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SUPPLENTARY NOTE 1 (ESTIMATION OF MATRIX FUNCTIONS WITHIN ADDITIVE-ERRORS)

Here we give a detailed proof of Theorem [1|in the main text. We restate the theorem for the readability.

Theorem 1. (Estimating hafnian) For an M x M complex symmetric matrix R, one can approximate |Haf(R)|? with
a success probability 1 — § using the number of samples O(log 6! /e?) within the additive-error

/\ M
max ~ (1. M
6(1—2W(1 /e)> ~ ¢(1.502Amax) ™, (1)

where Apax is the largest singular value of R.

Proof. Consider an input of M-mode product of pure squeezed vacuum states {r;}}, and the all single-photon
outcomes m = (1,...,1). The outcome probability is given by

1 2
DPsq = E |Haf(R/)‘ ) (2)

where Z = Hf\il coshry, R = UDU?, and D = @M, tanhr;. Since any complex symmetric matrix can be decomposed
by Takagi decomposition as UDU7T [5], the only restriction is the magnitude of singular values \; = tanhr; € [0,1).
For a given complex symmetric matrix R, we can construct a quantum circuit, the probability of which is expressed
as its hafnian. To do that, first rescale the matrix with the largest singular value A\pax as R = R/(aAmax) with a > 1,
and find the Takagi decomposition of R’ as R’ = UDUT so that a GBS probability is matched to |Haf(R’)|>. From

Eq. (2),

[Haf(R)[* = (aAmax) ™ [Haf(R')|* = (aAmax) ™ Zpsq- 3)
If an estimator of [Haf(R)|? lies in the interval [-C™, CM], by Hoeffding inequality [6],
Neé?
Pr(|[Haf(R)|? — (admax)™ Z41] > (aAmax) M Z¢) < 2exp ( - W) (4)

where p1 is the sample mean of pyy. With a success probability 1 — 4, a sufficient number of samples for the estimation
of [Haf(R)|? within an additive-error € is given by

2(aAmax)?M Z2C?M 2

N =

€

In other words, if we fix the sample size as N = O(log 6! /€?), one can estimate |Haf(R)|? with a success probability
1 — § within an additive-error 2¢(aAmaxCZM)M . To obtain the bound C, we express the probability using s-PQDs

as

pa= [ e Tl et el [ A2, 2 0
my/det (Viqi — $/2) i (s+1)3
2a2 202 2 12
iz 86512 4+ 2(s* — 1) 2181
d2MOL e T 2T, o2 J e~ sl 7
/ H V(e —s (6—2” —s) gl;[1 (s+1)3 (7)

2 2 2 2 2 2
/dQMa I | 2 e*(e2ri75*762rmax_s)aiz*(efzri_S*Wewmax_s)aiy

V(e —s)(e 2 —s)

816;1* + 2(s* — 1) - (F+rosm) 181
XH — (Frtvammss) ®)

27 _ _ 2r; __ 2r _ _ —2r; __ 2 2
/dQMaH e7max — § ’}/(6 ‘ 8) \/e max — 8§ 7(6 ‘ 5) 67(76273-75777627}“23,(_5)0‘1'17(6—23i_577e2rm?ax_s)aiy

(e2ri — g)(e2rmax — g) (e=2mi — s)(€2rmax — g)

2Tmax — 2Tmax — |2 2 _ :
I s — s % o —s BB 425~ 1) (Zrermd ) IAiP o)

e2rmax — g — (€21 — 5) || e2rmax — 5 — y(e72 — s) (s+1)3

M M
= /d2Ma HPsq,i(aiaria’y’ S) H fsq,j(ﬁjarﬁf)/v S)v (10)
i=1 j=1



where Vgq; is the covariance matrix of a squeezed vacuum state in mode ¢ and « € [0,1) is the (normalized) param-
eter shifting the Gaussian factor such that v — 1 (y = 0) means maximum (no) shifting. To obtain a bound on
| fsq,i(Bis 75,7, 8)|, let us set s = Syax = €72 and r; = tanh_l)\j. The extreme points of fiq ; are 0, £5* with

B* _ \/( Amax(’y()\max - ]-) - 4)\max - 2) ) (11)

/\max + 1)2(7()\max - 1) - 2)\max)

Note that for smax < 1, fsq,j(0,Xj,7, Smax) < 0 and fsq ; (5%, Aj, 77, Smax) > 0. Since the extreme values are changing
monotonically as 7, we choose v satisfying the condition — fsq (0, Aj, ¥, Smax) = fsq,; (8%, Aj, ¥, Smax), Which is given
by

 2(14+ Apax)W(l/e) — 2 max W(l/e)
= < _—
~y . for 0 < Apax < =W (ije) (12)

where W (z) is the Lambert W function, and % ~ (.386. Then an upper bound is obtained by substituting v*
into feq,; (8%, Aj,7, Smax), such that
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Although this bound is valid only for a certain range of A.x, we can also find the same bound out of the range by
shifting the Gaussian factor in the reverse direction. Specifically,
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where 7' € [0,1) is the parameter shifting the exponential term in the reverse direction such that 4/ — 1 (7' = 0)
means maximum (no) shifting. Similarly, the extreme points are 0, £5"* with

s ('7/ — 2))‘max -1
o \/W —1) e + D o

Then the 7' satisfying the condition —f{, ;(0,A;,7, Smax) = fsq,; (8" Aj, Vs Smax) is given by

e A = (L AW (1) W10
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Finally we obtain an upper bound such that

< Amax < 1. (19)
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which covers the remaining range of Apax.
Note that

M 1

Z = shr, = ——m——.
[Leoshr = =5

Consequently, by Eq. , for a given complex M x M matrix R, and for the number of samples N = O(log 61 /¢?),
we can estimate [Haf(R)|” with a success probability 1 — § within an additive-error as

(21)
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where A, = ;‘—1 We find upper and lower bound by setting \; = Anax and A; = 0, respectively, such as

a
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Next, we consider a squeezed thermal input state {r;,n}}, to allow syax > 1. For simplicity, the average thermal
photon number n is fixed. Then the probability of all single-photon outcomes is written by hafnian as

1
Pst :7“5
\VIVS'l

where Vét = Vit + Iops/2 with Vi the covariance matrix of a squeezed thermal state and A = < BRT f?*) with a

symmetric matrix R and an HPSD matrix B decomposed by a unitary matrix U as UDUT and UD'UT, respectively,
with

Haf(A), (24)
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Let us define a(r;,n) = (2n + 1)e*2" | apin = (2n + 1)e2™max and apax = (20 + 1)e?"max. Then the probability pg;
is written by s-PQDs as
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where we use the reverse shifting of the Gaussian factor. To obtain an upper bound on |f ;(8;,7j,n,7,s)l, let us
set 8§ = Smax = Gmin- Lhe extreme points are 0, £3* with
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Meanwhile,
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Finally, we can estimate Haf(A) with a success probability 1 — ¢ using number of samples N = O(log 6! /€?) within
the additive-error given by

M M
1 1 . N
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Next, we give a detailed proof of Theorem [2[in the main text.

Theorem 2. (Estimating permanent of HPSD matrices) For an M x M HPSD matrix B, one can approximate
Per(B) with a success probability 1 — ¢ using the number of samples O(log §~1/€?) within the error

M
4)\I2nax
61_1:[1 e(ZAmax — M)’ (36)

where \; are singular values of the matrix B and Ap.x is the largest one.

Proof. When a thermal state input with average photon numbers {n;}*£; goes through a linear optical circuit instead
of a squeezed vacuum state, the probability of all single-photon outcomes corresponds to the permanent of HPSD
matrices []. In Ref. [4], an algorithm for estimating the permanent of an HPSD matrix is proposed. Here, we
improve the precision of the estimation using s-PQDs and shifting Gaussian factors. The probability of all single-
photon outcomes is connected to the permanent of an HPSD matrix such that [4]

1
DPth = EPGT(BI% (37)
where Z/ = Hij\il(l +n;), B =UDUT, and D = diag{; "7, ..., ;245 }. Thus if we have an M x M HPSD matrix

B, firstly we rescale the matrix with the largest eigenvalue Apax as B’ = B/(aAmax) with a > 1, and find its unitary
diagonalization such as B’ = UDU' so that we can find a GBS circuit U with thermal input state {n;},, whose
probability matches Per(B’). Then,

Per(B) = (aAmax) M Per(B') = (aAmax)™ Z'pen. (38)

If an estimator of Per(B) lies in the interval [-C™ CM], by Hoeffding’s inequality [6],

2
Pr(|Per(B) — (aAmax)™ 2/ 11| > (aAmax)™ 2’€) < 2exp <—2Z§M> , (39)



where p is the sample mean of py,. Thus for the number of samples N = O(log §~1 /€?), we can estimate Per(B) with
a success probability 1 — ¢ within an additive-error €(aAmaxCZ’ 1/M )M
Now we use the same method as in the hafnian case by introducing the shifting parameter v € [0,1), such as
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One can compute the upper bound of |fin;(8;,7,7,s)| in three different regions of Apin = anim“ € [0,1), as

Amin = 0, 0 < Apmin < 1/2, and 1/2 < Apin < 1. We set § = Smax = 20min + 1, nj = 13—1\] and note that the extreme
points of fin ;(8;,A;j,7,s) are at 0, £8* with
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We will consider the case of 1/2 < Ay < 1 later, in which we achieve a multiplicative-error estimation scheme. To
cover the full range of A;, we consider the reverse shifting such that
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where 7’ € (0,1]. When we put s = 2n,;, + 1, the extreme points of ftlh,j (Bj»Aj,7',s) are at 0, +4'* with
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Consequently, for the number of samples N = O(logé~'/€2) and success probability 1 — §, we can estimate Per(B)
when the minimum eigenvalue A;, = 0 within an additive-error as

M M
A max N2, A2,
Il N — A Il e — M) (59)
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where A} = 5" O

Let us first compare our result with the existing result [4], where v = 0 and s = 1. In the latter case, the upper
bound on the estimator is such as max | fj| < e, so thus corresponding additive-error is given by

M

1
Al iy (60)
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where we assume A; € [0,1). Note that Eq. is smaller than Eq. when Apax € (0,1/2), so we have a better
precision.

Next, we compare our algorithm’s precision with Gurvits’ randomized algorithm for the permanent of a general
complex matrix A giving the additive-error as ¢||A[|M = eAM, with samples N = O(M?/e?). Thus from Eq. (59),
the necessary and sufficient condition for beating Gurvits’ precision is written as

M
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To get lower and upper bounds, we put A; = 0 and \; = Anax for all 4, respectively, such as
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where D' = \/4N2, — 8\, AN+ 5A2, . Similarly, the necessary and sufficient condition for beating Gurvits’ is
given by

M
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Our method is also applicable to another matrix function, called Torontonian. The Torontonian of a 2M x 2M
complex matrix A’ is defined as [7]

Tor(4) = Y (—)F—— L (66)
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where P([M]) is the power set of [M] := {1,2,..., M} and the matrix A’ has block structure such that

A = (if %) (67)

where B is HPSD and R is symmetric. Let us first consider a special case B = 0, which corresponds to a GBS with
pure squeezed input state {r;}},. The probability of all threshold detectors “click” in a GBS circuit is related to the
Torontonian as

- 1 0 R*
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where Vi = V + /2 with the covariance matrix V, Tly = [0) (0], Z = [[ coshr;, R=UDUT, and D = ®M tanhr,.

Meanwhile, the probability pon|sq can be written in terms of s-PQDs as
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where Py (o, 7i,7,8) is given in Eq. and fon|sq,; (85, 75,7, 8) is defined as
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We set § = Spax = €~ 2™ax and r; = tanh™* A;j. The extreme points are at 0, +3* with
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After we choose v* = %(1 — Amax), the corresponding upper bound is given by
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Therefore, with success probability 1 — §, we can estimate the Torontonian of a matrix (](32 % ) using the number of

samples O(log §~1/€?) within an additive-error

M _ (1=2max)? M
1672 1+ Apax)? TAmax
GH max |:( + )2:| = eHTZ()\z)
i:l 1 + )‘E)nax \/{AZ + (>‘l + 3))‘111&13( - max}{_)‘i - ()‘2 - S)Amax - )‘?nax} (1 - )\max) i=1
(74)
Next, we consider a special case where R = 0 corresponds to a thermal input state {n;}£,. In that case,
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2nn1ax+1_5 _L‘B,P vy 2 3.2
(3 . = — SF11Pd Y Znmaxti—s 1851 . 77
fOn‘th,j(ﬁ]?n]777S) 2nmax+1_5_’7(2nj+1_5) ( S-l—le € ( )
We set s = spax = 2Nmin + 1 and n; = 1ij>\ . The extreme points are at 0, +8* with
1 ’7 - ’Y)\max
= lo . 78
ﬁ \/)\min -1 & (()\min - 1)(7>\max - — >\max + )\min) ( )
Choosing v* = %(1 — Amax), an upper bound on |fonien,; (85, Aj,7, 8)| is given by
1+)‘?nax_2>‘min
Amax)? 2Xmax —2Amin
’f (ﬁ )| 4(1 — )\ )()\max - )\mm)Z ((1 )\mm()l(1+)\md)x )\min)) ()\min - 1) (79)
rn’{Yn mzjx On|th AU T (1 - max) {>\ (1 + )\qu - )\min) + Amin - Amax(2 + (Amax - 2)>\min))} '

0 B) with success probability 1 — ¢ using number of samples

T
Therefore, we can estimate Torontonian of a matrix (B
O(log 61 /€%) within an additive-error

( ) 1;;\)‘m4x 22A>‘min
2 1—Amax max ~2Amin .
M = hain)? | R =2 (Amin —

M
‘ H - max {>\ (1 + )‘12nax - )\min) + )\mm - Amax(2 + ()\max - 2) mln

z:l

= H TE (A (80)

Finally, we consider a matrix A’ defined by Eq. ( ., satlsfymg Eqgs. ) and . Then the Torontonian of matrix
A’ is related with a squeezed thermal input state {r;,n}}, such that
Tor(A’)

Pon|st = — 77— -
" Val

(81)
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Meanwhile, poy|st is also can be written as

2
2a% 2@1-

2 M
2 - e _ y 2 _ 2 52
Donlst = /dZMaH e ax(rgmi—s a_(r;m)—s H (1 _ — 16 =716 > (82)

GJF(’I"“’N,) - S)(G,, (Tivn) - S) j=1

_ 2 _ 2 2 2 _ 2 2
:/d2MaH 2 e (a+(7‘i,n)—s ’Yamax—s)aiz (a,(ri,n)—s ’Y‘lmaxfﬁ)aiy

(a4 (ri,n) = s)(a—(ri;n) — s)

M
y H (1 _ e—;ilﬁm) =11 (83)

2

) e ey preEEERER RC A S B e
(ax(rq, n) — 8)(@max — 8) (a—(ri,n) — 8)(Amax — S)

\

Omax — S Gmax — S 2 _25,.|2> _ 18512
« 1— e sF+1lPd e ’Ya’lndx s 177 84
U amaxswmm,n)s>\/amxsv<a_<rj,n>s> (-t &
M
/d2MaHPstz (ai,rism, 7, s Hfon|st] 5]77};” Y, 8). (85)
i=1 j=1

where at(r;,n) = (2n + 1)eT2" | apmax = (2n + 1)e?™ ™ and amin = (2n + 1)e"?™max. We set § = Smax = Gmin and
note the extreme points are 0, +38* with

. 1 9e2rmax ((y — 1)(2n 4+ 1) + (20 + 1)edrmax 4 ye2rma
8 = | L (@n+ 1)e=2rmms + 1) log ((v = 1)( )+ ( )2 gl ) (86)
2 "}/ (2n + eQTmax + 1)
By choosing v* = e_tj:_:max , an upper bound on | fonst (B, 75,m,7,5)| is given by
|fon\st,j (ij iy Ty, S)' < fon\st,j (ﬁ;; Tj, 1, '7*7 amin) (87)
B (n + 1)2(2n + 1) <e4rmax o 1)2 erj+2rmax+2 tanh(rmax) 1
o (2n + e2rmax 4 1)2 (n+1) (_etanh(rmax)) + (n+ 1)647'max+tanh(7'max) — e2(rj+rmax) 4 1
(88)
1 F
x \/(n + 1) (_627-j+tanh(7'max)) + (n + 1)627'j+47'max+tanh('rmax) + 62” — e2Tmax 2 (89)
F
e2Tmax (_ (2712 +3n+ 1) etanh('r‘max) + (2n2 +3n 4+ 1) 64Tmax+tanh(rmax) 490 + e2Tmax + 1) (90)
X )
(2n + e2rmax 4 1)?
. e tanh(rmax) (n tanh(rmay ) + (1 + 1) coth(rmax) — 2n — 1) . (91)

2(n+1)(2n+1)

T *
Therefore, we can estimate the Torontonian of a matrix (C;% C) with a success probability 1 — ¢ for number of

samples O(log §~1/€?) within an additive-error as

l M
1 1
61;[1 \/2 +nn+1)+ (n+ §)cosh2n Jonst,i (B™, 74,1, 7", Gmin) = egTiA(”»ri)- (92)

SUPPLEMENTARY NOTE 2 (ESTIMATION OF MATRIX FUNCTIONS WITHIN
MULTIPLICATIVE-ERRORS)

The previous section investigates the efficient estimation schemes for various matrix functions within additive-errors.
This section proposes a much stronger scheme, such as estimations within multiplicative-errors. We show that for
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highly classical input states, the s-PQDs representations of the outcome probabilities corresponding to those matrix
functions can be written as integrals of log-concave functions. Then we can use an FPRAS to approximate the matrix
functions.

Recently, it has been proven that the multiplicative-error estimation of an HPSD matrix is NP-hard [2]. The
case of a Hermitian positive definite matrix, i.e., Apnin > 0, is still unknown yet, but introduced an FPRAS for
1 <\ <2 [3]. In this section, we reproduce the same result by showing the log-concavity for Amax/Amin < 2. By a
slight generalization of the result in Ref. [3], we give a following lemma:

Lemma 1. Let a,b,c > 0 and ¢ : RM — R, is a positive semidefinite quadratic form. Then the function (a +
bq(z))e°4*) is log-concave when ca > b.

Proof. Tt is enough to show the function

h(x) = log(a + bq(x)) — cq(x) (93)

is concave when ca > b > 0. This leads to check that h onto any affine line (1) = a7+ 8 with a, 5 € RM is concave.
Via the affine substitution 7 := (7 — 8)/a, what we need to check is ¢”(7) < 0 for all 7 € R, where

g(r) =log(a+b(r? + %)) — (7% + 7). (94)
Then by straightforward calculation,
" 4% 72 2b
g9'(1) = —2c— 7 o2 2 2
(a+b(y%2+712)) a+b(y?2+72)
2b(a + b(y% + 72)) — 2c(a + b(y? + 72))% — 4b>72
(a 6027 + 722
—2a(ca — b) — 2b(y2 + 72)(ca — b) — 2abc(y? + 72) — 46272 — 262 (7% + 72)2
(at 0077 + 7))

<0 forca>b.

From Eq. ,

8, +2(s% — 1)
(s+1)3

Therefore, the condition for log-concavity of fin ;(8;5,n4,7, s) is written as

2 2
2(s* —1) > 8. 96
<s+1+’y2nmax+1—s> (s )z (96)

2 2 2
e*( 31 T3 ) B .

Jenj(Bjamisy, s) o

After putting v = 1 and s = Spax = 20min + 1,

nmax
< min 97
Substituting n; = lfl)\ )
)\max
<9 98
)\min - ( )

as desired.
When the input is a squeezed thermal state {r;,n}} . we can find the condition for multiplicative estimation of
the hafnian of a particular matrix, which proves Theorem [3|in the main text.

Theorem 3. (FPRAS for hafnian) Suppose we have a block matrix A = (;} ]?") with an M x M complex

symmetric matrix R and an M x M HPSD matrix B, which have decompositions Egs. , then Haf(A) can be
approximated by FPRAS when the parameters satisfy a condition as

1
n> 1 (6 sinh(2rmax) + /18 cosh(47may ) — 14 — 2) ) (99)

where rpha.x = max; ;.
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Proof. Note that the estimated function in the case of all single-photon outcomes is given by

8182 4+2(s2—1) (2, 2 2
fst,j(ﬁjﬂrjvna7>s) X | JI(S+§)3 >6 (s+1+7amax,5>|51‘ ) (100)
where ayax = (2n + 1)e?"m=x. Then from Lemma. [1} the condition for log-concavity of fet,5(Bj,rj,m,7, 8) is
1
n> g (6 sinh(2rmax) + /18 cosh(4rmae) — 14 — 2) , (101)

where we put v = 1 and s = Spax = (2n+1)e~?"max. Thus for a matrix A = é%T }?*) satisfying conditions Eqs.
and (26), Haf(A) can be estimated within a multiplicative-error efficiently when Eq. (I0I) holds.
Furthermore, we can apply the same method to the Torontonian. Here, we use the following lemma:

Lemma 2. Let a,b,c > 0 and ¢ : RM — R, is a positive semidefinite quadratic form. Then the function (a —

. 2
be4(®))e=ca(®) js log-concave when a > LC%C.

Proof. By the same argument in Lemma. |1, what we need to check is ¢”’(7) < 0 for all 7 € R, where
g(7) =log(a — be*b(72+72)) —c(t? +47). (102)
By a straightforward calculation,

—2b3 — 2ab?(2b72 — l)eb('ﬂ'”?)

" — _9 103
g"(7) c+ (b aeb 7)) (103)
—2c (b2 — 2abeb(*+7) 4 agezb('y2+T2)) — 253 — 4abP72et (%) 4 2gh2eb(VHT)
= 104
(b - aeb(72+72))2 (104)
B —2eb2e b7+ 4 dabe — 22t HT) — 253 =P _ 4abBr2 4 2ab? (105)
a b2 4+72) (b — geb(r?+7))”
—2cb2e ="+ 4 dabe — 2a%c — 263 O HT) — 4ab372 + 2ab? (106)
> e—b(72+72) (b _ aeb(,y2+7_2)>2
b2 + 2b
<0 fora> y
c
O
First we consider thermal input state {n;}},. From Eq. ,
2 2 5.2 _ 2 2
fon|th,j (5]‘, ng,7, 8) XX <1 — st 16 s+1 18] ) e Y ammax+1—s 181 . (107)
By Lemma. |2 the function (@ — be‘bWZ)e_C'mz is log-concave when a > 1’2%%‘:. Consequently, the condition for
log-concavity of fonjen,;(85,m5,7,5) is written as
2(3 + 2nmax + 9)
TESE <1. (108)
When v =1 and s = Spmax = 2Nmin + 1, this condition yields
1 ~A2 4 3hmin — 1
5 S )\min S >\max S L —; ) ) (109)
. 70
where \; = ﬁ Thus for an HPSD matrix B, Tor 0 B can be estimated within a multiplicative-error when

eigenvalues {\;} of C satisfy the condition Eq. (109). Note that this condition is more stringent than the permanent
case in which there is no restriction for Apax when Apin > %
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Next, when the input is a squeezed thermal state {r;, n}f\il, Jon|st,j (Bj:75,m,7, 8) is given by

__2 |1B8.12 — 2
fon|st,j(ﬂjvrj’n7’7a3) X (1 - € 11l )6 ’Ya"”x glﬁ]‘ (110)

s+1
where apax = (2n + 1)e?™max. If we set v = 1 and s = Syax = (21 + 1)e~?"max | the condition for log-concavity of
fonst,j (Bj,75,m,7,8) is given by using Lemma.

1
n > 5 (627‘11,% e8rmax | 3 4 eﬁTmax _ 1) . (111)

BT R*
R B
error when the above condition is satisfied.

Thus for a matrix A’ = ( > satisfying Egs. and , we can estimate the Torontonian with multiplicative-

SUPPLEMENTARY NOTE 3 (LOWER AND UPPER BOUNDS ON MATRIX FUNCTIONS)

So far, we have suggested polynomial-time randomized algorithms for estimating various matrix functions. Here,
we provide lower and upper bounds on the matrix functions by using s-PQD and appropriately choosing s, which is
summarized in Supplementary Table [[I]

From Eq. , the permanent of an HPSD matrix is connected to a GBS circuit with a thermal state input. The
probability of all single-photon measurements is written as

8|8; |2 + 2 S — 1) 2 13,12
) d*M ~ @ ol J — 5511651 112
Pen = / aH 2n,+1—s)€ H (112)
2
< — 2 /dZMa H e s o H 8|BJ| +2( S -1 e 21185 (113)
[LZ,m(2ni+1—3s) (s+1)°
2
S /dzMﬁH BIB° +205° = 1) (214 g2 )18l (114)
H11W(2”z+1*5 (s+1)°
ﬁ max{)\max(2 + >‘m1n) 2- 3)\min} (115)
b} Ai(2 4 Amin) — 2 — 3\min
where the inequality is valid when s > 1. Note that we take s = 2nyi, + 1 and n; = ﬁ in the last equality.
Thus the permanent of an HPSD matrix B are bounded from above as
Amax(2 + Amin) — 2 — 3A }
P Z/ < max{ max min min G ]_]_6
er(B) = p H (21 ) — 2 3/\mm H (116)

For the lower bound, our method gives the same result in Ref. [4].
Let us set a; 4 (7;,n) = (2n 4+ 1)e*2" | apin = (2n + 1)e™?mox | and amax = (21 + 1)e?"max. When the input state is
a squeezed thermal state {r;,n}*, with a fixed n, the probability of all single-photon detection is

2
Dt = /dWaH 2 e_a+<2ra = H S0, +2(s* — 1) _2r (117)
V(ay(ri,n) —s)(a_(ri,n) — s) Pl (s+1)%
) 20412 12 2 2_1 218,12
Z - /dZZV[aHe e H 8|BJ‘ + (33 )67 SJ:I (118)
Hi:lﬂ-\/(a-l-(rian) = s)(a—(ri,n) — j=1 (s+1)
2 /dQMﬁ H 8|BJ‘2 + 2 5 _ 1)67(é+1+ n"n—a)lﬁjl2 (119)
H 171'\/ (at(ri,n) —s)(a—(ri,n (s +1)°
M o 2
2 (-2 max — ]
1 (z2n e ) (120)

(20 + e2rmex 41 2 )" v/—2(2n + 1) cosh(2r;) + 4n(n + 1) + 2
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where the inequality holds for s > 1, and we put s = 1 for the last equality. Here, assume a,j, > 1. Then for a

matrix A = < R B) satisfying Eqgs. and , a lower bound of the Hafnian is written as

BT R*

Haf(A) = pse 2" 2

2rmax _ 2\/1+nn+1 + (n+ 1) cosh 2r; M
( 22n—|—zr 11) 2 ( )+ ( 5) ianfI(Ti,n), (121)
et \/%+n(n+1)f(n+%)cosh2m i=1

||::]§

z" \VQ \/ +n(n+1)+(n 2)cosh2rl (122)

Similarly, an upper bound can be obtained as

M 2 202 M
9 2% i 8|82 +2(s2 —1) _28;1?
Pst = /dQMa e a+(rim)—s a_(”,};),s H ‘/6]| + (53 )6_ S+1 (123)
V(ay(ri,n) = s)(a—(ri,n) — 5) j=1 (s+1)
M
2 o | 818312 +2(s2 -1 2|8;12
< - /dQJMa eiiaimx H |B7‘ + (33 )6_7S+1 (124)
12, 7/ (as(ri,n) — s)(a—(rs,n) — ) bt} =1 (s+1)
2 _
S 2 / QMﬁH 8|ﬁj‘ +2( 3 1)6—($+am“ 218512 (125)
Hi_lw\/ (ay(ri,n) — s)(a_(ri,n) — s) (s+1)3
dex h max ? 1
8 | [ — |
=1 +n COSNl T"max -‘rnSln Tmax \/% +n(n+ ]_) — (n+ %)COShZT{
where we put s = 1 for the last inequality. Consequently, an upper bound is obtained as
M . 2 /1 1 . M
Tmax h 7 \/ +n(n+1)+ (n+ 5)cosh2r;
Haf(A) = poy 2" < H ( e k711+sm T . > 2 2 — HG{{(H,H)- (127)
bl (1 +n> COSN Tmax + 7 SINN Tmax \/% —|—’n,(n—|— ]_) — (n—l— %)COSh2Ti i=1

Moreover, our approach can apply to bounds on the Torontonian. First, we consider thermal state input {n;}*,
and the probability of all “click” outcomes is written as

[} __2 13.]2?
Pon\th:/dQMaH o 1_5)6 ~mtTs | * H< S+1e s+1ﬂ—7|> (128)

2 / 2 o P
2 dQMa e 2"mintl—s ‘all (1 - e s+1|ﬁ]‘ ) (129)
T, 7(2n; +1—s) };[1 ]1;[1
2 l 2 2 2 2 2
= /dQMIB H (1 _ e~ w118l ) e*wmjl (130)
Hi:1 7(2n; +1—) o1 s+1
M

1 - A)A2
Ul(A(l—)Ammr)l (131)

<

where the inequality is valid when s > 1, and we take s = 1 for the last equality. Thus for an M x M HPSD matrix

. BT 0).
B, the Torontonian of ( 0 B) is

M
BT 0 )‘r2nin
TOY( 0 B) = poninZ’ > [] ) (132)
i=1 (2 min
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Similarly, we also obtain an upper bound as

2
onlth = 2M o, +1 T laail?
Pon|th = / «@ H Ly S)e H

( 2 e—silﬂjQ) (133)
ke s+1

2 2M ~ sl 2 —HsP
é M /d (8% r[ € 27max+l-s Hl 1-— me s+1 (134)
1= Jj=

[[Z, 7m(2n; + 1 —s)

2 M 2 2
) /dzM,B H (1 o 16—si1|5]‘2) e~ Timaari=s 5l (135)
5
=1

HMl m(2n;+1—s
M

X2

1 i) A2
- ma’; , (136)

z=1
where we take s = 1 for the last equality. Consequently,

M

BT 0 Ahax
Tor ( 0 B) _pon‘ch < H )\(723\) (137)

Next, when the input state is a squeezed thermal state {r;,n},. Then the probability of all “click” detection is

202 202 M

M
2 _ iz iy 2 2 2
_ 2M e ) —s a_(r.m)—= _ — 7Bl

Pon|st = /d on:I1 W\/ S)e +(rim) (ri-m) | | <1 s 1€ +1 ) (138)

(a+(ri7 TL) - 5)(a— (Ti’ n) - j=1

2], |2

M
2 / 2M < 2 __2 |5|2>
2 d (8 € “%min—*$ 1-— e s+1lPd (139)

[Ty /(s oy m) = ) (a(ri,m) - H 1=

B H e_QTmax 2Txnax + Qn) 1
2T max
2(1+e + 2n) \/%+n(n+1)—(n+%)cosh2n

2(85|
1e—sillﬁjlz) T (140)

; (141)

where a; +(r;,n) = (2n + De®?™ | apin = (2n + 1)e 2™ qpa = (20 + 1) QTmX, and we put s = 1 for the last
T *
inequality. Assume ap,;, > 1. Then for a matrix A’ = (B;% %) satisfying Eqgs. ) and 7 a lower bound of the

Torontonian is given by

Tor(A') = ponjst 2 > ﬁ 2o (1 = o 4 32 /3 + 70+ 1) + (04 §) cosh2r, ﬁ LY (rin).  (142)
Or pOnS = Z i) :
Ist P 2(1 + e2rmax + 2n) \/% +n(n+1)—(n+3)cosh2r, iZ1

An upper bound can be obtained by a similar method, such as

202 2a2

oM M 2 _ ix — 1Y M 2 2 6 2
pon|st = /d aH W\/ S)e ai(rj,m)—s a_(rjn)—s H (1 _ m67ﬁ| i ) (143)
i=1

(a4 (ri,n) = s)(a—(ri,n) -

=1
M M
2 / 2M _ 2loy|? ( 2 _2|Bv|2>
< d o € Amax—Ss H 1 — e s+1177 (144)
ey
1,2, 7v/(ay (ri;n) — s)(a—(ri,n) — s) i} j=1 s+1
M 2
2 9 218,]
- /dgMﬁH (1 -2 16—52+1|ﬂj|2> o (145)
[1,Z, /(ay (ri;n) = s)(a_(ri,n) — s) i
M .
Tmax Tmax h max 2 ]_
H n + sinh ryax) ’ (146)

¢:1 1+n) coshrmax—l—nsmhrmax \/%—l—n(n—i—l)—(n—&—%)cosh%i
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where we put s = 1 for the last inequality. Consequently, an upper bound of the Tor(A’) is obtained as

M P ((Tmax ; 2 \/l +nn+1)+(n+3L)cosh2r, M
TOI‘(A/) _ ponlstZ// < H 16 (6 - n + sinh :’jm;)() 2 2 — H G;‘F(r“n) (147)
pale} (14 n) cosh rimax + nsinh ryay \/% +nn+1)—(n+ %) cosh2r; =1

SUPPLEMENTARY NOTE 4 (SIMULABILITY OF GAUSSIAN BOSON SAMPLING)

Our approximation algorithm for outcome probabilities of a linear optical circuit have applications not only for
the matrix functions, but also for Gaussian boson sampling, which is crucial for the demonstration of quantum
supremacy [8]. From the results in Refs. [9], we have three level of a hierarchy of notions of classical simulation as
following:

1. Poly-box : Inverse-polynomial additive-error approximation of any outcome probabilities including any marginals.

2. e-simulation : Approximate sampling simulation of probability distributions with e-error in total variation
distance.

3. Multiplicative precision estimation : multiplicative-error approximation of any outcome probabilities including
any marginals.

A poly-box can be promoted to e-simulation when the outcomes are poly-sparse, and multiplicative precision
estimator implies e-simulation [9]. In our work, we can investigate this hierarchy in the GBS via a degree of classicality
of the input state, spax. To do that, we consider a lossy GBS, in which the input state is product of lossy squeezed state

27‘7; _ . .
having the covariance matrix on ith mode with V; = % (ne _g L=n 77672”(1 1_ 77) = % (aH(g, ri) _ (2] r))

Note that —1 < s < spax < 1 for a lossy squeezed state, and Spax = a— (7, Tmax ). Thus smax goes to 0 as the maximum
squeezing parameter ry,x — 00, which is consistent with the fact that a general Gaussian state can be well described
by Wigner distribution. Then the outcome probability pges(m) is given by

pces(m —WM/dQMaHW(S a;) HW( 2(8)) (148)

M mj 2 2

_ M 2M _ai(v,i_s/g)—la s—1 4|ﬁj\ 21841
d | | L,.. s+ 149
- / “ my/det (V; —8/2 Hﬂ'5+1 (S+1> ’(152 ¢ (149)

Jj=1

o2 2uw M . m; 12
M/dQMOtH 2 eiai+?’77fi)—si a;_(nry)—s H 2 <S 1> Lmj <4ﬁj|2) e
i=1 7r\/(ai+(77,7"i) —5)(ai—(n,r;) — 5) iy m(s+1) \s+1 T\1—-s

(150)

2M a+ 1 "max) — 8 — V(@i (0:73) — ) [aq (0, Tmax) — 5 — y(ai—(n,73) — s)
/d H aer 777”) )(a+ (mrmaX) - S) \/ (ai, (nvri) - 8)(a+ (77a rmaX) - 3) (151)

2 2 2 2 2
- a+<nmmax>—s)am_ ( a_(mrp—s a+<wn.ax>fs)afvy (152)

X €_<a1+(77,ri)7s

M
H a (777 Tmax) - S a+ (777 Tmax) — S (153)
—1 777 rmax) S — ’y(ai+(777 Ti) - 8) a+(77» rmax) - S — ’Y(ai— (777 Ti) - S)
_ m; 12
2 <S 1> Lmj <45]| )e(ﬁ1+7(mm)g)ﬁ \ (154)

s+1 s+1 1—s2

E

M
:/dzMaHPGBS,i(aian7ri777 HfGBS,] 53,7777"1,”137% )a (155)

1=1 7j=1

where a (1, "max) = net?max 41 —n, and v € (0, 1] is a parameter modulating the Gaussian factor such as v — 1
(v = 0) means maximum (no) shifting. The maximum shifting is limited by the maximum squeezing parameter

218412

T s+
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Tmax- L0 check the poly-box condition, let us first consider the single-mode estimate for the single-photon outcome.
Explicitly,

a4 (1, T"max) — S A+ ", "max) — S
fams,i (B, n, 15, 1,7, 8) = \/ = ) \/a ( = )
+

ay (N, Tmax) — 5 —Y(aj(n,75) — 5) 70, Tmax) — 8 — Y(a;—(n,7;) — )

81851 4 2(s* — 1)8—(ﬁ+vm)‘ﬁ”2
(s+1)3 '

(156)

We can efficiently estimate the probability if maxg, |faps,;| < 1 for all j. An upper bound of the absolute value of
the estimate is given by

Hgliyn max |faBs,; (B, m, 75, 1,7, 8)| < max |feBs,j (Bjs M, Pmax, 1,0, Smax) | (157)
s, ; i

for given 7, Tmax, and v = 0, s = syax for the inequality. Then from the condition maxg; | f;(8;, 7, Tmax, 1,0, Smax)| < 1,
Smax Satisfies Smax > VB — 2 =~ 0.236. This corresponds t0 Tmax < %log(2 + \/5) ~ (.722 for an ideal GBS (n = 1).

However, if we allow the photon loss, any squeezed input state is possible when n < 3 — /5 ~ 0.764, which is much
higher transimissivity than those used in current experiments [I0, [I1]. Next, we need to check whether this condition
is valid for any other outcomes. From the behavior of f;(8,n,r,m,0,s), we can find out that

max | £5(8,7m,m,m, 0, 5)| < max|f;(8,9,7,1,0,5)], (158)

for m > 2 and s > 0. Finally, we consider n = 0 for zero-photon detection and f; = 1 for the marginalized probability
owing to the normalization of measurement operators. In both cases, the integrals for §;’s can be easily computed
because f;(3;) and ; components in P(a) are just Gaussian distributions. Therefore, we can always perform the
integrals including 3;’s corresponding to zero-photon or marginalized one, and estimate remaining terms. Furthermore,
we examine the case of threshold detectors instead of number resolving measurements [7]. The corresponding fon
for a ‘click’ event is written as

fOn,j (6]’ 0,75, S) _ a4 (777 Tmax) — S a4 (7]’ Tmax) — s
( a(

a4 (N, Tmax) — 8 — Y(a4(n,75) — 5) 7, Tmax) — 8 — Y(aj—(n,75) — )

< (1- el ) =L 159)
S

Then for v =0 and s = 0, the range of fon ;(8;,7,7;,0,0) =1— 2¢=218:1" is on [—1, 1], thus the poly-box condition is
satisfied for all input squeezing and loss parameter.

Now we investigate whether an efficient estimation of GBS probability within multiplicative-error is possible. To
do that, we consider Gaussian states which can have sy, > 1, where the covariance matrix of ¢th mode state is given
by

v 1 ne?’i + (2ng, + 1)(1 —n) 0 — 1 (ai (0, nen, 73) 0 (160)

‘T 9 0 ne=2" + (2ng, + 1)(1 —n) 2 0 ai—(n,men,mi) )
These are squeezed thermal states, in which pure squeezed states undergo a thermal noise with average photon number
ny, instead of the vacuum loss. In this case —1 < s < a_ (9, Ntn, "max) for given n, nyy, and rpax. Then we need to

check the log-concavity of fo, ; such that

2

e;ﬁmﬁ) o T s B (161)

on,j ERIR) s Ty )s 1-
f,j(ﬂynnthTWS)OC< s+ 1

From Lemma the condition for log-concavity of fon ; when v — 1 is

\/467'max17 sinh rmax + 4nen (1 — 1) + 5 < s < a— (9, Nthy Tmax)s (162)

where a_ (1, Ngn, Tmax) = 1 2"max + (2n4, + 1)(1 — n). Thus for given rp.. and 7, the average photon number of
thermal noise N satisfies

e~ "axpginhr + /1 + nsinh 27, o1

1—n ’
For instance, if 7 = 0.5 and rmax = 1, then ng, > nf), ~ 3.79 for the multiplicative-error estimation of the probability,
and the minimum value of sy.x is 3 when n — 0.

Tth > (163)
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