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I Multi-mode generalization and preparation of non-Gaussian
entangled states

Our basic scheme in Eq. (1) can be easily extended to a mechanism that allows the generation of
entangled M -mode non-Gaussian photonic states using only weak nonlinearities U < k. For
concreteness, we describe here the extension to a M = 2 mode system with lowering operators
a1, ay. The idea is simple: we again want to realize the nonlinear driving Hamiltonian in Eq. (1)
in a displaced frame, but now the single-mode lowering operator a by a collective mode, e.g.

b= (i1 + )/ V2. (S1.1)
The desired nonlinear driving Hamiltonian is
Hyjoerz = AbY(DTb — 1) + hec.. (S1.2)

In what follows, we focus on realizing a single-excitation state, and hence take r = 1. Follow-
ing the logic of “Dynamics for ideal drive amplitude matching”, the ideal dynamics under this
Hamiltonian can prepare a single excitation in the collective b mode. If we use the photon num-
ber of each aq, a; mode to separately encode a qubit, than the single excitation state produced
is a maximally entangled Bell state (|10) + [01)) /v/2.

We stress that the Hamiltonian in Eq. (S1.2) amounts to simply replacing a in Eq. (1) of the
main text with the collective mode b. It thus immediately follows that if we take the four-wave
mixing Hamiltonian Eq. (2) in the main text, replace a with b, then the resulting Hamiltonian is
equivalent to Eq. (S1.2) up to unitary displacement operators of modes a; and as.

Given this, a simple substitution then in Eq. (2) yields the required form of the starting
two-mode Hamiltonian

Hpwaz = Ub'bTob + AbTh + (A1bT + Agbd! + h.c.). (S1.3)

where again bis given by Eq. (S1.1). The linear and quadratic terms that are generated describe
linear drives on both modes, detuning and beam-splitter couplings, and parametric drives (both
degenerate and non-degenerate). The nonlinear four-wave mixing terms take the form
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Hrwa2u = — (Z a;alajak + (aicﬂagag + h.c.)) (S1.4)
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Note that we now require both self and cross Kerr interactions, but also four-wave mixing
processes that exchange interactions between modes 1 and 2.

Following the logic of the main text, we imagine displacing each mode a; by the amplitude
oy, given in Eq. (4). By further tuning the parameters the drive parameters A1, A; and detuning
parameter A as per Eqgs. (5), the above two-mode Hamiltonian is unitarily equivalent to the
desired two-mode blockade Hamiltonian in Eq. (S1.2). We thus show how our basic ideas



generalize directly to multi-mode systems; other related approaches are also possible. While
the introduction of modes does involve more complexities, the basic feature of our original
scheme remains: generation of non-classical blockaded (now entangled) states is possible even
if the four-wave mixing nonlinearities U are much weaker that photonic loss.

II Displacement error modeling and discussion of phase noise

The protocol for generating single photons (see Fig. 5) requires a rapid displacement of the
cavity by an amplitude o, (see Eq. (4)) at the beginning and a rapid displacement by —ay,
at the end of the protocol. These displacements will not be perfect in any experiment so we
must model small errors in them. Instead of enumerating specific possible errors that can occur
during the displacements, we elected to offer a general error model via the Gaussian additive
thermal noise channel. The thermal noise model not only provides results on how the correlation
function ¢® (0) is bounded by the initial thermal occupation of the cavity, it can also be directly
connected to errors in the displacement parameter ;. As we show, this model also allows one
to directly assess the impact of classical displacement noise. We also discuss how an almost
identical approach can be used to model classical phase noise.
Displacement errors occur when the displacement amplitude is not oy, but some

&b:ab—i—é (SZ])

for some small complex error 9. We treat these errors generally by letting o be a complex zero-
mean Gaussian random variable with variance 0. Averaging over these random displacements
starting from vacuum |0) results in a thermal state [30]; or in our case, a thermal state displaced
by ay. The occupation number 7, of the thermal state is related to the variance o2 of the
random displacement errors by

Tup = 0°. (S2.2)

One can see this by comparing the variance of the cavity quadratures for the thermal state and
for the Gaussian average of the displaced coherent states. To model the displacement errors
during the initial displacement numerically, we perfectly displace a thermal state with some
occupation 7y: X X

10Y(0] — D(cw)pen(uen) D () (S2.3)

where D is the displacement operator.

At the end of the protocol we must displace the cavity back to the origin and apply the
thermal noise channel. Applying the thermal noise channel to the blockaded state is not so
easy because it is no longer a coherent state. Fortunately we are not particularly interested
in the exact form of the final s tate, we are only interested in the c orrelation functions (a'a)
and (a'a‘aa) as these are all we need to compute g(»(0). Thus at the end of the protocol, we
perform a perfect displacement —a;, then we inject the same thermal noise into the final state

by passing the cavity mode a through a beamsplitter with transmissivity 1 — e. A mode b with a



thermal state, occupation (l;T 13> = n, is put on the vacuum port of the beamsplitter. The output
mode is thus R
¢ =1+1—ea+ /eb. (S2.4)

We will consider the limit € — 0, 7 — oo such that en = 7y, is fixed. Now assuming (a) = 0,
a reasonable assumption as the coherence between |0) and |1) decays very quickly during the
protocol, we find

(é'e) = (a'a) + Ay, (S2.5)

(¢féfee) = (a'ataa) + 4(a’a)yny, + 202, (S2.6)

after taking the limit ¢ — 0, 7 — oo. Finally for small 7y, < (a'a), we compute g (0) =
(etéfee) /(eTe)? to place the bound

= @ta)? " (ala)’

(S2.7)

In the numerical simulations, we perform a perfect displacement back to the origin at the end
of the protocol and use this expression to bound ¢(?(0).

The Gaussian thermal noise model as presented above describes the additive noise of small
displacement errors &, = oy, + 0. The results presented in Fig. 1 of the main text are thus readily
interpreted as additive displacement errors via Eq. (S2.2). Already this allows an experimental-
ist to determine the maximum allowed fractional error of the displacements to achieve a desired
g®(0). Of course, with all other parameters fixed, this maximum fractional error is dependent
on the displacement .

In some experimental settings, a more natural error model would correspond to the noise-
corrupted displacement having the form

= (1+8) oy, (S2.8)

This could arise, e.g., because the coherent tone source, e.g., optical laser or microwave gener-
ator, will have a limited precision to which its output power and phase can be controlled. Again
if ¢ is a complex Gaussian random variable, multiplicative displacement errors correspond to
the Gaussian thermal channel via

e = |ag|?o? (S2.9)

where o is the variance of §. Thus the standard deviation o is the fractional error |, — | /| vy
of the displacement operation.

One drawback of the thermal noise model is that it treats all displacement errors equally:
it assumes that amplitude errors |a,| = |au|(1 + Red) and phase errors &, = e™°q, =~
|| (1 + iIm 0) have the same variance. In many settings however, the dominant error will be a
phase error. Thus in what follows we also model the impact of phase errors that are Gaussian
distributed. Without loss of generality we let oy, = |ap|. The phase error is

Yo~ (14 i0) oy, (S2.10)

O~éb: e’



where 0 is a real Gaussian random variable with variance 02 < 1. We define the cavity quadra-
tures

X =—(a+ah (S2.11)
Y = ( —ah. (S2.12)

To linear order in @, phase noise causes diffusion in the Y quadrature. The variance of this
diffusion is |ay|?c? Thus our Gaussian phase noise model diffuses the ¥ quadrature such that
its variance is (AY2) = 1 + |oy|?0? while leaving the X quadrature variance (AX?) = %
This noise channel is easﬂy applied to the cavity vacuum: squeeze a thermal state along the X

quadrature such that the X quadrature variance is reduced to (AX H=1 and the Y quadrature

variance is increased to (AY2> = 5 + |ap|?c?, then perfectly displace thls state by ay. The map
is
10)(0] > D(0y)S(€) pen (71en) ST(E) DT () (S2.13)

where S is the squeeze operator. The thermal occupation and squeezing are set by

1

=5 <\/1 ¥ 2JapPo? — 1) (S2.14)
1

§=1ln (14 2|ow[*0?) . (S2.15)

As was the case with the thermal noise model, applying the channel to vacuum is easy but
applying it to the blockaded state is not so easy. We thus take the same approach which is to
bound the second order coherence. This time, after perfectly displacing the cavity back to the
origin, the output mode ¢ is given by

¢c=a+—=dY (S2.16)

where dY is a real Gaussian random variable with variance |, |?0%. This describes diffusion

in the Y quadrature of the output mode ¢. Assuming (@) = 0 and (aa) = 0, the second order

coherence is bounded by

(atataa)  2|ay|*0?
(ata)? (ata)

We compute the correlation functions in a at the end of the numerical simulation and use this

expression to put a lower bound on g (0).

Shown in Fig. S1 are numerical simulations of the time-dependent single photon generation
protocol for various choices of U/x subject to phase noise during the initial and final displace-
ments as described above. The simulation parameters are chosen to produce (in the ideal case)
a final blockaded state with (1]5|1) = 0.5. The curves are labeled by the standard deviation o
of the phase noise in radians.

g?(0) > (S2.17)
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Figure S1: Numerical simulations of the performance of the single photon generation protocol
in the presence of displacement phase errors during the initial/final displacement operators.
Parameters are chosen such that the effective nonlinear drive amplitude A3 = 2k and the final

state has (1]p|1) = 0.5. The parameter o is the standard deviation of the phase noise in radians.
Note that ¢'® (0) must be greater than (U/x)202.



