r under policy 7 as

(Tir9) (@, a) =rp(x,a) + Bp [g(sp1, Ths1)|sp =z, a, = al, (4.2.1)

where Ep is taken over the randomness in the transition kernel P.

We emphasize that while the problem setting we consider features multiple reward func-
tions and interaction between multiple participants, our setting is not an instance of a Markov
game |Littman, 1994] as we allow only the seller to take actions.

Dynamic Mechanism as an MDP. We assume that agents and sellers interact in the
following way. Without loss of generality, assume that the seller starts at some fixed state
sg € S when h = 1. For each h € [H], the seller observes its state s and takes some action
a € A. The agent receives the reward ; (s, a) and reports to the seller the received reward
as 7 ,(sp, ap) € [0,1], which may be different from the true reward. The seller receives a
reward 7 p,(s,a) and transitions to some state s’ ~ Pp,(:|s,a). At the end of each episode,

the seller charges each agent i a price p; € R, i € [n].
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We stress the difference between the reported reward, 7; j,, and the actual reward, r; p,.
The reported reward is equal to r; 5, if an agent is truthful but may be given by an arbitrary
function 7 5 : S x A — [0, 1] when the agent is not. In other words, the agent i’s reported
reward comes from the actual reward function 7; j, or some arbitrary reward function 7; j.
Our algorithm learns a mechanism via the reported rewards and, under certain assumptions,
we can provide guarantees on the actual rewards.

For convenience, let R = " r; be the sum of true reward functions and R_; = Y s_.; 74
the sum of true reward functions excluding agent ¢. Let é, E_i be defined similarly for the
reported reward functions. Let R = {R_;}!" ; U {R} be the set of all true reward functions
that we will estimate and R be that for the reported reward functions. When all agents are
truthful, R = R. We also let

; R = [ Ty ) V* ) = Vﬂ— B )
Q) = mas QF (), Vi (37) = ma Vi 1)

*_

my = argmax V" (sg;7), Vre R u R.

mell

*
—1

ok

* *
== ﬂ—szJ m

= 7%, and 7, = 7% . Follow-
R t R

—1

As a shorthand notation, let 7% = 7, ™
ing Kandasamy et al. [2023], we define the agents’ and seller’s utilities as follows. For any

i € [n], we define the agent ¢’s utility under policy m, when charged price p;, as

H
UT (pi) = Bxl > 7 (s, an)] = pi = V" (s0:73) — pi.
h=1

The seller’s utility is similarly defined as

H n n
UG ({pitiey) = Bl Y ron(sn.an)] + D pi = Vi (s0:m0) + Y pi-
h=1 i—1 i—1

The social welfare for any policy 7 € I is the sum of the utilities, >}  Ex[u;] = V" (s0; R),
similar to its definition in Bergemann and Véliméki [2010].
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4.2.1 A Dynamic VCG Mechanism

We now discuss a dynamic adaptation of the VCG mechanism and three key mechanism
design desiderata it satisfies [Nisan et al., 2007]. We begin by introducing the dynamic

adaptation of the VCG mechanism.

Definition 4.2.1 (Dynamic VCG Mechanism). When agents interact according to the afore-
mentioned MDP, assuming the transition kernel P and the reported reward functions {7}
are known, the VCG mechanism selects 7, the social welfare maximizing policy based on the
reported rewards, and charges the agent i price p; : S — R, given by p; = Vl*(so;ﬁﬂ-) —

Vl%*(so;é_i). More generally, when the mechanism chooses to implement some arbitrary

policy m, the VCG price for the agent © is given by

~ ~

pi = Vi (s0; R—;) — V" (so; R—;). (4.2.2)

Observe that when H = 1, the dynamic adaptation we propose reduces to exactly the
classic VCG mechanism |Nisan et al., 2007].
We highlight the three common mechanism desiderata in the mechanism design litera-

ture [Nisan et al., 2007, Bergemann and Valiméki, 2010, Hartline, 2012].

1. Efficiency: A mechanism is efficient if it maximizes social welfare when all agents

report truthfully.

2. Individual rationality: A mechanism is individually rational if it does not charge an
agent more than their reported reward, regardless of other agents’ behavior. In other

words, if an agent reports truthfully, they attain non-negative utility.

3. Truthfulness: A mechanism is truthful or (dominant strategy) incentive-compatible if,
regardless of the truthfulness of other agents’ reports, the agent’s utility is maximized

when they report their rewards truthfully.
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In the MDP setting, the dynamic VCG mechanism simultaneously satisfies all three desider-

ata.

Proposition 4.2.2. With P and the reported rewards {7;}7_, known, choosing T and charg-
ing p; for all i € [n] according to (4.2.2) ensures that the mechanism satisfies truthfulness,

individual rationality, and efficiency simultaneously.

Proof. See Appendix 4.5.1 for a detailed proof. O
Performance Metrics. We use the following metrics to evaluate the performance of

our estimated mechanism. Let the social welfare suboptimality of an arbitrary policy 7 be

SubOpt(m; sg) = Vi (so; B) — V{" (so; R). (4.2.3)

For any i € [n], let p(sg) = V{"(s0; R—;) — V[ “(s0: R—_;) be the price charged to the agent
1 by VCG under truthful reporting. We can similarly define the suboptimality with respect
to the agents’ and the seller’s expected utilities. For any i € [n], the agent i’s suboptimality

with respect to policy 7 and price {p;}}"_; is defined as

SubOpt; (m, {pi}f_1; s0) = UF (p¥) — UT (pi) = VI (s0:74) — bt (s0) — Vi (s0;74) + pi
(4.2.4)

and the seller’s suboptimality is

SubOpto (, {pi}i=1; 50) = UF ({0} }ie1) — UF ({pidiy)
n (4.2.5)
= V™ (s0:70) sz Vi (s0;m0) = ), pi-
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4.2.2  Offtine Episodic RL with General Function Approzimation

We use offline RL in the general function approximation setting to minimize the aforemen-
tioned suboptimalities. Let D be a precollected data set that contains K trajectories, that
is, D = {(7,a], {?‘Zh}?zl, x2+1)}£{;£1 Following the setup in Xie et al. [2021], we consider
the i.i.d. data collection regime, where for all h € [H], (xz,a}c,xzﬂ)f:l is drawn from a
distribution p, supported on S x A x S. The distribution p over {S x A x S} is induced
by a behavioral policy used for data collection. We do not make any coverage assumption on
i, similar to the existing literature on offline RL [Jin et al., 2021b, Uehara and Sun, 2021,
Zanette et al., 2021].

Consider some general function class F = F} x Fa x ... x Fp. For each h € [H], we use
some arbitrary yet bounded function class Fj, € SxA — [—(H—h+1) Rmax, (H—h+1) Ryax]
to approximate Q7 (-, -;r) for arbitrary 7 and r € R. For completeness, we let Fra1=1{f:
f(s,a) = 0¥(s,a) € S x A} be the singleton set containing only the degenerate function
mapping all inputs to 0.

We make two common assumptions about the expressiveness of the function class F [An-

tos et al., 2008, Xie et al., 2021|.

Assumption 4.2.3 (Approximate Realizability). For any r € R and T € (S — A(A)}M,

there exists some fI € F such that for all h € [H],

swp B [ ) = QR <
r'e{S—A(A)}H

Intuitively, Assumption 4.2.3 dictates that for all reported reward functions r and all

policies 7, there exists a function in F that can approximate @] sufficiently well.

Assumption 4.2.4 (Approximate Completeness). For any h € [H|,r € R, and T € {S —
A(A)Y, we have

sup it By (1 — T fI2] < ex 5.
feFni1 I'€Fn
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Assumption 4.2.4 requires the function class F to be approximately closed for all reported
reward functions and policies. The assumption is prevalent in RL and can be omitted only
in rare circumstances |Xie and Jiang, 2021].

A fundamental problem in offline RL is the distribution shift, which occurs when the data
generating distribution has only a partial coverage of the policy of interest [Jin et al., 2021b,
Zanette et al., 2021|. We address the issue with the help of distribution shift coefficient |Xie

et al., 2021].

Definition 4.2.5 (Distribution Shift Coefficient). Let C™(v) be the measure of distribution
shift from an arbitrary distribution over (S x A)H, denoted v, to the data distribution p,
when measured under the transition dynamics induced by a policy m € {S — A(A)}H. In

particular,

" Ev (13 = Ty i)
C™(v) = max max max 1 5 o
fL.f2eF helH] reR Euh[”fh - h,rfh—&—lH ]

The coefficient controls how well the Bellman estimation error shifts from one distribution
to another for any Bellman transition operator 7. For a detailed discussion on how the
coefficient generalizes previous measures of distribution shift, please refer to Xie et al. [2021].
As a shorthand notation, when v is the visitation measure induced by some policy 7/, we let
C™(7") = C™(d ) = C™(v).

In offline learning, with a finite data set, we can only hope to learn the desired mecha-
nism up to certain statistical error. In particular, we state the approximate versions of the

desiderata for finite-sample analysis.

1. Asymptotic efficiency: If all agents report truthfully, a mechanism is asymptotically
efficient if SubOpt(7; sg) € O(K~%) for some a € (0, 1).

2. Asymptotic individual rationality: Let m, p; be the policy and price chosen by the

mechanism when the agent ¢ is truthful. A dynamic mechanism is asymptotically
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individually rational if U (p;) = —O(K™%) for some a € (0,1), regardless of the

truthfulness of other agents.

3. Asymptotic truthfulness: Let 7, p; be the policy and price chosen by the mechanism
when the agent ¢ is untruthful, and =, p; those chosen by the mechanism when the
agent ¢ is truthful. We say a dynamic mechanism is asymptotically truthful if Ui% (pi) —

Ul (pi) = O(K™%) for some a € (0, 1) regardless of the truthfulness of other agents.

As we will see in sequel, we propose a soft policy iteration algorithm that simultaneously

satisfies all three criteria above with av = 1/3 up to function approximation biases.

4.3 Offline RL for VCG

We develop an algorithm that learns the dynamic VCG mechanism via offline RL. We begin
by sketching out a basic outline of our algorithm. Recall the dynamic VCG mechanism given
in Definition 4.2.1. At a high level, an algorithm that learns the dynamic VCG mechanism

can be summarized as the following procedure.
1. Learn some policy 7 such that the social welfare suboptimality SubOpt(7; sq) is small.

2. For alli € [n], estimate the VCG price p;, defined in (4.2.2), as p; = G(_lg(so)—G(_QZ)(so),

where G(_lz?(so) estimates V*(so; R_;) and G(2)(50) estimates var(so; R_;).

—1

Step 1 simply minimizes the social welfare suboptimality using offline RL and has been
extensively studied in prior literature [Jin et al., 2021b, Zanette et al., 2021, Xie et al., 2021,
Uehara and Sun, 2021].

A greater challenge lies in implementing Step 2 and showing that the price estimates,
{pi}i_,, satisfy all three approximate mechanism design desiderata. The estimate G(_QZ) (s0)
can be constructed by performing a policy evaluation of the learned policy, 7. The construc-

tion of Gg) (sp) is more challenging, involving two separate steps: (1) learning a fictitious
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policy that approximately maximizes Vfr(so;_f%_i) over 7 from offline data, and (2) per-
forming a policy evaluation of the learned fictitious policy to obtain the estimate of the

value function. Consequently, the policy evaluation and policy improvement subroutines are

(1)

necessary for learning GG2_; (sg) and implementing Step 2.

Our challenge is complicated by the fact that a combination of optimism and pessimism
is needed for price estimation, whereas the typical offline RL literature only leverages pes-
simism [Jin et al., 2021b, Uehara and Sun, 2021, Xie et al., 2021|. For example, when
G(_lz) (sp) is a pessimistic estimate of V|*(sp; ﬁ_i), the price estimate p; is a “lower bound,”
at least in the first term, of the actual price p; derived in (4.2.2). A lower price estimate
would be beneficial to the agent, but would increase the seller’s suboptimality since, loosely
speaking, the seller is “paying for” the uncertainty in the data set, and the reverse holds
when G(_IZ) (sp) is an optimistic estimate. The party burdened with the cost of uncertainty
may be different in different settings. When allocating public goods, for instance, the cost
of uncertainty should be the seller’s burden to better benefit the public [Bergemann and
Vilimaki, 2019], whereas a company wishing to maximize their profit would prefer having

the agents “pay for" uncertainty [Friedman and Parkes, 2003].

To allow for such flexibility, we introduce hyperparameters (q,(s € {PES,0PT}, where
(1)

(1 determines whether G2/ (s() is a PESsimistic or OPTimistic estimate and (o does so for
G(_QZ) (sg). To highlight the trade-off between agents’ and seller’s suboptimalities, we focus
on the two extreme cases, ((1,(2) = (PES,0PT) and ((y,(2) = (OPT,PES), where the former
favors the agents and the latter the seller. Depending on the goal of the mechanism designer,
different choices of (1, (o may be selected to favor agents or the seller [Maskin, 2008].

With the crucial challenges identified, we introduce the specific algorithms that we use

to implement Steps 1 and 2.
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4.3.1 Policy Evaluation and Soft Policy Iteration

We use optimistic and pessimistic variants of soft policy iteration, commonly used for policy
improvement [Xie et al., 2021, Cai et al., 2020, Zanette et al., 2021]. At a high level, each
iteration of the soft policy iteration consists of two steps: policy evaluation and policy
improvement.

We begin by describing our policy evaluation algorithm. The Bellman error can be written
as fp(s,a) — 77z7frfh+1(37 a) for any (s,a) € S x A, h € [H], and the estimate of the action
value function f € F for policy m and reward r. We construct an empirical estimate of the
Bellman error as follows. For any h € [H], f, f' € Fandr € R, we define Ly (fn, f/,”H-l’ m; D)

as

K
2
Eh T(fh fh+177T D = Z fh, Sh?“h h(S;-paz) - fflL+1(S7f;+177Th+1)) 9

where we slightly abuse the notation and let r} be the reported rewards 77 ih summed over ¢
according to the chosen reported reward function r € R. Recall that R = {R_ i v (R}
is the set of reported reward functions whose action-value functions need to be estimated.

The empirical estimate for Bellman error under policy 7 at step h is then constructed as

gh,’l"(f77r;D> = Eh,T(f}u fh-l—l’ﬂ-;,D) - gnel.l}—r]ll ‘Ch,’l"(g7 fh—|—177T; D) (431)

The goal of the policy evaluation algorithm is to solve the following regularized optimization

problems:

H

Qr = arfgr;l__in—fl(SOa ™)+ A Y Epye(fim D),
€ _

! (4.3.2)

H
QF = argmin f1(so, ™) + A Y. &, (f,m D),
fer h=1

thereby obtaining optimistic and pessimistic estimates of Q™ (-,-;r) for any policy 7 and
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reward function . We summarize the procedure in Algorithm 10.

Algorithm 10 Policy Evaluation

Input: Reported reward r € 7%, regularization coefficient A, policy 7, and dataset D =
HEK
{@h wp T 3 721

1: For all h,7, calculate r; as the sum of ?’Z ;, over i according to the reported reward
function r.

2: Obtain the optimistic and pessimistic estimates of Q7 using (4.3.2)

3: Return action-value function estimates @ZT, CVQZT

Next, we introduce the policy improvement procedure. At each step ¢ € [T], we use
the mirror descent with the Kullback-Leibler (KL) divergence to update the policies for all

(s,a) e S x A, h € [H]. By direct computation, the update rule can be written as

7?}(57:1)(a|5) ocwé?ﬂ(a]s) exp (77@53(3» a)) , (4.3.3)
vgyi;rl)(ab) o Wgt’)r(a|s) exp (nég’)r(s, a)) , (4.3.4)

where @hw éh,r are the action-value function estimates obtained from (4.3.2) [Bubeck et al.,
2015, Cai et al., 2020, Xie et al., 2021].

For any set of T' policies {W(t)}g;l, let Unif({ﬁ(t)}g;l) be the mixture policy formed
by selecting one of {W(t)}thl uniformly at random. The output of our policy improvement
algorithm is then given by Unif({ﬁy(at)}g;l) and Unif({%ﬁt)}z;l), that is, the uniform mix-
ture of optimistic and pessimistic policy estimates. We summarize the soft policy iteration
algorithm in the form of pseudocode in Algorithm 11.

We defer the pseudocode of our main algorithm to Section 4.5.2 in the form of Algo-

rithm 12, as its construction is apparent given the two key subroutines above.
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Algorithm 11 Soft Policy Iteration for Episodic MDPs

Input: Reported reward r € ﬁ regularization coefﬁcient A, number of iterations 7', learning

N =

rate 77 , and dataset D = {(z},w], {77 h}n)}hT 1

~(1) ~(1)

. Initialize optimistic and pessimistic polices, 7’ and 7, ’, as the uniform policy.

fort=1,...,7T do

A(t (t
Obtain the optimistic and pessimistic estimates of Q?’(“) and QZ«”(") by Algorithm 10.
Update policy estimates according to (4.3.3) and (4.3.4).
end for
Let 700t — Unif({#\"}7_ ), 7out = Unif({x"}L ).

Execute Algorithm 10 to construct optimistic action-value function QOUt for o4
out

t and

pessimistic action-value function Qom for 7
Return {701, QOUt} and {7oUt, Q?ut}.

, respectively.

4.4 Main Results

We begin by formally defining the policy class induced by the policy improvement algorithm,

Algorithm 11. It is a well-known result that policy iterates induced by mirror descent-style

updates in (4.3.3) and (4.3.4) are in the natural policy class attained by soft policy iteration

over F |Cai et al., 2020, Agarwal et al., 2021, Xie et al., 2021, Zanette et al., 2021], given by

H1t={h ocexp(th >:he[H],{f;§’f>}?:1gfh}.

Let IIgpr denote the following set of policies

Igpr =H1t{7r LT = Unif({w(t)}itrzl), {W(t)}thl c HIt}- (4.4.1)

Before stating the main result, we introduce an additional notation. The statistical error

ErrStt denotes

Errstat _ 5 (H(HRmax)5/3K_l/3> + 6(]‘[ ((HRmax)1/3e¥3 + Sy + 6.7:,]:)>7
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while the optimization error Err°Pt denotes

ErrPt = O (HQRmaXm> .

To differentiate the policies learned under different truthfulness assumptions, let 7@ = %%ut

be the policy chosen by the algorithm when all agents are truthful, let 7 = %?;jé_i be
the policy chosen when we only assume the agent 4 is truthful, and let 7 5= %%Ut be the
policy chosen when no agent is truthful. Let 7vr(t), %(t), 7?%) be the iterates of Algorithm 11
when learning these policies. Denote the prices charged by {p;}i" {, {D;};"_;, and {ﬁl’ ﬁ}?:lv
respectively.

We then summarize the performance of our learned mechanism with asymptotic bounds

in Theorem 4.4.1. Theorem 4.5.1 presented in Appendix 4.5.3 provides a more detailed

result.

Theorem 4.4.1 (Informal). With probability at least 1 — §, with suitable choices of A, 6,

under Assumptions 4.2.3 and 4.2.4, the following claims hold simultaneously.

1. Algorithm 12 returns a mechanism that is asymptotically efficient. More specifically,

assuming all agents report truthfully, we have

T
1 -
SubOpt(7; s9) < Err®Pt + <T Z \/CF (’/T*)) Errstat,
t=1

2. Assuming all agents report truthfully, when ((1,(2) = (PES,0PT), we have

T
1 -
SubOpt; (7, {7} 1: s0) < Err®Pt + (i PRV (w*)) Err*tet,
t=1
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When ((1,(2) = (OPT, PES), we have

SubOpt; (7, {Pi}f1; s0) <Err®P!

+ BrrStat <% i \/ ot () + \/C%*i (T—;) + \/C’ﬂ%)) :
t=1

3. Assuming all agents report truthfully, when ((1,(2) = (PES,0PT), we have

SubOptq (T, {Pi }i—1; s0)

v(t

< nErr°Pt 4 ErpStat (i \/C%*i (i) + n\/C”VT )+ Z % Z c'R )

1=1 i=1" t=1

and, when ((1,(2) = (OPT,PES), we have

SubOptg (%, {P; }'_1; s0)

A( ) |
< nErrPtErrStat (Z Z : ) + Z % Z C"R t )

i=1" t=1 i=1" t=1

4. Algorithm 12 returns a mechanism that is asymptotically individually rational. More
specifically, even when other agents are untruthful, when ({1, (2) = (PES,0PT) and the
agent 1 is truthful, their utility satisfies

Uzﬂ(ﬁz) = _Erropt _ Errstat( 2 f? g ~*

TR_. r~out - 7~r t)
/¢ (W~ T Z (WT1+R_1)

t=1

<
Q
=
=+
N
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and when ((1,(2) = (OPT,PES) and the agent i is truthful, their utility satisfies

~

UF(p;) > — B

7

5. Algorithm 12 returns a mechanism that is asymptotically truthful. More specifically,
even when all the other agents are untruthful and irrespective of whether the agent i is
truthful or not, for all i € [n] when (o = OPT the amount of utility gained by untruthful

reporting s upper bounded as

T
~ ~ 1 N =
l} Rin ) _ T Opt stat (t) * T~ ~
i (pi,R) Ui (bi) < Err Err <_T ;_1\/0” (Wrﬁﬁli) +14/C R(WR))> )

and when (o = PES, the amount of utility gained by untruthful reporting is upper

bounded as

~

T
o . 1
U; ™(p; ) — Ul (Bi) < Err©Pt 4 ErrStat (T Z

Proof. See Section 4.5.3 for a detailed proof. m

We make a few remarks about Theorem 4.4.1.

Dependence on the number of trajectories K. The only term that depends on
the number of trajectories K is the statistical error Err®2t and it decays at the O(K ~1/3)
rate, matching the sample complexity of the pessimistic soft policy iteration algorithm [Xie
et al., 2021]. When data set has coverage of the optimal policy and no function approxima-

tion bias, our algorithm converges sublinearly to a mechanism with suboptimality O(K 1/ 3).
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Furthermore, when data set has sufficient coverage over all policies and the function class
satisfies Assumptions 4.2.3 and 4.2.4 exactly, our algorithm is asymptotically individually
rational and truthful at the same O(K 1/ 3) rate, a result that is not implied by the existing
literature on offline RL [Xie et al., 2021, Jin et al., 2021b, Zanette et al., 2021].

Dependence on (j,(9. Observe that (1 and (9 affect the bounds in Theorem 4.4.1
by changing the distribution shift coefficients involved for each suboptimality. The inclu-
sion of optimism in offline RL for mechanism design is crucial, as the optimal individual
suboptimality rate is attainable only when (; = OPT. Different from the existing work on
offline RL which extensively uses pessimism, we demonstrate the importance and necessity
of optimism when offline RL is used to help design dynamic mechanisms [Xie et al., 2021,
Jin et al., 2021a, Zanette et al., 2021].

Dependence on F,Ilgp;. The statistical error term ErrS'at

is the only term that
depends on F, [Igpr through the log covering numbers of F and Ilgpy. The covering numbers
are formally defined in Appendix 4.5.5 and the theorem’s dependence on the covering number
is made explicit in the non-asymptotic version, Theorem 4.5.1. We emphasize that our results
are directly applicable to general, continuous function classes via a covering-based argument,
improving over the results in Xie et al. [2021].

Comparison to related work. While deep RL algorithms such as conservative Q-
learning [Kumar et al., 2020], conservative offline model-based policy optimization [Yu et al.,
2021], and decision transformer [Chen et al., 2021a| have achieved empirical success on popu-
lar offline RL benchmarks, such algorithms rarely have theoretical guarantees without strong
coverage assumptions. Within a mechanism design context, such a lack of theoretical guar-
antees is particularly problematic, as we cannot ensure that the learned mechanism is in-
dividually rational or truthful, potentially leading to significant ethical issues when applied

to real-world problems. When compared to Xie et al. [2021], our work features a stream-

lined, simplified theoretical analysis, which we sketch below, that is directly applicable when
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both |F| and |II| are unbounded using a covering-based argument, whereas the convergence
bounds in Xie et al. [2021] grows linearly in the term 4/ w in the general function

approximation setting.
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4.5 Technical Details

4.5.1 Proof of Proposition 4.2.2

Those familiar with the literature on mechanism design may quickly realize that our price
function is derived using the Clarke pivot rule [Nisan et al., 2007]. The result is directly
derived from the properties of the VCG mechanism [Nisan et al., 2007, Parkes, 2007, Hartline,
2012]. We include a full proof for completeness.

With P and {7}, given, the state-value functions V;T(sq,7) can be explicitly cal-
culated for all h € [H],r € R. We can then obtain exactly #* and directly calculate
p; = Vl*(so,ﬁ_i) — VfNT* (so,ﬁ_i). Thus, the proposed mechanism is feasible when the

rewards and transition kernel are known.

For convenience, let

D= . = argmax Vi (so;mi + R_;) and 72 = 7% = argmax Vi (s0; R),
ritR; mell R mell

denote the policies chosen by the mechanism when the agent ¢ is truthful and untruthful,
respectively, without assumptions on the truthfulness of other agents.

We now show that the three desiderata are satisfied by the mechanism.

1. Efficiency. When the agents report {r;}1* ; truthfully, the chosen policy 7* maximizes

the social welfare and is efficient by definition.

2. Individual rationality. The price charged from the agent i is

~

" (2) ~
pi = Vi (s0; R—y) = V{" " (s0; R—;).

Our goal is to then show that VfT(Q)(so; 7;) = p;. That is, the value function of the
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reported reward is no less than the price charged. Observe that

2)

( ~ ~ (2) ~ % ~
VIt (s0;7) —Di = VT (s0; R) — Vi (s0; R—y).

Let 7T(_2i) = argmax .1 V" (50; R_;). Then we know that

U L. DU @
VI" (s0;7) =P = V) T (sos R) — V) (s Beg) =V} T (s0;7) = 0.
. Truthfulness: If 7; = r;, that is, the agent ¢ reports truthfully, they attain the following

utility

(D) (1) A~

UT " (pi) = Vi (s03m) — Vit (s0; Bq) + VI (s0: Ry)

(1) ~ .
= V" “(so;ri + R—j) — Vi (s0; R—;).

When the agent reports some arbitrary 7;, the agent receives instead

22 +(2)

(so;7i) — Vi (so; R_g) + V™ (s0; B_;)

(2) jad * jad
= V" “(so;ri + R—j) — Vi (s0; R—;).

1)

Since (1) maximizes VT (so;7i + ﬁ_i), u; = u; regardless of other agents’ reported

reward {7';};; and the mechanism is truthful.

4.5.2  Pseudocode for Offtine VCG Learn

Let N (€, F) be the e-covering number of F with respect to the fy-norm, that is, the

cardinality of the smallest set of functions { fl}f\iLl such that for all f € F there exists some

[ € [L] such that

l
mex sup |fL(s.a) - fals.0) <.
he[H] seS,ac A h
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We also let /\/'0071(6, IT) be the e-covering number of II with respect to the following norm:

loglr =)= sup 3 Imylals) = 7h(als)]
h[]SESaeA

With the covering numbers defined, we introduce the main algorithm and the parameter
choices for the algorithm, which depend on the covering numbers. For the main algorithm,

we set

1/3 :
A= Fimax el (4.5.1)
H2(eg + 3ex)? 2H?RZ . T

where

5136 19H3R3 19H4 R
€= H4anax log <56nH N (Tmax f) N < e HSPI) /5)

The pseudocode for our main algorithm can then be summarized as Algorithm 12.

Algorithm 12 Offline VCG Learn

Input: Hyperparameters (1, (o € {OPT,PES}, regularization coefficient A, number of itera-
tions 7', learning rate 7. N
1: Let %%ut be the pessimistic policy output of Algorithm 11 with » = R, T, and A, n set
according to (4.5.1).
2: for Agent i =1,2,...,ndo _
3:  Call Algorithm 11 with r = R_;, T, and A, n set according to (4.5.1).

4 If ¢ = OPT, let G(_li)(so) = Q(l)u}t2 (50, 7?;’1% ). Otherwise let G(_li)(so) =
out sout o
Q% (s0, 7% ).
5. Call Algorithm 10 with r = R_;, m = W%Ut and A set according to (4.5.1).
2) AR ¢
) _ ) _ R >out
6: If (o = OPT, let G—z (s0) Ql,R—i(S()’ 7T17R).
: (2) V%%ut sout
Otherwise let G/ (sq) = Ql,ﬁ_ (50, IR)
7:  Set the estimated price p; = Ggi)(so) — Gg-)(so).
8: end for

9: Return policy 7T0ut and estimated prices {p;};' ;.
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4.5.8  Proof of Theorem 4.4.1

We re-state Theorem 4.4.1 in a finite sample form.

Theorem 4.5.1 (Theorem 4.4.1 restated). Suppose that X\,n are set according to (4.5.1) and
Assumptions 4.2.8 and 4.2.4 hold. Then, with probability at least 1 — ¢, the following holds

simultaneously.

1. Assuming all agents report truthfully, the suboptimality of the output policy 7 is bounded

as

21
SubOPpt(¥; 50) < 2H2 Rinax Oiw b er + 2(H Rinax) /3 (eg + 3¢)1/3

2. Assuming all agents report truthfully, when ((1,(2) = (PES,OPT), the agent i’s subop-

timality, for all i € [n], satisfies

2log | Al

SubOpt; (7, {P;}™1; 50) < 2H% Rmax

1 &
+H (T o (71*))

t=1

+ 3y + 6(HRmax) /3 (eg + 3ex) /3

X (2(HRmax)1/3(Es + 36}')1/3 + \/868 + 12er + 36]:7].‘) ,
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and when ((1,(2) = (OPT, PES),the agent i’s suboptimality, for all i € [n], satisfies

2log | A
T

“H (% i VORI (@) 4\ JORiGy) + m)
t=1

X <2(HRmax)1/3(€S + 36_7:)1/3 + \/863 + 12er + 36_7:’]:> .

SubOpt; (7, {Di}™1; 50) < 2H? Rinax + e + 2(HRmax) 3 (e + 3ex) /3

3. Assuming all agents report truthfully, when ((1,(3) = (PES,0PT), the seller’s subopti-

mality satisfies

< 2log|A
SubOpt (7, {P;i}i1; s0) < 2nH? Riax % + ny/er

+ 2n(H Rmax) /3 (eg + 3ex)1/3

n T (1)
+H )] «/C”VT—Z'(TT_Z-)+%;\/Cﬂé—i(w*_i) +ny/CT(F)

1=1

X <2(HRmaX)1/3(ES + 36]:)1/3 + \/865 + 12er + 3€f7]:> ,

and when ((1,(2) = (OPT,PES), the seller’s suboptimality satisfies

2log | A

SubOptg (%, {Pi}f1: 50) < 2nH” Rmax

+ 2n./er

+ 4n(HRmaX)1/3(es + 36]:)1/3
noq T 7Ar(lt)‘ %(t)A it
H Y 2D [V i)+ C i@ )
=17 i=1

X (2(HRmax)1/3(GS + 36}‘)1/3 + \/865 + 12ex + 36]:,]:) .

4. (Asymptotic Individual Rationality) When ((1,(3) = (PES,0PT) and the agent i is
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truthful, their utility is lower bounded by

~ 2log |A
Uiﬂ(pi) = _4H2Rmax 7%‘ ’ —3\/er — G(HRmaX)l/g(ES + 36]:)1/3
IS 0 T
_ — % * Rfi ~x )
" T tzl \/C (Wn‘—kﬁ_i) \e () |+

x <2(HRmax)1/3(€S +3ex)1/3 4 \/868 125 + 36;,;) ,

and when ((1,(s) = (OPT, PES), their utility is lower bounded by

2log | Al

~

7

— 2y/eF — A(HRumax)P(es + 3e5) '/

T (®)

t=1 Lo
)G ,)) + «/ﬁ(%))

—1

x H (2(HRmax)1/3(ES + 36]:)1/3 + \/865 + 12er + 36_7:7]:> ,

even when other agents are untruthful.

5. (Asymptotic Truthfulness) Even when all the other agents are untruthful and irrespec-
tive of whether the agent i is truthful or not, when (5 = OPT, the amount of utility

gained by untruthful reporting is upper bounded by

Fs oo ~ 2log | A
U R(p. 5) — UN(p;) < 2H? Rinax §| |

iR ?
T
1 =) T
I CONCTRRICTR)

x (2(HRmaX)1/3(es +3ex)/3 + \/863 412 + 3ef7f) :

+2\/ex + A(H Ruax) V3 (eg + 3e7)Y/3

and when (9 = PES, the amount of utility gained by untruthful reporting is upper
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bounded by

T A ~ 2log | A
u; B(p, %) — U7 (P7) < 2H” Rinax ;’ 4 2. /7 + 4(HRuax) Y3 (eg + 3e )13
RS (1)
— 7 (5
+H (Tt;\/c (5 ) +/C (ﬂ)

X <2<HRmaX>1/3<€S + 36]:)1/3 + \/868 + 12 + 36]:7_7:> .

Proof of Theorem 4.5.1. We will make use of the following concentration lemma.

Lemma 4.5.2. For any fixed h € [H], r € R, and any policy class I = (S — AAM we

have

Pr(EIf,f/e}_,WEH :
By [ 1= T Fh 2] = Ll Fins D) + Lo g (T, St Fhat 73 D))
> e (a+ B+ By, |1 — T fhl?]))

2 2
ef 36} e“(1 —e)akK
<28 —_CF T = .
<N © (14OHRmaX )> Noc,1 (140H2R12mx ) P ( 214(1 + € HARE

foralla,f>0,0<e<1/2.

Proof. See Section 4.5.5 for a detailed proof. m

Our proof hinges upon the occurrence of a “good event" under which the difference
between the empirical Bellman error estimator and the Bellman error can be bounded. We

formalize the definition of the “good event" below.

Lemma 4.5.3. For any policy class IT < {S — A(A)} | let the “good event” G(IT) be defined

190



as

G(Il) = {Vhe[H,reR,mell,f,f e F:
By (1 = T 112 = Lo s fs 75 D) + L g (T Fps Fhs i D)

1 P
S €s+ E]Euh[Hfh - 7_}:7:]6}/14.1” 1},

(4.5.2)
where
€g = %H‘l}zﬁm log (56nH-Noo (%,F) N 1 <%,H) / 5). (4.5.3)
Then G(I1) occurs with probability at least 1 — 4.
Proof. See Section 4.5.5 for a detailed proof. O

On the event G(II), the best approximations of action-value functions, defined according

to Assumption 4.2.3, have small empirical Bellman error estimates.

Corollary 4.5.4. Let IT be any policy class. Conditioned on the event G(II), let fi* € F be
the best estimate of QF (-, ;1) as defined in Assumption 4.2.3, m € Il and r € R. Then, for
all h € [H], we have

Ehm(ff’*, ;D) < 2€q + Ger.
Proof. See Section 4.5.5 for a detailed proof. ]

We can also show that any function with sufficiently small empirical Bellman error esti-

mate must also have small Bellman error conditioned on the good event.

Corollary 4.5.5. Let ¢g > 0 be arbitrary and fived. For any policy class 11, conditioned on
the event G(IT), for all h € [H], reported reward r € R.rell, feF,if Epr(f,m D) < e,
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then

2
By [I5 = T I |2] < 20 + deg + 3er 7.

Proof. See Section 4.5.5 for a detailed proof. O

We introduce the key properties of Algorithms 10 and 11 that we will use. The following

lemma states that the outputs of Algorithm 10 are approximately optimistic and pessimistic.

Lemma 4.5.6. For any m = {Wh}le e llgpy, reported reward r € R, and A, conditioned on
the event G(Ilgpr), the following holds simultaneously for optimistic and pessimistic outputs

of Algorithm 10:

1. éir(SOv 1) + AN & (QF, w5 D) < QF (s0,m1;7) + \feF + 2AHeg + 6AHe;

~

2. QT .(s0,m1) = AN €3 (QF 75 D) = QT (s0, m157) — \JeF — 2\Heg — 6AH e
Proof. See Section 4.5.4 for a detailed proof. m

Additionally, the estimates given by Algorithm 10 are sufficiently good estimates of the

ground truth action-value functions.

Lemma 4.5.7. For any input m = {Wh}{j:l e llgpy, reported reward r € ﬁ, when A =

1/3
<%> / and the event G(Illgpy) holds, the outputs of Algorithm 10 satisfy:

1. Qf(s0,m;7) — QT ,(s0,71)

<H OW(W) (2(HRmax)1/3(Es + 36]:)1/3 + \/868 + 12e r + 36_7:’]:> ;

2. Q7 »(s0,m1) — QT (s0,71;7)

< HA/C™ () (2(HRmax)1/3(ES + 36_7:)1/3 + \/868 + 12er + 36]:7]:'> :

Proof. See Section 4.5.4 for a detailed proof. m
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Finally, we bound the difference between outputs of Algorithm 11 and the true values.
More precisely, we characterize the performance of the output policy with respect to any
comparator policy, not necessarily in the induced policy class Ilgpr, and bound the difference

between the estimated value function and the true value function of the output policy.

Lemma 4.5.8. For any comparator policy m (not necessarily in llgpr), any reported reward

function r € R, with n set to _loglA] and X\ set to <%> 1 in Algorithm 11
’ g 2H?R2, T HZ(eg+3e5)2 g ’
the following claims hold conditioned on the event G(Ilgpy):

1. Let égti and 7Vr,(~t) be the pessimistic value function estimate and policy estimate. Then

1 ~ 2log|A
VIW(SO; r)— T Z Q%;(S(}a 77{ 2«) 2H2Rmax %
t=1
T
1 ~(t)
— Ty
+H ( o t=21 C (ﬂ)

2. Let @gtgﬁ and %7@ be the optimistic value function estimate and policy estimate. Then

2log | A

< 2H? Rppax -

Vi (so;7) —

w
I
_

Nl =
1=
LN
=
ﬁ\_/
@

<

=
l—‘/—\
i)’

+

=
VR
N =
M=

@
I
_

o) (W))

x <2(HRmaX)1/3(eS +3e¢x)3 + \/865 +12e7 + 3eF ;)

Proof. See Section 4.5.4 for a detailed proof. O]

We then proceed with the proof as follows. We start by bounding the suboptimality of
the output policy, defined according to equation (4.2.3). We then bound the regret of each

individual agent and the seller. We follow up with showing that our output asymptotically
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satisfies individual rationality. Finally, we prove that our output also asymptotically satisfies
truthfulness.

We use the following notation to differentiate the policies and prices learned under differ-

ent truthfulness assumptions. Let 7 = W%Ut be the policy chosen by the algorithm when all

agents are truthful, let ¥ = ¥°" . be the policy chosen when we only assume the agent i is

L —1i

truthful, and finally let 7 Ty = W%ut be the policy chosen when none of the agents are truthful.

Let the prices charged by the algorithm be {p;}!'_,,{p;}i"_;, and {ﬁl }Nz};‘lzl’ respectively.

Social Welfare Suboptimality Assuming all agents are truthful, we have 7; = r; for all

(t)

i. Let 7" be the maximizer of V{"(sp; R) over m and let 7 1 be the pessimistic policy iterate

of Algorithm 11. We know that the social welfare suboptimality of 7 is

T .o
* > s 1
SubOpt(F: s0) = Vi7" (s0: B) = Vi (s0: B) = VT (50 R) — VIR (s0; R)

T
Z ( (s0:R) — Q" (s 0>%§f}g;3)>,

as we recall that 7 is the uniform mixture of policies {%g) }te[T]' By Lemma 4.5.6, we have

T
1 ~(
SubOpt(7; sg) Z < (so; R Q (30,7\??}3; R)) + /er + 2 \Heg + 6AHer,
t=1

(4.5.4)
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where Qv)g) is the pessimistic estimate of Q(-,-; R) at the t-th iteration of Algorithm 11.

Whn)‘_( e )1/3 nd 1 = [ ly Lemma 4.5.8 to obtain
© — \H?2(eg+3eFx)? and 7 = 2H2312naxT,W€appy (¢ a 4.9.8 to obta

210g |A|

SubOpt (¥; s0) < 2H? Rmax + /eF + 2(HRiax) 3 (eg + 3e )13
+H< ZF) HRmaX /(Gs+36_7: 1/3—1-\/865—1-126]:—1-36}-_7:).

Individual Suboptimality Let 7, be the maximizer of V" (sp; R_;) over 7. By Algo-

rithm 12, the price p; is constructed as

where G(_lz-)(so) is an estimate of Vwii(so; R_;) obtained using Algorithm 11 and G(_22-)(30)
is an estimate of V%(so; R_;) for Algorithm 12’s output policy, 7. This observation will be
extensively used in the remainder of the proof.

Assuming all agents are truthful, we have 7; = r; for all i. Recalling the construction of

p; in Algorithm 12 line 7 and the definition of {p;}? ; (see (4.2.2)), we have

SubOpt; (7, {Pi}i—1: 50)

* * 2 X 1 2
— VT (s0375) + Vi (03 Rg) — Vi~ (50 Rq) — Vi (s ) + G (s0) — G2 (s0)

— VT (s0: B) — V| i (s0s Bi) — Vi (s0:75) + G (s0) — 6#(s0)

<V (s0: R) — Vi (s0; R) + (G(_lz?(SO) — V] " (s0; R—i)) + (vaT(So; R_;) — G@(So))

*

= SubOpt(F: s0) + (092<so> A R_n) + (Vo Ri) = 6% (s0))

We have already bounded the first term and now focus on the two latter terms.
%

We begin by examining G(_lz-)(so) — Vlﬂ_i(so; R_;).
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. o ™,
e Suppose (1 = OPT. Since 7* ; maximizes V| ~*(sg; R_;) over m, we have

1 Wji 1 T_;

G (s0) = Vi ¥ (s0: Ry) < G (s0) = Vi (s0: Ry).

Recall that @%u_t, is the optimistic function estimate from the output of Algorithm 11,
which is exactly the output of Algorithm 10 called on the policy returned by Algo-
rithm 11, 7_;. By Lemma 4.5.7, we know that

~

G(s0) = Vi (s0; R_;)

2
< HrJCR=i(7_)) (2(HRmaX)1/3(eS +3ex) 3 ¢ \/863 +12¢5 +3er ).

e Suppose (1 = PES. Since 7*; maximizes V{"(sg; R_;) over 7, we have

Recall that G(_li)(so) = v‘fuéii(so,%l,_i). From Lemma 4.5.6, we know that if we let

A g VP g, h
= <W) ,t €N we nave

*

G(—lz) (so) — V1W7i<503 R_;) < VeEr + 2(HRmax)1/3(€S + 36]:)1/3.

. . b (2) R 1/3
We perform a similar analysis for Vi (sg; R_;)—G"/(sp) and when \ = <%> .

e When ¢ — OPT, Vi (so; Ry) — G (s0) < v/eF + 2(H Runax) Y3 (e + 3e)1/3 by
Lemma 4.5.6.

e When (o = PES, let @7}% be the pessimistic output of Algorithm 10 called on 7. By
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Lemma 4.5.7, we have

Vi (s0; R_i) — G(_QZ-)(SO)

C%(%) (2(HRmaX)1/3(€S + 36]:)1/3 + \/868 + 126]: + 36_7:’]:) .

Seller Suboptimality We now turn our attention to the sellers’ suboptimality. Assuming
all agents are truthful, we have 7; = r; for all 7. Recalling the definition of {p;}?" ; in (4.2.2),

we have

SubOpt (7, {Pi}i—1; s0)

n n
= Vi (s0;70) = V" (s0:70) + (?gﬁvl (s0; Bi) = V{* (s0; R— ) Zﬁ

:Zmaxvl so: R_i) — (n — VT (s0: R)

17 eIl
~ Vi (soir0) — 3 G (s0) + D2 6P (sp)
1=1 1=1
= 33 (7 o0 R = 6200 ) = 0= 1V o
— Vi (so;m0) + Y G ) (s0)
=1
= 3 (W s o) = 60s0) ) + (= DO (i ) = V(s )
i=1
+ Z (G_QZ (s0) — Vlv (s0, R—z))
=1
< Z (Vlﬂii(SO,R_Z) ) + Z ( Vl (307R )) )
1=1 i=1

(4.5.5)

where the last inequality comes from the fact that 7* is the social welfare-maximizing policy.

The two terms can be bounded similarly to bounding the agents’ suboptimality. We discuss
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1/3 T
the exact bounds for different choices of (1,(s and A = (%) = %.

e When (; = OPT, by Algorithm 12 line 7, we know that for any i € [n],

* ) *

T, 1 T, ~ .
V) (s0; Reg) — G (s0) = V(503 Bey) — Q% (50, T1,-)-

By Lemma 4.5.8, we know that

s 1 < A(t) ~(t) 9 2log | Al
Vi (s0s R—i) — T Z QLR_Z(SO’Wl R—z) < 2H” Rmax T
t=1
T ~(t)
1
+H (= C i (%)
T t=1 '

By Lemma 4.5.7 and recalling that 7_; is the uniform mixture of {%g)_A}te[Ty we know

that

t=1
LG (A0 (0 R,
=7 > (QLR_Z(SO,%LR_Z.) -V (50§R—i)>
t=1
1 %(t) it
<H<f2 c"r-izY) )
t=1

X Q(HRmaX)l/S(ES + 36]:)1/3 + \/863 + 12er + 36]:7_7:> .

Lastly, by Lemma 4.5.6, we also know that

A~

/[

Vi (s0: Reg) = Q9% (50, 71,-0) < V/aF + 2(H Ranax) '/ (e + 3e5) /2.
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Summing the three parts tells us that, for all i € [n], we have

VI (503 Rg) — GW(so)

™ fa ~
=V} "(s0; R—i) — Q"% (50, 71,—4)

210g | Al

< 2H? Riax + eF + 2(HRmax) 3 (e + 3e£)1/3

oy
;) +AIC

x <2(HRmaX)1/3(es +3ex)/3 4 \/865 + 127 + 3 ;)

(4.5.6)

and

(vf”(sm Ry - G“Q(sw)
=1

7

2log Al

+ ny/er + 2n( HRmaX es+36]:)1/3

X <2(HRmax)1/3(€S + 36]:)1/3 + \/865 + 12ex + 36]:,]:> .

< 2nH?Rpax

e When (; = PES, by Algorithm 12 we know that for any i € [n],

—q 1 —i X ~
V) (03 Rog) — G (s0) = V" (s03 Roi) — Q"% (0, F1,—0)-
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By Lemma 4.5.8, we know that

T, 1 < ~(t) ~(t) 2 2log | A|
t=1
T [
1 FO
+ H f ' C R (7T_Z-)
t=

T ~
Ejé¥ (50,7 ) = Vi (0 By) < y/eF + 2(HBumax) V3(es + 3e2)V2.

By Lemma 4.5.7, we further know that

Vi " (s0; Rey) — Qout (50, 71,—4)

< HA/ C%*i(ﬁ{_i) <2(HRmax)1/3(€S + 36}‘)1/3 + \/865 + 12er + 36]:,]:) .

Summing the three parts together tells us that, for all i € [n] and any C > 1, we have

¥ * -~

V) (03 Bog) — G (s0) = V(03 Rey) — Q9" (s0,71,-)

21
Oi‘A b er+ 2(HRmaX)1/3(eS 1 3ep)1/3

(4.5.7)
+H CW Z A/ C ™)

x (2(HRmaX)1/3(€S +3ex)13 4 \/868 + 125 + 3ef7;)

< 2H? Rmax
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and

=1
21
< B2 Ry | 28 e o (H ) V3 (e + 3e5) 1/
S 1 )
+H 2—21 CT-i(%_;) + 2_21 Tt—zjl C =i (%)

x (2(HRmax)1/3(€S +3ex)/3 + \/865 1+ 12 + 36;7;) .

e When (o = OPT, for all i € [n], let QE_Z be the pessimistic estimate of Q%(', 5 R_;)

returned by Algorithm 10. By Lemma 4.5.7, we know

n (G(_QZ')(SO) ~ V¥ (s0, R—i))
-

7

< nHA/CF (7) (2(H Runax) 3(es + 3¢5) /3 + \/8es + 12¢5 + 3ex 7).

e When (o = PES, by Lemma 4.5.6

<G(_22 (30) - Vf\?(so, R—i)) < n\/a + 2n(HRmax)1/3(€S i 36]:)1/3,
=1

Plugging in the bound for SubOpt(7; sg) completes the proof.

Individual Rationality We show that the utility of any agent ¢ is bounded below. First,
assume for convenience that all other agents are truthful and report their true Til b for
i’ € [n]\i. Recall that for any price p;, the agents’ expected utility under the chosen policy

7 can be written as

Eq, [wi] = V" (s0;7i) — pi-
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According to Algorithm 12, we have

Ex[u;] = Vi (s0577) — G(,ll-)(SO) + G(,QZ-)(SO)
— Vi (s0;73) + G} (s0) = V™i(s0; Rog) + V™ i(s0; Req) — G1)(s0)
= (V™ (s0: R) — V™i(s0 Ry) + V7 (s0577) + G2 (s9) = V™" (s0: R)
+ V™ (s0; Ry) — G (s0)
>V (sg;mi) + GZ(s0) = V™ (303 B) + Vi (s0; R_y) — G (s0)

= %) (s0) — VF(s0 Bi) + VF(s0: B) = V™ (s05 B) + V(03 Bg) — G (s0),

- —1

where the inequality comes from the fact that

(V™" (503 R) = V™ i(s0: R3)) = (V{503 B) = VT i(s0: By)) = Vo i(s0:m3)) > 0,
as 1; , € [0,1] for all 4, h. We already know the lower bounds for Vﬁii(so; R_;)— G(EZ-)(S())
and G(_ZZ) (so) — V%(so; R_;) , respectively, when bounding the individual suboptimalities for
the agents. Also note that V%(SO;R) — V™ (sp; R) = —SubOpt(¥; s) has been bounded when
bounding social welfare suboptimality.

Similar to the previous sections, we now discuss the bounds for the different terms under

difference choices of (7, (o.
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e When (; = OPT, by equation (4.5.6) we know that

™, QIOg\A]

G (s0) = V) 7 (s0; R_i) = —2H2 Rinax — JeF

(HRmaX ES + 36 1/3

()
—H— C"F-i(n* ) + CR
tl

X (Z(HRmax)1/3(€S + 36]:)1/3 + \/863 + 12er + 36]:’]:) .

e When (; = PES, by equation (4.5.7) we know that

. QIOg‘A’

G (s0) = V)7 (s0; R_i) = —2H2 Rinax — JeF

— 2(H Rax) "3 (eg + 3e )13

it e+

x (2(HRmaX)1/3(eS +3ex) 3 + \/868 + 127 + 37 ;)

e When (o = OPT, by Lemma 4.5.6, we know that
2 ~
G(ﬂ-)(so) —V™(sp; R—;) = —+/eF — Q(HRmaX)l/?’(es + 36_7:)1/3.

e When (o = PES, by Lemma 4.5.7

G (s0) — VT (s0: R_y)

OF (%) (2(HRmaX)1/3(es +3ex)1/3 4 \/868 + 125 +3e5 7).

We now argue that our analysis holds even when the other agents are not truthful. Recall

that 7 is the output policy selected by Algorithm 12 when other agents report 7;; and the
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agent i reports truthfully. Observe that here the decomposition in equation (4.5.8) can be

written as

Ex[u;] = G (s0) — V7 (s0: Boy) + V7 (sgi i + By) = V it Rei(sgsry + Ry

V(50 Bg) — G (s0),

where we recall that B_; = Dit+i Ty, and W:i_’_‘ﬁ_i and 7* ; maximize V{"(so;r; + 1:?_2) and

VI (s0; fi_z) over m, respectively. We also let CNJ(_IZ) , CNJ(_QZ) be the estimates used in Algorithm 12

line 7 when other agents are reporting untruthfully.

Similar to the previous sections, we bound different terms under difference choices of

(1, G2

e When (; = OPT, similar to equation (4.5.6), we have

& T B 2log | A
&Y (50) ~ 1 (001 ) > —2H R[22 e

— 2(H Rmax) /3 (g + 3e5) /3

1 éfi’\l*
- H Tt; C R ) +

x <2(HRmaX)1/3(eS +3ex) 3 4 \/868 + 125 + 36]:7]:> .

e When (; = PES, similar to equation (4.5.7), we have

~(1 Nii ~ 2log | A
G(_Z-)(SO) - Vlﬂ (s0; R—;) = —2H? Riax g] |

e

— 2(H Rax) "3 (g + 3e5) /3

H.

Vout

—_H C R Vout Z R ~*

x (Q(HRmaX)l/?’(eS +3ex)/3 + \/863 412 + 3ef7f) .
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e When (9 = OPT, by Lemma 4.5.6, we know

~

@<2)(30) — VT (s0; B_j) = —/eF — 2(H Rmax) 3 (eg + 3¢5) /3.

—1

e When (o = PES, by Lemma 4.5.7

~

G (s0) — Vi (s0; R_)

>-H C%(%) (Q(HRmaX)l/g(Es + 36]:)1/3 + \/868 + 12e r + 36_7:’]:> ,

where 7 is the policy that the seller chooses when agent i reports truthfully and the

other agents do not.

*

We finally focus on lower bounding V%(so; r; + é_l) — ViR (sg;r; + ﬁ_z) Since T

is the uniform mixture of {%(t)}te[ﬂ, we have
T ~

~

1 I W:ﬁﬁz_i ~ (1) ~
=7 Vi (so;ri + R_i) — V™ (s0;m + R_y)

~

T / g
v R g + By — QU (So,ﬂt)))

1,r+R_;

+ \/eF + 2(HRuax) 3 (eg + 3ex)'/3

by Lemma 4.5.6. By Lemma 4.5.8, we know that

1 ﬂ-:i-‘rﬁ_i ~ ~(t ~(T 210g A
% (1 i+ B =00,y (o)) < 222
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Therefore, we have

*

-y ~ ~ ~
v, (s + Reg) — Vi (s + R_y)

2log | A
T

T
1 (1)
_ ™ *
+ H (T t;l \/C (77’1‘4-]%_2'))

X <2(HRmax)1/3(€S + 36]:)1/3 + \/868 + 12er + 36]:,]:> .

< 2H? Riax + /eF + 2(HRmax) V3 (e + 3ex) /3

(4.5.9)

Flipping the signs yields the final bound.

Truthfulness Similar to above and let 7 be the potentially untruthful reward functions
reported by other agents and let 7; be the untruthful reward function that the agent i may
report. Furthermore, let R_; = 3;; 7y and R = Y7 | 7.

Let 7 be the policy chosen by the seller when the agent ¢ is truthful and other agents are
possibly non-truthful and 7 7 the policy chosen by Algorithm 12 when both the agent ¢ and

other agents are non-truthful. The agents’ expected utilities for the two cases are

Exlus] = Vi (s0:75) + G2 (s0) — G (s0),

Eq. [ul =V
R

=Y
Jaol

(s0:75) + G2 (s0) — GU (s0),

where @(2)(30) estimates V7 (so; B_;) and 5(2)’/(30) estimates V%E(SO; R_;).

i i
)./ it

Observe that both CNJ(_ll)(sO) and (N}’(_lz (sp) approximate Vf’i(so;ﬁ_i) using the same
algorithm, Algorithm 11. As the algorithm itself does not contain randomness and CNJ(_lz) (so)

and CNJ(_lz) ’/(30) are constructed using the same parameters, the two terms must be equal.
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Then we have

Bx[ui] — Bx[ui] = V3 F(s0m) + GO (s0) = (Vi (s0:m) + G2 (s0))
7 e, 7

~ ~

ﬂ.ri ﬁ,i T D T D 2
+V, T (so5m + Req) — Vi (soymi + Rey) + Vi (s0: Rey) — G(_i)(so),

where we recall that 7* B is the maximizer of V| (sq;7; + R_;) over 7 (the social welfare
ritR_;

maximizing policy when agent i reports truthfully). We then know that
T

r;+R

! _i(so;n’ + é—z) <0

T~

Vi B(sgym + fi—z) -V

and

*
< (@(_22’/(80) — v, B (s; ﬁ—i)) + (Vl T s0iri + Rg) — Vi (sg; i + E—i))
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Let us focus on the middle term first. By (4.5.9), we have

Vi I oy + Rog) — Vi (soimi + By)

2log | Al
T

1 (1)
_ m *
+ H <T t_zl \/c (”mé_i))

x <2(HRmaX)1/3(€S +3ex)/3 + \/865 1+ 12 + 36;,;) .

< 2H? Riax

+ \/eF + 2(HRmax) 3 (eg + 3ex)1/3

We state the results for different values of (o as the bound no longer depends on (j.

e When (o = OPT, by Lemma 4.5.6, we have

~

x ~(2
Vi (so; R—i) — G&g(so) < /eF + 2(H Ruax) /3 (eg + 3e )3,
and by Lemma 4.5.7,

T ~
R

~(2
G (s0) vy F(so: B)
< HAJCTR(F ) (2(H Runax) /3 (es + 3e7)/3 +  [Ses + 12¢5 + 3ex 7).

e When (o = PES, by Lemma 4.5.7,

~

Vi (s0; B_i) — G (s0)

< H C%(%) (2(HRmax)1/3(ES + 36]:)1/3 + \/863 + 12ex + 36]:7]:> )

and by Lemma 4.5.6,

~
~

G (50) = Vi B(s0; B_i) < \JeF + 2(H Rax) Y3 (es + 3e) /3.
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Combining the terms completes the proof. O

4.5.4  Supporting Lemmas

In this section, we provide detailed proofs of supporting lemmas used in Section 4.5.3.

Proofs for Algorithm 10

Previous work has shown that the estimate of the value function f™ is the exact value
function of an induced MDP that shares the same state space, action space, and transition
kernel as M, only with slightly perturbed reward functions [Cai et al., 2020, Uehara and
Sun, 2021, Xie et al., 2021, Zanette et al., 2021|. More precisely, let 7 be the input reward
for Algorithm 10, 7 the input policy, and f™ the output. Let Mg be the induced MDP.

We formally state the result below.

Lemma 4.5.9. For any input policy w (not necessarily in lgpy) and input reward function
r, Algorithm 10 returns a function f* such that f™ is the Q-function of the policy ™ under
the induced MDP M ¢x, given by

Mfﬂ' = (S,A,H,P,Tfﬂ), (4510)

where 1yx =1y + fif = T [ - In other words, f7(,-) = QT(,;rpr).
Proof. See Section C.1 in Zanette et al. [2021] for a detailed proof. O
We immediately have the following corollary.

Corollary 4.5.10. Let fT be any one of the two functions returned by Algorithm 10 for

any input policy m (not necessarily in llgpy) and any input reward function r. Then, for all
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h e [H], we have

H
‘fg(s,a) Qh $,0;7) Z (SprApr)~7l(s,a) Hfh h,rf;;—lu'
Proof. By definition of the Q)-function, we have

fi(s,a) = Qp(s, air) = Qp (s, asryr) — Qf (s, a;7)

H
= Z ]E(Sh/,Ah/)~7T|(S,a) [T‘h(Sh/, Ah’) - wa’h(ShI,Ah/)].
W =h

Recalling the definition of 7= in equation (4.5.10) and using Jensen’s inequality concludes

the proof. n

We proceed to show that Algorithm 10 is approximately optimistic/pessimistic and

bounding the estimation error of its outputs. We begin with the proof of Lemma 4.5.6.

Proof of Lemma 4.5.6. We start by upper bounding two auxiliary terms. Let f;'* € F be
the best approximation of Q™ (-, -;7), as defined in Assumption 4.2.3. By Jensen’s inequality,

we have

17 (50, m1) = QF (50, 713 7)| < By (1) (117 (50, 71) = QF (s0, mis )] < /e

Additionally, using Lemma 4.5.4 we know that, conditioned on the event G(Ilgpy), for all

h € [H] we have Sh,r(f;r’*,ﬂ;D) < 2eg + ber.
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We then consider @Zf By (4.3.2), we know that

H H
Q71T,7‘(5077T) + A Z gh,r(QZ“T77T§D) < f{i’:(smﬂ) + A Z gh,r(f;T’*ﬂT;,D>
h=1 h=1

< QT (s0.ms7) + [ f1 7 (s0,m1) — Q7 (s0, m1;7)| + 2AHeg + 6AHer

< QT (s0,71;7) + Ver + 2\Heg + 6AHe .

Similarly for QT, by (4.3.2), we have

H H
QT 1 (50,m) = A Y, Enp(QF,m5D) = f177 (50,7) = A Y, Epp (77,7 D)
h=1 h=1

= QT(S(%W;T) - |fin;7r*(50a7r1) - Q?(S()aﬂ-l;r” - 2>‘H€S - 6>\H€}—

> QT (s, m1;7) — JeF — 2\Heg — 6AHer,

thus completing the proof. m

We prove that the action-value functions returned by Algorithm 10 are sufficiently good

estimates.

Proof of Lemma 4.5.7. By Corollary 4.5.10, we have

M=
=
N
O
=3
2
|
Q»
>3
A
=

QT - (s0,m) — QF (s0,m1;7) <

H
QF (s0,m37) = QT (s0.m) < | 3 B | OF, = T, G|

)

Since the differences share similar forms, we can without loss of generality only consider @Zf
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Recall the definition of C™(v), given in Definition 4.2.5. We have

]

H
S v Cﬂ(ﬂ) Z Eﬂh |:HQ7;L-,T B 7—}:’["@2‘}'1,7‘
h=1

H H
Z Eq [QZ,T o 77171,'7"@2—1-1,7"] S Z Eqr [HQZ,T o Tf:rQZ—H,T
h=1 h=1

(4.5.11)

.

where the first inequality is by Cauchy-Schwarz, the second inequality by the definition of
CT™(m), which is the shorthand notation for C™(dy). Similar to the proof of Lemma 4.5.6,

let fi* be the best approximation of Q7 (-,-;7) as defined in Assumption 4.2.3. Then
H N N
A& (QF. D) < £ (s0,m) — QF . (s0.71) + 2\Heg + 6AHer.
h=1

Since f;r’*, éfr e F, we have f;T’*, éfr € [—H Rmax, H Rmax] and thus

2H Rmax

H N
2 En (@7, mD) < =

h=1

+2Heg + 6Her.

By Corollary 4.5.5, conditioned on G(Ilgpr), we have

a H
. . , _
> Eu, [HQZ,T — TnrQhs1s ] <2 &,,.(QF. D) +4Hes + 3Her F
AHR
< —— 0 +8Heg+ 12Hey + 3Her F.

Plugging the bound back into (4.5.11) and applying Cauchy-Schwarz inequality gives us

AHR
< \/ﬁ\/cw(ﬂ)\/TmaX +8Heg + 12Hex + 3Her

H
Z Er [Q;er - sz,erZ—i-l?r]
h=1

4R
= H«/Cﬂ-(ﬂ')\/ ;\nax + 8eg + 127 + 3er F.
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1/3
Setting A = (%) / and using va + b < v/a + Vb for a,b € R> completes the

proof. ]

Proofs for Algorithm 11

We now turn to analyzing the policies selected in Algorithm 11. In particular, we focus
on the mirror descent-style updates given in (4.3.3) and (4.3.4). We start by defining an

abstract version of the procedure in Algorithm 11.
Definition 4.5.11. Consider the following procedure. For anyt € [T)]:
1. Let f(t) e F be an arbitrary function in the function class.
2. Letw (Hl (als) OCW}(Lt)(CL’S) exp (nff(f)(s,a)) for all (s,a) e S x A, he [H].

Recall that Eqe 4 [log 7, (als)] = > e Th(als) log mp(als) for all w, h, and s. We continue

with a standard analysis of the regret of actor-critic algorithms.

Lemma 4.5.12. For any 7 (not necessarily in Ilgpr), for all h € [H] and s € S, setting

log | A
2H2R2

max

in the procedure defined in 4.5.11 ensures that

Zm — a1 ls), £ (s,)) < 2H Ruaxy/2T log | A,

Proof. By a direct application of Lemma C.3 of Xie et al. [2021]|, we know that even for
policies not in Ilgpy (as we are effectively performing mirror descent over the probability

simplex with the KL penalty) we have

T

S ancls) = w1t (L), £ (s, )

t=1

T
1
2 Y =m0 0~ LB, o [logm (als)]



where 7 is the stepsize. From the proof of Lemma C.4 in Xie et al. [2021], we further note

that for any m e m, he [H], s€ S, and t € [T] we have

t t t t t
G 15) = i) (), 3005, 1> < I 5 oo 2ncanCls) — i) (), 105, 9.
Because fj, are bounded by H Rmax, (7 (+|s) — 7rh (| ), fh ( s,-)) < 2nH?R2,,. Following
the proof in Section C.1 in Xie et al. [2021] completes our proof. O
With the observations above, we proceed with proving Lemma 4.5.8.

Proof of Lemma 4.5.8. We analyze the pessimistic estimate and note that the analysis is
similar for the other part. Let %ﬁt) be the policy iterate of Algorithm 11 and @(nt) the

corresponding value function estimate. We know that

)

T T
1 ~ ~(
Vlw(‘SO; T) - T E Qgt; 807 7T1,7~ E <Q1 50, 15T Q (SOa ﬂ{?«))

t=1
1 T H (1)
< 2 B [ (sns ) maCelsn) = b Clsn))]
t=1h=1
L g [0 50 50
+ T Z:th: Er {Qhﬂa - 7-}:74 Qh—kl,r] )
t=1h=1

where the inequality is by a standard argument in episodic reinforcement learning (see,

for example, Lemma A.l in Jin et al. [2021b| or Section B.1 in Cai et al. [2020]). By

Lemma 4.5.12, we know that when n = % we have
T H
1 (¢ _(t 9 2log |A|
= 0 D Er BN sns ) mnClsn) = FphClsn))| < 2B Funah| 2

t=1h=1
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1/3
For all t € [T], similar to the proof of Lemma 4.5.7, when \ = (%) / , we have

- ~(t) o
Er [@ﬁfi - T @Efil,r]

< H\ CF (1) (2(HRmaX)1/3(eS +3ex) 3 4 \/865 +12e5 +3cx F) -

~(t)
Notice that the distribution shift coefficient is changed from C™(7) to C™ (), as the policy
specific Bellman operator 7 is now induced by policy 7Vr7(at) rather than 7. Taking the average
over t and applying the triangle inequality give us

L& & (50 <)
Tz ZE lQhr Ti:;‘ Qh+1,r]

t=1h=1

T
1 o
<H (T Yo () (2(H Runa) /3 (es + 3¢5)1/% +  [8es + 1267 + 3ep 1)

2log | Al
T

1 «
Vit (s0;7) — Z QQ(SO? 7T§ 7)~) 2H2Rmax

which completes the proof. O]

4.5.5  Concentration Analysis

In this section, we prove the concentration lemmas used in Section 4.5.3.

Proof of Lemma 4.5.2

We start by including a minor adaptation of a useful result from Gyérfi et al. [2002].
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Theorem 4.5.13 (Adaptation of Theorem 11.6 from Gyérfi et al. [2002]). Let B > 1 and
let G be a class of functions g : R? [0, B]. Let Z1,Z>, ..., Zk be i.i.d. R?-valued random

variables. Assume o >0, 0<e <1, and K > 1. Then

1 K Y —E[Z. 2
Py (sup 7 2j—19(Z;) [Z; >€> < AN, <%7g>exp (_36 aK).
9eG o + KZ] 19(Z;) + E[Z;] 5 40B

Proof. By Theorem 11.6 from Gyérfi et al. [2002], we know that

1 K
su sz 19(Z)) — ElZj] € @ A I ex —3620&(
Pr<gega+KZy 19(Z)+IE[Z]> ><4E[N1<57g’{z‘7}j:1>] p( 408 )7

where N7 (%,Q, {Zj}f: 1) is the cardinality of the smallest set of functions {g* }lel such

that for all g € G there exists some [ € [L] where

1 K l e
7 2 9(2)) - d'(z))| < -
7=

See Section 11.4 from Gyorfi et al. [2002] for a detailed proof of the statement above. We
then show that for any {Zj}le, M (%,Q, {Zj}szl) <Ny (%£,6). Let {g } | be an G-
covering of G with respect to the fo-norm. We then know that for any g € G, there exists

some [ € [L] such that
1 & K e
7 2 lo(Z5) - Z - =
J=1 g=1

Therefore {@’l}lel satisfies the requirement above, concluding our proof. ]
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Let h € [H],r € R be arbitrary and fixed. First, we show

Pr(3f.f € Fom e W By [ = T St 2] = Lar U S0 D)

4 Ly g (T Fins Fros m D) = e(a+ B+ By [ L = T S I2]))

2 2
36} 36} e“(1 —e)aK
<14 S — S RN - .
<N°O (14OHRmaX’]:>) Noc,1 (140}1232 ’ )eXp( 214(1 + ) HARA )

max max

for all o, > 0,0 < e < 1/2.
Let Z be the random vector (sp,, ap, rp,(sp, ap), Sp41) where (s, ap, sp41) ~ py,- Let Z;
be its realization for any j € [K| drawn independently from Dj,. For any f, ' € F, and

7 € II, we further define the random variable

97, 1/(2) = (Fnlsnsan) =i = fhya (she1 1))’

2
— (T Th1 (o an) = i = Fr1 (She1s Tha)) s

and g}r f (Z;) its empirical counterpart evaluated on Z’s realization, Z;. We begin by showing
some basic properties of the random variable g}r f’(Z)' Recall that by definition of the

Bellman evaluation operator

T Tha1(Shsan) = Ep [rn + frq (Shats Thet)lsno an] - (4.5.12)
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Since 7;L7frfh+1<sh’ ap) =Ky, [rh + f}/Hl(shH? That)|Sh, ah], by the law of total probability

Ezp 67 (2)]
= Eopanin | Esp 1 ~snlsnan [ (5h 00) = 7 = Sy (et mhn))P—
(Tir Fhr (o an) = = Th 1 (Shats Tha1) s ah]]
=Ey, [E8h+1~uh\8h,ah[(fh(5h7 ap) + T fhe1 (Shoan) = 20 + fl 1 (Shets Tha1))
% (s @) = T S (ons an)sns an]|

= B, [1F(sns an) = T (onsan) P

Additionally, recalling that 7, € [~ Rmax, Rmax]; fj,, 1 € [=(H —h)Rmax, (H —h) Rmax], fj, €
[(H — h+ 1) Riax, (H = h + 1) Rmax], we know that g7 ,,(Z) € [-16H?R2,.., 16H>R2 .. ].

Lastly, notice that

Var(g (2)) < E[(g], ()]
= E[E{(f (s an) + T St (5ns an) = 20 + Fhaa (Sn1,m41))°
% (fnshs@n) = T Shgr (shoan))?sn an]|

< E[16H> Ry (f1(shs an) — Ty fhot (shoan))?] = 16H? Ry BlgT (1(2)],

(4.5.13)

where for the last inequality we noticed that

Fu(snsan) + T fria (shsan) = 20rn + fr 1 (8h11 Thar)) € [=4H Rmax, 4H Rimax].

Our ensuing proof largely follows the structure of Section 11.5 of Gyorfi et al. [2002] and
we reproduce the proof below for completeness. Let o, 5 > 0 and 0 < € < % be arbitrary
and fixed constants. We now proceed with the proof.

Symmetrization by Ghost Sample. Consider some (fy, f1,, ™) € F x F x II depending
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on {Z; } ' | such that

E[g}r:’f/ (Z )HZ }j 1] Z gfn,fn >e(a+ B+ E[Q}Ts,fé(zﬂ{zj}f:l]),

if such (fp, f},, ™) exists. If not, choose some arbitrary (fn, f),, 7). As ashorthand notation,
let g, = g}rn Iz Finally, introduce ghost samples {Z; }f: 1 ~ Hp, drawn iid. from the same
distribution as {Zj}f: - Recalling that the variance of g, is bounded by 16E[gy(Z)], by

Chebyshev’s inequality we have

Pr(Bl0n2)17.1 Kzgn > Sa+ 0)+ SEl2HZE A )

Var(gn(Z )|{Zj}j:1)
<
K(5(a+8) + 5E[gn(2)|{Z;}1211)
- 16H2R12nax [gn( )’{Z} ]
N K(?(a + B) + QE[Qn( )|{Z]}j:1])2
16H?R2 ...
(a+ B)K

where the last inequality comes from the fact that (figoL)Q < 2116 for all sp > 0 and a > 0.

Thus, for all K > %,
K ¢ 7
P«M n(Z)1{Z; 1] - Z §a+m+2m%<mzb1mzb1) <3
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We then know that

Pr(ﬂf,fle}",weﬂz

1 5 ™ / 1 K 7'( €
K jg Fhofhaa (Zi) - Ejgl FroThan (Zj) = E(a A+ ]E[gfh’th(Z)])
IR SPINEE IR ¢ B
> Pr<?]§1 gn(Z;) — ?; gn(Zj) = 5o+ ) + ]E[gn( )y{zj}j:ﬂ)

K
1
I, 1, ()= F 2 T, (29) > el )+ B, f},LH(zn).
]:

In other words, for K > %7
*(at+p)
K
/ . i
PI'(Elfaf E‘F’WEH'E[gfh’f},erl ; ’fh+1 (Q+B)+€E[gf ’chrl(Z)])

8 / . 1 T /
< ?Pr<3f7f e F,mell: Ejglgfh’f},lﬂ(zj)
€

K
_%J;g%f;m(Z) 2(a+ﬁ)+ E[gfh’th(Z)]) (4.5.14)

Replacement of Expectation by Empirical Mean of Ghost Sample We begin by
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noticing
Pr<3f,f’ e F,mell:

K K
1 - € € T
K j§1 gfh,f;LH 2 ; fh’fh+1 §(a 8+ §E[gfh’f;b+1<z>]>

<Pr(3f,f/e]-—,7reﬂ:

K
€
§ ot (20 Z Gop (Z)= S+ 6) + SEIT , (2)]
LS )BT, P(2)] <
K i fh+1 Z gfh’ff/LH h
S 2
e(oz—i—ﬁ Z fh,th ;) +E[(g fh,th) (Z)]),

*(2)] <

Mw

T
J: fh+1 Z ]E[(gfh’fflwl)

(ot B+ f o)’ +E[<g}h7f;b+l>2<z>]))
K&

+2Pr(3f,f’e]—",7reﬂ:

KZ] l(gfh fh )2(2) E[(gfh7fh+1)2(z>] )
o+ 6 + FZj:l(gfhaf}/l_,_l) (Zj) + E[(gfhvf},l_,_l)Q(Z)] '

(4.5.15)

Citing Theorem 4.5.13, we may bound the second probability term on the right hand side as

2(2)) ~El(}, ;1 2]

1 K
& 2j=1(97, 4

Fhr1

(o84 &SIy )22) 4510, 22N)

3¢2(a+ B)K
40(16H2R12nax)) '

Pr|3f,feFnell:

(o + P)e

< 4N ( Adf gy S e Fime H}) exp <—
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For the first probability term, notice that the second event in the conjunction implies

1

Mw

(L ORI, g (D) > (1= Og NieF, V() -t )
]:
which is equivalent to
LK (7 2(7.
1 - 9 (1 6) Zj:l(gfmfﬁﬂ) (Zj) (a/_|_/3)
R Al 350 559 :
o ax Jht1 32H*Rz (1 + ¢€) © 32H Rz .«(1+¢)

A similar bound may be obtained for the term involving ZZ(. Noticing that by equa-
tion (4.5.13), we have E[gfh7f}/1+1(Z)] > —16H2R12nax]E[(gfh’f}/L+1) (Z)], and we know the first

probability term in (4.5.15) can be bounded by

Pr(ﬂf’f’e}",ﬂerl Z fh?fh+1 Z Z fh7fh+1 (OH—B)

2¢2(a+ ) +e(1 —¢) <% Zﬁl((g}rh’féﬂ)%z;) + (g}rmf;/tﬂ)?(Zj)))
64H2R2 ., (1 +¢) )

Additional Randomization by Random Signs Let {U; }f{: 1 bei.i.d. Rademacher random

variables drawn independently from {Z; }K , and {Z’ Because {Zj}jK: 1 and {Z; sz 1

3ii=1
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are i.i.d., we know that

€

K K
1 T
Pr(ﬂf)f’e}",ﬂel_[ Zl ’fh+1 j _?nghvfflLH(Z) 2(Oz—l—ﬁ)

2¢3(a+ B) + el = ) B ((gF, r *(Z) + (g, (%))
64H2R2 (1 +¢€) )
K €
<2PT(3f,f/€fa7T€H Z j fh,th Zj)| = yla+B)=
(o + p) e(1—¢) 1 & -
64H2R2, (14+¢) 64H2R2.. (1+¢) Ejzl((gfh,f;LH)Q(Zj)))-
(4.5.16)

Conditioning and Covering We then condition the probability on {Zj }JK: 1- Fix some

21, ..., 2 and we consider instead

K
Pr{EIf,f’e]:,WEH. 2 th’fh—i-l ()] =

ela+8) (a+ p) €(1—¢) i{:
4 64H2RZ . (1 +¢) G4H2RZ . (1+¢€) fh+1 ‘

Let 0 > 0 and let G5 be an f« d-cover of Grp = {g?h o f,f' € F,m e II}. Fix some
’ Jht1

(f, f,m) € F x F x II and there exists some g € G5 such that sup, |g(z) — | < 0.

iy
5,51, %)
We then know that

K K
Z j fh’chrl ZJ < E Z Z] +0
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and

1 K 1 K 1 K
& 20,6 = X o)+ DU )~ ')
J= j= j=
1 K
2?;192( i) — SH?*RZ%,.0.

Set § = % Notice that as HRmax = 1, 0 < € < %, we have

4 G64H2R2,.(1+e¢) 8(1+€) 2 G4H2R2, (1+¢) 40(1+¢)

2 _ 2 201 —
s e“f3 5 56(1 €) €8 e“s _e(l—¢)p -
Therefore we have

K
1
/ e T .
Pr{af,f eFmell: |- ZlU]gfmf},LH(zJ) >
7=

LK (o 20,
arp) _Farp  UTOR2 ) )

4 64H2Rr2nax(1 +¢€) 64H2R2 . (1+¢)

< |G |ma Pr 1ZU(2)>€a o -
X - 1 | = —
B geloss || K = 195 64H2RZ,, (1 + ¢)
(1—6
g°(%; (4.5.17)
64H2R2, (1 Z )

We then apply Bernstein’s inequality to bound

2 K
e“a e(1—e)
2 2 — + 2
{ K Z i90%) T G4H2R2, (1+¢)  GAH2RZ, (1+¢) ]; J }

for any g € G.g/5. We begin by relating the variance of Ujg(z;) with % Z?:l gQ(zj). Notice
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that as Uj is 1.i.d. Rademacher,

K k
Z (Ujg(25)) Z (zj) Var(U;) = ? Z (25)-
j=1 ol o]
Perform a simple change of variable and let V; = g(2;)U;. As g(2;) € [-4H 2R2 L AH?RZ ]
for all z;, we know |V;] < 4H2R?nax. For convenience, further let A; = § — 64H2R€§1§x(1+6)’
1 K
Ay = 64H2‘ér2na>6<)( o) and o2 = %2351 Var<Uj9(Zj)) = sz 19 ( ) We then have for
any g € 966/5
2 K
e“a e(1—e)
2; — + 25
{ K Z 79(2) T G4H2RZ, (1 +e)  GAH?RZ, (1+e) ]; J }
2
A 2
3K Ag (7& +o )

I, t (1+W> 2
2 H*R A2

<9 (1—eak
~3 eX - 9
P\ 140H2R2, (1 + ¢)

where the last inequality follows a series of manipulations discussed in greater detail in page
218 of Gyorfi et al. [2002] that we omit here for brevity. Plugging the result back into

equations (4.5.16) and (4.5.17) gives us
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Recalling equations (4.5.15) and (4.5.16), we have
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Plugging the result back into equation (4.5.14) and we finally know for K > ot h)
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max

holds.

Bounding the Covering Number. Our final task is bounding
8 x ) /
NOO<57{gfh’f’/l+l'f7fEFaﬂ-EH})

using the covering numbers of IT and F. Let Fj be a %—covering of F with respect

ﬁ—covering of IT with respect to | - [s,1. We then know that for any

max

to o and Il a
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f, f' e F, 7 e1l, there exits some fT,fi € ]:0,7TT € Il such that
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where for the last inequality we used the boundedness of functions in Fj, and Fp.1. We
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then notice that
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where the third inequality uses Holder’s inequality, the fourth definition of IIj and bound-
edness of Fj, the fifth Jensen’s inequality, and the last inequality the definition of F.

Additionally we have
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where the second inequality uses the same reasoning as above to bound | f;l +1(Sl JThal) —

f}f +1<S/ , 7T;rL +1)|, the third Jensen’s inequality, and the last inequality reuses the bound for

|70 (8, 7rh+1)—f;i+1(s’, W}LLH)\ over arbitrary s’. Plugging these back into equation (4.5.18)
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shows
i
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showing one side of the inequality holds.
To show the other side holds, simply replace g}r f,(Z ) with its negative and repeat the

analysis above. We then complete the proof by taking a union bound over both halves.

Proofs of “Good Event”

With the help of the previous theorem, we are able to show that G(Ilgpr) occurs with high

probability.

Proof of Lemma 4.5.3. Taking a union bound over all h € [H] and reported reward r € R

recalling that |R| < n + 1 < 2n, by Lemma 4.5.2, we have
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Letting a = § and € = %, setting the right hand side to J, and solving for o gives us

S6nH N, (s, F) Ny (4.10)
5

1
o < — max 5136 H*RY .. 5136 H*RL . log

Asloght = 1, n,H > 1, and 0 < 1 < ¢, the second term always dominates the first and we

can simplify the inequality as

19H3R3 19H4R:
outal, | N (P ) Ny ()
~ K 5 9
completing the proof. O

Proof of Corollary 4.5.4. For convenience, let g7 = = argminge r, Ly (g, f;;fl D). We

then know that
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where the second inequality uses the fact that | - |? is non-negative. Finally, noticing that
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where ,u'h .1 shares the marginal distribution over & with f, 1 but the conditional distribu-
tion over A given s € S is given by 7,1 (+|s). The final inequality comes from the fact that

,u;l 1 1s an admissible distribution under Assumption 4.2.3. O]

Proof of Corollary 4.5.5. Let g | = argminger, By, [|lg — T, fi1 4 THQ]. Recalling the defi-

nition of &, ., we have
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Recalling that &, ,.(f, ;D) < €p, we have

2 ~
Euy [Hﬁ{,r ~ Tnrfhst sl ] < deg + 3K, [ng—’r Tl ] + 2%,

We conclude our proof by reminding ourselves of Assumption 4.2.4.
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CHAPTER 5
CONCLUSION

In this thesis, we explored three different variants of the same underlying question: can we
use reinforcement learning to learn the optimal dynamic mechanism? As we have shown
in these previous chapters, the answer to the question, specifically the resulting learning
algorithm, is heavily dependent on the combination of the following factors: the complexity
of the mechanism itself, the RL setup being considered, and the function approximation
setting being used.

From Chapter 2 to Chapter 3, we see how focusing only on revenue maximizing within a
specific subset of dynamic mechanisms significantly simplifies the characterization of the opti-
mal mechanism. On the other hand, we further see how an online learning setup complicates
the design of a learning algorithm, especially when we assume the buyers stay throughout
the learning process.

From Chapter 3 to Chapter 4, we observe that learning the welfare-maximizing mecha-
nism can be even easier and is equivalent to typical RL setups. On the other hand, Chapter 4
offers key insights on how RL can be used for learning dynamic mechanisms, specifically on
the learned policies’ uncertainties relate to violations in mechanism design desiderata. These
insights are repeatedly used by Chapter 2 and Chapter 3.

As we wrap up this thesis, below we list several promising research directions. Specifically,
we focus on those that draw inspiration from the setting in Chapter 2, which is discussed
in detail in Section 2.2. We hope that these directions will prove to be useful to future

researchers working in the same intersection of RL and dynamic mechanism design.

Enforcing seller constraints. Inspired by [Mirrokni et al., 2020], it may be interesting
to see if typical dynamic mechanism design constraints such as buyer budget could be incor-

porated in our setting. A more compelling class of constraints focuses on the seller, and is
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made especially interesting in the MDP setup. For instance, again using AWS spot instance
pricing as an example, the company may prefer a more stable allocation level, that is, an
allocation policy that has stable expected allocation at each of the H steps.

As another example, we may find ourselves in problem settings where the seller only has
a limited amount of inventory. That is, over the course of H steps, she may only be able to
allocate up to K items, with K < H. Such a constraint could have interesting synergy with
the allocation’s impact on later type distributions: how should the seller drum up demand

when she only has a few items to sell?

Adapting to non-stationarity. When the learning algorithm discussed in 2.4 is deployed
in real-life, the underlying MDP being learned can be non-stationary. For instance, recalling
the AWS Spot Instance pricing example, the underlying MDP governing buyer’s willingness-
to-pay can change due to changes in underlying technology or research trends. The increased
interest in large language models, for instance, can cause customers to be willing to pay more
in general, due to increased demand for computation power.

We conjecture that the procedure described in Algorithm 1 can be combined with the
non-stationary online learning framework proposed by Wei and Luo [2021]. As Algorithm 1
is inherently an optimistic one, despite the lack of an explicit uncertainty bonus, it should
be fairly amenable to all meta-algorithms that takes an optimistic learning algorithm as
an input. We conjecture that such a combination should be straightforward, although it

remains interesting to see how the combined algorithm would perform in terms of regret.

Combining Chapter 2 and Chapter 3. Here, we refer to a combination of the setups
in Chapter 2 and Chapter 3. Specifically in Chapter 3, we discuss how the order in which a
seller sells a collection of items naturally affects later type distributions.

Consider the advertisement platform example provided in Chapter 2. What if the seller

is able to both determine which ad spot is sold, in addition to the allocation rule and pricing
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rule for the ad spot? Should a seller sell higher-valued ad spots first? Or should she save
the best for last? Such a synergy could make our MDP formulation even more realistic, yet
we must caution that having multiple items could quickly cause the computational costs to
blow up: the procedure discussed in Section 2.4 blows up in complexity as the number of

items increases.
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