THE UNIVERSITY OF CHICAGO

MECHANICAL METAMATERIALS FROM DISORDER

A DISSERTATION SUBMITTED TO
THE FACULTY OF THE DIVISION OF THE PHYSICAL SCIENCES
IN CANDIDACY FOR THE DEGREE OF
DOCTOR OF PHILOSOPHY

DEPARTMENT OF PHYSICS

BY
NIDHI PASHINE

CHICAGO, ILLINOIS
MARCH 2021



Copyright © 2021 by Nidhi Pashine
All Rights Reserved



To Basil,

the best kitty.



TABLE OF CONTENTS

LIST OF FIGURES . . . . . . . v
ACKNOWLEDGMENTS . . . . . . e vi
ABSTRACT . . . . vii
1 INTRODUCTION . . . .. e e e 1
2 THEORETICAL APPROACH . . . . . . . . . . . 3
2.1 Pruning algorithm . . . . . . . .. ..o )
3 SIMULATION RESULTS . . . . . . . . e 8
3.1 Efficiency in experiments . . . . . . . . ..o 10
4 PRUNING IN-SITU . . . .. . 12
4.1 Setup. . . . . 12
4.2 Experimental results . . . . . ... Lo 16
5 CONCLUSIONS . . . . e 18
REFERENCES . . . . . . e 20

v



2.1

3.1

4.1

4.2

LIST OF FIGURES

A sample network with adjacent nodes chosen to be source and target sites.

(a) Results from pruning in simulations. Success rate of pruning networks as a

function of J j. Networks pruned to lower the effective moduli M eff _ “nk(M target)S

(blue circles) have the highest success rate, followed by MITMKMTIEEt (hlack tri-
angles), with M link (red squares) being the least effective way to prune. (b
Average fraction of bonds pruned as a function of j j for each of the three Mmef
(¢) Performance of experimental networks that were designed in simulations to
have 1. Plot shows the fraction of networks with a response higher than

as a function of . . . ...

(a) Setup for visualizing stresses in photoelastic networks (b) Sample image when
the network has no external strain (c) Image of the same network as in (b) with
applied strains between adjacent node pairs circled in yellow. . . . . . . . .. ..
Success rate of networks pruned in-situ as a function of . Following the same
trend as the simulations, networks pruned to lower the effective moduli meff —
M 1Nk (\jtargety3 (e circles) have the highest success rate, followed by M&fT =
MIInkpmtarget (p1ack triangles), and Meff = MUK (red squares). . . . . . ..



ACKNOWLEDGMENTS

I would like to thank Daniel Hexner, Andrea J. Liu, and Nachi Stern for insightful discussions.
I am deeply grateful to Sidney R. Nagel for his advising and mentoring. I would also like
to thank Cacey Stevens Bester for information regarding photoelastic materials, and Robert
Morton for help with 3D printing. This work was supported by the NSF MRSEC Program
DMR-2011854 (for experimental studies), the US Department of Energy, Office of Science,
Basic Energy Sciences, under Grant DE-SC0020972 (for theoretical model development and

simulations).

vi



ABSTRACT

Mechanical properties of disordered networks can be significantly tailored by modifying a
small fraction of their bonds. This procedure has been used to design and build mechan-
ical metamaterials with a variety of responses. A long-range ‘allosteric’ response, where a
localized input strain at one site gives rise to a localized output strain at a distant site, has
been of particular interest. This work presents a novel approach to incorporating allosteric
responses in experimental systems by pruning disordered networks in-situ. Previous work
has relied on computer simulations to design and predict the response of such systems us-
ing a cost function where the response of the entire network to each bond removal is used
at each step to determine which bond to prune. It is not feasible to follow such a design
protocol in experiments where one has access only to local response at each site. This paper
presents design algorithms that allow determination of what bonds to prune based purely on
the local stresses in the network without employing a cost function; using only local infor-
mation, allosteric networks are designed in simulations and then built out of real materials.
The results show that some pruning strategies work better than others when translated into
an experimental system. A method is presented to measure local stresses experimentally in
disordered networks. This approach is then used to implement pruning methods to design
desired responses in-situ. Results from these experiments confirm that the pruning methods

are robust and work in a real laboratory material.
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CHAPTER 1
INTRODUCTION

Recent advances in the field of mechanical metamaterials have shown that disordered net-
works are extremely tunable so that their mechanical response can be altered dramatically
by modifying a small number of edges or bonds between nodes. This can be demonstrated
in the Poisson’s ratio, , which is the negative of the ratio of the strain along the transverse
axes to an applied strain along a given axis. In an isotropic network material in d dimensions,
can be varied between the two theoretical limits, = 1 (auxetic) and = +1=(d 1)
(incompressible), by selectively removing a small fraction of the network bonds [4, 7, 6].

A more general property that can be incorporated into a disordered network is a long-
distance response, where applying an input strain at a local site in the system creates an
output strain at another distant localized site [13, 17, 16]. This is referred to as a mechanical
‘allosteric’ response because it is inspired by the property of allostery in protein molecules.

Both allosteric and auxetic responses have been successfully designed and incorporated
into physical networks by pruning selected bonds [13, 12]. An important difference between
auxetic and allosteric response is that the Poisson’s ratio is a monotonic function of the
ratio of the shear, G, and bulk, B, moduli of a material. In a disordered system, once
contributions of every bond to the bulk and shear moduli are known, it is straightforward
to change its Poisson’s ratio by pruning specific bonds.

On the other hand, in earlier works, allosteric systems have been designed by remov-
ing bonds from a disordered network using a cost function. This protocol succeeds well
for designing materials with multiple targets controlled by a single source using computer
simulations [13, 14]. A cost function calculates the global response of the system due to the
removal of each bond individually in the network in order to decide what bonds need to be
pruned to minimize the difference from a desired response. Such a cost function is difficult
to interpret or quantify in terms of simple local properties of the individual bonds in the

network. This makes it difficult to create such behavior in a network in situ so that the
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result can be achieved without recourse to prior design on a computer.

This paper takes an alternate approach for designing a pruning protocol; the aim is to
use only local information encoded in the stresses on each bond due to an externally applied
strain. This would allow the creation of allosteric responses in spring-network simulations by
using only local information before a bond is removed. This approach is a generalization of
the one used to incorporate auxetic response into networks [4]. In that case, the pruning was
based on the local stresses in the bonds due to an externally applied strain. In the case of
allostery, the procedure is extended to include the response to a set of separate, individually
applied, strains which are then combined. The results are then tested and validated in
experiments; I take the networks that were designed in simulations and build them out of
rubber sheets.

One problem encountered in using simulated networks to prune real materials is that
the simulations used, which have been of disordered central-spring networks derived from
jammed packings of spheres [8], are overly simplified models of the real materials. A physical
system is more complicated than such a spring network because it has forces other than those
derived from harmonic central-spring interactions. To circumvent this problem, I present an
experimental approach to measure the relative magnitude of stresses in networks under
any external strain and use it to prune the network systems in-situ. This is done using
photoelastic networks that are observed between pairs of cross-polarizers. In this approach,
no simulations are necessary for determining which bonds to prune.

I find that experimental networks that are designed in simulations have a drastically
different response than ones that are pruned in-situ using photoelastic stress measurements.
In addition, the different local pruning methods can produce different results in experiments
even when they are designed to give the same response in simulations. Taken together, this
work improves the understanding of the mechanisms that control allostery in mechanical
systems and opens up possibilities of building new and interesting mechanical responses in

real materials.



CHAPTER 2
THEORETICAL APPROACH

The random disordered spring networks are created in two dimensions, 2D, with periodic
boundary conditions. These networks are derived from 2D jammed packings of soft discs
which are under force balance [8, 3, 9]. Each point of contact between the discs is replaced
by a harmonic spring that connects the centers of the two discs. The equilibrium length of
each spring is chosen to be the distance between the centers of the discs. This ensures that
the resultant network of nodes connected by bonds is under zero stress in its ground state.
The network coordination number, which is the average number of bonds coming out of a
node, is denoted by Z. In order for such a network to be rigid, it needs to have an average
Z Zg, the critical coordination number. In d dimensions, and excluding finite-size effects,
Z: = 2d; the 2D networks used here have Z > Z; = 4.

In order to incorporate a long distance ‘allosteric’ response between two distant sites
within a network, two pairs of nodes are picked at random as the source and target respec-
tively. These are separated by typically half of the system size. One such network is shown
in Fig. 2.1. In order to have an allosteric interaction, there should be an output strain, T, at
the target pair of nodes when an input strain, g, is applied between the two source nodes.
The ratio of output to input strains is —g The aim is to incorporate an allosteric re-
sponse, with a desired value of in the network by removing specific bonds from the network
using a local pruning rule that uses only information that is available prior to the pruning
itself.

The general idea is to apply strains at both the input and output sites (in some cases
simultaneously and sometimes separately) to discover which bonds should be removed in
order to produce a stress at the target when the source is activated. One might be tempted
simply to minimize the energy for a specific mechanical behavior. That is, one might consider
removing the bonds that are under highest stress when both the source and target are

simultaneously put under the desired strains. This, however, would nearly always fail because
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Figure 2.1: A sample network with adjacent nodes chosen to be source and target sites.

the dominant energy for the strained system is often just due to the strains of the source
and target irrespective of whether the source and target are applied simultaneously. In case
of designing an allosteric response, the goal is not merely to lower the energy for the input
and output strains, but to create an interaction between the source and target sites. Thus,
the source and target sites must communicate with each other. In order to achieve this, one
needs to identify speci cally the bonds that facilitate and the ones that hinder this allosteric
response. By identifying and pruning the right set of bonds, it is possible to minimize the
interaction energy (not just the total energy of distortion) of the input and output strains.

We apply a deformation to our system, K. This X could be a single strain applied
between two points in the system or a combination of strains applied at various locations.

Due to this applied strain k

, each bond in the system experiences some stress. The stress
in bond j that appears due to K is Sjk. For example,SjSource is de ned as the stress in bond
| as a result of a the input strain applied at thesource

Since all the calculations below are in the linear-response regime,

s k= gk

kel _ ok o ol
j S =SS

One can calculate the energies in all the bonds of the network under any applied deformation:
The energy,Ujk, in bond j when it is under a stressSjk is:
k- 1ck k
U" = ESJ' j (2.1)
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k
J
of the network is simply the sum of the energies of all the individual springs, the total energy

where  is the strain of the bondj under applied external strain K. Since the total energy

stored in the network under an applied strain ¥ is UK = P j Ujk.

The modulusM K for any given deformation K'is de ned asUk = %M I‘( I‘)2. It can be
decomposed into the contributions of each bondvi ¥ = P J— Mjk. Mjk is related to Sjk as
follows:

1 1

k — ke ky2 k k
U= SME(%= Zsf ] (2.2)

For a linear spring, S; and ; only dier by a factor of the spring constant. This gives the

following:

M< T (82 (2.3)

Mjk is the contribution of bondj to MK, whereM K is the modulus for the deformation .

In section 4 it will be shown that Mjk is a quantity that can be measured experimentally.
Moreover, it is easier to measur&/ljk than to measureSjk or J-k. Since the goal is to be able
to prune the networks in experiments, the pruning protocols presented below will be based

on measurements oM jk.

2.1 Pruning algorithm

In order to incorporate an allosteric response, it is not particularly important how much
energy is required to move thesource nodes apart as long as it results in an e ect of the
correct sign and magnitude at thetarget site. Therefore, it is of little importance what
are the individual values of §°!'°) and (Sjtarget); the important quantity is the product
of the two, (Sjsource)(sjtarget)_ This term identi es which bonds are most relevant to both
source and target and pruning the bonds with the largest 5jsourcesjtarget) helps create an
interaction between thesource and target sites.

Consider applying the input strain atsource and output strain at target. This is repre-

sented asSS*t,



SPtt = gpource 4 gAIOet, (2.4)

Similarly, applying the input strain at source and the negative of output strain attarget is

represented bySS 1.

Sjs t — Sjsource SJ_target: (2.5)

The moduli Mj can be expressed in terms & :

M (S5H1)2 = (sPouree + g0et)2 (2.6)
Mjs ty (Sjsource Sjtarget)Z (2.7)

and
Mjlink Mjs+t Mjs t:4(Sjsource)(Sjtaf98t): (2.8)

Note that taking the di erence of the in-phase and out-of-phase terms produces the
product of stresses due to applied strain at source and target sites. This term, 'K links
the e ects of strains at both source and target and can be either positive or negative. One
pruning protocol that would create an allosteric interaction between the source and target
would be to prune those bonds in the network that have a maximum value & 'K .

BecauseM j"”" = (Sjsource)(sjtaFQEt) is symmetric between source and target, the source
and the target have been treated on an equal footing. If this were the only criterion for
pruning bonds, then the e ect on the target by activating the source would be the same
as the e ect on the source by activating the target. Thus, such a criterion would produce

1.



However in many situations it might be preferable to have 6 1. For example one might

want to create a strain at the target that is twice as large as the strain at the source.€.,
= 2). This would require that the symmetry between source and target be broken so that,

for example, the target nodes are easier to move than the source nodes. One e ective way to
break the symmetry,is to bias the modulus by giving more weight tSjt"“get than to SSoUree.
One way to do this is to prune the bond with maximum value ofl(/ljIink )(tharget)n where
n> 0.

These combinations of moduli are referred to as the e ective modulu) &f . In the

results presented in the next section below there are three examples:
1. (M eff, 0) = M link ’
2. (Meffi 1) = plink g target
3. (M eff, 3) = M link (M target)3_
Our pruning algorithm is as follows:

eff

1. Calculate Mj for each bondj in the network;

'eff .

2. Remove the bond with the maximum value of\/lJ :

3. Calculate the new value of ;

4. Repeat until the desired value of is obtained.

By using e ective moduli as the underlying quantity that controls a network's behavior,
it is possible to incorporate responses in disordered networks using local rules alone. The rest
of this paper explores the e cacy of this pruning approach using spring network simulations
followed by an experimental method to measur eff in order to incorporate allosteric

responsesn-situ in physical systems.



CHAPTER 3
SIMULATION RESULTS

In order to check the e cacy of these algorithms, | simulate the response of networks as
the protocols are applied. The simulations can be performed on networks with periodic
boundaries as well as ones with free boundaries. A free boundary network is created by
cropping out a circular section from a periodic network. This often produces dangling bonds
or zero modes which are eliminated by removing the relevant bonds and nodes from the edges
of the cropped network. Since open boundary networks are easier to build in experiments, |
use these networks to compare the response between simulations and experiments.

The simulation results shown here are performed on networks that have periodic bound-
aries with 500 particles and 1080 bonds. Unpruned networks have 0:0 on average
between randomly chosen source and target sites. Networks are pruned until the desired
value of is reached or until the process fails due to the creation of a zero mode in the
system. 50 di erent networks are pruned for both positive and negative values of The
networks used in these simulations have an averageZ = Z Z 0:32. This corresponds
to an excess of 7% bonds more than necessary to maintain rigidity.

The success rate of each of the pruning methods is shown in Fig. 3.1(a). As one might
expect, if we prune for highelj j, the success rate decreases. It is clear from this data that
using just M 'K to prune a network is not the best strategy because, due to the symmetry
between source and target, one can prune only to a maximumjof 1. Even this response
can be achieved only about half the time.

BiasingM eff towards the target improves the e ectiveness of pruning signi cantly; using
M €ffi 3 = (M link ) targety3 makes it possible to reach j > 1000. However, it is important
to note that these calculations are performed in the linear-response regime of the network.
Such a very largg | implies that the source strain must be extremely small in order for the
target strain to be 1000 times the source strain and still be in the linear regime. This makes

it highly impractical to measure such a response in a laboratory system.
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Figure 3.1: (a) Results from pruning in simulations. Success rate of pruning networks as
a function ofj j. Networks pruned to lower the e ective moduliM &' = M link (v target)3
(blue circles) have the highest success rate, followed ky/"k M ar9€t (plack triangles), with

M link (red squares) being the least e ective way to prune. (b) Average fraction of bonds
pruned as a function ofj j for each of the threeM &t (c) Performance of experimental
networks that were designed in simulations to have 1. Plot shows the fraction of
networks with a response higher than as a function of



Fig. 3.1(b) shows the average fraction of bonds that need to be pruned as a function of
We see that 100% of the networks fail after an average of6% bonds are removed. This is
when nearly all the excess bonds above the rigidity threshold have been removed; therefore

removing any subsequent bond has a high probability of creating a zero-energy mode.

3.1 Eciency in experiments

It is known from previous studies that linear spring simulations do not capture all the
material details of a real network [12, 11]. There are other interactions, such as angle
bending forces, that are present in a real material. In order to test how well our pruning
algorithms translate to real networks, we design 2D networks with open boundaries using
the three mentioned protocols and then fabricate them in experiments.

We took networks with free boundaries ranging between 110 and 150 particles in size and
pruned each of them using our three protocols. We stopped pruning either once the network
has achieved > 1 or once a zero mode is produced so that the pruning process failed.
Since not all of our algorithms have a 100% success rate, we chose 10 networks that could
be pruned successfully using the three e ective moduliM € 9), (M &' 1) and (m &ff: 3),

For consistency, in all three cases the same set of source and target nodes are used. For any
given starting network, each protocol removes a di erent set of bonds. | then laser cut 30
realizations of these networks (10 networks 3 algorithms) and measured their responses in
experiments.

Our networks were lasercut from Bmm thick sheets of silicone rubber with a hardness
of shore A70. The bonds were made thinner near the nodes to minimize angle-bending
interactions in the networks as was done in previous work [13]. The ratio of the width of a
bond to its average length is 1:6 with the bonds being half as wide near the nodes.

In order to measure the observed of these lasercut networks, an input strain of 5% is
applied at the source and the output strain is measured at the target site. Figure 3.1(c)

shows the response of these networks. Since each designed network has a slightly di erent
10



value of , we normalize our experimental results, exp by the value of produced in the
simulation, gjm: = exp= sim and plot it along the abscissa. The ordinate shows the
fraction of networks whose response exceeds a given If our simulations were a perfect
model for the experimental systems, then the data in Fig. 3.1(c) would have been a horizontal
line at 1.0.

This data is surprising because some algorithms have much better agreement between
experiments and simulations than others. Interestingly, Fig. 3.1(a) shows that pruning with
M€t 0 = MIink \works only about 50% of the time but when these networks are trans-
lated to experiments, they have a very high success rate. On the other harid,&ff: 3 =
M link (v targety3 \yorks very well in simulations but not in experiments. This suggests that
the disparity between experiments and simulations increases as the complexity of the pruning
algorithm increases. | hypothesize that the inclusion oM 9" 'increases the e ect of the
non-linear terms so that the predictions from simulation are farther from our experimental

results.
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CHAPTER 4
PRUNING IN-SITU

Our results show that linear spring models do not work perfectly for designing real materials.
In order to see what is going on in the laboratory material, we need a way to measure the
stresses in a physical network. This section presents experiments to measure the stress

distribution in physical networks and use that information to prune the networksn-situ.

4.1 Setup

The stresses in a transparent material can be quantitatively detected by measuring stress-
induced birefringence [5]. The linear polarization of a beam of light will not be a ected as it
passes through an isotropic material; an analyzing polarizer with perpendicular orientation
on the exiting side of the material will block all the light. A photographic image would be
completely dark. However, if there are stresses in the photoelastic material, the polarization
axis of the light will be rotated depending on the orientation of the stress with respect to the
polarization axis. The relative phase shift, between two principal directions is proportional

to the di erence in the two principal stresses [5].

/'S Sy (4.1)

If the stresses are small enough so that the rotation angle is small, the analyzing polarizer
will transmit the light in proportion to the stress. A photographic image will be bright in
those regions where the stress is large and completely dark where there is no net stress.
Using circularly polarized light allows the magnitude of the stress to be measured regard-
less of its orientation. The drawback of using circular polarization is that circular polarizers
are sensitive to the wavelength of the light. Thus monochromatic light must be used.
In the experimental measurements of stresses reported here, the disordered networks are

made out of molded urethane rubber (Smooth-on Clear Flex 50) with a shore hardness
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Figure 4.1: (a) Setup for visualizing stresses in photoelastic networks (b) Sample image
when the network has no external strain (c) Image of the same network as in (b) with
applied strains between adjacent node pairs circled in yellow.
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