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Supporting Information Text11

S1. Model properties12

The competition-colonization trade-off model (CC trade-off model) can be written as13

dpi(t)
dt

= cipi(t)

(
1−

i∑
j=1

pj(t)

)
−mipi(t)−

(
i−1∑
j=1

cjpj(t)pi(t)

)
, i = 1, . . . , n , [1]14

where pi(t) ∈ [0, 1] corresponds to the occupancy of species i at a given time t (i.e., the proportion of patches occupied by15

species i at time t), ci ∈ R?+ is its colonization rate, and mi ∈ R+ its disturbance (local extinction) rate. Species are arranged16

in increasing order of colonization rate c, i.e. c1 < · · · < cn. For more details and a derivation of Eq. 1, see Tilman (1).17

18

To motivate our analysis, consider the two-species version of Eq. 1, where species 1 is the best competitor, species 2 the
worst competitor, and m1 = m2 = m. The system’s dynamics is governed by two equations:

dp1(t)
dt

= c1p1(t)(1− p1(t))−mp1(t) ,

dp2(t)
dt

= c2p2(t)(1− p1(t)− p2(t))−mp2(t)− c1p1(t)p2(t) .

At equilibrium, the occupancy of species 1 is
p?1 = 1− m

c1
,

which corresponds to the fixed point value of Levins’ metapopulation model (2); note that the equilibrium is feasible whenever
c1 > m. For species 2, the occupancy is

p?2 = 1− m

c2
−
(

1 + c1

c2

)
p?1 .

This value is lower than the corresponding Levins’ model fixed point value, owing to the competitive effect of species 1. Thus,
in order to persist, c2 must exceed some value that is larger than m. Using the two equilibrium equations, we can deduce the
constraints of coexistence between the species

c1 > m and c2 >
c2

1
m
.

Thus, the coexistence between species depends on the colonization rates meeting certain conditions; however, these conditions19

are relatively simple. If these rates are considered as random variables, the choice of different distributions of the colonization20

rates c may result in a different probability of obtaining an admissible (coexisting) pair (c1, c2). Here we describe the impact of21

the distribution c on the coexistence of a pool of n species following Eq. 1.22

A. Set of admissible solutions. At this point, without concern for the dynamics of Eq. 1, many properties of the model can be23

obtained in a simple form (see also Tilman (1)). In this section, we first characterize the set of colonization rates c that allows24

for the persistence of all species, and we show that these conditions are very stringent. Next, we show that the hierarchical25

nature of the models allow to determine the set of coexisting species in linear time (i.e. performing order n operations; this is in26

stark contrast with for example the Generalized Lotka-Volterra model, which in general requires computing 2n configurations).27

Assume the disturbance rates are all equal, i.e. mi = m for i = 1, . . . , n; then the conditions for species coexistence mainly28

relate to the choice of the colonization rates c (as seen earlier in the two-species case). Here, the equilibrium occupancy of each29

species p? = (p?1, ..., p?n) can be computed with iterative equations, as well as the condition on the colonization rates to ensure30

coexistence between species.31

First, a rearrangement of Eq. 1 gives

dpi
dt

= pi

(
ci −m− ci

i∑
j=1

pj −
i−1∑
j=1

cjpj

)
.

The equation that gives the non-trivial equilibrium (p?i > 0) can be written as follows32

dpi
dt

= 0 ⇔ 1− m

ci
−

i∑
j=1

pj −
i−1∑
j=1

cjpj
ci

= 0 . [2]33

One way to solve this equation in the case where pi > 0, i = 1, . . . , n is to introduce the fraction of patches unoccupied by34

species 1, . . . , i at equilibrium, defined by35

h?i = 1−
i∑

j=1

pj . [3]36
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Eq. 2 can then be rewritten as37

−m+ cih
?
i−1 − cip?i −

i−1∑
j=1

cjp
?
j = 0 . [4]38

For the iteration i− 1, we can replace ci−1h
?
i−2 − ci−1p

?
i−1 by ci−1h

?
i−1, which gives39

−m+ ci−1h
?
i−1 −

i−2∑
j=1

cjp
?
j = 0. [5]40

We then remove Eq. 4 from Eq. 5 to obtain a recurrence equation linking p? and h?41

p?i =
(

1− ci−1

ci

)
h?i−1 −

ci−1

ci
p?i−1 , [6]42

then we can complete using Eq. 3 rewritten43

h?i = h?i−1 − p?i = ci−1

ci
(h?i−1 + p?i−1) . [7]44

Eq. 6 and Eq. 7 can be written as vector equations using the following notations

Xi =
(
p?i
h?i

)
, A =

(
−1 −1
1 1

)
, B =

(
0 1
0 0

)
,

Eq. 6 and Eq. 7 are then expressed as45

Xi =
(
ci−1

ci
A+B

)
Xi−1. [8]46

Suppose we have47

X2i+1 = (αiA+ βiB)X0, [9]48

with p0 = 0 and h?0 = 1. Applying twice in a row the recurrence (8) and the simple computations, we obtain49

X2i+3 =
(
c2i+2

c2i+3
A+B

)
X2i+2 =

(
c2i+2

c2i+3
AB + c2i+1

c2i+2
BA

)
X2i+1 . [10]50

By injecting Eq. 9 into Eq. 10 and using the relation ABA = A , BAB = B , we find that51

X2i+3 =
(
c2i+2

c2i+3
AB + c2i+1

c2i+2
BA

)
(αiA+ βiB)X0 =

(
c2i+2

c2i+3
αiA+ c2i+1

c2i+2
βiB

)
X0 . [11]52

That is, the following recurrence relations:

αi+1 = c2i+2

c2i+3
αi , [12]

βi+1 = c2i+1

c2i+2
βi . [13]

Given α0 = m/c1, c0 = m and β0 = 1, we derive the general expressions of the coefficients for i > 0

αi =

i∏
j=0

c2j

i∏
j=0

c2j+1

,

βi =

i−1∏
j=0

c2j+1

i∏
j=1

c2j

.

In the same way, if we suppose
X2i = (γiA+ δiB)X1, p?1 = 1−m/c1, h?1 = m/c1 .
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The same method of calculation shows

X2i+2 =
(
c2i+1

c2i+2
A+B

)
X2i+1,

=
(
c2i+1

c2i+2
AB + c2i

c2i+1
BA

)
X2i,

=
(
c2i+1

c2i+2
γiA+ c2i

c2i+1
δiB

)
X1.

This leads to the fact that

γi =

i−1∏
j=0

c2j+1

i∏
j=1

c2j

, [14]

δi =

i−1∏
j=1

c2j

i−1∏
j=1

c2j+1

. [15]

It has therefore been shown, with Eq. 12-13 and Eq. 14-15, that the recurrence in Eq. 8 can be decomposed and solved53

between even and odd indices as follows54

X2i+1 =


i∏

j=0
c2j

i∏
j=0

c2j+1

A+

i−1∏
j=0

c2j+1

i∏
j=1

c2j

B

 .

(
0
1

)
, [16]55

56

X2i =


i−1∏
j=0

c2j+1

i∏
j=1

c2j

A+

i−1∏
j=1

c2j

i−1∏
j=1

c2j+1

B

 .

(
1− m

c1
m
c1

)
. [17]57

In terms of p?i , this yields58

p?2i+1 =

i−1∏
j=0

c2j+1

i∏
j=1

c2j

−

i∏
j=0

c2j

i∏
j=0

c2j+1

, [18]59

60

p?2i = m

c1

i−1∏
j=1

c2j

i−1∏
j=1

c2j+1

−

i−1∏
j=0

c2j+1

i∏
j=1

c2j

=

i−1∏
j=0

c2j

i−1∏
j=0

c2j+1

−

i−1∏
j=0

c2j+1

i∏
j=1

c2j

. [19]61

It may also be noted that Eq. 16 and Eq. 17 provide expressions for h?i (the unoccupied habitat by species 1 to i) at equilibrium.62

As long as all species persist:63

h?2i+1 =

i∏
j=0

c2j

i∏
j=0

c2j+1

, [20]64

65

h?2i =

i−1∏
j=0

c2j+1

i∏
j=1

c2j

. [21]66

By manipulating these two equations, we see that: h?i =
( ci−1

ci

)
h?i−2, which gives a decrease rate of h?i for every two species67

added.68
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For species i to persist in the system, its equilibrium given by Eq. 18 or Eq. 19 must be positive. This implies that the69

conditions for species persistence can be given as70

p?2i+1 persist ⇔ c2i+1 > m

(
i∏

j=1

c2j

)2

/

(
i−1∏
j=0

c2j+1

)2

, [22]71

72

p?2i persist ⇔ c2i >

(
i−1∏
j=0

c2j+1

)2

/

[
m

(
i−1∏
j=1

c2j

)2]
. [23]73

Remark 1. We can reorder the inequalities in Eq. 22-23, so that the conditions of coexistence can be written as (c0 = m)

1 < c1

c0
<
c2

c1
<
c1

c0

c3

c2
<
c2

c1

c4

c3
<
c1

c0

c3

c2

c5

c4
< ...

stopping inequalities with on the right a fraction where the largest index of the numerator is equal to the index of the last74

persistent species.75

Remark 2. From Eq. 22-23, it is easy to see that each inequality can be written in a simple recursive form. Let `i be the76

threshold that ci must exceed for persistence. Then we have77

`i = c2
i

`i−1
[24]78

obtained by substituting Eq. 23 into Eq. 22 (or vice versa). We rely on this compact recursive form of the coexistence79

conditions to derive our main results in Section 2.80

Finally the conditions on the colonization rate vector c are formulated in order to have coexistence between the species in81

the form of a set. The set of admissible solutions represents a series of algebraic conditions and depends on c and m82

Cm =

x ∈ Rn+ : x2i >

(∏i−1
j=1 x2j+1

)2

m
(∏i−1

j=1 x2j

)2 ; x2i+1 >
m
(∏i

j=1 x2j

)2

(∏i−1
j=1 x2j+1

)2

 . [25]83

To obtain a large coexisting metacommunity in the CC trade-off model, one could just choose a vector of colonization rates84

satisfying c ∈ Cm, corresponding to the case where all species coexist and persist. However, this condition is very stringent.85

Choosing c this way implies a high degree of “fine-tuning”. Thus, we are interested in understanding when a subset of species86

from a large pool will fulfill the conditions Cm.87

Now consider a species pool of n species in which the colonization rates are randomly drawn from a given distribution. Let88

S ⊂ [n] be the subset of indices of the persisting species. The components of the equilibrium vector p? can be classified into two89

classes: the persisting species, i ∈ S such that p?i > 0 and the vanishing species, i ∈ Sc such that p?i = 0. Denote by S = | S |90

the random variable representing the number of persisting species. The coexistence problem can be reinterpreted as finding the91

distribution of the number of persisting species with colonization rates taken from a given distribution i.e. P (S = k | n) .92

From a deterministic point of view, this problem is equivalent to checking 2n possibilities, either the presence or the absence93

of the species. However, since the model includes a competitive hierarchy, if the first species has the opportunity to invade, it94

cannot be displaced by the next species. The most competitive species will always have priority. We end up testing only n95

conditions by following a decision tree (see Figure S1).96

1

c1 ≤ m c1 > m

2

c2 ≤ m c2 > m

2

c2 ≤
c2

1
m c2 >

c2
1

m

3

Ø

c3 ≤ m

{3}

c3 > m

3

{2}

c3 ≤
c2

2
m

{2, 3}

c3 >
c2

2
m

3

{1}

c3 ≤
c2

1
m

{1, 3}

c3 >
c2

1
m

3

{1, 2}

c3 ≤
c2

2m

c2
1

{1, 2, 3}

c3 >
c2

2m

c2
1

Fig. S1. Decision tree for a 3-species system. The path of the binary tree selects the persisting species. At each node, the path on the right corresponds to the persistence of
the species, the one on the left to the extinction of the species. At the bottom, the leaves indicate the indexes of the persisting species.
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To sum up, the system follows the dynamics given by Eq. 1 starting from a pool of n species. The vector of colonization97

rates c is sampled from a positive probability distribution and we sort the c in increasing order. The aim is to assess the98

distribution of the persisting species for a fixed n. From an algorithmic standpoint, we traverse the decision tree illustrated in99

Fig. S1, following the pseudo-algorithm 1 (below) which keeps the persisting species at the equilibrium point.100

Algorithm 1 “All-at-once” scenario
Require: n ≥ 0
c← list
for l ∈ [1, n] do . Creation of a random vector

randomly choose cnew from a probability distribution;
c← [c, cnew];

c← Sorted(c); . Ascending sorting algorithm
for j ∈ [1, len(c)] do . Selection by the tree of the persisting species

S ← m;
if c[j] ≤ S then

del(c[j]);
else

S ← c[j]2/S;

B. Equivalence to the Lotka-Volterra model and global stability of the equilibrium. Introduced at the beginning of the 20th101

century by Lotka (3) and Volterra (4), the generalized Lotka-Volterra (GLV) model is one of the most popular models in102

ecology. One of its strengths is its versatility: many models can be related to a GLV model including, in particular, the CC103

trade-off model. Here we recast the CC trade-off model given by Eq. 1 as a GLV model and give a demonstration that this104

model possesses a globally stable equilibrium point, which is the unique attractor when all species are present in the initial105

pool, i.e. pi(0) > 0 , ∀i ∈ [n]. Notice that Tilman (1) and Hastings (5) also address these points in appendix of their articles.106

107

First, we reformulate the CC trade-off model as a GLV model

dpi
dt

= cipi

(
1−

i∑
j=1

pj

)
−mipi −

(
i−1∑
j=1

cjpjpi

)
, i = 1, . . . , n ,

108

⇔ dpi
dt

= pi

(
ri −

n∑
j=1

Aijpj

)
, i = 1, . . . , n , [26]109

where

ri = ci −mi and Aij =


ci + cj if j < i ,

ci if i = j ,

0 otherwise.

Generally, r = (r1, ..., rn)> is understood as a vector of growth rates and corresponds here to the dynamics of each species110

without interactions. If the colonization rate is greater than the disturbance rate, the species persists and grows indefinitely,111

otherwise, the species vanishes. However, this must be interpreted carefully because pi ∈ [0, 1], therefore r cannot be clearly112

understood without A = (Aij)n×n. The matrix A corresponds to a matrix of interactions; it is a competitive interaction113

matrix because −Aij < 0, ∀ i, j ∈ [n]. The impact of species j < i on species i is −(ci + cj). This interaction coefficient de-114

pends on cj , such that the higher cj (equivalently, the closer cj is to ci), the more strongly species j affects the growth of species i.115

116

To study the behavior of p(t) as t→∞, we characterize the equilibrium of Eq. 26. An equilibrium p? is defined as a vector
satisfying

dp?i
dt

= 0 ⇔ p?i (ri − (Ap?)i) = 0 , i = 1, . . . , n .

If A is non-singular and a feasible fixed point exists, i.e. p?i > 0, ∀i ∈ [n], then the equilibrium p? can be explicitly determined
by

p? = A−1r .

The condition on the vector c to have all species coexisting is c ∈ Cm, and as we have shown above this is very restrictive.117

In general, we consider cases in which there is no feasible equilibrium for the full pool of species. Instead, we focus on a fixed118

point where some species may vanish, i.e pi(t) −−−−→
t→+∞

0. In the following, we show that Eq. 26 has a unique globally stable119

equilibria, i.e. all other equilibrium are not stable.120
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An equilibrium p? for Eq. 26 is globally stable if for every p0 > 0, the solution to Eq. 26 which starts at p(0) = p0 satisfies

p(t) −−−→
t→∞

p? .

To prove that Eq. 26 has a unique globally stable equilibrium, we first characterize A. Recall that a square matrix M is said to121

be a P -matrix if and only122

1. All principal minors of M are positive

det(MI) > 0 , ∀ I ⊂ [n] , MI = (Mij)ij∈I .

2. All real eigenvalues of M and its principal submatrices are positive.123

The matrix A defined in Eq. 26 is a P -matrix. The proof relies on two properties of triangular matrices. Given A is a lower124

triangular matrix, the eigenvalues are the diagonal entries of the matrix and c is positive. Second, each principal submatrix of125

A is a lower triangular matrix and its eigenvalues correspond to a subset of c > 0. Using the second definition of a P -matrix126

ends the proof.127

In graph theory, the matrix A represents a directed acyclic graph. A directed acyclic graph is a directed graph (A is a128

non-empty directed path in which only the first and last vertices are equal) where there is no cycle in the graph. Consequently,129

−A is composed of cycles of length one.130

A Theorem of Takeuchi et al. (6) states that if −A has only cycles of length one, then the system of Eq. 26 and every131

reduced system of Eq. 26 have a nonnegative and globally stable equilibrium point for each r ∈ Rn if and only if A is a132

P -matrix.133

To conclude, the system of Eq. 26, equivalent to Eq. 1, has a unique globally stable equilibrium point p? independently of134

the parameter values, i.e. for any positive initial condition p0, colonization rate c and disturbance rate m. Algorithm 1 yields135

this unique globally stable equilibrium point for any choice of c and m, since this procedure finds a nonnegative equilibrium136

point that is non-invasible by any of the species with p?i = 0.137

C. Choice and impact of the disturbance rate.138

Choice of the disturbance rate Here, we focus on a specific CC trade-off model form of Eq. 1 similar to the model studied by139

Hastings (5). The disturbance rate is equal for each species, i.e. mi = m for every i = 1, . . . , n. Choosing equal rates reduces140

the number of parameters and greatly simplifies the complexity of the model. Understanding the impact of the colonization141

rates c in the CC trade-off model is sufficient to capture many open problems and represent the main interest of this paper.142

However, studying the model with different disturbance rates is also an intriguing perspective (see, e.g., May & Nowak (7)).143

Impact of the disturbance rate The impact of the disturbance rate has been studied and introduced by Hastings (5) in the CC144

trade-off model. The number of species in the system differs according to the disturbance rate, a relationship known as the145

diversity-disturbance relationship. In this model, the number of persistent species as a function of the disturbance rate has an146

optimal intermediate value. For any distribution of colonization rates, the number of persisting species reaches a peak when147

the left support of the probability distribution of the colonization rates is at m. Let cmin, the left edge of the support of the148

distribution. In the following, we fix the value cmin = 1. At m = cmin, we will show in the following sections that the richness149

converges to the binomial distribution – about half of the species persist independently of the chosen distribution. On the150

other hand, when m 6= cmin, there is a loss of diversity, explained by151

• if m � cmin, a large part of the density of the distribution is truncated with the first condition ci > m, i = 1, . . . , n.152

Species that have a lower colonization rate than the disturbance rate cannot persist.153

• if m� cmin: a large part of the density of the distribution is truncated with the second condition; for example, if we154

suppose that c1 is very close to cmin = 1, then c2 >
c2

1
m
≈ 1

m
. Species with colonization rates less than the inverse of the155

disturbance rate cannot persist.156

From an ecological point of view, an increased disturbance rate of all species is generally associated with a decrease in157

species richness. However, in this model, a decrease in the disturbance rate can also imply a decrease in species richness. This158

recalls the well-known intermediate disturbance relationship (see (8)). In the CC trade-off model, a decrease in disturbance159

rate implies a supremacy of the most competitive species at the expense of the others, hence the decrease in richness.160

Without loss of generality and in a framework where the interest is on c, we could have chosen a disturbance rate equal to161

m = 1 for all species. To see this, begin with Eq. 1 where we divide the equation by m162

dpi
dt

= pici

(
1−

i∑
j=1

pj

)
−mpi −

(
i−1∑
j=1

cjpjpi

)
, [27]163

⇔ dpi
dt

1
m

= pi
ci
m

(
1−

i∑
j=1

pj

)
− pi −

(
i−1∑
j=1

cj
m
pjpi

)
.
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One can define a new vector c′ where c′i = ci
m
, i = 1, . . . , n. Considering m fixed, the analyses can proceed equivalently on c or164

c′:165

dpi
dt

1
m

= pic
′
i

(
1−

i∑
j=1

pj

)
− pi −

(
i−1∑
j=1

c′jpjpi

)
. [28]166

The equilibrium of Eq. 28 is similar to Eq. 27 with m = 1. The factor 1/m has only an impact on the speed of the
convergence. Denote by C′1 the series of algebraic conditions associated with the vector c′, then

c′ ∈ C′1 ⇔ c ∈ Cm .

However, we will maintain the term m (when possible) for clarity throughout.167

S2. Distribution of richness in the assembled metacommunity168

As we have seen, the model dynamics “prune” a regional pool to produce a persisting metacommunity, where all remaining species169

are able to coexist. Fig. S2 provides an illustration for several example pools. In this section, we examine the distribution of the170

number of persisting species (i.e. the number of nonzero components in the unique globally stable equilibrium). Calculating this171

distribution exactly is difficult, even for small n. Instead, we focus on characterizing the limiting distribution for large n, where172

we can employ approximations that simplify the mathematical problem. After introducing our key approximation, we derive173

the distribution of richness for the special cases where the distribution of colonization rates is either Uniform or Exponential.174

In each case, we adopt the strategy outlined in the Main Text: we calculate the probability of observing any particular set of175

persisting species by sequentially calculating the probability that the best competitor (the species with the smallest colonization176

rate in the pool) excludes k1 species, that the next persisting species excludes k2 species, and so on. We also provide a partial177

characterization for the Triangular distribution, which sheds light on deviations from the binomial theoretical prediction that178

occur for finite n. Finally, using some additional approximations, we show how the binomial distribution arises as the limiting179

distribution of richness for a wide class of colonization rate distributions.180

Fig. S2. Realizations of regional pools and persisting local communities for example distributions. One random realization for each distribution used in the Main Text is shown.
Each point indicates one species in the regional pool, identified by its competitive rank and colonization rate (n = 64). Species that persist in the assembled metacommunity
are shown with blue filled points. The distribution of colonization rates defines how colonization rate changes with competitive rank on average (the expected relationship, given
by the quantile function [inverse CDF] for each colonization rate distribution, is indicated by a black line).
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A. Linear niche shadow approximation. To approximate the niche shadow cast by each species, we first express the threshold181

`i as182

`i = c2
i

`i−1
= (`i−1 +Xi)2

`i−1
= `2

i−1 + 2`i−1Xi +X2
i

`i−1
= `i−1 + 2Xi + X2

i

`i−1
,

where Xi = ci − `i−1 is the amount by which ci exceeds its lower bound (`i−1). Our approximation will be motivated by the183

fact that `i−1 is typically much larger than Xi.184

To see this, we first note that `i−1 ≥ `0 = m. Now we consider Xi. As a first approximation, for a distribution of colonization185

rates with finite support on (m, b), this random variable will typically be on the order (b−m)/n. To obtain a better (and more186

general) approximation, we can study the distribution of Xi when n is large. The conditional (marginal) distribution of the187

remaining colonization rates, given that the first k (including both the i− 1 persisting species and the excluded species) are188

less than `i−1 and the remaining n− k are greater is189

F ′(c) = F (c)− F (`i−1)
1− F (`i−1) .

The probability that Xi < x is given by the probability that the minimum among these n− k rates is less than F (`i−1 + x),190

which is easily computed as191

P (Xi < x) = 1−
(
1− F ′(`i−1 + x)

)n−k
= 1−

(
1− F (`i−1 + x)− F (`i−1)

1− F (`i−1)

)n−k
.

[29]

Next we note that, for large n, F (`i−1) ≈ k
n
. This follows from the fact that the number of iid rates less than `i−1 is192

distributed as Binom(n, F (`i−1)), and so k is almost always near nF (`i−1) for large n. We can then approximate the probability193

in Eq. 29 by194

P (Xi < x) ≈ 1−
(

1− n(F (`i−1 + x)− F (`i−1))
n− k

)n−k
≈ 1− exp (−n(F (`i−1 + x)− F (`i−1)) ,

where the last approximation holds assuming n− k is also sufficiently large. Finally, we focus our attention on this probability195

for small x. Taylor expanding F (`i−1 + x) around `i−1, we obtain196

P (Xi < x) ≈ 1− exp(−nf(`i−1)x) . [30]197

This is the CDF for an Exponential random variable with rate λ = nf(`i−1). We note that as n→∞, the probability that198

Xi is very close to zero approaches one (consider, for example, P (Xi < n−1/2)), implying that the distribution of Xi can be199

well understood by looking at the small x behavior. Because Xi is well approximated by an Exponential random variable, we200

conclude that Xi is typically on the order of 1/λ = 1/(nf(`i−1)). Thus, provided n− k is large and f(`i−1) is not too small,201

Xi is on the order of 1/n. These assumptions are reasonable outside of the tails of the colonization rate distribution.202

Returning to `i, we see that Xi is small compared to `i−1 whenever nm� 1. Hence, we neglect the term X2
i /`i−1, obtaining203

`i ≈ `i−1 + 2Xi , [31]204

which is Eq. 5 in the Main Text. This is equivalent to `i ≈ 2ci − `i−1.205

We verify the accuracy of this approximation using numerical simulations, as shown in Figs. S3, S4, and S5. Fig. S3 shows206

that Eq. 30 provides an excellent match to simulations. Figs. S4 and S5 show the resulting approximations for `i, obtained207

by iterating Eq. 31. As we would expect based on the above considerations, this approximation becomes very good for large208

n. We observe that the exact and approximate values of `i diverge substantially only for the largest values of i; i.e., in the209

upper tail of the distribution, as predicted. Notably, even when there are quantitative mismatches between the exact and210

approximate values, our approximation scheme predicts the number of persisting species with very high accuracy. Thus, we211

study the recursive process described by Eq. 31 in the following sections to derive the approximate distribution of richness in212

the assembled metacommunity, for different colonization rate distributions.213

It is worth noting that these arguments already suggest that approximately half of the species will persist in the assembled214

metacommunity. Eq. 31 implies that the niche shadow cast by the ith persisting species should be approximately equal in215

length to Xi. Thus, the length of this niche shadow is approximately an Exponential random variable with rate nf(`i−1).216

By the same logic explained above, the gap between ci and the next colonization rate in the pool should be distributed217

approximately as Exp(nf(ci)). Because ci and `i−1 are very close for large n, these two random variables – the length of the218

niche shadow and the gap between ci and the next colonization rate in the pool – have nearly identical distributions. Thus, by219

symmetry, the probability that the next species in the pool will be excluded is about one half.220

Zachary R. Miller, Maxime Clenet, Katja Della Libera, François Massol, and Stefano Allesina S9 of S23



Fig. S3. Distribution of Xi is approximately Exponential. Here we plot the empirical cumulative distribution of the (rescaled) quantities Xi = ci − `i−1 for all i in simulations
with different pool sizes (columns) and colonization rate distributions (rows). Following the approximation theory developed in the text, we rescale each observed Xi by
nf(`i−1); the distribution of rescaled values should collapse onto the Exponential distribution with rate 1 (black dashed line). This approximation is very good, especially for
large n. Each panel shows results from a single assembled metacommunity with randomly sampled colonization rates.

B. Uniform distribution. Using Eq. 31, we first consider the simple case where colonization rates are Uniformly distributed221

between m and some upper limit b. As discussed in the Main Text, we can express the probability that the best competitor222

(i.e. the species with colonization rate c1) excludes the subsequent k1 species as223

P (K1 = k1) = n

(
n− 1
k1

)∫ U

m

(F (2x−m)− F (x))k1 (1− F (2x−m))n−k1−1f(x)dx , [32]224

for any distribution of colonization rates with CDF F (x), PDF f(x), and support on some interval beginning at m. Note that225

the random variable K1 may be zero. This formula uses the approximation that the niche shadow cast by the first species226

extends from x to 2x−m.227

Specializing to the case of the Uniform distribution on (m, b), we have F (x) = x−m
b−m and f(x) = 1

b−m for x ∈ (m, b). We also228

consider the upper limit of integration, U . For k1 < n− 1, at least one species persists beyond the niche shadow of species 1.229

This implies that the niche shadow of species 1 falls short of b. To accommodate this restriction, we must choose U = b+m
2 , so230

that l1 ≈ b at x = U . In the case where k1 = n− 1, then the niche shadow may extend beyond b. This case must be handled231

separately, as we discuss below.232

Using these definitions, Eq. 32 becomes233

P (K1 = k1) = n

(
n− 1
k1

)∫ b+m
2

m

(
2(x−m)
b−m − x−m

b−m

)k1 (
1− 2(x−m)

b−m

)n−k1−1 1
b−mdx ,

= n

(
n− 1
k1

)∫ b+m
2

m

(
x−m
b−m

)k1
(

1− 2(x−m)
b−m

)n−k1−1 1
b−mdx .

To simplify this expression, we introduce the change of variables y = 2
b−m (x−m) and obtain234
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Fig. S4. Actual (exact) threshold values `i vs approximate values obtained by iterating Eq. 31 for the Uniform and Triangular distributions. The 1:1 line is shown in black. Where
the two predict different numbers of persisting species, the observations (predictions) with no corresponding values are shown along the x- (y-) axis with an "X". For large n we
observe very good agreement, and the two processes predict very similar numbers of persisting species.

P (K1 = k1) = n

(
n− 1
k1

)∫ 1

0

(
y

2

)k1
(1− y)n−k1−1 1

2dy ,

= n

(
n− 1
k1

)
1

2k1+1

∫ 1

0
yk1 (1− y)n−k1−1dy .

We can now recognize this integral as the beta function B(k1 + 1, n− k1) (9). For positive integers z1 and z2, we have the235

relationship236

B(z1, z2) = (z1 − 1)!(z2 − 1)!
(z1 + z2 − 1)! , [33]237

and consequently

B(k1 + 1, n− k1) = k1!(n− k1 − 1)!
n! = 1

n
(
n−1
k1

) .
Thus, we obtain P (K1 = k1) = 1

2k1+1 following the cancellation of the combinatorial factors.238

Before proceeding, we consider the special case k1 = n− 1. Here we must distinguish two possibilities: (i) the value of c1 is239

below U = b+m
2 , and the niche shadow of species 1 falls within the range of colonization rates, or (ii) the value of c1 is between240

U and b, which occurs if all colonization rates in the pool are greater than U . In the former case, the probability that n− 1241

species fall within the niche shadow, and zero outside, is calculated as before. In the latter case, exclusion of the other n− 1242

species occurs with certainty. Adding together these two mutually exclusive possibilities, we have243

P (K1 = n− 1) = n

∫ b+m
2

m

(
x−m
b−m

)n−1 1
b−mdx +

(
1− U −m

b−m

)n
= 1

2n + 1
2n = 1

2n−1

using the arguments above to evaluate the integral. Now that we have calculated P (K1 = k1) for k1 = 0, . . . , n− 1, it is easy244

to verify that these probabilities define a valid probability mass function:245

n−1∑
i=0

P (K1 = i) =
n−2∑
i=0

1
2i+1 + 1

2n−1 =
n∑
i=1

1
2i + 1

2n = 1− 1
2n + 1

2n = 1

using the formula for partial sums of a geometric series.246
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Fig. S5. As Fig. S4, but for the Exponential and Pareto distributions. For these distributions, which have unbounded tails, we observe more substantial deviations between the
exact and approximate values, but these are largely confined to the tails. Note that for better visualization, we show results on log-log scales.

These calculations are sufficient to derive the probability of observing any set of persisting species. If we condition on the247

fact that the first K1 + 1 colonization rates fall below 2x−m, and the rest above, then the Markov property of order statistics248

(10) implies that these n−K1 − 1 remaining rates are Uniformly distributed on (2x−m, b), independently of the first K1 + 1249

rates. Letting m′ = 2x−m and n′ = n−K1 − 1, it is easy to see that P (K2 = k2) – the probability that the second persisting250

species excludes exactly k2 other species – can be calculated exactly as before. We can iterate this procedure to calculate251

the probability that K3 = k3, K4 = k4, and so on. Any set of persisting species can be specified by the associated sequence252

of excluded species between them. For S = {1, σ2, · · · , σs}, the set of indices of the species that constitute the equilibrium253

metacommunity, we have k1 = σ2 − 2, k2 = σ3 − σ2 − 1, . . . , ks = n − σs. We note that this implies
∑s

i=1 ki = n − s, in254

agreement with the fact that the total number of excluded species must be equal to the total number of species in the pool (n)255

minus the number of persisting species (s).256

The probability of observing any particular S can be obtained by straightforward multiplication:

P (K1 = k1,K2 = k2, . . . ) =
s∏
i=1

P (Ki = ki) ,

=
s−1∏
i=1

1
2ki+1 ×

1
2ks

,

= 1

2
∑s

i=1
ki+s−1

,

= 1
2n−1 .

Note that the sth (final) species in the coexisting set necessarily excludes all remaining species; thus we have P (Ks = ks) = 1
2ks

,257

which includes an extra factor of 2, as described above for the case k1 = n− 1.258

The fact that this probability is the same for all choices of S makes it easy to calculate the probability of observing a specific259

number of species in the final metacommunity. There are
(
n−1
s−1

)
distinct communities of size s given a pool of n species (and260

accounting for the fact that the best competitor always persists). This gives us the distribution261

P (S = s | n) =
(
n− 1
s− 1

)
1

2n−1 . [34]262

Thus, the random variable S − 1, the number of persisting species in addition to the first, is distributed as Binom(n− 1, 1/2).263

C. Exponential distribution. We can also evaluate Eq. 32 for the case of an Exponential distribution with rate λ, shifted so264

that the distribution has support on [m,∞). More precisely, in this case we have265
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Fig. S6. Probability of persisting in the assembled metacommunity by competitive rank in the pool (i.e. species 1 is the best competitor). For each combination of pool size
(columns) and colonization rate distribution (rows), the plotted probabilities summarize 105 outcomes from random pools. The marginal probability of persistence, across all
ranks, is shown with a solid horizontal line. The theoretical prediction of 1

2 for all species is shown with a dashed line. Notice predictable deviations for the Exponential and
Pareto distributions in the upper tails (best colonizers) and Triangular distribution in the lower tail (best competitors). The fraction of species exhibiting these deviations shrinks
as n grows.

F (x) = 1− e−λ(x−m) and f(x) = λe−λ(x−m) .

Eq. 32 becomes266

P (K1 = k1) =

n

(
n− 1
k1

)∫ ∞
m

(
(1− e−λ(2x−2m))− (1− e−λ(x−m))

)k1 (1− (1− e−λ(2x−2m))
)n−k1−1

λe−λ(x−m)dx ,

or, using the change of variables y = e−λ(x−m) (with dy = −λe−λ(x−m)dx) and simplifying:267

P (K1 = k1) = n

(
n− 1
k1

)∫ 1

0

(
y − y2)k1 (

y2)n−k1−1
dy ,

= n

(
n− 1
k1

)∫ 1

0
(1− y)k1 (y)2n−k1−2 dy .

[35]

We recognize the integral as a beta function, B(2n− k1 − 1, k1 + 1) (9). Using the identity Eq. 33, we find268
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P (K1 = k1) = n

(
n− 1
k1

)
(2n− 2− k1)! k1!

(2n− 1)! = n! (2n− k1 − 2)!
(n− k1 − 1)! (2n− 1)! =

k1∏
i=0

n− i
2(n− i) + (i− 1) . [36]269

In the limit n→∞, each factor in this product approaches the value 1
2 . Consequently,270

P (K1 = k1) ≈ 1
2k1+1 , [37]271

exactly as for the Uniform case. As in the Uniform case, we can condition on the first K1 + 1 rates falling below 2x−m and272

calculate P (K2 = k2), P (K3 = k3), and so on. Here, we rely on the memoryless property of the Exponential distribution;273

once we have conditioned on the remaining n−K1 − 1 rates being greater than 2x−m, these rates are iid samples from an274

Exponential distribution with the same rate, λ, shifted so that the conditional CDF is F ′(z) = 1− e−λ(z−(2x−m)). Thus, we can275

repeat the calculation above for K2,K3, . . . , and by the same arguments used for the Uniform distribution, we conclude that276

all sets of persisting species are about equally likely, and the distribution of S − 1 becomes approximately Binom(n− 1, 1/2)277

for large n.278

For finite values of n, Eq. 36 can explain deviations that we observe from the limiting binomial prediction. We observe279

that the first factor in P (K1 = k1), corresponding to i = 0, is n
2n−1 , which is greater than 1

2 for all n. The second factor,280

corresponding to i = 1, is exactly 1
2 . For i > 1, each factor is strictly less than 1

2 . This implies that for finite n, Eq. 37281

underestimates P (K1 = k1) for small values of k1 and overestimates it for large values. In particular, one can easily show that282

P (K1 = 0) and P (K1 = 1) are always underestimated, while other probabilities are strictly overestimated. Even when the283

species pool is large, these discrepancies become important in the tail of the distribution, where the number of species remaining284

at each step of the calculation becomes small. Among the species with the highest colonization rates, each persisting species is285

more likely to exclude 0 or 1 other species, leading to “excess” coexistence. For example, in Fig. S6, we plot the probability that286

each species in the pool is found in the set of persisting species, as a function of its rank colonization (equivalently, competitive)287

ability. The species with the highest colonization rates are somewhat more likely to be found in the coexisting metacommunity.288

However, we also observe that this effect is confined to a small number of species in large pools. Thus, the binomial distribution289

provides a very good approximation for overall richness as n becomes large.290

While Eq. 36 holds only for the Exponential distribution, similar deviations appear in the tail of the colonization rate291

distribution for other right-skewed distributions, such as the Pareto distribution (Fig. S6).292

D. Triangular distribution. In the preceding sections, we have considered distributions that have high density at m, such that293

there is no left “tail”. When f(m+ ε) is small for small ε, we might expect that the first few species have wider niche shadows,294

and consequently exclude more competitors. We can see this phenomenon quantitatively by computing P (K1 = k1) for the295

Triangular distribution, which has zero density at m (to simplify the following calculations, we assume support on (m,m+ 1);296

an arbitrary upper bound b can easily be treated by rescaling). We have297

F (x) = (x−m)2 and f(x) = 2(x−m) .
Eq. 32 becomes298

P (K1 = k1) = n

(
n− 1
k1

)∫ U

m

(
(2x− 2m)2 − (x−m)2)k1 (1− (2x− 2m)2)n−k1−1 2(x−m)dx ,

= n

(
n− 1
k1

)∫ U

m

(
4(x−m)2 − (x−m)2)k1 (1− 4(x−m)2)n−k1−1 2(x−m)dx .

Here we have the upper bound U = 2m+1
2 for k1 < n− 1, as for the Uniform distribution. Now using y = 4(x−m)2 we have299

P (K1 = k1) = n

(
n− 1
k1

)∫ 1

0

(3
4y
)k1

(1− y)n−k1−1 1
4dy .

Recognizing once again the beta function B(k1 + 1, n− k1), we find300

P (K1 = k1) = 3k1

4k1+1 . [38]301

Eq. 38 suggests that the second species in the pool should persist with probability 1
4 , rather than 1

2 . This is in good302

agreement with the simulation results shown in Fig. S6. Furthermore, P (K1 = k1) is less than the prediction 1
2k1+1 for k1 = 0303

and k1 = 1, and greater for all other values of k1. This implies that the first species is likely to exclude more competitors than304

in the cases we have examined above.305

Unlike the Uniform and Exponential cases, we cannot simply iterate this calculation to obtain the probability of observing a306

particular sequence of persisting species. This is because truncating the Triangular distribution at some value 2x−m does not307

produce another Triangular distribution. However, numerical simulations show that the probability of persistence of the ith308

best competitor quickly approaches 1
2 in large pools, indicating that the distribution of the number of species excluded by each309
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persisting species quickly converges to Eq. 37 once the distribution has been truncated several times. Intuitively, the truncated310

distribution becomes “flatter” at each step, becoming more and more similar to a Uniform distribution. Because the excess311

exclusion that we find associated with the first species is confined only to the left tail of the pool, the overall reduction in312

coexistence associated with the Triangular distribution becomes negligible for large n.313

E. Heuristic approach for arbitrary distributions. Evaluating Eq. 32 is not possible for arbitrary choices of F (x). However, our314

theoretical and simulation results both suggest that this probability distribution becomes well approximated by Eq. 36 for315

a wide range of colonization rate distributions when n is large. To obtain insight into this apparently somewhat universal316

behavior, here we consider a further approximation for P (K1 = k1) for arbitrary F (x). We Taylor expand this distribution317

function around m and use F (x) ≈ F (m) + f(m)(x −m) = f(m)(x −m). This approximation is motivated by our earlier318

arguments that the gap between `i−1 (in this case `i−1 = m) and the next colonization rate in the pool is typically very small.319

Thus, the integral in Eq. 32 will be dominated by the contributions close to x = m.320

Using this simple linear approximation, Eq. 32 becomes321

P (K1 = k1) ≈ n
(
n− 1
k1

)∫ U

m

(f(m)(2x− 2m)− f(m)(x−m))k1 (1− f(m)(2x− 2m))n−k1−1 f(m)dx ,

= n

(
n− 1
k1

)∫ U

m

(f(m)(x−m))k1 (1− 2f(m)(x−m))n−k1−1 f(m)dx .

Here we choose U = m+ 1
2f(m) to ensure that F (2x−m) ≤ 1. We can immediately recognize that our approximation is akin322

to the Uniform case, and conclude that P (K1 = k1) ≈ 1
2k1+1 for k1 < n− 1. Because this procedure applies to arbitrary F (x),323

we can iterate this approximation for K2,K3 and so on. At each step, we will obtain a new distribution function by truncation,324

but the form of our approximation does not change (only the lower bound, m′, changes, and consequently f(m′) does, too).325

This Taylor expansion argument provides an explanation for the wide applicability of our theory. By considering higher order326

terms in the Taylor expansion, we can also gain more general insight into deviations from our theory, such as those observed in the327

tails of the colonization rate distribution for the Exponential and Triangular distributions, above. Retaining the quadratic term328

in our approximation for F (x), we have F (x) ≈ f(m)(x−m) + f ′(m)
2 (x−m)2 (and consequently f(x) ≈ f(m) + f ′(m)(x−m)),329

where f ′(m) is the second derivative of F (x) with respect to x. Now consider P (K1 = 0). We have330

P (K1 = 0) ≈ n
∫ U

m

(
1− 2f(m)(x−m)− 2f ′(m)(x−m)2)n−1 (

f(m) + f ′(m)(x−m)
)
dx .

As above, we define U such that the integrand remains non-negative. Now observe that we can re-write this probability as331

P (K1 = 0) ≈ n
∫ U

m

(
1− 2f(m)(x−m)− 2f ′(m)(x−m)2)n−1 (

f(m) + 2f ′(m)(x−m)
)
dx ,

− n
∫ U

m

(
1− 2f(m)(x−m)− 2f ′(m)(x−m)2)n−1

f ′(m)(x−m)dx .
[39]

Using the change of variables y = 2f(m)(x−m)− 2f ′(m)(x−m)2, it is easy to see that the first term is equal to 1
2 . Thus, the332

second term describes deviations from the expectation P (K1 = 0) = 1
2 . The sign of this deviation is controlled by f ′(m). For333

f ′(m) > 0, we expect P (K1 = 0) = 1
2 to overestimate the true probability. For f ′(m) < 0, we expect the opposite. This is334

consistent with the deviations we have observed above: For the Triangular distribution, f ′(m) > 0, and for the Exponential335

distribution, f(x) is decreasing in the tail of the distribution. In fact, Eq. 39 can be evaluated exactly in cases where f(m) = 0336

– such as the Triangular distribution – and we find that P (K1 = 0) = 1
2 −

1
4 = 1

4 , as derived above.337

Consideration of these Taylor approximations helps clarify when we will observe excess coexistence or exclusion. The338

linear approximation, developed above, will be poor when the term f(m)(x−m) does not dominate higher order terms. This339

occurs when f(m) is very small, or when x is not very small. The latter can occur when n is small, as in the right tail of340

the colonization rate distribution. When the linear approximation deteriorates, the sign of f ′(m) determines whether we will341

observe more or less competitive exclusion than expected. In regions of low but increasing probability density (i.e. f(m)� 1342

and f ′(m) > 0) there will be excess exclusion, while in regions of low, decreasing density (i.e. f(m)� 1 and f ′(m) < 0) there343

will be excess coexistence. Both deviations can occur at different points for the same colonization rate distribution, as we show344

in Fig. S7 for truncated normal distributions. In such cases, these deviations will cancel out to some extent.345

Additionally, while this approximation theory is based on the assumption of a continuous distribution, Fig. S8 shows that346

similar results hold even for more complex (mixture) distributions with a discontinuity.347

S3. Spacing between colonization rates in the assembled metacommunity348

In this section, we consider the distribution of gaps between colonization rates in assembled communities (that is, the quantities349

ci − ci−1 in the final metacommunity). Our linear niche shadow approximation (Eq. 31) implies that `i − ci = ci − `i−1 = Xi.350
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Fig. S7. Probability of persisting in the assembled metacommunity by competitive rank in the pool (i.e. species 1 is the best competitor) for truncated normal distributions. (a)
Probability density function for three different (left) truncated normal distributions, each with σ = 1 and trunctated at m = 1 (dashed line). The mode of the distribution is
shifted in each case. (b) As for Fig. S6, but with colonization rates sampled from the truncated normal distributions shown in (a). Notice excess exclusion (coexistence) in the
lower (upper) tails, as predicted by theory.

Thus, we have that the ci − ci−1 = ci − `i−1 + `i−1 − ci−1 = Xi +Xi−1. In Section 2A, we developed the approximation that351

Xi ∼ Exp(nf(`i−1)). Using the (conditional) independence of Xi and Xi−1, their sum is a two-parameter hypoexponential352

random variable with parameters λ1 = nf(`i−1) and λ2 = nf(`i−2). This distribution has the PDF353

fhypo(x) = λ1λ2

λ1 − λ2

(
e−λ2x − e−λ1x

)
. [40]354

For the special case of colonization rates with a Uniform distribution on (m,m + 1), we have f(`i−1) = f(`i−2) = 1 for355

all i. Under these conditions, Xi +Xi−1 has an Erlang distribution with shape parameter 2 and rate λ = n. As a point of356

comparison, we can compute the distribution of gaps that would be expected if species in the pool were chosen independently357

to persist in the final metacommunity. Conditioning on an observed final richness s, the colonization rates of the persisting358

species would be distributed as s Uniform random samples. The gap between consecutive random samples in this case is359

distributed as Beta(1, s)(10). As shown in Fig. S9, this distribution is qualitatively different from the Erlang distribution360

derived above. In particular, the Erlang distribution with shape parameter 2 has no mass at zero, while the Beta distribution361

Beta(1, s) has its mode at zero. We observe that the Erlang prediction matches numerical simulations extremely well, while362

the Beta provides a poor match. This comparison provides a clear indication that the set of persisting species is overdispersed,363

relative to independent random sampling from the pool. As we discuss in the Main Text, the actual distribution of gaps is364

much more similar to the distribution of gaps between every other colonization rate in the pool. For uniformly distributed365

colonization rates, this distribution is Beta(2, n − 1). In the limit n → ∞, Beta(2, n − 1) = Gamma(2, n − 1), which is the366

Erlang distribution with shape parameter 2 and rate n− 1. This distribution is therefore extremely close to the distribution367

derived for ci − ci−1 above.368

More generally, we observe that Eq. 40, which holds for any distribution of colonization rates in the pool, has no mass at zero.369

Meanwhile, arguments similar to those in Section 2A can be used to establish that – for any distribution of colonization rates –370

the distribution of gaps between s randomly selected species from a pool is approximately Exp(sf(ci−1)) for each ci − ci−1.371

The Exponential distribution always has its mode at zero. Thus, we see that overdispersion in the persisting colonization rates372

is the typical behavior for any random pool.373

S4. One-at-a-time assembly scenarios374

A. Fixed regional pool. In the all-at-once scenario, the dynamics of a pool of n species is given by the differential equations of375

Eq. 1. The behavior is simple; independently of the parameters (c,m) of the model and the initial condition, the dynamics376

converges to a unique equilibrium p? = (p?1, . . . , p?n). Direct information on the persistent species is given by the conditions of377
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Fig. S8. Probability of persisting in the assembled metacommunity by competitive rank in the pool (i.e. species 1 is the best competitor) for uniform-exponential mixture
distributions. (a) Probability density function for three different mixutres of the uniform and exponential distributions, with the probability of sampling from the uniform distribution
indicated. (b) As for Fig. S6, but with colonization rates sampled from the mixture distributions shown in (a). Although these distributions contain a discontinuity, results are
qualitatively the same as our other cases.

Eq. 25. We showed in Section B that there exists a unique globally stable equilibrium, i.e. if one waits long enough, the unique378

equilibrium is reached.379

This equilibrium is called saturated because it is resistant against invasion of absent species. Let i belong to the indices of
the extinct species, then (

1
pi

dpi
dt

)
pi→0+

≤ 0 .

However depending of the construction process, the dynamics of Eq. 1 can be understood in two equivalent directions. On380

the one hand, there is a primary ecosystem with a pool of n species that have different initial occupancies. The ecosystem381

changes continuously according to the ODE of the model. On the other hand, the ecosystem is assumed to be initially empty382

and species try to invade it sequentially in a random order. This one-at-a-time scenario generates disturbances to the pool of383

persisting species. When a species tries to invade the system at a certain time t, it can cause the extinction of other species,384

but also the expansion of other species that were already present in the system. Indeed, the particularity is that a species that385

has invaded the system, even if it becomes extinct, it can invade again at any time.386

Remark 3. A permanent extinction never occurs in the dynamics of the model. However, the vanishing components corresponding387

to the species going to extinction with p?i = 0 converges toward zero i.e. pi(t) −−−→
t→∞

0 .388

For this model, both types of construction have the same final behavior; the two dynamics converge towards the same389

equilibrium which is true for infinitely long periods. Because there are never true extinctions in the dynamics of this model,390

this fact is guaranteed once each species has invaded the community at least once. However, the two assembly scenarios will391

converge even if we allow the possibility of some species going extinct (e.g. we take the metacommunity to be at its equilibrium392

state after each invasion). To see this, it is sufficient to observe that the final metacommunity can be assembled by introducing393

species one-at-a-time in the order of their colonization rates. Given enough invasions, this invasion sequence will eventually394

occur, at which point the equilibrium is non-invasible by the excluded species. In practice, however, convergence is usually395

much faster. Additionally, we note that the equivalence to a GLV model, shown in Section 1, is also sufficient to establish the396

equivalence of these two assembly scenarios, using the results of (11).397

B. De novo invasion. Here we derive a lower bound for the expected richness after τ invasion attempts. First, it is necessary to398

consider the fraction of invasion attempts that succeed, on average. Under our assumptions (namely, the assumption that399

f(c) = 0 for c < m), the first invasion succeeds with probability 1. The second invasion succeeds with probability at least 1
2 ,400

regardless of the distribution of colonization rates. To see this, note that if the colonization rate of the first species is x, then401

the second invasion succeeds if the colonization rate of the invader is less than x or greater than 2x−m. The probability of402
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Fig. S9. Distribution of gaps ci − ci−1 for Uniformly distributed colonization rates. Histogram shows the empirical distribution of spacings from 104 assembled communities
(resulting from random pools of n = 64 species). The theoretical distribution of spacings (Erlang distribution with shape parameter 2) is shown in blue. This prediction matches
the simulation results extremely well. A naive prediction, Beta(1, n

2 ), corresponding to independent random sampling of n
2 species from the pool, is shown with black dashed

line. This distribution has high density for small spacings, while the observed and theoretical distributions have very low density for small spacings, indicating overdispersion in
the assembled colonization rates.

this event is 1− F (x2/m) + F (x), or if the distribution has an upper bound b and x >
√
bm, then the probability is simply403

F (x) (because the invader cannot exceed the niche shadow of the first species; it can only outcompete this species). Integrating404

over all values of x, weighted by f(x), gives405

∫ ∞
m

f(x)
(

1− F
(
x2

m

)
+ F (x)

)
dx = 1−

∫ ∞
m

f(x)F
(
x2

m

)
dx+ 1

2 ,

≥ 1−
∫ ∞
m

f(x)dx+ 1
2 ,

= 1
2 ,

in the unbounded case and406

∫ √bm
m

f(x)
(

1− F
(
x2

m

)
+ F (x)

)
dx+

∫ b

√
bm

f(x)F (x)dx

= F (
√
bm)−

∫ √bm
m

f(x)F
(
x2

m

)
dx+ 1

2F (
√
bm)2 +

(1
2 −

1
2F (
√
bm)2

)
,

≥ 1
2 + F (

√
bm)−

∫ √bm
m

f(x)dx ,

= 1
2 .
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Continuing this calculation for the success of the third invasion and so on is complicated by the fact that each new invader407

may cause the extinction of earlier species. Instead, we can “look ahead” to a state where many species have invaded. Once a408

large number of species are present in the metacommunity, the approximations developed in Section A hold. In particular, we409

expect that `i − ci ≈ ci − `i−1 for all species i. An invader with colonization rate in the niche shadow, (ci, `i), will fail, while410

an invader in the interval (`i−1, ci) will succeed. Because the colonization rate axis can be partitioned into many such intervals411

of equal length, each invasion succeeds with probability near 1
2 when there are many species in the metacommunity.412

Overall, this leads us to expect that early in the assembly process more than half of invasions succeed, but the probability of413

success should approach one half over time. In other words, the number of successful invasions after a large number of attempts,414

τ , will be approximately τ
2 on average. However, the richness at this point will typically be much less than τ

2 , because many415

successful invasions will result in the extinction of some resident species. There is a limit, though, to the number of extinctions416

each species can induce. The hierarchical structure of this model implies that an invader can only cause the extinction of417

inferior competitors. To derive a lower bound on the average rate at which diversity accumulates, we can assume that each418

invader causes the extinction of all inferior competitors.419

Let us first consider the species with the lowest colonization rate among the τ potential invaders. Obviously, this species420

succeeds in invading and is not displaced. Thus, this species is part of the persisting metacommunity after τ invasions. Because421

invaders are sampled independently from the underlying colonization rate distribution, it is equally likely that this species422

is any of the first τ ′ ≤ τ successful invaders. Under our “worst case” assumption, we suppose that if this species is the ith423

successful invader, it excludes all of the i− 1 preceding species. Now consider the τ ′ − i successful invaders that arrive after the424

best competitor. One must be the best competitor among these species, and, as before, we can conclude that this species is425

not displaced up to the τth invasion. Thus, this species is also part of the persisting metacommunity. We can iterate this426

argument until the best competitor among the late invaders is the final one. This yields a set of “definitely persisting species”427

that provides a lower bound for the number of actual persisting species.428

This picture leads to a recursive formula for the mean number of definitely persisting species after τ ′ successful invasion,429

µτ ′ , obtained by averaging over the possible positions of the best competitor at each step. We have430

µτ ′ = 1 + 1
τ ′

τ ′∑
i=1

µτ ′−i = 1 + 1
τ ′

τ ′−1∑
i=0

µi ,

with µ0 = 0. Now we multiply both sides of this equation by τ ′, obtaining431

τ ′µτ ′ = τ ′ +
τ ′−1∑
i=0

µi ,

and thus also432

(τ ′ − 1)µτ ′−1 = (τ ′ − 1) +
τ ′−2∑
i=0

µi .

Subtracting the latter from the former leaves us with433

τ ′(µτ ′ − µτ ′−1) + µτ ′−1 = 1 + µτ ′−1 .

Finally, rearranging yields434

µτ ′ = 1
τ ′

+ µτ ′−1 =
τ ′∑
i=0

1
i
.

From this equation, we see that µτ ′ is the harmonic number Hτ ′ ≈ log(τ ′)+γ+ 1
2τ ′ , where γ ≈ 0.577 is the Euler-Mascheroni435

constant. It is easy to verify that Hτ ′ > log(1 + τ ′) for τ ′ > 0. Using the fact that τ ′ is typically very close to τ
2 after τ436

invasion attempts, we obtain the lower bound E[S | τ invasion attempts] ≥ log(1 + τ
2 ).437

S5. Equilibrium occupancies438

In this section, we briefly consider the occupancy of each species in the equilibrium metacommunity. While our primary focus439

is on understanding the set of persisting species (How many and which species persist?), it is also natural to consider the440

composition of the metacommunity at equilibrium (What proportion of patches are occupied, and what is the occupancy of each441

individual species?).442

As a first step, let us consider the total occupancy in the metacommunity, or equivalently, the proportion of patches
unoccupied by any species at equilibrium. We denote by h?i the proportion of patches unoccupied by species 1 . . . i. Thus, the
total occupancy at equilibrium is 1− h?S . In a counter-intuitive way, even when the number of species is very large (n→∞),
h?S does not necessarily converge towards 0. In the single-species Levins’ model with parameters (c,m), the fraction of empty
patches is given by m/c. Thus, the higher the colonization rate, the smaller the proportion of empty patches (however, notice
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Fig. S10. Accumulation of species richness in the de novo invasion scenario. As in Fig. 5b (Main Text), but for many more invasion attempts (note log scale for x-axis). Looking
over very long assembly trajectories, the logarithmic growth of mean richness is apparent. The logarithmic lower bound derived in the text is shown as dashed black line.
Curves represent statistical summaries of 103 random assembly trajectories.

that this proportion is never zero unless m = 0 or c→∞). In the multispecies trade-off model, the conclusion is qualitatively
similar; we have the relation h?i ≈ (m/ci)1/2 which can be derived as follows:

h?i = 1−
i∑

j=1

p?j ,

=
mh?i−1 +

∑i−1
j=1 mp

?
j

cih?i−1
,

= m

cih?i−1
.

Using the fact that h?i < h?i−1, one obtains the same inequality as in Kinzig et al.(12),443 √
m

ci+1
≤ h?i ≤

√
m

ci
. [41]444

This equation shows that to have an idea of the empty space, it is sufficient to have a good approximation of cS , which, for large445

n, will be close to the largest colonization rate in the pool, cn = max
i∈[n]

ci. For the cases we study (e.g. Uniform, Exponential,446

Pareto) the distributions of the maximum are generally known. The distributions with finite support are simplest to analyze.447

For any distribution with support on (m, b) – assuming f(x) > 0 for all m < x < b – if we consider n iid random variables Ui,448

then E
(

max
i∈[n]

Ui

)
−−−−→
n→∞

b.449

When the distribution of the colonization rates c has infinite support, this theory implies that when the number of species450

tends to infinity, the fraction of empty sites tends to zero. However, when n is too small, the prediction is not accurate because451

of the gap between ci+1 and ci (consider, for example, n = 1).452

453

We can use the results above to study the distribution of occupancies of individual species. This distribution was considered454

by Kinzig et al. (12), who derived a relationship between occupancies and colonization rates: They showed that p?(c) ∝ c−3/2
455

when colonization rates are uniformly spaced along some interval. This power-law relationship implies that the most competitive456

species tend to occupy a larger share of the landscape than the best colonizers.457

Using the results above, we can derive a more general relationship between occupancies and colonization rates which applies458

to our probabilistic setting. From Tilman (1), we have the equality459

p?i = 1−
i−1∑
j=1

p?j −
m+

∑i−1
k=1 ckp

?
k

ci
.

Using our definition of h?i and re-arranging, we have460
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p?i = (h?i−1)

(
1− 1

ci

m+
∑i−1

k=1 ckp
?
k

h?i−1

)
,

= h?i−1
1
ci

(ci − `i−1) .

This last inequality comes from recognizing a definition of the threshold value `i−1, which is a direct consequence of Eq. 4 in461

Section 1. Earlier, we denoted the difference ci − `i−1 by Xi; using this notation we have462

p?i = h?i−1Xi

ci
.

Plugging in the approximation h?i ≈ (m/ci)1/2 recovers the power-law of Kinzig et al., up to a factor of Xi. Intuitively, this463

dependence on Xi tells us that species that are very similar to the next best colonizer (ci close to `i−1) have lower occupancy464

than species that are more dissimilar. In the same way that the niche shadow cast by species i depends on this gap, so does its465

occupancy. When a species is close to its threshold value, `i−1, it has high niche overlap with the superior competitor, and it is466

competitively suppressed as a result.467

For large assembled metacommunities (n → ∞), we can develop a prediction for the distribution of occupancy, as a468

function of competitive rank. Specifically, we treat competitive rank as a continuous variable, using x ≈ i/S. We expect that469

ci ≈ F−1(x), at least for distributions with bounded support. Combining this fact with the approximation we derived for Xi in470

Section 2, Xi ∼ Exp(nf(`i−1)), and additionally using `i−1 ≈ ci, we have an approximation for the distribution of occupancies471

at equilibrium, as a function of x:472

p?(x) ∼ Exp
(
n f
(
F−1 (x)

) (
F−1 (x)

) 3
2
)
. [42]473

For the Uniform distribution on (m,m+ 1), for example, this reduces to474

p?(x) ∼ Exp
(
n (x+m)

3
2

)
.

This random variable has the conditional mean n−1(x + m)−3/2 ≈ n−1c
−3/2
i , as anticipated. In Figs. S11-S14, we plot the475

relationship between occupancies and competitive rank (in the pool) for all four of our example distributions.476

It is interesting to compare Figs. S11-S14 with Fig. S6. While we have seen that all species in the pool persist with equal477

probability, here we find that they systematically differ in their equilibrium occupancies. The relationship between competitive478

rank (or colonization rates) and occupancy also differs depending on the distribution of colonization rates. For all distributions,479

the 3/2 power factor in Eq. 42 tends to increase the occupancy of better competitors. However, there is also an effect of the480

density, which we see clearly in Figs. S12-S14. In regions of the distribution with low density, the gaps Xi tend to be larger,481

promoting higher occupancies.482

Fig. S11. Mean occupancy (conditional on presence) in the assembled metacommunity by competitive rank for uniformly distributed colonization rates. We show results for 3
different pool sizes (values of n), representing averages over 104 random pools. The theoretical prediction, given by the conditional mean of Eq. 42, is indicated by a dashed
black line.

S6. Definition of standard distributions483

For reproductibility purposes, we recall some standard positive probability distributions (see the handbook of Abramowitz
(9)). Each distribution is defined by a random variable X following the probability distribution function (PDF) f and the
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Fig. S12. As in Fig. 42, but for the Triangular distribution.

Fig. S13. As in Fig. 42, but for the Pareto distribution.

cumulative distribution function (CDF) F . We denote by

1[a,b](x) =
{

1 if x ∈ [a, b],
0 else,

the characteristic function.484

Definition 1 (Continuous Uniform). The continuous Uniform distribution U([a, b]) describes an experiment where there is an
arbitrary outcome that lies between certain bounds: (a, b) ∈ R2

+,

f(x; a, b) = 1
b− a1[a,b](x) , F (x; a, b) = x− a

b− a 1[a,b](x) + 1[b,+∞)(x).

Given X a random variable following the distribution U([a, b])

E(X) = a+ b

2 , Var(X) = (b− a)2

12 .

Throughout this study, we take a = m unless otherwise specified. In all simulations and figures, we additionally use485

b = m+ 1.486

Definition 2 (Pareto). The Pareto distribution P(a) is a power-law distribution with shape a, support [1,+∞),

f(x; a) = a

xa+1 1[1,+∞)(x) , F (x; a) =
(

1− 1
xa

)
1[1,+∞)(x).

Given X a random variable following the distribution P(a):

E(X) =
{

a
a−1 if a > 1,
+∞ otherwise

, Var(X) =

{
a

(a−1)2(a−2) if a > 2,
+∞ otherwise.

The Pareto PDF fpar can be expressed as a function of the Exponential PDF fexp:

fpar(x; a) = fexp(log(x); a) .
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Fig. S14. As in Fig. 42, but for the Exponential distribution.

Definition 3 (Triangular). The Triangular distribution T (a, b) is a probability distribution with a lower limit a, an upper
limit b whose density form a triangle:

f(x; a, b) = 2(x− a)
(b− a)2 1[a,b](x) , F (x; a, b) = (x− a)2

(b− a)2 1[a,b](x) + 1[b,+∞)(x).

Given X a random variable following the Triangular distribution T (a, b):

E(X) = a+ 2b
3 , Var(X) = a2 + b2 − 2ab

18 .

Throughout this study, we take a = m unless otherwise specified. In all simulations and figures, we additionally use487

b = m+ 1.488

Definition 4 (Exponential). The Exponential distribution Exp(λ), λ > 0 is a continuous analogue of the geometric distribution.

f(x, λ) = λe−λx1[0,+∞)(x) , F (x, λ) = 1− e−λx1[0,+∞)(x).

Given X a random variable following the distribution Exp(λ):

E(X) = 1
λ
, Var(X) = 1

λ2 .

Throughout this study, when we refer to exponentially-distributed colonization rates, we refer to a shifted (equivalently,489

truncated) version of the Exponential distribution, such that c X+m, where X is an Exponential random variable. Additionally,490

in all simulations and figures, we use λ = 1.491
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