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I. RESONANCE CONDITION IN STRONG MAGNETIC FIELD
We start from Maxwell’s equations supplied with the external current J = gméoata where EO is the external
magnetic field,
VxE+8B=0, D=e¢-E, (1)
Vx H-—8D= gwéoa,ga7 B = uﬁ. (2)

Here, € and p are the dielectric and magnetic permeability tensors. In a coordinate system in which the external Eo
field is in z-direction, the dielectric and magnetic permeability tensors take the following form,

10 0 2B2 0 0
00 1-w?/w? 0 0 -—5B2

The first contribution is the plasma effect, where we neglect relativistic corrections. As we shall see below, our results
are robust to restricting ourselves to spatial regions that are not in the immediate vicinity of the neutron star surface
where relativistic electron populations occur. The second contribution is the vacuum polarization contribution to the
dielectric tensor with A = 4a?/45m?.

In addition, the magnetic permeability tensor reads g = (1 + 2AB2)13x3.

Taking the time dependence of the axion and electric field as e~**, and neglecting any time derivatives of ]§0, €
and p the Maxwell equations can be combined. Supplied with the Klein-Gordan equation for the axion, the equations
to solve are,

—w?(e-E)+V x w5V x E)} = ga7w2§0a, (4)
(—(JJQ — VQ + mg) a = ga'yEl) : EOa (5)

If we now switch to a coordinate system where the photon propagates in the z-direction, magnetic field has angle
to the photon direction and is in xz-plane, that requires a rotation of the magnetic field and the dielectric tensor as

sin 6
By = BoR(9)2 = By 0 , €= R(Q) €55 R(—@)7
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with the rotation matrix given by

cosf) 0 sin@
R(6) = 0 1 0

—sinf 0 cosf

Since p is diagonal, it remains invariant under the rotation and its inverse is simply given by p=! = (1+2A4B3) 1 13y3.
The expression for the dielectric tensor becomes,

1 — sin? (w2 /w?) 0 —sinf cosf(w?/w?) 3—Tcos20 0 14sinfcosf
1
€= 0 1 0 + 5ABg 0 —4 0
—sinf cos B(w?/w?) 01— cos?f(w?/w?) 14sinfcos 0 3+ 7cos26

We see that F, is not directly coupled to the axion since By, = 0 and it is only generated through further spatial
derivatives, which makes it suppressed. In the following we hence treat the reduced problem with the y-components
neglected. If we are in addition to neglecting F, also neglect any second order derivatives or products of first order
derivatives that do not include 9,, we arrive at the following equations

—w? (62 By + €. E,) — u;yl(azEg; — 0,0.F,) — (8zu;yl)(8zEw — 0,E.) = gayw?Bosa, (6)
~w? (€20 + €. E,) + u;;azazEm + 8zp;y18ZEm = gayw?Bo.a, (7)

where fiz, = (1) and so forth. We may now use the second equation to express E,

B.=-""F, 4 —

€ €, w2 [7ga’yW2B02a + ﬂ;ylarazEz + (aﬂﬁ“;yl)azEx] : ®

The resulting expression is rather cumbersome. Following [I] in a number of approximations, neglecting any external
electric fields as well as any derivatives of B2 (which also amounts to neglecting derivatives of y) then we arrive at
the following expression in a generalization of [I],

(w2 — TABjw?)sin 20 5.0.F. + w2w, (1 — 2AB2) sin 20
2 —w2cos? 0+ LAB3w?(Tcos20 +3) © ° [w? — w2 cos? § + $ AB3w?(7 cos 20 + 3)] °

(0= ExOzwp + 00 EzOzwp)
9)

(10)

w

(1 - 4A?B})w? (w? — w2 + 5AB3w?)
w? — w2 cos? § + § AB3w?(7 cos 26 + 3)

(1 —4A%Bg)w*sinf
w? — w2 cos? 0 + § ABZw?(7cos 20 + 3)

Ez + BOga'ya

The factors (1 — 4A42B§) are of higher order, originating from the the product of elements of € and p~! and we will

neglect them. We now consider the propagation in the z-direction and an ansatz for the envelopes of the electric and
axion fields (time dependence as introduced above)

E, = Ey(z,2)el@=F) g = a(z)el@t=F2), (11)

Following the WKB approximation detailed in [I] we arrive at

oo F  (wp — TAW®BR)E - 2 2 290, 2 2 202y | . = wi
2ik0, E, — 2ik T OpEy ~ [m) — w? 4 Ecsc? O(w? — w? + 5Aw? Bf) + ikD| E, + MgmaBNs (12)
Here we defined,
¢ = w?sin” f Do 2w,E%(1 — 2AB(2))6 " (13)
C w? —w2cos? + $AB3w?(Tcos20 + 3)’  w?tanfsin?g 7

Defining the differential operator
- (w2 — TAW?B3)E

- 14
w? tan 0 g (14)



we obtain the Schroedinger type equation,

o T 1 2 2 2 2 2 2 p2 . - w2§ ~
10, B, = T { [mg — w? + £ ese® B(w? — w) + 5AwW? BF) + ikD] E, + mgmaBNs (15)

This equation can be solved in the stationary phase approximation which yields the resonance condition. Neglecting
an overall phase, the solution reads,

~ 1 [ w2 1 [ s 1
i _ / aB - "D o " 2,2 2 2_ 2 A 232
iFy(s) % /0 ds g v aDns exp { 5 /0 ds } exp { Z/o ds % [m2 — w? + £ esc® O(w? — w) + 5AW?BY)]

(16)
Let us first solve for A = 0, i.e., without vacuum polarization. Then
°1 2 2 1 2 27 s=s
1o)== [ gplmi=] = 0 =5 2 -&i] =0 (4=0) a7)

The latter relation gives the stationary point s with the resonance condition, m? = fwf, reproducing the expression [I],

m2w? 2m2w?

wy = 2 cos2 20120 m2 4+ w2 2 _ 2 (A=0) (18)

m2cos? 0 +w?sin”d  m2 +w? + (m2 — w?) cos 20

In the current context, this is being replaced by the following resonance condition,

2 .92 —1
9 9 cos“ 0 sin” 0
m; ~ w* — + 19
w?(1-2A4B3)  w?(1+5AB3) — w? (19)
For the special case of § = /2 this becomes,
402w? B2

m2 =~ w? — 2w Bo (20)

4
9m?2

Comparing the negative contribution on the right-hand side with the known correction to the effective photon mass [2]
M2 |vac.pol. = —(44/135)a*w? B3 /m? we see that the numerical factor is different by 35%. This difference is expected,
because the negative contribution to the photon mass in [2] was calculated for the isotropic case, where electrons are
free to move in all three spatial directions, while in the anisotropic case considered here, electrons only move along
magnetic field lines. Because of this, we retain an angular dependence in Eq. for the resonant condition.

An important question in relation to our work is to what extend a detailed treatment such as the one above modifies
the simple assumptions taking in the paper. For obtaining an answer, let us consider m, < wy, such that resonant
conversion is only possible if a cancellation between plasma frequency and the negative contribution from the magnetic
field happens (termed “double lens effect” in the main paper). Neglecting the m?2 term in 7 one can rewrite the
equation as

w? ~ (5 — 2cot? §) Aw? BY. (21)

p =

We see that such cancellation is possible if cot? § < 5/2 or
fop < 0 < 180° — Oy, Oy = arctan ( 2/5) ~ 32.3°. (22)

Hence, in a wide range of 6 the resonance condition is approximately given by . For example, the condition
coincides with with a precision of 20% if 55° < 6 < 125°.

II. INFLUENCE OF THE PLACE OF PHOTON CREATION

One of the important assumptions of our paper was the creation of the radio photon close to the surface of the
magnetar. In this section, we analyze the influence of this assumption on the sensitivity region of the axion-photon
conversion (Fig. 3 in the main text) and find that the dependence of the lower bound of this region on the radius of
the radio signal creation is surprisingly weak (for m2 < wf,).
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FIG. 1. Dependence of sensitivity on the assumed location of radio-wave creation. In the main text it is assumed that it
happens close to the surface. If the radio signal is instead created at a significant distance ry = 2rg or ry = 3rp from the NS
surface (as labeled), the lower boundaries of the sensitivities change only very mildly. We also show an estimate for the change
of the upper bound.

In this section we will use the same assumption as in the main paper: the magnitude of the magnetic field decays
as a power law,

B(r) = By (7;—0)3 (23)

we will use average values for trigonometric function (assuming isotropic distribution), and electron number density
is given by Goldreich-Julian model, n.(r) = QB(r)/e.

The experimental signature that we found from the double-lens effect is a kink in the spectrum of the radio waves.
It appears when B solution of the resonance condition is equal to the maximal value By,ax of the magnetic field in
the region where radio waves are created. Let us assume that radio waves are created at some radius r, > 7. In this
case Bmax = Bo(ro/r4)?, while kink in the spectrum appear at energy

Cy (] cos b))

2 2
. 24
02 Bmax ’ M < wp ( )

Wkink ~

The bound of the sensitivity is defined by the condition that the probability of the resonant conversion is equal to
some minimal value, P;ot = Pyin. This corresponds to the condition on the Py,

1
-Plin = —g In (1 - 3Pmin) . (25)

At the lower bound of sensitivity, the contribution of B, resonance dominates over B_, so we can neglect the latter.
The maximal linear probability is at » = r,, and it is given by

2
T 9 q~Wkink
2
a

Py = (sin®0)B2 . R (26)

max )

so the minimal coupling constant the one can probe is

Plin"n2
|Gary | min = \/ . 2 : (27)

s <Sil’l2 0>WkinkBmaxR
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FIG. 2. Two principal options for the location of the resonance surface with respect to the surface of the radio photon creation.
The left panel corresponds to our main assumption Ryadio < Rres, while on the right panel radio signal is created in the extended
gray area.

The dependence of the R-factor on radius is quite nontrivial. We remind that

dln mgﬁ B

I , mig = wf, — Cw?’ B2, (28)

R-|

=T,
Using this definition and condition of the resonance m?2 = m?2; one can obtain the following expression for R-factor,

m?2 |dIn B !

R=— ’ . ;o omL < w?. (29)
i4 T=T
Taking into account that wf) X Bmax we get
1 |dmB|'?*
) I et /4
|9ary[min BYA | Tdr |, Ty (30)

We see that in our model the dependence of the lower bound on 7, is quite weak. Even if radio emission is created
at 7y, = 10ry the lower bound is relaxed only by a factor 10Y/4 ~ 1.8. To illustrate this point we show in Fig. [1| the
change of the region of sensitivity for r, = 2rg and 3.

III. FAR SIDE CONTRIBUTION TO THE SIGNAL

Here we discuss the dependence of the signal prediction on the typical radius where the original radio signal is
created, R aqio vs. the location of the B resonance, R,es for which we include a discussion on the potential contribution
from the far side of the NS. We take a simplistic picture of spherical symmetry. This will make the arguments easily
tractable and maximize canceling effects that are rooted in the geometry. There are various configurations possible,
and in Fig. We highlight two principial ones. Left panel ¢) corresponds to our principal assumption that Ryadio < Ryes-
The right panel i) highlights a situation where the radio emission occurs in an extended zone indicated by the gray
regions. Throughout we assume it to be a localized phenomenon in the sense that we are not required to perform
integrals over extended angular regions.

In case i) when Ryadio < Ryres an emitted radio flux Fy at radius Ryaqio becomes processed at Ryes above a threshold
frequency with conversion probability P;. The observed flux is then Fy,s = Fy (1 — P). As a comparative measure to
other cases, we may consider the flux decrement at some characteristic frequency, i.e., by comparing the flux without

conversion FO(}I::O) with the flux that would emanate when resonant conversion is possible, Féffo),
AF=F70 _pP=0 — _pF. (31)

This is the flux-decrement that we advertise as a signature in the main text. Under the current circumstances there
is no contribution from the “far side”.

The situation changes when we reverse the roles of both radii, and assume Ragio > Rres- As is evident, no feature
can be imprinted from the radio component that reaches us from the near side of the neutron star. However, denoting



far side quantities by index “2”, the observed flux is Fons = Fy + Fo P, P; where the second term is from axions that
traverse the NS before being regenerated as photons and a non-vanishing flux increment is present even in this case,

AF = P,P,F,. (32)

We may now turn to case i) with an extended zone of radio emission with the radius of resonance situated within
this zone. Then we have two contributions to the unprocessed radio signal on each side. One generated within r < Ryes
denoted by F(™ and one generated in the exterior r > Ryes of the resonance zone, F(°")  The observed flux then

becomes F,,s = F. fOUt) + F, fin) [1— P+ Féout)PgPl. The change in photon flux then has contributions of both signs,
AF = —F™ P, + F*" p,P,. (33)

The far side contribution may hence “wash out” the signal or, in a fine-tuned situation, cancel it altogether.

Finally, we mention that we assumed a geometric “obscuration limit” for the far side. However, if Rns < Rradio; Rres
both near and far side contribute on similar footing. This limit is of less interest for the current purposes as we rely
on the resonance B, that is found in vicinity of the NS surface. Therefore, as stated in the main text, our proposal
is sensitive to the assumption that R,.qic is of similar order than Ryns.
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