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ABSTRACT

The structure of the Gal(L"/L), the Galois group of the maximal unramified extension
of a number field L, has been an object of interest for more than a century now. This
thesis is partially motivated by the question of which finite groups can appear as quotients
of Gal(L"™/L). We prove, under a technical assumption, that any semi-direct product of a
p-group G with a group ® of order prime to p can appear as the Galois group of a tower
of extensions M/L/K with the property that M is the maximal p-extension of L that is
unramified everywhere, and Gal(M/L) = G. A consequence of this result is that any local
ring admitting a surjection to Zs or Z7 with finite kernel can occur as a universal everywhere

unramified deformation ring.
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CHAPTER 1
INTRODUCTION

Let p be a prime, let L be a number field, and let L™ be the maximal unramified extension of
L. The structure of Gal(L" /L) has been studied extensively by numerous mathematicians
since the late 19th century. In 1964, Golod and Shafarevich [GS64]| solved the long-standing
class field tower problem by proving that the group Gal(L" /L) can be infinite. This thesis
is partially motivated by the question of which finite groups can occur as Gal(L"/L). In
this direction, Manabu Ozaki proved in [Ozall| that any p-group can be written as the
Galois group of L"P/L, for some totally complex number field L. Here L™ is the maximal
unramified p-extension of L. A recent paper of Hajir, Maire and Ramakrishna |[HMR24a]
provides two extensions to Ozaki’s result: the base field can have arbitrary signature, as long
as its class number is prime to p, and the degree of the new field over QQ can be controlled.
In this thesis, we prove a different generalisation in the case of regular primes. This thesis
is based on the author’s preprint [lor23|.

Note that Ozaki’s Theorem does not yield any information on the structure of the number
field L. In particular, this number field need not be Galois over Q. As such, it is natural to
ask what p-groups GG occur as Galois groups of maximal unramified p-extensions of number
fields L, as one varies over ®-extensions L (number fields L that are Galois over Q with
Gal(L/Q) = @, for a fixed group ®).

If we fix a ®-extension L, we observe that L""P/Q has to be Galois. If, for example,
we consider odd primes p and Z/2Z-extensions L, then the Galois group of L""P/Q will
be a semidirect product. Therefore, one might ask the following question, which this thesis

addresses:

Question 1. Fix a group ® of order prime to p and let G be a p-group with an action of
®. Let I' = G x ®. Does there exist an extension L/K such that Gal(L"P/K) =T and
Gal(L"P/L) = G?



There is another motivating question for this thesis, coming from the field of Galois de-
formations. The topic of deformations of Galois representations was introduced by Barry
Mazur in [Maz89] and represents an important tool in Wiles’s work on the modularity con-
jecture and Fermat’s Last Theorem. Let p: G — GLo(Fp) be an absolutely irreducible
residual representation, where K is a number field. If we consider the unramified lifts of this

representation, a natural question that arises is the following:

Question 2. What possible rings R can occur as universal unramified deformation rings of

such p?

An unramified deformation p: G — GLo(R) factors through some finite group, so we
can consider the fixed field of the kernel of this map; denote it by K(p). The extension
K(p)/K(p) is a finite p-extension that is unramified everywhere, so its Galois group is a
quotient of the Galois group of the maximal pro-p extension of K (p) unramified everywhere.
We observe that Ozaki’s Theorem provides help in answering a variant of Question 2 if we
allow p: G — GLa(IFp) to be trivial and R to be a universal unramified pseudodeformation
ring. Therefore, in order to answer the actual question, we need an extension of Ozaki’s
Theorem that allows us to deal with absolutely irreducible residual representations. In
particular, for representations p with image of order prime to p, the natural step is to

consider an extension of Ozaki’s Theorem for semidirect products.

1.1 Main Results

In this section, we present the statements of the main results. As previously mentioned,
Ozaki’s Theorem (|Ozall, Theorem 1]) states that any p-group can be written as the Galois
group of L"P /L, for some totally complex number field L. In this thesis, we prove the

following;:



Theorem 1. Let p be a prime. Let ® be a group of order prime to p. Assume there exists

an extension of number fields F/E such that:

e F/E is Galois with Galois group ®, and [E: Q] > 2d(®), where d(P) is the number of

generators of the group P,
e I has class number prime to p,
e The prime p splits completely in F/E and F/E satisfies property P below,
o E contains jip, and is totally imaginary if p = 2.

Then, for any p-group G with an action of ®, there exist extensions of number fields M/L/K

such that:

1. M/L is the mazimal p-extension of L that is unramified everywhere,
2. Gal(M/L) =G,

3. Gal(M/K) =T, where ' = G x ®,

4. MK satisfies property P below.

Definition 1.1.1. We say that an extension of number fields M /K has property P if for all
primes p of K, and P | p, either Mgz /Ky is unramified or Mgz /Ky is a cyclic tamely ramified

extension with ramification index e and e | (¢ — 1), where ¢ is the cardinality of the residue

field of Ky.

At first, Property P might seem very strong. However, this is not the case. To illustrate
what this condition means, let M/K be an extension, let p be any prime of K and let 3 be

a prime of M lying above p. Consider the following examples:

e If M/K is a Z/27Z-extension that is only ramified at primes p lying above odd rational
primes, then M /K satisfies property P. Note that this holds for all tamely ramified

7./ 27-extensions.



o If M/K is a Z/3Z-extension that is only ramified at primes p such that N(p) = 1
(mod 3), then M /K satisfies property P. Note that this is true for all tamely ramified

7./ 3Z-extensions.

o If M/K is an extension such that Mgz /Ky is either unramified or totally tamely ram-

ified, then M /K satisfies property P.

When & is trivial, we can recover Ozaki’s result from Theorem 1 in the case when p is a
prime such that Q((p) has a finite extension with class number prime to p (note that this in-
cludes all regular primes); a similar hypothesis is present in the first version (arXiv:0705.2293)

of Ozaki’s paper [Ozall].

A motivating example and a consequence of Theorem 1 is Theorem 2 below. Consider a
continuous absolutely irreducible residual Galois representation p: G — GLa(F,). One can
associate to p a number of deformation rings. Let A be a local Artinian ring and consider a
deformation p: G — GLa(A) of p. This deformation factors through some finite group, and
the fixed field of the kernel is a finite extension; call it K(p). We say that p is unramified if
the extension K (p)/K(p) is unramified everywhere. The functor which sends local Artinian
rings A to unramified deformations D(A) is pro-representable by a universal deformation
ring. Therefore, it is natural to seek for an answer to Question 2.

Assume that the image of p has order prime to p, so its projective image is & =
Ay, Sy, As or a dihedral group by [Ser72, Proposition 16]. The Unramified Fontaine-Mazur
Conjecture ([FM95, Conjecture 5al) predicts that all @p—points will have finite image. More-
over, the tangent space to any @p—point with finite image will be trivial by class field theory
(proof of [AC14, Proposition 10]), and thus conjecturally such a ring has a unique map to
@p. The expectation is then that R is a ring admitting a map R — Zj; with finite kernel I.

In this thesis, we prove the following:



Theorem 2. Let R be any local ring admitting a surjection to Zg or to Zg with finite kernel.
Then there exists an absolutely irreducible residual representation p such that R is isomorphic

to the universal unramified deformation ring of p.

1.2 Overview of the Argument

The proof is done by induction (with the assumption of Theorem 1 acting as the base case),
as follows: since G is a p-group with an action of ®, the group ® must preserve the p-torsion

of the centre of G, and thus any such G will fit into an exact sequence of p-groups

15V oG —5G6-1,

where V' is a group of exponent p on which & acts by an irreducible representation. Thus,

our semidirect product I fits into an exact sequence

1=-V T =T —1. (1.1)

We construct the desired extensions inductively, combining Kummer extensions with care-
fully chosen solutions to the embedding problem. The inductive step is divided into two
cases, depending on whether this short exact sequence splits or not. An outline of the proof
for the split case is presented below; when the sequence is not split, the proof requires an
extra step that involves constructing a wildly ramified solution to the embedding problem.

The proof is inspired by Ozaki’s methods and techniques [Ozall|. In order to make
certain intermediate extensions more explicit, we also build on some ideas present in an
earlier preprint of Ozaki. While some elements of Ozaki’s proof can be modified to work in
our situation, there are several key steps which do not work. There are multiple reasons why

these arguments cannot be replicated in our situation, including the following:



e The dimension of V' can be greater than 1, which could potentially lead to having an

unramified, but not maximal, extension;

e Instead of working with p-groups alone, we are now working with p-groups with an

action of ®.

The inductive step is represented by Theorem 3.0.2. This Theorem takes a Galois exten-
sion L/K with Galois group ® such that Gal(L"P/K) =T = G x ® and L"P/K satisfies
certain properties, and constructs a new extension L'/K' such that Gal(L'/K') = ® and
Gal((L")"P /K"y 2 T" = G’ x ®. When the above short exact sequence splits, the structure

of the argument is as follows:

1. Construct a very large number of carefully chosen primes A\;O. The number of primes
depends on p and n = dim]Fp V. In order to make sure that such a construction
is possible, the base field K needs to be large enough over Q (in other words, K
must have enough Minkowski units). This is not a priori true, but we can ensure
this by performing a series of base changes that increase the degree of K over Q,
but preserve all the other properties (and thus avoid the obstructions imposed by the
Golod-Shafarevich towers). This is done in Theorem 3.0.1, whose proof is presented in

Section 3.1. The proof relies on the theory of modular representations of I, [I'].

2. Consider the decomposition of the Fy[®]-module L* /L*P into a direct sum of isotypic
components. Construct two more primes o, and SO, that satisfy certain congruence

conditions modulo \;Oj, and have specific forms in the different isotypic components

of L™ /L*P.

3. Use Kummer Theory to construct two extensions of L that are Galois over K with
Galois groups isomorphic to V' x & satisfying certain ramification conditions at the

primes aOy,, 6O, A;O. Now, consider the compositum of these two extensions with



the field L"P; call this M. The extension M /LYP satisfies certain maximality prop-
erties, so we can use a homological argument (Lemma 3.1.1) to prove that M has class

number prime to p.

4. Once again, use Kummer Theory to construct a subextension L’ of M /L that absorbs
all the ramification. By construction, Gal(M/L') = G’ and (L')"™P = M. Using
the Schur-Zassenhaus Theorem, we are able to view ® = Gal(L/K) as a subgroup of
Gal(L'/K) = V x ®, so we construct K’ = L'® which finishes the proof when (1.1)

splits.

5. As previously mentioned, when (1.1) does not split, the proof requires an extra step:
the construction of a wildly ramified solution to the embedding problem. We now
combine this solution with a split solution with certain properties to get the desired

extension.

Theorem 2 can be reduced to Theorem 1 as follows. Recall that R is a local ring that
surjects onto Zj, with finite kernel (note that we do not need p = 5 or p = 7 for now).
Suppose we can find an absolutely irreducible representation p: G g — GL2(F;) with image
® of order prime to p. This lifts to a representation ® C GLg(Zp); let I' be the inverse
image of ® inside GLo(R). There is a natural representation I' = GLa(IFp). A ring theoretic
argument shows that R is the universal deformation ring of this representation. Moreover, if
the lift to GLa(R) is unramified, then R is the universal unramified deformation ring. Note

that I' will fit into an exact sequence of the form

1-G—>T—>d -1,

where G is a p-group. Finding p with image ® that has an unramified lift to GLo(R) requires
using Theorem 1. The proof does not rely on p until now, where we need to find extensions

F/FE satisfying the assumptions of Theorem 1. For p = 5 and p = 7, we find explicit
7



extensions using Pari. For p > 7, the difficulty comes from the fact that computational tools
like Pari and MAGMA have limitations when computing class numbers of high degree fields.
As mentioned in Chapter 4, we believe that Conjecture 1 holds, making this result true for

all p > 5.

1.3 Conditionality and Further Work

As previously mentioned, the assumptions of Theorem 1 act as a base case for the induc-
tive procedure. The ramification assumption (F/E satisfies property P) ensures that the
embedding problem is solvable (for more details, see Section 2.2). In practice, this does not
add any difficulty to the construction. There is no hope of removing the first two conditions,
as the theorem statement without these conditions would resemble a variant of the Inverse
Galois Problem.

There is hope to remove the roots of unity assumption. This work is inspired by [HMR24a)|
and [HMR24b|. As previously noted, the proof of Theorem 1 presented in this thesis con-
structs certain Galois extensions using Kummer Theory. This is possible, since the base
field contains p-th roots of unity. When removing the roots of unity assumption, the strat-
egy is to construct these extensions using Galois cohomology and a modified version of the
Gras-Munnier Theorem [GM99, Théoréme 1.1].

As most of the proof of Theorem 2 does not depend on the precise value of p, establishing
Theorem 1 true with the roots of unity assumption removed would lead to proving Theorem 2

for all primes p > 5.

1.4 Outline of the Thesis

In Chapter 2, we introduce some results which will be used in our arguments: some facts

on modular representations (Section 2.1), on the embedding problem (Section 2.2), some



useful lemmas (Section 2.3), and a brief introduction to the theory of deformations of Galois
representations (Section 2.4). Most of the results in this chapter are already known or can
be deduced from known results. We collect them here to make later arguments easier to
follow.

Chapter 3 presents the proof of Theorem 1. This is the most involved part of this thesis.
The chapter starts by introducing two key results, Theorem 3.0.1 and Theorem 3.0.2, and
showing how these two results combine to prove Theorem 1. The rest of the chapter presents
the proof of these two results. Theorem 3.0.1 allows us to perform Z/pZ-base changes that
increase the degree of the base field over Q, but preserve all the other properties. The proof
of this result relies on the theory of modular representations. In particular, it uses the key
facts that Fp[®] is semisimple and that the indecomposable projective IF)[I']-modules are
in a one-to-one correspondence with the simple Fp[®]-modules. Section 3.2 presents the
proof of Theorem 3.0.2. The first part of this section is done under the assumption that
(1.1) splits. After dropping this assumption, we construct a wildly ramified solution to the
embedding problem (Proposition 3.2.2) and combine this solution with a split extension to
get the desired extension.

Chapter 4 deals with the proof of Theorem 2. In the first section of the chapter, we start
with a local ring admitting a surjection onto Z; with finite kernel. Then we prove that if we
have an absolutely irreducible residual representation with certain properties, the universal
unramified deformation ring of that representation is isomorphic to the ring we started with.
This proof does not depend on the prime p. In Section 4.2, we explain how the existence of
such a representation reduces to having the assumptions of Theorem 1 satisfied. We then
proceed to use GP /Pari to find extensions satisfying Theorem 1 for p = 5 and p = 7. Finally,
in Section 4.3, we explain how Theorem 2 can be seen as an example of “Murphy’s Law” for

Galois deformation rings.



CHAPTER 2
BACKGROUND

2.1 Background on Modular Representations

In this section, we collect some results on modular representations that will be used later in
the proof. Everything in this section is known and can be found in [Web16|. Throughout
this section, let p be a prime, let ® be a group of order prime to p, and let G be a p-group
with an action of ®. Let I' = G x ® be the semidirect product between G and .

Firstly, we note that Fp[I'] is a symmetric Frobenious algebra, so finitely generated pro-
jective Fp[I']-modules are the same as finitely generated injective Fy[I']-modules by [Web16,

Corollary 8.5.3]. We have the following result:

Lemma 2.1.1. The set of simple Fy[®]-modules are in a one-to-one correspondence with

the set of indecomposable projective Fy[I'|-modules.

Proof. Let S be a simple [F)[®]-module. By [Web16, Proposition 8.3.2(c)|, we know that S
can be viewed as a simple Fp[I']-module via the quotient I' — ®. Construct the projective
cover Pg of S. According to [Web16, Proposition 7.3.8], this is an indecomposable projective
Fp[I'-module and Pg/Rad(Pg) = S, as Fy[I']-modules. Here Rad(Pg) is the radical of Pg.
Thus, the simple Fy[®]-modules are in a one-to-one correspondence with the indecomposable

projective Fp[I']-modules. O

Now, we say that a finitely generated module M over a ring R is stably free if there exists
some integer m > 0 such that M & R™ is a free R-module. Such a module is projective.
Moreover, if m = 0, then M is a free module. We note that if R = Fp[I'], then any stably
free Fp[I']-module is actually free. This follows from the fact that F,[I'] is a semilocal ring

and |Lam06, Example 1.4.7(3)].

10



For the remainder of this section, let M, N and P be Fy[I']-modules. We say that a
monomorphism f: M — N of Fy[I']-modules is essential if whenever g: N — P is a map
such that go f is a monomorphism, then ¢ is also a monomorphism. Following the notation in
[Web16], we define the injective hull of an Fp[I']-module M to be an essential monomorphism
M — I, where I is an injective module. By [Web16, Section 8.5], we know that injective
hulls always exist and are unique. Since [ is an injective [}, [I'l-module, it is also a projective
[, [I'-module, so it can be written as a direct sum of indecomposable projective modules.

For an IF)[I'l-module M, we define the socle of M, denoted by Soc(M), to be the largest

semisimple submodule of M. Of course, Soc(M) C M. We have the following result:
Lemma 2.1.2. Let M be an Fp[I']-module.

(i) If N is the injective hull of M, then Soc(M) = Soc(N).

(i) If P is a submodule of M, then Soc(P) = P N Soc(M).

Proof. (i) Firstly, if S is a simple submodule of M, then S is also a simple submodule of
N, so Soc(M) C Soc(N). Conversely, if S is a nonzero simple submodule of N, then
SAM=0o0or SNM =S. 1If SN M =0, then the map M — N — N/S is injective,
so by the fact that the map M — N is an essential monomorphism, we obtain that
the map N — N/S must be injective. But this is true if and only if S = 0, which is
a contradiction. It follows that S = SN M C M, so Soc(N) C Soc(M). We conclude

that Soc(M) = Soc(N).

(ii) On the one hand, if S is a simple submodule of P, then S is also a simple submodule
of M, so Soc(P) C PN Soc(M). On the other hand, if S is a simple submodule of
M such that S € P N Soc(M), then S is a submodule of P; thus, since S is simple,

S € Soc(P). We conclude that Soc(P) = P N Soc(M).

11



2.2 Embedding Problem

In this section we introduce some results on the embedding problem, which will be instru-
mental in proving Theorem 3.0.2. A detailed exposition of this can be found in [NeuT73|.
Following the presentation of these already known results, we proceed to explain how they
apply in our specific scenario.

Let F' be a number field and let G be the absolute Galois group of F'. Let K/F be a
finite Galois extension with Galois group G. For an extension of finite groups (¢): 1 - A —

E — G — 1, the embedding problem (G f,¢) is defined by the diagram

1 y A y B —"— G > 1,

where ¢ is the canonical surjection. A continuous homomorphism ¢ : Gp — E is called a
solution of (Gf,¢) if it satisfies the condition 7 o = ¢. A solution ® is called a proper
solution if it is surjective. If (¢) is a nonsplit extension, then every solution of the embedding
problem is a proper solution ([Hoe68, Satz 2.3]). In this thesis, we will only construct
solutions to the embedding problem when the extension is nonsplit, so we can assume that
if an embedding problem has a solution, then that solution is proper. This translates to
finding an extension M/F containing K/F such that Gal(M/F) = E compatibly with
Gal(K/F) = G. When such a solution exists, we say that (Gp,¢) is solvable.

For each prime p of F', we denote by F (respectively Kj) the completion of F' at p
(respectively of K at a prime above p). Let G F, be the absolute Galois group of Fy, Gy =
¢(Gp,) € G (which is isomorphic to the decomposition subgroup of p in Gal(K/F)) and
Ey = 7T_1<Gp) C E. Then the local embedding problem (G Fy» ep) is defined by




We have the following results from |[Neu73| (Satz 2.2, Satz 4.7, Satz 5.1).

Theorem 2.2.1 (Neukirch). Let (Gp,¢) be an embedding problem with abelian kernel A. If

the map

2 2
H*(Gp,A) = [ H*(GF,, A)
peP

is injective, then the embedding problem (Gp,€) has a solution if and only if the local em-
bedding problems (GFP,EP) have solutions, for all p € P. Here P 1s the set of primes of
F.

Theorem 2.2.2 (Neukirch). If A is a trivial finite G-module (i.e. A =7Z/nZ) or A is the

dual of one (i.e. A= puy), then all maps
HI(F,A) = [[HYFp, A), ¢>0,
p
are injective. Here we have HY(F, A) = HY(Gp, A).

Theorem 2.2.3 (Neukirch). If Ky /Fy is a cyclic extension of local fields, then the following

conditions are equivalent:

(i) Every embedding problem corresponding to the extension Ky/Fy with an arbitrary (not

necessarily abelian) kernel A of exponent n is solvable.
(ii) Every n-th root of unity in Fy is the norm of an element of Ky.

This is always true if Kyp/Fy is unramified.
If Ky/Fy is tamely ramified with ramification index e, then (i) and (ii) are true if and

only if n'e | (¢ — 1), where n/ = Hpvp(n) and q is the number of elements of the residue

ple
field of Fy.

13



We now return to our setting. Let p be a prime, let ® be a group of order prime to
p, and let G be a p-group with an action of ®. Assume that there exists an extension of
number fields L/ K with Galois group ® such that Gal(L""P/K) = G x ® and L/K satisfies

Property P. We claim that L"P/K also satisfies Property P:

Lemma 2.2.4. Let L/K be a Galois extension with Galois group ® as above and assume

that L/ K satisfies property P. Then L""P/K also satisfies property P.

Proof. Let p be a prime of K, and let q and t, respectively, be primes of L and L"P,
respectively, lying over p. Let Ky, Lq, and (L""P); be the corresponding completions. Let
e be the ramification index of p in L"P/K. Note that, since L""P/L is unramified, e is
also equal to the ramification index of p in L/K. Since L/K satisfies property P, it follows
that either Lq/K} is unramified or Lq/Ky is tamely ramified with e | (¢ — 1), where ¢ is the
cardinality of the residue field of K. This immediately implies that (L"P),/K} is either
unramified or is tamely ramified with e | (¢ — 1).

It remains to show that (L""P)./Ky is cyclic. If (L"P)./K, is unramified, there is
nothing to prove, so assume that it is tamely ramified. Let f; be the inertia index of p in
L/K, and let f; be the inertia index of q in L""P/L. Then f = fi f5 is equal to the inertia
index of p in L"P /K. Consider the extension (L"™),/Ky,. By construction, we have the

following short exact sequence

1 — Gal((L"P)/Lq) — Gal((L™)/Kp) — Gal(Lg/Ky) — 1,

where Gal((L""P)y/Lq) = 7/ foZ, Gal(Lq/Kyp) = Z/(ef1)Z, and Gal((L""P) / Ky) =2 Z] f2Zx
Z/(ef1)Z. The first equality follows from the fact that (L""?);/Lq is unramified, the second
from the fact that Lq/K)y is cyclic, and the third from the Schur-Zassenhaus Theorem (since
efi and fy are coprime).

Now, let L; be the fixed field of inertia inside (L""*P),/Ky. Note that the extension L, /K
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is cyclic of degree f = fi fo. Since (fi, f2) = 1, it follows that there exists a subextension K

of L, /Ky such that we have the following tower:

(L)
7)eZ.
Ly
Z|[HZ
Ky
L] f2Z
Ky

Consider the compositum of Ky with Lg. Naturally, K.Lg C (L"P)¢, so [Ky.Lq: Kp] <
[(L"P)e: Ky]. Since K;/Ky is a p-extension and Lq/Kj is an extension of order prime to
p, we must have that Ky N Lg = Ky. Thus, [Ky.Lq: Ky] = [Ky: Kp|[Lq: Kp] = fo-efi =
[(L"P)e: Kypl; so Ky.Lg = (L"P),. It follows that Gal((L"™P)/K;) = Gal(Lg/Kyp) =
Z/(ef1)Z is a normal subgroup of Gal((L"P?):/Ky), so the group Gal((L"™"),/Kp), which

is a semidirect product, is actually a direct product:

Gal((L"P)/Kyp) = Z) o x L) (e fL)Z = 7/ (e f1 f2) L.

Here, the last equality follows from (efi, fo) = 1. This proves that (L"™P),/K} is cyclic,

which is what we wanted. O

Now, consider the following embedding problem:

1 y V s TV » T > 1,

where V' is a group of exponent p on which ® acts by an irreducible representation and

[V =G x ®, for a p-group G’ with an action of ®. Since L"P/K satisfies property P, by
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Theorem 2.2.3 we know that all the local embedding problems have solutions. Now, in order

to use Theorem 2.2.1, we need to prove that the map

H*(Gg, V)= [ H*(Ck, V)
peP
is injective. Note that V' is not a trivial Fy[I']-module, so we can’t apply Theorem 2.2.2

directly. Consider the following commutative diagram:

HX (G, V) — [[ H*(Gk,. V)

l p
res l
res

H2(GL>V) E— HHQ(GLpav)
p

Using spectral sequences, we observe that HQ(GL, V)CD ~ ]-12(GK7 V'), so the restriction map
on the left is injective. Similarly, it can be proved that the map on the right is injective.
Note that G acts on V by ®. Since Gal(L/K) = ®, it follows that G, acts trivially on V/,
SO

H*(Gp, V)= H*GL,Fp) and  H*(Gp,, V)= H(GL,,Fp),

where n = dime V. So by Theorem 2.2.2, the map on the bottom is injective. It thus
follows that the top map is injective, and so by Theorem 2.2.1, the embedding problem we
started with has a solution.

On the one hand, if the group extension is split, then a solution to the embedding problem
will be given by M = L"P(y/ai, ..., Yan)/K, with a1,...,a, € L, and Gal(M/K) = T" =
V xI'. On the other hand, any two solutions to the embedding problem will differ by a split

extension. To summarize:

Proposition 2.2.5. Let L/K be an extension with Galois group ® that satisfies property P.
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Consider the extension LY"P /K with Galois group I'. The embedding problem
1=V T =T =1

always has a solution. Furthermore, if LY"P(y/oq, ..., Pan)/K is a solution, with o; €
(LYHPYX J(LYP)*P | then all the other solutions are giwen by L"“"P(/aqaq, ..., Yonan)/K,
where a; € L*/L*P, oya; # 0 in (L*P)*/(L""P)*P, and Gal(L({/a1,..., Yan)/K) =
VX ®.

2.3 Some technical lemmas

In this section, we present some facts that will be used in the proof of our main result. Some
of these results can either be found in [Ozall| or are generalisations of results from [Ozall].
We will follow Ozaki’s notation.

Let F' be a number field and let p be a prime of O lying above a rational prime p. Let
Fy be the completion of F' at p, and denote by Up(F') the pro-p part of the local unit group
of Fy. Let U(F) = @y, Up(F'). Consider the localisation of O at p and embed it diagonally
into U(F). Let Uy(F) be the submodule of U(F) consisting of all the elements u such that
Fy(/u)/Fy is unramified and let U'(F) = @mpU]S(F). Since U(F)? c U'(F) Cc U(F), we
can define R(F) = U(F)/U(F)P and R'(F) = U(F)/U'(F).

Going back to our situation, let p be a prime, let ® be a group of order p and let G be a
p-group with an action of ®. Let L/K be a Galois extension with Galois group ® such that
Gal(L""P/K) = G x ®. Let I' = G x ®. Assume moreover that every prime of K lying over

p splits completely in L"P /K. With this notation, we can prove the following:
Lemma 2.3.1. If L/K is a Galois extension with Galois group ® as above, then
1. R(L) = Fy[@]K: Q+s gnd RI(L) = Fp[@) K Q

2. R(LYP) = Fp[[]IK: Qs gng R/(LvP) = F,[1] 1K Q)
17



where s is the number of primes of K lying over p.

Proof. By definition, U(K) = @p‘pUp(K) = @mp(?;((p ®z,, Lp. Tensoring with I, we obtain
that (0% @2, 2,) / (0% @z, 2,)" = FF*Y, where dy = [Ip: Q). Note that Xy dp —
[K: Q. It follows that R(K) 2= FX UF - Similarly, B (50) = FF @,

Because every prime of K lying over p splits completely in L/K, we have a natural
isomorphism of ®-modules U(L) = Z[®] ®z, U(K) and U'(L) = Zy|9] ®1z, U'(K), which
shows that R(L) = Fp[®]K: WU+s and R/(L) = F,[@]K: Q.

Similarly, since every prime of K lying over p splits completely in L""P /K, we obtain

that R(LUP) = F[]K: O+ and R/(L?) 2 B [r)lK Q) .

The following result is a generalisation of [Ozall, Lemma 9|. Note that Ozaki’s Lemma
only applies to M = L"'P, while our modification works for both M = L"™P and M =
L. This lemma is a key tool used in the proof of Theorem 1. The following proof uses
the Chebotarev density theorem to construct a number of primes in O, satisfying certain

properties in R(M).

Lemma 2.3.2. Let LY"P/K be an extension as above. Let M = L or L"P, and let M /M
be any finite abelian extension linearly disjoint from the mazimal abelian extension of M
unramified outside p. Then for any u € R(M) and any T € Gal(M /M), there exist infinitely
many prime ideals AOyy of Oy such that AOyy is prime to p, (A mod U(M)P) = u in
R(M), and (AOyy, M /M) = 7.

Proof. Let T be the maximal elementary abelian p-extension of M which is unramified out-
side p, and let H be the maximal elementary abelian p-extension of M unramified everywhere.

Then we have the following exact sequence
0%, ©F, — R(M) £ Gal(T/M) L5 Gal(H/M) — 1,

where the map p: R(M) — Gal(T/M) is the map induced by class field theory, and the third
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map is the natural surjection f: Gal(T/M) — Gal(H/M). Let 0 = p(u) € Gal(T/M). Let
N be the maximal unramified abelian extension of M. Note that T"and N are linearly disjoint
over H, and let T be their compositum. Observe that T and M are linearly disjoint over M.
Let & € Gal(T /M) be an element with the properties that res(5) |p= o1 and res(#) |y= 1.
Such an element exists because T" and N are linearly disjoint over H, and the restrictions
o~ e Gal(T/M) and 1 € Gal(H/M) agree on H/M, since res(c1) |g= res(1) |y if and
only if 0=1 € ker(f) = Im(p), which is true by construction.

By the Chebotarev density theorem, there are infinitely many degree one primes « of
O) not lying over p such that (a,7/M) = & and (a, M /M) = 7. Here, for a prime p and
an extension F'/FE, the symbol (p, F'/E) represents the Artin symbol. The first condition
implies that (o, /M) = ¢~ ! and (o, N/M) = 1. But (o, N/M) = 1 implies that « is a
principal ideal in Oy, so there exists Ag € M such that o = AgO);. Combining this with
(o, T/M) = 6=, we obtain that Ag = Ae, for some ¢ € O} and some A € M. The element
A has the properties (A mod U(M)P) = u in R(M) and (AOps, M /M) = 7, which is what

we wanted. O

We finish this section by noting that constructing unramified extensions in general is
not a very difficult task: having a ramified extension, one may perform a series of base
changes that kill off the ramification. However, in this thesis we are interested in finding
maximal unramified extensions, so we need to have control over the class group of our newly
constructed extensions. The following lemma due to Ozaki [Ozall] is a great tool in this

direction.

Lemma 2.3.3 (Ozaki). Let p be any prime number, F' a number field with F""P = F and S
a finite set of primes of F. We denote by Fg/F the maximal elementary abelian p-extension

of F' unramified outside S. For any prime v of F', denote by D, the decomposition subgroup
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of Gal(Fg/F) at the prime v. We assume that the map
D Ha(Dy, Z) — Hy(Gal(Fg/F),Z)
v

induced by the natural inclusion D, C Gal(Fg/F') is surjective. Then (Fg)""P = Fg.
Proof. See [Ozall, Lemma 7|. O

Corollary 2.3.4 (Ozaki). Let S and Fg be as in Lemma 2.3.3. If Fg/F is a cyclic extension,

then (Fs)ur,p = Fs.

2.4 Background on universal unramified deformations

In this section, we introduce some definitions and results on deformations of Galois repre-
sentations. Everything in this section is already known; a more detailed exposition of this
can be found in [Maz89].

Throughout this section, let p be a prime number, let K be a number field and let Gg
be the absolute Galois group of K. Let C denote the category of complete Noetherian local
rings with residue field F).

Consider a continuous Galois representation p: G — GLa(Fp). We will call this a
residual representation. If A is a ring in C, we can consider the lifts of 5 to GLg(A). Let
m: A — ), be the projection map. We say that two such lifts p;, p, are strictly equivalent
if there exists M € ker(GLa(A) — GL2(Fp)) such that p; = M~1p, M. Deformations of the
residual representation p, as introduced by Mazur in [Maz89)|, are strict equivalence classes

of continuous lifts:

Definition 2.4.1. Let 5: G — GLa(F;) be a residual representation and let A be a local
ring in C. A deformation of p to A is a strict equivalent class of continuous homomorphisms

p: G — GLo(A) such that the following diagram commutes:
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GK —> GLQ Fp)
GLy(A

We can therefore define a functor D: C ~» Sets with D(A) = {deformations of p to A}.
We would like to understand when this functor is representable by a universal deformation
ring. By a universal deformation ring we mean a complete Noetherian local ring R € C
with residue field F,, together with a deformation p: G — GLa(R), such that if ¥: G —
GLo(A) is another deformation of p, there is a unique morphism ¢ : R — A such that
1 = ¢ o p. Mazur proved in [Maz89, Proposition 1| that if p is absolutely irreducible, then
a universal deformation ring exists.

Note that we can impose certain ramification conditions on these lifts. In this thesis, we
are interested in lifts that are everywhere unramified. Let p: G — GLy(A) be a deformation
of p for some ring A € C. This lift factors through some finite group, and the fixed field of
the kernel is a finite extension. Call it K (p). Denote the corresponding extension of p by
K (p). We say that the deformation p is unramified if the extension K (p)/K(p) is unramified
everywhere. The functor on C which sends A to the unramified deformations D(A) is pro-

representable by a universal deformation ring. We are interested in the following question:

Question 3. What possible rings R can occur as universal unramified deformation rings of

such p?
This question can be split into several cases:
e The representation p is absolutely irreducible and has image with order prime to p.
e The representation p is absolutely irreducible and has image with order divisible by p.

e The representation p is reducible. In this case, the universal (unramified) deformation
ring need not exist, so one could consider an alternative question: what possible rings

R occur as universal unramified pseudodeformation rings?
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This thesis provides an answer to the first case via Theorem 2 and Conjecture 1. The
author is also interested in the other two cases. However, certain techniques used in this
thesis only apply to the first case, so approaching the other two cases would require different
tools. Dealing with the second case (where the representation is absolutely irreducible and
has image of order divisible by p) would require a modified version of Theorem 1 applicable
to groups that have a more general form than just semidirect products between p-groups
with groups of order prime to p. On the other hand, the last case (that of a reducible
representation) would require a completely different version of Theorem 2 that would be

suitable for pseudodeformations.
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CHAPTER 3
CONSTRUCTING MAXIMAL UNRAMIFIED EXTENSIONS

In this chapter, we prove Theorem 1. Before outlining the proof, let us introduce two results
that are crucial to the argument. Throughout this chapter, let p be a prime, let ® be a group
of order prime to p, and let G be a p-group with an action of ®.

The following result allows us to perform base changes that extend the degree of the base

field over Q, but preserve all the other properties.

Theorem 3.0.1. With the above notation, let L/K be a Galois extension of number fields

with Galois group ® satisfying:
e The extension L""P/K is Galois and has Galois group isomorphic toI' = G x ®,
o The field K contains the group py,, and is totally imaginary if p = 2,
e Fvery prime of K lying over p splits completely in L""P,
e The extension K/Q satisfies [K: Q] > 2(2d(G) 4 r(G) + d(®)), where d(G) and r(G),
respectively, are the minimal number of generators and relations of a group G.
Then there exists a cyclic extension K'/K of degree p such that if L' = K'.L, then:
1. K'NnL¥P =K,
2. (L)urP = K' LU,

3. Gal((L')* /K') =T,

4. If the initial extension L/K satisfies property P, then the new extension L'/K' also
satisfies property P. Moreover, under this assumption, the extension (L')""P/K' also

satisfies property P.
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Recall that any p-group G with an action of ® fits into an exact sequence of the form

15V -G —-G6-1,

where V, G’ are p-groups with an action of ®. Moreover, V is a group of exponent p and ®
acts on V by an irreducible representation. Let I' = G x ® and IV = G’ x ®. We have the

following result:

Theorem 3.0.2. Let L/K be a Galois extension of number fields satisfying the four condi-
tions of Theorem 3.0.1 and property P. Assume that ® acts irreducibly on the p-group V.

Then for any exact sequence of groups

15V =1,

there exists a finite extension of fields L' /K" such that:
1. KCcK and LC L',
2. The extension L' /K’ is Galois and has Galois group isomorphic to ®,
3. The extension (L')""P/K' is Galois and has Galois group isomorphic to T”,
4. Every prime of K' lying over p splits completely in (L')%"P,
5. The extension (L')“"P /K’ satisfies property P.
The proof of Theorem 1 follows from Theorems 3.0.1 and 3.0.2 by induction. Recall that

for a p-group G with a ®-action, we have an exact sequence of p-groups

G=G,—>Gyp_1— - —Gy=1,
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where each map is surjective and the kernel at each step is isomorphic to V. If I'; = G; x &,

then we have a sequence of surjections

r=r,—-Iy,1—----—Ig=9,

with ker(I'; — I';_1) 2 V, for 1 < i < n. The assumption of Theorem 1 is the base
case of our inductive proof. At step ¢, we can assume that we have a Galois extension
L;/K; satisfying the conditions of Theorem 3.0.1 for G; and I';. Using Theorem 3.0.1
repeatedly, we can construct a finite extension KZ( of K; such that if L; = K Z{.Li, then
KIN(L)"P = K;, (L))"™P = K] .(L;)"™P, and Gal((L,)"P/K!) = I;. Moreover, repeatedly
constructing extensions using Theorem 3.0.1, we increase the degree [KZ/ : Q], while keep-
ing 2(2d(G;+1) + r(Giy1) + d(®)) unchanged. Thus, we can also assume that [K]: Q] >
2(2d(Git1) + 7(Gjy1) + d(®)). Since this extension L /K satisfies the conditions of The-
orem 3.0.2, there exists a finite extension L;y1/K;;1 such that KZ{ C Kijt1, Lé C Ljt1,
Gal(Li+1/Kit1) = @, Gal((Lj11)"P/K;y1) = [igq, every prime of K;yq lying over p
splits completely in (L; )" and (L;;1)""P/K; 1 satisfies property P. Therefore, we have

obtained fields K = Ky, L = Ly, and M = (Ly)"P with the desired properties.

3.1 Proof of Theorem 3.0.1

In this section, we provide a proof for Theorem 3.0.1, which is our version of Proposition
1 in the first version of [Ozall]. Given a finite extension L/K satisfying the conditions
of Theorem 1, Theorem 3.0.1 allows us to perform a base change that preserves all the
properties of the initial extension, but increases the degree of the base field K over Q. This
base change will be a useful tool in the proof of Theorem 3.0.2.

Our proof is inspired Ozaki’s proof of Proposition 1 in the first version of [Ozall|, but

uses techniques applicable to our situation. More explicitly, in his proof, Ozaki uses the
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theory of IF)-representations of p-groups G, while we have to use the more complex theory
of Fy-representations of groups of the form G' x ®, where ® is a group of order prime to p
and G is a p-group with an action of ®. Throughout this section, assume that the conditions
of Theorem 3.0.1 hold. More explicitly, let ® and G be as above. Assume we have a Galois

extension L/K with Galois group & satisfying:
e The extension L"P/K is Galois and Gal(L""P/K) =T =G x .
e The field K contains p, and is totally imaginary if p = 2.
e Every prime of K lying over p splits completely in L"P,
e The extension K/Q satisfies [K: Q] > 2(2d(G) + r(G) + d(P)).

We claim that proving Theorem 3.0.1 reduces to finding an element A of L""P with the

following properties:
(1) The ideal AOpurp is a prime ideal of degree 1, not lying over p.

(2) If S denotes the set of primes of L""P dividing n = NLur,p/K(A), then L"P(y/n) is

the maximal elementary abelian p-extension of L"™P unramified outside S.

Lemma 3.1.1. Assume such an element A of L""P exists. Let K' = K(g/n), with n as

above. Then K'/K is an extension that makes Theorem 3.0.1 true.

Proof. Since nOk is a prime ideal of O, it follows that ¢/n ¢ K, so K' is a degree p
extension of K. Let L' = L.K'. The fields L and K’ are linearly disjoint over K, so L'/L is
a degree p extension. We want to prove that K’ N LW = K, (L)™' = K'.L"P and that
the extension (L')"P /K’ is Galois with Galois group isomorphic to I'.

Consider K’ N LYP. This is equal to K’ if K’ ¢ LYP; otherwise, it is equal to K.
Assume K’ C L"™P. By construction, this implies that L' c LYP. But LY is the

maximal unramified p-extension of L, and L’ is a ramified p-extension of L, so they must
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be linearly disjoint over L, and L' ¢ L"P. It follows that our assumption was false, and so
K' N LWP = K, which proves the first part.

Using the previous part, we observe that K/.L""P = L"P(g/n) and L'.L"P = L"P( /).
By construction, L™(¢/m) is the maximal elementary abelian p-extension of L""P unram-
ified outside S, so Corollary 2.3.4 tells us that (L"P(g/n))"™P = L"P(gMn). On the one
hand, since K’ ¢ K'.L"P, we must have (L')"™P C L,(K'.L"P) = K'.L"P. On the other
hand, L'.L"P is an unramified p-extension of L', so L'.L™P C (L")™P. Combining these
remarks, we obtain that (L/)"P = L/.[WP = K/ L'"P proving the second part.

To prove that the new extension has the right Galois group, consider the following dia-

gram

(Lymp = [ [

- \K/
\K/

Since the extension L""P/K is Galois and has Galois group isomorphic to I, it follows

ur,p

that (L)% /K’ is Galois and Gal((L')"?/K') = Gal(K'.L™P/K') = Gal(L™P/K) ~ T,
which is what we wanted.

To conclude the proof, we need to check that if the initial extension has property P,
then the new extensions also have property P. To this end, assume that L/K has property
P. Firstly, let us prove that L'/K' satisfies property P. Let p be a prime of K, and take
primes q, p’, and ¢, respectively, of L, K’ and L’, respectively, lying above it. Let Ky, K ;’J,,
Lq, and La , be the corresponding completions. Let e and €’ be the ramification indices of
pin L/K and of p’ in L'/K’, respectively. Let ¢ and ¢ be the number of elements of the
residue fields of Kp and K{J,, respectively. Since the order of ® is prime to p, we must have
that e = ¢/, and ¢ = q or ¢/ = ¢P. Since L/K has property P, then either e = 1 or Lq/ Ky

is tamely ramified with e | (¢ — 1). It follows that either ¢/ = e =1 or Lg,/K{J, is tamely
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ramified with ¢’ | (¢ — 1) | (¢ — 1). Finally, if Ly/Kp is cyclic of order prime to p, then
by construction, Lél /K {J, is also cyclic of order prime to p, so the new extension L'/K’ has
property P. Finally, we need to show that if L/K satisfies property P, then (L')"* /K’ also

satisfies property P, but this follows from Lemma 2.2.4. O

Now, we would like to find an element A satisfying (1) and (2). To this end, assume that
we already have an element A satisfying only the first property. Let S be the set of primes

of L"P dividing n. If L"™P(a)/L"™P is unramified outside S, for some o € L""P then

a mod (L™P)*P = (¢ mod (L"™P)P)+ > as(cA mod (L™P)*P),
oel’
for some ag € Fp, € € Ofyrp. Since L"P(Y/ar) /L™ P is unramified at the primes above p, it

must be true that

(e mod U'(L"™P)) + Z as(cA  mod U'(L"™P)) = 0.
oel’

If this equation only holds when ¢ € ((’)zunp)p and as = a, Vo € I, for some a € ), then

a mod U(L™PY =a o(A mod UL™PYP)=a(n mod U(L™P)P).
oel’
Thus, /o € L"P( /1), so condition (2) also holds.

Let E = E(L"P) be the image of the map OF ), ® F) — R/(L™P). If € is an element
in Ofup \ (Ofup)?, then the field extension L™P({/e)/L"™P must be ramified at some
prime lying over p. Thus, the map (’)zunp ®Fp, — R/(L"P) must be injective, and so
E = Ozur,p ® Fp. It follows that the map Ozunp ® Fp — R(L"™P) is also injective, and by
abuse of notation we denote its image by F.

The following result represents a key step in the proof of Theorem 3.0.1. It is a variation

of Lemma 8 in |Ozall| and it is inspired by Lemma 2 in the first version of the same
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paper. The main difference between Ozaki’s proof and our proof comes from the fact that in
[Ozall], Fp[G] is a projective indecomposable Fy[G]-module, and this doesn’t remain true if
we replace G by I' = G x ® (for G a p-group and ® a group of order prime to p). To deal
with this, we turn to the theory of modular representations for groups of the form G x .
For a more detailed treatment of this, see [Web16]. We will also make use of some of the

ideas appearing in Section 6 of [HM17].

Proposition 3.1.2. Let N be the kernel of the projection R(LY"P) — R'(L""P). Then N
is a free Fp[I']-module. Moreover, there exist free Fp[I'|-modules M and Q of R(L""P) such

that:
e R(LYP)=M®N®Q and R'(L"P) = M & Q.
e L C M.
o rankp 1 Q > §[K: Q] —d(G) —r ().

Proof. Note that F,[I'] is a Frobenius algebra, so injective Fp[I']-modules are the same as
projective Fp[I']-modules. In particular, any free F,[I']-module is injective.

By Lemma 2.1.1, the indecomposable projective IF,[['l-modules Pg are in a one-to-one
correspondence with the simple Fy,[®]-modules S. It follows that F,[I'] can be decomposed

as a sum of indecomposable projective modules

= @ Py

S simple

where ng = dimp(S), D = Endp (g 5. Here, the sum is over the simple [Fp[®]-modules S.
From Section 2.1, we know that any Fp[I']-module has a unique injective hull (for more

details of this, see [Web16, Section 8.5]). Let M = @Pgs be the injective hull of the
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[Fy[I'-module E. Consider the following diagram:

f

E—1 M
\[i 1\///9
R(L™?)

The Fp[I']-module R(L"P) is free by Lemma 2.3.1, so it is injective. The map 7 is the usual
inclusion map from E to R(L""P). The map f is the essential monomorphism £ — M.
Since R(L™P) is an injective Fp[[']-module, there exists a map g: M — R(L"P) such that
go f = 1. Moreover, since f is an essential monomorphism, the map ¢ is injective. Let

M; =1Im(g) C R(L"P); the module E can be seen as a submodule of Mj.

By definition of NV, we have a short exact sequence of Fy[I']-modules:
1 — N — R(L™P) — R/(L"P) — 1.

Since R'(L"P) is a free module (Lemma 2.3.1), this sequence splits. It follows that N is a
stably free F)[I']-module, which implies that N is a free F[I']-module of rank s.

Consider the intersection My NN C Mj. Let Soc(M; N N) be the socle of M N N.
For details about this notion, see Section 2.1 and [Webl16, Section 6.3]. Since Fp[I'] is an
Artinian ring, every nonzero module has a simple submodule. It follows that if M7 N N is

nonzero, then Soc(M; N N) must be nonzero. Using Lemma 2.1.2, we obtain

Soc(M1 N N) = (M;NN)NSoc My
= N N Soc M;
= NNSock
CNNE

=0.
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Here, the first and the third equalities follow from Lemma 2.1.2; the last equality follows
from the fact that £ and N are disjoint. It follows that M; NN = 0, so M1 + N is a direct
sum in R(L™P). Since M1 @ N is a projective F)[I'l-module, it must also be injective, so

the following exact sequence splits:
1= M &N — R(L™P)— R(L™P)/(M; & N) — 1.

Let Q1 = R(L"™P)/(M7 & N). This is a projective Fy[I']-module, so it can be written as
Q1= @Pgs with the property that ag + g = [K: Q] - ng.

We would like to estimate Sg. Let r = ranka[@] EG = ranka[q)] (EC)* = ranka[q)](E*)G.
Thus, Fpy[®]" - (E*)g. By Nakayama’s Lemma, F,[I']" — E*. Taking duals and using the
fact that Fp[T] is self-dual, we obtain that E = E** < F,[T']". Since M is the injective
hull of E and Fp[[] is an injective module, we obtain that M < F,[T']", which implies that

ag < ng-r, so it is enough to estimate r. To compute this rank r, we follow the idea in
Section 6 of [HM17].

On the one hand, from the exact sequence
0= OFurp/Hyp 2, Ofurp = Ofurp/p = 0,
we derive the sequence:
(0w 1p)” = (OFuep) = (Offury /D) = HN (G Ofury /1),

We observe that
d (Ozur,p/p)G = EG»

o (OFup)®/(Ofurp/1p)® = (01)/(OF J1p) = OF JOFT,
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so the sequence becomes:
05 /0P — EY — HYG, O wp/tip)- (3.1)
On the other hand, from the exact sequence
0— pp — Ofur,p — Ozunp/p,p — 0,
we get the exact sequence:
HY G, OFuwp) = HYG, OFwp/1p) = H*(G, ). (3.2)

The p-group G acts trivially on pp, so for ¢ = 1,2, the groups H @, tp) describe the
generators and relations of G.

Before we continue the proof, let us introduce some notation. For a p-group H, let d,H
be the p-rank of H, d(H) be the number of generators of H, and r(H) be the number of
relations of H.

Consider the inclusion L < L"P. Tt induces a map on class groups Cl;, — Cljur,p whose
kernel is isomorphic to H1 (G, O urp) (see 2 in [Iwa56]). On the other hand, this kernel is also
isomorphic to the p-primary part of Cl;. By class field theory, we know that the p-primary
part of Cl;, is isomorphic to the abelianisation of Gal(L""P/L) = G, so H(G, Ofurp) = Gab.
It follows that

Ayl (G, Ofry) = d(G™) < d(G),

From the semisimple version of Dirichlet’s unit theorem ([HM17, Theorem 6.1]; for a proof,

see [Gra98, Theorem 6.1]) and the fact that K is totally imaginary, we obtain that

[K: Q] (3.3)

1
ranka[q,]((’)z /O;p) < 3
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From (3.1), (3.2) and (3.3) it follows that

r= rank]Fp[q)] (EG) < rankF (O L/OXp) + del(G O wrp/Hp)
< ranky (¢(OF /O[") + dpH (G, Ofuep) + dpH* (G, )

< SIK: QI +d(G) +7(G),

| —

Therefore:

fg=[K:Q] -ng—ag

>[K: Q] -ng—ng-r
Z[K:Q]'ns—n5'<

> ns (518 Q - d(G) - ().

We can thus choose t > (%[K: Q] — d(G) — r(G)) such that Q := @Pgs't is isomorphic to
a submodule of )1. This new module @ is a free Fy[I']-module of rank ¢. Moreover, it is
injective, so P = ()1/Q is a projective Fp[I']-module with Q1 = Q ® P. Let M = M; @ P.
Then

R(L™"P)y=Mi & Ne6QEZM & NGQPPEZM&N®Q,

with £ C M and rankg ) Q > 3[K: Q] — d(G) — r(G).
Since M is a stably free Fy[I']-module, we can conclude that it is a free F;[I']-module, so

the proof is complete. O

The only thing left to show is the existence of an element A of L""'P with properties (1)
and (2). The proof is similar to the proof of Proposition 1 in the first version of [Ozall]. Let
M and @ = @ Fp[[g; be the Fp[I']-submodules of R(L"™P) given by Proposition 3.1.2.
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Then, by assumption of Theorem 3.0.1,

t> < [K: Q] - d(G) - (G) = d(G) +d(®) > d().

N | —

Let {01, ...,04} be asystem of minimal generators for I', d = d(T"). Let u = 2?21(%'—1)% €
Q C R(L""P). By Lemma 2.3.2 applied to M = L""P_ there exists AOur,p a prime of degree
1, not lying over p, such that u = (A mod U(L"P)P). Assume that there exist € € O,

and a, € Fp such that (¢ mod U'(L"™P)) + Z ay(cA mod U'(L™P)) = 0. Observe that:

el
o & mod U(L™P)P + ) " ag(cA mod U(L™P)P) € N;
ocel’
o > ag(oA mod U(L"™P)) =" ag(ou) € Q;
el cel

e ¢ mod U(LM™PY e EC M.

By Proposition 3.1.2, it follows that ¢ mod U(L™P)? = %" .ras(cA mod U(L™P)P) =
0. On the one hand, since U(L™P)P N Of ) = (’);&p, it follows that ¢ € O;gfw. On
the other hand, > cras(cA mod U(L™P)P) = 0 implies Y 1 aga[zgzl(ai - 1)g] =
Y ver @o(ou) = 0. This implies ) cpaso(o; —1) =0, forall 1 <i <d,s0 ) ,craco(T —
1) = 0, for all 7 € I', meaning that a, must be constant for all 0 € I, i.e. a5 = a € Fy,
for some a € F,. We have thus shown that A has properties (1) and (2), so the proof is

complete.

3.2 Proof of Theorem 3.0.2

In this section, we will provide a proof for Theorem 3.0.2. This theorem represents the
inductive step in the proof of Theorem 1. The proof can be split into two cases: when the

following sequence splits or when it doesn’t split:

1=V oIS =1,
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The case when the extension does not split will use the embedding problem combined with
the case when the extension splits, and will be treated at the end of this section. Assume
first that the sequence splits. In this case, IV = V x I, and we can work over L.

Let n = dimp, V' and let m = |®|. Let g1,...,9n be generators of the action of ® on
V. Let T = %. We can assume that [K: Q] > 2d(T + 2), where d = d(P)
is the number of generators of ®, by replacing K with some finite extension of K given
by Theorem 3.0.1. Recall that Theorem 3.0.1 constructs a new extension that satisfies
property P if the initial extension satisfies this property. Note that R(L™P)¢ =~ R(L) and
R/(LWP)C = R/(L) as Fp[®]-modules, N¢ = ker(R(L) — R/(L)), and (Of ®F,)nQY =0,
where @ is the Fp[I']-module obtained in Proposition 3.1.2. Let {o1,...,04} be a generator
system of ®. The free Fy[®]-module Q% can be written as Q¢ = §=1 Fp[®lq;, with
t>d(T+2).

Using Lemma 2.3.2 applied to M = L, we obtain primes \;Oj, that are completely split
in LYP/L, and satisfy N(\;) =1 (mod p) and

d
Ai mod U(LY = (14 0))q(i—1)d+;

J=1

in R(L), for 1 < ¢ < T. Moreover, we can also assume that the primes of K below \; split
completely in L/K.
Since ® has order prime to p, the Fy[®]-module R(L) can be decomposed as a direct sum

of isotypic components:

R(L) = ww,
w

where each W is a simple [F))[®]-representation. Each a € R(L) may therefore be written as

a = > ay, where ayy € W"W. The isotypic projection Py of R(L) onto W"W is given by
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the formula
dim W ]
P =
W= T |- dimg Endir 2 w9 g,
p ged

where xyy is the character of W. This is a modified version of [Ser77, Theorem 8| that applies
to (not necessarily algebraically closed) finite fields. Note that Py (Py(a)) = ay if U= W

. ) 1
and Py (Py(a)) = 0if U 22 W. To ease notation, we will write ng y = gind?r/n;(%gdw)/'

We can then write Py (a) = Z ngwg(a). Note that since V' is an absolutely irreducible

ged
Fp[®]-representation, n, y, is well-defined and nonzero in F.

Consider the group (Z/pZ)?™. Let (ay,...,an,b1,...,by) and (z1,...,Zn,Y1,--.,yn) be
two nonzero elements of (Z/pZ)>" that are not multiples of each other. This pair generates

2 2 (*"—p)(p*" 1)
a (Z/pZ)*-subgroup of (Z/pZ)*"™. There are ) D) subspaces spanned by such a

(P*"—p)(p*"—1)
(P?—p)(P*—1)

choose a prime \; from the ones constructed above (we can do this since T' =

pair, i.e. (Z/pZ)?-subgroups; label them from 1 to . For each such subgroup,

(P*"—p)(p*"—1)
(P*—p)(P*-1)

and define v and v9 to be products of conjugates of Ay, with 1 < ¢ < T') with the properties
that the exponents of g;l(Ag),g51<Ag), ..g7Y(\) in vy are ay, ..., ap, and the exponents

of gl_l()\g),ggl()\g), .. ‘ggl(Ag) in vo are by, ..., bn, respectively. Write a; ¢ = a;, b; p = b;,

T T
vig =, and yp = y;. Let vy = [] [[ 9(M)% and vy = [T [] 9(r)'s. Write
1=1ged 1=1ged

gi(v) = )\Z“Ewi’g and g; (o) = )\;’Zfi,g, for all 1 <i < n, with w; 4 and &; ¢ not divisible by
Ap. For each ¢, let 7y be a non p-power modulo A\yOy . Lift this 7y to a principal ideal r,Op,

in Oy. We distinguish two cases, each containing two subcases:

L. If a; ¢ # 0, for some i, let

Tj a0 — Tigaje, i jFi,

0, if § = .

djo = Yjea; 0 — T gbj g, for all j.
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Since (aj g, ..., ap0,010,---,0p¢) and (21 0, .., Ty 0,91 05 - - Yp,p) are not multiples

of each other, at least one of ¢; s and d; ¢ is nonzero.

(a) If cj o # 0, for some j # i, let

1 e
Wi g if k=1,
_ -1 - ,
Ape=1q 10" Wit if k=7,
)
Cl0C _ )
T it wkj otherwise.
-1
dk’ecjvz

Bg=r, " &, forall k.

(b) If dj # 0, for some j (possibly j = i), let

(

Wiy if k=1,
A _ )
k.t — e pd7 )
P o1 otherwise
L T kel :
p
-1 . .
r,g-gw if k=,
Bt =\ dut}
Dy - 3
L " 'gk,é otherwise.

2. If b; ¢ # 0, for some i, let
Cjo =T eb; g —y;ajy, for all j.

Yj.ebi ¢ — yigbjg, for j #i,

0, if j = .

Since (a1, .-, 0,01.05---50p¢) and (z1 ¢, .., Ty ¢, Y10+, Yp,) are not multiples

of each other, at least one of ¢; ; and d; y is nonzero.
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a) If d;y # 0, for some j # i, let
3¢

Oy
Apg=r," 7wy, forall k.

1 ; ]
fk,e itk =1,
p— _1 ] '
Bro=9 10§ k=7
dpeds} .

r, 75,8 Skzé otherwise.

)

b) If ¢; 0, for some j (possibly j = 1), let
It

y Ty w];% if k=,
kAt — -1
7 rck’ecﬂ w1 otherwise
[ e k0 :
.
&l if k=i
] ,
Bre=19 " dy e
r, 0t -f_l otherwise
¢ k0 :

Let R = Hgi_l()‘f)' We would like to construct a prime aQp, of Of, with a = gi_l(Ai’g)
il

(mod gi_l()\g)), for all 7 and ¢. Since the ideals g;l(Ag)OL are pairwise coprime, the Chinese
remainder theorem tells us that constructing such an element « is equivalent to constructing
an element that satisfies a specific congruence modulo ROy, say & = r1 (mod R), compatible
with o = gi_l(Aiyg) (mod gi_l()\g)). Similarly, to construct a prime SOy, of Of, with f =
9; (Bjg) (mod gi_l(/\g)), it is enough to construct a prime SOp, with a specific compatible
congruence modulo ROy, say 8 = r9 (mod R). Use the existence theorem of class field

theory to construct an abelian extension whose Galois group is in a natural correspondence

with the ray classes modulo ROp,. Use Lemma 2.3.2 with M = L again to find two primes
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aOy and SO;, of O that split completely in L"P /L, are prime to p, and satisfy:

d
a mod U(L)P = —Py (1) Z Py Z (1 +07)qrd+;
j=1

W4V
and
d
B mod UL = —=Py(va)+ Y Pw | D (1404 1)d+s
W#£V j=1
in R(L), and

Observe that while taking projections Py (v1) and Py (v2) modifies the exponents of the
primes g(Ayp) in v1 and v9, those exponents still appear as the exponents of some other primes.
In other words, if (ay,...,an,b1,...,by) generates a Z/pZ subgroup of (Z/pZ)Q”, then there
is a prime g;(\s) such that the the exponents of gfl(gi(/\g)),ggl(gi()\g)), g Mg ()
in vy are aq,...,ay and the exponents of gl_l(gi(/\g)), gg_l(gi()\g)), . ,gﬁl(gi()\g)) in vy are
b1, ..., by.

Note that L /L*P is an F)[®]-module, so we can consider the projections of vy« and 193
to the V-eigenspace. Construct L to be the Galois closure of L({/ Py (v1a)) over K, and L9
to be the Galois closure of L({/ Py (v2f)) over K. Then Gal(L1/K) = Gal(Ly/K) =V x ®.
Moreover, since Py (r1a) = 0 in R(L), every prime lying over p in L splits completely in
Lyi/L. The same holds true for Lo/L. Consider their compositum L = Li.Ly and let

M = L.L™P. We claim that:
(i) The extension M /L™ is unramified at p.

(ii) Recall that g(«), g(5), g(\;) split completely in L""P /L by construction, for all g € ®
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and 1 < i < T. Let S be the set of primes of L' lying above these primes. Then
M /LUP is the maximal elementary abelian p-extension of L"P which is unramified

outside S.

(iii) All the (Z/pZ)?-subgroups of Gal(M /L"™P) appear as decomposition groups of some

prime in L""P lying over g();), for g€ ® and 1 <i <T.

Consider Py (vja) in R(L). By construction, Py (rja) = 0 in R(L), so it must remain
trivial in R'(L). Similarly, Py (v08) = 0 in R/(L). Tt implies that Ly/L and Lo/L are
unramified at p, and thus L/L is unramified at p. Combine this with the fact that L"P/L is
unramified everywhere to conclude that M = L.L"P /L™ is unramified at p, proving (i).

Now, let S = {g(a),9(5),9(N\;) | g € ,1 < i < T}. We claim that in order to prove
(i), it is enough to prove that L/L is the maximal elementary abelian p-extension of L
unramified outside S. To this end, assume that L /L is such an extension. By construction,
it follows that M /L"™P is an elementary abelian p-extension unramified outside the primes
of LY'P that lie above S, i.e. M J/LYP is unramified outside S. Moreover, since all the
primes of S split completely in L"P/L and Z~L/ L is maximal, the extension M /L"P must
also be maximal.

We claim that L/L is the maximal elementary abelian p-extension of L that is unramified
outside S. To this end, consider an elementary abelian p-extension of L unramified outside
S, L(¢/7)/L, for some v € L* /L*P. We would like to prove that L(/7) C L. By definition
of L(g/7), it follows that:

T
v=n-T] [T o0 [T ot ] a(5)’s mod L7,
1=1ged ged ged
for some n € Oz and ag, by, cg; € Fp,for 1 <7 <Tand g € ®. Since L(/7)/L is unramified
at p, it follows that v = 0 in R/(L), so v € N&. Thus Py (v) = 0 € R(L), for all W, which

in turn means that Py (v) = 0 € R/(L). From construction, g(\;), g(a), g(8) € Q¢ c R'(L).
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Moreover, since n € Oz ® [Fp, and (92< ® IFy, intersects QG and NC trivially, it follows that
n=0in R'(L),sone OFP since 1 is a global unit.
On the one hand, consider Py () in R(L), for W # V (note the switch from multiplica-

tive notation to additive notation) :

T
0=Py(y) = Z Z Z Coh=1; " h, w9 (Ai)

i=1 ged \hed

+> D agn-r -y wyl@)

ged \hed
+ 3 D byt mpwa(B)
ged \hed

By construction, A;, o, 8 and their conjugates are all linearly independent in QG, so it

follows that their coefficients have to be 0:

Z nh’W ' Cghilai - O’

hed
Z nh’W : CLgh—l = O,
hed
Z nh’W . bgh—l - O,
hed

forall 1 <i<T and g € .
On the other hand, recall that Py (1) = 0 and Py (1v98) = 0 in R(L). Moreover, recall

that

T T
vi= ][] I] o) and wo=]] ] 9"

1=1ged 1=1ged
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Consider Py () in R(L):

0= Py(y Z > cgiPr(gN) + > agPy(g(e) + > byPy(g

1=1ged ged ged
T
=Y "> cgiPrlgN) = > agPy(y =D byPy(g(v))
i=1 ged ged ged
T
- Z Z Z nhv | Cgp—1; — Z<bgT*1th*1'r,i + anglshflT,z) g()‘i)'
1=1ged \hed TED

Using the same argument as above, we must have that:

Z nh,V(Cgh—l,z' - Z(bgT_lth_lT,i + agr—lsh_lr,i)) =0,
hed® Ted

forall 1 <i<T and all g € ®.

Finally, putting these things together, we obtain that:

v= [ o(Pr(10))® [T o(Py(waB)’  mod L7,
ged ged
meaning that L( /) C L, which proves the maximality of L, and concludes the proof of (i).
Finally, in order to prove (iii) for M /L"P  we observe that it is enough to prove it for
L/L. This is true since all the elements g(X;) split completely in L"P/L, for all ¢ € ®
and 1 < i < T, and Gal(M/L"™P) = Gal(L/L). The following short lemma proves this

statement for L/L.

Lemma 3.2.1. All the (Z/pZ)?-subgroups of Gal(L/L) appear as decomposition subgroups
of some g;(Ag), for 1 < <T andi=1i({).

Proof. Take a (Z/pZ)Q—subgroup H of Gal(L/L) = (Z/pZ)Qn; note that there are T =

(P*"—1)(p*"—p)
(r*=1)(p*-p)

of them. Choose generators (ay,...,ap,b1,...,by) and (x1, ..., Tn,y1,...,Yn)
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of H with (a1,...,an,b1,...,0n) #0, (x1,...,Zn,Y1,...,yn) # 0, and (a1,...,an,b1,...,bp)
and (z1,...,Zn,Y1,-..,Yn) are not multiples of each other. Moreover, from the above dis-
cussion, we can choose these generators in such a way that there exists a prime A\ = g;(\y)
(for some g; € ® and 1 < ¢ < T) such that the exponents of g7 1(A), g5 ' (A), ..., g, L () are
ai,...,0an in vy, and by, ..., by in vy, respectively.

Let Ly be the completion of L at the prime A. Consider any prime of L above A and
take the completion of L at that prime. By abuse of notation, denote this completion by
L \- Let 7 be a uniformizer of Ly. After relabelling, if necessary, we can assume that L \ =

Ly( {/ Twigi(a), ..., { Tnwngn(a), </ Wblflﬂl(ﬁ)a ce (/ Wb”fngn(ﬁ))v where w; and §; are

defined above. We know that the inertia subgroup is generated by (aq,...,an,b1,...,bp).

M is an element

w;” gi()®

inside the fixed field of inertia, for all j # ¢. If, on the other hand, b; # 0 for some ¢, then
5?9;’(5)17"

§fjgi(5)bj

By, be the quantities constructed earlier in this section. Using this construction and the fact

Consider the fixed field of inertia. If a; # 0 for some i, then

is an element inside the fixed field of inertia, for all j # 4. Let ¢;, d;, and Ay,

that that the prime A satisfies

a=g; (A7) (mod g;(N),
B=g;'(B)) (mod g;'(N)),
wilgie) €lig;(B)bi N

wi0i(0)™ g g(8)"
not a p-power modulo AOy, (by construction of the element r = ;). It follows that the fixed

for all 1 < j < n, we observe that at least one of the quantities

field of inertia is nontrivial.

Now, consider the fixed field of H. Again, using the definitions of the primes A, a, 5, the
fixed field of this will be trivial.

Since the fixed field of (ay,...,an,b1,...,by) C H is nontrivial and the fixed field of H

is trivial, it follows that H is isomorphic to the decomposition subgroup of A. Since H was
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chosen arbitrarily, the conclusion follows. O]

We claim that the extension M /L™P satisfies the conditions of Lemma 2.3.3, with S
instead of S. We know that (L"5P)U'P = LW.P and we have just proved that M is the
maximal elementary abelian p-extension of L™P unramified outside S, so the only thing left

to prove is that the following map is surjective:
P Ha(Dy, Z) — Hy(Gal(M /L*P), Z),
v

where the sum is over all the primes of L"P. The key fact used here is that if G is a

finite abelian group, then the homology group Hs (G, Z) is isomorphic to the second exterior
2

power of G, /\(G) (|Raz77, Lemma 5|). Recall that Gal(M /L"P) = Gal(L/L) = (Z/pZ)*™;
assume that Gal(M /L") is generated by {71, 7, ..., 7o, }. Consider the (Z/pZ)?-subgroups
of Gal(M /L"P) generated by pairs of two elements in {71, ..., 79,}. There are n(2n — 1) of
them; call them A, Ao, ... ,An(%fl). In particular, Ay ; = (i, Ti+j), where i ranges from

Tto2n—1,k=2n(i—1) — S and 1< j<2n—i.

_ (*"=)(p*"—p) _ -
Note that T D)) > n(2n — 1), for all primes p. From the fact that the

decomposition subgroups D, exhaust the (Z/pZ)?-subgroups of Gal(M/L"P), as v ranges
over all the primes in S, it follows that there are primes v; € S such that Dy, = A;, for all
1 <i<n(2n—1). Note that these primes are primes above g();). Consider the following

intersections:

Bl - _DrUl ﬂ D'UQ ﬂ A ﬂ DUQ'I‘L—I = <7-1> = Z/pZ
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The groups B; span the group Gal(M/LYP), so there exists a basis {x1,...x9,} of
Gal(M /L"P) such that z; € B;. Now,

2
21,29 € Dy, = x1 N9 E/\DU1

2
21,23 € Dy, = 11 N 13 GADUQ

2
Top—1,T2n € Dvn(2n_1) = Top—1 N\ Tap € /\ Dvn@n_l),

2
which implies that (z; Az; | i < j) C P /\ Dy, where the sum is over all v; with Dy, = A;,
2
for 1 <4 < n(2n —1). On the other hand, (z; A x; | i < j) spans /\Gal(M/Lur’p), which

implies that /Q\Gal(M JLYP) C GB /2\ Dy, C GB /2\ Dy, so we must have equality. Thus,
the map in Lemma 2.3.3 is surjective, proving that (M)ur’p = M.

Recall that Lq is the Galois closure of L({/ Py (v1a)) over K and Lo is the Galois closure
of L({/Py (1)) over K. Let My = L1.L"P and My = Lo.L™P. Then M = M;.Ms. Note

that Gal(My/K) = Gal(Ms/K) 2 V xT' 2 T’ by the discussion preceding Proposition 2.2.5.

Let L' be the Galois closure of L({/Py(via)Py(r98)~1) over K. We would like to show
the existence of an extension K’/K satisfying Theorem 3.0.2. Since Gal(L'/L) = V and

Gal(L'/K) =V x ® by construction, we have the following exact sequence:

1 — Gal(L'/L) = Gal(L'/K) — Gal(L/K) — 1.

Recall that V' is a p-group and ® is a group of order prime to p, so by the Schur-Zassenhaus
Theorem this sequence splits, and we can view Gal(L/K) = ® as a subgroup of Gal(L'/K).
Let K’ = L'®. The extension L' /K" is Galois and has Galois group ®. Moreover, L C L' and

K c K'. By construction, K'/K and M; /K are linearly disjoint, and M. K’ = My.L' = M,
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so Gal(M/K') = Gal(M;/K) = T'. We claim that (L)™P = M. Since M is an un-
ramified p-extension of L"WP.L/ and L"WP.L is an unramified p-extension of L', it follows
that M C (L))"P. Combining this with the fact that (M)™P = M, we conclude that
M = (L')"P. Moreover, every prime of K’ lying over p splits completely in M. To finish
the proof in the case of a split extension, we have to prove that (L')""P /K’ satisfies property
P. Firstly, we claim that L'/ K’ satisfies property P. Since Gal(L'/K') = Gal(L/K) = & has
order prime to p, and K’/K is a p-extension, this argument follows in the same manner as
the one at the end of the proof of Lemma 3.1.1, and will be omitted. Now, from Lemma 2.2.4,

it follows that (L) /K’ satisfies property P, finishing the proof.

If the extension

1V osT'>sT =1

is not split, we cannot work over L anymore. However, the proof is similar. We begin by
proving the following lemma, which is a variation of Lemma 6 in [Ozall|. In fact, we can
recover Ozaki’s Lemma for regular primes from the following result by taking & = 1 and
V = 7Z/pZ. While the proof is similar to the proof of Lemma 4 in the first version of [Ozall],
our proof requires several extra steps. The difficulty of the proof in our case comes from the
IF,-dimension of V' (which in Ozaki’s case is taken to be 1) and the action of ® on V' (which
in Ozaki’s case is trivial). This result allows us to construct a wildly ramified solution to
the embedding problem. We will then use this solution, combined with a split extension,
to construct an unramified solution to the embedding problem. Let ®, G, G/, T, T,V be the

groups defined in Theorem 3.0.2.
Proposition 3.2.2. Let L/K be a Galois extension with Galois group ®. Assume that the

Galois group Gal(L¥"P/K) =T =G x ®. Then, for any group extension

15V T 5T -1,
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there exists a finite extension K' /K such that if L' = L.K', then

1. (L)ure = Lup I/ and (L')"rP = LYP K'; hence Gal((L')"P/K') = Gal(L"P/K)

ur,p

and every prime of K lying over p splits completely in (L")

2. There exist global units €1,e9,...,ey € O(XL/)ur,p (n = dime V') such that the field

extension (L')""P( /ey, ..., ¢en)/K' is Galois with Galois group isomorphic to I”.

Proof. By Proposition 2.2.5, there exists a Galois extension M /K containing L"P such that
Gal(M/K) = T’. Note that this extension M is just a solution to the embedding problem:;
in particular, it is not an unramified extension. Let a,...,a, be the Kummer generators
of M/LYP so M = L"P(y/oq,..., Pap). Since L C L"P C M and L/K is Galois,
the extension M/L must be Galois, so (a; mod (L™WP)*P) e ((LW-P)X /(L'P)*P)C  where
G = Gal(L"P/L). It follows that there are ideals 2(; of Opurp and a; of Op such that
a;Opurp = Ql];ai. Let h be the class number of L""P and note that (h,p) = 1. Let A; be an
element of L"™P such that 2[? = A;Opuwp. Then oz?(’) Lurp = Qlf ha? = A]; a;‘. Let o) = af‘
and o) = al’A;P. Then a} = alOpup is an ideal of O, and M = LWP(y/ar, ..., ¢an) =
LwP(R/al, ..., o/al).

Let p© be the exact power of p dividing the order of the ideal class [}]r. Then [ag]lzei
has order prime to p. Let e = maxe;, and note that [aﬂie has order prime to p. By using

Theorem 3.0.1 repeatedly we obtain an extension K’/K of degree p® such that if L' = L.K’,

then:
o I/NLYP =] and K'NLWP = K,
o (LYWP = [WP [/ and (L/)WP = WP K/,
e Gal((L)P/K')=~T.

Consider the inclusion L C L'. Denote by j: Cl;, — Cljs the map induced on class

groups, and by N: Cl;; — Cly, the norm map. Note that, by construction, we have an
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isomorphism Gal((L/)"P/L')2b =~ Gab_ Tt follows that the order of the kernel of the norm
map is prime to p. Observe that N o j([a]r) = [a;]lze. Combining these two facts, we
conclude that the order of j([a}]1) is prime to p in Clys. Let m; be the order of j([a}]z) in
Cly/, and let m = lem(m;); so m is prime to p. Let a = aé(’)L/, for some a; € L'*. Then

aiOpr = C(;mO( rryup- Thus, there exists &; € (9( such that o™ = ale;. Note that

L/)urp
(L/)ur,p(m7 . {/_ (L/)yw.p W, e W ), so we can replace 04;- by agm

Recall that (o) mod ((L')"P)*P) C (((L')"™P)* /((L')""P) *PYG as a subgroup. Since
the extension (L')45P ({’/a_’l ..., ¥/al)/K' has Galois group I", it follows that the group
I' acts on (a} mod ((L')""P)*P). Then, as an Fp[[']-representation, (a; mod ((L')"P)*P)
is isomorphic to a copy of the projective cover of V. Let V be the projective cover of
V. Hence, the Galois group Gal((L))™P({/af,.. ., Y/al,)/K') is isomorphic to the Galois
group Gal ((L/)ur’p( PV(O/l), ce Pv(ozél)> /K’), so we can replace o) by Py (o/-) =
Py (ae;) = Py (a;) - Py (g;). Note that Pv(a ) = Py(a )|G| since a; € L'*. Since (Py(a}))
is isomorphic to a subrepresentation of V in L'*/L'*P and V is an irreducible Fp[®]-
representation, either (Py(a})) = V or (Py(a;)) = 1. The latter implies that Py (a}) = 1,
for all ¢, which in turn implies that Pf/(a;-) = Py (¢), which finishes the proof: the extension
(LYwP(¥/ Py (a)),. .., 8/ Py(al))/ K is the desired one. On the other hand, the former

implies that (Py(a})) = V, so Gal(L'({/Py(d}),... {/Py(a}, = V x ®. Then, by
Proposition 2.2.5, the Galois group of (L) ( PV(a’l), . (/W)/K’ is isomorphic to
V % T, which means that Gal((L')™P({/Py(e1),... ¥/ Py(en))/K') 2T’ which is what we
wanted. O

We are finally ready to prove Theorem 3.0.2 in the case when the group extension 1 —
V — T’ — T — 1 is not split. Assume that L/K is an extension with the usual properties.
Use Proposition 3.2.2 to construct a wildly ramified solution (L')™P( /e, ..., §n)/K' to
the embedding problem. Note that from construction, it follows that (e1,...,epn) = (o(e1) |

o € I'), as representations. Moreover, the new extension (L')"™P( /21, ..., §/,)/K’ satisfies
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property P except possibly at the primes above p.

n__
Just as before, construct T' primes \;Op, in L', where T = (1; PJ - satisfying:

She
=

\; Oy splits completely in (L/)"P /L'

e N()\;) =1 (mod p),

the primes of K’ below \; split completely in L'/ K’,

d
A; mod U(L Zl—i—(fj 9(i-1)d+j 0 R(L').

Construct the quantities vy, v, and the elements A, and By, ¢ (and rq,72) in the same

manner as above (here 1 <k <nand1<¢<T). Let R = H 9; L(Ap) as above. Construct
il
two new primes aQOp, and SOp, that split completely in (L’ YUP /) are prime to p and

satisfy:

e a =7] (mod R) and 8 =ry (mod R),

d
e o mod U(L')P = —¢; — Py (1) Z Py, Z (14 0j)qray; | in R(L),

WV j=1
d

o 3 mod U(L')’ = —&1 — Py(nn) + Y _ Py Z (1+0))q(r41)a+ | in R(L).
WV j=1

Let Ly be the Galois closure of L'({/ Py (v1a)) over K'. Then Gal(L1/K') =V x®. De-

fine the field My = (L')"™P({/e1 Py (11a),..., ¥/engn(Py(v1a))), and use Proposition 2.2.5

and Proposition 3.2.2 to observe that the Galois group of M7 /K’ is I". Construct Ly and

My in a similar manner. Let L be the Galois closure of L'({/Py (v1a) Py (195)~1) over K’
and let M = Mj.Ms. Note that, by an argument identical to the one above, the extension
M is the maximal unramified p-extension of L. Just as in the previous case, we are in the

following situation:

1 — Gal(L/L') — Gal(L/K') — Gal(L'/K') — 1.
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Using the Schur-Zassenhaus Theorem again, we can construct a field K = L®. Then, by
construction, this new extension M /K has Galois group IV, M = (L)™P, Gal(M/L) = G'.
Moreover, property P is also satisfied, since there is no ramification at the prime p. This

concludes the proof of Theorem 3.0.2.
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CHAPTER 4
UNIVERSAL UNRAMIFIED DEFORMATION RINGS

In this chapter, we present an application of Theorem 1 in the field of deformation theory.
This application provides a partial answer to Question 2.

Throughout this chapter, let p be a prime, £ a number field and p: Gg — GLa(Fp) a
continuous absolutely irreducible Galois representation. Moreover, assume that the image
of this representation has order prime to p. If we consider the unramified lifts of such a

representation, it is natural to ask:

Question 4. What possible rings R can occur as universal unramified deformation rings of

an absolutely irreducible representation with image of order prime to p?

Using Boston’s Strengthening [Bos99] of the Unramified Fontaine-Mazur Conjecture
[FMO95], together with the proof of [AC14, Proposition 10|, we observe that the expecta-
tion is that the universal unramified deformation ring is a ring R admitting a map R —» Z,
with finite kernel /. We expect that there are no other restrictions on R and therefore have

the following conjecture:

Conjecture 1. Let R be any local ring admitting a surjection to Z, with finite kernel, for
p > 5. Then there exist a number field E and an absolutely irreducible residual representation

p: Gp — GLa(FFp) such that R is isomorphic to the universal unramified deformation ring

of p.

In what follows, we will prove that a ring R admitting a surjection to Z; with finite kernel
is isomorphic to the universal unramified deformation ring of a certain absolutely irreducible
representation (if such a representation exists). Then, we will construct absolutely irreducible

representations of this specific form for p =5 and p = 7.

o1



4.1 Finding the Universal Unramified Deformation Ring

Let R be a local ring admitting a surjection to Zj, with finite kernel /p. Assume that there

exist a number field £ and an absolutely irreducible residual representation
¥: Gp — GLao(Fp),

whose image is @, a group of order prime to p. Note that the projective image ® of ¥ can
be Ay, Sy, S5 or a dihedral group [Ser72, Proposition 16|. Since ® has order prime to p, we
can view it as a subgroup of Z, so ¥ lifts to GL2(Zp). Let [ denote the inverse image of P

inside GLa(R); it lives inside a split exact sequence:

1 =14+ M(Ip) =T =& —1.

Now, the group I' admits a natural residual representation via v, call it p: G g—~1T —
GLa(Fp). This representation is absolutely irreducible, so a universal deformation ring R5;
exists (for more details, see Section 2.4). The aim of this section is to show that R; =
Note that T’ admits a deformation to GL2(R) by construction, so R; — R. It follows
that there exists an ideal J C Rj such that R;/J = R. Note that, by replacing R by
R5/Jm R, We can assume that J is finite. Here m R, is the maximal ideal of Rz. It follows
that the ring R; admits a surjection onto Z, with finite kernel. Therefore, to prove that R

is universal, it is enough to prove that for every local ring S with the following properties:
e The ring S surjects onto Zj;, with finite kernel /g,
e S —» R,
e There is a lift ' — GLo(S),

there exists a map R — S that makes the following diagram commute:
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f — GLQ(

S)
GLa(R)
Throughout this section, let .S be a local ring satisfying the three properties above. Since
S — R and the ideals Ig and [p are finite, it follows that there exists a finite ideal J C S
such that S/J = R.
Before proving the existence of a section R — S, let us introduce some notation. If A is

a local ring and I C A is an ideal, then:
e Let my denote the maximal ideal of A.
o Let 'y =1+ Mo(1).

o If the ideal I = I, is the kernel of a surjective homomorphism A — Zj, then let

[p=T7, =1+ My(Iy).
We observe that Iy is not contained in the Frattini subgroup [I'g, I'g|I" g of I'g:

Lemma 4.1.1. Let S and R be two rings as above. The group I'j is not a subgroup of

[Cg, g%

Proof. Assume that I'j C [I'g, FS]FQ Recall that there exists a lift T — GLa(S), and note
that I'p is a normal, pro-p subgroup of T, by construction. It follows that, under the map

I' — GL9(S), the group I'p maps to I'g. Thus, we have the following diagram:

I's
/N
I'p F(Tg
~ 1

N

I'r

)

where F(I'g) =T'g/[I'g, FS]F% is the Frattini quotient of I'g.
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Since I'y C [T'g, FS]F{; = ker a, it follows that a has to factor through I'p, which implies
that I'p = I'p — F(I'g) must be surjective, so ' — I'¢ — F(I'g) must be surjective.
Since F(I'g) is the Frattini quotient of I'g, we obtain that I'p — I'g must be surjective, but
this is impossible, since I'p has fewer elements than I'g. Thus, I'; is not contained in the

Frattini subgroup [I'g, FS]Fg of I'g. O

The existence of a section R — .S will be proved by induction on the length of the ideal
Ig. Note that the kernel J is not necessarily an [F-vector space of dimension n. However,
when it is an [F-vector space, we claim that S = Ry, ..., v/ (22, pr;), for some x; € S.
Before proving this claim, let us introduce a technical lemma: when the Fj-dimension of the
kernel J is 1, then if the kernel on the level of cotangent spaces is nontrivial, there exists a

section R — S.

Lemma 4.1.2. Let S and R be two local rings as above. Suppose that dime J =1 and
suppose that there exists some 0 # x € J such that x is sent to 0 under the map of cotangent

spaces mS/(m%,p) — mR/(m%,p). Then there exists a subring S C S such that S’ = R.

Proof. Take generators 7y, ...,Tg of mp/ (m%?, p) and lift these generators to mg/ (m%, p) and
then to S. Denote the lifts to S by z1,...,74. Consider the subring S’ of S generated by
these lifts.

Let z € J be a nonzero element that is sent to 0 under the map on cotangent spaces.
We claim that = ¢ S’. Suppose otherwise, so z = ag + a121 + ... agrg + o, where o € m%,

a; € Zyp. Since z,z;, o € mg, it follows that ag € mgNZy, = (p). Recall that under the map

mg/(m%,p) — mp/(m%, p),

r=ap+ Y ar;+a=> az; (in ms/(m%,p)) is sent to 0. Since T; generate mR/(m%%,p),
this is true if and only if a; = 0 € mp/ (m%,p), for all 4, which is true if and only if

a; € ZpN (m%z,p) = (p). Thus, = € (m%,p), which is a contradiction. So x ¢ S’, which
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implies that S’ — R.
The inclusion S’ < R induces an isomorphism on cotangent spaces. In particular, the
map on cotangent spaces is surjective, which implies that the original map must be surjective

[Sch68, Lemma 1.1|. Thus, the map from S’ to R must be an isomorphism. ]
We can now prove the statement in the case when the kernel J is an Fj-vector space.

Lemma 4.1.3. Let R and S be two local rings as above. Assume, moreover, that J is an IFp-

vector space of dimensionn. Then there exist x; € S such that S = Rlwy, ..., xp]/ (2, pT;).

Proof. This will be proved by induction on n = dimpp J.
Base case: n = 1. By Lemma 4.1.1, the group I'; is not a subgroup of [FS,FS]F%.

Combining this with the fact that [['g, I’ S]Fg = F( )» we observe that J is not a subset

12 plg
of (I%,p[g). So, there exists x € J such that x & (I%,p[g). Moreover, x & (m%,p). Thus,

under the map

mg/(m%,p) — mp/(m%, p),

the nonzero element x is sent to 0. From Lemma 4.1.2, we know that there exists a subring
S’ c S such that S’ = R and = ¢ S’. Consider the map S'[x] — S: it is a surjection and
px, 22 are elements of the kernel. Thus S 2 S'[z]/ (22, px) = R|z]/(x?, pz), which concludes
the base case.

Inductive step: suppose that the result is true for m < n and consider the case n =
dimp,, J. Suppose J = (z1,...,xy), for some x; € S. Let S = S/(z1). Apply the base case
to S, Sy and (z1) instead of S, R and J to obtain that S 2 Sy[z]/(x2, pz1). By construction,
Sy still surjects onto R with kernel J; = J/(z1). Note that dimg, J; < n = dimg, J. By
induction, we know that S; = Rlxy,...2y]/(v;25,px;), for some xy, ..., 2, € S. Putting

these two things together, we obtain that S = R[zy, ... xp]/ (77}, pr;). O

We can finally prove that for two rings R, S as above, there exists a map R — S that

makes the following diagram commute:

95



f —_— GLQ(

S)
GLa(R)
Proposition 4.1.4. Let R and S be two local rings as above. Then there exists a splitting

R — S that makes the diagram above commute.

Proof. As previously mentioned, we will prove this result by induction on ¢(S), where we
define ¢(S) = {(Ig) to be the length of the ideal Ig.

Base case: ((S) = {(R) + 1. Replacing S by S/mg.J, if necessary, we can assume that .J
is an IF)-vector space. We can do this, because to find a lift to S, it is enough to find a lift
to 5/mg.J. Then the condition £(5) = ((R) + 1 translates to dimp J =1, and this follows
from the base case in Lemma 4.1.3.

Inductive step: suppose that the statement is true for ¢(S) < N; we would like to prove
that for £(S) = N there exists a splitting R — S that makes the diagram commute. If

S — R has kernel J, then consider
S5 S/mgJ — S/J = R.

Let S" = S/mgJ. Then S is a local Zp-algebra with maximal ideal mgr = mg/mgJ.
Moreover, there is a surjection from S’ to R with kernel J' = J/mgJ. This new local

Zyp-algebra has the following properties:
e 5'/J =R;
o mgJ = 0;
e J' is a S/mg = Fy-vector space.

Thus, by Lemma 4.1.3, it follows that S’ = Rx,... , Tn)/ (i j, px;), for some elements

z; € S'. So, there is a splitting R < S’ that makes the following diagram commute:
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I —— GLy(5")

[

GL2(R)
We are in the following situation:

S T 9 N

J

R
Let S” = 771(R) ¢ S. Then £(S") < £(S), so by induction there is a lift R — S”. Then we

can conclude that there is a lift
R—S" =8,

where the first map comes from the inductive step and the second map comes from the
definition of S”. Moreover, this lift makes our diagram commute, which concludes the

proof. O]

By taking S = Rz, we conclude that there is a splitting R — Rj corresponding to the

surjection Rz — R. Tt follows that R = Ry.

4.2 Existence of Residual Representations

We can now prove Theorem 2. Recall that at the beginning of the previous section, we as-
sumed the existence of an absolutely irreducible residual representation ¢: G — GLa(Fp),

whose image is ®, a group of order prime to p. From this, we obtained a short exact sequence
15G—o>T > d—1,

and a residual representation p: I — GLo(Fp). We have already proved that R is the univer-

sal deformation ring of p. In order to prove that R is the universal unramified deformation
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ring of p, we need to consider the unramified lifts of this representation. Note that the
existence of an absolutely irreducible residual representation with image with order prime
to p whose universal unramified deformation ring is isomorphic to R reduces to finding field
extensions M/L/K satisfying Gal(M/K) =T and M is the maximal unramified p-extension
of L. We observe that the existence of such extensions is given by Theorem 1, under the as-
sumption that there exists a ®-extension of Q(¢p) with class number prime to p that satisfies
property P.

We claim that instead of working with a ®-extension with the desired properties, we can
work with a ®-extension, where ® is the projective image of ®. To this end, consider the
following exact sequence

155G sT 5d 1

and its projective image

1--G—=T—=o—1.

Note that if we have a lift G — I', we are in the following situation:

\
7

i

oy
M <—— M

N

Gr

To prove that there exists a lift Gp — I, take two compatible set theoretic lifts. The centres
Z(T) and Z(®) are equal, so the 2-cocycles will be the same. Since any set theoretic lift to
® is a homomorphism, it follows that the lift to T’ must be a homomorphism, and we are
done. Therefore, it is enough to construct ®-extensions.

Recall that by [Ser72|, we know that ® is dihedral, Ay, S4 or S;. Let ® = Ay and

consider the Schur covering group ® = SLo(Fg) of A4. Note that for p > 5, we have
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inclusions ® < PGLg(F,) and ® — GLy(F)).
To finish the proof of Theorem 2, we constructed extensions with the desired properties
for p = 5 and p = 7 (see the two examples below) using GP/Pari and the Database of

Number Fields https://hobbes.la.asu.edu/NFDB/ ([JR14]).

Ezample. Let p = 5. Let ® = Ay < PGLy(F5) and ® = Ay = SLy(F3) < GLo(F5). Let E
be the compositum of Q({5) with the field defined by

ot — 23 4+ 227 4 42+ 3

and let F} be the Galois closure of the field defined by the following polynomial over Q:
28 — 227 — 2825 + 252° + 22621 + 7027 — 30747 — 1212 + 1.

This field has an intermediate field F', which is the Galois closure of the field defined by

ot — 23 — 92242 + 8z + 24.

Let F = E.F} and F = E.Fy. Then F is a subfield of F and Gal(F/E) = SLy(F3) — Ay =
Gal(F/E). We used GP/Pari to show that both F/E and F/E satisfy the conditions of

Theorem 1. This concludes the proof for p = 5.

Ezample. Let p = 7. Let ® = Ay < PGLy(F7) and ® = A4 = SLy(F3) < GLo(F7). Let E

be the compositum of Q({7) with the field defined by

23— 3x—1
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and let F| be the Galois closure of the field defined by the following polynomial over Q:

28 — 327 — 325 — 2% — 342% 4+ 4803 + 45122 — 4637 + 2686.

This field has an intermediate field F7, which is the Galois closure of the field defined by

e g3 1622 + 172 + 38.

Let F = E.F} and F = E.Fy. Then F is a subfield of F and Gal(F/E) = SLy(F3) — Ay =
Gal(F/E). We used GP/Pari to show that both F/E and F/FE satisfy the conditions of

Theorem 1. This concludes the proof for p = 7.

This concludes the proof of Theorem 2. Note that this proof does not rely on p until
this last step, which is a purely computational one. For p > 7, the difficulty comes from the
fact that computational tools like Pari and MAGMA have limitations when computing class
numbers of high degree fields. As previously mentioned, we believe that Conjecture 1 holds,

making this result true for all p > 5.

4.3 Murphy’s Law for Galois Deformation Rings

Theorem 2 can be viewed through the lens of “Murphy’s Law for moduli spaces”, an idea in-
troduced by Ravi Vakil in [Vak06]: all possible singularities occur inside deformation spaces.
When considering Galois deformation rings, the analogue of this is to say that all possible
local rings (that satisfy certain obvious conditions) occur as deformation rings. When consid-
ering unramified deformation rings, the expectation is that another class of rings appearing
as unramified deformation rings is represented by finite artinian local rings. To prove this
result for all such rings, one would have to also consider representations whose images have

order divisible by p, requiring a modification of Theorems 1 and 2.
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