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My little boat has passed ten thousand mountains. - Bai Li, Tang Dynasty



The dog days are over,

The dog days are done.

Can you hear the horses?

Cause here they come.

- Florence and the Machine
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are in log10 scale. Left column: Ṅlensing,2nd contour plot in zp − α parameter
space. We fix β = 1. The black solid line represents the parameter regime that
will likely have 1 event per year. Right column: Ṅlensing contour plot in zp − β
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the primary image detected (Ṅlensing,1st), the lensing event rate with at least 2
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ABSTRACT

Non-baryonic dark matter is understood to constitute approximately 27% of the universe’s

total energy density. Despite its substantial contribution to the cosmic energy budget, its

negligible non-gravitational interactions make it extremely challenging to detect. This thesis

focuses on potential signals of dark matter in both the electromagnetic spectrum, in particu-

lar gamma rays, and in the form of gravitational waves. We focus on predicting the potential

observational signals of dark matter, including its particle annihilation in dwarf galaxies, and

in the effects of gravitational lensing. More specifically, we evaluate the sensitivity of the

proposed Advanced Particle-astrophysics Telescope (APT) to dark matter in dwarf galaxies,

finding that such an instrument would be capable of constraining thermal relics with masses

as large as mX ∼600 GeV. Moreover, if the Galactic Center gamma-ray excess is generated

by dark matter annihilation, we predict that APT would detect several dwarf galaxies with

high significance. Such observations could be used to test the predicted proportionality be-

tween the gamma-ray fluxes and J-factors of individual dwarf galaxies, providing us with an

unambiguous test of the origin of the Galactic Center Excess. In addition to studying gamma

ray from dwarf galaxies, we also discuss a recently discovered gamma-ray signal surrounding

pulsars, TeV halos, which are produced through the inverse Compton scattering of very high

energy electrons and positrons. Such TeV halos are responsible for a large fraction of the

Milky Way’s TeV-scale gamma-ray emission. We calculate the gamma-ray spectrum from

the population of TeV halos located within the Andromeda Galaxy, predicting a signal that

is expected to be detectable by the Cherenkov Telescope Array (CTA). We also calculate the

contribution from TeV halos to the isotropic gamma-ray background (IGRB), finding that

these sources should contribute significantly to this flux at the highest measured energies,

constituting up to ∼20% of the signal observed above ∼0.1 TeV. Lastly, we propose a novel

method using strong gravitational lensing of gravitational wave sources to probe the grav-

itational effects of dark matter. In particular, the strong lensing event rate and the time

xv



delay distribution of multiply-imaged gravitational-wave binary coalescence events can be

used to constrain the mass distribution of the dark matter halo lenses by measuring the char-

acteristic velocity dispersion, σ∗, of the massive elliptical galaxy whose mass is dominated

by dark matter. We calculate the strong lensing event rate for a range of second (2G) and

third-generation (3G) detectors, including Advanced LIGO/Virgo, A+, Einstein Telescope

(ET), and Cosmic Explorer (CE). For 3G detectors, we find that ∼0.1% of observed events

are expected to be strongly lensed. We predict the detection of ∼1 lensing pair per year with

A+, and ∼50 pairs per year with ET/CE. These rates are highly sensitive to σ∗, implying

that observations of the rates will be a sensitive probe of lens properties. We explore using

the time delay distribution between multiply-imaged gravitational-wave sources to constrain

properties of the lenses. We find that 3G detectors would constrain σ∗ to ∼21% after 5

years.

xvi



CHAPTER 1

INTRODUCTION

1.1 Early Observations of Dark Matter

1.1.1 Early Evidence of Dark Matter from Galaxies and Galaxy Clusters

The journey of dark matter (DM) searches began in the early 20th century. Fritz Zwicky, in

1933, observed unexpectedly high and varied velocities of galaxies within the Coma cluster

[Zwicky, 1933]. Zwicky deduced that the Coma cluster’s total mass greatly exceeded that

of its visible matter by utilizing the virial theorem, which relates the time-averaged total

kinetic energy ⟨T ⟩ of a system to its time-averaged total gravitational potential ⟨U⟩. More

precisely, for a stable system bound by gravitational forces, we have

2⟨T ⟩+ ⟨U⟩ = 0. (1.1)

For a collection of particles, the kinetic energy T and potential energy U can be expressed

as

T =
∑
i

1

2
miv

2
i , (1.2)

where mi is the mass of the ith particle and vi is its velocity, and

U =
∑
i<j

−Gmimj

rij
, (1.3)

where G is the gravitational constant, mi and mj are the masses of the ith and jth particles

respectively, and rij is the distance between them. This theorem implies that the overall

mass of the Coma cluster significantly surpasses that of observable components like stars,

gas, and dust.
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Later studies of spiral galaxies strongly suggested the discrepancy between the total

mass and visible matter of the Coma cluster observed by Zwicky was not special to the

Coma cluster. In the 1970s, when observing the redshift of emission lines from regions of

hot ionized gas in spiral galaxies, astronomer Vera Rubin and her team made the startling

discovery that the orbital velocity was flat (i.e. constant) at distances far from the center of

the galaxy instead of decreasing with distance, as a Newtonian mechanics calculation would

indicate. For example, as shown in Figure 1.1, the galaxy rotation curve for M31 is almost

flat beyond R = 20 kpc.

More precisely, a simple theoretical calculation of the orbital speed v(R) gives

a =
v2

R
=

GM(R)

R2
, (1.4)

⇒ v =

√
GM(R)

R
,

where M(R) is the mass of the galaxy within a radius R (assuming the mass distribution to

be spherically symmetric). It follows that if the mass of the galaxy does not change beyond a

certain radius, the velocity should decay at large R as R−1/2 instead of being completely flat

as Rubin and her team found. The galaxy rotation curves observed by Vera Rubin cannot

be explained by the visible matter alone, suggesting there must be some form of invisible

mass, or ‘dark matter’, influencing the gravitational dynamics.

1.1.2 Insights of Dark Matter from Cosmic Microwave Background

Shortly before the measurements of Rubin and Ford [1970], Arno Penzias and Robert Wil-

son discovered the Cosmic Microwave Background (CMB). This discovery was pivotal as

subsequent analyses, notably by missions such as the Cosmic Background Explorer (COBE)

[Mather, 1982], the Wilkinson Microwave Anisotropy Probe (WMAP) [Bennett et al., 2013],

and the Planck satellite [Planck Collaboration and Aghanim, 2020], scrutinized the CMB in
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Figure 1.1: The orbital radius R versus orbital velocity v in M31. The open circles and solid
dots correspond to the data points in visible wavelengths [Rubin and Ford, 1970] and radio
wavelengths [Roberts and Whitehurst, 1975], respectively. This figure is sourced from van
den Bergh [2000] and found in Ryden [2003].

angular power spectrum in detail. These studies revealed fluctuations consistent with the

theoretical expectations of cold DM – a type of matter that neither emits nor interacts with

the electromagnetic (EM) field and moves slowly compared to the speed of light. In this

section, we briefly introduce the measurement of the DM abundance that can be inferred

from the CMB spectrum.

Precise measurements of the spectrum of the CMB strongly indicate that the CMB can

be described by a nearly perfect black body with an average temperature of T = 2.72548±

0.00057K [Fixsen, 2009]. Yet, the CMB doesn’t exhibit this uniform temperature across

the entire sky. The CMB temperature fluctuations ∆T (θ, ϕ) on the sky can be expanded in

terms of spherical harmonics. At a given point on the sky with polar coordinates θ and ϕ
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we have

∆T (θ, ϕ) =
∞∑
l=0

l∑
m=−l

almYlm(θ, ϕ), (1.5)

where Ylm(θ, ϕ) are the spherical harmonics, and alm are the expansion coefficients.

The angular power spectrum of CMB at scale l is given by

Cl =
1

2l + 1

l∑
m=−l

|alm|2. (1.6)

Larger values of l correspond to progressively smaller angular scales, e.g. l = 2 corresponds

to the largest scales, roughly half the sky and l = 200 corresponds to angular scales of about

1 degree.

These anisotropies, after accounting for the motion of the Earth, are extremely subtle.

These anisotropies offer a snapshot of the universe as it was about 380,000 years after the

Big Bang and serve as a testing ground for our understanding of cosmology. They provide

empirical data that can be used to constrain cosmological parameters such as the density of

DM, the curvature of the universe, and the rate of cosmic expansion.

In the early universe, before atoms formed, there was a hot, dense plasma of photons,

electrons, baryons (like protons and neutrons), and DM. Photons and baryons were tightly

coupled through EM interactions in this plasma. Perturbations or density fluctuations in

this plasma led to acoustic oscillations, similar to sound waves in air. These oscillations

resulted in regions of compression (where the plasma is denser) and rarefaction (where the

plasma is less dense). The series of peaks and troughs from the CMB power spectrum arise

directly from the acoustic oscillations in the primordial plasma, through the Sachs-Wolfe

effect. The Sachs-Wolfe effect refers to the temperature fluctuations in the CMB due to the

gravitational redshift or blueshift of photons as they traverse through potential wells and

hills, respectively. In particular, photons climbing out of a gravitational potential well (a

region of higher than average density) would lose energy and get redshifted, which manifests
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as a cold spot in the CMB. Conversely, photons descending into a gravitational potential

well (from a region of lower than average density) gain energy and get blueshifted, which

appears as a hot spot in the CMB.

During the era of radiation domination, photons provided outward pressure that resisted

compression due to gravitational contraction. In particular, when a given region reached a

maximum state of compression, the outward pressure from the photons caused the region

to expand, making the density in that region decrease. If there is less gravitational force to

suppress the rebound, the amplitude of the acoustic oscillation will remain large. However,

when the DM started to dominate the energy density, it suppressed the oscillations that had

not yet reached their maximum compression or had not yet rebounded. According to theory,

the bounces of the first two peaks in the CMB spectrum are most strongly suppressed by the

presence of DM. Therefore, the ratio of the heights of these first two peaks to those of the

higher-l peaks is a powerful probe for the abundance of DM. Figure 1.2 gives a demonstration

of how fitting the peaks can yield a measurement of cold DM energy density ΩCDM. The

details of this calculation are beyond the scope of this thesis.

1.1.3 The Thermal Relic Abundance of Dark Matter Particles

Data from the CMB is crucial for examining the effects of DM in the early stages of the

universe. Although it remains a mystery what specific particle is DM, we can constrain its

properties. The thermal evolution of a stable DM particle X that can annihilate in pairs,

with number density nX , can be described by the Boltzmann equation,

dnX
dt

+ 3HnX = ⟨σv⟩[n2X − (n
Eq
X )2], (1.7)

where H is the rate of Hubble expansion, ⟨σv⟩ is the thermally averaged value of the an-

nihilation cross-section multiplied by the relative velocity of the two particles, and n
Eq
X is

5



Figure 1.2: Constraints of the energy density of cold DM ΩCDM from CMB angular spectrum
[Hooper, 2022]. Other parameters are set to their best-fit values, adjusting ΩΛ such that
Ωtot = 1.

.

the equilibrium number density (i.e. the number density that would be predicted if the X

population were in chemical equilibrium with the thermal bath).

In the early universe when temperatures were extremely high, DM particles were in

thermal equilibrium with other standard particles, meaning they were constantly interacting,

annihilating, and being produced. At high temperatures, T ≫ mX , the equilibrium number

density of particle X is given by:

n
Eq
X =


ζ(3)
π2

gXT 3 (Bose)

3
4
ζ(3)
π2

gXT 3 (Fermi),
(1.8)
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where ζ(3) ≈ 1.20206, gX is the number of internal degrees-of-freedom of X. At lower

temperatures, T ≪ mX , nEq
X is exponentially suppressed:

n
Eq
X = gX

(
mXT

2π

)3/2

exp(−mX/T ). (1.9)

The abundance of X will continue to decrease exponentially until the expansion of the

universe outpaces the interaction rate of these DM particles, or H > nX⟨σv⟩. This moment

when DM particles “decoupled” from the thermal bath of the universe and ceased to interact

frequently with other particles, is called thermal freeze-out. The corresponding temperature

is called the freeze-out temperature TF and ranges from 1/30− 1/10mX for typical thermal

dark matter candidates. From this point on, the comoving number density nXa3 remains

almost unchanged, as nX ∝ 1/a3. The total annihilation cross section can thus be revealed

by the dark matter density of the present universe:

ΩXh2 ≈ 0.12

(
2.2× 10−26cm3/s

⟨σv⟩

)(
80

g⋆

)1/2(mX/TF
23

)
, (1.10)

The cross-section ⟨σv⟩ = 2.2×10−26cm3/s is a generic benchmark model and popular cross-

section for weakly interacting massive particles (WIMP) DM particles. It is consistent with

the constraints given by the current cosmological measurements [Planck Collaboration et al.,

2020]:

ΩDMh2 =
ρDM

ρcrit
h2 ≈ 0.11933± 0.00091, (1.11)

where h is the scaled current Hubble constant, h = H
100km/s/Mpc

. This value is derived from

fitting the angular spectrum of CMB, especially the relative ratios of the peaks as shown in

Figure 1.2. After thermal freeze out, the DM then underwent gravitational interactions to

form halos and other large-scale structures.

In the derivations above, we’ve presumed that the particle X underwent freeze-out at a
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temperature significantly lower than its mass, categorizing X as a cold thermal relic. One

of the leading classes of cold DM candidates are WIMPs1. If the relic is exceptionally

light, it may not be cold. An example are neutrinos, which experience freeze-out while being

relativistic (T ≫ mX). Considering observations of the large-scale structures in our universe,

it’s unlikely that a substantial part of the DM is ‘hot’. Hence, our primary focus remains on

DM as a cold thermal relic. An in-depth description can be found in Hooper [2018].

1.2 Indirect Searches of Dark Matter Signals in Gamma rays

1.2.1 Gamma-Ray Telescopes: Present and Future

A joint effort of space-based and ground-based telescopes has been made to capture the

gamma-ray signatures from DM annihilations. Figure 1.3 gives a summary of current and

planned gamma-ray telescopes, covering the energy range from the MeV to the PeV scale.

• The Fermi Gamma-Ray Space Telescope: The Fermi Gamma-Ray Space Tele-

scope, launched in 2008, covers the energy range of 0.1 to 100 GeV. It monitors the

entire sky with a near one-degree angular resolution and about 10% energy resolution.

Notably, Fermi aims to detect DM in the Galactic Center and in the Milky Way’s dwarf

galaxies. Fermi consists of two main instruments: the Large Area Telescope (LAT) and

the Gamma-ray Burst Monitor (GBM). While the LAT observes high-energy gamma

rays, the GBM is designed to monitor gamma-ray bursts (GRB) in the universe.

• Advanced Particle-Astrophysics Telescope (APT): As Fermi has operated for

more than a decade, people are planning to design its successor, the APT, to go beyond

the sensitivity of Fermi. APT has been proposed to NASA and is expected to be a

10-year mission in a sun-Earth Lagrange orbit, providing near all-sky sensitivity. APT

1. The word WIMP can refer to different things in the literature. In this thesis, WIMP refers to particles
that interact through the electroweak force or a similarly feeble force.
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Figure 1.3: Detection sensitivities of various gamma-ray telescopes as a function of energy.
For details, see Alves Batista and Saveliev [2021].

will have an effective area that is an order of magnitude larger than that of Fermi at

GeV energies [Buckley and Team, 2022]. One of the prime research goals for APT is

to explore the thermal DM particles across their entire natural range of masses and

annihilation cross sections. It also plans to achieve rapid, all-sky detection and precise

localization of GRBs and other gamma-ray transients, including gravitational wave

(GW) counterparts [Buckley et al., 2021]. APT aims to detect gamma rays ranging

from energies of 0.3 MeV to 1 TeV. Additionally, the Antarctic Demonstrator for APT

(ADAPT), a balloon-based experiment, is set to test and validate the instrument con-

cept inherent to the APT. ADAPT is a prototype mission for the larger space-based

APT mission. It’s designed to test the major components that will be used in the APT

mission. ADAPT will operate during a roughly 30-day flight in Antarctica, its findings

and operational insights will likely inform and optimize the design and objectives of

the APT mission. The comparison of the telescope acceptance of APT, ADAPT, and
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Figure 1.4: The acceptance values of Fermi, ADPAT and APT [Alnussirat et al., 2021].

Fermi is shown in Figure 1.4.

• Imaging Atmospheric Cherenkov Telescopes (IACTs): IACTs are a type of

ground-based observatory designed primarily to detect very high-energy gamma rays.

These gamma rays shed light on astrophysical phenomena such as supernova rem-

nants, active galactic nuclei (AGN), and pulsars. When a high-energy gamma ray

photon strikes the Earth’s atmosphere, it triggers a shower of secondary particles.

These particles, traveling faster than light in the atmosphere, emit a type of blue

light called Cherenkov radiation. IACTs are engineered to capture these brief flashes.

The telescopes utilize large parabolic or spherical mirrors that gather and focus the

Cherenkov light onto a camera. This distribution of light provides an image of the

shower, revealing the direction and energy of the original gamma ray. Many modern

IACT systems deploy multiple telescopes in an array, enhancing the observation capa-

bilities. Representative IACT observatories include H.E.S.S. in Namibia [H. Abdallah,

2016], MAGIC on the Canary Island of La Palma [MAGIC Collaboration, 2016], and
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VERITAS in Arizona [S. Archambault, 2017], USA, and the Cherenkov Telescope Ar-

ray (CTA) [A. Acharyya, 2021]. These telescopes have significantly contributed to our

understanding of the very high-energy universe, offering insights into the universe’s

most energetic processes.

• Water Cherenkov Telescope: Another type of telescope for detecting Cherenkov

radiation is water Cherenkov telescopes such as The High Altitude Water Cherenkov

Observatory (HAWC) [A.U. Abeysekara, 2018] and Large High Altitude Air Shower

Observatory (LHAASO) [Cao et al., 2022]. HAWC is located at an altitude of over

4,100 meters above sea level on the Sierra Negra volcano near Puebla, Mexico. Similarly

as in the case of IACT, when high-energy cosmic or gamma rays make contact with

the Earth’s atmosphere, they generate air showers of secondary particles. As some of

these particles traverse through the water in the tanks at speeds surpassing the speed

of light in water, they emit the so-called Cherenkov radiation. HAWC predominantly

observes gamma rays and cosmic rays in the 500 GeV ∼ 100 TeV energy spectrum. In

contrast, LHAASO is located on the Haizi Mountain in Sichuan, China, at an altitude

of about 4,410 meters. LHAASO has the capacity to observe an expansive range of

energies, spanning from 1 TeV to 1 PeV and even beyond.

• Medium Energy Gamma-ray Telescope: In lower energies close to X-rays, we have

space-based gamma-ray observatories such as All-sky Medium Energy Gamma-ray Ob-

servatory (AMEGO) [Kierans, 2020] and e-ASTROGAM [A. De Angelis, 2017]. They

aim to cover the medium-energy gamma-ray range between MeV to GeV, bridging the

gap between current hard X-ray observatories and high-energy gamma-ray detectors.
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1.2.2 Promising Locations for Detecting Dark Matter Signals

The Galactic Center: Signal and Backgrounds

The Navarro-Frenk-White (NFW) profile is a model that characterizes the distribution of

DM in halos based on N-body cosmological simulations of structure formation in the universe

[Navarro et al., 1996, 1997]. The profile is mathematically represented as

ρ(r) =
ρs(

r
rs

)γ (
1 + r

rs

)3−γ
, (1.12)

where ρ(r) denotes the density at a given radius r from the galaxy center, ρs is the charac-

teristic density, rs is the scale radius, and γ gives the inner slope of the profile. The NFW

profile exhibits a central cusp where the density tends to infinity as r approaches zero. The

NFW profile has been observed to be a good fit for simulated halos across a wide range of

halo masses and cosmological scenarios [Gnedin et al., 2011, 2004, Governato et al., 2012].

We can estimate the flux of DM annihilation products by integrating the annihilation

rate and the spectrum produced per annihilation over the volume V of the region observed:

dNγ

dEγ
=

∫
dΓXX

dV

dNγ

dEγ

∣∣∣∣
ann

dV

4πd2
(1.13)

=
⟨σv⟩
8πm2

X

dNγ

dEγ

∣∣∣∣
ann

∫
∆Ω

∫
los

ρ2X dl dΩ (1.14)

=
⟨σv⟩
8πm2

X

dNγ

dEγ

∣∣∣∣
ann

J(∆Ω),

where the density of the annihilation rate ΓXX is given by

dΓXX

dV
=

⟨σv⟩ρ2X
2m2

X

(1.15)

where ⟨σv⟩ is the annihilation cross section, mX is the mass of the DM particle, ρX is the DM

12



particle volume density, dNγ/dEγ is the annihilation spectrum, d is the distance to where

the annihilation happens, V is the volume where annihilation happens, l is the line-of-sight,

Ω is the solid angle. Here we consider the case where the DM particle X annihilates with

itself.

The quantity J(∆Ω), known as the J-factor, encompasses the distribution of the DM

within a solid angle ∆Ω and is defined as

J(∆Ω) =

∫
∆Ω

∫
los

ρX(l,Ω)2 dl dΩ. (1.16)

If one considers an NFW profile to describe the DM distribution in the Milky Way, the

highest J factor will correspond to the center of the Galaxy, the closest of which to Earth

would be the center of the Milky Way, the Galactic Center.

We can estimate the emission from DM annihilation near the Galactic Center using

[Hooper, 2022]

Fγ ≈ 3.6× 10−8 cm−2s−1 ×
( ⟨σv⟩
2.2× 10−26 cm3/s

)∫ dNγ
dEγ

dEγ

10

(
100GeV

mX

)2

. (1.17)

Here we’ve taken rs ≈ 20kpc, with γ = 1, and have normalized the NFW profile such that

the density of the DM at r = 8.25 kpc to 0.4 GeV/cm3 [Bovy and Tremaine, 2012]. We also

integrate the distribution within ∆Ω = 10◦ around the Galactic Center. If we further take

into account the sensitivity of the Fermi telescope, we can estimate the rate of the detected

DM annihilation products:

Nγ = Fγ × A× f ≈ 2000 yr−1, (1.18)

where A ≈ 8500 cm2 is the effective area of the Fermi telescope, and f ≈ 20% is the sky

fraction [Ajello and W. B. Atwood, 2021]. If we consider a wider range of γ from 0.7 ∼
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1.4 suggested by various numerical simulations [Gnedin et al., 2011, 2004, Governato et al.,

2012], the rate can range from 670 ∼ 10000 yr−1 [Hooper, 2022].

Despite having the most luminous DM signal in theory, the Galactic Center also suffers

from contamination by numerous sources in the gamma-ray band. This includes:

• Pion production: When high-energy cosmic-ray protons collide with ambient protons

or nuclei in the interstellar medium (ISM), they can produce charged and neutral pions

(π+, π−, and π0). The neutral pions decay almost immediately after their formation,

predominantly into two gamma-ray photons through the process of π0 → γ + γ. The

charged pions decay into electrons, positions, and neutrinos. In order to produce one

or more pions, a cosmic-ray proton colliding with a proton at rest must have a total

energy in excess of Ep > mp + 2mπ +
m2

π
2mp

≈ 1.2 GeV, where Ep is the kinetic energy

of the cosmic-ray protons, and mp,mπ are the rest mass of proton and pion.

• Bremsstrahlung: When a charged particle, such as an electron, is decelerated or

deflected by another charged particle, such as an atomic nucleus, the electron loses

energy through radiation in X-rays or gamma-rays [Bethe and Heitler, 1934]. This

change in kinetic energy gets emitted as a photon. Bremsstrahlung frequently serves

as the primary cooling method for cosmic-ray electrons in the ∼MeV-GeV range.

• Inverse Compton scattering (ICS): ICS occurs when a relativistic electron scatters

off a low-energy photon, transferring a fraction of its energy to the photon. ICS plays

a significant role in generating gamma rays. Within our galaxy, cosmic-ray electrons

scattering off the CMB or interstellar light can produce gamma rays via this mechanism.

The detailed spectrum from ICS depends on the energies of the particles involved.

In the Thomson regime, Ee ≪ m2
e/ϵγ , where ϵγ is the energy of a target photon,

such scattering causes the electrons to lose only a small fraction of their energy. In

the Klein–Nishina regime, Ee ≫ m2
e/ϵγ , ICS transfers an order one fraction of the

electron’s energy to an individual photon [Hooper, 2022].
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• Point Sources: Gamma-ray point sources near the Galactic center can also affect

DM searches. These point sources include supernova remnants, pulsars, and the su-

permassive black hole in the center of the Milky Way, Sagittarius A* [Saurabh et al.,

2022].

Constructing a detailed and accurate model for the Galactic diffuse emission is very

challenging. Current models are derived from gas maps and cosmic-ray spectra measured

locally. The detailed morphology of the background is yet to be accurately described [Hooper,

2022].

The observation of the Galactic Center in the last decade revealed a gamma-ray ex-

cess, taking all the background sources above into account. The spectrum and angular

distribution of this signal are consistent with a scenario in which mX = 40 − 70GeV and

σv = 10−26cm3/s, considering the bb̄ annihilation channel [Ackermann, 2017, Albert, 2017].

DM Constraints from Dwarf Galaxies

In the previous section, we showed that the center of the Milky Way should yield the most

luminous signal from DM annihilation. However, numerous sources proximate to the Galactic

center also emit gamma rays. They contaminate the signals attributed to DM in a non-trivial

way. This contamination poses a significant challenge to the clear detection and analysis of

DM annihilation signals in this region.

On the contrary, dwarf galaxies provide a unique site for DM annihilation detection with

much less contamination due to their low star formation rate. These dwarf galaxies reside in

the largest subhalos of the Milky Way. Some of these galaxies are relatively bright, allowing

them to be discovered decades ago, such as Draco, Ursa Minor, Sculptor, Fornax, etc. Oth-

ers are more faint and were discovered more recently using state-of-the-art observations by

cosmological surveys including the SDSS and the Dark Energy Survey (DES) [Bechtol et al.,

2015, Drlica-Wagner, 2015, Koposov et al., 2015].
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To estimate the DM annihilation signal from dwarf galaxies, we first need to estimate

the J-factors. Such J-factors can be derived from spectroscopic observations of the line-of-

sight velocities of bright stars in the dwarf galaxy [Martinez, 2015, Bonnivard et al., 2015].

Pace and Strigari [2019] have compiled a large sample of dwarf galaxies from a wide range

of literature. They assume an NFW profile and fit the parameters of the DM potential

from the spectroscopic data. They also calculated the J-factor over various solid angles.

We adopt their dwarf galaxy catalog, more specifically, their measurements of J-factors

within the radius of 0.5 degrees. The J-factors in our final assembled catalog range from

1016.4 − 1019.5GeV2/cm5. More details about the dwarf galaxy catalog will be described in

Chapter 2.

If we take the maximum J-factors in our catalog, 1019.5GeV2/cm5, we can make a similar

estimate of the flux of DM annihilation products from a dwarf galaxy:

Fγ ≈ 2.7× 10−11 cm−2s−1 ×
( ⟨σv⟩
2.2× 10−26 cm3/s

)∫ dNγ
dEγ

dEγ

10

(
100GeV

mX

)2

. (1.19)

This gives an event rate of approximately 1.5 events per year in Fermi [Hooper, 2022] which

is orders of magnitude fainter than the emission from the Galactic center.

Although dwarf galaxies suffer significantly less background contamination from their own

components, such as stars, gas, etc, they still have backgrounds from extra-galactic sources.

Taking these into account is important for understanding the observational potential of these

dwarf galaxies:

• The Isotropic Gamma-ray Background (IGRB): The IGRB refers to the diffuse

extra-galactic gamma-ray radiation that appears to be distributed uniformly across the

sky. It represents the aggregate emission from sources that are either too faint or too

distant to be resolved by gamma-ray telescopes. Such sources often emit fewer than one

photon on average during an observation, and their photon statistics are described by
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a Poisson distribution, as the sources are too faint to show correlations [Malyshev and

Hogg, 2011]. The IGRB spectrum can be well-explained by a combination of distant

AGNs, blazars, star-forming galaxies, and start-burst galaxies [Pavlidou and Fields,

2002, Mauro, 2016].

• Bright Blazars: In addition to the IGRB, bright point sources, mostly bright blazars,

also contribute to the extra-galactic gamma-ray background. This component of the

gamma-ray background is fundamentally non-Poissonian in nature. To calculate the

emission from these bright blazars, which isn’t discussed in the original APT proposal,

we need to take into account the blazar source count function, dP/dS. Given the

source count function, we can calculate the probability of observing a given number of

photons from point sources:

P (NPS) =

∫
S

dP

dS
dS

⟨NPS⟩NPS e−⟨NPS⟩

NPS!
, (1.20)

The photon counts in sky pixels for these sources diverge from Poisson statistics due

to correlations among photons from the same source. We don’t consider correlation in

time and treat the entire observation as a single time bin. The detailed source count

function and calculations are described in Chapter 2.

• Galactic Diffuse Emission: Galactic diffuse emission refers to the pervasive emission

of gamma rays that originate from processes which take place throughout our Milky

Way galaxy. This emission is not associated with discrete point sources like individual

stars or supernovae but arises from widespread interactions across the galactic plane

and beyond, such as the interactions between cosmic-ray protons and electrons in the

ISM, as previously mentioned in Section 1.2.2.

We perform detailed simulations considering the above background sources and discuss

the potential of DM observation using APT (see Section 1.2.1) in Chapter 2. We combine
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the background and the DM signals to calculate the probability of getting Ntot total number

of events by summing all the possible combinations of signal Nsig and background Nbg.

Our analysis reveals that APT would have the capability to efficiently detect gamma-ray

emissions from numerous dwarf galaxies with pronounced clarity. More specifically, if the

Galactic Center gamma-ray excess is generated by annihilaiting DM, APT would detect an

average of 7 dwarf galaxies with a significance of at least 2σ, and 3 dwarfs with a significance

of 5σ or greater. It will bring valuable insights for validating or ruling out the DM hypotheses

associated with the persistent Galactic center gamma-ray excess.

1.2.3 Gamma-Ray Background in TeV Halos

Observations by the HAWC [Hooper et al., 2017, Linden et al., 2017, Abeysekara et al.,

2017, 2020, Albert et al., 2020b], Milagro [Abdo et al., 2009, Linden and Buckman, 2018],

and HESS [Abdalla et al., 2018b,a] telescopes have revealed that pulsars are surrounded by

spatially extended “TeV halos” [Albert et al., 2021]. The multi-TeV gamma-ray emission

that is associated with these halos is the result of ICS as mentioned in Section 1.2.2, and

is powered by the rotational kinetic energy of the host pulsar [Sudoh et al., 2021]. These

objects represent a new class of high-energy sources, which are responsible for a significant

fraction of the Milky Way’s TeV-scale gamma-ray emission.

The integrated energy budget for the resulting emission is consequently limited by the

pulsar’s initial rotational kinetic energy:

Erot =
IΩ2

2
=

4π2MR2

5P 2
, (1.21)

where M and R are the mass and radius of the neutron star, and P is the pulsar rotation

period, which is a function of time, t.

Only a fraction of a given pulsar’s total rotational kinetic goes into the gamma-ray
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emission associated with a TeV halo. We define the efficiency η of a TeV halo as the fraction

of the pulsar’s rotational kinetic energy that goes into the production of TeV-scale gamma-

rays:

η ≡ Fγ

Ėrot/4πd2
, (1.22)

where Fγ is the flux of the gamma-ray emission bewteen 0.1 − 100 TeV, Ėrot is the time

derivative of the pulsar’s rotational kinetic energy, and d is the distance to the pulsar. We can

determine the value of η by comparing the current spindown flux of a given pulsar, Ėrot/4πd
2,

from radio observations to the gamma-ray flux reported by the HAWC Collaboration. More

details are described in Chapter 3.

From the measured abundance of pulsars and the efficiency with which they are observed

to generate TeV halos, it can be shown that these objects dominate the diffuse TeV-scale

emission that is observed along the plane of the Milky Way [Linden and Buckman, 2018,

Aharonian and Atoyan, 2000, Fang and Murase, 2021]. On similar grounds, one can deduce

that this class of sources must contribute significantly to the total IGRB, in particular at

TeV-scale energies. In this sense, TeV halos appear to be an important means by which star

formation leads to the production of very high-energy radiation.

In Chapter 3, we use the observed characteristics of the TeV halos detected by HAWC to

estimate the TeV-scale gamma-ray emission from the TeV halo population in the Andromeda

Galaxy (M31), as well as to calculate the contribution from this source class to the total

IGRB. When determining the contribution of TeV halos to the IGRB, we consider attenu-

ation effects and the EM cascades. Specifically, photons at the TeV scale can interact with

the infrared background, producing electron-positron pairs. These pairs, in turn, generate

photons with lower energy as they cool, primarily through ICS. For this calculation, we em-

ploy the γ-Cascade software [Blanco, 2019], which comprehensively simulates the impacts of

pair production, ICS, and synchrotron losses.

We predict that the gamma-ray emission from the TeV halos in M31 will be detectable in
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the future by the CTA. Furthermore, we predict that the TeV halos distributed throughout

the observable universe should be responsible for up to ∼20% of the IGRB at 100 GeV, and

perhaps even a larger fraction at TeV-scale energies.

1.3 Strong Lensing: Electromagnetic and Gravitational Waves

Lensing of EM waves is a phenomenon predicted by Einstein’s general theory of relativity.

When a massive object, such as a massive galaxy or galaxy cluster, lies between a distant

light source and the observer, it can distort the light from that source, acting much like a

lens. This effect is particularly pronounced in cases of strong lensing, where the gravitational

field of the intervening mass is so intense that it can produce multiple, highly magnified,

and often distorted images of the background source. For example, Figure 1.5 shows a

case where the emission of a bright quasar has been distorted into 4 distinct images by a

foreground galaxy. Observing such lensing events provides astronomers with a unique tool to

probe the universe, measure cosmological parameters [Turner et al., 1984, Cao et al., 2012,

Liu et al., 2020b], and study the nature of DM halos [Davis et al., 2003, Chae, 2003, Chae

and Mao, 2003, Sohn et al., 2017, Smail et al., 1994, Schneider, 1996, Keeton and Madau,

2001, Oguri et al., 2002, Hoekstra et al., 2004, Corless and King, 2007, Massey et al., 2010,

Collett, 2015, Diego et al., 2018, Meneghetti et al., 2020]. In particular, one of the most

basic properties that one can probe with strong lensing are the masses of the DM halos, as

traced by their velocity dispersions, σ. For example, Davis et al. [2003] studied 13 lenses

provided by the Cosmic Lens All-Sky Survey/Jodrell Very Large Array Astrometric Survey

data to constrain the characteristic velocity dispersion distribution of elliptical galaxies,

σ∗, to 168 ≤ σ∗ ≤ 200 kms−1 at 68% confidence level. Similarly, Chae [2005] selected ∼15

multiply-imaged systems from the same surveys and constrained σ∗ to ∼80 km/s for the case

of SDSS, and ∼190 km/s for the case of SSRS2. In addition, the time delay between lensed

images can be used to investigate the density profile of the lens halos as well as the Hubble
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Figure 1.5: Quasar HE 0435-1223 multiply lensed by foreground galaxy discovered by
H0LiCOW Survey [Suyu et al., 2017].

parameter, H0 [Oguri et al., 2002, Li et al., 2012]. In addition to the properties of the lenses,

the observational samples of lensed systems also depend on the properties of the sources,

and in particular, the rate density (for transient sources such as Type Ia supernovae) of the

sources as a function of mass and redshift. These samples are also sensitive to observational

selection effects, which can cause dramatic differences between the observed and intrinsic

distributions.

Like EM waves, gravitational waves (GWs) can also be strongly lensed by massive objects

between the observer and the binary black holes (BBHs) merger event, and form multiple

‘images’. These ‘images’ appear as distinct GW events with similar sky positions but with

different magnifications and arrival times. The magnification changes the overall amplitude

of the signal, biasing the inference of the luminosity distance and, as a consequence, the

source-frame masses.

In this thesis, we focus on lenses at the scale of massive elliptical galaxies, since these

are expected to be the dominant strong lenses. For these systems, the Schwarzschild radius
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is significantly larger than the wavelength of the GWs emitted by stellar-mass BBH, and

we can therefore adopt the geometric optics limit in which GWs are treated as rays and the

wave nature of the GWs is not emphasized (e.g. diffraction of GWs is not considered in this

case). We also consider BBH merger events as our sources whose event rate can be derived

from cosmic star formation rate. The detailed calculation is described in Section 4.2.2 in

Chapter 4.

Strong lensing of GWs will provide a novel and independent way to study the matter

distribution in the universe. Compared to EM studies, GW lensing has several advantages:

• No Dust Extinction: GWs do not suffer from dust extinction or anything else that

might compromise the signal; GWs propagate directly from source to observer without

any intervening impact (except for the curvature of space-time). The correction of

dust attenuation in EM observation is a challenging and non-trivial task due to the

uncertainty in dust physics [Calzetti, 1997, Calzetti et al., 2000].

• Clean All-Sky Survey: Comparing to EM surveys, where it is difficult to guarantee

both uniform depth and breadth even for surveys in the radio band [Adams and

van Leeuwen, 2019], GW detections “hear” lensing events happening on the entire sky

simultaneously, allowing us to study a clean lensing sample with well-understood and

characterized selection effects.

• Well-Understood Selection Effect: Unlike EM sources which can be obscured

or time variable, the noise power spectrum of GW detectors can be measured and

the source properties are well characterized, further reducing selection effects on the

lensing sample.

There are several useful observables in GW lensing that can serve as useful cosmological

probes:
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• Lensing Event Rate: A fundamental aspect of statistical lensing is the rate of strong

lensing, which depends both on the properties of the lenses and sources. Several studies

have provided theoretical predictions for this rate. For present 2nd-generation (2G)

advanced Laser Interferometer Gravitational-Wave Observatory (aLIGO), the strong

lensing event rate was found to be up to 0.5 – 1 yr−1 (Oguri [2018], Li et al. [2018], Yang

et al. [2021]). These results are consistent with the current non-detection of lensing

events during the first two observing runs [Hannuksela et al., 2019, McIsaac et al., 2020,

Kim et al., 2020] and the first half of the third one [Abbott et al., 2021].2 The chances

of strong lensing will increase with future sensitivity upgrades, as a higher redshift

implies a larger probability of lensing. 2G detectors are expected to be upgraded

beyond design sensitivity (A+), which will allow the detection of GW source out to

redshift of z ∼ 3 [see Fig. 3 of The LIGO Scientific collaboration, 2019b]. Future 3rd-

generation (3G) instruments, such as Einstein Telescope (ET) and Cosmic Explorer

(CE), will be able to detect BBH sources with masses up to 104M⊙ and at redshifts as

high as z ∼ 100 [see Fig. 2 left panel in Maggiore et al., 2020]. The enhancement in the

detectable cosmological volume will greatly increase the lensing event rate, to as high

as 40–103 yr−1 for ET [Piórkowska et al., 2013, Biesiada et al., 2014, Ding et al., 2015,

Oguri, 2018, Li et al., 2018]. The more detailed calculations are described in Section

4.2.4 in Chapter 4.

• Magnification: A lensed GW event would undergo magnification, which would alter

the amplitude of the detected signal. The magnification factor depends on the lens

properties and the relative alignment of the source, lens, and observer. In most cases,

2. Dai et al. [2020] and Liu et al. [2020a] have found an intriguing pair, GW170104–GW170814, with
masses, sky positions, and phases a priori consistent with the strong lensing hypothesis. However, other
properties of the pair such as the large time delay and image type configuration make this association
unlikely [Dai et al., 2020, Liu et al., 2020a]. The analysis of Abbott et al. [2021] confirms that the inclusion
of selection effect and source and lens population priors drastically reduce the likelihood that this is a lensing
event.
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we will see two separate GW events coming from the same BBH merger event. These

two events correspond to the primary (the brightest image, or the one with the highest

magnification) and the secondary image (the second brightest image) of the lens system.

The magnification distribution of the lensing events is another interesting observable

that may reflect the properties of the lens population.

• Time Delay: A lensed GW event can also be split into multiple GW signals, each

arriving at slightly different times due to different path lengths, creating a time delay

between the signals. We note that the time delay is proportional to σ4 where σ is the

velocity dispersion of the lens galaxies. In addition, GW facilities have exquisite time

resolution (to fractions of a second) and is thus able to measure time delays in high

precision. Therefore, time delay distribution is potentially a very ideal cosmological

probe that is highly sensitive to the lens population.

In Chapter 4, we explore the capabilities of current and future GW detectors to constrain

both the properties of the lens galaxies and the source population. We first compute the

lensing event rates for aLIGO, A+, ET, and CE and further perform Monte Carlo (MC)

sampling to simulate the gravitational lensing of BBHs and calculate the lensing properties

including the time delay and magnification distributions. We then estimate our ability

to constrain the typical lens velocity dispersion which gives crucial insights into the DM

distribution of these massive systems assuming different observation duration times and

detector sensitivities. Furthermore, since the strong lensing event rate of GWs is also affected

by the number of sources in the universe, we show that this information can be used as a

complementary probe of the population of BBH mergers. Both detection and non-detection

of GW lensing events will provide insights on the formation channels of these binaries as well

as the star formation rate (SFR) and delay-time distributions.
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CHAPTER 2

THE DARK MATTER DISCOVERY POTENTIAL OF THE

ADVANCED PARTICLE-ASTROPHYSICS TELESCOPE (APT)

2.1 Introduction

For decades, the most widely studied DM candidates have been thermal relics of the early

universe [Bertone and Hooper, 2018]. Such particles were motivated by the realization that,

if they had weak-scale masses and couplings, they would freeze out of equilibrium with

an abundance that is approximately equal to that of the measured DM density – a fact

frequently referred to as the “WIMP miracle.” Many WIMP models, however, have since

been ruled out by the null results of direct [Aalbers et al., 2022, Aprile et al., 2023] and

indirect [Albert et al., 2017, Calore et al., 2022, Bergstrom et al., 2013, Aghanim et al.,

2020] searches. In light of this progress, some have argued that the WIMP paradigm is now

disfavored. Simultaneously, it is not difficult to identify WIMP models which continue to be

consistent with all existing constraints (for a discussion, see Ref. [Bertone and Tait, 2018]).

The WIMP paradigm has been bolstered in recent years by the signal known as the

Galactic Center Gamma-Ray Excess, as identified within the data collected by the Fermi

Gamma-Ray Space Telescope [Cholis et al., 2021, Di Mauro, 2021] (for early work, see

Refs. [Goodenough and Hooper, 2009, Hooper and Goodenough, 2011, Hooper and Linden,

2011, Abazajian and Kaplinghat, 2012, Hooper and Slatyer, 2013, Gordon and Macias, 2013,

Daylan et al., 2016, Calore et al., 2015, Ajello et al., 2016]). The spectrum and angular

distribution of this excess are each consistent with those predicted from annihilating DM.

In particular, the measured characteristics of this signal are well fit by DM particles with a

mass of mX ∼ 35−60GeV and an annihilation cross section of ⟨σv⟩ ∼ (1−3)×10−26 cm3/s

(for the case of annihilations to bb̄). This agrees remarkably well with the annihilation

cross section expected of a thermal relic, ⟨σv⟩ ≈ 2.2 × 10−26 cm3/s (see, for example, Ref.
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[Steigman et al., 2012]).

If the Galactic Center Gamma-Ray Excess is generated by annihilating DM, an analo-

gous signal should be produced from dwarf galaxies (for a review, see Ref. [Strigari, 2018]).

Gamma-ray observations of the Milky Way’s dwarf galaxy population thus have the po-

tential to confirm or rule out DM interpretations of the Galactic Center excess and, more

broadly, to test the WIMP paradigm itself. The most recent such analysis by the Fermi

Collaboration studied six years of data from the directions of 45 dwarf galaxies (and dwarf

galaxy candidates), allowing them to rule out DM annihilation cross sections greater than

⟨σv⟩ ∼ 2.2 × 10−26 cm3/s for masses up to mX ∼ 50GeV (again, for the case of annihi-

lations to bb̄) [Albert et al., 2017]. More recently, Di Mauro et al. used 14 years of Fermi

data to study a sample of 22 dwarf galaxies, producing similar constraints [Di Mauro et al.,

2022]. Perhaps more interesting, these analyses also identified what could be hints of a

DM annihilation signal. In particular, Ref. [Di Mauro et al., 2022] reports the presence

of gamma-ray excesses from the dwarf galaxies Reticulum II, Sculptor, and Tucana II at a

level of TS ≈ 11, 9, and 6, respectively (for the case of mX = 50GeV), where TS is the

log-likelihood test statistic. Overall, this stacked analysis favors the presence of annihilating

DM over the null hypothesis at a level of TS ≈ 11, corresponding to a local significance of

3.0σ [Di Mauro et al., 2022] (see also, Refs. [Drlica-Wagner et al., 2015, Hooper and Linden,

2015, Bhattacharjee et al., 2019]).

Whereas gamma-ray studies of the Galactic Center are currently limited by systematic

uncertainties associated with bright and poorly understood backgrounds, searches for gamma

rays from dwarf galaxies are statistically limited. Future observations of the Milky Way’s

dwarf galaxy population with a large-acceptance, space-based gamma-ray telescope could

thus significantly increase our sensitivity to DM and clarify the origin of the Galactic Center

Gamma-Ray Excess.

In this chapter, we evaluate the sensitivity of the proposed Advanced Particle-astrophysics
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Dwarf Galaxy Distance (kpc) log10J(0.5 l b Included in Fig.1
Canes Venatici I 210.0 ± 6.0 17.42+0.17

−0.15 74.30 79.83 No
Carina 105.6 ± 5.4 17.83+0.10

−0.09 260.11 -22.22 Yes
Draco 76.0 ± 6.0 18.83+0.12

−0.12 86.37 34.71 Yes
Fornax 147.0 ± 9.0 18.09+0.10

−0.10 237.24 -65.67 Yes
Leo I 258.2 ± 9.5 17.64+0.14

−0.12 225.98 49.11 No
Leo II 233.0 ± 15.0 17.76+0.22

−0.18 220.16 67.23 Yes
Sculptor 83.9 ± 1.5 18.58+0.05

−0.05 287.70 -83.15 Yes
Sextans 92.5 ± 2.2 17.73+0.13

−0.12 243.50 42.27 Yes
Ursa Minor 76.0 ± 4.0 18.75+0.12

−0.12 104.98 44.81 Yes
Aquarius II 107.9 ± 3.3 18.27+0.66

−0.58 55.11 -53.01 No
Boötes I 66.0 ± 3.0 18.17+0.31

−0.29 358.10 69.64 Yes
Canes Venatici II 160.0 ± 7.0 17.82+0.47

−0.47 113.57 82.70 Yes
Carina II 37.4 ± 0.4 18.25+0.55

−0.54 269.98 -17.14 No
Coma Berenices 42.0 ± 1.5 19.00+0.36

−0.35 241.86 83.61 Yes
Draco II 20.0 ± 3.0 18.93+1.39

−1.70 98.32 42.88 No
Grus I 120.2 ± 11.1 16.88+1.51

−1.66 338.65 -58.24 No
Hercules 132.0 ± 6.0 17.37+0.53

−0.53 28.73 36.86 Yes
Horologium I B 87.0 ± 8.0 18.79+0.90

−0.86 271.38 -54.74 No
Leo IV 154.0 ± 5.0 16.40+1.01

−1.15 265.46 56.51 Yes
Leo V 173.0 ± 5.0 17.65+0.91

−1.03 261.86 58.53 No
Pegasus III 215.0 ± 12.0 18.30+0.89

−0.97 69.85 -41.83 No
Pisces II 183.0 ± 15.0 17.30+1.00

−1.09 79.21 -47.11 No
Reticulum II B 32.0 ± 2.0 18.88+0.39

−0.37 266.30 -49.74 No
Segue 1 23.0 ± 2.0 19.12+0.49

−0.58 220.48 50.41 Yes
Tucana II B 57.5 ± 5.3 19.02+0.58

−0.53 328.09 -52.32 No
Ursa Major I 97.3 ± 5.85 18.26+0.29

−0.27 159.36 54.43 No
Ursa Major II 34.7 ± 2.1 19.44+0.41

−0.39 152.46 37.44 Yes
Willman 1 38.0 ± 7.0 19.53+0.50

−0.50 158.57 56.78 Yes
Cetus 780.0 ± 40.0 16.28+0.20

−0.19 156.47 -78.53 No
Eridanus II 366.0 ± 17.0 17.28+0.34

−0.31 249.78 -51.64 No
Leo T 407.0 ± 38.0 17.49+0.49

−0.45 214.85 43.66 No

Table 2.1: The dwarf galaxies are considered in this analysis. Note that we have excluded
Fornax from our main analysis (due to it containing globular clusters [Pace et al., 2021]).
The J-factor estimate are from Ref. [Pace and Strigari, 2019] and are given in units of
GeV2/cm5.
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Telescope (APT) Alnussirat et al. [2021], Buckley et al. [2021] to DM annihilating in the dwarf

galaxies of the Milky Way.1 To this end, we perform a stacked analysis of simulated data from

the directions of 30 Milky Way dwarf galaxies, assessing the constraints on annihilating DM

that could be achieved by such an instrument. We then estimate the projected sensitivity

of APT to DM in a scenario motivated by the Galactic Center Gamma-Ray Excess. If the

Galactic Center Excess is generated by annihilating DM, we find that APT will be able to

detect gamma-ray signals from several dwarf galaxies at high significance. We conclude that

such a telescope would be able to definitively confirm or rule out DM interpretations of the

long-standing Galactic Center Gamma-Ray Excess.

2.2 Dark Matter Annihilation in Milky Way Dwarf Galaxies

The gamma-ray signal from annihilating DM can be calculated as follows:

dNγ

dEγ
=

⟨σv⟩
8πm2

X

dNγ

dEγ

∣∣∣∣
ann

∫
∆Ω

∫
los

ρ2X dl dΩ (2.1)

=
⟨σv⟩
8πm2

X

dNγ

dEγ

∣∣∣∣
ann

J(∆Ω),

where ⟨σv⟩ is the thermally-averaged DM annihilation cross section, mX is the mass of the

DM particle, and dNγ/dEγ |ann is the spectrum of gamma rays produced per annihilation.

The J-factor, J(∆Ω), is defined as the square of the DM density, ρX , integrated over a

solid angle, ∆Ω, and along the line-of-sight, l. The J-factor is defined in the same way

as in Equation 1.16. The DM distributions of the Milky Way dwarf galaxies (and their

corresponding J-factors) are constrained by spectroscopic measurements of stellar velocities.

In our main analysis, we have used the J-factors provided by Pace and Strigari in Ref. [Pace

and Strigari, 2019].

1. The proposed APT [Alnussirat et al., 2021, Buckley et al., 2021] is planned to follow the ADAPT
(Antarctic Demonstrator for the Advanced Particle-astrophysics Telescope) mission, which is scheduled for
a 30 day, sub-orbital flight in 2025. For more details, see https://adapt.physics.wustl.edu/.
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Figure 2.1: A comparison of the constraints on the DM annihilation cross section (to bb̄)
attained from four years of simulated (left) or real (right) Fermi data, from the directions of
15 dwarf galaxies. The solid lines and the surrounding green and yellow bands denote the
median constraint and the range of constraints attained in 68% and 95% of the simulated
realizations, respectively. In the right frame, we show the results from Ref. [Ackermann et al.,
2014], which were derived from four years of real Fermi data. The similarity between the
simulated and real constraints demonstrates that our model provides an adequate description
of the relevant backgrounds.

Dwarf galaxies are attractive targets for DM searches due to their low astrophysical

backgrounds. As gamma-ray telescopes become larger and more capable of detecting fainter

sources, however, even modest backgrounds will become increasingly important. In our

analysis, we have adopted a background model that consists of three components: 1) the

gamma rays associated with unresolved point sources, 2) the background of isotropically

distributed gamma rays, and 3) the diffuse emission associated with cosmic ray interactions

in the interstellar medium. Note that these backgrounds do not originate from the dwarf

galaxies themselves, but rather are associated with emission that is coincidentally produced

along the lines-of-sight to these systems. Although millisecond pulsars in dwarf galaxies could

potentially represent another background for DM searches, the gamma-ray fluxes arising

from such objects are not expected to significantly impact such efforts [Winter et al., 2016].
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Possible exceptions are the Fornax and Sagittarius dwarf galaxies, which are known to contain

globular clusters [Pace et al., 2021, Evans et al., 2023], making it more likely that they harbor

a significant population of millisecond pulsars. To be conservative, we have not included

Fornax or Sagittarius in our main analysis.

Far away from the Galactic Plane, the gamma-ray emission from unresolved point sources

is dominated by blazars, and we take the source count distribution of this population to follow

the triply-broken power-law model described in Ref. [Marcotulli et al., 2020]. For each

simulated observation of a dwarf galaxy, we draw from this distribution (up to sources as

bright as S ∼ 10−6 ph cm−2 s−1 and extrapolated down to S ∼ 10−13, where S is the photon

flux integrated above 0.1 GeV) to determine whether any such sources are present in that

direction and, if so, their fluxes. We take the spectral shape of each blazar to be the same as

that of the measured extragalactic gamma-ray background [Ackermann et al., 2015b]. Note

this component of the gamma-ray background is fundamentally non-Poissonian in nature.

The integral of this distribution constitutes approximately 60% of the total extragalactic

gamma-ray background. We take the remaining 40% of this background to be isotropic,

arising from diffuse mechanisms or from sources that produce no more than one photon in

the data sets we will consider here. For the Galactic diffuse emission, we adopt the model

glliemv05.f it, as provided in Ref. [Ackermann et al., 2014]. Unlike contributions from

unresolved blazars and the isotropic background, the spectrum and intensity of the Galactic

diffuse emission depends on the location of a given dwarf galaxy on the sky.

Once we have determined the total gamma-ray flux from the direction of a given dwarf

galaxy, we integrate over each energy bin and multiply by the instrumental exposure (using

the acceptance evaluated at the average energy of that bin) to determine the mean number

of photons that are observed in each energy bin and from within 0.5◦ of the dwarf galaxy’s

center. We then draw from a Poisson distribution in each bin to determine the number

of photons that are observed in that realization, and use this information to calculate the
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Figure 2.2: The projected constraints on the DM annihilation cross section (to bb̄ or τ+τ−)
for 10 years of APT data from the directions of 30 Milky Way dwarf galaxies (see Table 2.1).
The solid lines and the surrounding green and yellow bands denote the median constraint and
the range of constraints attained in 68% and 95% of the simulated realizations, respectively.
The dashed curve is the annihilation cross section predicted for a DM candidate that is a
(velocity-independent) thermal relic [Steigman et al., 2012], while the dot-dashed line is the
current constraint from Fermi data, as presented in Ref. [Di Mauro et al., 2022].

likelihood of attaining the simulated data as a function of ⟨σv⟩ (for a given value of the DM

mass and annihilation channel). Furthermore, for each simulated dwarf, we draw the value

of log10(J) from a Gaussian distribution with a central value and width equal to the quoted

best-fit value and uncertainty [Pace and Strigari, 2019]. In evaluating the stacked likelihood,

we follow the approach described in Ref. [Ackermann et al., 2014]. We repeat this procedure

1000 times for each DM mass, cross-section, and channel in order to attain the resulting

statistical distribution.

To assess the adequacy of our simulation and background model, we simulated four years

of Fermi data from the directions of 15 dwarf galaxies and compared the resulting constraints

to those attained by the Fermi Collaboration from four years of real data [Ackermann et al.,

2014]. In performing this comparison, we adopted the same J-factors (and their uncertain-

ties) as in Ref. [Ackermann et al., 2014], and used the energy-dependent acceptance as given
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in Ref. [Ajello et al., 2021]. For each realization, we calculated the 95% confidence-level

upper limit on the annihilation cross-section, corresponding to a change in the log-likelihood

(relative to ⟨σv⟩ = 0) of 2∆ lnL = −3.84. As can be seen in Fig. 2.1, our simulated con-

straints are very similar to those found using real Fermi data, demonstrating that our model

provides a good description of the backgrounds relevant to such an analysis.

2.3 The Projected Sensitivity of APT to Annihilating Dark

Matter

To assess the projected sensitivity of the APT [Alnussirat et al., 2021, Buckley et al., 2021],

as mentioned in Section 1.2.1, to DM particles annihilating in Milky Way dwarf galaxies, we

simulated 10 years of APT data, adopting an acceptance as given in Ref. [Alnussirat et al.,

2021], considering the 30 dwarf galaxies listed in Table 2.1 (exempting Fornax), and using

the J-factor determinations from Ref. [Pace and Strigari, 2019].

We show the results of this exercise in Fig. 2.2, for the cases of annihilation to bb̄ or τ+τ−.

Due to the much larger acceptance of APT, these projected constraints are significantly more

stringent than those derived from Fermi data [Albert et al., 2017, Di Mauro et al., 2022]. For

comparison, we also include in these frames the annihilation cross section for a DM candidate

that is a (velocity-independent) thermal relic [Steigman et al., 2012], as well as the latest

constraints derived from Fermi data [Di Mauro et al., 2022]. The constraints projected for

other annihilation channels are shown in Fig. 2.3.

2.4 Testing the Origin of the Galactic Center Gamma-Ray Excess

In the previous section, we carried out our simulations under the assumption that there is

no signal from annihilating DM, and derived the constraints that could be attained by an

instrument such as APT. It is possible, however, that such a signal could be found in the
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data, in particular in light of the long-standing Galactic Center Gamma-Ray Excess [Cholis

et al., 2021, Di Mauro, 2021, Goodenough and Hooper, 2009, Hooper and Goodenough,

2011, Hooper and Linden, 2011, Abazajian and Kaplinghat, 2012, Hooper and Slatyer, 2013,

Gordon and Macias, 2013, Daylan et al., 2016, Calore et al., 2015, Ajello et al., 2016].

Motivated by this excess, we consider in this section a scenario in which the Galactic Center

excess is generated by annihilating DM, evaluating the sensitivity of APT to a DM candidate

that is capable of generating this signal.

For concreteness, we will consider a DM particle with a mass of mX = 45GeV and

that annihilates to bb̄ with a cross-section of ⟨σv⟩ = 2 × 10−26 cm3/s. We again perform

a simulation of 10 years of data from the directions of 30 dwarf galaxies, but calculate the

change in the log-likelihood relative to the best fit value of mX and ⟨σv⟩. The results of

this exercise are shown in Fig. 2.4. Relative to the best-fit parameter values, ⟨σv⟩ = 0 is

disfavored in this scenario at a level of 2∆ lnL ≈ −200, ruling out the null hypothesis with

a significance of approximately 14σ.

The gamma-ray signal from DM annihilating in a given dwarf galaxy is proportional to

that galaxy’s J-factor, providing us with a powerful way to distinguish DM annihilation

products from astrophysical backgrounds (which would not be expected to scale with J). In

a scenario with mX = 45GeV and ⟨σv⟩ = 2 × 10−26 cm3/s (to bb̄), we find (in our median

simulation) that will detect 7 dwarf galaxies at > 2σ significance, 4 at > 3σ, and 3 at > 5σ.

This data would allow us to test the whether the the gamma-ray fluxes from these galaxies

are, in fact, proportional to the corresponding J-factors. In Fig. 2.5, we show the results of

a representative realization of our simulation, showing the gamma-ray fluxes from each of

the 7 dwarfs that were detected with greater than 2σ significance.
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Figure 2.3: As in Fig. 2.2 but for other annihilation channels. These projected constraints
are based on 10 years of simulated APT data from the directions of 30 Milky Way dwarf
galaxies (see Table 2.1). The solid lines and the surrounding green and yellow bands denote
the median constraint and the range of constraints attained in 68% and 95% of the simulated
realizations, respectively. The dashed curve is the annihilation cross section predicted for a
DM candidate that is a (velocity-independent) thermal relic [Steigman et al., 2012].
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Figure 2.4: The projected ability of APT (with 10 years of data) to measure the DM mass
and annihilation cross section in a scenario with mX = 45GeV and ⟨σv⟩ = 2× 10−26 cm3/s
(to bb̄), as motivated by the Galactic Center Gamma-Ray Excess. The star and surrounding
contours represent the best-fit value and the 1, 3 and 5σ confidence intervals, respectively.
In such a scenario, we project that APT could exclude the null hypothesis at a level of
2∆ lnL ≈ −200, corresponding to a significance of 14σ.
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Figure 2.5: The projected ability of APT (with 10 years of data) to measure the gamma-
ray fluxes (integrated above 0.1 GeV) from individual dwarf galaxies in a scenario with
mX = 45GeV and ⟨σv⟩ = 2 × 10−26 cm3/s (to bb̄), as motivated by the Galactic Center
Gamma-Ray Excess. These fluxes are compared to the J-factors of the dwarfs, as integrated
within a radius of 0.5◦. These results were attained in a single (but representative) realiza-
tion of our simulation, showing each dwarf that was detected with a significance of 2σ or
higher. Such a data set would allow us to test whether the gamma-ray fluxes from dwarf
galaxies are proportional to the corresponding J-factors, providing an unambiguous test of
DM interpretations of the Galactic Center Gamma-Ray Excess.
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CHAPTER 3

CONTRIBUTION OF TEV HALOS TO THE GAMMA-RAY

BACKGROUND

3.1 Introduction

Observations with the HAWC Hooper et al. [2017], Linden et al. [2017], Abeysekara et al.

[2017, 2020], Albert et al. [2020b], Milagro [Abdo et al., 2009, Linden and Buckman, 2018],

and HESS [Abdalla et al., 2018b,a] telescopes have revealed that pulsars are surrounded by

spatially extended “TeV halos” [Albert et al., 2021]. The multi-TeV gamma-ray emission

that is associated with these halos is the result of ICS, and is powered by the rotational

kinetic energy of the host pulsar [Sudoh et al., 2021]. These objects represent a new class

of high-energy sources, which are responsible for a significant fraction of the Milky Way’s

TeV-scale gamma-ray emission.

From the measured abundance of pulsars and the efficiency with which they are observed

to generate TeV halos, it can be shown that these objects dominate the diffuse TeV-scale

emission that is observed along the plane of the Milky Way [Linden and Buckman, 2018].

On similar grounds, one can deduce that this class of sources must contribute significantly

to the total IGRB, in particular at TeV-scale energies. In this sense, TeV halos appear to

be an important means by which star formation leads to the production of very high-energy

radiation.

In this chapter, we use the observed characteristics of the TeV halos detected by HAWC to

estimate the TeV-scale gamma-ray emission from the TeV halo population in the Andromeda

Galaxy (M31), as well as to calculate the contribution from this source class to the total

IGRB. While we conclude that the gamma-ray emission from the TeV halos in M31 should

be below current constraints, we predict that this signal will be detectable in the future by

the CTA. Furthermore, we predict that the TeV halos distributed throughout the observable
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universe contribute significantly to the IGRB, being responsible for up to ∼20% of this back-

ground at 100 GeV, and perhaps even a larger fraction at TeV-scale energies. Furthermore,

if the total spin-down power of the millisecond pulsar population is comparable to or larger

than that associated with young and middle-aged pulsars, this would significantly increase

our estimates for these gamma-ray fluxes.

3.2 Gamma-Ray Emission From TeV Halos

Pulsars generate the gamma-ray emission associated with TeV halos by transferring their

rotational kinetic energy into the acceleration of very high-energy electrons and positrons.

These particles then diffuse outward and undergo ICS. The integrated energy budget for the

resulting emission is, therefore, limited by the pulsar’s initial rotational kinetic energy, which

is given in Equation (1.21) in Section 1.2.3.

By extension, the time-averaged, total energy budget for a population of TeV halos is

given by the product of the pulsar birth rate and the average initial rotational kinetic energy

of an individual pulsar. With this in mind, we will consider the value of Erot averaged over

an ensemble of newly formed pulsars:

⟨Erot,0⟩ ≈
4π2MR2

5

〈
1

P 2
0

〉
(3.1)

The pulsar-to-pulsar variations in M and R are each small compared to those associated

with a pulsar’s initial period. Throughout this study, we adopt M = 1.28M⊙ The initial

period of a pulsar, P0, can be difficult to determine directly from observations [Kaspi et al.,

2001, Popov and Turolla, 2012, Igoshev and Popov, 2013]. To estimate the value of ⟨P−2
0 ⟩,

we have performed an average of this quantity over the youngest pulsars contained within

the Australia Telescope National Facility (ATNF) pulsar catalog [Manchester et al., 2005].
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The evolution of a pulsar’s period is described by

P (t) = P0

(
1 +

t

τ

)1/(n−1)

, (3.2)

where n is the braking index (n = 3 in the case that the pulsar’s spin-down torque arises

entirely from dipole radiation [Ostriker and Gunn, 1969, Johnston and Galloway, 1999]) and

τ is the spindown timescale:

τ =
3c2IP 2

0

4π2B2R6
(3.3)

≈ 3.5× 104 yr×
(
2× 1012G

B

)2( P0
0.065 s

)2

.

With this timescale for spindown in mind, we performed an average of P−2 over the 32 (non-

binary) pulsars in the ATNF catalog with a characteristic age of 104 years or less, defined

as tc ≡ P/2Ṗ = (n − 1)(tage + τ)/2 < 104 yr, finding ⟨P−2⟩ = (65ms)−2. From this, we

estimate that the initial rotational kinetic energy of an average pulsar is Erot,0 ≈ 7×1048 erg.

Note that among this sample, there is no discernible correlation between the pulsars’ period

and distance, suggesting that no sizable bias is likely to have resulted from selection effects.

If we expand our sample to consider the 151 pulsars with tc < 105 yr, we obtain a somewhat

lower average rate of rotation, ⟨P−2⟩ = (95ms)−2, indicative of a non-negligible reduction

in the average pulsar’s rotational kinetic energy.

Only a fraction of a given pulsar’s total rotational kinetic goes into the gamma-ray

emission associated with a TeV halo. We define the efficiency of a TeV halo, η, which is

given in Equation (1.22) in Section 1.2.3, where Fγ is the flux of the gamma-ray emission

bewteen 0.1-100 TeV, Ėrot is the time derivative of the pulsar’s rotational kinetic energy,

and d is the distance to the pulsar. Once again, we are interested here in the value of η

averaged across a large sample of pulsars. We determine this quantity by comparing the

current spindown flux of a given pulsar, Ėrot/4πd
2, as reported in the ATNF catalog, to the
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gamma-ray flux reported by the HAWC Collaboration, as obtained using the tool available

at https://data.hawc-observatory.org/datasets/3hwc-survey/index.php. In

making this comparison, we have restricted our sample to those pulsars that are located

within HAWC’s field-of-view (−10◦ < dec < 50◦), and for which tc > 104 years. This latter

requirement is intended to avoid contaminating our sample with sources that might be better

classified as pulsar wind nebulae or supernova remnants. We also restrict our analysis to

those pulsars with a spindown flux greater than Ė/4πd2 > 10−10TeV cm−2 s−1, in an effort

to minimize any bias that might result from selection effects. We have identified 26 pulsars

in the ATNF catalog which satisfy these criteria.

The HAWC online tool allows one to obtain a measurement of the gamma-ray flux from

a given source, as evaluated at an energy of 7 TeV, assuming a power-law spectrum with an

index of -2.5. For each pulsar, we integrate over this spectral shape between 0.1 and 100 TeV

to obtain an estimate for Fγ . Following Refs. [Hooper and Linden, 2021, 2018], we adopt

the point-like template for pulsars located at d > 2 kpc, the template with 0.5◦ extension

for pulsars between 0.75 kpc < d < 2 kpc, the 1◦ extension template for those within 0.375

kpc < d < 0.75 kpc, and the 2◦ extension template for pulsars closer than d <0.375 kpc.

Averaging over this sample, we obtain an average gamma-ray efficiency of ⟨η⟩ = 0.054.

We note that the HAWC online tool is not very flexible in the respect that it only

constrains the flux from a given source assuming that its spectrum is described by a power-

law with an index of -2.5, and thus is not optimally suited for the application at hand. In

particular, while the detailed spectral shape of the gamma-ray emission from a TeV halo

has been measured only in a few cases, these sources appear to exhibit spectra that are

significantly harder than that of a -2.5 index power law. More specifically, the gamma-

ray emission from TeV halos is observed to be quite hard up to energies on the order of

O(10TeV), above which the spectrum becomes much softer. On theoretical grounds, one

expects such a spectral break to appear, positioned near the energy at which the timescale
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for electron/positron energy losses are comparable to the age of the pulsar [Sudoh et al.,

2021]. In light of these considerations, it is plausible that the harder spectra indices of TeV

halos may have led us to somewhat overestimate the value of ⟨η⟩ in the approach taken in

the previous paragraph.

In the 3HWC catalog presented by the HAWC Collaboration, the flux and spectral index

of each source is provided, as evaluated at an energy of 7 TeV [Albert et al., 2020b]. More

information, however, is provided for some of these sources in HAWC’s catalog of TeV halos

detected at energies above 56 TeV [Abeysekara et al., 2020]. Averaging the value of η over this

collection of 9 sources (see Table 1 of Ref. [Sudoh et al., 2021]), we obtain ⟨η⟩ ≈ 0.063, which

is only slightly higher than the value found using the approach described in the previous

paragraph. In light of these considerations, we will adopt a range of ⟨η⟩ = 0.04 − 0.06

throughout the remainder of this study.

To assess the spectral shape of the gamma-ray emission from a typical TeV halo, we

consider three sources which have had their spectra measured in some detail [Abeysekara

et al., 2020]. In particular, we will base our results on the spectral shapes of the emission

observed from eHWC J1825-134 (PSR J1826-1256), eHWC J1907+063 (PSR J1907+0602),

and eHWC J2019+368 (PSR J2021+3651), as reported in Ref. [Abeysekara et al., 2020] (see

also, Ref. [Sudoh et al., 2021]). These sources each exhibit a spectrum that can be reasonably

well described by a smoothly broken power-law, which we parameterize as follows:

dNγ

dEγ
∝

(
Eγ

Eb

)−α[
1 +

(
Eγ

Eb

)]α−β

. (3.4)

For the three above mentioned TeV halos, the spectrum of ICS given in Fig. 3 of Ref.

[Sudoh et al., 2021] is best fit by (α, β, Eb) = (1.65, 3.36, 5.9TeV), (1.58, 3.08, 6.2TeV),

and (1.66, 3.12, 23.6TeV), respectively. Based on these selected sources, we adopt α = 1.63,

β = 3.18, and Eb = 10TeV as our estimate for the spectral shape of a typical TeV halo.
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3.3 Gamma-Ray Emission from Andromeda’s TeV Halo

Population

Before moving forward to calculate the total gamma-ray emission from the TeV halos found

throughout the volume of the observable universe, we will consider in this section the

prospects for detecting such a signal from the TeV halos located within the Andromeda

Galaxy. The Andromeda galaxy, or M31, is a spiral galaxy located at a distance of dM31 =765±28

kpc from the Milky Way [Riess et al., 2012]. By comparing its current rate of star forma-

tion to that of the Milky Way’s, we will estimate the total gamma-ray emission from M31’s

TeV halo population and compare this to the sensitivity of existing and future gamma-ray

telescopes.

To estimate the current pulsar birth rate in M31, Γp,M31, we assume that this quantity

scales with the overall star-formation rate, Γ⋆, and thereby relate the pulsar birth rate in

M31 to that in the Milky Way as follows:

Γp,M31 =
Γ⋆,M31

Γ⋆,MW
× Γp,MW. (3.5)

While this relationship is only expected to apply to galaxies which produce stars with a sim-

ilar initial mass function, it should be safely applicable in the particular case of Andromeda

and the Milky Way.

Many methods are used to determine or constrain the star-formation rate of a given

galaxy, including those based on observations of Lyman continuum photons, infrared emis-

sion, Hα lines, ultra-violet emission, supernovae rates, and counts of resolved stellar popu-

lations (for reviews, see Refs. [Kennicutt and Evans, 2012, Madau and Dickinson, 2014]).

Many of these techniques are sensitive to the rate of massive star formation, which can

be extrapolated to determine the total star-formation rate for a given choice of the inital

mass function. Some of these techniques can be applied to the case of the Milky Way,
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while others are more suitable to other galaxies [Chomiuk and Povich, 2011]. For exam-

ple, Hα emission is often used to estimate the star-formation rates of galaxies, but is not

useful in the plane of the Milky Way due to the effects of dust extinction [Chomiuk and

Povich, 2011]. In this chapter, we adopt for the Milky Way a star-formation rate given

by Γ⋆,MW = 1.65 ± 0.19M⊙yr−1, based on a combination of measurements including the

Lyman continuum photon flux, supernovae rates, massive star counts, and infrared emission

[Licquia and Newman, 2015]. For the case of M31, we follow Ref. [Rahmani et al., 2016],

which describes three methods for measuring the star-formation rate of Andromeda. Using a

combination of far-UV and 24µm emission, Hα emission and 24 µm emission, and the total

infrared emission, that study obtained Γ⋆,M31 = 0.31 ± 0.04M⊙yr−1, 0.35 ± 0.01M⊙yr−1,

and 0.40 ± 0.04M⊙yr−1, respectively. With these results in hand, we adopt a range for

Γ⋆,M31/Γ⋆,MW that is given by 0.21± 0.04. After combining this in quadrature with a value

of 1.4± 0.2 pulsars per century for the Milky Way’s pulsar birth rate [Lorimer et al., 2006],

this yields a birth rate of 0.29±0.07 pulsars per century in M31. Alternatively, the observed

rates for core-collapse supernovae (CCSN) can be used to estimate the ratio of pulsar birth

rates in the Milky Way and Andromeda. Based on Ref. [Rozwadowska et al., 2021], this

yields CCSNM31/CCSNMW ∼ 0.25−0.75, corresponding to a pulsar birth rate of ∼ 0.3−1.2

per century for M31, consistent with our previous determination.

Using this calculation for the pulsar rate in M31, we can now estimate the total TeV halo

emission from this galaxy. We will proceed under the reasonable assumption that the TeV

halos in M31 generate gamma-ray emission that is similar in overall intensity and spectral

shape to those found in the Milky Way. The total TeV-scale luminosity of the TeV halos in

M31 can thus be expressed as LM31 = Γp,M31 ⟨η⟩ ⟨Erot,0⟩/4πd2.

In Fig. 3.1, we plot our estimate for the gamma-ray emission from the TeV halo population

of M31. The width of this band reflects the uncertainties in the gamma-ray efficiency and

pulsar birth rate. We compare this result to the upper limits reported by the HAWC [Albert
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Figure 3.1: The gamma-ray emission from the population of TeV halos in the Andromeda
Galaxy (M31) is shown as a cyan band. The width of this band reflects the uncertainties
in the gamma-ray efficiency and pulsar birth rate, for which we have adopted the following
ranges: ⟨η⟩ = 0.04− 0.06 and Γp,M31 = 0.23− 0.35 per century. These results are compared
to the upper limits reported by the HAWC [Albert et al., 2020a] and Fermi [Ackermann
et al., 2017] Collaborations, as well as the projected sensitivity of LHAASO [Bai et al., 2019]
and CTA [Acharya et al., 2013] (for 1 year and 50 hours of observation, respectively). While
our range of estimates for this emission are consistent with current constraints, the prospects
for detecting this emission with future telescopes appear promising.
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et al., 2020a] and Fermi [Ackermann et al., 2017] (see also, Refs. [Karwin et al., 2021a,b])

Collaborations, as well as the projected sensitivity of LHAASO [Bai et al., 2019] and CTA

[Acharya et al., 2013]. These projected sensitivities were each calculated by simulating the

detector response to a Crab Nebula-like point source, and adopting an observation time of 1

year (LHAASO) or 50 hours (CTA). While our projections for this emission are consistent

with current constraints, the prospects for detecting this emission with future telescopes

seem promising. Note that we expect TeV halos to provide the dominant contribution to

the ≳ TeV gamma-ray emission from galaxies such as the Milky Way and M31 [Linden and

Buckman, 2018].

In addition to characterizing the gamma-ray emission originating from TeV halos, future

gamma-ray observations of M31 will also provide valuable information pertaining to cosmic

ray transport in that system, and will constrain more exotic signals, such as emission from

Andromeda supermassive black hole, emission analogous to the Milky Way’s “Fermi Bubbles”,

and the products of DM annihilation or decay [Aharonian et al., 2003, McDaniel et al., 2019,

Ackermann et al., 2017, Albert et al., 2020a].

3.4 TeV Halos and the Isotropic Gamma-Ray Background

In the previous section, we calculated the emission from TeV halos in the nearby galaxy M31.

In this section, we will proceed to calculate the total emission from TeV halos throughout the

observable universe, determining their contribution to the IGRB as measured by the Fermi

telescope [Ackermann et al., 2015a].

Neglecting the effects of attenuation for the moment, the spectrum of gamma rays per

area per time per solid angle from the integrated population of extragalactic TeV halos is
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given by:

dNγ

dEγ
(Eγ) =

c

4π

∫
dz

H(z)(1 + z)3
(3.6)

× dΓp
dV

(z)⟨Erot,0⟩ ⟨η⟩
(
A
dNγ

dE′

)
E′=Eγ(1+z)

,

where H(z) = H0 [ΩM (1 + z)3 + ΩΛ]
0.5 is the rate of Hubble expansion, dΓp/dV (z) is the

average pulsar birth rate per volume as a function of redshift, the quantity ⟨Erot,0⟩ × ⟨η⟩ is

the average total energy emitted from a pulsar in TeV-scale gamma-rays, and dNγ/dE
′ is

the average spectrum of the gamma-ray emission from an individual pulsar, after accounting

for the effects of cosmological redshift. The normalization constant, A, has units of inverse

energy, and is set such that

∫ 100TeV

0.1TeV
A
dNγ

dE′ E
′dE′ = 1. (3.7)

Throughout this study, we will adopt ΩM = 0.31, ΩΛ = 0.69, and H0 = 67.7 km/s/Mpc, as

reported by the Planck Collaboration [Aghanim et al., 2020].

As we did in the case of M31, we will base our estimate for the emission from the sum

of all cosmologically distributed TeV halos on that observed from these objects in the Milky

Way, scaling the relative intensities with the pulsar birth rate. To estimate the pulsar birth

rate as a function of redshift, we adopt three different approaches. First, we estimate the

pulsar birth rate as a function of redshift by scaling this function to the measured rate of

star formation. More specifically, we adopt the cosmic star-formation rate (per comoving

volume) as reported in Ref. [Hopkins and Beacom, 2006] (and using the parametric form of

Ref. [Cole et al., 2001]):

ρ̇∗(z) =
(0.017 + 0.13z)h

1 + (z/3.3)5.3
M⊙Mpc−3 yr−1, (3.8)
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Figure 3.2: The comoving pulsar birth rate density as a function of redshift, calculated based
on the star-formation rate density (yellow), the core collapse supernova rate density (grey),
and using the metallicity corrected method described in the text (blue). The bands reflect
the 1σ uncertainties in the measurements of the star-formation rate density and the core
collapse supernova rate.
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where h = 0.677. The 1σ uncertainty associated with this quantity is approximately ±25%

[Horiuchi et al., 2011]. Assuming that the pulsar birth rate is proportional to the star-

formation rate, we can relate dΓp/dV (z) to this function, and to the local pulsar birth rate

to star-forming rate ratio:

dΓp
dV

(z) =
ρ∗(z)

(1 + z)3
Γp,MW

Γ⋆,MW
. (3.9)

Alternatively, we could instead scale the pulsar birth rate to the rate of core collapse

supernovae as measured, for example, by the Lick Observatory Supernova Search (LOSS)

Leaman et al. [2011], Li et al. [2011b,a], Maoz et al. [2011], and then normalize this to the

rate of core collapse supernovae in the Milky Way, RCCSN,MW = 1.9±1.1 per century Diehl

et al. [2006]. This approach has the advantage of being less sensitive to variations in the

initial mass function, but suffers from larger overall uncertainties and is limited to modest

redshifts, z ≲ 1.

As a third method, we have estimated the pulsar birth rate over cosmic history from the

evolution of the initial mass function as a function of mass and metallicity. From the initial

mass function, we can calculate the number of neutron stars that are formed per unit mass

of star formation:

fNS =

∫Mmax
Mmin

ϕ dM∫ 100M⊙
0.1M⊙

ϕMdM
, (3.10)

where Mmin and Mmax represent the mass range of stellar progenitors that ultimately lead

to the formation of a neutron star. The function ϕ is the initial mass function, for which we

adopt the following [Marks et al., 2012]:

ϕ(M,Z) ∝


M−1.3 0.1M⊙ < M < 0.5M⊙

M0.66 log10(Z/Z⊙)+2.63 0.5M⊙ < M < 100M⊙
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where Z/Z⊙ is the metallicity in solar units. Notice that the slope at low masses follows the

canonical behavior of the Kroupa [2001] initial mass function.

Depending on the mass of the final remnant, a core collapse supernova can produce a

neutron star or a black hole. We set the threshold for this distinction to 2.5M⊙, which we

then relate to the maximum initial stellar mass, Mmax, as a function of metallicity according

to Eqns. (5)-(9) in Ref. Fryer et al. [2012]. We then determine as follows the minimum initial

stellar mass, Mmin, that can result the formation of a neutron star Fryer et al. [2012]:

Mmin =


[9.0 + 0.9 log10(Z/Z⊙)]M⊙ log10(Z/Z⊙) > −3

6.3M⊙ log10(Z/Z⊙) ≤ −3

Since the quantities ϕ, Mmax and Mmin each depend on metallicity, we need to quantify

the distribution of Z as a function of redshift. To this end, we follow Ref. Langer and

Norman [2006], which provides a function for the fraction of the star-formation rate density

that has a metallicity less than Z at given redshift, z:

Λ(z, Z) =
Γ̂[0.84, (Z/Z⊙)2100.3z]

Γ(0.84)
, (3.11)

where Γ̂ and Γ are the incomplete and complete gamma functions, respectively.

Putting this all together, the final cosmic pulsar birth rate density is given by

dΓp
dV

(z) = ρ̇∗(z)
∫

dΛ

dZ
(z, Z) fNS(Z) dZ. (3.12)

In Fig. 3.2, we plot the pulsar birth rate density as a function of redshift, using each of

the three methods described in this section. The results are broadly consistent across these

three methods, although the distribution based on the star-formation rate alone is somewhat

larger at low redshifts than is found when using the metallicity corrected approach. The rate

based on the rate of core collapse supernovae is consistent with both other methods, although
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Figure 3.3: The predicted contribution from TeV halos to the isotropic gamma-ray back-
ground, compared to the spectrum as measured and reported by the Fermi Collaboration
[Ackermann et al., 2015a]. These results were derived using pulsar birth rates based on the
measured star-formation rate, with (blue) and without (yellow) corrections for metallicity.
The grey bands around the Fermi error bars represent the systematic uncertainty associated
with the modelling of the Galactic foreground emission. In the left (right) frame, we show
our results including (neglecting) the important effects of attenuation and EM cascades.

with large uncertainties. In our main results, we will show the gamma-ray spectra predicted

using cosmic pulsar birth rates as calculated using both the star-forming rate scaling, and

the metallicity-corrected approach.

In calculating the contribution from TeV halos to the isotropic gamma-ray background,

it is necessary to take into account the effects of attenuation and the EM cascades that

result from these interactions. In particular, TeV-scale photons can efficiently scatter with

the infrared background to produce electron-positron pairs which then generate lower energy

photons as they cool through the process of ICS. To account for this, we use the publicly

available code γ-Cascade [Blanco, 2019], which fully models the effects of pair production,

ICS, and synchrotron losses (see also, Refs. [Murase, 2012, Murase and Beacom, 2012,

Murase et al., 2012, Murase et al., 2012, Berezinsky and Kalashev, 2016, Blanco and Hooper,

2017]). This code adopts a background radiation field based on the model of Ref. [DomÃ-

nguez et al., 2010], and adopts an extragalactic magnetic field of 10−13G. In the case of the
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emission from TeV halos in M31 (as shown in Fig. 3.1), the effects of attenuation are negligible

due to the proximity of this source. In contrast, in our calculation of the contribution to the

IGRB from this class of sources, these interactions very substantially suppress the amount

of emission that is predicted at energies above ∼100 GeV. In addition, the gamma rays that

are produced through EM cascades significantly enhance the gamma-ray emission that is

expected at lower energies.

In the left frame of Fig. 3.3, we show the main result of this chapter, which is our estimate

for the contribution from TeV halos to the IGRB. In the right frame of Fig. 3.3, we show

the same thing but, for comparison, neglecting the effects of attenuation and the subsequent

contribution from EM cascades. While TeV halos produce very little of the emission that is

observed by Fermi at low energies, this class of sources could be responsible for up to ∼20%

of the IGRB at 100 GeV, and perhaps even an larger fraction at TeV-scale energies.

3.5 Implications for Millisecond Pulsar Populations

Thus far, we have focused in this chapter on the TeV halos associated with young and middle

aged pulsars. In addition to these source classes, there exist pulsars with millisecond-scale

periods which have obtained their angular momentum through interactions with a binary

companion. Such “recycled” pulsars have lower magnetic fields, are much longer lived than

their young and middle aged counterparts.

Recent analyses of HAWC data have provisionally indicated that millisecond pulsars

(MSPs) generate TeV halos with an efficiency and other characteristics that are similar to

those associated with young and middle-aged pulsars [Hooper and Linden, 2021, 2018]. In

our calculation of the contribution from TeV halos to the IGRB, we have not yet included

any contribution from MSPs. If, however, the total spindown power of the MSP population

is comparable to or larger than that associated with the young and middle aged pulsar

population, these sources could significantly increase our estimate for the contribution of
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TeV halos to the IGRB.

The total spindown power of the Milky Way’s MSP population is somewhat uncertain, in

particular in regards to those pulsars located in the Inner Galaxy. Among the 283 MSPs in

the ATNF catalog with a reported value of Ė, the total spindown power is 2.2× 1037 erg/s.

Given the highly incomplete nature of this catalog, the total spindown power of all MSPs

in the Milky Way is likely to be larger than this number by a factor of at least several, and

perhaps significantly more. Comparing this to the total spindown power of the young and

middle aged pulsars in the Milky Way, ⟨Erot,0⟩Γp,MW ∼ (7× 1048 erg/s) (1.4 century−1) ∼

3 × 1039 erg/s, we consider it plausible that MSPs could constitute a significant fraction of

the total spindown power of the overall pulsar population. If it is robustly confirmed that

MSPs generate TeV halos [Hooper and Linden, 2021, 2018], this would lead us to potentially

increase our estimate for the contribution of TeV halos to the IGRB (and from the TeV halo

emission from M31).

Further complicating this calculation is the fact that the MSP population density is not

expected to scale with the current star-formation rate. Instead, the number of MSPs in a

given galaxy will reflect the integrated star-formation history and the subsequent rate of

stellar encounters within that environment (for example, see Ref. [Bahramian et al., 2013]).

With these uncertainties acknowledged and in mind, we will proceed to estimate the

gamma-ray emission from all TeV halos (including those associated with MSPs) by simply

scaling our previous results by a factor that is equal to the total spindown power in all pulsars

(including MSPs) divided by the total spindown power neglecting MSPs. Using the Milky

Way pulsar populations to base this estimate, we note that the median MSP in the ATNF

catalog is located only 3.6 kpc from Earth (considering only those MSPs with a reported

distance measurement), corresponding to only the nearest 5% of the Galactic Plane, and

clearly indicating that most of the MSPs in the Milky Way have not yet been detected.

With this in mind, we estimate that including MSPs would increase the fluxes shown in
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Figs. 3.1 and 3.3 by a factor of roughly ∼ 1 + [(2.2 × 1037)/0.05]/(3 × 1039 fbeam) ∼ 1.5,

where fbeam ∼ 0.3 is the beaming fraction of a typical MSP.

3.6 Implications for IceCube’s Diffuse Neutrino Flux

The results presented in the previous sections have potentially significant implications for

the fields of high-energy gamma-ray and neutrino astrophysics. Studies utilizing observed

correlations between gamma-ray and multi-wavelength emission have concluded that the

IGRB is dominated by emission from a combination of star-forming galaxies and non-blazar

active galactic nuclei (sometimes referred to as misaligned AGN). In particular, a recent

study by Blanco and Linden concluded that star-forming galaxies produce 56+40
−23% of the

IGRB at 10 GeV, while non-blazar AGN contribute 18+38
−12% of this signal at the same

energy [Blanco and Linden, 2021]. In contrast, the contributions to the IGRB from blazars

(including both BL Lacs and flat-spectrum radio quasars) [Cuoco et al., 2012, Harding and

Abazajian, 2012, Ajello et al., 2012, Abdo et al., 2010], mergering galaxy clusters [Keshet

et al., 2003, Gabici and Blasi, 2003, 2004], cosmic-ray interactions with circum-galactic gas

[Feldmann et al., 2012], and ultra-high energy cosmic ray propagation [Taylor et al., 2015,

Ahlers and Salvado, 2011, Gelmini et al., 2012] are each relatively small in comparison to

these two source classes (see also, Refs. [Hooper et al., 2016, Linden, 2017, Tamborra et al.,

2014, Di Mauro et al., 2014, Inoue, 2011]).

The diffuse flux of high-energy astrophysical neutrinos reported by the IceCube Collab-

oration features an approximately power-law form over energies between tens of TeV and

several PeV [Aartsen et al., 2015a,b, 2014, 2013], and exhibits flavor ratios that are consistent

with the predictions of pion decay [Aartsen et al., 2015c]. The lack of observed correlations

in direction or time with known gamma-ray bursts [GRB, 2012] or blazars [Smith et al., 2021,

Hooper et al., 2019, Glüsenkamp, 2016] has strongly disfavored the possibility that many of

these events originate from members of these source classes. This leaves star-forming galaxies
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and non-blazar AGN as the leading candidates for the origin of IceCube’s diffuse high-energy

neutrino flux. If any combination of these two source classes is responsible for generating

the signal reported by IceCube, then these objects must also contribute significantly to the

IGRB as measured by Fermi. More specifically, if cosmic-ray interactions in these sources

produce pions in optically thin environments, the decaying pions will produce neutrinos,

π+ → µ+νµ → e+νeν̄eνµ, and gamma rays, π0 → γγ, in a calculable ratio. Based on this

relationship, quantitative studies have shown that if these source classes are responsible for

IceCube’s diffuse neutrino flux, they will also approximately saturate the IGRB, in particular

at energies above several GeV (see, for example, Ref. [Hooper, 2016]).

The results presented in this study indicate that TeV halos contribute significantly to

the IGRB at the highest energies measured by Fermi. On similar grounds, TeV halos have

previously been shown to dominate the diffuse TeV-scale emission observed along the Galactic

Plane by the Milagro telescope [Linden and Buckman, 2018]. In this sense, it appears

that TeV halos are a significant vector by which the process of star formation leads to the

production of very high-energy gamma-ray radiation.

A critical point in this context is that TeV halos are leptonic sources, relying on ICS

rather than pion production to generate their observed gamma-ray emission [Sudoh et al.,

2021, Hooper et al., 2017]. This forces us to conclude that a significant fraction of the highest

energy gamma-ray emission observed from star-forming galaxies is not hadronic in origin,

but is instead leptonic, suppressing the degree to which this class of sources could potentially

contribute to IceCube’s diffuse neutrino flux. By comparing the gamma-ray emission from

star-forming galaxies [Blanco and Linden, 2021] to that predicted in this study from the

TeV halos, one can place an upper limit on the hadronic component of the emission from

star-forming galaxies. Although the relevant uncertainties remain quite large at this time,

this comparison is suggestive of a significantly leptonic origin of the TeV-scale emission

from this class of sources. This conclusion would only be further strengthened if we were
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to include an estimated contribution from the TeV halos associated with MSPs. If future

observations continue to support the conclusion that MSPs produce TeV halos, this could

potentially disfavor star-forming galaxies as the primary source of IceCube’s diffuse flux, and

(by default) favor non-blazar AGN as the main sources of these mysterious particles.
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CHAPTER 4

GRAVITATIONAL-WAVE LENSING AS A NOVEL PROBE

4.1 Introduction

Strong gravitational lensing is a fundamental measurable property of the universe. Lensing

observables include the fraction of sources that are multiply imaged, as well as statistical

distributions of lensing properties such as the image separations and time delays. These

are related to the values of the cosmological parameters, as well as the distribution and

properties of the matter inhomogeneities which constitute the lenses, ranging from MAssive

Compact Halo Objects (MACHOs) and stars to clusters of galaxies. By observing strong

lensing, one is able to probe the evolution of the universe and all matter within it, as well

as test the predictions of general relativity.

Observational samples of lensed systems also depend on properties of the sources, and in

particular, the number density (for continuous sources such as quasars) or the rate density

(for transient sources such as Type Ia supernovae) of the sources as a function of mass and

redshift. These samples are also sensitive to observational selection effects, which can cause

dramatic differences between the observed and intrinsic lensing distributions.

In the EM band, strong gravitational lensing is not only widely used in probing cos-

mological parameters [Turner et al., 1984, Cao et al., 2012, Liu et al., 2020b], but also in

understanding the nature of DM halos [Davis et al., 2003, Chae, 2003, Chae and Mao, 2003,

Sohn et al., 2017, Smail et al., 1994, Schneider, 1996, Keeton and Madau, 2001, Oguri et al.,

2002, Hoekstra et al., 2004, Corless and King, 2007, Massey et al., 2010, Collett, 2015, Diego

et al., 2018, Meneghetti et al., 2020]. One of the most basic properties that one can probe

are the masses of the lensing halos, as traced by their velocity dispersions, σ. For example,

Davis et al. [2003] studied 13 lenses provided by the Cosmic Lens All-Sky Survey/Jodrell

Very Large Array Astrometric Survey data to constrain the characteristic velocity disper-
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sion distribution of elliptical galaxies, σ∗, to 168 ≤ σ∗ ≤ 200 kms−1 at 68 % confidence

level. Similarly, Chae [2005] selected ∼15 multiply-imaged systems from the same surveys

and studied the distribution of the angular separation of these lensing images. By fixing the

shape of the galaxy velocity dispersion function either using the Sloan Digital Sky Survey

(SDSS) or the Second Southern Sky Redshift Survey (SSRS2), Chae [2005] constrained σ∗

to ∼80 km/s for the case of SDSS, and ∼190 km/s for the case of SSRS2. In addition, the

time delay between lensed images can be used to investigate the density profile of the lens

halos as well as the Hubble parameter, H0 [Oguri et al., 2002, Li et al., 2012]. Weak lensing

surveys, e.g. [To et al., 2021], provide a complementary probe of the matter distribution at

larger scales. We note that the distribution of strong lensing of supernovae offers an addi-

tional powerful probe [Holz, 2001], but complete and uniformly selected samples of lensed

supernovae continue to pose a challenge. This may change with upcoming surveys, such as

those from the Vera Rubin Observatory and Euclid.

Like EM waves, gravitational waves (GWs) can also be strongly lensed and form multiple

images. These images appear as separate GW sources with consistent sky positions and

binary parameters such as total mass and mass ratio, but with different magnifications and

arrival times. The waveforms of multiply-imaged GW sources may also show different phase

shifts depending on whether the image is at the minimum, saddle point or maximum of the

Fermat potential [Schneider et al., 1992, Dai et al., 2020]. The magnification changes the

overall amplitude of the signal, biasing the inference of the luminosity distance and, as a

consequence, the source-frame masses. The time delay affects the arrival time of the lensed

signal. Lastly, the phase shift associated to saddle-point images could introduce waveform

distortions for signals with higher modes, precession or eccentricity [Dai and Venumadhav,

2017, Ezquiaga et al., 2020], leading to waveforms which appear to violate general relativity

[Ezquiaga et al., 2020]. All these properties can be used to identify multiple GW events as

strongly lensed images of the same source.
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Strong lensing of GWs will provide a novel and independent way to study the matter

distribution in the universe. One advantage over EM studies is that GWs do not suffer from

dust extinction or anything else that might compromise the signal; GWs propagate directly

from source to observer without any intervening impact (except for the curvature of space-

time). The correction of dust attenuation in EM observation is a challenging and non-trivial

task due to the uncertainty in dust physics [Calzetti, 1997, Calzetti et al., 2000]. Comparing

to EM surveys, where it is difficult to guarantee both uniform depth and breadth even for

surveys in the radio band [Adams and van Leeuwen, 2019], GW detections “hear” lensing

events happening on the entire sky simultaneously, allowing us to study a clean lensing

sample with well-understood and characterized selection effects. Furthermore, unlike EM

sources which can be obscured or time variable, the noise power spectrum of GW detectors

can be measured and the source properties are well characterized, further reducing selection

effects on the lensing sample. Strong lensing of GW events are sensitive to a wide range of

lensing masses, ranging from stellar mass black holes (BHs) to galaxy clusters [Takahashi and

Nakamura, 2003, Li et al., 2012, Smith et al., 2018], and will provide important constraints

on the underlying DM halo distribution in the universe. In this chapter, we focus on lenses

at the scale of massive elliptical galaxies, since these are expected to be the dominant strong

lenses. For these systems, the Schwarzschild radius is significantly larger than the wavelength

of the GWs emitted by stellar-mass binary black holes (BBHs), and we can therefore adopt

the geometric optics limit.

As mentioned above, EM surveys can use the angular separation between images to

constrain the lens population [Davis et al., 2003, Chae, 2005]. However, this method does

not work for GW detectors due to the large localization errors [Abbott et al., 2018]. On

the contrary, GW facilities have exquisite time resolution (to fractions of a second) which

is difficult to achieve in EM surveys even with time variable sources such as quasars or

supernovae. We note that the angular separation is proportional to σ2 where σ is the
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velocity dispersion of the lens galaxies, while the time delay is proportional to σ4. Therefore,

time delay distributions are potentially more sensitive to the lens population than angular

separation distributions. In what follows we use the time delay distribution between strongly

lensed GW events as one of the primary lensing observables.

A fundamental aspect of statistical lensing is the rate of strong lensing, which depends

both on the properties of the lenses and sources. Several studies have provided theoretical

predictions for this rate. For present 2G aLIGO, the strong lensing event rate was found

to be up to 0.5–1 yr−1 (Oguri [2018], Li et al. [2018], Yang et al. [2021]). These results are

consistent with the current non-detection of lensing events during the first two observing

runs [Hannuksela et al., 2019, McIsaac et al., 2020, Kim et al., 2020] and the first half of

the third one [Abbott et al., 2021].1 The chances of strong lensing will increase with future

sensitivity upgrades, as a higher redshift implies a larger probability of lensing. 2G detectors

are expected to be upgraded beyond design sensitivity (A+), which will allow the detection

of GW source out to redshift of z ∼ 3 [see Fig. 3 of The LIGO Scientific collaboration,

2019b]. Future 3G instruments, such as ET and CE, will be able to detect BBH sources with

masses up to 104M⊙ and at redshifts as high as z ∼ 100 [see Fig. 2 left panel in Maggiore

et al., 2020]. The enhancement in the detectable cosmological volume will greatly increase

the lensing event rate, to as high as 40–103 yr−1 for ET [Piórkowska et al., 2013, Biesiada

et al., 2014, Ding et al., 2015, Oguri, 2018, Li et al., 2018].

In this work, we explore the capabilities of current and future GW detectors to constrain

both the properties of the lens galaxies and the source population. We first compute the

lensing optical depth, and calculate the lensing event rates for aLIGO, A+, ET, and CE. We

further perform MC sampling to simulate the gravitational lensing of BBHs and calculate the

1. Dai et al. [2020] and Liu et al. [2020a] have found an intriguing pair, GW170104–GW170814, with
masses, sky positions, and phases a priori consistent with the strong lensing hypothesis. However, other
properties of the pair such as the large time delay and image type configuration make this association
unlikely [Dai et al., 2020, Liu et al., 2020a]. The analysis of Abbott et al. [2021] confirms that the inclusion
of selection effect and source and lens population priors drastically reduce the likelihood that this is a lensing
event.
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lensing properties including the time delay and magnification distributions. We then estimate

our ability to constrain the typical lens velocity dispersion assuming different observation

duration times and detector sensitivities. Furthermore, since the strong lensing event rate of

GWs is also affected by the number of sources in the universe, we show that this information

can be used as a complementary probe of the population of BBH mergers. Both detection

and non-detection of GW lensing events will provide insights on the formation channels of

these binaries as well as the star formation rate (SFR) and delay-time distributions.2

The chapter is organized as follows. In Section 4.2 we present the methods to calculate

the lensing optical depth, lensing event rate, and lensing simulation, describing in detail our

assumptions for both the lens and source population. In Section 4.3 we show the results

for the time delay distributions and lensing rates, discussing their implications to constrain

the properties of the lenses and BBH merger sources. We conclude the main results and

future prospects in Section ??. We adopt the Planck values for the cosmological parameters

[Planck Collaboration et al., 2020].

4.2 Methods

The gravitational lensing of GWs depends both on the population of sources and lenses. In

this section we describe the methodology to compute the rate of lensed signals and their

properties. We begin in Section 4.2.1 with computing the probability of strong lensing as

determined by the optical depth τ(z). In Section 4.2.2 we provide a prescription for the

rate of the BBH merger which acts as GW sources. Fixing the lens model and the source

population, we describe the simulation of lensed signals in Section 4.2.3. Finally, in Section

4.2.4 we compute the expected strong lensing event rates taking into account the effect of

2. It is important to note the distinction between the time-delay distribution and the delay-time distri-
bution. The former refers to the amount of time between multiple images of a given strongly-lensed source,
designated by δt. The latter refers to the amount of time which elapses between the formation of a binary
black hole and the merger of the system, designated by ∆t.
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lensing magnification.

4.2.1 Lensing optical depth

The probability of a given source at zs being strongly lensed and generating multiple images

is determined by the optical depth τ(zs) [see e.g. Schneider et al., 1992]3. For a given lens

model described by a set of parameters X, τ(zs) depends on the multiple-image cross section

σ̂multiple(zs, zL, X) and the density of lenses n(zL, X) with properties X at the lens redshift

zL. The lens density at redshift zL is simply
∫
n(zL, X)dX. The optical depth is computed

directly by adding-up the cross-sections weighted by the density at different redshifts, i.e.

τ(zs) =

∫ zs

0

∫
dVc

δΩdzL
n(zL, X)σ̂multiple(zs, zL, X) dXdzL (4.1)

where dVc/(δΩdzL) = c(1+z)2D2
L/H(z) where DL the angular diameter distance to the lens

and H(z) is the Hubble parameter.

In this chapter, we choose the singular isothermal ellipsoids (SIE) [Kormann et al., 1994,

Narayan and Bartelmann, 1996, Peter Schneider, 2006] as our lens model whose lensing

cross-section is determined by their velocity dispersion σ and axis ratio qg of the galaxy.

The singular isothermal sphere (SIS) model corresponds to the limit qg → 1. We neglect the

shear field since we are less interested in the anisotropic distortion of the signal. Qualitatively

speaking, the SIE model defines three distinct regions in terms of the number of lensing

images in order of increasing area [Kormann et al., 1994]: (1) within the caustic area σ̂caustic

4 images form, (2) within the cut region σ̂cut 2 images form and (3) in any other region only

1 image forms. Therefore, we set σ̂multiple = σ̂cut.

The number density of the lens galaxies at redshift z having σ and qg can be described

3. It is to be noted that in the limit where the cross-sections significantly overlap with each other σ̂multiple,
when τ > 1, the probability of lensing is given by P (zs) = 1− exp(−τ(zs)) [Cusin et al., 2019].

61



by:

n(zL, X = (σ, qg)) = ϕ(σ|zL)p(qg|σ) (4.2)

where ϕ(σ|zL) is the number density of the galaxies at a given interval of σ at zL, and p(qg|σ)

is the distribution of the lens axis ratio for a given σ. We model ϕ(σ|zL), with a Schechter

function [Press and Schechter, 1974]:

ϕ(σ|zL) = ϕ∗(zL)
(

σ

σ∗

)αg

e
−
(

σ
σ∗

)βg
βg

Γ(αg/βg)

1

σ
(4.3)

where ϕ∗(zL) is the number density of galaxies at redshift zL. In this work, we will consider

the case in which the density of galaxies is constant, ϕ∗ = 8×10−3h3Mpc−3 as measured by

Choi et al. [2007], but our methodology could be extended to include redshift dependence.

The power-law index αg and βg describe the shape of the distribution [Faber and Jackson,

1976, Tully and Fisher, 1977]. We set αg = 2.32 and βg = 2.67 also according to the

measurement of Choi et al. [2007].

For a given σ, the distribution of the lens axis ratio p(qg|σ) which tells the ellipticity

of the lens galaxies can be described by a Rayleigh distribution [Collett, 2015, Haris et al.,

2018]:

p(qg|s = A+Bσ) =
1− qg

s2
exp

[
−(1− qg)

2

2s2

]
(4.4)

where A = 0.38, B = −5.7× 10−4(km/s)−1 [Collett, 2015], implying that more massive

galaxies are more spherical. We set the minimum qg,min = 0.2.

The angular scale of the lensing cross-section is determined by the angular Einstein radius:

θE = 4π
(σ
c

)2 DLS

DS
, (4.5)

where DLS is the angular diameter distance between the lens and the source, and DS is the

62



angular diameter distance between the observer and the source. Apart from the geometrical

configuration of the source-lens system, the Einstein radius is fully determined by the galaxy

velocity dispersion, σ. This scale is the same for both SIS and SIE. The multiply-lensed

cross-section for SIE is then given by:

σ̂multiple(zs, zL, σ, qg) = θ2E(zs, zL, σ)σ̃cut(qg), (4.6)

where σ̃cut(qg) is the dimensionless cut cross-section given by [Kormann et al., 1994] in units

of θE :

σ̃cut(qg) =
4qg

1− q2g

∫ 1

qg

arccos∆√
∆2 − q2g

d∆. (4.7)

This quantity depends only on qg. Note that in the limit of a spherical lens, qg → 1, we find

that σ̃cut → π and we recover the usual SIS cross-section. The SIS model has two regions

delimited by the Einstein radius, where 2 images form inside and 1 outside; its cross-section

does not depend on qg.

Combining all of the ingredients above, we now define the optical depth for multiple

images:

τ(zs) =

∫ zs

0

∫ σmax

σmin

∫ 1

0.2
16π3

c(1 + zL)
2

H(zL)

(
DLDLS

DS

)2 (σ
c

)4
ϕ(σ|zL)p(qg|σ)σ̃cut(qg)dqgdσdzL

(4.8)

which integrates all the cross-sections of the lens galaxies between the observer and the

source.

Note that in the SIS limit, the dependence on qg disappears and one can get a closed

form result by integrating in terms of Gamma functions. This result is subject to σmax

and σmin, the upper and lower bounds of the velocity dispersion of the lens galaxies. For
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simplicity, we fix σmax = ∞ and σmin = 0. However, other values are possible. For example,

σmin ∼ 70km/s might be more consistent with observations [Choi et al., 2007, McConnell

and Ma, 2013]. We discuss the effect of changing σmax and σmin on τ(zs) in Appendix 4.4.

Adding all the pieces together, Figure 4.1 shows the optical depth τ(zs) assuming 3

different values of σ∗. In general, τ(zs) increases with zs because there are more intervening

galaxies between the source and the observer at higher zs. At a given zs, τ(zs) increases

with increasing σ∗ since the lensing cross-section of the galaxy population increases with σ∗.

We also find that τ(zs) can be well-approximated by the optical depth of the SIS model

(τSIS) multiplied by a constant factor ∼ 0.96. We elaborate more on these differences in the

optical depth between SIS and SIE lens model in Appendix 4.4.

4.2.2 Source population: binary black holes

Once we know how to compute the probability of strong lensing, the next ingredient is to

model the population of sources. This information will be later used to simulate lensed

events and to compute the lensing rates and distributions. We begin with the differential

merger rate as a function of observing time t (in detectors frame) is given by

dṄ(z)

dz
≡ d2N

dzdt
(z) =

R(z)

1 + z

dV (z)

dz
(4.9)

where R(z) describes the source-frame merger rate density, dV
dz = 4πc

r2c (z)
H(z)

is the differential

comoving volume, and the (1+z) factor converts from source frame to detector frame. In this

work, we fix the local merger rate density R(z = 0) ≡ R0 = 64.9+75.5
−33.6Gpc−3yr−1 [Abbott

et al., 2019].

In order to model the redshift evolution of the merger rate we will follow two complemen-

tary approaches. First, we will consider a model in which the BBHs are assumed to follow

the SFR with an additional delay time. The delay time ∆t is the time between the binary
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Figure 4.1: Optical depth τ as a function of source redshift zs with different σ∗ represented
by different colors. Increasing σ∗ will increase the velocity dispersion of the whole galaxy
population, hence increase the lensing cross-sections.
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formation and the final merger. This is motivated by the assumption that BBHs are formed

from stars in the field and has been studied thoroughly using population synthesis codes [Bel-

czynski et al., 2002, Postnov and Yungelson, 2014]. Observations of strongly lensed events

will provide constraints on both the SFR and the delay-time. If one believes we already

know the SFR, then our results probe the delay-time distribution directly. These constraints

would be complementary to the ones obtained with unlensed, low-redshift binaries [Fishbach

and Kalogera, 2021]. Alternatively, prior knowledge of the delay-time distribution would

allow for direct constraints on the SFR of the sources. In our analysis, we consider three

different scenarios for the SFR and delay-time distribution, to explore the impact that these

have on our results. In the main text of the chapter, we adopt the SFR model from Madau

and Dickinson [2014] (MD14) with minimal delay time ∆tmin= 50 Myr. We discuss two

additional scenarios in the Appendix 4.5: MD14 SFR model with a different delay time of

∆tmin= 1 Gyr, and a different SFR density which is constant throughout the redshift evolu-

tion ρ̇∗ = 0.004,M⊙Mpc−3yr−1 with ∆tmin= 50 Myr. The detailed calculation of the rate

from the SFR to detector-frame merger rate is described in Appendix 4.5.

Our second approach will be to extend this fixed model by varying its elements in a

convenient parametrization from Callister et al. [2020]:

R(z|zp, α, β) = C(α, β, zp)
R0(1 + z)α

1 + ( 1+z
1+zp

)α+β
(4.10)

where C(α, β, zp) = 1 + (1 + zp)
−α−β . Equation 4.10 is proportional to (1 + z)α at low

redshift and (1 + z)β at high redshift. zp is the redshift at the peak of the distribution, and

the local merger rate R(z = 0) = R0 = 64.9+75.5
−33.6Gpc−3yr−1 is fixed [Abbott et al., 2019].

The second approach will be relevant when quantifying how the source population affects the

lensing rate, as discussed in Section 4.3.4. We note that alternate formation channels might

be described with differing values of α, β, zp, and R0, or with entirely different functional
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forms. These could be combined to generalize our approach; for this chapter we describe the

aggregate population with a single distribution shown in Equation 4.10.

In order to calculate how many of these BBH mergers are detected, we need to consider

the detection probability, pdet(M, q, z), which takes into account the detector sensitivity

and selection bias for binaries with different masses and redshifts. We parametrize the

source masses in terms of the chirp mass, M = (m1m2)
3/5/(m1 +m2)

1/5, and mass ratio,

q = m2/m1, where m1 is the mass of the heavier BH, m1 > m2. The detected merger event

rate within redshift z is given by:

ṄBBH(z) =

∫ z

0

∫ Mmax

Mmin

∫ 1

0

dṄ(z)

dz
p(M, q)pdet(M, q, z) dq dM dz , (4.11)

where p(M, q) is the 2-dimensional distribution of M and q. We assume m1 follows a power-

law distribution p(m1) ∝ m−0.4
1 and m2 is uniformly distributed in range mmin < m2 < m1.

We fix mmin = 5M⊙ and mmax = 41.6M⊙ following the results of the first and the second

observing run of Advanced LIGO and Advanced Virgo [Abbott et al., 2019]. We derive the

distribution of M and q by randomly drawing m1 and m2 and then linearly interpolate the

2-dimensional probability density function (PDF) to get p(M, q), and also the corresponding

minimum and maximum M, Mmin and Mmax. We note that the latest LIGO–Virgo catalog,

GWTC-2, provides a more complex description of the mass distribution [Abbott et al., 2020b]

and in fact this simple power-law model is disfavored by observations. However, for the

purposes of our analysis this simplified description is sufficient.

We determine the probability of detecting a given source by the fraction of events across

all possible sky-locations, orientations, and inclinations that are above a given signal to noise

threshold ρthr. For a particular detector/detector network this is a known function [Dominik

et al., 2015]:

pdet(M, q, z) = P (w = ρthr/ρopt(M, q, z)) , (4.12)
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where ρopt(M, q, z) is the S/N for an optimally located and oriented binary. The function

P (w) is a cumulative distribution function which gives the fraction of the sources with

a given M, q and at a given redshift z that can be detected, assuming the sky location

and the orientation angles are uniformly distributed. We take the interpolated function

in Dominik et al. [2015] fitted from the numerically generated Monte Carlo sample of 109

binaries. We focus on a single detector with threshold of ρthr = 8 and consider 4 sensitivies:

aLIGO [Abbott et al., 2015], aLIGO at upgraded sensitivity (A+) [The LIGO Scientific

collaboration, 2019a] and the third generation detector Einstein Telescope (ET) [Maggiore

et al., 2020] and Cosmic Explorer (CE) [Reitze and Adhikari, 2019].4 We do not take into

account the duty cycle and assume that the detectors are always online.

4.2.3 Simulating strongly lensed GW events

Having fixed the lens model (SIE model) and the source population (BBHs consistent with

LIGO/Virgo O2), we now describe our method for generating the sample of strong lensing

events. We adopt a semi-analytical approach similar to that in Haris et al. [2018] which

randomly generates lens systems and solves the corresponding lens equations. The detailed

procedure of the MC simulation can be found in Section 2 of Appendix A in Haris et al.

[2018]. We highlight the differences in our simulation below:

1. We sample the BBH mass m1 and m2 using the distribution described in Section 4.2.2.

2. We pick the source redshift (zs) based on the PDF normalized from the BBH merger

rate as a function of redshift ṄBBH(z) calculated in Section 4.2.2.

3. Since we want to constrain lens parameter σ∗, we directly pick velocity dispersions

of the galaxy lenses based on the PDF normalized from the Schechter function in

4. The sensitivity curve (Sh(Hz−1/2)) for different detectors are from: https://dcc.ligo.org/LIGO-
T1500293-v11/public
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Equation 4.3 with varying σ∗ values instead of setting σ∗ = 161km/s as in Haris et al.

[2018].

4. Our lensing simulation assumes that multiple images of the same source have indepen-

dent detector selection effects. Since lensed images of the same source arrive at different

times, the relative angles between the detector and the source will have changed, and

thus the detector response will be different for the two images. We note, however,

that since the images come from the same binary source, the intrinsic angles of the

binary source will be the same. It is computationally expensive to incorporate this,

and since we do not expect these correlations to qualitatively impact any of our results,

we neglect them. To determine whether a lensing image can be detected or not, we

generate one random number for each image respectively. If the random number is

smaller than P (w = ρthr/
√
µρopt), we consider the image have been detected. Yang

et al. [2019] show that incorporating the Earth’s rotation decreases the lensing event

rate by ∼ 10% for the case of BBHs.

After picking the parameters for the sources and the lens galaxies, we follow the procedure

in Haris et al. [2018] and randomly draw zL and pick the source-plane location where we

can find multiple images. We obtain the image positions x1,i and x2,i for the i-th image

(i=1, 2 for the case with 2 images, or i=1, 2, 3, 4 for case with 4 images) by solving the

lens equations (see Equations 11–14 in Haris et al. [2018]) and calculate the magnification

for each image:

µi =

1−
√

qg

x21,i + q2gx
2
2,i

−1

(4.13)

and the time delay for ith image relative to a reference time (see more details in Kormann

et al. [1994]):

δti = 16π2
Dc(zL)

c

(σ
c

)4(
1− Dc(zL)

Dc(zs)

)
Φi (4.14)
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where Dc(zs) is the comoving distance of the source, Dc(zL) is the comoving distance of the

lens, and Φi is the Fermat potential [Blandford and Narayan, 1986].

One of the goals of this work is to explore the ability of GW detectors to constrain the

characteristic galaxy velocity σ∗ by observing the time delay (δt) distribution of multiply-

lensed events. In particular, we focus on the time delay between two detected lensing images

from the same source:

δt = |δt1 − δt2| ∝ σ4 . (4.15)

In most of the cases, these two images correspond to the primary (the brightest image, or the

one with the highest magnification) and the secondary image (the second-brightest image)

except for some very rare cases. This time delay δt should not be confused with the delay

time ∆t between the formation and merger of binary black holes introduced in Section 4.2.2.

Since δti is proportional to σ4 according to Equation 4.14, the time delay distribution

is very sensitive to the value of σ∗. By comparing the observed δt distribution with the

theoretical prediction for different σ∗, we can then constrain the value of σ∗. We present the

PDF distribution of δt for 3 different σ∗ in Figure 4.4. When σ∗ is high, the δt distribution

extends to higher values. For the case of σ∗ = 600km/s the tail of the δt distribution extends

to even 15 years. To facilitate the visualization, we zoom in to the range < 1 year in the

inset of the same figure. In general, higher σ∗ has a higher probability of high δt values. The

cumulative distribution function (CDF) also has noticeable differences. The δt at which 90

% of the events are included for σ∗ = 161, 300, 600km/s are 0.16, 1.77, and 25.72 years.

To constrain σ∗ using GW lensing events, we perform a Kolmogorov-Smirnov (KS) test

which is a widely used statistical technique to quantify the difference between the model

and the data. The KS test computes the distance between the CDF of the model and the

empirical probability distribution (EDF) of the data [Kolmogorov, 1933, Smirnov, 1948].

The maximum distance is defined as the KS statistic value. Bigger KS statistic indicates

that the 2 input distributions may have different origins. If a continuous expression for the
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Figure 4.2: Lensing time delay δt distribution for strong lensing pairs observed by ET for
σ∗ = 161, 300, 600 km/s assuming 107 BBH sources. The top panel displays the PDF, while
the bottom one plots the CDF. Time delay extends to higher values when we increase σ∗.
The proportionality between time delay and σ is described in Equation (4.14). The green
CDF (σ∗ = 161km/s) truncates at the maximum δt. We generate the BBH population using
the MD14 SFR model [Madau and Dickinson, 2014] assuming merger delay time distribution
P (∆t) ∝ 1/∆t ranging from 50 Myr to 13.5 Gyr (See more details in Section 4.2.2).
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model CDF is not available, we can apply the two-sample KS test which uses EDF of the

theoretical data set instead of the CDF. Since we do not have an analytical expression for

the lensing δt distribution and we do not want to add additional uncertainties by fitting

the theoretical δt distribution from the simulations, we adopt two-sample KS test in the

following analysis.

Operationally, we generate mock observation samples and compare them with the theo-

retical δt distribution to get a distribution of KS test statistics. We denote the σ∗ used for

generating the theoretical δt distribution as σ∗,A, and for the mock observation distribution

as σ∗,B . The KS statistic distribution from comparing the theoretical distribution with σ∗,A

and the mock observation distribution with σ∗,B is expressed as KS(σ∗,A, σ∗,B). We use the

KS statistics when σ∗,A = σ∗,B (i.e. KS(σ∗,B , σ∗,B)) as a reference. If the majority of the

KS(σ∗,A, σ∗,B) derived from observation samples are greater than the majority of KS(σ∗,B ,

σ∗,B), then it indicates that σ∗,B is actually quite different from σ∗,A, implying the observed

σ∗ is inconsistent with the theoretical prediction.

The size of each lensing δt distribution sample is determined by the BBH merger rate,

the optical depth, the observation duration time, and the detector sensitivity. Due to the low

lensing event rate of aLIGO and A+, we only discuss the possibility of using δt distribution

to constrain galaxy population using 3G detectors. In particular we concentrate on ET as an

example, although similar results are expected for CE. The lensing time delay can sometimes

be larger than the observation duration time. In order to make the sample realistic, we

exclude the sources that have time delay greater than the observation duration time.

We generate the theoretical δt distributions by simulating a large (107) number of sources.

For the mock observation samples, we set the number of sources going into our simulation

using the product of the BBH merger rate per year as calculated in Section 4.2.2 and the

observation duration time ranging from 1 year, 5 years, and 10 years.

As a summary, we follow the procedure below to test the consistency of the model and
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the mock sample:

1. For a given observation duration time, we generate 500 mock δt distribution samples

for a given lens galaxy population with σ∗,B . We exclude the sources that have time

delay greater than the observation duration time.

2. We compare these mock samples with the theoretical δt distribution using the KS test.

For a given observation time, σ∗,A, and σ∗,B , we can get 500 KS statistic values and

derive their corresponding PDF.

3. We use the PDF of the KS test values for the case where σ∗,A = σ∗,B as the reference

distribution. The distribution of KS test statistics shifts to larger values when σ∗,A ̸=

σ∗,B . We can also compute the distribution of the ratio of the KS statistics KS(σ∗,A =

σ∗,B , σ∗,B)/KS(σ∗,A, σ∗,B). Most of the time the ratio should be smaller than 1

because the mock samples are usually closer to the theoretical models with the same

value of σ∗. However, sometimes due to the limitation of the observation time, the

observation sample may appear closer to the wrong model. We define the area where

the PDF of this ratio is smaller than 1 as the probability of correct inference. We show

how the probability of correct inference evolves with the observation duration time in

Section 4.3.3.

In addition to the δt distribution, another interesting observable is the relative magnifica-

tion distribution: the ratio of the magnification of the secondary image µ2 and the primary

image µ1, µ2/µ1. Since it is not directly related with σ∗ but more sensitive to the ellipticity

of the lenses, we discuss them in the Appendix 4.7. It would be interesting to combine both

observables in future analyses to constrain the lens population more comprehensively.
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4.2.4 Computing strong lensing event rates

In this section, we focus on the calculation of the observed GW strong lensing event rate

Ṅlensing. To achieve this, we need to take into account how many merging sources are

multiply-imaged, as well as which of these sources are detectable. We thus include both the

optical depth τ(z) and the magnification distribution P (µ) into the integration in Equation

(4.11):

Ṅlensing(z) =

∫ z

0

∫ Mmax

Mmin

∫ 1

0

∫ µmax

µmin

τ(z)
dṄ(z)

dz
p(M, q)pdet(µ,M, q, z)P (µ)dµdqdMdz

(4.16)

where pdet(µ,M, q, z) is modified due to the magnification factor µ as follows:

pdet(µ,M, q, z) = P

(
w =

ρthr√
µρopt(M, q, z)

)
, (4.17)

where we have changed ρopt to √
µρopt. This is because magnifying a source with factor

µ is equivalent to decreasing the source luminosity distance by a factor of 1/√µ, and the

luminosity distance enters in the signal-to-noise via ρ ∝ 1/dL.

The values and meaning of the strong lensing event rate depends critically on the choice of

the magnification distribution P (µ). For example, Oguri [2018] uses two differing magnifica-

tion distribution when calculating Ṅlensing. The first way is treating all the images from the

same BBH source as a single group and use the sum of the magnification values as the total

magnification. Another way is treating individual images differently which means defining

P (µ) using the magnification value of each image regardless of the source. Dai et al. [2017]

propose a fitting to the magnification PDF at different redshifts based on the simulations in

Hilbert et al. [2008] and Takahashi et al. [2011]. Li et al. [2018] adopts the magnification

of the fainter image in the case of double images and that of the third brightest image in
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the case of four lensing images. Many other works (e.g. Ng et al. [2018], Diego [2019], etc)

prefer using a simple analytical form of P (µ) ∝ µ−3 to describe the tail of the magnification

distribution at high values, typically applied for µ > 2.

In real observations, the identification of strongly lensed GW events is not an easy task.

One needs to statistically asses if the parameters of each possible image favor the lensing hy-

pothesis over the non-lensed hypothesis [Hannuksela et al., 2019]. This is typically achieved

by searching for overlaps in the sky maps, masses, and spins. However, this overlap in binary

paramter space can also happen in non-lensed events due to selection effects and observa-

tional errors. In addition, one could also identify lensed GW event alone without associating

it with other events by measuring the phase distortion with respect to the unlensed pre-

dictions in general relativity. However, this is only applicable for type II images which are

created at the saddle points of the time delay surface. They have a phase shift of π/2 which

modifies the phase evolution when higher modes, precession or eccentricity are present [Dai

and Venumadhav, 2017, Ezquiaga et al., 2020]. 3G detectors could be sensitive to these dis-

tortions, identifying type II images directly [Wang et al., 2021]. Although identifying type II

images individually could help constraining the optical depth, in order to measure the time

delay distribution we need to identify at least two images of the same source. It is important

to remember that the first image, typically the brightest one, is always at the minimum of

the time delay surface (type I) [Blandford and Narayan, 1986] and thus cannot be identified

individually.

Considering above, we calculate two kinds of lensing event rates. The first one is the num-

ber of lensed systems whose primary images are detected per year, denoted as Ṅlensing,1st.

The second one is the lensing event rate when at least 2 images are detected for each lensing

system, Ṅlensing,2nd. The first quantity Ṅlensing,1st is useful to understand how the ob-

served BBH population is "polluted" by magnified events, since the primary images with the

largest magnification are the most likely ones that can be detected but may not be identified
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as lensing events if we miss the other images associated with the same source. To calculate

Ṅlensing,1st, we use the magnification distribution of the primary image P (µ)1st when doing

the integration in Equation 4.16. The second quantity Ṅlensing,2nd is useful to know how

many multiply-lensed events we can detect for studying δt distribution. To estimate this

one, we use the magnification distribution of the secondary image P (µ)2nd. The idea is that

if the secondary image can be detected, then the primary image is very likely to be detected

as well since by definition the primary image should have a higher √µρopt. Nevertheless, we

notice that due to the difference in arrival times, the orientation angle of the detector will

change before the second image arrives. There is a possibility that we detect the secondary

image but the first one arrives when the orientation of the detector network is less favorable.

It is also likely that the first one is missed because the detector is not online but in this

chapter we assume the detector observes whole year. However, we show in Appendix 4.6

that this procedure still gives a very good estimation of Ṅlensing,2nd when comparing to our

lensing simulations.

In practice, we obtain P (µ)1st and P (µ)2nd from our lensing simulation by recording the

magnification of the brightest image and the second-brightest image of each lensing system.

We compute the histograms of µ1 and µ2 and linearly interpolate them for µ < 3. We

smoothly connect them with a power law µ−3 for µ > 3, as it is universally expected for

large magnifications. Figure 4.3 shows the results. It is to be noted that the distribution of

secondary images extends to µ2 < 1. This is because the secondary images of SIE model are

very close to the lens center and thus are highly de-magnified [Kormann et al., 1994]. On the

other hand, the primary image magnification distribution peaks at µ ∼ 2. We summarize

our results in Section 4.3.1.
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Figure 4.3: Magnification distribution, P (µ), obtained from our MC simulations of GWs
lensed by SIE lenses. Purple and pink histograms correspond to the primary (P (µ)1st)
and secondary (P (µ)2nd) images, which correspond to the brightest and second-brightest
images respectively. We compute P (µ) by linearly interpolating the histogram for µ < 3 and
smoothly connect it with a power-law function P ∝ µ−3 for µ > 3. The final P (µ) we use
in Equation 4.16 are marked by black solid lines. We set µmin and µmax based on the P (µ)
derived from the lensing simulation.
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4.3 Results

In the previous section we have introduced our procedure for calculating lensing event rates

and lensing distributions given a lens and source population and a detector sensitivity. In

this section we present our results and discuss how the lens and source populations affect

the lensing observables, particularly the lensing event rate as a function of redshift and the

lensing time delay distribution. We also examine the capacity of present and future detectors

to probe these lens and source parameters.

We show the calculation of the lensing rates and its dependence on lens velocity dispersion

parametrized by σ∗ in Section 4.3.1. In Section 4.3.2 we show how the detectable cosmological

volume is expanded by the detection of lensing events. Section 4.3.3 demonstrates the

potential constraints on σ∗ from the time delay distribution. Lastly, we discuss how the

lensing event rate is affected by variations in the source population in Section 4.3.4.

4.3.1 Lensing event rate

As we can see from the calculation in Sections 4.2.1, 4.2.2, and 4.2.4, when fixing the SFR,

the local merger rate density R0, and the lens galaxy density ϕ∗, the lensing event rate will

be primarily determined by σ∗. We show the dependence of Ṅlensing, 1st and Ṅlensing, 2nd on

σ∗ for both 2G and 3G detectors in Figure 4.5 and summarize the lensing event rate for the

case of σ∗ = 161km/s in Table 4.1.
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Figure 4.4: Lensing time delay δt distribution for strong lensing pairs observed by ET for
σ∗ = 161, 300, 600 km/s assuming 107 BBH sources. The top panel displays the PDF, while
the bottom one plots the CDF. Time delay extends to higher values when we increase σ∗.
The proportionality between time delay and σ is described in Equation (4.14). The green
CDF (σ∗ = 161km/s) truncates at the maximum δt. We generate the BBH population using
the MD14 SFR model [Madau and Dickinson, 2014] assuming merger delay time distribution
P (∆t) ∝ 1/∆t ranging from 50 Myr to 13.5 Gyr (See more details in Section 4.2.2).
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Figure 4.5: Predictions for the observed rate of the primary images Ṅlensing,1st (dashed
lines) and events with multiple images Ṅlensing,2nd (solid lines). Different colors represent
different detectors. We set the SFR model to MD14 (Madau and Dickinson [2014]) with
a minimum merger delay time ∆tmin = 50 Myr, the galaxy number density to ϕ∗ = 8 ×
10−3h3Mpc−3 [Choi et al., 2007], and use local BBH merger rate constrained by LIGO O2
R0 = 64.9+75.5

−33.6Gpc−3yr−1 [The LIGO Scientific collaboration, 2019a]. Ṅlensing is linearly
dependent on ϕ∗ and R0, and is proportional to σ4∗. We also plot the grey line to mark the
σ4∗ trend.
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Primary image (Ṅlensing,1st) Multiply-imaged events (Ṅlensing,2nd) Unlensed BBH merger events (ṄBBH)
aLIGO 0.45 0.1 6.3× 102

A+ 3.4 0.7 3.7× 103

ET 93 51 1.2× 105

CE 110 92 1.5× 105

Table 4.1: Lensing event rate (Ṅlensing, yr−1) assuming σ∗ = 161 km/s [Choi et al., 2007]. We use SIE lens model for the
calculation. We use MD14 as SFR model and set ∆tmin = 50 Myr. The 3 columns correspond to the lensing event rate
of the primary image detected (Ṅlensing,1st), the lensing event rate with at least 2 images detected(Ṅlensing,2nd), and the
expected observed BBH merger event per year ṄBBH without considering magnification.
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Figure 4.5 shows that both Ṅlensing, 1st and Ṅlensing, 2nd increase with σ∗, and are almost

linearly dependent in log-space, log Ṅlensing ∝ 4 log σ∗. This is mainly because τ(z) ∝ σ4∗. By

increasing the value of σ∗, the σ of the whole lens galaxy population increases. Therefore,

the overall cross-sections of lensing increases which results in higher Ṅlensing. Moreover,

Ṅlensing grows with the detector sensitivity since more sensitive detectors can observe a

larger cosmological volume. We discuss the redshift distribution of lensed and unlensed

events in more detail in Section 4.3.2.

Table 4.1 summarizes the expected Ṅlensing using velocity dispersion σ∗ = 161 km/s

constrained from SDSS in the EM band [Choi et al., 2007]. We assume the MD14 SFR

model and a minimum delay time of ∆tmin = 50 Myr. Our calculation shows that the

contribution of the lensing events to the overall merger events is small, with a fraction of

≲ 0.1%. The majority of the events that we detect should be unlensed events. Since we

want to measure the time delay distribution, we are interested in events that have at least

2 images detected. The second column shows the estimation of Ṅlensing, 2nd. According

to these results, a statistical study of GW lensed events will happen with 3G detectors.

Moreover, Appendix 4.5 shows results for two alternate SFR scenarios: MD14 SFR model

with a different delay time of ∆tmin= 1 Gyr, and a different SFR density which is constant

throughout the redshift evolution ρ̇∗ = 0.004M⊙Mpc−3yr−1 with the same ∆tmin= 50 Myr.

As an additional check, in Appendix 4.6 we compare the results in Table 4.1 with the lensing

event rates directly obtained from a lensing simulation. We find consistent results.

4.3.2 Detectable cosmological volume increased by lensing magnification

Since some of the BBH merger events at high redshift, which were previously too faint

to be detected, can be magnified above the detection threshold, the detection volume of

the GW detectors will increase due to lensing. Figure 4.6 shows the redshift distribution

of the unlensed events, the primary images (Ṅlensing,1st) which trace events with only one

82



Unlensed events Primary images Multiple images
aLIGO 0.9 2.8 2.7
A+ 1.4 3.1 3.0
ET 3.8 5.1 4.8
CE 4.1 5.2 5.1

Table 4.2: Redshift within which 90 % of the unlensed events, Ṅlensing,1st and Ṅlensing,2nd
are included.

image detected, and the secondary images (Ṅlensing,2nd) which trace the events with multiple

images. Table ?? summarizes the characteristic redshift within which 90% of the events are

included. The characteristic redshifts for aLIGO and A+ increase from ∼ 1 to ∼ 3, indicating

that the detectable cosmological volume is drastically increased by lensing events, although

as shown before, lensed events will only represent a very small fraction of the catalog. The

same effect, however, is less significant for 3G detectors. The characteristic redshift for

ET and CE increases from ∼ 4 to ∼ 5. This is mainly because: 1) GW sources at high

redshift need higher magnification to be brought within the horizon than their low-redshift

counterparts; and 2) since star formation generally peaks at z ∼ 2 and drops at higher

redshift, there are fewer BBH sources at z > 5 as seen in Figure 4.13, and therefore the

increase in detectable volume due to lensing is slight. Moreover, the redshift distributions

are insensitive to the change in σ∗, since we assume the lens galaxy population does not

evolve with redshift in this chapter. Therefore σ∗ mainly affects the normalization of the

lensing rate rather than the shape of the lensing optical depth with redshift. We leave the

incorporation of the redshift evolution of the lens galaxy population to future work.

4.3.3 Constraining galaxy populations using time delay distributions

As mentioned in Section 4.2.3, the lensing time delay δt is directly related to the galaxy

velocity dispersion σ according to Equation 4.14, and thus can be used as a probe of the

lensing population. The δt distribution has a stronger dependence on σ∗ than the lensing

rate, Ṅlensing, because Ṅlensing is also affected by the number density of the lens galaxy
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Figure 4.6: The redshift distribution of the unlensed images (dashed-dotted line, distribution
of ṄBBH), primary images (dashed line, distribution of Ṅlensing,1st), and multiple lensed
images (solid line, distribution of Ṅlensing,2nd). We set σ∗ = 161km/s but the redshift
distribution is not sensitive to σ∗. The characteristic redshifts within which 90 % of the
events are included for different scenarios are summarized in Table ??.
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(ϕ∗) and the BBH source population. Since different galaxy populations give different δt

distribution, we can use this fact to inversely constrain σ∗ from measuring the δt distribution.

As described in Section 4.2.3, we simulate the lensing process assuming a range of values for

σ∗, and record the output time delay for each lensing system. Our simulations show that

for aLIGO and A+ only a few lensing events will be detectable per year. Therefore, we only

consider the measurements of the time delay distribution for 3G detectors, using ET as an

example.

Figure 4.7 provides an example of constraining galaxy properties using the time delay

distribution. We generate 500 mock observation samples with σ∗,B = 161 km/s for 3 dif-

ferent observational durations (1 year, 5 years, and 10 years), and compare them with two

theoretical models (σ∗,A = 161 km/s and σ∗,A = 171 km/s). The corresponding KS test

statistics are denoted as KS(σ∗,A = 161 km/s, σ∗,B = 161 km/s) and KS(σ∗,A = 171 km/s,

σ∗,B = 161 km/s) whose distributions are shown in the green and cyan histograms in the

upper panels of Figure 4.7. Since the green histogram shows the case where σ∗,A = σ∗,B ,

we use it as a reference. We can see that when ET only observes for 1 year, the green and

cyan histograms almost overlap and hence it is hard to distinguish σ∗,A = 161 km/s from

171 km/s. However, as we gradually increase the observation time to 10 years, the green and

the cyan histograms separate, indicating that a KS test is able to distinguish 161 km/s and

171 km/s using the observed time delay distributions.

The lower panel of Figure 4.7 shows the ratio of KS(σ∗,A = 161 km/s, σ∗,B = 161

km/s) over KS(σ∗,A = 171 km/s, σ∗,B = 161 km/s). As mentioned before, this ratio should

always be smaller than 1 because the δt distribution with σ∗,B = 161 km/s should be closer

to theoretical model with σ∗,A = 161 than σ∗,A = 171 km/s. Nevertheless, due to the

randomness of the sampling, and the limitation of the observation duration, the ratio may

be bigger than 1 in some cases. This expectation is consistent with the lower panel of Figure

4.7 where we can see that the majority of the area of the histogram is smaller than 1. We can
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consider the area smaller than 1 as the probability of having correct inference for the true

underlying σ∗. As expected, Figure 4.7 shows that when we increase the observation time,

the area of the histogram at values < 1 gets larger while the area > 1 gets smaller, indicating

that increasing observing time enhances the probability of having correct inference for the

underlying lens model.

We demonstrate how this procedure can be applied to other values of σ∗ in Figure 4.8

which shows σ∗,A versus the probability of having correct inference assuming three different

observation times: 1 year, 5 years and 10 years. Similar to Figure 4.7, we use mock obser-

vational samples with σ∗,B = 161 km/s but now compare them with theoretical models in

the range of σ∗,A = 161 ±20 km/s with an increment of 2 km/s, instead of just σ∗,A = 171

km/s. We repeat this procedure 30 times and compute the average KS statistics and the

maximum and minimum values as the bounds of the error bars. As expected, the probability

of a correct inference improves when σ∗,A is further away from the σ∗,B . It is easier to dis-

tinguish models which are further apart. As shown in Figure 4.8, for the case of σ∗,B = 161

km/s, we can exclude σ∗ < 161-12 km/s and σ∗ > 161+16 km/s after 1 year of observation

at 68 % confidence. Similarly, we are able to exclude σ∗ <161-16 km/s and σ∗ > 161+18

km/s after 5 years of observation, and exclude σ∗ < 161-10 km/s and σ∗ > 161+14 km/s

after 10 years of observation at 90 % confidence.

4.3.4 The effect of source population on the lensing rate

As described in Section 4.2.4, Ṅlensing depends not only on the lens population, but also

the source population. The distribution of sources is determined by the particular BBH

formation channel. In this section, we focus on how the assumptions related to binary

formation evolution affect Ṅlensing.

We calculate the rate of multiple images, Ṅlensing,2nd, for different values of the BBH

merger rate parametrization described in Equation 4.10, assuming a wide range of α, β, and
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Figure 4.7: KS statistics for 1 year, 5 years, and 10 years. We use ET as the detec-
tor in this plot. Upper panels: The PDFs of KS values from comparing samples gen-
erated from a model with σ∗,B = 161km/s and a model with σ∗,A = 161km/s (i.e.,
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from each other as the detection duration time increases, meaning we can better distinguish
between models with σ∗ = 171km/s and with σ∗ = 161km/s. Lower panels: The ratio of
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zp. The results for 2G and 3G detectors are presented in Figure 4.9 and 4.10, respectively.

We can see the following features from the contour plot for aLIGO and A+: First, at constant

zp, Ṅlensing,2nd increases as α increases. This is because when increasing α, the slope at low

redshift gets steeper and the maximum value of ṄBBH becomes higher since the local merger

rate is fixed. Ṅlensing,2nd increases as there are more BBH sources for larger α. Second, at

constant α, Ṅlensing,2nd increases as zp increases. This is because the original BBH merger

rate increases when we increase zp when fixing the local merger rate and the slope α. Third,

it is difficult for aLIGO to probe the region where Ṅlensing,2nd < 1yr−1 because it requires a

long observation time to achieve a precise constraint on the lensing event rate. Finally, when

zp > 5, Ṅlensing,2nd stays roughly constant since aLIGO and A+ are mostly sensitive to

BBHs at low redshift, thus any variations of zp at high redshift z ≳ 6 has minimal impact on

the observed Ṅlensing,2nd for aLIGO. For ET and CE, as shown in Figure 4.10, their detection

ability is significantly deeper and the expected Ṅlensing,2nd is higher than for aLIGO and

A+. Most of the region has Ṅlensing,2nd > 1yr−1, and thus 3G detectors are sensitive to a

wider parameter space than 2G detectors.

Similarly, we can also draw contour plots for Ṅlensing,2nd as a function of zp and β, as

shown in the right column of Figures 4.9 and 4.10. We can see that at low zp, Ṅlensing,2nd

decreases with increasing β and then stays constant. This is because when β becomes large,

the slope at higher redshift gets steeper but the general shape of the ṄBBH does not change

significantly, hence Ṅlensing,2nd stays relatively constant. The contours for Ṅlensing,2nd be-

come sparse when zp is high, due to similar reasons to those mentioned above regarding

the sensitive cosmological volumes for different detectors. However, since we are considering

BBHs formed following star formation, zp is unlikely to be greater than z ∼ 6, so we only

show results for cosmological distances within this.

These results show the potential for constraining the BBH source population with GW

strong lensing observations. Even the non-detection of strong lensing, and accompanying
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upper limits on the lensing event rate (e.g., Ṅlensing,2nd < 1yr−1) provide constraints on

parameters of the phenomenological model (Equation 4.10) as shown in the contour plots

in Figures 4.9 and 4.10. We mark the contour where Ṅlensing,2nd = 1 yr−1. Alternatively,

when fixing the formation scenario, strong lensing observations (or lack thereof) can be

used to constrain the SFR and delay-time distribution, as we show in Appendix 4.5. As

mentioned before, the lensing event rate in the region where Ṅlensing,2nd < 1yr−1 is difficult

to constrain unless the observational duration is long. Therefore, 3G detectors provide better

constraints on the source population than 2G detectors, not only because they are sensitive

to higher redshift, but also because they have higher lensing event rates and the regions

where Ṅlensing,2nd > 1 yr−1 are wider. A realistic analysis of actual data would require a

Bayesian population study so that all possible variables are varied at the same time. These

analyses of individual events could be complemented with constraints from the stochastic

background [Buscicchio et al., 2020, Mukherjee et al., 2021].

4.4 Optical depth for different lens models

In this appendix, we compare the optical depth τ derived using a Singular Isothermal Ellip-

soid (SIE) model as in the main text (τ) with the Singular Isothermal Sphere (SIS) model

(τSIS). The cross section of the SIS lens model is simply given by the Einstein radius θE

of the lensing system in Equation 4.5. Apart from the geometrical configuration of the

source-lens system, the Einstein radius is fully determined by the galaxy velocity dispersion

σ.

Similarly as in Section 4.2.1, the differential optical depth is given by:

dτSIS
dzL

=

∫ σmax

σmin

dVc
δΩdzL

n(zL, σ)πθ
2
E(zs, zL, σ) dσ (4.18)

=

∫ σmax

σmin

16π3
c(1 + zL)

2

H(zL)

(
DLDLS

DS

)2 (σ
c

)4
ϕ(σ|zL)dσ
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Ṅ

le
n

si
n

g
,2

n
d
(y

r−
1
)

0 2 4 6 8 10 12
β

0

1

2

3

4

5

z p

-6.600-6.000-5.400-4.800-4.200-3.600
-3.000-2.400

-1.800

-1.200

-0.600

A+

−7.10

−6.35

−5.60

−4.85

−4.10

−3.35

−2.60

−1.85

−1.10

−0.35

lo
g 1

0
Ṅ
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Figure 4.9: Lensing event rate Ṅlensing,2nd distributions (number of the lensing pairs per
year) for 2G detectors aLIGO and A+ still assuming σ∗ = 161km/s. Contours are in log10
scale. Left column: Ṅlensing,2nd contour plot in zp − α parameter space. We fix β = 1. The
black solid line represents the parameter regime that will likely have 1 event per year. Right
column: Ṅlensing contour plot in zp − β parameter space. We fix α = 1 which is roughly at
the peak of the constraint in O2 (See Figure 15 in Abbott et al. [2020a].)
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Figure 4.10: Lensing event rate Ṅlensing,2nd (number of the lensing pairs per year) distribu-
tions for 3G detectors ET and CE assuming σ∗ = 161km/s. Contours are in log10 scale. Left
column: Ṅlensing,2nd contour plot in zp − α parameter space. We fix β = 1. Right column:
Ṅlensing,2nd contour plot in zp − β parameter space. We fix α = 1 which is roughly at the
peak of the constraint in O2 (See Figure 15 in Abbott et al. [2020a].)
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where σmin and σmax are the lower and upper bound of σ. We substitute the differential

comoving volume per solid angle in the second line. When setting σmin = 0 and σmax = ∞

and fixing the Schecter function for the number density of the lenses ϕ(σ|zL), the expression

of τSIS can be integrated analytically [Haris et al., 2018]:

τSIS = 16π3(
σ∗
c
)4
Γ(4+α

β )

Γ(α/β)

nDc(zs)
3

30
. (4.19)

We can generalize the above expression to arbitrary integration bounds σmin and σmax.

Again, this can be integrated analytically. We obtain:

τSIS(zS) = 16π3(
σ∗4

c
)
nDc(zs)

3

30

Γ(α+4
β , σmax

σ∗
)− Γ(α+4

β , σmin
σ∗

)

Γ(αβ )
. (4.20)

When comparing this calculation with the one in the main text, we find that the ratio

of optical depths is τ/τSIS ≈ 0.96 and almost stays constant throughout the redshift range

z = 1 ∼ 100. This can be seen in Figure 4.11 where we plot both optical depths for different

values of σ∗. The product τSIS × 0.96 gives a good approximation to the SIE optical depth

τ with a difference of only ∼ 0.5%, when σmin = 0, σmax = ∞. The factor of 0.96, however,

does not apply to other scenarios.

The optical depth of the SIE model is subject to the choice of the multiple-image cross

section. Across this work we fixed it to be determined by the “cut region” in Kormann

et al. [1994]. This region determines the area in which at least two images are formed

and it typically encloses the “caustic region” where four images are formed. Nonetheless,

as displayed in Figure 2 of Kormann et al. [1994], when the lens axis ratio qg is small, for

example qg = 0.2, the caustic region sticks out the cut which increases the overall cross

section by a bit. Given the fact that most lenses have larger axis ratios, we believe this effect

is negligible.

In addition, we also explore the impact of integration limits on the optical depth for the
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case of SIE lens. Figure 4.12 shows the comparison using different σmin and σmax. In the

main text, we set σmin = 0 km/s and σmax = ∞ (in practice we set it to a large number,

105km s−1, around which the number density of the galaxies is approximately equals to 0),

which is shown in the sky-blue solid line. In reality, the upper and lower velocity dispersion

might be different [Choi et al., 2007, McConnell and Ma, 2013], which would have an effect

on τ(z). We tried different choices and, as shown in Figure 4.12 with dashed lines, the

difference is not very significant when changing the upper and the lower bounds.

4.5 BBH merger rate history

In this appendix we provide further details about our choices for the merger rate history of

BBHs. We parametrize the merger rate in the detector frame as:

dṄ(z)

dz
≡ R0e(z)

dV (z)

dz
, (4.21)

where R(z = 0) ≡ R0 = 64.9+75.5
−33.6Gpc−3yr−1 is the local merger rate density [Abbott et al.,

2019], and e(z) encapsulates all the redshift information [Zhu et al., 2011]. The definition of

e(z) is then:

e(z) =
R(z)

R0(1 + z)
, (4.22)

which describes the evolution of the BBH merger relative to the local value. The factor (1+z)

converts the source-frame merger rate to the observer-frame merger rate. The numerator

R(z) is given by:

R(z) =

∫ tH(z)

∆tmin

ρ̇∗(zf )Φ(zf , ξ)P (∆t)d∆t , (4.23)

where zf is the redshift at the binary formation. In this expression ρ̇∗(zf ) is the star

formation rate, Φ(zf , ξ) the metallicity cut and P (∆t) the delay time distribution. The
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delay time ∆t is the look back time between binary formation and final merger:

∆t =

∫ zf

z

dz′

(1 + z′)H(z′)
, (4.24)

where H(z) is the Hubble rate. We take P (∆t) ∝ 1
∆t as the probability distribution of ∆t.

This distribution is integrated from a minimum delay time ∆tmin to a maximum one which

is equal the age of the universe at a given redshift tH(z).

The SFR density ρ̇∗ determines the number of stars that form per unit time and volume.

Its unit is M⊙Mpc−3yr−1. We follow the parametrization of Madau and Dickinson [2014]

(MD14):

ρ̇∗(z) = 0.015
(1 + z)2.7

1 + [(1 + z)/2.9]5.6
M⊙Mpc−3yr−1 . (4.25)

Note that we do not convert ρ̇∗(zf ) from the source frame to the detector frame ρ̇∗(zf )/(1 + zf )

when integrating Equation 4.23 [Vitale et al., 2019, Callister et al., 2020]. The binary evolves

in its own local frame with its own clock and thus does not have time dilation. However, we

do need to convert R(z) from the source frame to the detector frame: e(z) = R(z)×1/(1+z)

as in Equation 4.22.

Since BBH formation favors low metallicity, we include a metallicity dependence factor

Φ(zf , ξ) which is the fraction of the star formation rate density with metallicity less than ξ,

where we set ξ = Z/Z⊙ = 0.3 [Langer and Norman, 2006]. The final SFR density is thus

Φ(zf , ξ = 0.3)ρ̇∗(z).

We assume three kinds of SFR models and test how these SFR parameters affect the

lensing event rate: (1) MD14 SFR with minimal delay time ∆tmin = 50 Myr (the one

used in the main text); (2) MD14 SFR with ∆tmin = 1 Gyr; (3) a constant SFR model

ρ̇∗ = 0.004M⊙Mpc−3yr−1 with ∆tmin = 50 Myr. The ∆tmin is set based on the result in

population synthesis studies [Belczynski et al., 2002, Postnov and Yungelson, 2006, Dominik

et al., 2013], and the maximal delay time to tH(z) introduced by the finite age of the universe.
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constant SFR, ∆tmin = 50 Myr Ṅlensing,1st Ṅlensing,2nd ṄBBH

aLIGO 0.09 0.02 3.4× 102

A+ 0.58 0.13 1.4× 103

ET 32 14 2.6× 104

CE 42 31 3.5× 104

MD 14 SFR, ∆tmin = 1 Gyr Ṅlensing,1st Ṅlensing,2nd ṄBBH

aLIGO 0.19 0.04 5.4× 102

A+ 1.02 0.3 2.7× 103

ET 12 8 3.7× 104

CE 14 13 4.1× 104

Table 4.3: Lensing event rate (Ṅlensing, yr−1) assuming σ∗ = 161 km/s for different SFR
scenarios. We assume an SIE lens model. The first table assumes constant SFR ρ̇∗ =
0.004M⊙Mpc−3yr−1 and ∆tmin = 50 Myr; the second table assumes MD14 [Madau and
Dickinson, 2014] and ∆tmin = 1 Gyr. Similarly, the three columns correspond to Ṅlensing, 1st
and Ṅlensing, 2nd derived from using P (µ)1st, P (µ)2nd in Equation 4.16, and the expected
observed BBH merger event per year ṄBBH.

The comparison of the observed BBH merger rate dṄBBH/dz assuming the above 3 SFR

scenarios is shown in Figure 4.13, where we use ET as an example for the sensitivity. We

can see that when ∆tmin is small or the star formation is more uniform in the cosmic time,

the BBH merger events are more extended to higher redshift.

Next we use these different prescriptions for the BBH merger rate to compute the expected

rate of lensing. As in the main text we calculate the rate of detecting one strongly lensed

image Ṅlensing,1st and two multiply-lensed images Ṅlensing,2nd, comparing it with the overall

(unlensed) BBH rate ṄBBH. We summarize our lensing event rate results for the other two

SFR scenarios in Table 4.3.

4.6 Strong lensing event rate from simulations
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Primary image (Ṅlensing,1st) Ṅlensing,2nd single random number Ṅlensing,2nd 2 random numbers
aLIGO 0.36± 0.61 0.04± 0.19 0.03± 0.17
A+ 2.87± 1.62 0.67± 0.79 0.22± 0.46
ET 94± 10 50± 6 45± 7
CE 111± 11 91± 10.0 89± 10

Table 4.4: We present the lensing event rate of the primary image (Ṅlensing,1st), and the lensing event rate with at least 2
images detected(Ṅlensing,2nd) derived from taking the average and the standard deviation of 100 1-year mock observation
samples. The first column is number of the events whose primary images are detected. The second and the third column
show the number of the lensing events with at least 2 images detected but with different criterion. The second column
compare one random number with the P (w) for both images while the third column compare one random number for each
image. These results are consistent with the analytical calculation presented in Table 4.1.
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We present an alternative approach for calculating Ṅlensing,1st and Ṅlensing,2nd. Instead

of solving the integral (Equation 4.16), we now obtain the lensing rate directly from the

lensing simulations. Basically we generate 100 mock observation samples as described in

Section 4.2.3 and present the average lensing event rate and the standard deviation of these

100 samples in Table 4.4. To compute Ṅlensing,1st, we draw 1 random number and compare

it with P (w) of the primary image. If the random number is smaller than P (w), we consider

the image as detected. We use 2 ways to compute Ṅlensing,2nd: (1) We generate only 1

random number for each source, and compare it with the P (w) of both images. If the

random number is smaller than both P (w), we consider the lensing pair is detected as shown

in the second column of Table 4.4; (2) We generate 1 random number for each image and do

the comparison with their own P (w) as shown in the third column of Table 4.4. Only if both

random numbers are smaller than their own P (w), we consider the lensing pair is detected.

By comparing the result with Table 4.1 in Section 4.3.1, we can see that lensing event

rate derived from the integration in Equation 4.16 can actually give a very good estimation.

The estimation of Ṅlensing,1st from the integration in Table 4.1 is very close to the average

value from the simulation as shown in the first column of Table 4.4. While the estimation

of Ṅlensing,2nd from the integration is a bit higher than the Ṅlensing,2nd in the third column

of Table 4.4 but is consistent with the second column. This is because when doing the

integration, we are using the magnification distribution of the secondary image P (µ)2nd and

thus we only take into account the P (w) of the secondary image. The integral essentially

gives the number of the lensing events whose secondary images are detected. Yet in some

cases, due to the change in the orientation angle, we might miss the primary image but

only detect the secondary one which is less loud. Therefore we think the actual lensing

event rate might be lower than the prediction from Equation 4.16. The second method,

however, has taken into account these scenarios, and therefore we believe the third column

is more realistic. Nevertheless, the second column still gives a reasonable prediction, is less
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computationally expensive, and can show the dependence of lensing event rate on σ∗.

4.7 Magnification ratio distribution

In addition to the time delay distribution studied in the main text, the magnification ratio

of the secondary over the primary image µ2/µ1 distribution is another potential observable

property for GW lensing. According to Equation 4.13, the magnification could potentially

probe the axis ratio of the lens galaxies. We show the intrinsic and the observed µ2/µ1

ratio for aLIGO and ET as a demonstration in Figure 4.14. Due to the sensitivity, aLIGO

may miss some of the secondary image with small µ2 and therefore the observed µ2/µ1

distribution peaks near 1. Yet for higher sensitivity like ET, we are able to observe the

full distribution. A combined analysis of both time delay distribution and magnification

distribution may allow us to simultaneously constrain σ∗ and qg.

We can compare these results with the SIS model in which case the magnifications of

each of the two images are known analytically: |µ±| = 1±1/β, where β indicates the angular

position of the source [Schneider et al., 1992]. On the left panel of Figure 4.15 we present the

magnification distribution of each of the images. This plot can be compared to the results in

the main text for the SIE model in Figure 4.3. Two main differences are noticeable. In the

SIS model, the brightest image always has a magnification larger than 2 for angular positions

within the Einstein radius. Secondly, the magnification distribution of the parity-odd image,

which is always less bright, does not have any peak as in the SIE model. This is because in

the SIE model the second brightest image behaves differently when there are 4 images. With

this information in hand we plot the relative magnification distribution in the right panel of

Figure 4.15. This can be compared to the upper left panel of Figure 4.14.
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CHAPTER 5

SUMMARY AND CONCLUSIONS

In this thesis, we have explored the future of DM searches in both gamma-ray astronomy

and GW astronomy. In particular, in Chapter 2, we discussed the gamma-ray observations

of dwarf galaxies that can be used to place stringent constraints on annihilating DM. At

present, such searches are statistically limited, and thus would significantly benefit from

experiments capable of detecting more gamma-ray photons from such systems. We evaluated

in this chapter the sensitivity of a future, large-acceptance, space-based gamma-ray telescope,

focusing on the case of the proposed APT. As shown in Figs. 2.2 and 2.3, we project that an

APT-like telescope would be very sensitive to annihilating DM particles, probing annihilation

cross sections associated with thermal relics for masses up to ∼ 600GeV (for the case of

annihilation to bb̄). In contrast, Fermi is currently only sensitive to such particles if they

are lighter than ∼ 50GeV [Albert et al., 2017, Di Mauro et al., 2022]. If the Galactic

Center Gamma-Ray Excess is generated by annihilating DM, the corresponding signal from

dwarf galaxies would be unambiguously detected by APT. In such a scenario, we find that

APT would detect 7 dwarf galaxies with a significance of at least 2σ, and 3 dwarfs with a

significance of 5σ or greater (in our median simulation). From such measurements, it could

be established whether the gamma-ray fluxes from dwarf galaxies are proportional to the

corresponding J-factors, providing us with a smoking gun signature of annihilating DM.

In our simulations, we have considered 30 known dwarf galaxies and have used currently

available determinations of their J-factors. It is anticipated, however, that many new dwarf

galaxies will be discovered in the Rubin/LSST era, increasing the sensitivity of gamma-

ray searches for DM annihilation products [Drlica-Wagner et al., 2019, Charles et al., 2016,

He et al., 2015, Hargis et al., 2014]. Furthermore, spectroscopic measurements of stellar

velocities in dwarf galaxies will continue to improve our ability to determine the J-factors

of these systems, further improving the sensitivity of stacked dwarf analyses of gamma-ray
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data. For these reasons, the actual sensitivity of APT to annihilating DM could plausibly

exceed the projections that we have presented here.

Astrophysical backgrounds hinder our ability to study DM using gamma-ray telescopes.

Understanding these backgrounds, both Galactic and extra-galactic, will aid in the detection

of DM. In this Chapter 3, we have used the observed characteristics of the Milky Way’s

TeV halos to estimate the gamma-ray emission from the population of these objects in the

Andromeda Galaxy, as well as the contribution from TeV halos to the IGRB. In the case

of Andromeda, we project that the CTA will be sensitive to the diffuse, multi-TeV emission

from the TeV halos in that system. We also conclude that a significant fraction of the

IGRB is generated by TeV halos. In particular, we estimate that at the highest energies

measured by Fermi, Eγ ∼ 0.1 − 1TeV, on the order of 10% of the IGRB is generated by

TeV halos. Taking this into account would reduce one’s estimate for the neutrino flux from

star-forming galaxies, potentially providing support for the hypothesis that misaligned AGN

may be responsible for the diffuse neutrino flux reported by the IceCube Collaboration. If

it is confirmed that millisecond pulsars also generate TeV halos, this would further increase

the degree to which TeV halos are estimated to contribute to the IGRB.

This thesis work also explored the potential measurement of DM beyond the EM band.

In Chapter 4, we explored the use of strong lensing of GW sources to study the distribution

of galaxies and the population of BBHs in the universe. Unlike the case of strong lensing

samples in the EM spectrum, GW astronomy offers the possibility of all-sky searches for

lenses over a wide range of time delays, δt, with well-characterized selection functions. Fur-

thermore, GW sources do not suffer from dust extinction, and are completely unaffected

by any sources of obscuration along the line-of-sight (except for gravitational effects). We

argue that future samples of multiply-imaged GW events will provide a powerful probe with

which to study properties of both the lenses and the sources. The results of this analysis

are summarized in Table 4.1 and Figure 4.5. We find that for typical lens parameters, the
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expected number of lensing pairs per year is about 0.1 yr−1 for aLIGO and ∼ 1 yr−1 for

A+. We expect that hundreds of events will be detected with 3G GW detectors such as ET

and CE. We demonstrate the dependence of the lensing event rate on the galaxy population,

characterized by σ∗, in Figure 4.5, we demonstrate that both detection and non-detection

of lensing events will provide valuable information on the lens and source population. In

addition, by performing lensing simulations, we show that the distribution of time delays

between multiply-imaged events provides helpful information to constrain the population of

lenses, and is especially sensitive to the characteristic galaxy velocity dispersion, σ∗, defined

in the Schechter function in Equation 4.3. We show that 3G detectors such as ET could

constrain σ∗ using the shape of the time delay δt distribution to a precision of 17% at the

68% confidence level after 1 year of observation, and ∼15–21% at > 90% confidence level

after ∼ 5–10 years of observation.

Future lensing simulations could benefit from incorporating more detailed astrophysics,

including a general halo mass function, baryonic effects, and galaxy types. For example, we

could adopt a more realistic lens model, such as an NFW profile mentioned in Chapter 1.2.2

[Navarro et al., 1996] instead of a simple SIE model. We emphasize that the distributions

of the lensing events presented above, such as the magnification distribution, will be able to

constrain these properties of the lenses. When considering smaller scales, one can also take

into account baryonic physics which will alter the sub-structure of DM halos. These effects,

such as stellar or AGN feedback, may have an impact on the subhalo population, which would

in turn modify the lensing optical depth and the distributions of lensing properties [Hoeft

et al., 2004, Duffy et al., 2010, Chan et al., 2015, Nadler et al., 2021]. Moreover, in the current

simulations we consider lenses with DM halos of mass ∼ 1011M⊙ where hydrodynamical

simulations predict the greatest probability for lensing [Robertson et al., 2020]. However,

the detailed substructure of DM halos at smaller scales may as well affect the lensing optical

depth, magnification distributions, and time delay distribution. We note that DM sub-
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structure could also be a target for LISA [Takahashi and Nakamura, 2003]. Gamma-ray

bursts and fast radio bursts also provide interesting source populations for lensing studies

[Holz et al., 1999, Muñoz et al., 2016, Cordes et al., 2017], in a similar fashion to the GW

sources discussed.

The advancement in gamma-ray astronomy along with GW astronomy will open a new

door to the exploration of the inhomogeneous universe. As the sensitivity of gamma-ray

telescopes and GW detectors improve, these instruments will offer important probes of the

properties of DM. We very much look forward to seeing the future progress in understanding

the true nature of DM.
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