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We take a bottom-up first-principles approach to designing a two-qubit gate between fluxonium qubits
for minimal error, speed, and control simplicity. Our proposed architecture consists of two fluxoniums
coupled via a resonator. The use of a simple linear coupler has many practical benefits, including the
possibility of material optimization for suppressing loss, reducing fabrication complexity, and increasing
yield by circumventing the need for Josephson junctions. Crucially, a resonator-as-coupler approach also
suggests a clear path to increased connectivity between fluxonium qubits, by reducing capacitive load-
ing when the coupler has a high impedance. After performing analytic and numerical analyses of the
circuit Hamiltonian and gate dynamics, we tune circuit parameters to destructively interfere sources of
coherent error, revealing an efficient fourth-order scaling of coherent error with gate duration. For compo-
nent properties from the literature, we predict an open-system average controlled-Z (Cz) gate infidelity of

1.86 x 10~* in 70 ns.
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I. INTRODUCTION

A formidable prerequisite for low-overhead quantum
error correction (QEC) is to demonstrate entangling gate
errors well below the threshold of an error-correcting code.
The fluxonium circuit, consisting of a small Josephson
junction with shunt inductance as well as capacitance, has
recently reemerged as a long-lived qubit with the poten-
tial for entangling gate fidelities surpassing the current
state-of-the-art transmon fidelities [1-25]. While recent
fluxonium gate demonstrations are remarkable [12,25,26],
further work is required to develop gate and control archi-
tectures that are optimal for large-scale devices consisting
of many fluxonium qubits with a high degree of connec-
tivity [24]. Specifically, fluxonium exhibits qualitatively
different matrix elements, spectra, and robustness to noise
[1-6,27-32] compared to the transmon. This precludes a
simple translation of best practices for transmon gates to
fluxonium. Instead, first-principles studies are required to
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understand the opportunities and risks of new fluxonium-
based gate schemes.

In this work, we present a comprehensive analysis of
a promising candidate circuit and control scheme for fast
high-fidelity gates between fluxonium qubits. As we dis-
cuss, this approach incorporates many best practices that
give it strong practical advantages, especially when one
considers scaling to multiqubit circuits. In Fig. 1(a), we
depict our proposed gate architecture: a pair of fluxonium
qubits connected through a coupler [33,34] formed by a
simple linear resonator. One might expect that the lack of
any intrinsic coupler nonlinearity would severely restrict
the choice of possible gates schemes (e.g., to resonator-
induced-phase gates [35] that use linear bosonic dynamics
or to approaches based on virtual coupler excitations [36]).
Here, we show this is not the case and, in fact, one can use
approaches typically associated with highly nonlinear cou-
pling elements. This is achieved by strategically coupling
the resonator to the highly anharmonic fluxonium qubits,
in such a way that the coupling resonator inherits a signif-
icant nonlinearity. This in turn enables fast single-photon
excitation of the coupler that are conditional on the states
of the fluxoniums.

In particular, we model a microwave-activated
controlled-Z (Cz) gate achieved via a control scheme
similar to that used in the recent work of Ding et al.
in Ref. [26], which has entangled two fluxonium qubits
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FIG. 1. The proposed circuit architecture and spectrum. (a)
The fluxonium-resonator-fluxonium architecture includes two
fluxonium qubits (left and right) capacitively coupled to a res-
onator (center). For an analysis of potential grounding config-
urations, see the Appendix A. (b) The energy spectrum and
states involved in the gate. The solid black and gray lines rep-
resent energy levels. Populated states are shown in black. The
arrows represent the effect of the control tone, with the resonant
transition in solid green, and detuned driving of other coupler
excitations, at detunings x; and «, shown with dashed green
arrows. The inset shows the control pulse of the gate. The cou-
pler charge is modulated at its resonance frequency specifically
when the state of the fluxoniums is |11). For our simulations,
the pulse envelope is Gaussian and is truncated by linear ramps
in the amplitude up and down from zero; alternatively, an off-
set or cosine pulse may equally be used. The total gate duration
ty =2.27.

through selective microwave excitations of a transmon
qubit coupler using two linear charge drives, one on each
fluxonium qubit. In this work, we use a single drive tone,
optimized only over its frequency and amplitude, to drive
a resonator coupler from its ground state to the first excited
state and back, selective on the qubits being in the compu-
tational |11) state and yielding a state-selecting phase shift
of .

Our work extends Ref. [26] in several additional direc-
tions, all related to our choice of a linear coupler and
developed for pragmatic integration at scale. Perhaps most
importantly, the resonator-as-coupler approach could facil-
itate increased connectivity between fluxonium qubits in a

large circuit. Achieving large connectivity is both required
for QEC and is an open problem. Maintaining the small
self-capacitance of the fluxonium for a typical E¢c ~ 1
GHz becomes challenging as the connectivity increases,
because of capacitive loading and extra parasitic capac-
itances to the ground plane in a practical design. For
integration in a realistic circuit capable of implementing a
surface code, a high-impedance coupler may be chosen to
connect nearby fluxoniums with minimal coupling capac-
itance. In particular, for ultrahigh-impedance resonators
with impedance over 1 k€2, e.g., fabricated from low-
loss high-kinetic-inductance materials [37—39] or junc-
tion arrays [3], the loading efficiency would be improved
compared to a transmon coupler.

Pending experimental tests, there may also be perfor-
mance advantages in our choice of a coupler that does not
contain Josephson junctions. The resonator quality factor
can approach approximately 5 x 10° or higher by fabricat-
ing it out of high-quality materials such as tantalum in a
single fabrication layer [40], suppressing coupler-induced
gate errors compared to more conventional couplers in a
case in which aluminum-based junction loss channels limit
the transmon lifetime.

Beyond loss mitigation, the use of a resonator cou-
pler may also improve frequency targeting and device
yield compared to setups with junction-based couplers.
Achieving a desired resonance frequency for microwave
driving of the gate can be achieved to the 1073 level
in resonators [41] (with additional study needed for the
high-impedance case). Conversely, the junction energies
are exponentially sensitive to the thickness of the junction
barrier and drift over time due to aging processes within
thin-film dielectrics [42]. One might anticipate that using
a resonator coupler removes the ability to tune the coupler
frequency in situ. This could reduce robustness to spec-
trum variations due to mistargeting of the junctions in the
fluxonium circuits. However, in principle, junction mis-
targeting could be mitigated even when using resonator
couplers. One could achieve frequency tunability with the
addition of a superconducting quantum interference device
(SQUID) [43], by using current-tunable kinetic inductance
resonators [44] or by employing frequency trimming [45].
These techniques are not required in our study, in which we
assume junction energy targeting at 2% accuracy. Finally,
the energy participation of a resonator is more diffuse com-
pared to a transmon, potentially reducing the likelihood
of coherent coupling between two-level systems (TLSs)
and the driven transition in our gate. However, additional
study of the spatial distribution of TLSs is needed to better
understand this potential advantage.

In what follows, we present both analytic and numer-
ical studies of our two-fluxonium setup, demonstrating
that our analytic estimates of coherent error are in quali-
tative agreement with numerics. We describe a fortuitous
destructive interference of coherent-error sources that can
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TABLE 1. The representative circuit parameters analyzed in
this work. E%, EY, and E}, are the capacitive, junction, and induc-
tive energies for fluxonium 7, while the resonator parameters
are the frequency w./27w and the impedance Z.. The two-body
coupling strengths between elements i and j are J;;. For addi-
tional results using different circuit parameters with qualitatively
similar conclusions—in particular, in the ultrahigh-impedance
regime—see the Appendix B.

EA®  pi® pl® Jupe  Jas  wo/2m  Ze
(GHz) (GHz) (GHz) (GHz) (GHz) (GHz) (Q)
22)  7.1(7.2) 03(0.3) 033(0.33) 0.1  7.08 190

be engineered over a wide range of circuit parameters.
This is made possible by the large induced nonlinearity of
the resonator, inherited from the fluxonium qubits, which
allows a coherent error that scales with the gate time as
€. o (1/t,)P, where p ~ 4. We identify an exemplary set
of realistic device and control parameters [see Fig. 1(a)
and Table I, with additional examples in the Appendix B]
chosen for low gate error, duration, and practical imple-
mentation, while maintaining favorable circuit parameters
for long single-qubit lifetimes and coherence. Our results
suggest the possibility of high-fidelity operation, robust
to small changes in flux and Josephson junction energies.
For example, we predict that coherent errors of 2 x 107°
could be achieved using a 100-ns gate time. Adding state-
of-the-art levels of loss to our simulations, we predict a
total (coherent and incoherent) error of 1.86 x 10~ for a
70-ns gate.

I1. SETUP AND BASIC GATE MECHANISM
A. Identifying optimal scalable gate strategies

The approach to two-qubit gates analyzed in this work
was chosen after a careful consideration of a multitude
of strategies. In this search, we stipulated several condi-
tions for enhancing scalability and practicality. To start, we
focused on microwave-activated techniques [22]. While
the fluxoniums must be connected for an entangling gate,
their interaction strength should be zero when the gate
is not running, to reduce parasitic entanglement during a
quantum algorithm. Such spurious, “always-on” ZZ inter-
actions are suppressed in our circuit, so we do not need
baseband flux control [8] or compensating Stark-shift tones
to zero them when the gate is off [9,11,12,19,21]. This is
achieved with our coupler-based architecture [33,34], fol-
lowing the work of Ding et al. [26]. In particular, two
coupling pathways, each contributing to the ZZ interac-
tion, cancel each other: virtual excitation exchange through
the resonator and virtual excitation exchange directly
between fluxoniums via a capacitor that connects them [see
Fig. 1(a)]. We tune the circuit parameters such that the total
effect is to suppress the always-on ZZ-interaction strength
to the approximately 1-kHz level.

We also considered crosstalk in designing the con-
trol scheme. By ensuring the appropriate hierarchy of
charge-matrix elements, we reduce spurious driving of
fluxonium transitions when charge modulating the res-
onator. Since the coupler charge-matrix element (approx-
imately 1) is larger than that of any of the fluxoni-
ums (which have a maximum charge-matrix element of
approximately 0.5), the microwave power needed for fast
excitation is reduced and its effect on any nearby fluxo-
nium transitions is already slightly suppressed. Simulta-
neously, the computational-state-transition charge-matrix
element of the fluxonium may remain small (<0.05) to
protect from dielectric loss rates [1,6], as we do not
drive fluxonium computational-state transitions directly
[9,11,21]. Further, driving the coupler specifically may
reduce nearest-neighbor crosstalk; approaches requiring
only a single control tone acting specifically on the cou-
pler, which is connected to two fluxoniums, were deemed
preferable compared to driving the fluxoniums, which
would each be connected to four couplers when running
a surface code. Specifically, in the presence of crosstalk,
driving the resonator may reduce calibration time because
of the smaller crosstalk matrix with nearest neighbors
(3 x 3 versus 5 x 5). However, experimental testing is
needed to determine if this minor benefit can be realized
or if more optimized control schemes are needed. Finally,
while recent demonstrations of parametric flux gates are
impressive [15,25], we focused our study on microwave-
driven gates, avoiding a complex analysis of the side-
bands associated with parametric modulation in a larger
circuit.

Additionally, we sought a gate that would tolerate dis-
order and noise within the circuit. We required robust-
ness to the sizeable loss rates of noncomputational higher
excited states of the fluxonium. This narrowed the design
space to gates that drive state-selective excitations of
the resonator coupler, which should boast a long life-
time for high gate fidelity when they are fabricated out
of a high-quality material. Robustness to junction and
flux wvariation is also required at typical experimental
levels [46,47]. To maintain flux-noise protection of the
fluxonium coherence, we use low E; < 1 GHz. Geomet-
ric mutual inductive coupling may inefficiently compete
for coupling strength against the large inductive shunt
of the fluxoniums, while galvanic coupling may intro-
duce crosstalk. Therefore, we use capacitive rather than
inductive couplings [23,25]. Robustness to junction mis-
targeting is numerically evident, potentially because the
key interactions involved in our gate are near resonant,
leading to small shifts in gate speeds when the spectrum is
perturbed.

Finally, for QEC, our architecture must suggest a path to
feasible capacitive loading in a larger circuit with increased
coordination number. This is a key risk for fluxonium-
based architectures [24-26] which, to our knowledge,

040317-3



EMMA L. ROSENFELD et al.

PRX QUANTUM 5, 040317 (2024)

have not yet been coupled at high connectivity. As dis-
cussed above, the wide range of impedances available to
electromagnetic resonators should enable increased con-
nectivity beyond the impressive two-qubit demonstrations
shown to date.

B. Hamiltonian

Having provided a motivation for our general circuit
architecture, we now turn to a detailed description of the
setup. Our proposed circuit is described by a Hamiltonian

H = Ho + Hmt, where the uncoupled Hamiltonian is

. . ELi\ »
Ho/h =) 4Ecii; + (%) P>

i=A,B
+ Ej; cos (&) + 2eate (1)
2
and the interaction Hamiltonian is
Hine/h = Jachane + Jpchphe + Jyphang. (2)

The bare Hamiltonian H, contains the uncoupled Hamil-
tonian (charge and phase operators 7;, b, junction ener-
gies E;;, inductive energy E;;, and capacitive energy
E¢;) of the fluxoniums, along with the coupler resonator
(photon-annihilation operator ¢, charge-number operator
. = /Rg /16 Z,i(¢" — ¢), where Z.. is its impedance and
Ry = h/é? is the resistance quantum). For both fluxoni-
ums, the external flux values are ¢!®) = 7, correspond-
ing to the “sweet-spot” point of maximum coherence
time. The interactions H,m in Eq. (C2) are all pairwise
charge couplings. We diagonalize the static Hamiltonian
'H, neglecting the drive, to extract the dressed states under
the two-body couplings. In our circuit, the computational
states are 1,0,/ ),i,j € {0, 1}, where the state indices from
left to right are fluxonium A, coupler, and fluxonium B. The
notation |i, k,j ), denotes an eigenstate of 7:(0, and |i, k,j)
denotes an eigenstate of H. An eigenstate |i,k,j) corre-
sponds to the state of maximum overlap with the bare
excitations |i,k,j ).

For representative circuit parameters, see Table I; can-
didate capacitance matrices and additional exemplary
parameter sets are presented in the Appendix B. For
example, see the Appendix B for candidate capacitance
matrices, trading off capacitive loading on the fluxoni-
ums with increased resonator impedance for implemen-
tation in a surface code. We choose parameters and cou-
pling strengths such that dominant static hybridizations
between the coupler and fluxoniums do not exceed approx-
imately 15%, although smaller hybridization at the level
of approximately 10% may be possible for increased res-
onator impedance (something that, depending on mate-
rial choice, could be achieved while still retaining a

high quality factor, although further research is needed
[37,39,40,48-50]). This constraint promotes feasibility of
our gate when extending it to a degree-4 connected lattice,
as required for surface-code QEC. While the hybridiza-
tion is relatively large, it is specific to the fluxonium
1 — 2 plasmon transitions, while other transitions are
minimally hybridized and therefore may be leveraged for
other functions in a quantum processor, e.g., readout. In
particular, these hybridizations are between coupler one
photon states and fluxonium plasmon excitations, and are
defined as
ha=12,0,11, 11, 1,1}, hg=1(1,0,2],[1,1,1) %

These are chosen for a combination of optimal gate per-
formance, as detailed in this work, and feasibility of
integration into a larger circuit.

C. Basic gate mechanism

As shown in Fig. 1(b) and mentioned above, our CZ
gate is realized through an excitation of a single pho-
ton in the coupler that occurs only when the fluxoniums
are both in the first excited state, i.e., the computational
[11) state. Specifically, a geometric phase of 7 is accumu-
lated as the coupler is driven to its first excited state and
back [Fig. 1(b), solid green arrow] [26]. To achieve the
state-selective nature of the coupler excitation and there-
fore a state-selective phase on the computational states as
required for a CZ gate, we couple the circuit elements such
that the resonator frequency strongly depends on the state
of the fluxonium qubits. Specifically, we selectively cou-
ple the fluxonium plasmon (1-2) transition and coupler,
and their virtual energy exchange provides the key disper-
sive coupling strengths x; and nonlinearity o required for
the gate. All other virtual transitions are ideally irrelevant
to the gate dynamics and are constructed to have minimal
hybridization.

During the gate, we charge modulate the resonator, driv-
ing it at a frequency corresponding to its resonance when
the fluxoniums are in the joint |11) state [26]. If the state of
the fluxoniums is |11) at the start of our gate, the resonator
is excited from its ground state to a single-photon excita-
tion and back, creating a geometric phase of 7. The next
resonator excitation is detuned [Fig. 1(b), dashed green
arrow with o label] and the second photon state remains
unpopulated, due to a nonlinearity « inherited from the
fluxoniums further described below. If the fluxoniums are
in any other state, the drive is again detuned [Fig. 1(b),
dashed green arrows with y;; labeling], the resonator is not
excited and no phase is accumulated, thus completing the
CZ unitary.

In our simulations, the charge drive on the res-
onator is a pulse with a Gaussian envelope of width
7/4/2. (Alternative pulses such as a cosine shape
may equally be wused). The pulse amplitude is
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Q) = Qoe /7, where Q ~ 2/ JTneo1T, as required
for a full 2 rotation. Here, n;jx denotes the matrix ele-
ment of the |/ )y, - |£)pare transition of circuit element i €
{fluxonium A, fluxonium B, coupler}. To smoothly trun-
cate the Gaussian pulse envelope to a finite gate time, we
also add a linear ramp up from zero to Q(—7) and down
from Q(7) to zero, over a time t/10 leading to a full
gate duration f, = 2.27 [see Fig. 1(b), inset]. Following
Ref. [26], the pulse resonantly excites [1,0,1) to |1,1,1)
and back [see Fig. 1(b), solid green arrow], where the rel-
evant states are shown in black horizontal bars. We always
drive the state-selective coupler excitation via a charge
drive, as its large matrix element facilitates efficient driv-
ing with minimal induced Stark shifts or population leak-
age. The drive frequency hwy/Qm) ~ (H)111 — (H) 101
excites the coupler conditional on the |11) computational
state of the fluxoniums.

Focusing on the relevant states in the dressed basis, the
interaction Hamiltonian Hi“;t includes the terms

Hi/h = x 1L LD (L L1+ (@ + x) [1,2,1) (1,2,1]

+ D x i L) L+
ij #{1,1}
3)

The crucial interaction terms are in the first line: the effec-
tive frequency of the coupler is shifted by a dispersive
coupling strength x when the fluxoniums are in compu-
tational state |11), which enables selective driving of the
[1,0,1) -1, 1, 1) transition that is at the heart of our gate.
The inherited coupler nonlinearity o prevents the drive
from adding more than just a single photon to the coupler.
Here, « is induced by hybridization of the coupler (a lin-
ear resonator) and the highly nonlinear fluxoniums. It sets
a natural speed limit on our gate; for gate times shorter
than approximately 1/«, this nonlinearity is not sufficient
to prevent driving of the |1, 2, 1) state from influencing and
corrupting the gate dynamics, primarily through unwanted
Stark shifts of the desired |1,0, 1) -|1, 1, 1) transition.

The terms in the second line of Eq. (3) set another speed
limit on the gate, i.e., fmin ~ |1/8 x;;|. For gates faster than
this scale, we expect detuned driving of the coupler even
if the qubits are not in the |11) state, leading to Stark shifts
and spurious phase accumulation on the computational
states (see Fig. 1, dashed green arrows). Both sources of
spurious phase accumulation may be compensated to some
degree with single-qubit Z rotations following the gate.
However, for general x; and o, there will be some state-
selective nature to the spurious phases, which cannot be
mitigated with single-qubit rotations.

As described below, we find circuit parameters such
that x; — x ~ a. We show that in this case, the spurious
phases accumulated on all four computational states are
almost equivalent to single-qubit Z rotations (and hence

can be trivially eliminated via virtual Z gates). This for-
tuitous behavior is the result of a destructive-interference
effect, and results in high cz fidelities. With additional
fine tuning of the drive, this destructive-interference effect
persists even when f, ~ 1/|x;; — x| ~ 1/a, leading to effi-
cient fourth-order scaling of coherent error with gate dura-
tion. Throughout this work, we simulate our system using
the SCQUBITS software package [51,52].

Finally, there is one additional problematic interac-
tion in Hi“flt: fluxonium-fluxonium Z,Zp interactions in
the computational manifold of the form (|14) (14| —
[00) (O4D(|1g) (15| — |0g) (0Og]), where the interaction
strength is given by hn = (H)101 — (H)100 — (H)oo1 +
(H)o0o. This interaction generates parasitic entanglement
between qubits when the gate is off and reduces the
microwave-activated nature of the gate. We impose a
requirement in our circuit design that || < 2 kHz in order
to reduce the associated error of single-qubit gates faster
than 100 ns to below approximately 10™*. To do so,
inspired by previous work [26], we engineer the capaci-
tance matrix to realize small 1 (see the Appendix C). For
the circuit parameters studied here, n &~ —1 kHz. We note
that small 1 can be achieved independently of our choice
of frequency allocations and coupling strengths (see the
Appendix C).

D. Designing circuit parameters for low error

As discussed above, the nonlinear couplings y;;,a in
Eq. (3) set speed limits on our gate time. Here, we
analytically estimate these parameters and directly relate
them to circuit parameters. We then leverage this under-
standing to choose frequency allocations and coupling
strengths to maximize |x — ;| and « values. We favor
small hybridization to minimize inherited dissipation rates
from noncomputational lossy states of the fluxoniums (see
Table I). We next estimate the resulting coherent errors as
a function of the gate duration, with qualitative agreement
with numerical simulations. These estimates motivate our
circuit parameter and control choices: by fine tuning
the drive frequency to eliminate any remaining spurious
phases, both sources of unwanted Stark shifts destructively
interfere to enable fast gates with low coherent errors.

Our goal is to maximize x; — x ~ «, with a fixed
tolerable amount of qubit-resonator hybridization. Our
approach is to strongly couple the resonator one-photon
state specifically with the highly nonlinear plasmon tran-
sition of the fluxoniums to ensure sufficient x — x;;, . We
first employ perturbation theory in the fluxonium-resonator
couplings to understand the dependence of the dispersive
couplings x;; in Eq. (3) on the circuit parameters. For our
choice of circuit parameters (which are typical; see the
Appendix C), the dominant virtual transitions contributing
to the x;; values involve the fluxonium 1-2 and 0-3 transi-
tions. For example, to second order in perturbation theory,
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X can be estimated as

@) Jic|nA,12nc,01|2 Jg,clnB,Ich,OIF
Ay Ap

)

where we use x ™ to denote the nth-order correction to
x - The charge-matrix elements are described with notation
n;  for circuit element 7, on the |k) - |/) transition, and a),(;,)
is its transition angular frequency. We define (2m)A; =
wi'z) — w., where w, is the bare-coupler angular frequency
and i € {4, B} (assumed throughout the rest of the text).

To ensure large §x; = x — x;j, we choose 2m)A; K
a)c,a)gg and |J; cn;1on.01/A| S 1. In this regime, the only
significant virtual transitions correspond to the processes
in Eq. (4). The coupler-plasmon exchange is no longer
strictly perturbative; nonetheless, we can pick parameters
to yield both large §x; and only moderate hybridization
h4p =~ 0.15 (while also keeping other virtual-transition
pathways strongly detuned; for details, see the Appendix
C). As the plasmon transitions of the fluxoniums are highly
anharmonic, for a given hybridization between elements,
they impart a strong nonlinear character into the system.
By setting A; ~ 0.5 GHz, we then tune the hybridiza-
tion between elements, by design almost entirely due
to the plasmon-coupler exchange, ensuring satisfactory
hybridization for scaling and maintaining long coupler
lifetimes.

In this regime, the energy shifts arising from plasmon-
coupler virtual exchange go beyond leading-order pertur-
bation theory but can be accurately captured by a simple
model where the plasmon transition of each fluxonium is
treated as an effective two-level qubit. Then, x is obtained
by diagonalizing H within the plasmon-coupler exchange
subspace:

A1
Xz5—§v8g2+A2, 6]

where we have treated both plasmon transitions of the
fluxoniums as identical, approximating Ay = Ap = A
and JA,C”A,IZ”C,OI = JB,c”B,lZ”c,Ol =g for Sll’l’lpllClty The
agreement between our model [Eq. (5), Fig. 2(a), dashed
orange line] and the numerics [Fig. 2(a), solid orange
line] persists even beyond the perturbative regime, as
Jicnianeor /A — 1.

To selectively drive the coupler excitation conditional
on the [1,0,1) state, we require [§x;| > 1/t;, to avoid
exorbitant Stark shifts of the |7,0,;7) # |1,0,1) computa-
tional states. Our approach is to reduce x; by suppress-
ing the coupler frequency shift x; when fluxonium 7 is
in the ground state, the strongest contribution to which
is virtual excitation exchange of a coupler photon with
the 0-3 transition of the fluxonium. This is achieved by
increasing the 0-3 transition frequency well beyond ),

@ o (b) '
—— numerics 250 =0 (numerics)
Egs. (5), (7), (8), (9) = =a(model)
Koo~ X
-50 — 10X
L XX

- oo 200
= Zo

-100
150
—150|

100
-200

Interaction Strength (MHz)

-250 P “‘ “)
e e —— i —

VIRV

) Vv )
-300 ‘

5.5 6.0 6.5 7.5 0.05 0.10 0.15

Coupler frequency (GHz) Hybridization (hgq + hg) / 2
FIG. 2. The key interaction parameters. (a) The dispersive

couplings x; between the resonator and fluxoniums for the
fluxonium state |iy,jg). The solid lines are results extracted by
numerically diagonalizing 7:{, while the dashed lines are our esti-
mates in, e.g., Eqs. (4) and (6). The inset shows a representative
spectrum for fluxonium A4 [52]. The solid gray line is the poten-
tial, while the solid black line represents the energy of a single
photon in a resonator. The predominant perturbative pathways
setting the dispersive interaction between fluxonium 4 and the
coupler are shown. Crucially, xi' > x{, since a)gB) /Q2m) >
Ay (see text for details). This enables large x; — x, a key
requirement for reduced coherent errors. (b) The inherited cou-
pler anharmonicity and y; — x values, sweeping the coupler
frequency over the same values in (a) but instead plotting against
the resulting hybridization. The solid lines are numerically exact
results, while the dashed line follows our model diagonalizing
within the plasmon-coupler exchange subspace. We choose a
regime in which « ~ x; — x (vertical dashed black line) for
small coherent errors.

and choosing a plasmon-above-coupler frequency alloca-
tion [Fig. 2(a), inset], thereby maintaining large |8 x;;|. For
example, consider the unwanted dispersive shift xjo in
Eq. (3). Perturbation theory yields

(2m)J, z%,c Inp.037c011°

(w()B3 — )

2 2
@ . Jaclnanncol
0~

Ay

(6)

The second term corresponds to virtual exchange between
the coupler and the fluxonium 0-3 transition; it increases
| x10| due to the large charge-matrix element n; o3 ~ n; 12 ~
0.5 [Fig. 2(a), inset, dashed light-blue arrows]. This is
deleterious for our gate, as it effectively reduces the state
selectivity of the coupler excitation § x 9, since xjo — x as
w?, — wf;. To compensate, we increase Ec/E; to about
0.3, which effectively pushes the fluxonium second and

third excited states out of the well formed by the minima
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of the cosine potential. This increases w);/(27) by a sig-
nificant amount, to approximately 2 GHz. (Alternatively,
to facilitate capacitance budgeting in a larger architecture,
E; /E; may be increased instead to, e.g., £, ~ 0.7 GHz and
Ec ~ 1.3 GHz.) Finally, using a plasmon-above-coupler
frequency allocation ensures that the plasmon transition
will be closest to the coupler excitation compared to the
0-3 excitation of the fluxoniums, as desired.

We estimate x; by again diagonalizing within the
plasmon-coupler excitation exchange subspace. To treat
the |0); states, we simply add the relevant second-order
shift from the 0-3 contributions, which by design are small.
The x;; values are approximately

Ba—y 4gi + A] (27)JB.c|np.03he 011

_ G
X10 2 0)083 — w. ( )
Ap— 4gj + Aj Q) aclnaosneol?

X01 = 2 - A 5 (8)

(,()03 — W¢
Q) aclnaoneol*  Qr)dgelngosneol*
XOO = — A - B P}
Wp3 — We W3 — We
©)

where 84B) = JA(B)’ClnA(B)’lzl’lc-’()] | These estimates for
Xxo1> X10, and xoo [Fig. 2(a), dashed green and blue lines]
show strong agreement with the numerically exact results
(solid lines), confirming our understanding of the key cou-
pling mechanisms in our system. Throughout the coupler
frequency sweep, we achieve frequency selectivity of the
coupler excitations of |§x;; | ~ 100 MHz.

In addition to coherent errors arising from a finite | x;; |,
spurious nonresonant driving of the coupler two-photon
state must also be addressed. Recall that the inherited non-
linearity o of the coupler is given by the shift of the |1,2, 1)
state. In our chosen parameter regime, « is largely due
to virtual transitions involving fluxonium plasmon exci-
tations and can thus be obtained to good approximation
from our effective model (where each plasmon transition
is treated as an effective two-level qubit coupled to the
coupler resonator). The value of « obtained from full
numerics [Fig. 2(b), solid gray line] approximately follows
the predictions of our effective model [Fig. 2(b), dashed
gray line].

Finally, coherent errors can be further reduced by
employing destructive interference between the unwanted
phases generated by the two mechanisms discussed above
(finite o and finite § ;). For this interference to be pos-
sible, we require approximately o ~ §y;;. Although the
|8 ;| values are similar for a wide range of hybridization
values, we must increase the hybridization for sufficient «.
For the resonator impedance in Table I, this is around a
hybridization of 20% and 14% for &4 and /3, respectively
[Fig. 2(b), dashed black vertical line]. Indeed, we find that

by requiring coupler anharmonicities of at least approxi-
mately 70 MHz ~§ x;;, we can achieve low coherent-error
rates. For the remainder of the paper, we fix the cou-
pler anharmonicity at « ~ 70 MHz, resulting in circuit
parameters shown in Table I, with the coupler frequency
at 7.08 GHz. By exploiting the strong nonlinearity of the
fluxoniums, we have maximized [§ ;| and o, with feasi-
ble hybridization, by choosing small A, large wj;, and a
plasmon-above-coupler frequency allocation.

III. COHERENT ERROR

Having identified circuit parameters that are both real-
istic and optimized for our chosen gate, we now focus
on understanding and mitigating sources of coherent gate
error, using the standard metric of state-averaged coherent
gate fidelity [53]:

o _ T + T, O
c 20 )

(10)

where U is the propagator of the simulation including
coherent errors and Ucy is the target ideal Cz unitary.
We apply our understanding of the Hamiltonian shown
in Sec. II to study the time-domain behavior of our cir-
cuit under the gate-control sequence. For the parameters
of interest and smooth pulse envelopes, we find that the
dominant coherent errors are unwanted Stark shifts arising
from detuned driving of the coupler. This includes spurious
driving of the coupler single-photon state when the qubits
are in computational states other than |11) and spurious
driving of the second coupler excited state when the qubits
are in the |11) state. Population-leakage errors can be sup-
pressed by using gate durations 7, 2 1/a [where « is the
induced coupler nonlinearity, cf. Eq. (3)] [54,55]. Here, we
estimate each effect on the coherent error, and find qualita-
tive agreement with time-domain simulations of our circuit
and gate control, and then use our model to suggest further
improvements to fidelity. In particular, we identify destruc-
tive interference that leads to strong suppression of the
Stark-shift-induced errors.

A. Stark shifts due to unwanted driving of
coupler |1) state

Applying charge driving to the coupler includes mod-
ulation on all transitions with a nonzero charge-matrix
element. Specifically, other coupler excitations, such as
[7,0,7)-1i,1,j) with (i,j) # (1,1), have about the same
matrix element as the desired transition and experience
equally strong modulation. The finite state selectivity of
the coupler frequency results in detuned driving of these
transitions, leading to additional phase shifts ¢; on the
computational states [for an illustration, see Fig. 1(b),
dashed green arrows]. We approximate the drive enve-
lope as a Gaussian for all time, without linear truncation
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[see Fig 1(a)], to estimate the Stark shifts. Integrating
the Stark shift from the slowly varying drive amplitude
Q) = 27417 ) S| (1,1,1n.|1,0,1) | with detuning
8x; on the |7,0,5)-1i,1,j) transition, we estimate ¢;; for
ij # 11, where |i,0,/) — e~ |i,0,j) under the gate, as

w..z\/EM (11)
v 28yt

where my; = (i,1,j|7.1i,0,5) /(1,1,117.[1,0,1) is the
ratio of the matrix elements of the drive acting on the
driven transition compared to the transition being Stark
shifted (|7,0,/) - i, 1,7). For small hybridization, m; ~ 1.
In Fig. 3(a), we plot Eq. (11) for ¢;¢ (dashed navy line) and
o1 (dashed teal line) for a range of 7, values, which reveals
@;; values of more than 10° for 7, < 100 ns, a potentially
significant source of error. Simulating our circuit- and
gate-control scheme in the time domain, we plot numer-
ics results for ¢g; — oo and @19 — @ as accumulated on
the superposition v;; (0) = (|0,0,0) + 7, O,j))/\/i under
our gate [Fig. 3(a), dots]. All simulations in this work are
performed in the dressed basis, with the drive operator
Q (1)n, cos wyt proportional to the bare-coupler operator 7,
also written in the dressed basis. The simulations occur in
the laboratory frame, without a rotating-wave approxima-
tion. We include the full cosine potential of the fluxoniums
and truncate the system Hilbert space to include the 45
lowest-energy dressed eigenstates. We find 0.01% rela-
tive variation in coherent error for multiple gate times,
sweeping the simulation dimension from 40 to 50 (see the
Appendix F).

B. Stark shifts due to unwanted driving of coupler |2)
state

Similarly, an additional phase shift ¢;; from spurious
detuned driving of the coupler |2) excitation leads to devi-
ation from the ideal gate by imparting an extra phase
@11 on the |1,0,1) computational state, causing an over-
shoot or undershoot of the ideal phase of m. We plot
the relative phase for ¢, calculated via a time-domain
simulation of the gate dynamics [Fig. 3(a), green dots]
and find that it agrees well with our model of phase
accumulated from detuned driving of the next coupler
excitation [Fig. 3(a), green line]. Following the approach
from Ref. [54], our estimate for ¢;; is given by a second-
order Magnus expansion in the drive terms on the second
coupler excitation, in a rotating frame and in an inter-
action picture as described subsequently. We consider a
Hamiltonian H = Hy + V, where the “desired” evolution
is Hy/h = (2(Hnc01/2)1,0,1) (1,1,1] + H.c., in a frame
rotating at the drive frequency close to resonance with
the [1,0,1)-1,1, 1) transition and under a rotating-wave
approximation. We account for the second-order Magnus

(a) (b) _
Numerics:
10 coherent error
0.1 leakage
0
8 <
~ _ 00?° o 0.01
) 10 °° =)
o} © ©
0} O N
jul ) —_
8 —20| 56 £ 0.001 i
) o ) g% == Stark shifts
o) o Eq. (15) 9 Eq. (16)
o -30| o , =
= o Numerics: < 104
o o [
0 _4ol© ®01 o
3 O P10 5
- P11 o 10°5
2 -50 ©
7y Eq. (10), for @19 o
= Eq. (10), for ¢qq
Eq. (14), for @ 10°®
-60 q. ’ 11
50 100 150 200 S v O
o 00 \5‘0 00
ate duration (ns .
g (ns) gate duration (ns)
FIG. 3. The coherent dynamics and error, driving the

[1,0,1)-]1,1,1) transition on resonance. (a) The phase accu-
mulated on the computational states as a function of the gate
duration. Numerically exact results are shown with dots, while
Egs. (11), (15), and (16) are given by the transparent lines. (b)
The resulting coherent error €, as a function of the gate dura-
tion. Numerically extracted values for coherent error are shown
as brown dots, while the numerically extracted values for pop-
ulation leakage are shown as the transparent line. Our model
for coherent error given by Eq. (17) is shown as the green line.
The similarities between our model and the numerically exact
results imply that the majority of the coherent error is dispersive
in nature, prompting additional control optimization described
below. The approximately 10 times higher coherent error from
the Stark shifts on the |4,0,;),i,j # 1,1 states is shown by the
blue line, demonstrating that destructive interference between
the two coherent-error sources results in lower total error (green
line), than from each source individually.

expansion evolution 6, (¢) contributions to the evolution

~ 1 h o, N
0,(0) = _ﬁ/ / [V(t), V(t2)]dt1dta, (12)

where the perturbation

Q@)

V/ih = ne12e®™1,2,1) (1,1,1| + Hec. (13)
accounts for the drive on the next coupler excitation.
Solving for 6,(¢), we neglect terms proportional to €2(7),
approximate the pulse envelope as Gaussian, and assume
Q(—00) = Q2(c0) = 0 to find 6, of

R t Q(t 2 . 2
6,(t) :+27n'/ dt1M(005290(t1)|111)(111|
o 2a

+ sin® 6(1,)[101)(101]
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~+ sin By (t1) cos Oy (1) (—i|101)(111]
+ i[111) (101]) — [121)(121)), (14)

where 6y(¢) /27 = }‘ (1 4+ Erf(2¢/t)) represents the popu-
lation transfer on the |1,0,1)-|1,1,1) transition. We are
most interested in phase accumulated on the |1, 0, 1) state,
such that under the gate |1,0, 1) — —e™"11 |1,0, 1), where
@11 should be close to zero. Once again, we assume a
first-order Magnus expansion of the dynamics so that each
term can be treated separately and focus on the dispersive
effects. Integrating the coefficient to the |1,0,1) (1,0, 1| to
extract ¢, we arrive at ¢ of

_ 2 oo
oA = inesal” / Q(H? sin® 6y (H)dt
o —00
—1.58
= : (15)
T

We plot our estimate, given in Eq. (15), in Fig. 3(a) (dashed
green line), along with the numerically exact values (green
dots), and find agreement within approximately 1°, break-
ing down at short gate durations, which we attribute to
the breakdown of the dispersive approximation, since the
population leakage becomes significant.

C. Interference between Stark-shift phase errors

The dominant effect of nonzero ¢; values is to add
unwanted single-qubit phase accumulation. We mitigate
these with the addition of virtual gates, by adding opti-
mized single-qubit Z rotations onto the qubits at the end
of our simulations. In an experiment, single-qubit Z gates
may be trivially performed in software. However, a lin-
ear combination of the ¢; values, corresponding to the
joint Z,Zp rotations, remains. In particular, the entangling
power of our gate is set by the relative phase ¢

@ = @11 + @oo — Po1 — P10, (16)

which measures how close our gate is to a maximally
entangling Z,Zg gate modulo single-qubit operations; ¢ =
0 is the ideal case. A nonzero ¢ results in nonzero coherent
error, which for small ¢ is given by €, = 3¢?/20 (see the
Appendix F) [26].

For our system and parameters, we find that, remarkably,
the two mechanisms for unwanted Stark shifts (spurious
driving of coupler |2) excitation versus spurious driving of
its |1)) excitation largely cancel in their contributions to
the parameter ¢. Following Eqgs. (11) and (15), and (16),
we find that the gate infidelity for long times scales as

2
1 [ [mor|> |miol*>  |mool?
€y 3 [; +c ( S0 + - , (17)

810 8 %00
where ¢; = 0.612 and ¢, = 0.485.

In Eq. (17), destructive interference minimizes the dom-
inant sources of coherent error; the first term is positive
and the second term is negative (since dyx; <0, o >
0, and [8x00| > 810l ~ |8x01]). Combining the ¢;; val-
ues derived above, the resulting ¢ as a function of the
gate duration is shown in Fig. 3(a). It shows qualitative
agreement between the numerically exact results (orange
dots) and our estimate from Egs. (11), (15), and (16)
(orange line), in the regime in which population leakage
is negligible above 7, ~ 50.

In Fig. 3(b), we plot the resulting estimate for the gate
error due to Stark shifts [cf. Eq. (17)] and compare against
the errors found from a full time-domain numerical simu-
lation. Note that these results do not include any additional
optimization of the drive (which can dramatically decrease
the error, as we describe below). For gate times #, 2 50
ns, where leakage is minimal, there is a rough order-of-
magnitude agreement between the coherent errors found in
the full numerical simulation (orange dots) and the analytic
prediction based on phase errors (green line). This sug-
gests that for these gate times, Stark shifts are a dominant
coherent-error mechanism. Deviations from the analytic
prediction likely arise as the destructive-interference effect
in Eq. (17) (which largely cancels the leading-order Stark-
shift errors) leads to increased sensitivity to higher-order
terms.

Figure 3(b) also illustrates the strength of this
destructive-interference effect, by showing results for a
case in which we only consider Stark shifts on computa-
tional states other than |11) (i.e., for the case « — o0). In
this case, there is no possibility for interference and we
see that the coherent error would increase by a factor of
approximately 10 (navy blue line).

D. Additional coherent-error suppression via
drive detuning

We achieve significant improvements in the phase
error of our gate, beyond Eq. (17), by shifting the fre-
quency of our state-selective control tone to recover
@ ~ (0. We estimate the optimal detuning dw/2m =
Wdrive/27 — ((H)111/h — (H)101/h) by adding a term
—(Bw/2m)|1,1,1)(1, 1, 1] to the perturbation V'in Eq. (12),
resulting effectively in Q(#)%/2a — Q(#)*/2a + dw in
Eq. (14). Again integrating the phase on |1, 0, 1), we arrive
at an estimated phase incurred on the |1, 0, 1) state of

—1.58
¢11(6w) = —— — 0.5150w)T, (18)
™
such that the optimal detuning dw is roughly
Sw 1 [d mo1|>  Imiol*  |mool?
—:—2|:—1+d2(| ol Immol” _ ool )]’
2 o S xo1 dx10 8 X00
19)
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FIG. 4. Optimization of the drive frequency for minimal
coherent error. (a) The solid lines show the coherent gate error
as a function of the drive detuning, for three different gate dura-
tions. In each case, there is a dramatic reduction of coherent error
at an optimal detuning. The vertical lines indicate the analytic
prediction for the optimal drive detuning, given in Eq. (19). The
dashed lines show the error due only to leakage. At the opti-
mal detuning, the total error is almost entirely due to leakage.
(b) The scaling of the coherent error, for optimized drive detun-
ing, as a function of the gate duration #,. We fit to a power law to
recover an efficient scaling of approximately 1;4'4(3), where the
error bars are 1o residuals from the fit. All the coherent error is
from population leakage.

where d; = —0.488 and d, = —0.387.

As an example, we plot the coherent gate error [53] for
total gate durations #, = 2.2t of 88, 100, and 113 ns in
Fig. 4(a) (solid lines), sweeping the drive frequency in the
time-domain simulation through the estimated optimal val-
ues from Eq. (19) (vertical lines). For each gate duration
t4, there is a clear optimal dw, resulting in over an order
of magnitude reduction in coherent error compared to the
resonant-driving case. We also plot the population leakage
as a function of the drive detuning as dashed transparent
lines in Fig. 4(a); at the numerically optimized detuning,
the remaining coherent error is almost entirely leakage, i.e.,
¢ =~ 0. By design, our optimal detunings are small, since ¢
is already small at zero detuning (due to the destructive-
interference effect). For larger ¢ values, e.g., with reduced
inherited coupler nonlinearity (see the Appendix D), a
larger detuning to set ¢ & 0 is needed, in which case the
population leakage into other nearby noncomputational
states becomes limiting (see the Appendix D).

E. Leakage errors and DRAG-style pulse corrections

For our parameters and gate durations #, < 50 ns,
the dominant source of population leakage is excited-
state population in the |1,1,1) and |1,2,1) states (see
the Appendix D). We confirm that this residual pop-

ulation is due to evolution under the detuned driving
of the |1,1,1)-|1,2,1) transition, by implementing the
derivative removal via adiabatic gate (DRAG) technique
[54,56—60] (see the Appendix D). With the addition of a
second in-quadrature tone proportional to the time deriva-
tive of the Gaussian envelope, we optimize all control
parameters heuristically for minimal coherent error. In the
Appendix D, we observe reduction in the |1,1,1) and
[1,2,1) excited-state population after the gate, with total
coherent-error improvements within an order of magnitude
compared to without the additional tone [Fig. 4(b), black
dots].

However, we find empirically that the effectiveness of
the DRAG technique is limited at short gate durations.
In this regime, leakage into other noncomputational states
li, 1,j) can become comparable to the leakage into the
[1,1,1) and |1,2,1) states. Since we do not expect the
DRAG pulse to simultaneously suppress leakage into mul-
tiple states, the improvement is modest. For simplicity,
we continue analyzing our gate without DRAG, noting to
the reader that further improvements could be made with
additional pulse optimization.

F. Scaling of coherent error

Finally, we extract a scaling of coherent error with gate
time, using only our simple Gaussian pulses (without any
additional DRAG correction). We numerically optimize
the drive amplitude and frequency for minimal coherent
error €., for various gate durations f, [Fig. 4(b), orange
dots], and fit the result to a power law [Fig. 4(b), blue line].
Our finite amplitude and frequency sweeps for optimiza-
tion results in some scatter about the fit but the result is well
described by a model €, o #;, where p = —4.4 £ 0.3. This
efficient polynomial scaling is approximately consistent
with typical values found for leakage errors via a Magnus
expansion [54] and, in particular, its improvement beyond
téjz further shows that phase errors due to unwanted ac
Stark shifts have largely been suppressed. By reducing the
dominant sources of coherent error and improving its scal-
ing with gate duration, we enable fast high-fidelity gates
with favorable scaling as the total gate duration increases.

IV. SCALABILITY AND RESONATOR
IMPEDANCE

The flexibility in the resonator impedance to values well
beyond that of a transmon should facilitate the integration
of high-fidelity two-qubit gates into a larger circuit capable
of running surface-code QEC. For this, coupling to four
nearest neighbors is required. However, in general, cou-
pling to an increasing number of neighboring qubits comes
with a cost; each coupling capacitance also contributes to
the total effective capacitance of the qubit, as can be found
when solving for the circuit Lagrangian [61—63]. In gen-
eral, as the coupling capacitance between circuit elements
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increases, the coupling strength between them increases,
but the contribution of the coupling capacitance to their
total effective capacitances also becomes larger.

This presents a challenge in using fluxonium qubits in
a QEC context, as the fluxonium qubit requires a capac-
itance several factors smaller than that of the transmon.
Since strong couplings between the fluxonium qubits are
required for fast high-fidelity gates, there is generally a
trade-off between gate speed and/or fidelity and connec-
tivity. Here, we propose to avoid this trade-off by using a
high-impedance resonator as a coupling element between
fluxonium qubits. Generally, a high-impedance element
can efficiently couple circuit elements, i.e., facilitate strong
coupling even with a small coupling capacitance.

This statement can be shown with a simple scaling argu-
ment. We consider the coupling between a resonator ¢ and
a single fluxonium i/ in an isolated circuit. As discussed
above, strong hybridization with the fluxonium |[1) — |2)
transition is desired, in order to achieve a large inherited
anharmonicity on the resonator and drive single-photon
excitations. Therefore, we assume that the resonator fre-
quency is fixed. Recall that the key matrix element of
the Hamiltonian that generates the dispersive coupling
x and the inherited anharmonicity o on the resonator is
(1, 11J4(B) cficnr 10, 2) (with the first index for the resonator
state). This matrix element scales as

C C
cNeo1 ™ wc\/Z_c

, 20
CG G 20

Jneor &

where here the resonator angular frequency is w., the
resonator impedance is Z. = /L, /C,, the resonator capac-
itance is C,, the fluxonium capacitance is Cr, and the
coupling capacitance between the fluxonium and the res-
onator is C,., with coupling strength J. In the last propor-
tionality, we have used n.0; o Z, "2 for the resonator and
C, = 1/(w.Z.). Namely, for a given coupling capacitance,
the coupling increases with the impedance. In principle,
the coupling Jn.o can be increased to O(1) GHz by
increasing the impedance to approximately 4 k2 at a sub-
stantial loading C../Ciyt ~ 1/2. This maximum coupling is
fundamentally limited by the capacitive loading on the res-
onator due to the couplings C,, i.e., the intrinsic resonator
capacitance C, approaches C..

The above scaling argument is suggestive but not com-
plete, as it does not include other relevant details of the full
circuit, such as the grounding configuration and parasitic
capacitance to ground. For a more detailed understanding
of the advantage of large-impedance resonator couplers,
we numerically compute the coupling between fluxonium
A and the resonator as a function of the coupling capac-
itance and the resonator impedance, by calculating and
inverting the capacitance matrix (see the Appendix A). Our
results are shown in Fig. 5.

Transmon as coupler

~50% budget

usage (QEC)
~5 fF remaining

Cc/ Ctot

Near-term testing
(main text) i

56789 2 3 4 56789
100 1000

Resonator Impedance (Q2; before loading)

FIG. 5. The advantages of high coupler impedances in high-
connectivity architectures. We plot the fluxonium-coupler cou-
pling strength Jn.o; as a function of both the capacitive load-
ing ratio C./Cyy and the coupler impedance Z.. The resonator
impedance is varied while keeping the (unloaded) resonator fre-
quency fixed at 7.08 GHz. We also approximately fix the total
fluxonium capacitance Ci,y >~ 10 fF so that its charging energy
is Eé(B) ~ 2 GHz. These choices match parameter values in
Table I. We assume a differential qubit geometry for the fluxo-
nium and a grounded resonator. The parasitic coupling to ground
from the differential fluxoniums is 7 fF and the joint capaci-
tance between the fluxoniums is Cyp = 0.1 fF. The horizontal
lines show the maximum capacitive loading that could be tol-
erated in a surface-code architecture with degree-4 connectivity
(see text). The dashed black line shows the approximate coupling
Jn.o1 used in the text (and see the Appendix B) for gate sim-
ulations, and which is large enough to enable fast high-fidelity
gates. We avoid the region in which the effective capacitance of
the resonator (the diagonal element of the capacitance matrix for
its node) is more than 50% due to loading. We see that to achieve
large enough couplings for fast gates while having low enough
capacitive loading for a degree-4 connectivity, high impedances
Z. 2, 1000 € are needed. This can be achieved with a resonator
coupler (as studied here) but is infeasible when using a typical
transmon coupler.

We consider a circuit configuration in which the res-
onator is directly connected to ground and both fluxoniums
are grounded through a parasitic capacitance C, (see the
Appendix A). For simplicity, we treat the circuit sym-
metrically, such that J,. = Jp. = J, with coupling capac-
itance C.. We vary both the resonator capacitance and
the inductance so that its (unloaded) frequency stays fixed
at w./(2mw) = 7.08 GHz (matching the value in Table I),
while its impedance varies over a large range. Note that
after including the effects of the coupling capacitance, the
loaded frequency of the resonator decreases to a minimum
of about 5.5 GHz when varying parameters over the range
plotted in Fig. 5.

For the fluxonium qubits, in order to maintain a fixed E¢
value for both fluxoniums within approximately 10% of 2
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GHz (see Table I) across the sweep range, we fix
Ciot = Cr + Cap/4+ Cp /2 + Cc/4, 21

which is the diagonal element of the capacitance matrix
for the nodes of the fluxoniums (see the Appendix A). We
extract the coupling strength J between either fluxonium
and the resonator and multiply by the zero-point fluctua-
tion n. of the resonator, calculated using the impedance
after loading.

The last term in Cy, represents the capacitive load-
ing of the fluxoniums from the coupling capacitance. For
integration in surface-code QEC with four nearest neigh-
bors, the contribution from the coupling capacitors to the
effective qubit capacitance will approximately quadruple.
Using Eq. (21), this gives us a maximum allowable C,: it
must be smaller than Cy. For C, larger than this value, it
will be impossible to achieve a connectivity-4 setup and
keep Ciot at our desired target value [i.e., even if all other
capacitances in Eq. (21) could be made vanishingly small].
Given this, to roughly understand feasible coupling values
when scaling, we consider loading in which C, < Ciy/2,
corresponding to a “capacitance budget” of 50% (Fig. 5,
horizontal white line). For this value, when we move to a
degree-4 architecture, we could maintain our desired target
value of Ciy for each fluxonium, with only half the contri-
bution coming from coupling capacitances (thus leaving
room for contributions from other elements).

We find that for impedances of approximately 500 €2
and above, a coupling of Jn.o; ~ 600 MHz (i.e., the same
coupling as used throughout this work to show fast high-
fidelity gates) is achievable while still maintaining an
acceptable capacitive loading in the surface-code context,
i.e., with C., below 50% of the total effective capaci-
tance of the fluxonium (Fig. 5, horizontal white line). This
threshold impedance value of approximately 500 €2 is just
barely at the range of impedances that can be achieved
using a typical transmon coupler (the gray-shaded region
in Fig. 5; we consider a transmon charging energy of 0.2
GHz and transmon E;/E¢ from 50 to 200). This indi-
cates that the finite capacitance budget of the fluxonium
could limit the use of transmon couplers in a surface-
code QEC context, in contrast to high-impedance resonator
couplers.

Considering that the charging energy of the fluxoni-
ums is typically in the approximately 1-2 GHz regime,
which corresponds to 1020 fF, an additional margin in the
capacitive budget is likely needed. For example, the self-
capacitance of the small junctions in the fluxonium circuits
and the parasitic capacitance to ground are typically a
few femtofarad or more. We expect that an impedance in
the range of approximately 1-5 k2 would be sufficient
for practical implementation in a circuit when account-
ing for this additional margin. For example, as shown in
the Appendix A, we identify a set of circuit parameters in

which the unloaded impedance of the resonator is approx-
imately 4 k€2, the coupling term between the fluxonium
and the resonator is Jn.o ~ 0.54 MHz (the same value
as here in the main text), and the charging energy of the
fluxoniums is E/CI(B) = 1 GHz, while the capacitive loading
C. is only about 24% of the effective capacitance of the
fluxoniums. We expect that this would leave a sufficient
capacitance budget for the other contributions discussed
above.

With caveats, this exercise shows regions of parameter
space that may be feasible for integration in a surface code.
While the quantitative values depend on many parameters,
most of which we fix here to match Table I as much as pos-
sible, we choose typical parameters that we expect would
be realized in an experimental setting. For example, low-
ering the charging energy of the fluxoniums, below the
2 GHz used here, would result in weaker coupling but a
larger capacitance of the fluxoniums and therefore an addi-
tional margin for, e.g., parasitic coupling to ground (for an
analysis using Eé(B) = 1 GHz, see the Appendix B). Also,
increasing the resonator frequency increases the coupling,
which may also be further optimized. Finally, the under-
lying circuit parameters in each pixel of Fig 5 are by no
means optimized for gate fidelity (e.g., for some regions,
the loaded coupler frequency crosses through the plas-
mon transition). Instead, we simply convey a relationship
between the coupling, impedance, and capacitive loading
on the fluxoniums. A full optimization across the many-
dimensional parameter space is beyond the scope of this
work.

Here, in the main text, we analyze the gate with a rela-
tively low impedance of 190 €2, corresponding to transmon
values, in order to directly study the effects of replac-
ing a transmon coupling element with a resonator, as
well as facilitate immediate experimental testing, as low-
impedance resonators are easily integrated into a design.
However, we also repeat all of our simulations for the high-
impedance case and show the results in the Appendix B.
We note for the reader that an increase in the resonator
impedance does not necessarily increase the resonator
loss, as shown in TiN thin films [37,39]. For example, in
Ref. [37], the authors observe quality factors of approxi-
mately 10° in 7-GHz resonators at an impedances of over
10 k2. Conversely, as the resonator impedance increases,
so does its capacitive loading from the fluxoniums, which
may contribute to increased loss. This is a question for
future experimental study. Nevertheless, in our analysis,
we find that the gate fidelities are likely limited by the
fluxonium 0-1 transition loss for both the high- and low-
impedance cases (see the Appendix B). Assuming the same
resonator loss rates, in both the low- and high-impedance
cases, we predict gate fidelities of about 2 x 107* in
approximately 70 ns. We also observe robustness to junc-
tion mistargeting and flux variation, as discussed below
and in the Appendix B.
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V. ROBUSTNESS TO PARAMETER
IMPERFECTIONS

While a coherent error €. < 2 x 107 at #, ~ 100 ns (as
shown in Fig. 4) is encouraging for quantum computa-
tion, this result only has practical relevance if it has some
degree of robustness to circuit parameter variations. Junc-
tion variations are effectively mitigated by control, while
flux variations are suppressed by low E;. Here, we ana-
lyze both sources of error (neglecting the variation in £,
assumed to be suppressed by 1/+/N, where N is the num-
ber of junctions in a junction-based inductive shunt). We
find that our approach is robust to both of these mech-
anisms, considering typical experimental parameters and
uncertainties.

A. Flux noise

To approximate the effect of 1/f flux noise [46,47] in
the circuit, we simulate our gate time dynamics as a func-
tion of the static flux with a fixed small offset from 7,
without allowing for drive recalibration. This simulates
low-frequency flux noise in the environment, since the
flux would not change significantly on the time scale of
the gate, but it would exhibit uncontrolled offsets from
7 before recalibration is performed. Therefore, we repeat
the simulation for many values of ¢ offsets around 7,
keeping ¢? fixed at 7. (These results should be qualita-
tively representative for varying ¢2, since both fluxoniums
have similar circuit parameters and coupling strengths.)
For flux noise of both S(w) = (5u®¢)?/w and (11 Pp)?/w,
corresponding to typical and state-of-the-art flux-noise
amplitudes found in the laboratory [46,47], respectively,
we find that the variation in the coherent error is negli-
gible for the gate durations analyzed [see Fig. 6(a)]. To
calculate the expected variation in flux for the typical
and state-of-the-art values (assuming similar mutual induc-
tance between the flux control line and qubit, as well as
the qubit loop area), we assume 1-h time delays before
recalibration of the external flux source of the fluxoniums
back to its desired value of ¢ = 7, integrating the noise
down to a low-frequency cutoff of 1/(1 h) ~ 0.3 mHz.
The high-frequency cutoff is the inverse of the gate time
of approximately 1/100 ns. As discussed below, for typi-
cal dissipation rates, the short gate duration 7, < 70 ns is
of most interest, corresponding to sufficient robustness in
flux offset for the typical experimental setting.

B. Junction mistargeting

Fabrication imperfections and inhomogeneities, as well
as chip aging, will result in variations in all junction
energies, typically at the level of approximately 2%. To
study the impact on the coherent gate error, we assume
that the junction values are static and sweep E; of flux-
onium A4 over a 2% range about its desired 7-GHz value,
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FIG. 6. The robustness of coherent error to parameter imper-
fections. (a) The coherent error as a function of the static flux
deviations of ¢ (solid colored lines). The vertical gray lines
represent the standard deviation of the flux for an example
laboratory setting [46] (dashed lines) and a rough state-of-the-
art setting (solid line) [47], demonstrating that our gate should
be robust to small changes in flux, for typical loop sizes and
mutual inductance between the flux control line and qubit. (b)
The coherent-error robustness to E; mistargeting. We simulate
our gate over a variety of E; values for fluxonium A4, keeping
the other circuit parameters fixed. We find less than a factor of
approximately 10 change in the coherent error as we change the
junction energy over a typical 2% range. Because of the efficient
scaling of the coherent error with the gate duration, such error
increases can be efficiently mitigated by using a slightly longer
gate, showing the robustness of our approach to £ variation.

recalibrating the drive for each £ and 7, value. The results
are shown in Fig. 6(b), for various total gate durations 7.
We find that the coherent error stays within a factor of 2
or 3 within the value for the desired £/ = 7 GHz, which
can easily be compensated by slightly increasing the gate
duration, exploiting the efficient scaling. This robustness
is expected and by design. The key parameters that enable
our gate speed limits of approximately 1/6x;; and approx-
imately 1/« are polynomial in small 1/A;, which shifts by
order 8w’i,2 /(2m)A; <« 1. Therefore, a small E; variation
should result in small variations in gate speed limits and
errors.

VI. GATE PERFORMANCE IN THE PRESENCE
OF DISSIPATION

Having analyzed both the impact of coherent errors
and parameter variations, we now turn to the last crucial
error channel: environment-induced dissipation. We simu-
late the effect of Markovian dissipation on our gate, using
time-dependent master-equation simulations. We consider
the impact of 7} dissipation on both the fluxoniums and
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the cavity coupler but neglect pure-dephasing processes.
This is a reasonable approximation, as the coherence times
of the fluxoniums are protected to first order in flux noise
at the external flux values ¢ = 7w and, in general, pure-
dephasing rates in electromagnetic resonators are small
[64].

Our simulations follow a master equation,

) i~ n
p= _Z[H’ pl+kD@)p

+ 30 (6 DA0), (1) +n DAL, (01 ) p

ie{4,B)

+1>D(1); (21 ps (22)
where «, is the dissipation rate of the coupler with anni-
hilation operator ¢, ¥ is the dissipation rate of the bare
|k); - |I); transition on fluxonium i, and |k); (/|; is the cor-
responding jump operator. All jump operators act on
individual bare components, such that the Hamiltonian
eigenstates inherit loss rates of linear combinations of the
various k values. We include dissipation only for the flux-
onium |0)-|1) and |1)-|2) transitions, because all other
transitions are largely irrelevant to the gate dynamics.
Note that the loss process between |1) and |2) enhances
the effective loss rate of the coupler, as this transition
is hybridized with the coupler at the 10-15% level. For
heating, we include raising jump operators on the qubit
transitions of the fluxoniums, as the thermal occupation of
the first excited states of the fluxoniums are order unity
for temperatures of 10-50 mK. We neglect heating of
the plasmon and coupler transitions, which are several
gigahertz.

For computational feasibility, our dissipative simula-
tions are performed using a smaller Hilbert-space dimen-
sion than used for the coherent-error analysis in the earlier
sections; in particular, we go from a dimension of d = 45
to d = 28. While the additional truncation does not omit
any levels that have significant population, it does lead to
very small changes in nonresonant Stark shifts and thus to
the optimal drive detuning (see Sec. III D) that was used
to mitigate the corresponding phases. For this reason, for
the simulations presented here, we reoptimize the drive
detuning to account for the modified value of d. With this
reoptimization, we find that the purely coherent error of
our gate is almost the same for d = 28 and d = 45 (i.e., for
all gate durations simulated, the coherent-error predictions
for the two values of d agree to within a relative error of
7%; see the Appendix F). Here, we report the gate errors
of the d = 28 simulations, using the associated optimized
drive parameters, as an estimate of the extracted error in a
randomized benchmarking experiment.

We present simulation results for six different sets of
temperature and dissipation-rate parameters, as listed in
Table II. We consider three values of temperature (30, 50,

TABLE II. The parameter sets of the dissipation rates and the
temperature for our simulations including dissipation. The sets
A-C are most optimistic « values, for increasing temperatures,
while the sets D-F are the most conservative « values.

Set We/Ke 1/kd; (ms) 1/t (ns) T (mK)
A 5 x 10° 1 30 30
B 5% 10° 1 30 50
C 5 x 10° 1 30 100
D 100 0.2 10 30
E 10° 0.2 10 50
F 10° 0.2 10 100

and 100 mK), and both optimistic and pessimistic « values,
sweeping from the state-of-the-art lifetime for fluxonium
1/k91 = 1 ms [6,26], to a conservative 1/ky; = 0.2 ms.
The resonator coupler should be fabricated from a high-
quality material, such as tantalum, to ensure that its quality
factor is in the range of 1 x 10° to 5 x 106 [50,65].

In Fig. 7, we plot the average gate infidelity 1 — F
following the standard definition in Ref. [53], where the
fidelity F is

_ 1 Yaly Or \12
F= D <Tr (Xk:MkMk) + Xk: |Tr(My)| ) .
(23)

Here, the computational dimension d =4, M; = PUcgz
GP, Ucy is the ideal Cz unitary, the G; are the Kraus
operators, and P is the projection to the computational
subspace. We show the error for all six parameter sets
as a function of the gate duration f,, including all the
incoherent-error sources described above (colored dots).
The leakage errors (gray lines) are overlapping within each
parameter-set group and remain small, while the coherent
error in a unitary simulation is again plotted for com-
parison (black line). We observe an optimal 7, for each
parameter set, corresponding to approximately equal con-
tributions of incoherent and coherent error. For the most
pessimistic parameters (sets D-F), the optimized error of
6 x 107* is predicted at z, = 55 ns, while for the most
optimistic (sets A-C), errors of 1.86 x 10™* for 7, = 70 ns
are feasible. The incoherent-error sources are well approxi-
mated by simple ratios of the gate duration and the lifetime
(see the Appendix E).

We also remark that the gate performance is robust to
thermal-heating effects [at the level of bath thermal fac-
tors n’! in Eq. (22) that are of order unity]. This can
be seen by the fact that the error is nearly identical for
parameter sets A, B, and C, and for D, E, and F. We
are only treating thermal-heating effects during the gate
and are assuming that the initial-state preparation of the
system is not corrupted by thermal effects. In particu-
lar, at higher temperatures the resonator coupler must be
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FIG. 7. The gate error including dissipation. We consider six
parameter sets for the dissipation rates and the temperature, as
described in Table II. We observe an optimal gate duration #,
for each parameter set, corresponding to roughly equal contribu-
tions of coherent and incoherent error (see the Appendix E). The
gray lines are leakage errors, for parameter sets A-C (bottom gray
line) and parameter sets D-F (top gray line). The coherent error is
plotted as a solid black line. For state-of-the-art dissipation rates,
errors of 1.86 x 10™* in 70 ns are feasible.

reset, as any thermal population will quickly dephase the
qubits, leading to a gate error. We also neglect additional
quasiparticles, thermal-photon shot noise in coupled read-
out resonators, or additional radiation from control and
readout lines. In principle, if these additional mechanisms
can be mitigated, our results suggest that high-fidelity gate
operation at temperatures of approximately 100 mK should
be possible.

VII. CONCLUSIONS AND OUTLOOK

Coherent errors govern the effective gate speeds, lim-
iting the total fidelities when combined with incoherent
dissipation rates. By understanding the dominant sources
of coherent errors, i.e., dispersive phase shifts that result in
errors scaling as téjz, we design a fluxonium-based circuit
to minimize them, enabling faster gates and higher fideli-
ties for typical dissipation rates. Specifically, the imple-
mentation of a high-quality linear resonator as a coupling
element results in efficient scaling of the coherent error
with the gate time through destructive interference. Our
architecture enables reduced coupler loss, such that the dis-
sipation of the fluxoniums dominates the incoherent-error
budget. A perturbative analysis of the Hamiltonian guides
our circuit-parameter design to ensure that a given mix-
ing between elements results in maximal contributions to
the gate fidelities. Strongly coupling our resonator to a sin-
gle highly nonlinear transition of the fluxonium qubit gives
rise to large state-selective frequency shifts and nonlinear-
ity within the resonator. However, the total hybridization
can still be tuned to ensure that the inherited loss rates
of the coupler from lossy noncomputational states of the
fluxonium are inconsequential.

Our resonator-as-coupler design also introduces an
approach for scaling a two-qubit gate architecture with
fluxonium qubits, proposing a solution for improved logi-
cal performance through the favorable lifetime and anhar-
monicities of the fluxoniums. One challenge in develop-
ing fluxonium-based QEC is the decreased margins for
capacitive loading from its larger Ec values compared
to current transmon architectures. While further analysis
of our gate in a larger code is warranted, we identify
a building-block for facilitating integration of fluxonium
qubits in a highly connected circuit. This high-impedance
resonator could result in a more efficient coupling strength
(per unit coupling capacitance) than a transmon coupler,
and debut increased coordination number in a fluxonium-
based architecture. Further work will include treatment of
our gate in a realistic quantum error-correction context:
spectator errors, capacitance budgeting, including readout
resonators, and estimations of dephasing from their associ-
ated shot noise. In particular, an effective treatment of the
correlated errors across a circuit, e.g., due to induced ZZZ
interactions, presents a challenge in the context of such
strong hybridization.

Our first-principles approach may also be applied
to other quantum computing architectures. Identifying
sources of the dominating coherent errors and engineer-
ing the circuit to natively cancel them may bear fruit
in a transmon-coupler-transmon case, potentially identi-
fying a path to microwave-activated gates with improved
coherent-error scaling and total fidelity. Our gate may also
be executed with external flux values ¢, % m, where the
fluxoniums exhibit 7; > 10075, with T} approaching 10
ms [27-32,66]. In this regime, our gate should preserve
the 71 > T, hierarchy; the additional noise channel, i.e.,
the coupler decay events, introduces additional dephasing
of the qubits but not bit flips. Overall, our approach shows
a path to record fidelities for two-qubit gates in a leading
choice for superconducting circuits.
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APPENDIX A: CIRCUIT AND HAMILTONIAN

Here, we introduce the fluxonium-resonator-fluxonium
circuit, derive the capacitance matrices for different
grounding configurations, and analyze the resulting Hamil-
tonian.
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1. Capacitance matrix: Grounded fluxoniums,
grounded resonator

The simplest grounding configuration includes grounded
fluxoniums and a grounded resonator, with a dedicated
capacitance for each pairwise coupling (which may be
from desired or parasitic cross capacitances). For a circuit
diagram and mode labeling, which follows Ref. [26], see
Fig. 8(a). In this case, the capacitance matrix is

Cf + C.+ Cyp —-C, —Cyp
C= —C. C.+2C. —C,
—Cyp -C. Cr + C. + Cys,

(AT)

where C. is the coupling capacitance between each flux-
onium and the resonator, assumed to be equal for both
fluxoniums here for simplicity. The capacitance C; is the
capacitance across the fluxonium to ground. The capac-
itance Cyp is the coupling capacitance between the two
fluxoniums and the resonator capacitance is C,.

The grounding capacitance for the fluxoniums Cr
includes the contribution from any capacitor pads as well
as the small phase-slip junction itself. (The contribution
from a junction-array inductor is generally negligible,
since it scales as 1/N, the number of junctions). Typi-
cally, the junction capacitance for 7 GHz is of the order
of approximately 3 fF, setting a lower bound on C; given
by the critical current density of the junction fabrication
process. We assume that the differential capacitance across
the pads C; can be tuned to be small, of the order of 2
fF. This sets a maximum of roughly 4 fF for any addi-
tional parasitic capacitances to ground, for a total effec-
tive capacitance Cer = 6.6 fF 4+ C. + Cyp. For integration
with a higher-impedance resonator with circuit parameters
designed for integration in a larger circuit, see the param-
eters in Tables III and IV. In both impedance cases, we
find that very small capacitances between the two fluxo-
nium qubits are required to maintain small 5, which may
be difficult to target accurately. This motivates a change
in grounding geometry to differential qubits as discussed
below.

TABLE III.

(a) CaB

FIG. 8. The grounding configurations and mode labeling. (a)
The grounded fluxoniums and the resonator. (b) Differential
fluxoniums and the resonator. The differential configuration is
preferable for reduced loading of the coupling capacitors, as
discussed in Ref. [26]. The mode indices ¢; refer to the mode
ordering of the indices in the capacitance matrices in this work.

2. Capacitance matrix: Differential fluxoniums,
grounded resonator

Here, we assume differential fluxoniums and a grounded
resonator, as in Fig. 8(b). There are several motivating rea-
sons for using a differential qubit geometry: (i) assuming
an inductive shunt fabricated from an array of Josephson
Junctions (JJA) for the fluxoniums, a differential geome-
try exhibits approximately 2 times higher collective mode
frequencies in the JJA, which should push them to the
(104)-GHz regime (outside the scale of interest for the
gate). (i) As in Appendix B of Ref. [26], differential fluxo-
niums enable smaller capacitive loading per unit coupling
capacitance, and (iii) the use of a a grounded coupler

The capacitances in Eq. (A1) for the capacitive energies and coupling strengths shown in Table IV. We assume grounded

fluxonium qubits and a grounded resonator. The frequency w,. corresponds to the loaded resonator frequency after integration into the
circuit. Recall that the capacitance matrix sets the spurious ZZ interaction n between the qubits; for more details and expressions,
see the perturbative analysis below. Here, the bound on Cp refers to a 4-kHz ZZ interaction n between the fluxonium qubits, below
which 7 is smaller than 4 kHz. The extremely small C45 value required for ZZ cancellation motivates a differential fluxonium qubit,
as discussed in the next section.

Descriptor Cr (fF) Zein (2) w./(2m) (GHz) C. (fF) Cyp (fF)
Main text 7.27 193 7.08 2.45 0.01(<0.04)
High impedance 9.0 2132 7.08 0.76 0.01(<0.04)
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TABLEIV. The capacitive energies and coupling strengths from the input capacitances in Table II1, i.e., the grounded qubit geometry.
For both parameter sets, we recover the same Hamiltonian, since they have identical J.n. ;. Recall here that J4. = Jg. = J..

Descriptor E}? (GHz) Z.(Q) J. (GHz) Jeneo (GHz) Jus (GHz)
Main text 2.0 191 0.33 0.54 0.1
High impedance 2.0 2000 1.07 0.54 0.1

enables reduced sensitivity of the ZZ-cancellation condi-
tion to imperfections in the coupling-capacitance targeting.
We start by assuming the fluxonium-resonator-fluxonium
circuit shown in Fig. 8(b), with the fluxonium modes differ-

between each fluxonium and the resonator, again taken to
be equal for both fluxoniums here for simplicity.

In the index ordering for the capacitance matrix above,
fluxonium A corresponds to the first and second index,

ential and the resonator grounded. The capacitance matrix ~ fluxonium B to the last two indices, and the resonator to the
is third one. Since we use a differential mode for the qubits,
we follow Ref. [26] by defining the qubit modes as sums

G +6 =G 0 0 0 and differences of the original node phases. The authors
-G Coa —C 0 —Cus define the new capacitance matrix as C = (MT)~'CM !,
C= 0 —C G +2C 0 —Ce | where M defines the sums and differences of each fluxo-
0 0 0 C+C —Cr . )
: nium mode:
0 —Cup  —C. —Cr Crot
(A2) 1 1 00 0
I =1 0 0 O
where C; is the differential capacitance across each flux- M=l0o o 1 0 o0 (A3)
onium (taken here to be equal for both fluxoniums, for O 0 0 1 1
simplicity), C, is the parasitic coupling of each fluxonium 0O 0 0 1 -1
to ground, one on each side of the qubit, C, is the capaci-
tance of the resonator (to ground, by definition), and Ciot =  This results in the new capacitance matrix of
Cr + C, + Cc + Cyp. Here, C. is the coupling capacitance
|
Cup/4+Cc/4+Cp /2 —Cyp/4—Cc/4  —C./2 —Cyup/4 Cap/4
—Cup/4— Cc/4 Ciot C./2 Cup/4 —Cyp/4
6 = _Cc/2 CL/2’ 2Cc + Cr _Cc/2 Cc/z (A4)
—Cyp/4 Cap/4 —Cc/2  Cup/4+C./4+Cy/2 —Cyp/4—C./4
CAB/4 _CAB/4 Cc/2 _CAB/4 - Cc/4 Ctot

where Ciot = Cyp/4 + Cc/4+C, /24 Cr.

TABLE V. The capacitances in Eq. (A2) for the capacitive energies and coupling strengths shown in Table VI. We assume differential
fluxonium qubits and a grounded resonator. The bound on C corresponds to 4-kHz ZZ coupling n between the two fluxonium qubits.
The frequency w, corresponds to the loaded resonator frequency after integration into the circuit. In the low-impedance case, we
find that a large coupling capacitance C. > Cr is needed, such that in a surface-code context, this parameter set can be used only in
conjunction with high-impedance resonators to maintain qubit £c ~ 2 GHz. For the high-impedance case, the coupling capacitance C,
is well below the self-capacitance Cr of the fluxoniums, implying an extension to degree-4 connected circuits using similar parameters.
However, small parasitic capacitances to ground are required. These observations motivate parameter sets for scaling with lower E¢
values, as discussed below. The two rows correspond to identical Hamiltonians, within 2%.

Descriptor Cy (fF) C, (fF) Zein (Q) w./(27) (GHz) C. (fF) C.iz (fF)
Main text 4.7 7.4 193 7.08 7.9 0.06(<0.3)
High impedance 8.23 2.42 4462 7.08 1.46 0.09(<0.25)
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TABLE VL

The capacitive energies and coupling strengths from the input capacitances in Table V. For both parameter sets, we

recover the same Hamiltonian, since they have identical J.n. ;. Recall here that J. = Jz. = /...

Descriptor EN® (GHz) Z.(Q) J. (GHz) Jeneo (GHz) Jus (GHz)
Main text 2.0 191 0.33 0.54 0.1
High impedance 2.0 3600 1.43 0.54 0.1

The qubit modes now correspond to the second and last
indices, while the first and fourth modes correspond to the
sums of those differences.

We estimate the capacitance values needed for imple-
mentation of the Hamiltonian in the main text. These are
shown in Tables V and VI. We find that while the toler-
ance on parasitic cross capacitance C4p is larger than in the
grounded case, the self-capacitance Cr is somewhat small,
only a few times larger than the capacitance of the junction
itself, leading to stringent requirements on the lead geome-
try. This motivates studying our gate with lower E values
of the fluxoniums, as discussed below.

APPENDIX B: ALTERNATIVE CIRCUIT
PARAMETERS FOR REDUCED CAPACITIVE
LOADING

For facilitating integration with larger parasitic capaci-
tances to ground, as well as nontrivial capacitances from
the junctions themselves, we study capacitance matrices
here with lower E¢ = 1 GHz for the fluxoniums. A larger
impedance enables relaxed capacitive loading even with
similar coupling compared to the main text. For our exem-
plary circuit parameters, see Tables VII and VIII. Descrip-
tive remarks about the circuit include the following:

(a) For inductive elements, we use EZ“B) = Eé(B) =1

GHz, and E7® = 7.0(6.9) GHz.

(b) Here, the coupling capacitors only contribute 6% to
the capacitance budgets of each of the fluxoniums,
implying feasible capacitive budgets for connecting
to a degree-4 coordination number, as required for a
surface code.

(c) We additionally focus on a differential fluxonium
mode geometry to suppress stray ZZ interactions
from parasitic cross capacitance between the two

TABLE VIIL

fluxoniums. For example, for a capacitance of 0.15
fF, the ZZ coupling strength is n = —3.6 kHz, with
reduced ZZ coupling at smaller cross capacitances.

(d) The hybridization between the fluxonium plasmon
transitions and the coupler is about the same as in
the main text, at iy = 14% and iz = 18%.

(e) In practice, the maximum impedance that we expect
to achieve is limited by the increased drive strength
required for a fast gate (here, a Rabi frequency of
Q ~ 70 MHz for a 70-ns gate), capacitive loading
on the coupler, and increased sensitivity of the ZZ
interaction 7 to parasitic cross capacitances between
the two fluxoniums.

We repeat the same analysis as in the main text and show
the results below. In Fig. 9, we show the key interaction
terms in the Hamiltonian as done in the main text. While
we observe similar hybridization, a larger Jyp) . value,
even beyond what we report here, should be feasible, as the
coupling capacitances are only 6% of the capacitance bud-
get of the fluxoniums. Consequently, in Fig. 10, we observe
qualitative agreement between the numerically extracted
¢;; values and our analytic estimates.

Next, in Fig. 11, we illustrate the coherent error as a
function of the gate time, after drive optimization. We
find that a similarly low coherent error compared to the
main text is possible at a similar gate time of #, ~ 70 ns.
However, the scaling is much more efficient at short
gate times, which we attribute to increased leakage of
the plasmon excitations (e.g., to the |0,0,2) and |2,0,0)
states).

In Fig. 12, we show the robustness of the coherent error
to variations in the circuit parameters. While we observe
an increased sensitivity to flux noise, as expected from the
higher Ef(B) values, within state-of-the-art flux noise the
variation in the coherent error is still of order 20% for our

The capacitances in Eq. (A2) for the capacitive energies and coupling strengths shown in Table VIII. We assume dif-

ferential fluxonium qubits and a grounded resonator. The frequency w,. corresponds to the loaded resonator frequency after integration
into the circuit. This case should facilitate scaling to a surface code in the presence of large parasitic capacitances to ground. In par-
ticular, the contribution of the coupling capacitance, C./4, to the total effective capacitance Cy + C, /2 + C./4 + Cyp/4 ~ 20 {F is
about 6%, such that scaling to four coupled resonators coupled to each fluxonium should be possible, even with a substantial margin
for coupling to readout resonators or other circuit elements. The bound on C4p corresponds to 4-kHz ZZ coupling n between the two
fluxoniums.

Descriptor Zein (2) w./(2r) (GHz) C. (fF)

3812 5.18 4.67

Cyp (fF)
0.66(<0.7)

Gy (fF) Gy (F)
High impedance 15.2 6.9
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TABLE VIII.
we assume that Ezl(B)

The capacitive energies and coupling strengths from the input capacitances in Table VII. For the inductive components,
= 1.0(1.0) GHz, and E7® = 7.0(6.9) GHz.

Descriptor E‘é(B) (GHz) Z:. (2)

Jc (GHZ) Jcnc,Ol (GHZ) JAB (GHZ)

High impedance 1 2546

1.15 0.58 0.138

gate durations of interest, 7, ~ 70 ns. Similarly, we observe
a similar robustness of the coherent error to £7® variation,
which can be efficiently mitigated with a slight increase in
the gate duration if required.

Finally, we report the total error including the same loss
mechanisms and loss rates as reported in the main text.
In Fig. 13, we show errors with values nearly identical to
those in the main text, suggesting that our gate approach
may be extended to the ultrahigh-impedance regime and
therefore enable QEC with high-fidelity gates.

APPENDIX C: HAMILTONIAN ANALYSIS

The system Hamiltonian is H = Ho + Hin, Where the
bare Hamiltonian is

. o (EL\
Foji= 3 abcsit + () &

i=A.B

+ Ej;cos (431») 4 Depta (C1)
2

@ o (b)
—— numerics e 0 (NUMeTicS)
- - - Eqgs.(5),(6),(8),(9) = =a(model)
(main text) Xoo=X
2000 —— %o X
—100 [~ ~ Xor™ X
N
— NS
B Ny
T
1
£ 200 50
s Xoo
=3 = ZX10 \
§ Kot
R X
n
2 -300
Qo
o
©
2
S —400
-500
4.0 45 50 0.05 0.10 0.15

Coupler frequency (GHz) Hybridization (ha + hg) / 2

FIG. 9. The key terms in the Hamiltonian for the circuit
parameter set described in Tables VII and VIII. We observe
similar x; and « values as a function of the plasmon-coupler
hybridization, since we maintain a similar effective coupling
strength Jyp) 14p). 127,01 as in the main text.

and the interaction Hamiltonian is

Hint/h = Jycnane + Jpcnghe + J4 phahp. (C2)
As stated in the main text, the external flux for both flux-
oniums is set so that the fluxoniums are at their sweet
spot, ¢V = ¢®) = . In this appendix, we study the
perturbative terms that are responsible for x; and o.

1. Summary of Hamiltonian analysis

We summarize the findings from our analysis of the
Hamiltonian, as detailed below. Following our notation
for the main text, no; = (i| 19 |j) is the charge opera-
tor for circuit element O € 4, B, ¢ on transition |i) — | ).
We assume an approximate hierarchy of energy scales

0
o
S
o
= oY
© 50"
6 -20 °°
= 7
gz | &
- (4]
[SURT) (] P
5T o Eq. (15)
g3 Numerics:
T 5
< O o1
w  —60 O ¢10
3 P11
‘=
a2 Eq. (10) for @4
wn = Eq. (10) for ¢qq
-80 Eq. (14) for @11

50 100 150 200
gate duration (ns)

FIG. 10. The spurious phase and modeling prediction for the
computational states and for the circuit parameter set described
in Tables VII and VIII. We observe similar spurious phases as in
the main-text parameters. The modeling of the ¢;; values (green
and blue lines) is accurate to about 2° for all f, (green and
blue circles), leading to substantial disagreement in the relative-
phase ¢ numerics (orange crosses) and prediction (orange line).
We attribute the deviation to detuned driving of the plasmon
transitions, e.g., the 0,0, 1) -10,0,2) transition shifts ¢gy;. This
both renders our simple model for coherent-error mechanisms
reported in the main text inaccurate and can be expected when
going to higher coupler impedance; a stronger drive is required
compared to the main-text parameters.
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Coherent error
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Gate duration (ns)
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FIG. 11. The coherent error as a function of the gate time for
the parameter set described in Tables VII and VIII. We observe
increased scaling of the coherent error with the gate duration
at short gate times, which we attribute to increased leakage
from detuned driving of the plasmon transitions. Nevertheless,
we recover coherent errors within 2 x 10~ at gate durations of
approximately 70 ns, performance similar to that of the main-text
parameters.

and matrix elements given in Appendix C 3 a, which also
contains our approximations:

(1) The fluxonium ZZ interaction 7 is given by virtual
excitations to noncomputational states, particularly
the second and third excited states of the fluxoni-
ums. The perturbative contributions to 1 at order i
are n”, where

2
|7;,121; 12
27.”7(2) ~ _277']/%,3 § ﬁ
ijelaB)ji 012 T
2 2
1,127 03 1,037 03
- 5
w12 w03 i3+ W03

270 = 4 Jy T elneor I

1 1
(ormra tonra):
wq12 t o, w12+ W

(2) To second order in Hiy, first order in 1/A g,
where 27 A 45) = @412 — @, and zeroth order in
n4s)01, the dispersive coupling strengths can be
estimated as follows:

2) _ _inch’lA,lch,Ol|2 _ J§,6|n3512nc,01|2
B AA AB ’
@ _ 27TJic|’1A,03’1c,01|2 Jﬁ,clng,lznc’m |2
Xog = W4,03 — W Ap ’

@) (b)

K E; variation (%)
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-
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O
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9 5 —-1.0
-0.1-0.05 0 0.05 0.1 60 70 80 90100

®eA - 1 (177/1000) Gate duration (ns)

FIG. 12. The robustness of the coherent error to circuit imper-
fections, for the parameter set described in Tables VII and VIII.
(a) The sensitivity to the flux variation is increased compared
to the main text. This is because of the increased E; values
of the fluxoniums, which are in turn required to maintain large
xii values when paired with the lower Ec =1 GHz (for fur-
ther details, see Appendix C). The vertical gray lines correspond
to the same flux-noise values as in the main text. Despite the
increased sensitivity, the relative variation in the coherent error
for state-of-the-art flux noise is still below approximately 20%.
(b) The variation of the coherent error with E; offsets. As also
found in the main text, the variation in the coherent error with £
offsets is within a factor of approximately 2, which can be effi-
ciently mitigated with a slight increase in the gate duration #, if
needed.

27TJ§’C|HB,03”C,01 12 Jic|”A,12nc,01 |2

@)
1,0

X

b

B3 — W Ay

2

~

22 2
213 g gsheo P 21T nposneorn |

=
S~
°
I

W4,03 — W¢ WpR03 — Wc

We estimate the third-order terms and find that
they are approximately 10 MHz for our hierar-
chy described in Appendix C3a. When 2w A5 >
w33, the plasmon-transition terms will dominate the
dispersive interaction, yielding 8x; = x — x; of
approximately 100 MHz. Also, we choose A
to be small, with Jyp)nc01m48),12/ D i) 5 1, and
the plasmon transition above the coupler transition
(Aygp > 0). This allocation will maintain a large
detuning between the coupler frequency and the
fluxonium 0-3 transitions, as required for maximal
18 X351

(3) The second-order shifts to computational states are
of order 1-10 MHz. The largest contributions are
virtual excitations through a plasmon excitation and
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FIG. 13. The total gate error, for the parameter set described

in Tables VII and VIII, and parameter sets A-F for the loss rates
reported in the main text. We observe errors near-identical to
those found in the main text, suggesting that our gate scheme
can be extended to the ultrahigh-impedance regime.

a coupler excitation (|2, 1, 1) and |1, 1, 2)). The next-
highest term corresponds to three-photon excitation
X n(2)3 / wo3.

(4) Our estimates of x; do not rely on any intrinsic cou-
pler nonlinearity. The large dispersive interaction
emerges because of the substantial charge-matrix
elements of the coupler and the fluxonium 1-2 tran-
SitiOl’l, and by tlll’lil’lg JA(B)nc,Ol nA(B),lz/AA(B) ~ 1.

(5) The large x;; can be engineered while also choos-
ing a capacitance matrix such that the ZZ interac-
tion in the computational manifold is suppressed.
The energy shifts in 7™ from nth-order per-
turbation theory all have large negative energy
gaps. Therefore, the perturbative contributions to
the ZZ coupling in the computational manifold o

(1/(@amy12 + wc))n_l, where n > 2. Conversely,
8 1s proportional to 1/A 4, which can be tuned
independently such that A 45 is small even if w1, +
w, 1s large.

(6) The anharmonicity of the coupler is significant at
fourth as well as higher orders. While our ana-
lytic estimations and the exact perturbative shifts for
the coupler nonlinearity agree within approximately
30%, including up to fourth order, neither agree with
the exact numerical result within a factor of 2-3.

2. ZZ7 interaction strength numerical analysis

The ZZ interaction, 7, is particularly important for our
microwave-activated approach. When the gate is off, the
qubits will become entangled at rate n, resulting in cor-
related errors. In our work as well as Ref. [26], a low
n value is achieved through a careful tuning of the cou-
pling strengths in the circuit. For particular values of the
couplings J;; and spectra, n can be tuned to be small, of
the order of O(1) kHz. We deem this scale to be suffi-
cient for initial QEC applications, because it would very

roughly correspond to correlated errors in 50-ns gates of
approximately 104,

In Appendix C3, we derive the condition for small
n using a perturbative expansion in the coupling terms
between circuit elements. We find that our perturbative
estimate agrees with numerically identified values of n
within approximately 5%, implying robustness to changes
in the qubit spectra and coupling strengths. Here, we report
explicit values of 1 for various choices of J,p) . calculated
by numerically diagonalizing the Hamiltonian.

The ZZ interaction strength is most sensitive to Jy g,
where a change in J4 3 of 10% can lead to a change in
n of approximately 1 kHz. Converting to capacitance val-
ues, we find that the joint capacitance between fluxoniums
C,4p must be within O(0.1) fF to maintain |n| < 4 kHz,
with explicit values for each set of circuit parameters in
Tables III, V, and VII. We find for all circuit parame-
ter sets (for both the high- and low-impedance resonators)
that even at zero Cy 3, || < 4 kHz—i.e., the joint capac-
itance should be suppressed in circuit design as much
as possible. Additionally plotting n over a sweep of J, .

n (kHz)
-1
@) o.18
-2
0.16
~ -3
I
G 0.14
2 -4
~ 0.12
-5
0.10 2L ~
-0.40 -0.35 -0.30 -0.25 -0.20
Jac (GHz) -7
(b) n (kHz)
-0.5
-1.0
: -1.5
- -2.0
I
e -2.5
Q
= 2 -3.0
-3.5
-4.0
-0.40

-0.40 -0.35 -0.30 -0.25
Jac (GHz)

-0.20

FIG. 14. The ZZ interaction ), calculated by numerically diag-
onalizing the Hamiltonian, as a function of the circuit coupling
strengths. The system parameters are the same as in the main
text: (a) sweeping Jp. and J,p, for fixed Jp,. = 0.33 GHz; (b)
sweeping Jp . and J, ., for fixed J4 3 = 0.1 GHz. The star sym-
bols correspond to the values used in the main text. We find that
the ZZ interaction strength stays below approximately 2 kHz for
coupling strength changes of the order of approximately 10%.
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FIG. 15. The ZZ interaction strength n as a function of the
external flux of fluxonium 4. The circuit parameters are iden-
tical to those in the main text, except the flux value. We find that
the n ~ 1 kHz regime is well maintained for generous deviations
from the sweet spot of 1072d,, with 5 changing by about 3%
over this range.

and Jp ., we find that it is robust to changes in coupling
strengths, as shown in Fig. 14, particularly to changes in
Ju.c and Jp.. For example, changes in Jyp), of approxi-
mately 10% do not increase n by more than approximately
50%, maintaining the kilohertz regime [Fig. 14(b)]. We
also report the n value as a function of the flux for our
circuit parameters in the main text (see Fig. 15). We find
that when the flux of fluxonium 4 changes by 1072d,
from the sweet spot, n changes by only approximately
3%, demonstrating the robustness of the low-n regime to
flux noise (in which deviations in flux to even smaller
values of approximately 1073 ®, are likely, as discussed
in the main text). Finally, we show 7 in the presence of

N .
L -089%0 ot
< . *
£ -0.895 .
(®)] .
c .
o .
% —0.900 o
c .
S .
g -0.905 . ’
2 .
-['\5‘ -0.910 o
N .
7.05 7.10 7.15
E,A (GHz)

FIG. 16. The ZZ interaction strength 1 as a function of the
junction energy of fluxonium 4. The circuit parameters are iden-
tical to those in the main text, except for the junction energy. We
find that the n ~ 1 kHz regime is well maintained for deviations
from the targeted value of 1%, with n changing by about 3% over
this range.

(@) (b) Charge operator
0.5
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_—— :
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0.0
¢ 0 1 2 3
() , (d)
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FIG. 17. The target spectral qualities. Unless otherwise stated,

E; = 0.3 GHz, Ec = 2 GHz, and E; = 7 GHz. All plots are gen-
erated using SCQUBITS. (a) The example circuit parameter set in
the main text, E; = 7 GHz, Ec = 2 GHz, and E; = 0.3 GHz.
Note that the gap between states |2) and |3) is large, since they
sit at the top of the cosine potential and are not localized to
the potential minima. This is desirable, since the |0) -|3) tran-
sition causes a decrease in coupler |x — x;;| as o 1/ws3. (b) The
charge-matrix element of the fluxonium with the parameters in
(a). The ng; matrix element remains small (here, 0.04), while the
no3 element (0.48) starts to decrease compared to n, (0.56) as the
|2) and |3) states experience the parabolic potential. (c) Insuffi-
cient E; = 0.15 GHz. In this case, the |2) and |3) states are stuck
in local minima of the cosine potential, since E; is small (the
parabola is shallow). The localization of those states reduces the
wy3 gap, which would cause a decrease in coupler selectivity as
the dispersive shift on the coupler from the three-photon transi-
tion becomes comparable to that of the plasmon transition. (d)
Insufficient £c = 0.8 GHz. In this case, the |2) and |3) states are
again stuck in local minima of the cosine potential, since E¢ is
small (the parabola is shallow). The localization of those states
reduces the wy3 gap, which would cause a decrease in coupler
selectivity as the dispersive shift on the coupler from the three-
photon transition becomes comparable to that of the plasmon
transition.

junction mistargeting, by sweeping £ and extracting 7,
numerically diagonalizing the Hamiltonian for each junc-
tion energy. We show in Fig. 16 that when £/ changes by
approximately 1%, n changes by about 3%, i.e., the suf-
ficiently low 7 is maintained in the presence of typical
junction mistargeting.

3. Perturbative analysis

We report the details of our perturbative analysis
here, which leads to the observations listed above in
Appendix C 1.

a. Matrix-element hierarchy

Here, we list approximate values of the charge-matrix
elements in our circuit and the spectrum, using the circuit
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parameters in the main text. This informs which terms we
can neglect in our perturbative analysis of the Hamiltonian
and further motivates the frequency allocations described
in the main text:

(d) Ny 14 ~ Np 14 S 0.02.

(€) wa01/27 ~ w1 /2 ~ 100-300 MHz.

(f) C()A’12/27T ~ 603’12/27'[ ~ 49 GHz, for E; ~FEc/3
to EL ~ Ec/6

(g 1 Sneo S 3.
(a) ng01 ~ npo| ~ 0.04.

(b) ny12 ~npip ~0.5.

(c) ng03 =~ npo3 ~ 0.5. The third excited state of the
fluxonium reaches the top of the cosine potential
[see Fig. 17(a)], resulting in a smaller charge-matrix
element n4(B),03 compared to n4B),12-

b. Second-order perturbation theory

a. Second-order shift on computational states. The
second-order pathways are

12,1, nync 11,0,1) > | (4,1, 1| nyn.[1,0,1) |?
Eﬁ;l =Ji. | Ot + 0) - 0) O) -
E1,0,1 - E2,1,1 E1,0,1 - E4,1,1
| (1,1,4| npn.|1,0,1) ?
Eﬁ)&l —FEi14

| (1,1,2] npn. |1,0,1) |?

+J3. <O(n301) +
> ’ 0) 0)
E1,0,1 - E1,1,z

| (47 Oa4| nynp |1a0a 1) |2
Eﬁ)&l —Es04

1(2,0,2| n4np1,0,1) >
+J55 A7 + O(mg0inpor/wo1) + Ongo1) + Ompor) | -
: 20 70
101~ £202
(C3)

By about an order of magnitude, the largest terms are the red ones in Eq. (C3) above involving a coupler excitation and a
plasmon excitation and they can be approximately 15 MHz. For the other computational states, there will be identically
large terms, i.e., £ {’2&0 I Jj’c (2,1,0 nyn. [1,0,0) |?/(E i(,)(;,o - Eé(,)f,o) and vice versa for Ey 1, as well as terms involving
the ng; of each fluxonium. For the second-order component of the ZZ interaction n®, all terms involving a coupler
excitation cancel out, leaving

2
|7.4,0378,03
4,03 + W3

2 2 2
|14,12m8,12| |7.4,0378,12| |14,127803]
Wy12 +wpl2  wq03+ w12 412 + @3

2@ 12, ~ (C4)

We have additionally dropped terms of order O(n.1,7np,14, 14,05, 15,05) Or higher, since the associated matrix ele-
ments are small and the energy gaps are large. For our hierarchy, n® is small, with a generous upper bound of
)% |/ (w412 + wp12) ~ 0.5 MHz. Also, it is clear that n® < 0, as was stated in Ref. [26], since ng3 < 11, and
o3 > W12.

b. Second-order shift when the coupler is excited. In the following, we will again drop terms of order
O(n401,nB01,M4,14, NB14, N405, Ng05) or higher. The second-order contribution to the E| ; ; state is

2) |(2a0a1|n/4nc|1a1a1)|2
EVT =Jj,c(

szummuﬂﬂnv
0) 0)
E1,1,1 - E2,0,1

0) (0)
Eyi—E5),

1,0,2|ngn. |1,1,1 2
+ﬁ£C< | ngne |1,1,1) |

HLZH@mHJJHj
0) 0)
El,l,l - El,0,2

© ©
El,l,l - El,2,2

2,1,2|ngny |1,1,1) |2
+ﬁ£C< | ngn | H)' )

(0) (0)
E1,1,1 - E2,1,2
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Similar to the computational basis, the plasmon transition and a coupler excitation contribute nontrivially to the dispersive
shift. However, the two analogous terms (in red) exhibit a bosonic enhancement of 2, such that they are now of the order
of approximately 30 MHz. Particularly at lower coupler and plasmon frequencies, these could facilitate increased ;;.
More significantly, the dominant terms 2100 MHz are in purple, particularly when A 4z ~ Jya)c, as described in the

main text. For the coupler excitations conditional on other fluxonium states, we write E(() 1) | as an example:

(0) (0)
Eyi1—E59,

_ (|<3,0,1|mc|0,1,1>|2

13,2, 1| nyn. 10,1,1) |2>
0) 0)
EO,l,l _E3,2,1

e 1(0,0,2| ngn.10,1,1) |
Be O _g©
0,1,1 0,0,2

1(0,2,2] npn, 0,1,1) |2>
0) 0)
EO,l,l - E0,2,2

3,1,2 0,1,1 2
+JiB<|< | nang | >|>' 6

(0) (0)
E0,1,1 - E3,1,2

Crucially, if wys)03 ~ w4(s),12, the dominant terms (in
purple) can be equal to the Ele) | contributions. These
observations motivate our design tenets for large-coupler-
excitation state selectivity 5)(1] JA(B)nA(B),lan’Ql/AA(B) ~
1, W3 > WA(B),125 and W4(B),12 — W = 27TAA(B) > 0. By
symmetry, the same arguments follow for £} ; o and E 1 o.

c. xij values. Ultimately, we need the difference of these
dispersive shifts on the coupler for various fluxonium
states to be large to obtain frequency selectivity 8 x;; when
driving the gate. Retaining only purple terms in Egs. (C5)
and (C6), we estimate x;; at second order Xi](g) for all four
fluxonium states:

2.2 .2 2.2 2
JA,an,12nc,01 JB,an,12nc,01

@ _ _

X - b
AA AB
2 2 o 2.2 2
o 2J3 15 031201 S M 12701
0o =~ N ’
2w Ay + w03 + w401 Ap
2 2 o 2.2 2
X(2) _ 27TJB,an,O3nC,01 JA,anJch,Ol (C7)
0 == N ’
2w Ap + wp 3 + wp o1 Ay
2.2 2
2) 2ﬂJA,an,O3 nc,Ol
Xoo

2 Ay + wy23 + w401

2 .2 2
2 Jg N 03N 01

2w Ap 4+ wp23 + wp o1

For large 68 x;;, we increase w,3 and decrease n4(p) 03, t0
reduce the size of the terms in blue. As E. decreases,
ngs — nyp and w3 — we; — 0. This motivates a par-
ticular set of circuit parameter choices: choose a heavy
fluxonium regime such that rg; is small (to protect against
charge noise) but also choose a sufficiently large Ec/E; ~
0.1 such that the |2) and |3) states are at the top of
the cosine potential, not anchored within it. This choice

(

introduces a splitting w,3 > wyy, as |2) and |3) experience
the quadratic potential of the inductor as well as the cosine
potential. It also decreases ny(p) 03 for the same reason,
further increasing |8 x;; |.

-0.65 )
numerics
perturbation
theory

-0.70

N
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=3

< —0.75

c

[@)]

o

c

L -0.80
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N —-0.85
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FIG. 18. The ZZ interaction n as a function of the coupler
hybridization. The circuit parameters are identical to those in
the main text, where we sweep the coupler frequency to tune
the fluxonium-coupler hybridization, in analogy with Fig. 2. We
observe agreement between our perturbative estimate to third
order (dashed line) and the numerically exact result (solid line)
within approximately 5%.
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FIG. 19.

The population-leakage budget as a function of the gate duration, given by state. The contributions are stacked vertically,

such that for a given gate duration, the computational state with the largest contribution to the leakage error is the one with the greatest
area in the bar (taking into account the log scale). We observe that the leakage budget is dominated by leakage from the |1, 0, 1) state
for nearly every gate duration (note the log scale). This suggests that population leakage into |1, 1, 1) or |1, 2, 1) from finite « dominates

the error, motivating an application of the DRAG technique.

Simultaneously, we choose a low E; ~ 0.3 GHz, to
protect against flux noise, but again a sufficiently large
E;/Ec ~ 0.1 such that the |2) and |3) states do not local-
ize in the minima of the cosine potential at £27, retaining
large w4p)23. For examples of these circuit parameter
choices, see Fig. 17. With these circuit-parameter require-
ments, the coupler selectivity can be large, of the order of
a few hundred megahertz.

¢. Third-order perturbation theory: Deriving the ZZ
interaction strength

The result in Ref. [26] uses an interference effect
between second-, third-, and fourth-order terms in pertur-
bation theory to cancel ZZ interactions. As found above,
the second-order ZZ interaction is at most approximately
1-10 MHz, suggesting that the third- and fourth-order
terms should also be similar in magnitude but opposite in
sign.

a. Third-order shift on computational states. By similar
calculations as above and assuming the same hierarchy, we
identify the key terms that do not contain any factors of
(Olngp|1) or (1 nypl4):

(a) [101)-]211)-1202) -[101): gap w412 + W, w412 +
wp,12

(b) 1101)-[112) -1202) - [101): gap wg,12 + w¢, w412 +
B, 12

(c) [101)-1211)-|112)-]101): gaps w412 + @¢, wp 12 +
w, (typically dominant)

All terms are positive, such that Ef&l > 0. For the other
computational states, the strongest pathways and gaps are
as follows:

(a) 1001)-1311)-1012)-1001): gaps w403 + W, @c +
g, 12 (typically dominant)

(b) 1001)-[311)-1302) - |001): gaps w403 + wc, @403 +
®B12
(c) vice versa for the 100 computational state

The strongest pathways for £y are as follows:

(a) 1000) -1303) - |013) -1000): gaps w403 + wp03, and
W + wp 3

(b) 1000) -303) -1310) - |000): gaps w403 + wp,03, and
we + w403

b. ZZ-cancellation condition (computational manifold).
Neglecting the 0-3 excitations and fourth-order corrections,

loglec)

~

it seale facts

asnpiititn seale facter 3 Q)
o 2

daturing (MHr]

2 1 s o
(b)
o095
e " -1
§ oo
2 ass
¥ 3
g s -
a7 ¢ -
i 15 11 5 -]

detuning (Miz)

FIG. 20. The DRAG calibration procedure. We sweep the
amplitude scale a on the y axis. The relative phase between
the two tones is always fixed at m/2. Here, d = 0.475. On
the x axis, we sweep the frequency w,; of both tones, where
the detuning is the deviation from the resonance frequency
(111|H|111) — (101|H|101). (a) We observe a minimum in the
coherent error. (b) We observe the line in which the leakage
error is reduced, corresponding to effective implementation of
the DRAG technique.
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The leakage budget for short gate durations of (a) 37.3 ns and (b) 47.7 ns. We observe improvements in the |1, 0, 1) state

leakage in particular at optimal d values, corresponding to effective implementation in the DRAG technique. However, as discussed in
Figs. 23 and 24, the overall coherent error does not significantly improve due to increased leakage of the other computational states.

the third-order ZZ interaction n® can be roughly approxi-
mated as

2 3) ~ 7
_77( ) — 7)( ) El,O,l

~ 2021) 2  yIpelneor P Ina izl ng ol

(C8)

1 1 1
“ (emse " anrar)
wy,12 T w12 \Wg12+ 0  WgI12+ @

1
. Cc9
* (w412 + w) (wp 12 + wc)) )

The form J, 5 JCZ, where Jy . ~ Jp. is consistent with
the numerical findings in Eq. (2) of Ref. [26]. Indeed,
the third-order shift n® turns out to be at most approx-
imately 1 MHz, as needed for cancellation of n®. No
terms in Eq. (C8) depend on A ), suggesting that the
energy gap between the plasmon and the coupler transi-
tion can be tuned to be small and we can still retain ZZ
cancellation. We find that our perturbative calculation for
n ~ n® 4 n® approximates the numerically exact result
well. See Fig. 18, in which we sweep the hybridization by
changing the coupler frequency as done in the main text.

0.50

0.40 0.45
drag scale

a
( ) state
’ M (0,0,0)
104 W (0,01
5 MW (1,00
W (1.01)
2
i
2
100n
s
1
5
0.30 0.35

population leakage error

=)
El

c¢. Third-order shift when coupler is excited. We consider
third-order perturbation theory on the states with a single
coupler excitation. The pathways that are significant for the
shift £1} | include the following:

(a) [111)-1201)-1212) - |111): gaps 2w Ay, w412+
3,12

(b) [111)-]102)-|212)-|111): gaps 2w Ap, w412+
WB,12

(c) |111)-1201)-102)-|111): gaps 27 A4, 27w Ap (typ-
ically dominant)

(d) [111)-1221) -212) - [111): gaps w412 + we, w412 +

@B 12

(e) |111)-1122)-|212)-|111): gaps wp,12 + @, Wa,12 +
WR 12

(f) [111)-]122) - [221) - [111): gaps w12 + @, wp,12 +
We

For A 4p) > 0, all the third-order terms are positive, caus-
ing 8x;; to decrease. The dominant term is oc 1/A Ag,
with a strength of roughly 30 MHz, causing §y; to
decrease. This finding suggests that for maximizing
the coupler selectivity &y;;, while also minimizing the

0.30 0.35 0.45 0.50

(b)
state
M (0,0,0)
M (0,01)
o (1,00
W @01

N w s o

.

population leakage error
~ W s 0o umo-

100n
9

0.40
drag scale

FIG. 22. The leakage budget for short gate durations of (a) 61 ns and (b) 78 ns.
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FIG. 23.
(b) t; =47.7 ns.

hybridization between the coupler and the plasmon tran-
sition, there is likely an optimal J4 ghc0174(8),12/ A4 ~ 1,
further confirming our design tenets.

d. Coupler nonlinearity

We want to study how the coupler nonlinearity is deter-
mined by the circuit parameters, as we found in our
time-domain simulations that Stark shifts from detuned
driving of the second coupler excitation contribute to the
coherent error of the gate. Specifically, when we excite the
[101) - [111) transition, the |[111)-|121) transition expe-
riences an off-resonant drive, with detuning set by the
coupler nonlinearity & when both fluxoniums are in their
|1) states:

a = (Ep — En) — (B — Eon). (C10)
The contributions to « at second and third order are zero,
so we focus on the fourth-order term below.

a. « to fourth order. For the coupler nonlinearity, the
fourth-order terms are the most significant. In this section,
we focus only on terms o< 1/A?, such that each fluxonium

(a)

100

0.01 l l i l l
0.30 0.35 0.40 0.45

drag scale d

state
M (0.0,0)
M (0.01)
M (1,0,0)
M (101)

-

ratio
R -

0.50

FIG. 24.

b
( ) 2 state
M (0,00
1 M (0.0,1)
W (1,00
: ® (101
2
2 o1
c

=

"

0.0
0.40 0.45
drag scale d

A comparison of the leakage budget (the ratio of the population leakage with and without DRAG) for (a) z, = 37.3 ns and

can be treated as a TLS corresponding to the plasmon
transition, and a Jaynes-Cummings coupling is approxi-
mated between the plasmon transitions of the fluxoniums
and the resonator. Specifically, the Hamiltonian in our
approximation is

CTC

Wy,12 wWR12 g we
Hirunc/h = e g
trunc/ 4 4r ¢ 2w

+ Jyena 120001 (GfCT—i-h.c.)

A
o, +

+ JB B 12101 (UECT+h.c.)

+JA,BnA,12nB,12(ofaf + hC) (Cll)

Considering the fourth-order shift to E;,; in our
Hilbert-space truncation, there are only two fourth-order
paths: [121) - |211) -]112) -|211) - [121) and |121) - [112) -
[211) -|112) -]121). Executing the fourth-order perturba-
tion theory, we arrive at

4) lC 112 0112
Evyy A mg (o) 4l Z Z 7
ie{4,B} A A;

drag scale d

(b)

state
M (0.0,0)
W (0.01)
M (1,00
W (101)

ratio
~N w & 0 owoor ~ w s un

=3
oo

A comparison of the leakage budget for (a) £, = 61 ns and (b) t; = 78 ns.
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FIG. 25. The spurious phases ¢; accumulated on the compu-
tational states as a function of the gate duration, for Hamiltonian
parameters given in Table IX. We find that the relative phase ¢ is
much larger than the main-text values, as expected because « is
small.

We neglect the term o< n2 ), since it will cancel when sub-
tracted with 2F Y? | in the coupler nonlinearity estimation.

Indeed, the E% 1.1 terms are identical with one less excita-
tion in the resonator such that the coupler nonlinearity at
fourth order is

Jzzc 212 JP o

~ J.c'j,12

R D VD Dl v (U &)
ic{4,B} A jeld,B) '

where we have retained only terms o 1/A% and used
ng i, —2nty, = 2nl,. As found numerically, the anhar-
monicity is positive for Ay > 0. However, the value
is very sensitive to the couplings and circuit param-
eters, since it depends on the coupling, the resonator
impedance, and the plasmon-matrix element to the fourth
power. For example, using our typical parameters J =
300 MHz and n4B),12 = 05, and AA(B) =1 GHZ, we
obtain a coupler anharmonicity of only +16 MHz.

However, if the plasmon-transition charge-matrix ele-
ment increases to nyg),12 = 0.6, then the anharmonicity
doubles.

Comparing to our numerical results, we find that the
exact coupler nonlinearity is typically approximately 3
times smaller in magnitude than predicted by the fourth-
order perturbation theory. Therefore, we conclude that the
coupler nonlinearity both depends on even higher orders
in the perturbation theory and is largely given by plasmon-
coupler hybridization. This motivates the approach in
which we strongly couple the plasmon-coupler subspace
as described in the main text.

APPENDIX D: COHERENT-ERROR BUDGET AND
DRAG IMPLEMENTATION

1. Error budget without DRAG

As reported in the main text, the coherent-error budget
is dominated by population leakage. We perform unitary
time-domain simulations of our gate control, where the ini-
tial state is a computational eigenstate. Then, we extract
the population that has left the computational subspace,
divide it by four to simulate leakage errors, and plot the
results in Fig. 19 as a function of the gate duration and the
computational state. We see that the error is dominated by
leakage from the |1, 0, 1) state, suggesting that the finite o
value limits the leakage budget and motivating our applica-
tion of the DRAG technique, as discussed in the following
sections.

2. Implementation of DRAG

We implement the DRAG technique to improve the
coherent error of our gate. The total control is
Q(¢) sin wyt
Quotal (1) = a (Q (1) cos wat + dM) , (D)
o

where Q1) = 2¢~4*/7* ) Jm7|(1, 1, 1||1,0, 1| as in the
main text and wy is the drive frequency.

a. Calibration procedure

We implement the DRAG technique by adding an in-
quadrature tone proportional to the derivative of the Gaus-
sian envelope. For a given gate duration, there are three
parameters that we optimize independently: (1) the mag-
nitude a of the original Gaussian tone, (2) the magnitude
ad of the tone proportional to its derivative, and (3) the

TABLE IX. The Hamiltonian parameters that yield smaller « = 57 MHz compared to the main text, as discussed in Appendix D 3.

Descriptor Eg(B) (GHz) Z: ()

Ju).c (GHz)

J4s (GHz) E/® (GHz) E/® (GHz)

Small o 2.0(2.0) 51

0.24(0.24)

0.14 0.25(0.3) 7.3(7.2)
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(a) The population-leakage error for the Hamiltonian parameters given in Table IX, divided by leakage errors for the

Hamiltonian parameters in the main text. We observe larger coherent errors, with €, &~ 10> at 100 ns. (b) The population-leakage

error for Hamiltonian parameters given in Table IX.

frequency wy; of both tones. We first fix d and sweep
the amplitude a of both tones, as well as their frequency
wg, in a two-dimensional (2D) grid. We find the point of
the smallest coherent error and then rerun the sweep with
increased resolution. We repeat that whole process for dif-
ferent d values. Finally, we choose the parameter set that
minimizes the total coherent error, for all three parameters,
a, d, and w,. For an example calibration curve, we plot
our 2D sweep over the drive amplitudes and frequencies

in Fig. 20, showing the point of optimized coherent error
and the line over which the leakage is reduced. In this case,
the gate duration is 47.7 ns and the “drag scale” d is 0.475.
As shown in Figs. 21 and 22, we perform this optimiza-
tion procedure for many different d values and a range of
gate durations f,, extracting the optimal coherent error for
each 7,. We still find that the coherent error is entirely due
to leakage, as we have once again effectively removed the
phase errors by tuning w,.
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FIG. 27. The error budget for gate durations of (a) 42 ns and (b) 69 ns. As described in the main text, the error channels are: fluxon
loss, fluxonium single-photon decay and heating, plasmon loss, inherited loss on the coupler from fluxonium 1-2 transition 77;, coupler

loss, dissipation of resonator.

b. Results

Here, we show results for the population leakage under
DRAG corrections for various #, values, sweeping d, and
compare to the results without DRAG. We observe an opti-
mal d value for each gate duration in Figs. 21 and 22,
resulting in the black points shown in Fig. 4(b) (coherent
error with DRAG corrections).

We also compare to the leakage budget for each case
without DRAG to determine the degree of improvement.
As shown in Figs. 23 and 24, we find that significant
increase in leakage of the other computational states results
in only modest improvement in coherent error by applying
the DRAG technique. In principle, further pulse optimiza-
tion can mitigate this to further improve the coherent error,
but this is outside the scope of this work.

3. Coherent error when o < dx;

In this section, we demonstrate that o ~ 6 x;; is required
to have low coherent errors (approximately 107 within

il
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Y
=
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M coherent error
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error
=
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=
o
& 0o ~woE
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FIG. 28. The error budget for gate durations of (a) 78 ns and (b)
longest dissipation rate in the system.

100 ns and approximately 103 within 70 ns). In particular,
if « is too small, such that ¢ is far from zero before drive-
frequency optimization, a large detuning dw is needed to
set ¢ &~ (0 and remove the coherent phase errors. This large
detuning in turn leads to increased leakage from multiple
computational states.

We illustrate this effect by showing the coherent-error
budget for a set of circuit parameters in which o is
smaller than the main-text value. For the circuit parame-
ters recorded in Table IX, the 6 x; are about the same as
the main-text values, with §x19 = 107 MHz and §xo; =
90 MHz (similar to approximately 80 MHz and 100 MHz
in the main text). However, « = 57 MHz (as opposed to 70
MHz as in the main text), with reduced hybridization 4 =
10% and hg = 12%. We find that, as expected, ¢ is far
from zero before drive optimization, with ¢;; values shown
in Fig. 25, following Fig. 3. After tuning the drive fre-
quency to (large) optimal detunings of §w ~ (27)1 MHz
to (2w)3 MHz, we extract the coherent errors, which are
again entirely population leakage, as expected after the

il

set_A set B set_C set D set_E set_F

(b)

0.00 type
M coupler loss
M plasmon loss
M fluxon loss
W all channels

B coherent error

Nw s noed™

100

error
N W s noweds

N W s noeds

parameter set

100 ns. Note that the error budget is limited by the fluxon loss, the
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agreement within 15% for all gate durations.

drive-frequency optimization. We observe larger coherent
errors compared to the main text, of, e.g., 6 x 107® in 100
ns, which is dominated by the leakage of |1, 0, 1) (Fig. 26).
In principle, this contribution to the coherent error may be
at least partially mitigated with DRAG techniques. How-
ever, the leakage of the other computational states is also
larger than the main-text values, even despite the slightly
larger 8 x;;. This suggests that the increased detuning dw,
required by the smaller «, increases leakage of other non-
computational transitions. In Fig. 26, we plot the ratio of
these larger leakage values to the population leakage for
the main-text case. We see that there is increased leak-
age with the smaller o for multiple computational states
besides |1, 0, 1), implying that there is a limit to the detun-
ing §w and minimum « that is feasible to retain similar gate
performance, as described in the main text.

APPENDIX E: INCOHERENT-ERROR BUDGET
1. Results

We ran several master-equation simulations, where each
source of loss was the only one in the system in order
to identify the incoherent-error budget. Here, we show

@), 4
1.14
1.12
1.10
1.08
1.06
1.04
1.02

T

gate duration (ns)

type
W coupler loss
M plasmon loss
M fluxon loss

error/estimate

(b) 1.16

1.14
1.12
1.10
1.08
1.06
1.04
1.02
1.00

type

mm

M plasmon loss
M fluxon loss
gate duration (ns)

error/estimate

0.98
0.96
0.94
0.92

The error-budget contributions compared to the estimates in Eq. (El), for parameter sets (a) A and (b) B. We observe

the coherent-error budget in Figs. 27 and 28. We observe
a trade-off of coherent and incoherent errors around the
optimal gate duration. Note that the error budget is lim-
ited by the 0-1 transition (fluxon) loss of the fluxonium,
which is also the smallest dissipation rate for our parame-
ter sets A-F reported in the main text. Therefore, improving
single-qubit 7} should lead immediately to improved gate
fidelities with our scheme.

2. Comparison with simple estimates

We recover approximations within 15% of the inco-
herent error, using simple estimates for the contributions
of each channel as a function of the loss parameters. In
particular, the loss is described as

4 P «B

€uxon X ~tg | L Qnp + 1)+ -2k + 1)),
5 2 2

€coupler ~ T|(1,0, 17ic|1, 1, 1) Pk, /8,

€ptasmon ~ (1(1,0, 1714]1, 1, 1)Kty

+ (1,0, 17ig|1, 1, 1) Pth) /8,

(ED)

®) 116

1.14
1.12
1.10
1.08
1.06
1.04
1.02

T

gate duration (ns)

type
M coupler loss
M plasmon loss
M fluxon loss

error/estimate

FIG. 30. The error-budget contributions compared to the estimates in Eq. (E1), for parameter sets (a) C and (b) D.
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where, as described in the main text, #, = 2.27 is the full
gate time and 7/+/2 is the full width at half maximum of
the Gaussian pulse. In Figs. 29-31, we show the ratio of
each error contribution compared to the associated esti-
mate in Eq. (E1). We observe agreement within 15% for
all six parameter sets A-F and for all gate durations .

3. Simulations on smaller Hilbert-space dimension

For tractable master-equation simulations, we need to
reduce the simulation dimensions from the coherent-error
case. In particular, we diagonalize the Hamiltonian with
1208 dimensions and then truncate the Hilbert space to d =
45 (coherent-error simulations) compared to d = 28 (loss
simulations). Here, we show that the change in coherent
error from reducing the simulation dimension is minimal,

(@)

1.07( ®

1.06

45)

1.05

1.04 .

1.03

28) / ec (d

1.02 © ° °

€c (d

1.01 . e o
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0.98
0.96
0.94
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0.92
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gate duration (ns)

The error-budget contributions compared to the estimates in Eq. (E1), for parameter sets (a) E and (b) F.

within a 7% change for all gate durations simulated (see
Fig. 32).

APPENDIX F: METHODS

1. Hilbert-space dimension

Our simulations constitute a fairly intensive computa-
tional task. As described in the main text, our simulations
are performed in the laboratory frame, without a rotating-
wave approximation, and using the full cosine potential
of the Hamiltonian of the fluxoniums. Our circuit ele-
ments are also strongly nonlinear and strongly coupled,
such that a large Hilbert-space size is required for accu-
racy. We ran our simulations on AWS EC2 for speed. Here,
we show results from performing our time-domain simula-
tions without loss to extract the coherent error, sweeping

(b)

1.06

45)

1.05

1.04 °

1.03

28) /e (d

Ec (d=

1.01

1.00

0.99

0 1 2

6 (d=28)/6 (d=45)

FIG. 32. The coherent error for the larger-simulation case, compared to the truncated error as required for master-equation simu-
lations. (a) We observe relative changes in coherent error within 7% for all gate durations simulated. (b) There is a change in the
optimized drive frequencies between the two cases. This is likely due to small changes in Stark shifts from higher-lying fluxonium
eigenstates, such as the shift on fluxonium |1) states due to the |1) - |4) transition, which is included in the d = 45 simulation but not in
the d = 28 simulation. The points at zero and 2.5 correspond to 100-kHz changes in the optimal detuning, where the d = 45 optimal
detuning was close to zero, such that the relative change in optimal detuning is large.
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FIG. 33. Sweeping the Hilbert-space dimension of the simula-

tion from 40 to 50. We extract the range of values and divide by
the mean to quantify deviations due to the finite simulation size.
In the main text, our Hilbert-space dimension is 45.

the Hilbert-space dimension from 40 to 50 for various gate
durations #,, without changing any other simulation param-
eters (e.g., the drive parameters are fixed). We extract the
range of the coherent error observed across the Hilbert-
space-dimension sweep and compare to the mean, finding
a change of about 1 part in 10* of the coherent error across
the gate durations #, that we tested. For these results, see
Fig. 33.

2. Derivation of ¢,

We consider a unitary that introduces a phase on each
computational state,

U, = diag(ei‘poo, ei‘ﬂlo’ ool , ei(w11+ﬂ))' (F1)

Considering an initial product state ¥y = | +x) ® | + x),
application of a perfect CZ gate would maximally entangle
the two qubits to ¥ = 1(]00) + [10) + [01) — [11), with
a reduced density matrix on each qubit of the identity.
However, for arbitrary phases, after application of U,
the reduced density matrix tracing out one of the qubits
would have an off-diagonal element of py; = e/“00=%01)
e@0=¢1=7) For the reduced density matrix on each qubit
to be identity, i.e., to maximize the entanglement, we
require

©o0 — @10 — Yo1 + @11 = 0. (F2)

If there is any deviation from this condition, such
that g0 — @10 — @01 + @11 = ¢ # 0, the entangling power
of the gate will be reduced, which cannot be fixed
with single-qubit rotations. Adding single-qubit o,
rotations Uy = exp(—i(<p10 — (poo)azA/Z) and Up = exp
(—i(po1 — @o00)0:,5/2) along with a global phase of (g9 +
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