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Supplementary note 1: Accumulative thermal conductivity with propagon and 

phonon mean free path 

Figure S1A shows the accumulative thermal conductivity  of bulk amorphous Si3N4 (a-Si3N4) and 

bulk crystalline Si (c-Si) plotted as a function of propagon/diffuson mean free path (MFP) and phonon 

MFP, respectively. We also show the normalized accumulative  of both materials in Fig. S1B. Note that 

the accumulative  of a-Si3N4 and c-Si was obtained by our theoretical calculation explained in the main 

text. We see that most of the phonons that contribute to thermal transport are distributed in a MFP-range 

of 100 nm-10 m in c-Si, whereas most of the propagons are distributed in a MFP-range of 1-100 nm. 

The difference in MFP distribution between the two materials gives rise to the different behavior in the  

vs. surface-to-volume (S/V) ratio curve described in the main text, where saturation of  starts at a lower 

S/V ratio for c-Si PnCs than for a-Si3N4 PnCs.  

Another noticeable feature in Fig. S1A and S1B is that we see a step-like feature around MFP of 6 

nm in the accumulative- curve of a-Si3N4. As a result, propagons/diffusons with MFP of 1-6 nm 

contribute to only about 10% of the total . The step-like feature observed in Fig. S1A and S1A is 

consistent with the step like feature observed in Fig. 2A and 2B in the main text. The good agreement 

described here supports that saturation boundary scattering of particle-like propagons/diffusons are the 

main mechanism of  reduction and saturation shown in Fig. 2A and 2B. 
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Fig.S1. Accumulative thermal conductivity of bulk solids. (A) Accumulative thermal 

conductivity and (B) normalized accumulative thermal conductivity of bulk amorphous Si3N4 (a-

Si3N4) and crystalline Si (c-Si), plotted as a function of propagon/diffuson and phonon mean free 

path (MFP). The vertical axis in (A) is shown in a logarithmic scale. MFP of propagon/diffuson 

and phonon is used for a-Si3N4 and c-Si respectively. 



 

 

Supplementary note 2: Radius distribution function and the transition frequency 

of propagons and diffusons in amorphous silicon nitride  

The bulk a-Si3N4 structures were constructed by the typical melt-quenching method using molecular 

dynamics (MD) with the Tersoff interatomic potentials (37) in the LAMMPS packet (38), which was shown 

to work well for predicting the structures and thermal properties for amorphous (8). The parameters of 

Tersoff potential for a-Si3N4 are taken from Table 1 in the works of F. de Brito Mota et al. (37), which are 

obtained by fitting the atomistic forces from ab initio calculations. During the melt-quenching process, a 

7560-atom crystal Si3N4 was first melted at 5000 K, and then quenched to 300 K with a quenching rate 

of 0.05 K/ps in an NPT ensemble. The structure was then relaxed at 300 K in an NPT and NVT ensemble 

for 20 ns to reduce the residual stress and strain. Finally, energy minimization was performed to obtain 

stable a-Si3N4 structures. The timesteps in the MD calculations are set to 0.1 fs to cover the maximum 

frequency of the vibrational modes. The final geometry of the sample was a cuboid with a side length of 

4.62 nm, 3.98 nm and 4.41 nm, which was large enough to capture the character of the vibration modes 

in amorphous, as shown by the works of Larkin et al. (8). The radius distribution function of the prepared 

a-Si3N4 sample clearly shows its amorphous structure character (Fig. S2). The calculated densities of 

a-Si3N4 are 2800 kg/m3, which matches well with the typical measured results. 

The transition frequency between propagons and diffusions is obtained from the ω2-dependent trend 

in vibrational mode density of states (DOS) (Fig. S3A) according to the works of Larkin et al. (8). The 

reason is that the effective dispersion relation (i.e. dynamic structure factor(8)) of propagons is linear 

(Fig. S3B), thus their DOS obeys the ω2-dependent Debye approximation. Moreover, from Fig. S3B we 

also see that the effective dispersion relation of modes above 4 THz disappeared, which indicates 

vibrational modes above 4 THz in amorphous SiN are indeed diffusons. Note that since we also include 

boundary scattering of diffusons by defining their effective mean free path via the random walk theory, 

we do not need a very accurate definition of the transition frequency. A variation of the transition 

frequency does not affect the calculated total thermal conductivity of the amorphous phononic materials.  
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Fig. S2. Atomistic structures and radius distribution function of a-Si3N4. 

Fig. S3. Density of states and effective dispersion relations of the vibrational mode. The 

density of states (A) and effective dispersion relations (B) of the vibrational mode in a-Si3N4. We 

plotted the effective dispersion relation of the longitudinal branch as an example.  
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Supplementary note 3: Sound speed, frequency-dependent relaxation time, 

diffusivity and diffusive velocity of heat carriers in amorphous silicon nitride  

Firstly, to valid our calculation of sound speed, we compared the calculated sound speed of 

longitudinal (SL) and transversal modes (ST) with experimental data (Table S1), which shows good 

agreement. After the validation, we obtained the appropriate sound speed vs in Eq. 3 by fitting the DOS 

with the Debye model, as shown by the dashed line in Fig. S3A. A comparison of vs and Debye sound 

speed (vdby) is summarized in Table S1. An acceptable error of 16.7% was obtained. The reason for the 

difference can be that the viscosity damping lowers vs of propagons, as revealed in the works of G. Baldi, 

Rat and Vacher (39–41). 

 

Table S1. The predicted vs, SL, ST for a-Si3N4, and a comparison with experimental 

measurements. 

a-Si3N4 vs (m/s) SL (m/s) ST (m/s) vdby (m/s) (vbdy - vs)/ vbdy (%) 

This work 6200 12000 6680 7439 16.7% 

Exp. Data (32) - 10300 6200 6857 - 

 

  The calculation of the relaxation time for a-Si3N4 by NMD is similar to the works of Larkin et al. (8). 

Firstly, we reproduced the relaxation time of a-Si in the works of Larkin et al., which was further validated 

by experimental measurement using inelastic x-ray scattering (IXS) (39, 42). We also did validation 

works for amorphous silica, which can well reproduce the experimental results via inelastic x-ray 

scattering (IXS) (39, 42), picosecond optical technique (POT) (43), Brillouin ultraviolet scattering (BUVS) 

(44, 45), and Brillouin light scattering (BLS) (46). The validation makes us confident for the calculation 

for the relaxation time of a-Si3N4. The results for a-Si and a-Si3N4 are shown in Fig. S4A and S4B, 

respectively. The diffusivity of propagons is obtained by Eq. (1) in the manuscript, while that for diffusons 

is from the AF theory (Fig. S5A). The diffusive velocity is calculated by Eq. (8) in the manuscript, the 

results along with vs are summarized in Fig. S5B.  

  



 

 

 

 

 

Fig. S4. Relaxation time of amorphous materials as a function of frequency: (A) a-Si; (B) a-

Si3N4. The experimental data in (a) is obtained by IXS (39,42). 
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Fig. S5. Diffusivity and diffusive velocity for a-Si3N4. Diffusivity (A) and diffusive velocity (B) as 

a function of frequency for a-Si3N4. 
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