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A R T I C L E I N F O A B S T R A C T

Editor: Clay Córdova We continue our exploration of the holographic duality between string theory in backgrounds that 
interpolate between asymptotically linear dilaton spacetime in the UV and 𝐴𝑑𝑆3 in the IR, and 
the corresponding boundary theories. In previous papers, [1,2], we showed that states in the bulk 
theory that are described by non-trivial asymptotically linear dilaton geometries, such as black 
holes and deformed global 𝐴𝑑𝑆3, can be described in the boundary theory by a single-trace 𝑇 𝑇̄
deformation of a symmetric product theory. In those papers, we restricted to states with vanishing 
(angular) momentum; in this paper, we extend the analysis to states with arbitrary momentum, 
and show that the picture presented in the earlier papers generalizes to this case.
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1. Introduction

Single-trace 𝑇 𝑇̄ holography [3] is obtained from 𝐴𝑑𝑆3∕𝐶𝐹𝑇2 duality by adding to the Lagrangian of the 𝐶𝐹𝑇2 a certain di-

mension (2, 2) quasi-primary operator 𝐷(𝑥𝛼), 𝛼 = 0, 1, constructed in [4]. This irrelevant deformation can be controlled, since in the 
dual bulk string theory on 𝐴𝑑𝑆3 (supported by NS 𝐵-field), it corresponds to deforming the worldsheet theory, in which 𝐴𝑑𝑆3 is 
described by the 𝑆𝐿(2, ℝ) WZW model, by a truly marginal operator, [3]. This deformation has an Abelian Thirring form, and leads 
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to a solvable theory. The resulting geometry interpolates between asymptotically linear dilaton spacetime in the UV and 𝐴𝑑𝑆3 in the 
IR.

The resulting theory is often referred to as single-trace 𝑇 𝑇̄ deformed CFT (see e.g. [1–3,5–8]), since it shares many properties with 
standard 𝑇 𝑇̄ deformed CFT, [9,10]: (1) Both provide examples of irrelevant deformations of CFT’s that can be controlled; (2) The 
operator 𝐷(𝑥𝛼) has the same OPE’s with the stress-tensor as 𝑇 𝑇̄ , [4]; (3) The spectrum of the deformed string theory is similar to 
that of 𝑇 𝑇̄ deformed CFT.

The similarity can be partially explained by the fact that the boundary theory corresponding to string theory on 𝐴𝑑𝑆3 supported 
by NS 𝐵-field has much in common with symmetric product CFT.1 In particular, the spectrum of long strings in that theory is the 
same as that of states with dimensions that go like 𝑝0, in a CFT 𝑝∕𝑆𝑝, with some seed CFT , [12,13]. The Abelian Thirring 
worldsheet deformation mentioned above acts on long string states as a 𝑇 𝑇̄ deformation of , [3]. A similar comment appears to 
apply to BTZ black holes and their deformed version.

The above observations led in recent years to a fruitful interplay between studies of single-trace 𝑇 𝑇̄ deformed CFT and its (double-

trace) cousin. In particular, it led to the solution of generalizations of 𝑇 𝑇̄ deformed CFT, [6,14,15], formulae for the partition sums 
of these theories, [16,17], and insights into their correlation functions, [18–20], and entanglement structure, [21,22].

In [1,2], we studied situations where the deformed energies of states in single-trace 𝑇 𝑇̄ deformed CFT become complex, from 
the bulk point of view. As in standard 𝑇 𝑇̄ deformed CFT, this happens for low-energy states, like the 𝑆𝐿(2, ℝ) invariant vacuum, 
for sufficiently large positive coupling, and for sufficiently high-energy states for negative coupling. We also discussed the relation 
between the size of the deformation of the boundary energy for states with energies that go like the central charge (like black-hole 
states and the 𝑆𝐿(2, ℝ) invariant vacuum), and the corresponding deformed bulk geometry.

In [1], we showed that for negative coupling, the undeformed energy above which the deformed energy becomes complex is a 
maximal energy. In [2], we showed that the (positive) coupling above which the deformed energy of the 𝑆𝐿(2, ℝ) invariant vacuum 
becomes complex is a maximal coupling.

In [1,2], we focused on states with zero momentum on the boundary circle. The goal of this note is to generalize the discussion 
to non-zero momentum. In section 2, we discuss black holes in the theory with positive single-trace 𝑇 𝑇̄ coupling. In section 3, we 
discuss the case of negative coupling.

This note follows the approach of our previous work, going back to [3]. We start with a brane configuration with some charges 
in an asymptotically flat spacetime, write the corresponding background, and then take the near-horizon limit. The advantage of this 
approach is that one can read off the charges from an analysis at infinity. There are other approaches to this subject, such as that of 
[7,13], where one studies the near-horizon geometry directly. The relation between the different approaches will not be discussed in 
this note.2

2. Positive coupling

As in [2], in this section, we will study type II string theory on ℝ𝑡 ×𝑆1
𝑥
× 𝑇 4 ×ℝ4, with 𝑘 NS fivebranes wrapping 𝑆1

𝑥
× 𝑇 4, and 𝑝

fundamental strings wrapping 𝑆1
𝑥
. The ground state of the string-fivebrane system preserves eight supercharges, and has energy

𝐸ext =
𝑘𝑅𝑣

𝑔2𝑙2
𝑠

+ 𝑝𝑅
𝑙2
𝑠

, (2.1)

where 𝑅 is the radius of the 𝑥 circle, and 𝑣 the volume of 𝑇 4 in string units, 𝑉 = (2𝜋𝑙𝑠)4𝑣.
We will focus on states living at the intersection of the strings and the fivebranes, ℝ𝑡 × 𝑆1

𝑥
, that carry 𝑛 units of momentum3 on 

the 𝑥 circle. The lowest energy states with non-zero 𝑛 preserve four supercharges and have energy

𝐸
(𝑛)
ext =

𝑘𝑅𝑣

𝑔2𝑙2
𝑠

+ 𝑝𝑅
𝑙2
𝑠

+ 𝑛
𝑅
. (2.2)

We will be interested in excited, non-extremal, states described by the black brane background, [23,24],

𝑑𝑠2 = 1
𝑓1

⎡⎢⎢⎣−
𝑓

𝑓𝑛
𝑑𝑡2 + 𝑓𝑛

(
𝑑𝑥−

𝑟20 sinh2𝛼𝑛
2𝑓𝑛𝑟2

𝑑𝑡

)2⎤⎥⎥⎦+ 𝑓5
(
1
𝑓
𝑑𝑟2 + 𝑑Ω2

3

)
+

4∑
𝑖=1
𝑑𝑥4
𝑖
,

𝑒2Φ = 𝑔2
𝑓5
𝑓1
,

𝐻 = 𝑑𝑥 ∧ 𝑑𝑡 ∧ 𝑑

(
𝑟20 sinh2𝛼1
2𝑓1𝑟2

)
+ 𝑟20 sinh2𝛼5𝑑Ω3 .

(2.3)

1 In a class of constructions, [11], this correspondence is more precise.
2 See note added at the end of the paper.
2

3 Without loss of generality, we will take 𝑛 > 0.
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Here (𝑥1, .., 𝑥4) are coordinates on 𝑇 4 and (𝑟, Ω3) are spherical coordinates on the transverse ℝ4. The background (2.3) has an event 
horizon at 𝑟 = 𝑟0 and an inner horizon at the origin, 𝑟 = 0. 𝑔 = 𝑒Φ(𝑟→∞) is the string coupling far from the fivebranes; it is related to 
the ten-dimensional Newton constant via

𝐺
(10)
𝑁

= 8𝜋6𝑔2𝑙8
𝑠
. (2.4)

The harmonic functions in (2.3), 𝑓 and 𝑓1,5,𝑛, are given by

𝑓 = 1 −
𝑟20

𝑟2
, 𝑓1,5,𝑛 = 1 +

𝑟21,5,𝑛

𝑟2
, 𝑟21,5,𝑛 = 𝑟

2
0 sinh

2 𝛼1,5,𝑛 , (2.5)

with

sinh2𝛼1 =
2𝑝𝑔2𝑙2

𝑠

𝑣𝑟20

, sinh2𝛼5 =
2𝑙2
𝑠
𝑘

𝑟20

, sinh2𝛼𝑛 =
2𝑙4
𝑠
𝑔2𝑛

𝑣𝑅2𝑟20

. (2.6)

The background (2.3) is asymptotically flat; its ADM mass is [23]

𝑀ADM =
𝑅𝑣𝑟20

2𝑙4
𝑠
𝑔2

(cosh2𝛼1 + cosh2𝛼5 + cosh2𝛼𝑛) . (2.7)

The energy above the ground state (2.1) is given by

𝐸 =𝑀ADM −𝐸ext =
𝑅𝑣𝑟20

2𝑙4
𝑠
𝑔2

(𝑒−2𝛼1 + 𝑒−2𝛼5 + cosh2𝛼𝑛) , (2.8)

where we used (2.1), (2.6), (2.7).

The entropy of the black brane (2.3) is given by the Bekenstein-Hawking formula, 𝑆 = 𝐴

4𝐺𝑁
,

𝑆 =
𝐿𝑥𝑉𝑆3𝑉𝑇 4

4𝐺(10)
𝑁
𝑒2(Φ−Φ(∞))

|||||𝑟=𝑟0 =
2𝜋𝑅𝑣𝑟30

√
𝑓1𝑓5𝑓𝑛

𝑔2𝑙4
𝑠

|||||𝑟=𝑟0 . (2.9)

In the first equality, the numerator is the area of the event horizon. It is given by the product of the circumference of 𝑆1
𝑥
, and 

the volumes of 𝑆3 and 𝑇 4, evaluated with the metric (2.3) at 𝑟 = 𝑟0: 𝐿𝑥 = 2𝜋𝑅
√
𝑓𝑛

𝑓1
, 𝑉𝑆3 = 2𝜋2(𝑓5𝑟20)

3∕2, 𝑉𝑇 4 = (2𝜋)4𝑣𝑙4
𝑠
. The 

denominator is 4𝐺𝑁 evaluated at the horizon. The second equality is obtained by plugging these expressions and the value of 𝐺(10)
𝑁

, 
(2.4), into the first one.

The decoupled theory on the fivebranes (known as Little String Theory (LST), [25,26]) is obtained by taking the limit 𝑔→ 0, with 
𝑟, 𝑟0 and 𝑟1,𝑛 scaling like 𝑔, [27]. To achieve that, we rescale

𝑟→ 𝑔𝑟 , 𝑟0 → 𝑔𝑟0 , 𝑟1,𝑛→ 𝑔𝑟1,𝑛 (2.10)

in (2.3), and take

𝑔→ 0 (2.11)

while holding the rescaled 𝑟, 𝑟0 and 𝑟1,𝑛 fixed. Equations (2.5), (2.6) imply that in this limit 𝛼5 → ∞, and 𝑓5 → 𝑟25∕𝑟
2, with 𝑟5

approaching the value

𝑟5 =
√
𝑘𝑙𝑠 . (2.12)

The energy above the ground state (2.8) takes the form

𝐸 =
𝑅𝑣𝑟20

2𝑙4
𝑠

(
𝑒−2𝛼1 + cosh2𝛼𝑛

)
, (2.13)

which generalizes eq. (2.12) in [2] to non-zero 𝑛, (2.6).

The black brane background (2.3) is given in the limit (2.10), (2.11) by a product of a 𝑇 4, an 𝑆3 of radius 𝑟5, (2.12), with 𝑘 units 
of 𝐻 flux, described by a level 𝑘 supersymmetric 𝑆𝑈 (2) WZW model, and a 2 + 1 dimensional spacetime, with metric, dilaton and 
3

𝐻 -field
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𝑑𝑠2 = 1
𝑓1

⎡⎢⎢⎣−
𝑓

𝑓𝑛
𝑑𝑡2 + 𝑓𝑛

(
𝑑𝑥−

𝑟20 sinh2𝛼𝑛
2𝑓𝑛𝑟2

𝑑𝑡

)2⎤⎥⎥⎦+
𝑟25

𝑓𝑟2
𝑑𝑟2 ,

𝑒2Φ =
𝑟25

𝑓1𝑟
2 ,

𝐻 = 𝑑𝑥 ∧ 𝑑𝑡 ∧ 𝑑

(
𝑟20 sinh2𝛼1

2𝑟25
𝑒2Φ

)
,

(2.14)

where 𝑓, 𝑓1,𝑛 are given by (2.5), (2.6), (2.10),

sinh2𝛼1 =
2𝑙2
𝑠
𝑝

𝑣𝑟20

, sinh2𝛼𝑛 =
2𝑙4
𝑠
𝑛

𝑣𝑅2𝑟20

. (2.15)

As in [2], it is convenient to change coordinates from (𝑡, 𝑟, 𝑥) in (2.14), to (𝜏, 𝜌, 𝜑), given by4

𝜏 =
𝑟5
𝑅
𝑡 , 𝜌2 = 𝑅2

𝑟21 − 𝑟
2
𝑛

(𝑟2 + 𝑟2
𝑛
) , 𝜑 = 𝑥

𝑅
. (2.16)

The rescaled spatial boundary coordinate has periodicity 𝜑 ∼ 𝜑 + 2𝜋, 𝑟5 is given by (2.12), and 𝑟1,𝑛 are given in (2.5), (2.15). In the 
new coordinates, the background (2.14) takes the form5

𝑑𝑠2 = − 𝑁2

1 + 𝜌2

𝑅2

𝑑𝜏2 + 𝑑𝜌
2

𝑁2 + 𝜌2

1 + 𝜌2

𝑅2

(
𝑑𝜑−𝑁𝜑𝑑𝜏

)2
,

𝐵𝜏𝜑 =
𝜌2

𝑟5

√√√√(
1 +

𝜌2−
𝑅2

)(
1 +

𝜌2+

𝑅2

)
1

1 + 𝜌2

𝑅2

,

𝑒2Φ = 𝑘𝑣
𝑝

√√√√(
1 +

𝜌2−
𝑅2

)(
1 +

𝜌2+

𝑅2

)
1

1 + 𝜌2

𝑅2

,

(2.17)

where

𝑁2 =
(𝜌2 − 𝜌2+)(𝜌

2 − 𝜌2−)

𝑟25𝜌
2

, 𝑁𝜑 =
𝜌+𝜌−

𝑟5𝜌
2 (2.18)

and, (2.16),

𝜌2+ =
𝑟20 + 𝑟

2
𝑛

𝑟21 − 𝑟
2
𝑛

𝑅2 , 𝜌2− =
𝑟2
𝑛

𝑟21 − 𝑟
2
𝑛

𝑅2 . (2.19)

It describes a rotating black string in 2 + 1 dimensions, with an outer horizon at 𝜌 = 𝜌+ and an inner horizon at 𝜌 = 𝜌−, which 
correspond via (2.16) to 𝑟 = 𝑟0 and 𝑟 = 0, respectively. Upon reduction on the 𝜑 circle, it gives rise to a two-dimensional black hole 
with fundamental string winding and momentum 𝑝 and 𝑛.

An advantage of the coordinates (𝜏, 𝜌, 𝜑), (2.16), is that they make manifest some qualitative features of the spectrum of the 
deformed theory. Indeed, as we show below, the square root in the expression for the 𝐵-field and dilaton in (2.17) is related (but not 
identical) to the one that appears in the corresponding energy formula in single-trace 𝑇 𝑇̄ deformed CFT.

The background (2.17), (2.18) approaches at large 𝜌 a linear dilaton spacetime; it describes a normalizable state in LST.6 For 
𝑅 ≫ 𝜌±, one can think of these states as living in the low energy theory. Indeed, taking 𝑅 → ∞ in (2.17), (2.18), we find the 
background

𝑑𝑠2 = −𝑁2𝑑𝜏2 + 𝑑𝜌
2

𝑁2 + 𝜌2(𝑑𝜑−𝑁𝜑𝑑𝜏)2 ,

𝐵𝜏𝜑 =
𝜌2

𝑟5
,

𝑒2Φ = 𝑘𝑣
𝑝
,

(2.20)

4 We restrict here to the case 𝑟1 > 𝑟𝑛 , or equivalently 𝑝 > 𝑛𝑙2
𝑠
∕𝑅2 . It is easy to generalize the discussion to the other regime.

5 We chose the integration constant in going from 𝐻 to 𝐵 such that the 𝐵-field in (2.17), corresponding to the 𝐻 -field in (2.14), vanishes at 𝜌 = 0. This is 
compatible with the choice argued for in [28,29].
4

6 Or, more precisely, provides a thermodynamic description of a collection of such states, with the quantum numbers of the black brane.
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with

𝑁2 =
(𝜌2 − 𝜌2+)(𝜌

2 − 𝜌2−)

𝑟25𝜌
2

≡
𝜌2

𝑟25

− 8𝐺3𝑀 +
(4𝐺3𝑛)2

𝜌2
,

𝑁𝜑 =
𝜌+𝜌−

𝑟5𝜌
2 ≡

4𝐺3𝑛

𝜌2
,

(2.21)

which describes a BTZ black hole of mass 𝑀 and angular momentum

𝐽 = 𝑛 , (2.22)

in an 𝐴𝑑𝑆3 spacetime with 𝑅AdS = 𝑟5, (2.12). The horizon positions 𝜌±, and three-dimensional Newton constant, 𝐺3, are given by

𝜌2± = 4𝑟5𝐺3

(
𝑟5𝑀 ±

√
(𝑟5𝑀)2 − 𝐽 2

)
, 𝐺3 =

𝑙𝑠

4
√
𝑘𝑝
. (2.23)

For finite 𝑅, the BTZ geometry is deformed at large 𝜌, where the background (2.17), (2.18) approaches a linear dilaton one. The 
deformation is small near the horizon when 𝜌± ≪𝑅. Thus, the properties of such black holes are only slightly modified from the 
BTZ analysis. On the other hand, when this condition is not satisfied, the geometry (2.17), (2.18) differs from its BTZ analog (2.20), 
(2.21) significantly for all 𝜌.

The above comments can be made quantitative by computing the energy 𝐸, (2.13), as a function of the charges 𝑝, 𝑛 and the size 
of the black hole. Using eqs. (2.5), (2.13), (2.15), (2.19), one finds

𝑚 ≡𝐸 + 𝑅𝑝
𝑙2
𝑠

=
2𝑞𝐿𝑞𝑅
𝑞𝐿 − 𝑞𝑅

√√√√(
1 +

𝜌2−
𝑅2

)(
1 +

𝜌2+

𝑅2

)
, (2.24)

with

𝑞𝐿 = 𝑛
𝑅

− 𝑝𝑅
𝑙2
𝑠

, 𝑞𝑅 = 𝑛
𝑅

+ 𝑝𝑅
𝑙2
𝑠

. (2.25)

In eq. (2.24) we also defined a quantity 𝑚; one can show (see e.g. [13]) that it is equal to the ADM mass of the spacetime (2.17) – 
(2.19).

In deriving (2.24), we have used the relations

𝑞𝐿,𝑅 =
𝑅3𝑟20𝑣

𝑙4
𝑠
(𝜌2+ − 𝜌2−)

⎧⎪⎨⎪⎩
𝜌+𝜌−

𝑅2 ∓

√√√√(
1 +

𝜌2−
𝑅2

)(
1 +

𝜌2+

𝑅2

)⎫⎪⎬⎪⎭ , (2.26)

which follow from writing 𝑛, 𝑝 in (2.25) as functions of 𝜌±, 𝑟0, using (2.5), (2.15), (2.19),

𝑝 =
𝑣𝑅2𝑟20

𝑙2
𝑠
(𝜌2+ − 𝜌2−)

√√√√(
1 +

𝜌2−
𝑅2

)(
1 +

𝜌2+

𝑅2

)
,

𝑛 =
𝑣𝑅2𝑟20

𝑙4
𝑠

𝜌+𝜌−

𝜌2+ − 𝜌2−
.

(2.27)

The horizon radii, 𝜌±, can be written in terms of the charges 𝑚, 𝑞𝐿,𝑅 as

𝜌2± = −𝑅
2

2

[
1 + 𝑚2

𝑞𝐿𝑞𝑅
± 1
𝑞𝐿𝑞𝑅

√
(𝑚2 − 𝑞2

𝐿
)(𝑚2 − 𝑞2

𝑅
)
]
. (2.28)

The Bekenstein-Hawking entropy (2.9) of the black string (2.17), (2.18) is

𝑆 =
2𝜋𝑅𝑣

√
𝑘

𝑙3
𝑠

√
(𝑟20 + 𝑟

2
1)(𝑟

2
0 + 𝑟

2
𝑛
) = 2𝜋𝑘𝑝

𝑟5

𝜌+√
1 + 𝜌2−

𝑅2

= 𝜋
√
𝑘𝑙𝑠

(√
𝑚2 − 𝑞2

𝐿
+
√
𝑚2 − 𝑞2

𝑅

)
,

(2.29)

where the first equality is obtained from (2.9) by taking the decoupling limit (2.10) – (2.12). The second equality in (2.29) is obtained 
by using (2.19), (2.27), and the third equality is obtained by using (2.24), (2.25), (2.27), (2.28). The last form of 𝑆 in (2.29) is well 
5

known; see e.g. [13,30].
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Comments:

• As mentioned above, 𝑚 is the ADM mass of the spacetime (2.17) – (2.19). It can be thought of as the ADM mass (2.7), after 
subtracting the contribution due to the fivebranes to 𝐸ext (2.1), which is infinite in the decoupling limit (2.11).

• When 𝜌± = 0, which is possible iff 𝑛 = 0, the background (2.17) – (2.19) corresponds to the Ramond ground state in single-trace 
𝑇 𝑇̄ holography, [3]. Its energy 𝐸 is zero for all 𝑅, as follows from (2.24), (2.25), in agreement with the fact that the state is 
half BPS.

• Quarter BPS states have 𝜌− = 𝜌+ > 0, which is possible iff 𝑛 ≠ 0. Their ADM mass is 𝑚 = 𝑝𝑅

𝑙2𝑠
+ 𝑛

𝑅
, as follows from (2.25), (2.28). It 

is equal to 𝐸(𝑛)
ext in (2.2) after subtracting the (infinite) fivebrane contribution. The entropy (2.29) is 𝑆 = 2𝜋

√
𝑘𝑝𝑛 in these cases 

– the well known three-charge supersymmetric black hole entropy [23].

• Geometries with 𝜌+ > 𝜌− in (2.17), (2.18) correspond to excited states in single-trace 𝑇 𝑇̄ holography. Their energy above the 
extremal energy is non-zero, and its value changes with 𝑅.

• For large 𝑅, the entropy (2.29) takes the familiar 𝐶𝐹𝑇2 form (with 𝑐 = 6𝑘𝑝),

𝑆 = 2𝜋
√
𝑐

12

(√
𝑅𝐸 + 𝑛+

√
𝑅𝐸 − 𝑛

)
. (2.30)

It is convenient to express the energy 𝐸, (2.24), and entropy 𝑆 , (2.29), in terms of the quantities

𝜌̃± ≡
𝜌±√
1 + 𝜌2∓

𝑅2

. (2.31)

Equation (2.27) implies that

𝑛 = 𝑝
𝑙2
𝑠

𝜌̃+𝜌̃− . (2.32)

The entropy (2.29) is given by

𝑆 = 2𝜋𝑘𝑝
𝑟5
𝜌̃+ , (2.33)

and the energy (2.24) is

𝐸 = 𝑅𝑝
𝑙2
𝑠

⎛⎜⎜⎝−1 +
√√√√(

1 +
𝜌̃2−
𝑅2

)(
1 +

𝜌̃2+

𝑅2

)⎞⎟⎟⎠ . (2.34)

This equation can be obtained by substituting (2.25) in (2.24), writing the resulting equation in terms of 𝜌̃± using (2.31), and using 
(2.32) to eliminate 𝑛.

Note that the square root that appears in the energy formula (2.34) is related to the one that appeared in the formula for the 
𝐵-field and dilaton in eq. (2.17). The precise relation is√√√√(

1 +
𝜌̃2−
𝑅2

)(
1 +

𝜌̃2+

𝑅2

)
=

[
1 +

(
𝜆𝑛

𝑝

)2
]√√√√(

1 +
𝜌2−
𝑅2

)(
1 +

𝜌2+

𝑅2

)
. (2.35)

Since the factor in square brackets is real (in fact positive definite), the reality properties of the square roots on the l.h.s. and r.h.s. 
are the same. As mentioned above, this is an advantage of the coordinates in which (2.17) is written.

As in [2], we can rewrite (2.34) in terms of the single-trace 𝑇 𝑇̄ coupling

𝜆 ≡
𝑙2
𝑠

𝑅2 . (2.36)

For 𝜆 = 0, the background (2.20) – (2.23) describes a CFT state with energy and spatial momentum

𝐸(0) ≡
𝑟5
𝑅
𝑀 , 𝑃 ≡

𝑛

𝑅
. (2.37)

As we vary 𝜆, the energy of the state changes. To compute this variation, we need (as in [2]) to keep the entropy (2.33) fixed, and 
in the present discussion, we also need to keep the momentum 𝑛 (2.32) fixed. In other words, we need to impose on (2.34) the 
constraints

𝜌̃±(𝜆) = 𝜌̃±(0) = 𝜌±(0) . (2.38)
6

Imposing these constraints leads to
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1
𝑝
𝐸(𝜆) = 1

𝜆𝑅

⎛⎜⎜⎝−1 +
√

1 + 2𝜆𝑅𝐸(0)
𝑝

+
(
𝜆𝑅𝑃

𝑝

)2⎞⎟⎟⎠ , (2.39)

which generalizes eq. (2.29) in [2] to non-zero momentum.

As in that paper, (2.39) is the same as what one would obtain by studying a symmetric product CFT 𝑝∕𝑆𝑝. The generic state 
with large energy and momentum in the undeformed symmetric product CFT has (at large 𝐸, 𝑃 , 𝑝) its energy and momentum equally 
split among the different copies of . Equation (2.39) gives the deformed energy of such states under a 𝑇 𝑇̄ deformation of the seed 
CFT .

3. Negative coupling

In [1], we studied single-trace 𝑇 𝑇̄ holography for negative coupling. As is well known, in this case the spectrum (2.39) becomes 
complex at large undeformed energy, and one might think that the resulting theory is inconsistent. Nevertheless, there are a number 
of reasons to explore it. One is that for the case of double-trace 𝑇 𝑇̄ deformed CFT there is a large literature, going back to [31], 
that asserts that the resulting theory is consistent. Another is that single-trace 𝑇 𝑇̄ deformed CFT is obtained (by definition) by a 
current-current deformation of a consistent theory – string theory on 𝐴𝑑𝑆3 – so one might expect that it is consistent. Indeed, in [1]

we did not find any obvious pathologies in this theory.

In [1], we restricted the discussion to vanishing spatial momentum (𝑛 = 0 in (2.37)). In this section, we will extend that discussion 
to general spatial momentum. The energy formula (2.39) has the property that for 𝜆 < 0 and fixed 𝑃 , there is a critical energy above 
which 𝐸(𝜆) becomes complex. For 𝑛 = 0, this is reflected in the bulk geometry in the appearance of a naked singularity at some 
radial position [1,3]. Our first goal is to find the geometry for 𝑛 > 0. This can be done e.g. by boosting7 the background in [1], and 
leads to:

𝑑𝑠2 = 1
𝑓1

⎡⎢⎢⎣−
𝑓

𝑓𝑛
𝑑𝑡2 + 𝑓𝑛

(
𝑑𝑥−

𝑟20 sinh2𝛼𝑛
2𝑓𝑛𝑟2

𝑑𝑡

)2⎤⎥⎥⎦+
𝑟25

𝑓𝑟2
𝑑𝑟2 ,

𝑒2Φ =
𝑟25

𝑓1𝑟
2 ,

𝐻 = 𝑑𝑥 ∧ 𝑑𝑡 ∧ 𝑑

(
𝑟20 sinh2𝛼1

2𝑟25
𝑒2Φ

)
,

(3.1)

where 𝑓, 𝑓1,𝑛 are given by

𝑓 = 1 −
𝑟20

𝑟2
, 𝑓1 = −1 +

𝑟21
𝑟2
, 𝑓𝑛 = 1 +

𝑟2
𝑛

𝑟2
, (3.2)

with

𝑟21 = 𝑟
2
0 cosh

2 𝛼1 , 𝑟
2
𝑛
= 𝑟20 sinh

2 𝛼𝑛 , (3.3)

and

sinh2𝛼1 =
2𝑙2
𝑠
𝑝

𝑣𝑟20

, sinh2𝛼𝑛 =
2𝑙4
𝑠
𝑛

𝑣𝑅2𝑟20

. (3.4)

For 𝑛 = 0, this background reduces to that in [1].

Note the differences between the background (3.1) – (3.4) and the one in section 2:

• The 1 in the harmonic function 𝑓1 in (2.5), (2.14) is replaced by −1 in (3.1), (3.2). Consequently, as 𝑟 → 𝑟1, we approach a 
curvature singularity that is not shielded by a horizon. The dilaton in (3.1) diverges at the singularity as well.

• The relation between 𝑟1 and 𝛼1 in (3.3) differs from that in (2.5). In particular, the location of the event horizon, 𝑟 = 𝑟0, is at 
a smaller radial distance from the inner horizon (𝑟 = 0) than the location of the naked singularity, 𝑟 = 𝑟1, i.e. 𝑟0 ≤ 𝑟1. The two 
coincide only for 𝛼1 → 0, i.e. 𝑟0 →∞.

• For 𝑟 < 𝑟1, the background (3.1) – (3.4) looks like a standard charged black-hole spacetime, with inner and outer horizons at 
𝑟 = 0 and 𝑟 = 𝑟0, respectively. One can think of 𝑟 = 𝑟1 as a kind of UV cutoff.

• The background (3.1) – (3.4) can be obtained in the decoupling limit (2.10) – (2.12) of the background in (2.3) with the same 
harmonic functions 𝑓, 𝑓5,𝑛 as in (2.5), (2.6), but with a different 𝑓1, (3.2), (3.3).

The Bekenstein-Hawking entropy of (3.1) – (3.4) associated with the horizon at 𝑟 = 𝑟0 is again given by (2.9). The ADM mass can be 
obtained by generalizing the analysis in [1],
7

7 See e.g. [32] for a description of the procedure.
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𝑀ADM =
𝑅𝑣𝑟20

2𝑙4
𝑠
𝑔2

(−cosh2𝛼1 + cosh2𝛼5 + cosh2𝛼𝑛) ; (3.5)

the energy relative to the ground state is given by

𝐸 =𝑀ADM −𝐸ext =
𝑅𝑣𝑟20

2𝑙4
𝑠
𝑔2

(−𝑒−2𝛼1 + 𝑒−2𝛼5 + cosh2𝛼𝑛) , (3.6)

where

𝐸ext =
𝑘𝑅𝑣

𝑔2𝑙2
𝑠

− 𝑝𝑅
𝑙2
𝑠

, (3.7)

the energy of a BPS system of 𝑘 NS fivebranes and 𝑝 negative strings, [1]. After taking the fivebrane decoupling limit, one finds 
(compare to (2.13))

𝐸 =
𝑅𝑣𝑟20

2𝑙4
𝑠

(−𝑒−2𝛼1 + cosh2𝛼𝑛) . (3.8)

We can again change coordinates to

𝜏 =
𝑟5
𝑅
𝑡 , 𝜌2 = 𝑅2

𝑟21 + 𝑟
2
𝑛

(𝑟2 + 𝑟2
𝑛
) , 𝜑 = 𝑥

𝑅
, (3.9)

in terms of which the background (3.1) – (3.4) takes the form

𝑑𝑠2 = − 𝑁2

1 − 𝜌2

𝑅2

𝑑𝜏2 + 𝑑𝜌
2

𝑁2 + 𝜌2

1 − 𝜌2

𝑅2

(
𝑑𝜑−𝑁𝜑𝑑𝜏

)2
,

𝐵𝜑𝜏 =
𝜌2

𝑟5

√√√√(
1 −

𝜌2−
𝑅2

)(
1 −

𝜌2+

𝑅2

)
1

1 − 𝜌2

𝑅2

,

𝑒2Φ = 𝑘𝑣
𝑝

√√√√(
1 −

𝜌2−
𝑅2

)(
1 −

𝜌2+

𝑅2

)
1

1 − 𝜌2

𝑅2

,

(3.10)

where

𝑁2 =
(𝜌2 − 𝜌2+)(𝜌

2 − 𝜌2−)

𝑟25𝜌
2

, 𝑁𝜑 =
𝜌+𝜌−

𝑟5𝜌
2 (3.11)

and, (3.3),

𝜌2+ =
𝑟20 + 𝑟

2
𝑛

𝑟21 + 𝑟
2
𝑛

𝑅2 , 𝜌2− =
𝑟2
𝑛

𝑟21 + 𝑟
2
𝑛

𝑅2 . (3.12)

Note that equations (3.10) – (3.12) can be formally obtained from (2.17) – (2.19) by taking 𝑅2 → −𝑅2, 𝑟21 → −𝑟21. This is compatible 
with the fact that it describes the single-trace 𝑇 𝑇̄ deformed CFT with negative coupling 𝜆 (2.36).

In the limit 𝑅 →∞, the coupling 𝜆 → 0, and the background (3.10) – (3.12) approaches that of a BTZ black hole (2.20) – (2.23), 
a state in the undeformed CFT, as in section 2. For finite 𝑅, it has the following properties:

• The IR and UV regimes, 𝜌 <𝑅 and 𝜌 >𝑅, are separated by a singularity at 𝜌 =𝑅. This is the UV cutoff mentioned above.

• Beyond the singularity, at 𝜌 >𝑅, the signature of 𝜑 and 𝜏 in (3.10) flips sign, as does exp(2Φ).
• For 𝜌+ < 𝑅, the asymptotic region beyond the singularity, 𝜌 ≫𝑅, is a 2 + 1 dimensional flat spacetime, consisting of a non-

compact two-dimensional space with a linear dilaton, and a compact time, 𝜑 ≃ 𝜑 + 2𝜋.

• For 𝜌+ >𝑅,8 the 𝐵-field and exp(2Φ) in (3.10) are imaginary for all 𝜌.

As discussed in [1], for 𝜌+ < 𝑅, the resulting background might lead to a sensible string theory. On the other hand, for 𝜌+ > 𝑅, 
the 𝐵-field is imaginary everywhere. Therefore, it is natural to interpret 𝜌+ =𝑅 as a maximal size of the black hole, as suggested in 
[2] for the 𝑆𝐿(2, ℝ) invariant vacuum.

As mentioned above, in the 𝑟 coordinate of (3.1) – (3.4), the location 𝑟1 of the naked singularity increases when the location of 
the event horizon 𝑟0 increases, and is always outside the black hole (𝑟1 > 𝑟0). The two approach each other as 𝑟0 →∞, as in [1]. 
8

8 The inner horizon is located at 𝜌− <𝑅, (3.12), regardless of the location of 𝜌+ .
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In this limit, 𝑟𝑛 → 0, (3.3). In the 𝜌 coordinate, this limit corresponds to 𝜌+ → 𝑅 and 𝜌− → 0, (3.12), the maximal value discussed 
above.

The ADM mass of the solution (3.10) is given by

𝑚 =
2𝑞𝐿𝑞𝑅
𝑞𝐿 − 𝑞𝑅

√√√√(
1 −

𝜌2−
𝑅2

)(
1 −

𝜌2+

𝑅2

)
, (3.13)

the analog of (2.24) for negative 𝜆 (2.36). The charges 𝑞𝐿,𝑅 are

𝑞𝐿 = 𝑛
𝑅

+ 𝑝𝑅
𝑙2
𝑠

, 𝑞𝑅 = 𝑛
𝑅

− 𝑝𝑅
𝑙2
𝑠

, (3.14)

which is obtained from (2.25) by taking 𝑝 → −𝑝, or exchanging 𝑞𝐿 and 𝑞𝑅.

To derive (3.13), we recall that

𝑚 =𝐸 − 𝑅𝑝
𝑙2
𝑠

, (3.15)

the negative string analog of (2.24), 𝐸 is given by eq. (3.8), and we have used the relations

𝑞𝐿,𝑅 =
𝑅3𝑟20𝑣

𝑙4
𝑠
(𝜌2+ − 𝜌2−)

⎧⎪⎨⎪⎩
𝜌+𝜌−

𝑅2 ±

√√√√(
1 −

𝜌2−
𝑅2

)(
1 −

𝜌2+

𝑅2

)⎫⎪⎬⎪⎭ , (3.16)

which follow from writing 𝑛, 𝑝 as a function of 𝜌±, 𝑟0 (using (3.3), (3.4), (3.12)),

𝑝 =
𝑣𝑅2𝑟20

𝑙2
𝑠
(𝜌2+ − 𝜌2−)

√√√√(
1 −

𝜌2−
𝑅2

)(
1 −

𝜌2+

𝑅2

)
,

𝑛 =
𝑣𝑅2𝑟20

𝑙4
𝑠

𝜌+𝜌−

𝜌2+ − 𝜌2−
.

(3.17)

The horizon radii, when expressed in terms of 𝑚, 𝑞𝐿,𝑅 , take the form

𝜌2± = 𝑅
2

2

[
1 + 𝑚2

𝑞𝐿𝑞𝑅
∓ 1
𝑞𝐿𝑞𝑅

√
(𝑚2 − 𝑞2

𝐿
)(𝑚2 − 𝑞2

𝑅
)
]
. (3.18)

The Bekenstein-Hawking entropy (2.9) of the solution (3.10) – (3.12) is

𝑆 =
2𝜋𝑅𝑣

√
𝑘

𝑙3
𝑠

√
(−𝑟20 + 𝑟

2
1)(𝑟

2
0 + 𝑟

2
𝑛
) = 2𝜋𝑘𝑝

𝑟5

𝜌+√
1 − 𝜌2−

𝑅2

= 𝜋
√
𝑘𝑙𝑠

(√
𝑞2
𝐿
−𝑚2 +

√
𝑞2
𝑅
−𝑚2

)
,

(3.19)

where the first equality is obtained from (2.9) with 𝑓1 given by (3.2), (3.3) in the decoupling limit described around equations (2.10)

– (2.12). The second equality in (3.19) is obtained by using (3.12), (3.17), and the third equality is obtained by using (3.13), (3.14), 
(3.17), (3.18). The entropy (3.19) takes its maximal value when the event horizon approaches its maximal value, 𝜌+ → 𝑅, with 
𝜌− → 0 in the limit.9

The inverse temperature, 𝛽, is given by

𝛽 =
2𝜋𝑟5
𝑟20

√
(−𝑟20 + 𝑟

2
1)(𝑟

2
0 + 𝑟

2
𝑛
) = 2𝜋𝑅

√
1 −

𝜌2+

𝑅2

𝑟5𝜌+

𝜌2+ − 𝜌2−
. (3.20)

It diverges when the event horizon approaches its maximal value, 𝜌+ →𝑅.

As in section 2, we can compute the energy (3.13) – (3.15) in terms of 𝜌±. Repeating the same steps as there, we have the same 
expressions for 𝑛 and 𝑆 as in (2.32) and (2.33), respectively, but with 𝜌̃± given by

𝜌̃± ≡
𝜌±√
1 − 𝜌2∓

𝑅2

, (3.21)
9

9 Note that 𝜌− → 0 when 𝜌+ →𝑅 for fixed 𝑛; this follows from (3.3), (3.4), (3.12).
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rather than (2.31). The energy (3.15) is now given by

𝐸 = −𝑅𝑝
𝑙2
𝑠

⎡⎢⎢⎣−1 +
√√√√(

1 −
𝜌̃2−
𝑅2

)(
1 −

𝜌̃2+

𝑅2

) ⎤⎥⎥⎦ . (3.22)

Defining the coupling

𝜆 ≡ −
𝑙2
𝑠

𝑅2 < 0 , (3.23)

and demanding that the momentum 𝑛 and entropy 𝑆 do not change with 𝜆, leads again to the constraint (2.38). Plugging this into 
the expression for the energy, we find (2.39) again, this time for negative coupling (3.23).

For 𝜌± = 0, the background (3.10), (3.11) corresponds to the Ramond ground state of the theory. It is a 1∕2 BPS state, with 𝐸 = 0
for all 𝑅, (3.22). 𝜌+ = 𝜌− > 0 corresponds to 1∕4 BPS states with 𝑚 = 𝑞𝑅, i.e. 𝐸 = 𝑛∕𝑅, 𝑆 = 2𝜋

√
𝑘𝑝𝑛, (3.19), and 𝑇 = 0, (3.20).

Equation (2.39) has the property that for a given 𝜆 < 0 and 𝑃 (or 𝑛, (2.37)), there is a maximal undeformed energy 𝐸(0) beyond 
which the energy 𝐸(𝜆) becomes complex. If we demand that we stay below this maximal energy, the deformed energy remains below 
a critical energy,

𝐸(𝜆) <𝐸𝑐 =
𝑝𝑅

𝑙2
𝑠

. (3.24)

The region of 𝐸(0) where 𝐸(𝜆) is complex corresponds precisely to geometries (3.10) – (3.12) in which the 𝐵-field and dilaton are 
complex. This can be seen by noting that√

1 + 2𝜆𝑅𝐸(0)
𝑝

+
(
𝜆𝑅𝑃

𝑝

)2
=

[
1 −

(
𝜆𝑅𝑃

𝑝

)2
]√√√√(

1 −
𝜌2−
𝑅2

)(
1 −

𝜌2+

𝑅2

)
, (3.25)

which follows from (3.13) – (3.15), (3.22). The l.h.s. of (3.25) appears in the formula for 𝐸(𝜆), (2.39), while the second factor on 
the r.h.s. appears in the expression (3.10) for the supergravity fields. Thus, they are either both real or both imaginary.

We conclude that the analysis of [1], that was done for 𝑛 = 0, generalizes to non-zero 𝑛. In particular, one can check that there 
is a detailed match between the geometry (2.17) – (2.19), and (3.10) – (3.12), and the corresponding energies (2.39) and entropies 
(2.29), (3.19). For negative 𝜆, the critical energy 𝐸𝑐 (3.24) should be viewed as a maximal energy for all 𝑛. It is natural to conjecture 
that an analogous statement is true for standard 𝑇 𝑇̄ deformed CFT.

It is interesting to ask what is the geometry that corresponds to the maximal energy (3.24). It follows from (3.25) that it cor-

responds to setting 𝜌+ = 𝑅 and, due to (2.32), (3.21), 𝜌− = 0. In this case, the 𝐵-field in (3.10), and 𝑁𝜑 in (3.11) vanish, and the 
dilaton Φ requires an infinite shift to remain finite. The resulting geometry is universal (in the sense that it does not depend on the 
particular value of 𝑛). We will defer a more detailed study of it to future work.

However, as is clear from this paper and previous work on this subject, the most important thing to do in this direction is to 
improve our understanding of the original duality between string theory on 𝐴𝑑𝑆3 and the dual 𝐶𝐹𝑇2. Such an understanding would 
go a long way towards clarifying the features of the theory deformed by the operator 𝐷(𝑥𝛼) mentioned above, and thus of holography 
in asymptotically linear dilaton spacetimes.

Note added

As mentioned at the end of the introduction, the systems we studied were discussed using different techniques in [7]. The 
backgrounds obtained in [7] via TsT transformations of BTZ solutions exhibit properties similar to those of single-trace 𝑇 𝑇̄ deformed 
𝐶𝐹𝑇2. In particular, for 𝜆 < 0, [7] reports that there is a maximal size of the black hole and that the dilaton becomes imaginary if 
one goes past this maximal size.

Their solutions appear to differ from ours, and it is uncertain whether they give rise to consistent worldsheet CFTs. Specifically, 
for zero momentum, their backgrounds differ from ours by a constant shift in the 𝐵-field and dilaton. The connection between their 
backgrounds and ours is more intricate for non-zero momentum. In this case, we didn’t manage to understand the analysis of [7] and 
its relation to ours.
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