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Abstract 

 Coarse-grained (CG) modeling is a promising way to study materials with chemical detail 

with a computer at minimal computational cost. Accurate and reliable CG simulation could 

speed-up the research and development process for the design for pharmaceuticals, tires, 

batteries, etc. Also, they offer the opportunity to test hypotheses with molecular resolution. 

However, there are several issues that must first be addressed in order to make CG modeling 

truly practical. Key among these is transferability and representability. In this thesis, work is 

presented that addresses aspects of transferability and representability. First, an approach is 

presented to calculate the sensitivity of coarse-grained models to changes in the model from 

which they are derived. This sensitivity can be used to compute first order corrections to CG 

interactions that extend the range over which CG models can accurately be transferred. Second, 

an approach is discussed that would allow one to construct CG observables that reproduce the 

observables of the model from which the CG model is derived. Then, a method to implement this 

approach is presented. Third, a new class of interactions is introduced that allows CG models to 

more faithfully reproduce features of the model from which it is derived. Different terms in this 

class are implemented and applied to liquids at interfaces as well as a protein system. Taken 

together, this work provides a way to further improve the transferability and representability of 

CG models.  



 

 1 

1.Chapter 1 

Introduction 
 

 The design and development of new materials is essential to the progression of technology 

that we become accustomed to in the modern world. For example, new drugs are designed to 

treat rare, chronic, and serious diseases, which helps improve life expectancy and quality of life 

around the world.1-5 Likewise, advances in the materials used in tires help to improve their safety 

and longevity.6-8 

 For a long time, it was possible to discover these materials based solely on human experience 

and intuition. Now, the "low hanging fruit" for this approach has largely been exhausted. This 

has led to more principled experimental approaches such as combinatorial materials exploration.9 

However, the search for new materials in this way is significantly more cost and labor intensive. 

 As a result, efforts have been made to discover and design materials computationally through 

efforts such as the Materials Genome Initiative, among others.10-13 Such approaches promise to 

reduce the time and cost needed for the research and development of new materials. This is 

possible because such an approach screens candidate materials for the desired properties without 

needing to source, synthesize, and physically study materials. 

 To this end, computer simulation is an essential element of computational materials design. 

While simulations of atoms via molecular dynamics (MD) simulation is cheaper than 

experimental methods, MD is currently limited in the system sizes and times that can be studied 

by computational resources. In order to circumvent these limits, simplified models called coarse-

grained (CG) models can be developed, which seek to reproduce the essential features of the 

more fine-grained (FG), atomistic model with reduced computational cost.14-18  
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 In order for CG models to fulfill their potential as tools for materials design there are a 

number of issues that need to be addressed. Three such fundamental issues addressed in this 

thesis are model fidelity, transferability, and correspondence. Fidelity refers to the ability of a 

CG model to reproduce the essential features (i.e., structures and distributions) of the 

corresponding FG model. Transferability is the ability of a CG model to maintain fidelity at 

conditions different from those that were used to parameterize it. A related problem to 

transferability is sensitivity, which refers to how a model would change as conditions change. 

Correspondence refers to the ability of CG observables to correspond (and reproduce) the 

observables of the corresponding FG model. In the literature, this problem is often referred to as 

representability. 

 The rest of this thesis is organized as follows: Chapter 2 provides background on MD 

simulation and CG methods. Chapter 3 discusses a low-noise, computationally efficient way to 

measure the sensitivity of CG models to changes in the FG model they represent. Chapters 4 and 

5 discuss the correspondence between FG and CG observables as well as how to establish such 

correspondences in numerically simulated models. Chapters 7 and 8 discuss the introduction of 

extra terms into CG interactions to improve the structural fidelity of a given CG model. Finally, 

Chapter 9 provides conclusions and discusses future directions. 
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2.Chapter 2 

Molecular Dynamics and Coarse-graining Methods 
 

 

2.1 Introduction 

 The research presented in this thesis builds upon existing knowledge of statistical 

mechanics,19 molecular dynamics (MD),20, 21 and coarse-graining (CG) methods.14-16, 18 While 

each of these topics are large subjects, this chapter will present the basic aspects of each that are 

directly drawn upon later in this thesis. 

 

2.2 Statistical Mechanics 

 A classical system of n particles can be fully characterized given all the positions 		rn  and 

momenta 		p
n . The Hamiltonian for such a system is the sum of kinetic K and potential V 

contributions: 

 			H rn ,pn( ) = K pn( )+V rn( ) .  (2.1) 

The kinetic contribution is simply  

 
			
K pn( ) = pi

2

2mii=1

n

∑  , (2.2) 

where 	mi  is the mass of particle i. In principle, the potential contribution can be expressed as a 

many-body expansion: 

 
			
V rn( ) = v1

i
∑ ri( )+ v2 ri ,rj( )

j>i
∑

i
∑ + v3 ri ,rj ,rk( )

k> j
∑

j>i
∑

i
∑ + ...  . (2.3) 
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However, this is usually truncated at pairs, and the pair potential is often treated a solely a 

function of the distance between the particles: 			v2 ri ,rj( )≈ v2 rij( ) = v2 rij( ) . 

 A full partition function can be written for the system in the canonical (i.e., constant NVT) as 

 
			
QNVT =

1
N!

1
h3

d∫ rndpnexp −βH rn ,pn( )( )  , (2.4) 

where 		β = kBT( )−1  and 	kB  is Boltzmann’s constant. However, the momenta can be integrated out 

to give ideal gas, Maxwell-Boltzmann statistics. Thus, it is still accurate but more convenient to 

use a simplified partition function: 

 			Z(r
n)= ZNVT = d∫ rnexp −βV rn( )( )  . (2.5) 

With this partition function one can express the probability of a given configuration as  

 
		
p rn( ) = e

−βV rn( )
ZNVT

.  (2.6) 

Likewise, ensemble-averaged quantities can be expressed as the following expectation for an 

arbitrary property X: 

 

		

X =
d∫ rnX rn( )exp −βV rn( )( )
d∫ rnexp −βV rn( )( ) .  (2.7) 

 Some properties used in this thesis include free energy, energy, entropy, pressure, and radial 

distribution functions (RDFs). For constant NVT, the Helmholtz free energy is 		A= −β
−1 lnZNVT ., 

which is related to the energy E and entropy S through 	A= E −TS . The energy can also be 

expressed as derivative of the partition function: 		 E = − d lnZNVT /dβ( )
N ,V

. The entropy can 
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generally be expressed as 			S = −kB drnp rn( )lnp rn( )∫ . The pressure P can be expressed as a 

thermodynamic derivative: 

 
		
P = N

Vβ
+β−1 d lnZNVT

dV
⎛

⎝⎜
⎞

⎠⎟ N ,T
= N
Vβ

−β−1 d lnANVT
dV

⎛

⎝⎜
⎞

⎠⎟ N ,T
 . (2.8) 

For a system with only pair potentials, the pressure can be written via the virial expression: 

 
			
P = N

Vβ
− 1
3V f rij( )⋅rij

j>i
∑

i
∑ .  (2.9) 

Finally, the RDF is expressed as  

 
		
g r( ) =V N −1

N
δ r − rij( )  . (2.10) 

The RDF is related to the potential of mean force (PMF) 		w r( ) = −β−1 ln g r( )  through the 

reversible work theorem. 

 It is important to note that these equations assume a classical, atomistic system. Specifically, 

these sites have no internal degrees of freedom. Thus, these expressions are not generally the 

valid for any other resolution. A discussion of observable expressions for other resolutions starts 

in Chapter 4. 

 

2.3 Molecular Dynamics 

 In order to simulate complex systems, they must be simulated numerically. This amounts to 

discretizing newton’s second law 	f =m ⋅a , where f is the force, m is the mass, a is the 

acceleration, and all terms are vectors containing elements for all particles. It can be turned into a 

coupled system of differential equations: 
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dr
dt

= v   (2.11)  

 

		

dv
dt

= f
m

 , (2.12) 

where t is time, v is the velocity. A common way to do the integration is using the velocity 

Verlet algorithm: 

 
			
r t +dt( ) = r t( )+ v t( )dt + 12a t( )dt2   (2.13) 

 
			
v t +dt( ) = v t( )+ 12 a t( )+a t +dt( )( )dt   (2.14) 

where dt is the timestep.  In order to maintain a constant NVT ensemble thermostats are used. 

Frequent choices include Berendsen thermostat and the Nose-Hoover thermostat.  

 The pairwise, nonbonded interactions for particles are usually the sum of a short-range van 

der Waals and a longer-range electrostatic interaction. The short-range interaction is usually 

parameterized using the Lennard-Jones potential: 

 

		
ULJ rij( ) = 4ε ij σ ij

rij

⎛

⎝
⎜

⎞

⎠
⎟

12

−
σ ij

rij

⎛

⎝
⎜

⎞

⎠
⎟

6⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 , (2.15) 

where ε  is the depth of the well, and σ  is the distance at which the potential crosses 0. For 

computational efficiency a cutoff 	rc  is often used. Potential shifted versions are constructed by 

subtracting the value of the potential at the cutoff from the potential, which ensures continuity in 
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the potential at the cutoff. To ensure continuity in both the potential and the force at the cutoff, a 

shifted-force version can be used: 

 

		
ULJ
SF(rij )=ULJ rij( )−ULJ rc( )+ rij − rc( )ULJ r( )

dr
r=rc

.  (2.16) 

 The electrostatic interactions can be evaluated using Coulomb’s law: 

 
		
UQ rij( ) = qiqj

4πε0rij
,  (2.17) 

where 	qi is the charge of particle i, and 	ε 0  is the permittivity of free space. In practice, this 

expression is used in combination with another method such as Ewald summation or particle-

particle particle-mesh to calculate the long-range contributions. To minimize surface effects of 

finite simulation boxes, periodic boundary conditions (PBC) are used in practice. 

 Additionally, molecular systems often have bonded, angular, and dihedral interactions. 

Bonds connect adjacent sites, and bonded interactions are a function of the pair distance between 

those sites. Angles are between two sets of bonds that share a common site, and the angular 

interactions are a function of the arccosine of the dot product of the unit vectors of each 

constituent bond. The functional form for bonded and angular potentials is frequently harmonic. 

Dihedrals are defined as a series of 3 bonds where each bond has one site in common with 

exactly one other bond. Dihedral interactions are a function of the arctangent of dot product of 

the cross product between the central bond and one of the other bonds in the dihedral. 
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2.4 Coarse-graining Methods 

 In this thesis, coarse-graining methods is taken to refer specifically to bottom-up method, 

meaning those that parameterize CG models based on higher resolution, FG data. As such, they 

methods directly relate FG configurations to CG configurations through a mapping operator. In 

this thesis only linear mappings or discussed. Linear mappings are of the form 

		
RI =MI r

n( ) ciIri
i
∑ , where 	ciI is the mapping coefficient for FG site i to CG site I. The only 

requirement is that 
	
ciI

i
∑  for all I. Consequently, this choice of mapping determines the mass of 

CG sites in order to maintain consistency between FG and CG momentum space. Specifically,

		
MI = cIi /mi

i
∑⎛⎝⎜

⎞
⎠⎟

−1

 .22 Common types of mappings include center of mass (COM), center of 

charge (COC), and carbon-alpha (i.e., a single atomic site for a group of atoms such as an amino 

acid). The expressions for mapping coefficients, CG site positions, CG site forces, and CG site 

masses are presented in Table II.1 

 With the structural relationship established, bottom-up CG methods seek to determine CG 

interactions that reproduce the many-body PMF 			W RN( ) = −β−1 lnZ(RN ) . Each of the methods 

discussed below do so in different ways. 
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Table 2-1. Mapping coefficients, CG positions, CG forces, and CG masses for center of mass 

(COM), center of charge (COC), and carbon-alpha (C-alpha) mappings. 

Mapping Mapping Coefficients CG Force CG Mass 

COM 

	

cIi =
mi

mi
i∈I
∑

  

	
FI = fi

i∈I
∑  

	
MI = mi

i∈I
∑   

COC
 

	

cIi =
qi

qi
i∈I
∑

 

	
FI = fi

i∈I
∑  

		

MI =
qi
2

mi qi
i∈I
∑⎛

⎝⎜
⎞
⎠⎟

2
i∈I
∑

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

−1

 

C-alpha 	cIi =dik  	FI = fk  	MI =mk  

 

 

2.4.1 Distribution Matching 

 The first, and perhaps most obvious choice for parameterize a CG model is to reproduce the 

FG’s model structural distributions by targeting the mapped RDF directly. The initial guess for 

the potential is the pair PMF: 

 		U0 R( ) = −β−1 ln gAA(R) ,  (2.18) 

where 	gAA  is a mapped RDF based on an atomistic (i.e., FG) simulation. If one were to stop here, 

it would be called direct Boltzmann Inversion.23  

 The pair PMF neglects often-significant correlations in full PMF. So, this initial guess is 

often refined in an iterative fashion: 

 
		
Ui+1 R( ) =Ui R( )+α i ln

gi R( )
gAA R( )   (2.19) 
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where 	gi  is calculated from a CG simulation using the former CG interaction, and α  is a user-

defined learning rate. The hope is that correlations neglected in prior iterations can be partially 

recovered in subsequent iterations. Not surprisingly, this method is called iterative Boltzmann 

Inversion (IBI).15, 24 

 Alternatively, one could minimize the difference in the CG and FG RDFs in another way. A 

residual quantifying this difference is 

 
		
χ 2 =

gi Rk( )− gAA Rk( )( )2
σ 2 Rk( )k

∑ ,  (2.20) 

where the RDF is evaluated at discrete intervals and σ determines the relative importance of 

errors in the RDF at that point. By minimizing this residual using Netwon’s method, one obtains 

the Inverse Monte Carlo method. 

 Yet another way to measure the difference between the CG and FG RDFs (or other 

distributions) is to use the relative entropy (RE):25-27 

 

			
Srel = drnpFG r

n( )ln pFG r
n( )

pCG M rn( )( )∫  . (2.21) 

Minimizing the RE using gradient descent is equivalent to IBI, and minimizing the RE using 

Newton’s method is equivalent to IMC.25, 28 

2.4.2 Force Matching 

 
 Alternatively, one could try reproducing the derivative of this distribution, would is the 

forces. One residual that does this is  

 
			
χ 2 = drn∫ fCG M rn( )( )−MI

† fAA r
n( )( ) 2

.  (2.22) 
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Since the functional forms used for the potentials in all of these methods are usually splines with 

linear coefficients, these coefficients become decoupled when looking at their derivative. Thus, 

this residual can be minimized directly in one step. This approach is commonly referred to as 

multi-scale coarse-graining (MS-CG).22, 29-40 



 

 12 

3.Chapter 3 

Predicting the Sensitivity of Multiscale Coarse-grained Models to their Underlying Fine-

grained Model Parameters 

 

This chapter is reprinted with permission from J. Chem. Theory Comput. 2015, 11(8), 3547-

3560.41 Copyright 2015 American Chemical Society. 

3.1 Introduction 

Coarse-grained (CG) models seek to capture the essential details of fine-grained (FG) models 

at reduced computational cost by eliminating degrees of freedom (DOFs).14-16, 18 To further 

increase computational savings with CG models, it is desirable to know when one can reuse the 

same CG model to describe FG models similar to the original FG model that was used to 

parameterize the CG model. Unfortunately, CG models tend to have limited transferability 

because eliminating DOFs leads to state point dependent effective interactions.42, 43 The dual 

problem to designing transferability is the determination of model sensitivity (i.e., how a CG 

model would change if it were parameterized under a different set of FG interactions or at a 

different state point). CG sensitivities can be used simply to determine the transferability of CG 

models, but a more promising and enterprising approach is to correct CG models with the 

changes predicted from the calculated sensitivities. However, for this to be practical one must 

have a method of calculating sensitivities that is more computationally cost effective than 

running new FG simulations to directly calculate new CG interactions at each new state point. In 

this chapter, we address this need for a computationally efficient method to calculate model 

sensitivities by proposing novel formulae for computationally efficient, low noise estimates of 

sensitivities from single FG simulations. 
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The model sensitivity of molecular systems has been extensively investigated at a single, all-

atom (AA) level of resolution. Wong and Rabitz44, 45 calculated changes in free energy as a 

function of changes in the input Lennard-Jones (LJ) parameters in the simplest, linear response 

sense of sensitivity using a finite difference (FD). Using ad hoc modifications to FDs, Rocklin et 

al.46 calculated the sensitivities of binding free energies to changes in interaction parameters. 

More computationally efficient methods employing single state and multistate statistical 

reweighting47-49 can also be used to get estimates of the sensitivity using FDs and have been used 

to find potential sensitivity to interaction cutoffs.50 Fleishman and Brooks took a different 

approach,51 using derivatives of the partition function and thermodynamic integration to 

calculate sensitivity of entropy and enthalpy via perturbation theory. Later, Wong, Thacher, and 

Rabitz used careful statistical mechanical derivations to determine first and second order 

sensitivity coefficients.52 These sensitivity coefficients have been used in materials design to 

optimize binding free energies by changing cation interactions53 and to determine which input 

parameters are most influential in determining observables.54 Recently, an expanded set of 

sensitivity equations were applied to improve a classical water model’s agreement with ab initio 

and experimental measures.55 However, sensitivities calculated at a single level of resolution do 

not address the problem of CG model transferability. 

Sensitivity between models of two different resolution levels has been the subject of limited 

study. Krishna et al.37 used the multiscale coarse-graining (MS-CG)22, 35, 36, 40 methodology and 

statistical reweighting over temperatures to get different CG potentials, which is a 

complementary approach to the one taken in this chapter. Lu et al.39 used FDs with MS-CG to 

decompose free energies into entropic and enthalpic components using sensitivity to temperature. 

As an alternative, some researchers have tried to increase the transferability of CG potentials by 
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including extra independent variables. A few of these approaches included three-body 

interactions,32, 38 temperature dependent terms,56, 57 density dependent terms,58-60 or concentration 

dependent terms.61 However, while much work has been done to improve the transferability of 

CG potentials, only reweighting and FD approaches have been used to probe sensitivity in 

multiscale calculations. 

Several systematic approaches for developing CG models could potentially be used as a 

starting point for developing methods to calculate sensitivities, including relative entropy (RE),26 

inverse Monte Carlo (IMC),62 iterative Boltzmann inversion (IBI),63 force matching (FM),22, 35, 36, 

40, 64, 65 and the generalized Yvon-Born-Green (g-YBG) equations.66, 67 RE minimization is a 

general approach in which one aims to minimize the loss of Shannon information from the FG 

model to the CG model potential.26 If RE is minimized using Newton's method,62 one obtains 

IMC,24 which inverts radial distribution functions (RDFs) iteratively to provide interaction 

potentials – though sampling noise must be taken into account.68 Similarly, IBI inverts the RDF 

iteratively and is an approximate RE minimization, just as IMC is, using a fixed-point 

optimization that is simpler than Newton’s method.25 Likewise, FM and g-YBG, implemented as 

MS-CG, converge to the same result as RE in the limit of a complete basis set since FM 

minimizes the average of the gradient squared of the relative entropy.28 Since RE converges to 

the same results as IBI, IMC, FM, and g-YBG in the appropriate limits,25 it is important to 

consider which method is most appropriate given the limitations of the problem at hand. In the 

case that sampling is incomplete at short interaction distances and there are potential issues with 

basis sets to simultaneously describe the CG potential, force field, and the sensitivity of the CG 

force field, the local nature of MS-CG becomes appealing. Local nature here refers to the fact 

that, in MS-CG, the fit in each portion of the force field is linked linearly to fits in other portions 
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through a g-YBG equation66, 67 rather than through a complex, nonlinear, and nonlocal 

dependence. This feature of MS-CG removes the nonlinearity found in the other global, 

distribution-matching minimization methods, thus leading to a more direct, computationally 

straightforward method of calculating sensitivity that is better suited to rapid prototyping. 

The present work develops reweighting-free, single simulation formulae that calculate the 

sensitivity of CG potentials and force fields to changes in the underlying FG interaction 

parameters and state points at the level of linear response. The calculated sensitivities are used to 

develop corrections to CG models that increase model accuracy when the CG potentials and 

force fields are transferred alchemically across interaction parameters or thermodynamically 

across state points. The accuracy of these predicted sensitivities are evaluated by comparison 

with reweighted FDs, and the accuracy of the corrected, transferred potentials are compared 

against potentials without any sensitivity correction.  

The remainder of this chapter is structured as follows: Section 2 describes the derivation and 

significance of the formulae developed in this work as well as the numerical and simulation 

methods used. Section 3 shows the application of these formulae to single site methanol and 

solvent-free sodium chloride systems and the resulting accuracy of the predicted sensitivities and 

potentials. Section 4 provides a general discussion of those results including suggestions for 

future work. Section 5 provides conclusions. 

3.2 Theory and Methods 

3.2.1 Sensitivity Theory  

The fundamental measure of sensitivity to small changes is the derivative 
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dU (R N ;λ)
dλ

= lim
δλ → 0

U (R N ;λ +δλ)−U (R N ;λ −δλ)
2δλ

 . (3.1) 

Here, the sensitivity of the CG potential ( ; )NU λR  to a FG parameter λ  is calculated by 

finding the difference between CG potentials obtained using modified FG parameters λ δλ± . In 

the above equation, NR are the CG configurational variables. This method requires the 

calculation of at least two CG potentials to calculate the sensitivity. However, the range of δλ  in 

which this limit is approached, known as the linear regime, is not known a priori. This means 

that, in fact, more than two CG potentials must be calculated to verify the meaningfulness of a 

single calculated sensitivity. A second problem with this FD approach is that the random noise 

and fluctuations in estimates of the CG potentials are magnified dramatically when δλ  is small, 

exactly where the limit is approached. For the FD approach to be feasible, therefore, one must 

find a δλ  that is both in the linear regime and sufficiently large to make pulling the sensitivity 

signal out of sampling noise tractable, but there is no guarantee that such a δλ  exists. 

An alternative to the basic multi-trajectory FD (MTFD) is to use statistical reweighting to 

obtain the CG potentials at different δλ  values from a single FG simulation. Statistical 

reweighting reuses configurations generated using a given parameterization by applying a 

reweighting factor, the ratio between Boltzmann factors across parameterizations, to the results 

of reanalyzing the configurations using a different parameterization. For generating CG models 

using MS-CG or g-YBG, this amounts to weighting the FM residual from the reevaluated forces 

by the exponential of the difference in the CG potential calculation (or inverse temperature, if 

temperature is varied). The use of a single trajectory in reweighting should minimize the noise 

seen at small δλ , which makes this approach appear relatively promising compared to FD, but 

the range of the linear regime is still not known a priori. Another problematic condition required 
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for reweighting to be practical is that the original ensemble and the ensemble estimated by 

reweighting must have significant overlap so that the reweighted trajectory can give reliable 

averages. Furthermore, the averages are susceptible to bias when the original sample may not 

provide configurations that overlap with the reweighted ensemble evenly. An example of this is 

the application of reweighting to calculate averages at higher temperatures than the temperature 

of an initial simulation. Since the original trajectory explores only a subvolume of the phase 

space explored at higher temperatures, the reweighting procedure typically biases the resulting 

potentials to over-represent behavior characteristic of lower-energy conformations. For 

reweighting across interaction parameters, it is not always clear when this is a problem or how 

significant the bias may be — even after the calculation is complete. 

Ideally, one would like a method of calculating sensitivities in the linear regime that does not 

depend on knowledge of the size of the linear regime, requires minimal computation, and is less 

susceptible to bias than a reweighted finite difference (RFD). We can do so by analytically 

evaluating the limit in the FD above, then using the resulting formulae to make our calculations. 

Starting from the FD formula above, one arrives at the equation 

 
   

dUCG (R N ;λ)
dλ

= du(rn;λ)
dλ

RN ,λ

 , (3.2) 

where 			u r
n ;λ( )  is the FG potential in terms of the FG coordinates nr . However, this equation is 

remarkably data-inefficient: it only uses one scalar value of information per sampled frame, 

which is the derivative of the potential with respect to λ  for that frame. Fitting a many-body 

function with many free parameters requires a great deal of input training data, and using only 

one datum per frame of input data would require a huge number of frames to properly 

parameterize the many-body sensitivity. Therefore, we apply a trick with a long history. By 
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analogy to FM,22, 35, 36, 40, 64, 65, 69 which uses more data per frame than potential matching by 

matching derivatives of the potential with respect to particle positions instead of matching per-

frame potentials directly, one can also derive formulas for sensitivity matching that match the 

sensitivity of the derivatives of the potential with respect to all particle positions instead of 

matching the per-frame sensitivity directly. The gain in information per frame is proportional to 

the number of particles, which can be quite large. The remainder of this section describes the 

derivation of two such formulae, each of which results from a different approach to the problem 

of representing the many-body sensitivity in a reduced space of trial functions. We propose that 

the first formula be used for practical calculation of sensitivity and the second formula be used 

as a theoretical diagnostic tool. 

Self-Consistent Basis (SCB) Single Point Formula 

In the first derivation, we find a formula by considering the sensitivity of approximations to 

the many-body potential. After all, any practical CG potential will be an approximation, and we 

are therefore interested in the sensitivity of approximations when we talk about the sensitivity of 

CG models. A natural choice here is to look at the sensitivity of an approximate CG potential in 

the same set of trial functions used to construct the CG potential; because the basis functions for 

the CG potential and sensitivity are the same in this case, we call this a self-consistent basis 

(SCB) single-point formula. To construct this formula, one needs to start from the FM residual 

expression reweighted from λ  to λ +δλ  with the framewise weight function 

 

   

wt rn;λ,δλ( ) = exp −βu rn ,λ +δλ( ) + βu rn;λ( )( )
1
Nt

exp −βu rn ,λ +δλ( ) + βu rn;λ( )( )
t=1

Nt

∑
 , (3.3) 
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where Nt is the total number of simulation frames. Optimization of the residual with respect to 

basis functions in order to obtain the reweighted FM normal equations yields40, 70 

 
   

1
Nt

wt rn;λ,δλ( )
t=1

Nt

∑ FTFφ = 1
Nt

wt rn;λ,δλ( )
t=1

Nt

∑ FT f , (3.4) 

where F is a matrix of configurational information about the basis function values for each 

particle, f is the 3N vector of the target forces, and φ  is a vector of the unknown linear basis 

function coefficients. Then, taking a derivative of both sides with respect to δλ  and taking the 

limit 0δλ → , a set of normal equations for the sensitivity emerges. Taking the limit of a long 

trajectory and a complete basis set and then rearranging those normal equations, the expression 

for the approximate sensitivity matching in terms of thermodynamic averages is 

   

d∇U (R N ;λ)
dλ

=

M † d∇u(rn;λ)
dλ

⎛
⎝⎜

⎞
⎠⎟
− β

NCG

du(rn;λ)
dλ

− du(rn;λ)
dλ

λ

⎛

⎝
⎜

⎞

⎠
⎟ M † ∇u(rn;λ)( )−∇UCG R N ;λ( )( )

RN ,λ

, (3.5) 

where ( ; ) /ndu d
λ

λ λr  is the Boltzmann weighted expectation value of ( ; ) /ndu dλ λr  over 

the entire FG ensemble, 	NCG  is the number of CG sites in order to make the sensitivity intensive, 

and 		M†  is the mapping operator that transforms the FG forces into CG forces (See Appendix B 

for derivation and details). Every term on the right can be estimated directly from simulation, so 

these estimates can be calculated in a single step without iteration. 

 

Self-Consistent Iterative (SCI) Single Point Formula 
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An interesting alternative to the derivation in the previous section is to consider what the 

expression would be like if one treated the sensitivity of the many-body potential directly 

regardless of basis set limitations. A sensitivity estimator based on approximating the sensitivity 

of a full basis set potential using a finite basis set rather than on the sensitivity of approximate 

potentials using finite basis sets would provide a diagnostic for assessing the importance of 

renormalized many-body effects in CG sensitivities. As before, we look for a formula in terms of 

derivatives of forces instead of derivatives of potentials. Starting from the FD of the forces with 

the averages in the λ δλ±  ensembles written explicitly, then substituting the mapped FG forces 

for the CG forces, the transformation of these ensembles to a common λ  ensemble leads to 

   

d∇U (R N ;λ)
dλ

= lim
δλ → 0

1
2δλ

M † ∇u(rn;λ +δλ)( ) e−βu(rn ;λ )+βu(rn ;λ+δλ )

e−βu(rn ;λ )+βu(rn ;λ+δλ )
− M † ∇u(rn;λ −δλ)( ) e−βu(rn ;λ )+βu(rn ;λ−δλ )

e−βu(rn ;λ )+βu(rn ;λ−δλ )

RN ,λ

.  (3.6) 

After expanding the exponentials in terms of δλ  and discarding all terms higher than linear 

in δλ  (see Appendix A for details), one obtains 

   

d∇U (R N ;λ)
dλ

= M † d∇u(rn;λ)
dλ

⎛
⎝⎜

⎞
⎠⎟
− β

NCG

du(rn;λ)
dλ

− du(rn;λ)
dλ

RN ,λ

⎛

⎝
⎜

⎞

⎠
⎟ M † ∇u(rn;λ)( )

RN ,λ

, 

  (3.7) 

where  NCG  is the number of CG sites in order to make the sensitivity intensive. This equation is 

a self-consistent iterative (SCI) single point formula because while the left hand side seems 

optimistically like it could be computed in a variational approximation by performing FM on the 
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right hand side, this is actually not correct. The term 
   

du(rn;λ) / dλ
RN ,λ

is exactly the many-

body function that the formula is meant to calculate, and therefore the equation must be solved 

iteratively: after each variational calculation step to find the left-hand side, 
   

du(rn;λ) / dλ
RN ,λ

 

must be reevaluated framewise using the integrated form of the new left hand side to generate 

new target derivatives, and a new variational calculation must be run. The process repeats until 

self-consistency. Note that FM calculates a potential up to an additive constant. Normally, this 

constant has no physical effect, but in this case the constant is important in the nonlinear term 

containing   
du / dλ − du / dλ( )  

. We therefore apply a configurationally independent constant 

correction to the difference   
du / dλ − du / dλ( ) so that its average over all frames is zero. This 

amounts to a single step of direct scalar matching used to seed the iterative FM calculations; the 

scalar does not affect the distributions of configurations in sensitivity-corrected models. 

Both the SCB and SCI single point formulae have the same first term on the right hand side, 

which can be considered the naïve sensitivity since it neglects any non-pairwise effects on the 

CG potential and force field. Interestingly, this is what one would obtain if one reanalyzed a 

trajectory using a different parameter set as in the RFDs but neglected to apply the reweighting 

factor. This is in effect what was reported by Rocklin, Mobley, and Dill.46 One can see that if the 

second set of terms on the right hand side of both single point formulae were to be zero, this 

naïve sensitivity would, in fact, be the correct sensitivity. Thus, differences between the naïve 

sensitivity and the single point formulae reflect the importance of the correlation correction to 

the naïve sensitivity. Differences between the SCI and SCB equations reflect the importance of 
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basis set effects in determining which correlations should be used to correct the naïve sensitivity 

for approximate models. 

Even though these formulae both capture correlated many-body effects of the sensitivity, 

they do so in different ways. In the SCI single point formula, the correction to the naïve 

sensitivity is like a transport term since it is the product of the mapped forces and the deviations 

in   du / dλ ; it measures the amount the FG distributions corresponding to each CG distribution 

are pushed around “underneath” the CG configuration. In the SCB single point formula, this 

correction is the product of the deviation in   du / dλ  and the deviation in the forces, making it a 

covariance term that closely echoes the covariance corrections to the naïve sensitivity found in 

the literature for single resolution sensitivity.52 A practical difference between the two single 

point formulae is that the SCB averages ( ; ) /ndu dλ λr over the entire FG ensemble requiring 

no iteration, while the SCI averages ( ; ) /ndu dλ λr  conditional on the CG ensemble that needs 

to be reevaluated based on the most recent estimate from the previous iteration. These 

differences in averaging are consistent with the differing applications of basis sets made in the 

derivation of each model. Both approaches become equivalent in the limit of a complete basis 

set, but for a finite basis set the SCB formula describes a practically useful sensitivity and the 

SCI formula is better used as a diagnostic for understanding the physics of renormalized many-

body effects. 

3.2.2 Simulation and Fitting Details and Conditions 

Molecular dynamics (MD) simulations were performed on AA methanol and 1M sodium 

chloride systems in LAMMPS.71-73 All systems were run with a 1 fs timestep and used 

nonbonded Lennard-Jones (LJ) interactions with a radial cutoff of 1.0 nm as well as particle-
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particle particle-mesh (PPPM) electrostatic interactions. Both systems were equilibrated by 

simulating them for 5 ns at constant NPT at 1 atm and 300K, setting their volume to the average 

of the last 2 ns of NPT simulation, and then simulating them for at least 1 ns at constant NVT at 

300K. Subsequent sampling for modified parameters were started from this equilibrated 

configuration, but allowed to evolve for an additional 1 ns before sampling. The OPLS74 

methanol system of 1,000 molecules was sampled for 2 ns with configurations recorded every 

250 fs, consistent with other studies.40 For the sodium chloride system, 20 sodium and 20 

chloride ions were simulated using Joung and Cheatham's75 parameterization solvated in 1,110 

SPC/E76 water molecules for 20 ns with configurations recorded every 200 fs, consistent with 

other studies.77 The methanol system was coarse-grained to one site per molecule using a center 

of mass mapping, as in previous work.40 The sodium chloride system was coarse-grained by 

eliminating all water molecules to create a solvent free model.77 All CG forces, potentials, and 

sensitivities were calculated using the MS-CG FM code with a nonbonded cutoff of 1.0 nm, and 

sixth order spline basis functions with a resolution of 0.07 nm. CG simulations were started from 

the mapped version of the final configuration for the sampling run. A total of 1,000 CG timesteps 

were allowed for equilibration and randomization. Configurations were sampled every 1,000 CG 

timesteps for both systems with sampling runs of  2×106 CG timesteps for CG methanol and 

 2×107  CG timesteps for CG solvent free sodium chloride. 

Independent samples and reweighted potentials were calculated for changes to all LJ epsilon, 

LJ sigma, and partial charge parameters. In units of kcal/mol for LJ epsilon, Angstroms for LJ 

sigma, and e, the fundamental charge, for charge, CG potentials were calculated with positive or 

negative changes in one parameter of 0.001, 0.002, 0.005, 0.010, and 0.020. Changes to the 

charge of one atom type were offset by changes to the charge on an adjacent atom type in order 
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to keep each molecule charge neutral. For methanol, this meant moving charges on the carbon 

and the neighboring methyl hydrogens or the oxygen and the neighboring hydroxyl hydrogen for 

methanol. For sodium chloride, this meant moving charges on the ions or within the water 

molecule. For the graphs comparing the single point formulae to the MTFDs and RFDs, the 

confidence ranges for MTFD and RFD curves were determined by integrating the 95% 

confidence interval calculated for all pairs of FDs within 0.005 parameter units. Confidence 

ranges for the single point formulae and the RFDs in these curves were likewise calculated by 

integrating the 95% confidence interval from 5 replica simulations. The confidence range for all 

of the independent trajectories corresponds to the integrated 95% confidence interval of 6 

replicas using the original parameterization. 

Comparing the effectiveness of these sensitivity formulae for transferring potentials requires 

computing predicted potentials (i.e., original potentials plus the sensitivity with respect to a 

parameter times the change in the parameter) to the CG potentials obtained from both 1) 

independent trajectories using an actually modified parameter set and 2) Boltzmann reweighting 

the original trajectory to the modified parameter set. The difference in these modified CG 

potentials via sensitivity, via reweighting, and via independent trajectories from the CG potential 

with the original parameters is quantified by integrating the absolute difference multiplied by the 

RDF and divided by the range of integration. This gives a single number summary (in energy 

units) of how different the variously transferred potentials are from the original potential for a 

given change in parameters.  In this section, the confidence ranges for each point were calculated 

by propagating the uncertainty from the potentials through each of the operations in Eq. (3.9).  

The uncertainty of each point of the potentials was calculated as the root mean square (RMS) 

fluctuations of six independent trajectories. This uncertainty in the potential was used to 
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calculate the uncertainty in the difference of the potentials at each point, combining the 

uncertainties via an RMS calculation (also referred to as error propagation in quadrature). Then, 

this uncertainty in the difference was scaled by the magnitude of the RDF at that point and the 

normalization before combining via an RMS calculation to give the uncertainty used to calculate 

the confidence ranges shown for each point. 

 

3.3 Results 

3.3.1 Numerical Finite Differences 

Before the performance of the single point formulae developed in the work is evaluated, it is 

worth evaluating the noise and performance of the existing numerical FD calculations. Figure 3-

1 compares the MTFD and the RFD with confidence ranges for the sensitivity of the single site 

methanol CG potential to changes in the charge on the hydroxyl's hydrogen. As expected, both 

estimates agree within the confidence ranges for sufficiently small changes to the charge, but the 

RFD has significantly smaller confidence ranges than the MTFD, as expected because small 

differences in the MTFD denominator magnify sampling noise. In fact, the RFD confidence 

ranges are more than 100 times smaller than for MTFD. For the purposes of initially verifying 

the precision of our single point formula, only RFD with confidence ranges will be shown since 

it is expected that any predicted sensitivity that agrees with the RFD within the confidence 

ranges will also agree with the MTFD. However, this is not always the case, especially when the 

RFD calculations are strongly biased, so to demonstrate the accuracy of the single point 

formulae, comparisons will be made to MTFD or independent trajectories (IT) later in this 

chapter. 
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Figure 3–1. Comparison of multi-trajectory FD (MTFD) and reweighted FD (RFD) for the 

sensitivity of the MeOH CG potential to changes in the charge on the hydroxyl hydrogen (HOH). 

Confidence ranges show the relative noise of each estimated sensitivity, as defined in the main 

text. The RFD confidence range is so small relative to the MTFD confidence range that it is not 

distinguishable from the RFD curve on this scale. 

3.3.2 Single Site Methanol 

Sensitivity Comparisons 

The sensitivities calculated using the SCB single point formula are compared to the SCI 

single point formula as well as the RFD sensitivity estimates with confidence ranges in Figure 3-

2. For LJ epsilon (Fig. 3-2a and Fig. 3-2b) and sigma (Fig. 3-2c), the SCB and SCI estimates 

superimpose, indicating that non-pair-representable many-body effects play little role in the pair-

representable part of these sensitivities. The SCB and SCI estimates for these graphs are 

generally within the shown confidence range and only slightly overestimate the magnitude of the 

sensitivity at short interaction pair distances. For sensitivity to charge (Fig. 3-2d), the SCI 
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estimate is significantly different from either the SCB estimate or the actual RFD sensitivity. 

This difference between SCB and SCI estimates indicates that significant multibody correlations 

are important for charge interactions and correlations. These observations agree with and clarify 

prior work that indicated that CG potentials are significantly less transferable, in the naïve sense, 

for charge interactions than epsilon and sigma interactions because of the significant multibody 

correlations present.78  

 
Figure 3–2. Comparison of methanol sensitivity estimates for different interaction 

parameters between RFD, self-consistent iterative (SCI) single point, and self-consistent 
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basis (SCB) single point calculations. Sensitivities are taken with respect to a) Carbon-

Carbon (C-C) LJ epsilon, b) Oxygen-Hydroxyl-Hydrogen (O-HOH) LJ epsilon, c) Carbon-

Oxygen (C-O) LJ sigma, and d) Hydroxyl Hydrogen (HOH) charge interaction parameters. 

RFD confidence ranges are calculated as defined in the main text. The RFD confidence range 

for d) is so small that it is not visible on this scale. 

 

Predicted Potentials 

As mentioned in the theory section of this chapter, potentials can be predicted using 

sensitivities from either of the single point formulae using 
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 , (3.8) 

which is a simple correction to the original potential that is linear in  dλ . The magnitude of 

change in CG interaction potential from the reference (REF) parameterization as plotted in 

Figure 3-3 was calculated as  

 
		
ΔU = 1

RH −RL
dRUPRED R;λ +δλ( )−UREF R;λ( ) gREF R( )

RL

RH∫  , (3.9) 

where ( )REFg R is the radial distribution function of the reference parameterization, 

  U PRED (R;λ +δλ) is the interaction potential at a non-reference parameterization either from 

FMing independent FG NVT trajectories with the modified parameterization or using Eq. (3.8) 

with the sensitivity calculated using RFD, SCI, or SCB formulae. Figure 3-3 shows the 

difference in potentials for different δλ 's from the original ( 0δλ = ) potential as described in 
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Section 3.2. For the epsilon graph (Fig. 3-3a), both the SCB and SCI curves agree with the 

reweighted curve for small differences – in the linear regime. It is remarkable that both the 

sensitivities have the same average slope as the curve for the CG potential determined for the 

new parameters with independent trajectories for changes of only 0.01 kcal/mol. For the sigma 

graph (Fig. 3-3b), the reweighted curves are nonlinear, but the SCB sensitivity appears to have 

the same average slope as the SCI sensitivity and the reweighted curve. The independent 

trajectories curve has a similar initial slope to the single point sensitivities, but is below the 

single point sensitivities for larger changes. This is somewhat expected since as perturbations 

increase, systems will typically make compensating changes that result in a concave response. 

For the charge graph (Fig. 3-3c), the reweighted curve shows nonlinearity, but the SCB curve is 

nonetheless reasonably consistent with the reweighted curve. As expected from the sensitivity 

comparisons, the SCI curve drastically overestimates the change in potential. While neither of 

the single point sensitivities matches the independent trajectories for charge, neither does the 

reweighted curve beyond 0.005 e, indicating significant sampling changes in response to charge 

modification that may be the result of changes in complex many-body and long range effective 

interactions. 
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Figure 3–3. Magnitude of change in methanol CG interaction potential from OPLS 

parameterization, calculated (see Eq. (3.9)) as a weighted average absolute difference in 
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predicted potential from a reference potential weighted by the reference RDF, for predictions via 

independent trajectories, reweighting, and the two single point sensitivities SCI and SCB. 

Predictions are compared for changes in a) Carbon-Oxygen (C-O) LJ epsilon, b) Carbon-Methyl-

Hydrogen (C-HMe) LJ sigma, and c) Hydroxyl  Hydrogen (HOH) charge interactions. 

CG Simulations 

Another way to assess the accuracy of these predicted potentials is to compare the RDFs 

generated from CG simulations using both the actual CG potential and the potentials predicted 

from both sensitivity formulae. Figure 3-4 shows the RDF for a selected set of δλ . It is clear that 

any slight errors shown in Figure 3-3 for predictions across epsilon (Fig. 3-3a) and sigma (Fig. 3-

3b) value do not lead to noticeable errors in the RDFs. For predictions across charge (Fig. 3-3c) 

values, the RDF from the SCB predicted potential has only minor deviations in the height of the 

first peak and valley from the actual RDF. The agreement of the RDF from the SCB predicted 

potential bodes well for the application of sensitivity for generating predicted potentials. 

However, there is a limit to how far one can use these predicted potentials, which corresponds to 

the breakdown of the first order approximation of the sensitivity outside the linear regime. Figs. 

3-3d-f show that for sufficiently large changes in the FG interaction parameters, the magnitude 

of the RDF peaks and valleys differ significantly from those of the RDF obtained using the 

actual CG potential with the modified interaction parameters. Nonetheless, the RDFs for larger 

interaction parameter changes continue to show good agreement with the location of the peaks 

and valleys for the first two solvation shells. 
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Figure 3–4. Radial distribution functions (RDFs) from CG methanol simulations. a) Changing 

Carbon-Hydroxyl-Hydrogen (C-HOH) LJ epsilon interaction parameter by 0.020 kcal/mol. b) 

Changing Carbon-Oxygen (C-O) LJ sigma interaction parameter by -0.005 A. c) Changing the 
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Hydroxyl Hydrogen's charge by +0.010 e and applying neutralizing charges on the other 

methanol FG sites. d) Changing Carbon-Hydroxyl-Hydrogen (C-HOH) LJ epsilon interaction 

parameter by 0.040 kcal/mol. e) Changing Carbon-Oxygen (C-O) LJ sigma interaction parameter 

by -0.010A. f) Changing the Hydroxyl Hydrogen's charge by +0.020 e and applying neutralizing 

charges on the other methanol FG sites. 

3.3.3 Solvent Free Sodium Chloride 

Sensitivity Comparisons 

The sensitivities calculated using the SCB single point formula are compared to SCI single 

point formula and the RFD sensitivity estimates with confidence ranges in Figure 3-5. For 

epsilon (Fig. 3-5a and Fig. 3-5b) and sigma (Fig. 3-5c), the SCB and SCI sensitivities are entirely 

within the shown confidence ranges. It is interesting to note that the magnitude of the SCI 

sensitivity is less than the magnitude of the SCB sensitivity when they deviate in Fig. 3-5a-c at 

short interaction distances, indicating that the SCB covariance correction is greater than the SCI 

transport correction because of differences in the amount of sensitivity captured due to the 

different basis set considerations between the two formulae. For sensitivity to charge (Fig. 3-5d), 

the SCI estimate is significantly below the actual RFD sensitivity and the SCB sensitivity, which 

is above the RFD confidence range for large interaction distances and below it for intermediate 

interaction distances. However, both the SCB and SCI sensitivities show much better qualitative 

agreement for the sensitivity to charge in the sodium chloride system than in the methanol 

system, suggesting that the effects of electrostatics are more pair-representable in this system. 
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Figure 3–5. Comparison of solvent free sodium chloride Na-Na, Na-Cl, and Cl-Cl interaction 

potential sensitivities estimated for different interaction parameters between RFD, SCI single 

point, and SCB single point calculations. Sensitivities of the a) Na-Cl CG potential to the FG 

Oxygen-Chloride (O-Cl) LJ epsilon, b) Cl-Cl CG potential to the FG Oxygen-Chloride (O-Cl) LJ 

epsilon, c) Na-Cl CG potential to the Oxygen-Chloride (O-Cl) LJ sigma, and d) Cl-Cl CG 

potential to the water Oxygen and Hydrogen charge interactions. 
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Predicted Potentials 

Figure 3-6 shows the difference in potentials (from Eq. (3.9)) for different δλ 's from the 

original ( 0δλ = ) potential as described in Section 3.2. For the epsilon graph (Fig. 3-6a), the SCB 

curve agrees with the reweighted curve for small changes until the nonlinearities appear in the 

reweighted curve, where bias is more of a problem. The SCB curve is also in the same range as 

the independent trajectories for large changes. The SCI curve deviates from both reference 

curves for sizable changes, but appears to have the same initial slope as the independent 

trajectories, which is likely within the linear regime. For the sigma graph (Fig. 3-6b), the SCB 

curve shows even better agreement with the reweighted curve and the average slope of the 

independent trajectories curves than in Figure 3-6a. The large difference between the SCI and 

SCB curves indicates the importance of CG basis set effects in capturing the correlations 

important for larger changes in parameters. For the charge graph (Fig. 3-6c), the reweighted 

curve looks quite linear and shows agreement with the independent trajectories only for small 

changes. The difference between the SCB and reweighted curves from the independent 

trajectories may be due to underestimation of many-body charge screening effects that the 

reweighted and SCB methods do not incorporate due to configurational sampling bias. The SCB 

curve agrees with the reweighted curve, but both overestimate changes in the potential. The SCI 

curve here seems to have the same average slope as the independent trajectories for positive and 

negative changes, indicating either less bias or a cancellation of errors.  
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Figure 3–6. Magnitude of change in sodium chloride CG interaction potential from SPC/E water 

and Joung and Cheatham NaCl parameterization, calculated as a weighted average absolute 
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difference in predicted potential from a reference potential weighted by the reference RDF, for 

predictions via independent trajectories, reweighting, and the two single point sensitivities SCI 

and SCB. Predictions of a) UCl-Cl to changes in Hydrogen-Chloride (H-Cl) LJ epsilon, b) UNa-Cl 

to changes in Oxygen-Chloride (O-Cl) LJ sigma, and c) UNa-Cl to changes in Water Hydrogen 

and Oxygen charges are compared. 

CG Simulations 

Figure 3-7 shows the RDFs for a selected set of δλ . For the sensitivity to epsilon example 

the heights of the first peaks predicted from the single-point sensitivities for the Na-Na and Cl-Cl 

RDFs (not shown, see SI) are slightly overstructured, but the opposite is true for the Na-Cl RDF 

(Fig. 3-7a). The opposing errors in the RDFs and potentials illustrate the additional problems of 

fitting the three nonbonded interactions simultaneously. For the sensitivity to sigma example 

(Fig. 3-7b), the RDF from the SCB predicted potential seems to be in agreement with the actual 

CG RDF with only minor understructuring of the contact-ion pair. When it comes to the 

sensitivity to charge (Fig. 3-7c), it is clear that the errors in the sensitivity of the potential carried 

through to the RDFs as they are all uniformly overstructured. It is not all that surprising that the 

charge sensitivities from the single point formulae overstructure the ions since this amounts to an 

underestimate of a many-body screening effect from waters that were coarse-grained out of the 

simulation. This continues to get worse for larger changes to the charges on the water (Fig. 3-7f). 

The corrections to the water screening and structure are likely manifested in many-body 

interactions that are beyond the range of these first order, pair-representable sensitivities. 

Fortunately, the agreement between the RDFs to epsilon (Fig. 3-7d) and sigma (Fig. 3-7e) 

parameters is quite good over a larger range of parameter changes. As with the methanol system, 

the heights of the RDF peaks and valley differ – only slightly so for epsilon and sigma given the 
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magnitude of the parameter change – while the location of the peaks and valley agree quite well. 

Thus, using the sensitivities from less highly correlated interactions such as the LJ nonbonded 

interactions appears to lead to reasonable predicted CG potentials and CG RDFs. 
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Figure 3–7. Radial distribution functions (RDFs) from CG sodium chloride simulations for the 

Na-Cl pair distance. a) Changing Hydrogen-Sodium (H-Na) LJ epsilon interaction parameter by 

0.005 kcal/mol. b) Changing Sodium-Sodium (Na-Na) LJ sigma interaction parameter by -0.005 
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A. c) Changing the Water Oxygen charge by -0.004 e and the Water Hydrogen by +0.002 e. d) 

Changing Hydrogen-Sodium (H-Na) LJ epsilon interaction parameter by 0.040 kcal/mol. e) 

Changing Sodium-Sodium (Na-Na) LJ sigma interaction parameter by -0.060 A. f) Changing the 

Water Oxygen charge by -0.010 e and the Water Hydrogen by +0.005 e. 

 

3.4 Discussion 

In general, the sensitivities calculated with respect to LJ epsilon parameters show excellent 

agreement with the RFD sensitivities and the CG RDFs for both the CG methanol and solvent 

free sodium chloride systems. The agreement in the difference from the baseline potential in 

Figure 3-3a even well outside the linear regime is particularly noteworthy. The slightly more 

correlated sensitivities with respect to sigma parameters showed good agreement for the CG 

methanol system, better agreement than in the sodium chloride system that is more highly 

coarse-grained. However, the charge sensitivities are only qualitatively correct, reflecting the 

highly complex many-body correlations due to these long range interactions. In the sodium 

chloride system, this was reflected in the overstructuring of the CG ion pair RDFs, but the fact 

that sensitivities to the charge on the atoms in the implicit water molecules are reasonable is 

promising. Unfortunately, agreement with RFD implies that while these formulae significantly 

improve on the signal to noise ratio of reweighted finite differences, in many cases they do not 

address the problem of bias. This work reveals that bias in these estimators, not noise, is the next 

truly difficult problem to overcome, and it will not be overcome simply with more data as we 

attempted with this per-particle derivative-matching approach—bias is better dealt with by 

acquiring better data79 or more sophisticated estimators.80-82  
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One can expect that the SCB sensitivities will be the most accurate and predictive when the 

relevant interaction is short range and does not involve many-body correlations as is the case for 

any short range pair interaction modeling van der Waals interactions such as the Lennard-Jones 

potential. In contrast, interactions that are long range and involve many-body correlations such 

as charge interactions are expected to be less accurate and less predictive. While the sensitivity 

of intramolecular interactions such as bonds, angles, and dihedrals were not investigated, 

physical considerations suggest that these sensitivities will not be as well-behaved as those for 

Lennard-Jones parameters because intra-CG-site interactions affect the CG interactions only 

indirectly through multi-atom correlations, but on the other hand they should be better than the 

sensitivities for charge interactions because intramolecular interactions are short ranged. 

Likewise, sensitivity of state parameters such as temperature and volume as well as their 

conjugate observables entropy and pressure were not investigated here, but we expect the 

sensitivities to these parameters to be inaccurate because the relevant interactions are long range 

and involve many-body correlations that may not be pair-representable.  

One way to check these heuristics is to compare the SCB estimate to the SCI estimate for 

each parameter of interest in a given system. If the SCB and SCI estimates agree as in Fig. 3-2a-c 

and Fig. 3-5 a-c, then the many-body correlations that lead to the correction of the naive 

sensitivity which the two formulae estimate differently are well-represented in the chosen basis 

set. This means that the SCB sensitivity is more likely to be accurate and predictive. This feature 

implies that these SCI and SCB formulae can be used diagnostically to evaluate hypotheses 

about transferability even when they do not provide accurate linear sensitivity measurements. 

However, when they do, they also provide previously infeasible checks on the precise size of the 
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linear regime: in that case, this regime will be precisely the range over which the RFD and SCB 

estimates agree. 

The times when the SCB and SCI single point formulae differ in their sensitivity estimates 

are significant because the two capture correlated many-body effects in different ways. In 

particular, any significant correction to the naïve sensitivity from either single point formula 

indicates the presence of significant multi-body effects and correlations in the sensitivity to that 

parameter. Differences between them, moreover, specifically indicate that the non-representable 

many-body effects are folded into the corresponding representable force field for a given basis, 

which are sensitive to the parameter under study in ways that cannot be represented within that 

basis set. The difference in the estimates for the sensitivity to epsilon in the solvent free NaCl 

system, but not the CG methanol system, reflects that the NaCl system is more highly coarse-

grained as expected. Also, the difference between the SCB and SCI sensitivity estimates for 

charge interactions quantifies and confirms the dependence of the effective pair potential on the 

significant and complex many-body correlations among long range interactions that had been 

hypothesized previously in the literature.78 

Noise and modeling error can still remain problematic even when these formulae perform 

without significant bias. Approaches previously used to improve force matching’s ability to deal 

with these problems could also potentially be brought to bear to improve these sensitivity 

calculations. For instance, regularization of these sensitivity estimators similar to Lu et al.'s 

approach could improve the performance of these estimates with noisy data.70, 83 Alternatively, it 

may be that structural differences between the CG and FG models due to the use of a finite basis 

set lead to prediction errors that could be ameliorated via recalculation of the input sensitivity 
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derivatives, ( )† ( ; ) /nM d u dλ λ∇ r and ( ; ) /ndu dλ λr , using statistics from CG sampling as well 

as FG sampling, as in iterative FM and iterative g-YBG approaches.84-86  

More systematic study of the differences between calculations by these two formulae may 

reveal more of the character of important many-body effects in various systems. While we 

focused on well-known interaction parameters here, it is possible to use these formulae to 

investigate the addition of arbitrary biases to FG models to examine the effects of arbitrary 

correlations on the representable correlations in a system. This could reveal interesting 

experimental control parameters for fine-grained systems, e.g., in discovering manipulable fields 

conjugate to CG tetrahedrality correlations in water.87-89 Furthermore, while we studied only 

pair-representable force fields here and considered only fixed CG basis sets, we can also use it as 

a criterion for basis set quality, indicating that it could also be useful for basis set design. One 

can use these formulae with arbitrarily complex CG basis sets and the comparisons between SCI 

and SCB formulae in various basis sets to choose the ones that will result in the most transferable 

models across a given parameter space. 

Finally, the results indicate that the calculation of sensitivities to nonbonded interaction 

parameters is good for generating predicted potentials, especially for sensitivities to LJ epsilon 

and sigma interaction parameters. A direct extension of this work would be to calculate 

thermodynamic derivatives by repeating the derivations in the theory section with λ = β , the 

thermodynamic temperature. Since the formulae can only be used to calculate sensitivities to 

continuous parameters, sensitivities to volume Vλ = could be calculated in the NPT and µPT 

ensembles while sensitivities to concentration could be calculated via sensitivities to chemical 

potential λ µ=  in the grand-canonical µPT and µVT ensembles.  Another extension of the work 

would be to calculate the sensitivity of other CG properties or observables such as the RDF g(r) 
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by applying a chain rule, where the sensitivity of the CG property or observable to the CG 

potential would be multiplied by the sensitivity of the CG potential to FG interaction parameters 

as presented in this work. 

3.5 Conclusion 

In this chapter, new reweighting-free formulae for the calculation of the sensitivity of CG 

potentials and force fields to changes in the underlying FG models’ interaction parameters and 

state point were presented that require only a single trajectory for calculation. In the results, the 

SCB estimates predicted sensitivities to LJ epsilon and sigma parameters that were quantitatively 

correct to within the confidence ranges from RFDs, representative of the practical state of the art. 

The single point formula does not require a priori knowledge of the linear sensitivity regime for 

a given parameter and can be useful in generating predicted CG potentials for other interaction 

parameters, as demonstrated by the agreement of the CG RDFs from independent trajectories 

with predicted potentials using this sensitivity. Of the predictive sensitivity measures examined 

here, the single point methods provide the lowest noise estimates of all, providing the same 

sensitivities as RFDs at reduced computational cost, with comparable bias, and without 

ambiguity concerning the size of the linear regime.  

Finally, beyond their purely computational significance, these results also serve to shed light 

onto relatively unexplored subtleties of CG representability. Consideration of both the SCB and 

SCI formulae offers a new window onto the fundamental theoretical problems of representing 

transfer of CG models between state points, providing a vivid example of how the change from 

FG model to FG model in the CG-representable part of the correlations may not always be the 

same as the CG-representable part of the change in correlations from FG model to FG model—

even at the level of linear response. While this is sometimes mentioned in discussions of the 
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foundations of coarse-graining, that subtlety is rarely investigated as a practical effect with 

fundamental physical importance in its own right. However, establishing one’s foundations is 

also an eminently practical thing to do. We hope this work will spur deeper investigations into 

the theoretical interplays between representability and transferability, two of the most important 

challenge areas in state of the art of coarse-graining and CG modeling, in addition to providing 

new computational tools. 

3.6 Appendix A: Derivation of the SCB single-point formula 

The self-consistent basis single-point sensitivity formula describes the derivative with respect 

to system parameters of variationally force matched finite-basis approximations to the true 

many-body FES. The usual force-matching normal equations for a PMF approximated as a linear 

combination of a set of basis functions dψ  with coefficients dφ  and λ  are 
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where IF  are CGed forces from sampled atomistic configurations. This is an equation valid for 

sampling from a system with fixed parameter λ . In order to take the derivative of this with 

respect to λ , one must find a way to express the sampling density as a differentiable function of 

λ  in this expression. One option is to assume all sampling is run at a reference 0λ  and then 

perform a weighted least-squares optimization using the reweighting factors (see Eq. (3.5) in the 

main text) rather than a uniformly-weighted least-squares optimization. Using the usual 

equations for weighted least squares, one gets the normal equations 
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which are in principle valid for any λ  with samples taken with respect to any 0λ , though of 

course only practical when λ  is close to 0λ . First define 
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Now, taking the derivative of both sides, one gets 
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where *λ  is equal to λ , but does not change with λ  in that expression. This is a force-

matching-like equation for the change in the expansion coefficients, which give the change in the 

PMF when multiplied by the basis functions. The equation matches the change from the true 

target forces, db , from the predicted forces with fixed PMF, , 'd dG  'dφ , and adjusted sampling. 

Evaluating the derivatives is easiest after re-expanding the new notation 
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            , (3.15)
 

which is just a weighted force matching for the newly-apparent framewise sensitivities of forces 

in the parentheses, which are straightforward to calculate after force-matching first to find ,d λφ . 

Using a finite sum with some large number of samples provides a practical calculation scheme. 

Replacing the sums with ergodic averages, however, in the complete basis set limit these normal 

equations correspond to equation 5, the covariance-like SCB formula described in the main text. 

In a finite basis set and in the long time limit, it corresponds to the λ -derivative of the g-YBG 

equations. 

3.7 Appendix B: Derivation of the SCI single-point formula 

The self-consistent iterative single-point sensitivity formula is based on using a finite basis 

set to represent the per-particle-position derivatives of the full many-body sensitivity. To derive 

this, start with the definition of the many-body CG sensitivity 

 
   

dU (R N ;λ)
dλ

= du(rn;λ)
dλ

RN ,λ

  (3.16) 
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take the derivative with respect to all CG particle positions  
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apply the product rule to see 
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 , (3.18) 

and simplify using the integration by parts formulas used by Dama et al.90to get 
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Finally, rearrangement and grouping leads to Eq. (3.7), the transport-like SCI equation in the 

main text. This corresponds to the λ -derivative of the g-YBG equations with a complete basis 

set. 
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4.Chapter 4 

On the Representability Problem and the Physical Meaning of Coarse-grained Models 

 
This chapter is reproduced from J. W. Wagner, J. F. Dama, A. E. P. Durumeric, and G. A. 

Voth, “On the Representability Problem and the Physical Meaning of Coarse-grained Models”, 

Journal of Chemical Physics, 145, 044108 (2016),91 with the permission of AIP Publishing. 

4.1 Introduction 

Models with a range of resolutions can be used to describe the same physical system, with 

each model’s resolution providing the context to interpret its representation. For example, 

coarse-grained (CG) models use fewer particles than their fine-grained (FG) counterparts to 

represent the same system, while FG classical atomistic models explicitly represent each atom 

(nucleus) with a single point particle.14-18 One “bottom-up” example of a CG model that relates 

the FG to CG representations is the Multiscale Coarse-graining (MS-CG) method,22, 29-40 while 

another is the relative entropy approach.25, 27, 92, 93 In all cases, these models may claim to achieve 

physical significance from comparison to experiment and this comparison is between 

experimental observables and corresponding model observables. Therefore, the relationship 

between each model’s observables and experimental observables must first be firmly established 

in order for these models to be as meaningful as possible.  

Often, however, the relationships between models and experiment can be unclear. Common 

statistical mechanical results and intuitive structural relationships establish connections between 

atomistic models and experiment,20, 21, 74, 94, 95 but the model’s connection to experiment 

ultimately depends on the resolution of the model, as some authors have attempted to make 

clear.42, 43, 96 This concept of resolution-dependent interpretation has been applied to studies of 

how thermodynamic observable representations may change based on resolution and 
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thermodynamic ensemble, for example, by D’Adamo et al.,56 Das and Andersen,31 and Dunn and 

Noid.97 However, though this literature focuses on thermodynamic observables,31, 42, 43, 56, 96-100 

the issue of CG observable representation is more fundamental: it concerns every aspect of CG 

model interpretation involving comparison with experiments or FG physics. Thus, the 

recognition that CG observables are not simply analogs of their FG counterparts is fundamental 

to understanding and ultimately addressing the issue of representability in coarse-graining.  

This recognition is commonly overlooked or ignored in the CG modeling and simulation 

literature. A more nuanced understanding is therefore needed to interpret CG models so that they 

have more meaningful connections to experiment. 

Often, models are parameterized using observable constraints so that they reproduce a given 

experimental observable using a chosen observable expression.15, 35, 62 Any one experimental 

observable can always be reproduced this way. However, models need to reproduce several 

experimental observables simultaneously, and a model cannot reproduce several observables 

simultaneously if their corresponding constraints conflict. For example, the Henderson 

uniqueness theorem guarantees a unique radial distribution given a pair potential.101 To 

reproduce any additional experimental observable such as the pressure with this fixed pair 

potential, the model observable must be able to reproduce the experimental values using the 

previously determined pair potential;42 otherwise, the observables are incompatible. While 

adding three-body interactions32, 38, 87 or density dependence58-60, 102, 103 can improve observable 

compatibility tradeoffs, it is not computationally tractable to add additional interactions 

indefinitely. Thus, one needs to choose the set of observable expressions carefully if the model is 

to successfully reproduce all of the corresponding experimental observables simultaneously.  
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Systematic coarse-graining (e.g., the multiscale coarse-graining methodology22, 29-40 as one 

such case) provides an illuminating case to investigate CG observable compatibility. In 

systematic coarse-graining, a CG model of arbitrary resolution is defined in terms of a given FG 

model using a mapping and an effective potential. The mapping !M  defines CG configuration 

variables !!RN  in terms of the FG configuration variables !!rn  as the product of the individual CG 

particle mapping operators !MI  for each CG particle !!R I , such that 

!!!
δ M rn( )−RN( ) = δ MI r

n( )−R I( )
I=1

N

∏ .22 Then the effective CG potential 
!!
UCG R

N( ) , i.e., the CG 

configurational free energy for a specific CG configuration !!RN  can be written in terms of the FG 

potential 
!!
UFG r

n( )  as39 

 
		
e
−βUCG R

N( ) ∝ drnδ M rn( )−RN( )∫ e
−βUFG r

n( )  , (4.1) 

where !!β = kBT( )−1 , !kB  is Boltzmann’s constant, and !T  is the temperature. The CG observable 

needs to ensure that the FG ensemble average of an observable property 
!!
AFG r

n( )  in terms of the 

FG potential 
!!
UFG r

n( )  is equal to the CG Boltzmann ensemble average of 
!!
ACG R

N( )  
in terms of 

the CG potential 
!!
UCG R

N( ) . One obvious choice that satisfies this requirement is 

 
		
ACG R

N( ) = AFG r
n( )

RN
=

drnAFG r
n( )δ M rn( )−RN( )e−βUFG rn( )∫
e
−βUCG R

N( )   (4.2) 

(see Appendix A for details). Other choices for the CG observable can also ensure that the FG 

and CG ensemble averages are equal; for instance, if the CG observable were defined simply as 

the constant ensemble average value of the FG observable, but no others are so immediately 
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obvious albeit trivial. In particular, this choice and no other guarantees the equality of the 

ensemble average between the CG and FG observables under any possible bias potential applied 

to the CG degrees of freedom. In addition to ensuring the equivalence of ensemble averages, Eq. 

(4.2) also implies that the CG observable for a given CG configuration is equal to the ensemble 

average of all FG configurations that map to the given CG configuration. Thus, the relationship 

here between FG and CG observables creates a set of compatible CG observables that can be 

used to simultaneously reproduce experimental observables under a range of conditions imposed 

at the CG level. As a result, all experimental observable relationships are present between CG 

observables that satisfy Eq. (4.2) since Eq. (4.2) establishes a way to identify an indefinite 

number of compatible CG observables. It should be noted that Eq. (4.2) is greatly simplified if 

the target observable for both the FG and CG levels depends only on the CG coordinates !!RN . 

One such example is if one is interested in the structure of a large biomolecular system, then the 

carbon-alpha atoms, for instance, might be a good enough choice to understand that structure of 

both the FG and CG models. However, when one wishes to calculate thermodynamic and many 

other structural properties, it is very rarely the case that AFG and ACG depend on the same set of 

variables.  

The relationships in Eq. (4.2) also have direct implications for bottom-up CG models. In 

bottom-up coarse-graining, the FG model is usually parameterized to correspond with 

experiment (Figure 4-1a) or from “first principles” quantum calculations (which are presumed to 

also agree with experiment, even if this is rarely the case due to inaccuracy in the “first 

principles” quantum method). Then, the CG model is constructed using the mapping operator, 

which establishes a strict correspondence between FG and CG model configurations. This fully 

specifies the CG model given configurational expressions (e.g., radial distribution functions, 
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RDFs). So, additional observable expressions incompatible with these configurational 

observables cannot properly correspond with experiment (Figure 4-1b). However, Eq. (4.2) 

provides a way to identify observables compatible with these configurational observables using 

this strict correspondence between FG and CG models. The problem is that it is very difficult to 

know an explicit form of  
!!
ACG R

N( )  
in Eq. (4.2) beyond its formal expression appearing in that 

equation.  

 

Figure 4–1. The relationships between experiment (EXP), fine-grained (FG), and coarse-grained 

(CG) models in bottom-up CG models: a) relationship between experiment and FG models, and 

b) the intended relationship between CG models and experiment. The dashed lines show 

parameterization. The solid lines show intended correspondences between the models, while the 

red line with a question mark indicates a dubious correspondence. The double line indicates the 

strict correspondence from FG configurations to CG configurations through the mapping 

operator. 

On the other hand, top-down CG models do not have a strict correspondence with a specific 

FG model because they are parameterized using experimental data or “bulk” FG simulations 

directly. This loose correspondence between FG and top-down CG models means one might 

decide to arbitrarily choose CG expressions for physical observables with a similarly loose 

connection to a FG model, but even then one still needs a compatible set of CG observables in 
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order for the CG model to fully correspond with experiment (see Figure 4-2a), Unfortunately, the 

loose correspondence between FG and top-down CG models also means that the mapping 

needed to evaluate Eq. (4.2) is not explicitly defined (Figure 4-2b). As a result, models such as 

MARTINI104-107 and mW87 parameterized from and interpreted using incompatible observables, 

do not obviously correspond to an underlying atomistic model for any real physical system. That 

is, they are purely models at the CG level defined to represent certain aspects of reality. 

However, the representation of observable calculations must then also be viewed a part of that 

CG model but has no real connection to an expression for the observable in the underlying FG 

system. 

 
Figure 4–2. The relationships between experiment (EXP), fine-grained (FG), and coarse-grained 

(CG) models in top-down CG models: a) the relationship between a top-down CG model and 

experiment and b) the expected relationship between a FG model, a top-down CG model, and 

experiment. Dashed lines show parameterization. Solid lines show intended correspondences 

between the models, while the red line with a question mark indicates a dubious correspondence. 

The double dashed line indicates an intuitive, designed correspondence from the FG model to the 

CG model. 

 
The present work discusses CG observable representation as an issue of model interpretation 

based on the correspondence between FG models, CG models, and experiment. The strict 
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correspondence in systematic, bottom-up coarse-graining between FG and CG models creates a 

compatible set of CG observables given by Eq. (4.2). In some cases, these may resemble FG 

observables; however, these expressions often still differ by the necessary introduction of a state-

dependent CG potential term in the CG observable.31, 42, 43, 56, 96-98, 100, 108, 109 On the other hand, 

there may be very little resemblance in general. For instance, Eq. (4.2) can define useful CG 

observables for what may appear to be purely FG quantities based on configuration variables 

integrated out of the CG model. Using results from analytical systems, we discuss the validity of 

previously used observable expressions, introduce new ones, and discuss implications for top-

down CG models.  

The remainder of this chapter is structured as follows: Section 2 discusses the 

correspondence in systematic coarse-graining between FG models, CG models, and experiment 

in depth and shows how the CG versions of FG observables often change by (and necessitate) the 

inclusion of extra terms. Section 3 uses analytical ideal polymer chains to demonstrate the 

various issues with using incorrect but seemingly intuitive CG observables in top-down and 

bottom-up CG models. Section 4 provides conclusions. 

 

4.2 Theory 

CG observables that satisfy Eq. (4.2) reproduce both experimental and FG model 

observables. These CG observables are the average of all FG observable values from FG 

configurations consistent with a given CG configuration. Thus the FG observable distribution 

projected onto the CG model is the CG observable distribution, and consequently a CG 

observable may have a very different functional form than its corresponding FG observable. FG 

observables are not the same as GG observables, just as FG force fields differ from CG force 
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fields.22, 40, 110 In order to maximize the benefits of Eq. (4.2), one should consider that a CG 

observable’s functional form may not be the same as the form of the atomistic observable 

expressions.  

The similarity of FG and CG observable expressions is determined by the complexity of the 

projection of the FG observable onto the CG model. A naïve CG observable expression treats the 

CG configuration variables as if they were FG configuration variables, as mentioned earlier 

(although this is rarely the case). However, the CG observable as a function of CG configuration 

variables must represent contributions from the eliminated configuration variables as well as the 

naïve contributions from these CG configuration variables. The failure to represent the 

observable contributions from eliminated configuration variables prevents naïve CG observables 

from reproducing the corresponding FG observable distribution. Therefore, using naïve CG 

observable expressions can prevent researchers from accessing the full predictive power of CG 

models. 

There are three different possible relationships between FG observables and CG observables 

satisfying Eq. (4.2). At one extreme, the FG and CG observable expressions may be the same. 

For example, the center of mass (COM) radial distribution function (RDF) from a COM CG 

model is directly identifiable: The COM is one of the CG configuration variables. In special 

cases like this, naïve CG observables faithfully represent the entire projection of the FG 

observable. At the other extreme, some CG observables expressions have no clear similarity to 

the corresponding FG expression at all. For example, the magnitude of the molecular dipole of a 

CG model with a single site per molecule can appear undefined: All of the FG configuration 

variables traditionally associated with the FG observable have been eliminated. However, a 

bottom-up expression for the magnitude of the molecular dipole satisfying Eq. (4.2) will capture 
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the average behavior of these eliminated configuration variables. By construction it reproduces 

the projection of the magnitude of the molecular dipole even though this observable appears to 

be a purely FG quantity. In between these two extremes, there is a broad category of CG 

observables whose expressions resemble the FG observable expression in part, but not entirely. 

For example, all FG configuration variables contribute to the FG pressure. Therefore, the 

contributions of the eliminated configuration variables must also enter into the CG observable 

somehow. For pressure, neglecting contributions from eliminated configuration variables treats 

the CG model as if it were a system of indivisible particles (i.e., a fully atomistically resolved 

system). While a naïve expression for CG pressure could be used in the construction of a CG 

model, this choice is not compatible with the structural observables implied in the construction 

of bottom-up CG models. Determining if an observable representation is compatible with the 

system definition requires one to be aware of the model’s resolution in order to understand what 

it actually represents. However, CG observables satisfying Eq. (4.2) correspond to the 

appropriate resolution and reproduce experimental observables simultaneously with the 

structural observables related to the system definition. In contrast, naïve CG observables defined 

based solely on analogy with expressions for FG observables neglect essential physics of the CG 

correspondence by describing a system of possibly higher effective resolution than the CG 

representation itself. Such observables are incompatible with the system definition and interfere 

with meaningful model interpretation, as its connections to an actual physical system are unclear. 

For example, if one uses a top-down CG model in a simulation using a CG MD software 

package, then simply plugs it in to the well known virial expression for the pressure, but that 

virial expression is used in terms of only the CG variables as if they were FG variables, then 

when the simulation outputs “1 atm” as its system pressure this value has no clear relationship to 
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the actual pressure of the real FG system that one is attempting to emulate with the top-down CG 

model. Indeed, that “pressure” is a part of the CG model as well, but this is purely a part of the 

overall model because the connection to the FG system such as in Eq. (4.2) has not been 

followed. (The actual FG pressure could be 1000 atm, 1 atm, or 0.1 atm.) The connections 

between FG and CG models afforded by the statistical mechanics inherent in Eq. (4.2) has been 

lost.  

However, in some instances write CG observable expressions as the sum of their FG 

counterparts plus additional terms that capture contributions from eliminated variables. In the 

case of thermodynamic observables, this extra part is usually directly related to the 

transferability of a CG model, and therefore to the thermodynamic state-dependence of the CG 

interactions – a dependence which is often ignored but is clearly a fact based on any reasonable 

statistical mechanical formulation of the effective potential for a CG system. Though this 

approach of defining state-dependent CG potentials may not be as fundamental as Eq. (4.2), it 

has strong precedent in the literature on CG thermodynamics,31, 42, 43, 56, 96-98, 100, 108, 109 and when 

used correctly it is can often be shown to be equivalent to Eq. (4.2). An especially revealing case 

is that of our previously mentioned example, i.e., pressure.43, 98 The pressure, P, of a CG 

configuration if taken straight from the FG virial expression would be 

 
			
Pnaïve R

N( ) = ρCG
β

+ R
N

3V ⋅
dUCG(RN )
dRN  , (4.3) 

where !!ρCG =N /V  is the density and V is the system volume. In order to actually derive this 

expression from thermodynamics rather than simply using it in an ad hoc fashion, one must 

make the assumption that the effective CG interactions are volume-independent, so that 
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PCG ,naïve R

N( ) = − dFCG R
N( )

dV
XN

=
ρCG
β

+ R
N

3V ⋅
−dUCG(RN )

dRN
 , (4.4) 

where !FCG  is a naïve coarse-grained configurational free energy defined as 
 

!!!FCG R
N( ) =UCG R

N( )−NkBT logV , !!!XN ≡V −1/3RN  is the volume-scaled configuration, and 

!!ρCG =N /V  is the apparent CG density. This is the naïve CG observable expression defined via 

direct analogy to the FG observable expression. On the other hand, one could derive an 

expression valid even if the effective CG interaction were volume-dependent. Then, the 

expression for pressure from thermodynamics has an extra term from the volume derivative, 

which acts on both the configuration variables and the volume-dependence: 

 

			
PCG R

N( ) = − dFCG R
N ;V( )

dV
XN

=
ρCG
β

+ R
N

3V ⋅
−dUCG(RN ;V )

dRN
V

−
dUCG(RN ;V )

dV
RN

 . (4.5) 

This expression for CG pressure with a volume-dependent effective CG interaction 

corresponds exactly to expressions in the literature expressed in terms of density derivatives 

rather than volume derivatives.43 However, it is important to note that it satisfies Eq. (4.2), and 

not by accident: 

			
PCG R

N( ) = PFG r
n( )

RN
=

ρFG
β

+ r
n

3V ⋅
−dUFG r

n( )
drn

RN

  

			
=
ρCG
β

+ R
N

3V ⋅
−dUCG R

n ;V( )
dRN −

dUCG R
N ;V( )

dV
RN

         (4.6) 

(see Appendix B for details). This expression makes it clear that fitting virials is not the same as 

fitting pressures for each CG configuration.  
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Now, consider the configurational internal energy, E, starting from the viewpoint of Eq. (4.2)

.  The configurational internal energy, E(RN), defined as an average over FG configurations of 

the system but for a fixed CG configuration is given by 

 
			
ECG R

N( ) = − d lnZRNdβ
= UFG r

n( )
RN

 , (4.7) 

where 		ZRN  is the partition function of all FG configurations consistent with a given !!RN . Using 

Eq. (4.2), one can show that the true expression for the configurational internal energy in terms 

of only CG variables is 

 
			
ECG R

N( ) = dβUCG R
N ;β( )

dβ
=UCG R

N ;β( )+β dUCG R
N ;β( )

dβ
  (4.8) 

(see Appendix C for details). This is the result one would obtain if one recognizes that the 

effective CG interaction is temperature-dependent. Conveniently, it is the sum of a temperature-

dependent term and the naïve CG configurational internal energy (up to the usual irrelevant 

constant) 

 
			
ECG ,naïve R

N( ) = − 1β lnp R
N( ) =UCG R

N( )  , (4.9) 

where 
!!
p RN( ) is the probability of CG configuration !!RN . It is important to note that this 

expression applied to the FG configuration variables instead of the CG configuration variables 

gives the correct FG configurational internal energy. However, it does not behave the same when 

applied to CG models, where it gives the CG configurational free energy. 

Likewise, the configurational entropy !SCG  
of a set of CG configurational states !ωCG

 is, 

according to Eq. (4.2), the Gibbs entropy for all the corresponding states of the FG model that 
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map into those CG configurational states, !!!ω FG = rn :M(rn)∈ωCG{ } , averaged over the eliminated 

configuration variables: 

 
			
SCG ωCG( ) = − drnδ RN −M rn( )( )p rn( )lnp rn( )rn∈ωFG

∫  . (4.10) 

One can show that a CG expression for the configurational entropy integrand in terms of only 

CG variables that satisfies Eq. (4.2) for any choice of state set is 
 

 
			
SCG ,ωCG

RN( ) = −kB lnpωCG
RN( )+ dUCG R

N( )
dT

,  (4.11) 

where 
!!
pωCG

RN( )  is the probability of configuration !!RN  among the set of configurational states 

!ωCG  (see Appendix D for details). Again, this is expressed as the sum of the naïve CG expression 

 			SCG ,ωCG ,naïve
RN( ) = −kB lnpωCG

RN( )   (4.12) 

and a temperature-dependent term. As Appendix D shows clearly, the temperature dependence in 

Eq. (4.11) is the complement of the temperature-dependence seen for configurational internal 

energy. Such ideas go back well past Stillinger’s authoritative work on the subject96 and receive 

focused attention in the relative entropy literature.26, 28, 111  

Our focus here is not on the novelty of these expressions, but rather on the firmly 

establishing the principle that observable expressions in CG models often differ from the 

corresponding expressions in atomistic models. Thermodynamic observables are only one 

especially well-studied case, and a case where confusion about the principle is most common and 

best recognized. 
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In some cases, Eq. (4.2) will correspond to naïve CG observable expressions; however, this is 

not generally the case. For pressure, all configuration variables contribute to the FG observable 

expression, as discussed above, and so observables satisfying Eq. (4.2) must represent the 

contributions from all eliminated configuration variables through the additional term in Eq.(4.6). 

For configurational internal energy, the naïve CG configurational internal energy in Eq. (4.9) 

does not indicate what portion is truly internal energy; entropic effects from eliminated 

configuration variables are also included in the effective interaction. Consequently, Eq. (4.9) 

returns both entropic and energetic effects for CG models. In order to separate these effects, 

contributions from the eliminated configuration variables must be included using an additional 

term as in Eq. (4.8). For configurational entropy, the issues are similar to those for 

configurational internal energy. Since entropy is a measure of the distribution of states on phase 

space, properties of the distribution beyond the average are needed to accurately describe this 

observable. Consequently, all eliminated FG configuration variables make contributions to CG 

entropy that are captured using an additional term such as in Eq. (4.11). This is to be expected as 

configuration-dependent thermodynamics are projected onto the many-body potential of mean 

force (PMF) as a result of coarse-graining.22, 25, 26, 28, 35, 36, 39, 40 

This has implications for the interpretation of top-down CG models as well. In top-down 

coarse-graining, analogy between CG particles and groups of particles in an FG model 

establishes sets of approximate structural observables, as depicted in Figure 4-2b. Any additional 

CG observables such as energies and pressures must be compatible with these structural 

observables if they are to reproduce both sets of experimental observables simultaneously (to say 

nothing of crucial structure-pressure and structure-energy cross correlation observables). In order 

to be compatible with the system definition, we showed that bottom-up CG observables 
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satisfying Eq. (4.2) will include contributions from eliminated FG configurational variables. 

Including these contributions leads to the introduction of extra terms at the CG level that did not 

appear in the FG observable representation. Thus, top-down CG observable expressions built by 

analogy to FG observables, ones that do not contain such extra terms – which is very often the 

case – will generally misrepresent the underlying FG or atomistic physics for the system at hand.  

Top-down CG models are fundamentally inconsistent in their relationship to the real systems 

they are designed to model if they do not also take into account these facts about observable 

representability, i.e., thermodynamic state-dependence of CG potentials and the other possible 

complications discussed above.  

 

4.3 Results and Discussion 

In this section, simple models are used to demonstrate different aspects of CG observable 

representation. The analytical ideal polymer highlights how coarse-graining even a single 

intramolecular bond can lead to problems with naïve CG observable expressions that can then be 

corrected using expressions that satisfy Eq. (4.2). The discrepancies between naïve CG 

observables and the corresponding FG observables defy intuition and make it clear that the 

interpretation of naïve CG observables can be highly suspect. These problems do not go away 

when the number of segments is increased or even when the rigid nature of the freely jointed 

chain (FJC) model is relaxed. Additionally, CG observables satisfying Eq. (4.2) include 

contributions from segments that are eliminated when constructing an end-to-end representation 

of the polymer. The representationally consistent CG observables presented in Section 4.2 are 

compared with FG observables and naïve CG observables as appropriate for these models.  
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The ideal polymer chain has been a cornerstone of polymer physics because it is a simple 

model that displays the entropic character typical of polymers without the added complexity of 

non-bonded interactions between monomers112, 113. The FJC is an ideal polymer model where the 

bond vectors between segments ! 
!ri  are fixed to be length !b , but rotation is unimpeded. In this 

model, all configurations that simultaneously satisfy the bond length constraints are allowed and 

have zero interaction energy, while all other configurations are forbidden. As a result, the 

configurational internal energy is always zero and that any configurational free energy 

differences must be controlled by configurational entropy.  A common reduced representation 

for this model is the magnitude of the end-to-end distance 
! 
R = !rii∑ , where all configuration 

variables other than the position of the polymer endpoints are integrated out.  

For an !N  segment chain on a !d -dimensional lattice with steps of !±b  allowed in each 

dimension for each segment, the distribution of the end-to-end distance in the large !N  limit is 

given by 

 
		
PFJC
d R;N( ) = 2πNb2( )−d/2exp −R2

2Nb2
⎛

⎝⎜
⎞

⎠⎟
 . (4.13) 

The properties of this model are shown in the left column of Tables 4-1 through 4-3. The naïve 

effective “CG” potential !!Ueff R( ) = −β−1 lnP R( )
  

for this model (actually the naïve 

configurational internal energy) is not independent of β , differing from the state-independent 

FG model. When the seemingly intuitive, naïve expression in Eq. (4.9) is used on the CG model 

(Table 4-1), the resulting internal energy is non-zero, which disagrees with intuition. Adding 

contributions from eliminated configuration variables to that internal energy by satisfying Eq. 

(4.2) gives Eq. (4.8), which agrees with intuition. Likewise, entropy measured using the naïve 
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expression in Eq. (4.12) gives zero, which violates intuition for this entropically driven model. 

However, the true CG entropy expression in Eq. (4.11) satisfies Eq. (4.2) and properly 

corresponds to the entropy of the FG model. The partitioning of configurational internal energy 

and entropy by the naïve observables incorrectly allocates all of the configurational free energy 

to internal energy instead of entropy. However, the free energies corresponding to the two sets of 

observables must be equal since they both describe the same CG model. As noted in Section  4.2, 

the fact that the entropic and energetic contributions to the configurational free energy cannot be 

correctly distinguished by the naïve CG observables is common. This is why an awareness of the 

model resolution is vital to determining the CG observable expressions that will correspond with 

experimental observables.  

 
Table 4-1. Properties of freely jointed chain (FJC) models for the configurational internal energy 

(E) in the FG model, as well as the CG model, using both expressions for a naïve CG observable 

defined by direct analogy of the AA observable and the representationally consistent observable 

that satisfies Eq. (4.2). The CG models are end-to-end representations of the polymer chain. 

Observable//
Model 

Normal 
FJC 

2-segment 
Off-lattice 

Blurred 
FJC 

!!
E rn( )

R
 !0  !0  

!!
−1
2β + k

2Nb2 R− l( )2   

!!Enaïve R( )  

!!
−d
2β ln

1
2πNb2

⎛
⎝⎜

⎞
⎠⎟
+ R2

2Nb2β
 

!!
− 1
β
ln 3R

4b2 1− R2

4b2
⎛

⎝
⎜

⎞

⎠
⎟

 

 

		

−1
2β
ln βk

2πNb2
⎛
⎝⎜

⎞
⎠⎟

− 1
β
ln exp − l2

2Nb2 −
βk
2Nb2 R− l( )2⎛

⎝⎜
⎞

⎠⎟l=−N

N

∑
⎛

⎝
⎜

⎞

⎠
⎟

  

 

!
Etrue R( )  !0  !0  

!!
−1
2β + k

2Nb2 R− l( )2  
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Table 4-2. Properties of freely jointed chain (FJC) models for the entropy (S) measured in the 

FG model, as well as the CG model, using both expressions for a naïve CG observable defined 

by direct analogy of the AA observable and the representationally consistent observable that 

satisfies Eq. (4.2). The CG models are end-to-end representations of the polymer chain. 

Observable/
Model  

Normal 
FJC 

2 segment 
Off-lattice 

Blurred 
FJC 

!!
S rn( )

R
 

 !!
kBd
2 ln 1

2πNb2
⎛
⎝⎜

⎞
⎠⎟
−
kBR

2

2Nb2
 

!!
kB ln

3R
4b2 1− R2

4b2
⎛

⎝
⎜

⎞

⎠
⎟

 

		

kB
2
ln βk

2πNb2
⎛
⎝⎜

⎞
⎠⎟
−
kB
2 +

kkBβ

2Nb2 R− l( )2

− 1
β
ln exp − l2

2Nb2 −
βk
2Nb2 R− l( )2⎛

⎝⎜
⎞

⎠⎟l=−N

N

∑
⎛

⎝
⎜

⎞

⎠
⎟

 

!
Snaïve R( )   !0  !0  !0 

!
Strue R( )   

!!
kBd
2 ln 1

2πNb2
⎛
⎝⎜

⎞
⎠⎟
−
kBR

2

2Nb2
 

!!
kB ln

3R
4b2 1− R2

4b2
⎛

⎝
⎜

⎞

⎠
⎟

 

		

kB
2
ln βk

2πNb2
⎛
⎝⎜

⎞
⎠⎟
−
kB
2 +

kkBβ

2Nb2 R− l( )2

− 1
β
ln exp − l2

2Nb2 −
βk
2Nb2 R− l( )2⎛

⎝⎜
⎞

⎠⎟l=−N

N

∑
⎛

⎝
⎜

⎞

⎠
⎟

 

 

The failure of naïve CG observables to reproduce FG observables and the state-dependence 

acquired in the effective CG interaction is a fundamental feature of coarse-graining. To show 

that this is not just unique to the lattice model examined above, a 2-segment off-lattice (OL) FJC 

model will be investigated in 3-D. The distribution of the end-to-end distance is 

 
		
PFJC
OL R;2( ) = 3R

4b2 1− R2

4b2  . (4.14) 

The naïve effective CG potential has again acquired β -dependence that the FG model did not 

have. The properties of this model are shown in the middle column of Tables 4-1 through 4-3. 

This model also has zero configurational internal energy. The naïve configurational internal 
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energy expression does not correctly reproduce this FG value. However, the expression 

satisfying Eq.  (4.2) correctly reproduces the FG observable. The configurational entropy shows 

the same behavior as above. These patterns hold even for more complicated models with non-

uniform FG energies and continuous end-to-end distance, which will be demonstrated below 

using an elastic FJC. In this model, there is a harmonic potential !!u ri( ) = k ri −b( )2 /2  on the 

length of each segment i centered at distance !b  with spring constant !k  instead of the delta 

function in the FJC with fixed-length bonds. The distribution of the end-to-end distance of a 1-

dimensional blurred FJC is given by the proportionality
 

 
		
PBlur
1 R;N( )∝ βk

2πNb2 exp − l2

2Nb2 −
βk
2Nb2 R− l( )2⎛

⎝⎜
⎞

⎠⎟l=−N

N

∑  , (4.15) 

where !l  is a summing index needed to consider the contribution to the probability from each 

Gaussian centered at an end-to-end distance of !l . The second term in the exponential reflects the 

Gaussian chain aspect of this model, which allows all Gaussians centered at the FJC distance !l  

to have non-zero contributions to the probability of any given end-to-end distance. This model 

reduces back to the FJC model described in Eq. (13) in the limit that !k  goes to infinity. The 

naïve effective CG interaction for this model still has β -dependence that the FG model did not 

have, which comes from the FJC-like left term in the exponential. Thus, the thermodynamics are 

still not properly reproduced when the naïve observable expression is used for internal energy 

and entropy. However, the CG observables satisfying Eq. (4.2) have no problem reproducing the 

FG observable projected onto this CG representation. So, one should expect this behavior from 

any model that has some FJC-like character. The harmonic potential centered at distance !b  is 
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directly analogous to the harmonic potentials used for bonded interactions, which suggests that 

this problem arises whenever bonded configuration variables are coarse-grained. 

Until this point, the results have focused on the thermodynamic observables presented in Eqs. 

(4.3) – (4.12). The pattern of creating CG observables that correspond to the FG model’s 

observables is not just one of finding corrections to thermodynamic observables. Instead, it is 

illustrative of a more general aspect of this approach that can be used for any observable. Table 

4-3 shows the magnitude of the average bond orientation 		O = N −1
i r̂∑ i

 for the different 

polymer models, where !!r̂i  is the unit vector for bond segment !i . Given only the end-to-end 

distribution of the CG model, it would seem that the bond orientation is undefined in the CG 

model since configuration variables used in the FG observable were eliminated to reach the CG 

level of resolution. Using a naïve orientation measure on the one “CG segment” gives a value of 

unity since the “CG segment” is always aligned with itself. For the normal FJC and the 2-

segment off-lattice FJC, there is only one value for the magnitude of the average orientation for a 

given end-to-end distance, which is represented correctly using an expression satisfying Eq. (4.2)

. In the case of the blurred FJC, there is a distribution of magnitudes for the average orientation 

for a given end-to-end distance. The projection onto the CG level of resolution, however, 

averages this distribution for each end-to-end distance. In both cases, statements can be made 

about the magnitude of the average orientation. One could still improve the performance of the 

naïve CG observable by changing the number of sites to be the implied number of FG particles 

instead of using the explicitly represented CG sites. This “resolution-aware” version of the naïve 

CG observable expression reproduces the correct value of the observable by including 

information about the number of segments and the segment length. However, this observable is a 

special case like the COM RDF example discussed above. This works here because the 
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observable itself involves an aggregation step that directly follows the elimination of 

configuration variables in mapping from the FG model to the CG model. Although the corrected 

naïve observable expression satisfied Eq. (4.2) here, there are cases where a multiplicative 

correction to the naïve observable expression is insufficient to satisfy Eq. (4.2). 

The polymer radius of gyration, !!Rg
2 , is an example of how the correct CG observable 

expression differs from the naïve CG observable expression in more complicated ways. For the 

FG model, the radius of gyration is given by!!Rg
2 =N −1 Ri −Rcm( )2i=1

N∑ , where !Ri  is the position of 

bead !i  and !!Rcm =N
−1 Rii=1

N∑  is the COM. Using the naïve CG expression for the radius of 

gyration on the end-to-end CG representation of the 2-semgent off-lattice FJC gives 

 
		
Rg ,CG
2,AA = R

2

4   (4.16) 

since one only knows about the effective end-to-end segment of the CG polymer. However, one 

can analytically evaluate the expectation of the radius of gyration conditional on the end-to-end 

distance. This is the projection of the radius of gyration from the FG model onto the CG model 

and satisfies Eq. (4.2). In this case,  

 
		
Rg ,CG
2,CG = Rg ,AA

2,AA
R
= 19 2b

2 +R2( )   (4.17) 

As described by Eq. (4.17), the radius of gyration behaves differently than Eq. (4.16)would 

suggest. While both descriptions for !!Rg
2  scale quadratically with end-to-end distance, Eq. (4.16)

has the wrong prefactor. Using the same sort of multiplicative scaling as above would change the 

denominator from 4 to 6, but an updated version of Eq. (4.16) would still not have the same 
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prefactor as Eq. (4.17) More notably, Eq. (4.17) shows that there is a non-zero !!Rg
2  at an end-to-

end distance of zero. This agrees with physical intuition for any FJC, but it is not captured by Eq. 

(4.16). Using simple multiplicative corrections to the naïve CG observable does not fix this 

violation of physical intuition. Here, one can only recover the correct behavior for !!Rg
2  by 

satisfying Eq. (4.2). 

 
Table 4-3. Properties of freely jointed chain (FJC) models for the magnitude of the average 

orientation measured in the FG model, as well as the CG model, using both a naïve CG 

observable defined by direct analogy of the FG observable and a resolution-aware (RES) 

observable satisfying Eq. (4.2). The CG models are end-to-end representations of the polymer 

chain. 

Observable/
Model 

Normal 
FJC 

2-segment 
Off-lattice 

Blurred 
FJC 

!!
O rn( )

R
 

!
R
Nb

 

!!
R
2b  

!
R
Nb

 

!
Onaïve R( )  !1  !1  !1  

!
ORES R( )  

!
R
Nb

 

!!
R
2b  

!
R
Nb

 

 

4.4 Discussion 

The example systems in Section 4.3 demonstrate problems that can arise when interpreting 

CG models using naïve CG observable expression. In these systems, naïve CG observables 

incorrectly attribute the entropic part of the configurational free energy to configurational 

internal energy. For the FJC, this misattribution completely changes the interpretation of the 

model from being governed by entropy, as intuition suggests, to being governed by internal 

energy. The fact that this problem does not go away for the blurred FJC suggests that it is a 
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general phenomenon affecting any CG model where intramolecular configuration variables are 

eliminated. In these systems, the expressions satisfying Eq. (4.2) were derivable because the CG 

interaction potential could be written analytically; however, one does not have this luxury when 

studying complex systems. Instead, one could numerically determine this additional term using a 

method such as the single-point CG sensitivity formula.41 Alternatively, one could fit the entire 

expression numerically since CG observables that satisfy Eq. (4.2) are guaranteed to reproduce 

the projection of corresponding FG observable. 

More generally, these results emphasize the importance of resolution awareness in model 

interpretation. For the magnitude of the average orientation, neglecting the resolution of the CG 

model by using the naïve observable expression for the model leads to a nonsensical answer, 

given the FG model that it is supposed to represent. The end-to-end representation could be 

constructed for a polymer of any length and segment-type, but the correct interpretation of the 

CG model depends on what FG model it represents. While this observable was simple enough 

that only minimal consideration of the FG model was needed to satisfy Eq. (4.2) and reproduce 

the FG value, this will not work in general. However, CG observables that satisfy Eq. (4.2) will 

always work regardless of the observable complexity. For example, the added complexity of the 

radius of gyration means that simple corrections to the naïve CG observable fail to satisfy Eq. 

(4.2); however, the resolution-aware CG observable that satisfies Eq. (4.2) correctly describes 

the scaling and asymptotes. Satisfying Eq. (4.2) also ensures that CG observables faithfully 

reproduce the complete projection of FG observables. 

This observable projection approach avoids the observable incompatibility seen when using 

naïve CG observables. Of note, pressure has been a particularly problematic observable in the 

literature.56, 98, 114 Depending on what observables are used to parameterize the CG model, the 
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compatibility of CG observable expressions with different model definitions may change. As a 

result, we cannot for instance resolve the dispute over which pressure expression is correct for a 

Debye-Huckel model effective potential since many different systems can map to each such CG 

representation.108, 115-118 Instead, we assert that the change in resolution from the FG model to the 

CG model will determine CG observable expression compatible with the model definition. 

Generally, naïve CG observables not part of the model definition will be incompatible with the 

model definition. However, CG observables satisfying Eq. (4.2) will always be compatible with 

the model definition by construction. Additionally, these CG observables will adjust to be 

compatible with different system definitions. 

The observables used to parameterize top-down CG models also need to be compatible with 

each other. Otherwise, the CG model will not reproduce these observables; consequently, this 

model will not correspond to the intended FG system. In fact, this CG model may not correspond 

to any physically realizable system. Without a way to determine if top-down CG observables are 

compatible, one may not know that their CG model is unphysical.  

A natural way to avoid this complexity in top-down coarse-graining is to look for maximally 

transferable models, since the least state-dependent potentials imply the smallest deviation from 

atomistic observable forms. This is, no doubt, part of what makes transferability such an 

important consideration when building top-down models. Though naïvely it might seem that 

non-transferable models are powerful at least at the state point they describe, the principle 

embodied in Eq. (4.2) implies that non-transferable models cannot be interpreted according to 

the usual atomistic-model-based observable expressions. This no doubt accounts for some of the 

strong prejudices in the field against non-transferable models. 
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An inability to determine if top-down CG observables are compatible using Eq. (4.2) means 

that other approaches are needed. One could apply bottom-up CG observable expressions to top-

down CG models. In this case, one needs to be aware of the different model resolutions even if 

the distribution of CG configurations is the same in both top-down and bottom-up CG models. 

Here, the bottom-up CG observable could be the basis for parameterizing a top-down CG model. 

Alternatively, one could try to correct naïve CG observables to be compatible with top-down CG 

model definitions. However, the radius of gyration example showed that there are limits to what 

can be done using only simple corrections to naïve CG observables.  

Any comparison of top-down and bottom-up CG model properties is nonsensical unless care 

is taken in choosing observables.87 Indeed, a top-down model fit using incompatible observables 

may reproduce a given observable using a naïve observable expression. However, that does not 

mean that it corresponds to the intended experimental system.105 This problem is directly 

encountered when top-down CG model definitions are adjusted to reproduce additional 

observables such as pressure and interfacial tension without considering the compatibility of all 

model observables.119  

Improvements in CG pressure can benefit constant NPT CG simulations. The integrated 

approach developed by Das and Andersen31 and extended by Dunn and Noid’s97 iterative 

refinement procedure correctly describes volume fluctuations as the observable contributions 

from eliminated configuration variables are projected onto the system volume. Correct pressure 

fluctuations would also be captured if these contributions were projected onto the CG 

configuration variables instead of the system volume. However, most constant NPT CG 

simulations currently use a barostat based on the naïve CG virial instead of using an approach 

like the one developed by Das and Andersen.97 From our earlier discussion, it is clear that the 
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CG virial is not compatible with any bottom-up model that is coarser than the atomistic model. 

Currently, the behavior of constant NPT CG models is different from the behavior of supposedly 

underlying FG models. Constructing barostats using an expression for CG pressure that satisfies 

Eq. (4.2) might help align the behavior of CG models under constant NPT to that of the FG 

model. 

Also, mixed resolution modeling can benefit from improved CG observables.120, 121 Since 

observable expressions change with model resolution, the expression for the pressure of the FG 

part of the system should be different from the expression for the pressure of the CG part of the 

system. Failure to recognize this causes unphysical density profiles at the interface between 

resolutions in adaptive resolution simulations that requires the introduction of thermodynamic 

forces to counteract this apparently pressure-induced drift.122 This problem is even worse for 

adaptive resolution schemes with top-down CG models for the reasons already discussed.123, 124 

Using resolution appropriate observable expressions is an important first step towards improving 

these models. 

 

4.5 Conclusion 

In this chapter, we have discussed the importance of CG observables being compatible with 

the resolution of the CG model. Using Eq. (4.2) an indefinite number of compatible CG 

observables can be identified. If defined correctly, these observables may also be consistent with 

top-down CG model definitions. However, naïve expressions for CG observables taken directly 

from the FG expressions often fail to satisfy Eq. (4.2) because they neglect contributions from 

eliminated CG configuration variables. These neglected contributions are sometimes captured by 

terms that depend on a system’s thermodynamic state dependence, which can be used to correct 
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naïve CG observable expressions; this was demonstrated analytically for analytical polymer 

systems. One must treat CG models differently than FG models by considering the resolution of 

the CG model in its interpretation. These concepts cannot be ignored in either bottom-up or top-

down CG modeling if multiscale modeling is to generate physically meaningful predictions for 

physical systems that have their origins at a FG level. 

Exploring the aspects of CG observable representation discussed here can impact research 

efforts in several areas. Using observable expressions that satisfy Eq. (4.2) can give new hope to 

work on basis set representability.42, 43 Additionally, CG simulations in the constant NPT 

ensemble can more closely follow the evolution of the FG system using expressions for CG 

pressure that correspond to the CG model’s resolution by using approaches such as the method 

developed by Das and Andersen or Dunn and Noid’s extension. Further improvements to better 

describe pressure fluctuations are also possible. Likewise, mixed-resolution models will need to 

use a variety of properly formulated observable expressions to describe the properties of the 

different resolutions present in the simulation and their interfaces so that large thermodynamic 

artifacts are not generated. Perhaps most importantly, top-down CG models must be 

parameterized using compatible observable expressions that are consistent with the model’s 

underlying FG resolution. These top-down models can benefit from bottom-up analysis to 

determine these observable expressions. In the end, the interpretation of CG models must 

ultimately depend on understanding how they relate to the actual, physical FG experimental 

systems they intend to describe. 
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4.6 Appendix A: Derivation of Equation (4.2) 

In order to make the comparison of the FG and CG ensemble averages of an observable 

easier, one can insert a delta function involving a CG mapping operator into the FG observable 

ensemble average expression along with an integral over all CG configurations to get 

 

		

AFG =
dRN drnδ M rn( )−RN( )AFG rn( )e−βU rn( )∫∫

dRN drnδ M rn( )−RN( )e−βU rn( )∫∫
  (4.18) 

which is still an average of the FG observable over all FG configuration space. To show the 

equivalence of the CG observable ensemble average and Eq. (4.18)for the definition of the CG 

observable given in Eq. (4.2), one substitutes Eq. (4.2) into the CG observable ensemble average, 

cancels the CG Boltzmann factors, and notes the equivalence of the partition functions by 

substituting Eq. (4.1) into the denominator of the CG observable ensemble average. This also 

demonstrates the equivalence of FG and CG observable ensemble averages in this case. 

 

4.7 Appendix B: Derivation of Equation (4.6)  

Based on Eq. (4.2), the expression for pressure is  

 

			
PCG R

N( ) = ρFG
β

+ r
n

3V ⋅
dUFG(rn)
drn

V RN

 . (4.19) 

One can find the difference between this expression and the CG virial expression in Eq. (3) by 

rewriting this as an explicit integral
 

 

			
P RN( ) = ρFG

β
+

drnδ M rn( )−RN( )e−βUFG rn( ) rn
3V ⋅

−dUFG r
n( )

drn
V

∫

drnδ M rn( )−RN( )e−βUFG rn( )∫
 . (4.20) 
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Introducing the scaled fine-grained configuration !!!xn ≡V −1/3rn , this is
 

 

		

P RN( ) = ρFG
β

+

drnδ M rn( )−RN( )e−βUFG rn( ) −dUFG r
n( )

dV
xn

∫

drnδ M rn( )−RN( )e−βUFG rn( )∫
 . (4.21) 

Rearranging the last parts of the integrand, one gets

 

 

			
P RN( ) = ρFG

β
+

β−1 drnδ M rn( )−RN( )de
−βUFG r

n( )
dV

xn

∫

drnδ M rn( )−RN( )e−βUFG rn( )∫
 , (4.22) 

where now one would like to take the derivative with respect to volume outside of the integral. 

To do so, notice that under a change of coordinates, the 
!!
drnδ M rn( )−RN( )  portions of the 

integrands above and below will change identically. Under scaling the coordinates by volume, 

the change is simply a rescaling by a power of the volume, independent of configuration, which 

therefore cancels out above and below.  Therefore, one has 

 

 

			
P RN( ) = ρFG

β
+

β−1 dxnδ M xn( )−XN( )de
−βUFG V

1/3xn( )
dV

xn

∫

dxnδ M xn( )−XN( )e−βUFG V1/3xn( )∫
 . (4.23) 

Now the rest of the numerator integral, aside from the part in the derivative, is independent of 

volume. The derivative could be taken out of the integral at this point, except that it makes no 

sense to have a derivative constant with respect to !!xn  outside the integral over !!xn . Instead, 

enforcing the delta function constraint turns the volume derivative constant with respect to !!xn  

inside into a volume derivative constant with respect to !!XN  outside the integral. 
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P RN( ) = ρFG

β
+
β−1 d

dV
XN

dxnδ M xn( )−XN( )e−βUFG V1/3xn( )∫
dxnδ M xn( )−XN( )e−βUFG V1/3xn( )∫

  (4.24) 

And, recognizing the derivative of a logarithm, 
 

 
			
P RN( ) = ρFG

β
+β−1 d

dV
XN
log dxnδ M xn( )−XN( )e−βUFG V1/3xn( )∫  . (4.25) 

And finally, converting the integral back to unscaled coordinates, one requires only a few more 

manipulations. First, group the volume terms: 

 

			

P RN( ) = ρFG
β

+β−1 d
dV

XN
ln V −n drnV Nδ M rn( )−RN( )e−βUFG rn( )∫

=
ρFG
β

+β−1 d
dV

XN
lnV − n−N( ) + ln drnδ M rn( )−RN( )e−βUFG rn( )∫⎛

⎝⎜
⎞
⎠⎟

 . (4.26) 

Then take the volume derivative of the first term and recognize the second as the (volume-

dependent) CG force field, 

 

			
P RN( ) = ρFG

β
−
n−N( )
βV

−
dUCG R

N ;V( )
dV

XN

=
ρCG
β

−
dUCG R

N ;V( )
dV

XN

 . (4.27) 

Thus, Eq. (4.27) shows that Eq. (4.6) satisfies Eq. (4.2) for CG pressure. 

 

4.8 Appendix C: Derivation of Equation (4.8) 

The CG configurational internal energy based on Eq. (4.2) can be expressed as the naïve 

expression plus a correction term as
 

 			ECG R
N( ) = EFG r

n( )
RN

= ECG ,naïve R
N ;β( )+ EFG r

n( )−ECG ,naïve RN ;β( )
RN

 , (4.28) 
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where the FG configurational internal energy is the FG interaction energy 
!!
EFG r

n( ) =UFG r
n( )  and 

the naïve CG configurational internal energy is shown in Eq. (4.9). Using the definition of the 

expectation 

 

		

ECG R
N( ) = UFG r

n( )
RN

=
drnδ M rn( )−RN( )UFG r

n( )∫ e
−βUFG r

n( )

drnδ M rn( )−RN( )∫ e
−βUFG r

n( ) .  (4.29) 

  
One can write the last portion as a derivative with respect to the inverse temperature; 

 

		

ECG R
N( ) =

drnδ M rn( )−RN( )−de
−βUFG r

n( )
dβ∫

drnδ M rn( )−RN( )∫ e
−βUFG r

n( )  . (4.30) 

The derivative can be taken out of the integral easily, and then one clear has a derivative of a 

logarithm, giving 

 
			
ECG R

N( ) = − d
dβ

ln drnδ M rn( )−RN( )∫ e
−βUFG r

n( )   (4.31) 

The logarithm is clearly related to the definition of the CG potential, giving 

 

 
			
ECG R

N( ) = dβUCG R
N ;β( )

dβ
 , (4.32) 

which matches Eq. (4.8). 

4.9 Appendix D: Derivation of Equation (4.11) 

An expression for the CG entropy can be found from the definition of the CG entropy, 
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SCG ωCG( ) = −kB drnpωFG

rn( )lnpωFG
rn( )rn∈ωFG

∫   (4.33) 

First, we split the integral into a fine-grained and coarse-grained part and then factor out the CG 

probabilities to find 

 
			
SCG ωCG( ) = −kB dRN drnδ RN −M rn( )( )pωFG

rn( )lnpωFG
rn( )∫RN∈ωCG

∫   (4.34) 

			
SCG ωCG( ) = −kB dRNpωCG

RN( )×
RN∈ωCG
∫   

			
drnδ R N −M rn( )( )∫

pωFG
rn( )

pωCG
RN( ) ln

pωFG
rn( )

pωCG
RN( ) + lnpωCG

RN( )
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 ,                           (4.35) 

which simplifies to
 

			
SCG ωCG( ) = −kB dRNpωCG

RN( )×
RN∈ωCG
∫   

			
lnpωCG

RN( )+ drnδ R N −M rn( )( )∫
pωFG

rn( )
pωCG

RN( ) ln
pωFG

rn( )
pωCG

RN( )
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

                    (4.36) 

because the ratio of probabilities is a normalized conditional probability. In other words, this is 

the entropy of the CG model’s configurational distribution plus another term accounting for the 

entropy of the FG particles eliminated in the coarse-graining. This term can be rearranged like a 

usual macroscopic entropy, using the conditional probabilities for concision: 

 

 
			
SCG ,excess R

N( ) = −kB drnδ RN −M rn( )( )pωFG
rn |RN( )lnpωFG

rn |RN( ) = kB lnpωFG
rn |RN( )

RN∫  (4.37) 
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As usual for free and internal energy, 
!!!
kB lnpωFG

rn |RN( )
RN

= 1
T
UCG R

N ;T( )− UFG r
n( )

RN( ) , with 

the temperature dependence explicit for the sake of clarity. Thus 

 

			
SCG ,excess R

N( ) = 1T UCG R
N ;T( )− dβUCG R

N ;T( )
dβ

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=
dUCG R

N ;T( )
dT

  (4.38) 

and plugging Eq. (4.38) into Eq. (4.36) then yields Eq. (4.11).  
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5.Chapter 5 

Multiscale Compatible Observable Decomposition (MS-CODE) for Coarse-grained 

Observable Representation 

5.1 Introduction 

Atomistic simulation has been successful at both describing and predicting material 

properties. Coarse-grained (CG) models allow one to simulate materials at reduced 

computational cost.14-18 This reduced cost makes it possible to study larger systems, where 

emergent phenomena could be observed, than one could with a more fine-grained (FG) 

simulation. However, CG models are useful for the prediction of properties if one can be sure 

that the measured properties of the CG model actually correspond to atomistic and experimental 

properties. 

When observables are naïvely applied to coarse-grained models, the resulting interpretation 

can be misleading. For example, the comparison of top-down CG models against bottom-up CG 

models can imply that the top-down CG model better agrees with experiment.125 However, CG 

models can be parameterized to fit at most two properties (e.g., radial distribution functions 

(RDFs), pressure, surface tension, entropy), unless the observable expressions are compatible.91, 

101 In the case of a bottom-up CG model parameterized to reproduce a property using the 

atomistic observable expression,119, 126-129 it may get that property right, but the correct 

expression for its other properties such as its RDFs may not have the same form as the atomistic 

expression. Likewise, bottom-up CG models designed to reproduce RDFs or forces will have a 

straightforward interpretation for its structural properties, but the correct expressions to interpret 

its other properties will generally not be the usual atomistic expression.126 To this end, some 
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researchers have noted that observable expressions should be different based on model resolution 

and ensemble.91, 96, 130  

Mutual observable compatibility is an important characteristic for CG observables.91 It 

allows CG observables to be measured simultaneously. At the very least, the CG observable 

expression should ensure that its ensemble average in the CG model agree with the 

corresponding FG value. Yet, the use of the naïve CG pressure expression is quite common even 

though it has been shown to dramatically overestimate pressure antecdotely.15, 131 Das and 

Anderson31 and Dunn and Noid97 have included a system-wide, state-dependent term that 

modifies CG pressure so that it yields the correct average pressure for a given volume. However, 

configuration-dependent changes in pressure are still measured through the naïve virial 

expression. In principle, other observables developed this way would be compatible at the level 

of the ensemble average.130 

In the previous chapter,91 we discussed a condition for obtaining configuration-level 

compatibility for sets of observables. It requires that each CG observable expression 	ACG

reproduce the FG observable value 	AFG averaged over all FG configurations 		rn that map to a 

given CG configuration		RN : 

 

		

ACG R
N( ) = AFG r

n( )
RN

=
drnAFG r

n( )δ M rn( )−RN( )e−βU rn( )∫
drnδ M rn( )−RN( )e−βU rn( )∫

,  (5.1) 

where 	U is the potential, 		β = kBT( )−1 , 	kB  is Boltzmann’s constant, 	T  is temperature, and 	M is 

the mapping operator that relates FG configurations to CG configurations.  
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In this chapter, we investigated new ways of numerically determining CG observable 

expressions that reproduce the corresponding FG observable distributions. Our method, called 

the multiscale compatible observable decomposition (MS-CODE), is used to determine CG 

observable expressions for pressure and potential. Our implementation is variational, which 

means that adding additional terms is guaranteed not to make the resulting observable expression 

worse. Also, it allows for the CG observable expression to take any form, not just the naïve 

expression. 

The rest of the chapter is structured as follows: In Section 2, we derive the minimization 

targets, formulate basis sets for the observables, and show how to decompose observables; In 

Section 3, we present the results comparing FG observable distributions with naïve and MS-

CODE CG observables for the pressure of various MeOH CG models as well as the potential of 

1-site CG methanol and acetonitrile systems; In Section 4, we discuss the implications of these; 

and In Section 5, we provide conclusions. 

 
 

5.2 Theory and Methods 

For the CG observable expression of a general, numerically simulated CG model, we choose 

to define the CG observable expression 	OCG  as the sum of linearly dependent basis functions 	φi  

and coefficients 	λi : 

 
		
OCG R

N( ) = λiφi R
N( )

i
∑ . (5.2) 

For the purpose of generality, these basis functions can be functions of single partlices,132 pairs, 

triples, density,133 order parameters,134 etc. A similar approach is used in some field theory 
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models, where an observable expression is not directly tied to the interaction potential.110 In the 

rest of this section, we will consider two different minimization targets and strategies for the 

parameterization of a generic expression such as Eq. (5.2). 

5.2.1 Variational Minimization 

First, we aim to satisfy Eq.  (5.1). This requirement for CG observable expressions is directly 

analogous to that for the CG force field in multiscale coarse-graining (MS-CG).22, 29-40 

Continuing the analogy with MS-CG forces, the CG observable target in Eq. (5.1) can be used to 

parameterize an observable’s basis set variationally. This parameterization requires the definition 

of an appropriate objective function to minimize our observable expression 	OCG : 

 

			
χ 2 OCG⎡⎣ ⎤⎦ =

1
dN

ACG ,I M rn( )( )−OCG ,I M rn( )( )
I=1

N

∑
2

  (5.3) 

where 	d  is the dimensionality of the observable, 	I  is the CG particle index, and 	N is the number 

of observable values per frame. This is equivalent to minimizing the residual 

 

			
χ 2 OCG⎡⎣ ⎤⎦ =

1
dN

M† AFG ,i r
n( )( )−OCG ,I M rn( )( )

I=1

N

∑
2

  (5.4) 

where 		M†  is the mapping operator of observables, which acts the same for observables as it does 

for forces. This is because the CG observable can at best reproduce the average of the FG 

observable values from configurations consistent with a given CG configuration. All other 

aspects of that distribution cannot be expressed as a configuration dependent term because they 

are averaged out (i.e., a constant at the resolution of the CG model). These residuals can be used 

for framewise observables (i.e., N=1). However, it is much more data-efficient to use the residual 
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for particlewise observables given the FG observable decomposition needed to express 	ACG  in a 

particlewise manner. 

5.2.2 Relative Entropy Formulations 

Alternatively, one could determine the CG observable expression by minimizing the relative 

entropy, which is one “measure” of how close a model distribution is to a target distribution.25, 26, 

135 In terms of the CG observable distribution 	pCG relative to the FG observable distribution 	pFG , 

the appropriate relative entropy is 

 
		
Srel = dσpFG σ( )ln pFG σ( )

pGG σ( )∫  , (5.5) 

where σ is an observable value. It is not productive to further partition these distributions 

conditional on CG configurations because a CG observable expression such as Eq. (5.2) can only 

produce one value while there is a distribution of FG observable values; this relative entropy 

would be minimized by satisfying Eq. (5.1), which is the same target as that for Eq. (5.4). 

In order to minimize the relative entropy in Eq. (5.5), we must look for the place where its 

derivatives with respect to the linear dependent basis coefficientsλ are 0. For simplicity, we will 

show the update rule for gradient decent, which only requires the first derivative with respect to 

λ ; however, other minimization methods including those that require additional derivatives such 

as Netwon’s method are possible. For gradient decent, the update rule for basis set coefficient 	k

from iteration 	i  to 		i+1 is simply 

 
		
λk ,i+1 = λk ,i −ζ

∂Srel
∂λk

 , (5.6) 
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where ζ is a step size between 0 and 1 that can be a constant or iteration dependent (such as 

learning rates in machine learning). Evaluating the derivative of the relative entropy with respect 

to basis set coefficient 	k , 

 

		

∂Srel
∂λk

= − φk R
N( ) ∂

∂σ
pFG σ( )
pCG σ( )

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

σ =O RN( )
  (5.7) 

(see Appendix for details). Thus, the update rule is 

 

			

λk ,i+1 = λk ,i −ζ φk R
N( ) ∂

∂σ
pFG σ( )
pCG σ( )

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

σ =O RN( )
 . (5.8) 

At the minimum in relative entropy, the basis coefficient does not change according to Eq. (5.8) 

since the relative entropy derivative is 0. We can see that this is because the probability using the 

current CG observable expression matches the FG value. Also, the update does not change a 

basis coefficient when the corresponding basis function is zero. 

When the CG observable distribution is locally shifted towards higher observable values relative 

to the FG observable distribution at 		σ = O RN( ) ,

			

∂
∂σ

pFG σ( )
pCG σ( )

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

σ =O RN( )
>0 . If the basis function 	φk

corresponding to 	λk is negative there, then this contributes towards increasing	λk ; this makes 

sense since increasing the contribution of 	φk  would decrease observable values, which helps 

reduce the difference between FG and CG observable distributions; the opposite is true if 	φk  is 

positive. If the rest of the derivatives where this basis function is active are positive and 	φk  
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always non-positive, then 	λk  is certainly increased. In reality, the update is much more 

complicated because some observable values are likely to contribute toward increasing the value 

of 	λk  while other observable values do the opposite. Additionally, one must consider the 

Boltzmann weighting inherent in the CG model in order to calculate the net contributions, which 

ultimately determines how 	λk  is changed by the update.  

Based on the assumption that the mapped FG and CG configuration probabilities are 

equivalent, the amount of simulation required to determine the optimal CG observable 

expression can be minimized. Specifically, the FG simulation used to determine the CG 

interactions can be reused to parameterize the CG observable expression. For each CG 

observable iteration, the same FG observable distribution and mapped FG configurations can be 

used again. This is because changing the CG observable expression does not affect the 

distribution of configurations, unlike changes to the CG interactions. 

The above derivation is primarily useful for the overall distribution of framewise values although 

it could be used for other levels of observable granularity. This relative entropy has a different 

target than the variational approach presented earlier. Here, the target is matching the overall 

observable distribution, not configuration specific properties. If one successfully minimizes the 

variational residual in Eq. (5.4), they should also get the observable distribution correct; 

however, the converse is not necessarily true. 

 If we wanted a relative entropy that actually satisfy Eq. (5.1), then the probabilities need to 

be conditional on a given CG configuration: 

 

			
SRrel = dσpFG σ |RN( )ln pFG σ |RN( )

pCG σ |RN( )∫  . (5.9) 
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In this expression, the CG probability is simply a delta function at the observable value for the 

CG configuration using the current CG observable expression. In order to minimize this relative 

entropy we need the derivative of the relative entropy with respect to basis set coefficient 	k , 

which is 

 

			

∂Srel
∂λk

= − φk M rn( )( )∂ln∂σ
pFG σ |M rn( )( )
pCG σ |M rn( )( )

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

σ =O rn( )
  (5.10) 

(see Appendix B for details). This gives an update rule for gradient descent of 

 

			

λk ,i+1 = λk ,i −ζ φk M rn( )( )∂ln∂σ
pFG σ |M rn( )( )
pCG σ |M rn( )( )

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

σ =O rn( )
 . (5.11) 

 There are three major differences between this expression and the one in Eq. (5.8). First, the 

derivative is evaluated is at FG observable values instead of CG observable values. This will 

likely yield a more stable minimization since dramatic changes in the CG observable expression 

will not change the derivatives to be evaluated here as much. The second difference is that the 

derivative is of the logarithm of the probability ratio instead of the ratio itself. The implications 

of these differences are largely overshadowed by the final difference. Since the CG distribution 

for a given CG configuration is a delta function, the CG observable expression will be minimized 

when it reproduces the mode of the FG observable distribution for each CG configuration. This 

is similar to Eq. Error! Reference source not found. in that it targets the conditional average of 

the FG observable distribution, but Eq. Error! Reference source not found. uses the mean and 

this method uses the mode. 
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5.2.3 New Basis Sets 

An important term in our CG observable expressions is the one-body term, which can 

reproduce the correct ensemble average. An expression for the one-body term 		O 1( )  is 

 
			
O 1( ) RN( ) = λi

1( )α i R
N( )

i
∑ = λi

1( )α i R I( )
I
∑

i
∑ ,  (5.12) 

where 		λi
1( ) is the basis coefficient for the one-body basis function 	α i . This is a configuration-

independent contribution based solely on the particle type. By using a particle-wise value here, 

these terms can be used for systems of different sizes or compositions directly. 

The most basic configuration-dependent term in any CG-observable expression is a function 

of the pair distance. While it would be possible to use an anti-symmetric (i.e., force-like) 

formulation, an anti-symmetric formulation is more generally applicable for observables. By 

symmetric, we mean that both particles in a pair receive observable contributions of the same 

sign and magnitude. This allows the configuration-dependent terms to contribute to the net 

framewise observable value. Also, it makes intuitive physical sense. For example, the tensor 

virial for pressure is the trace of the cross product of the vector between the particles and the 

force. Since both the vector and the force are anti-symmetric (i.e., equal and opposite), each 

component-wise product is symmetric because the opposite signs cancel. A formulation for this 

symmetric basis set is 

 
			
O 2( ) RN( ) = λi

2( )ξi R
N( )

i
∑ =

I< J
∑ λi

2( )ξi R I ,R J( )
i
∑ ,  (5.13) 

where 		λi
2( ) is the basis coefficient for the one-body basis function 	ξi . To bring out the symmetric 

nature of the pair symmetric basis function, Eq. (5.13) can be rewritten as 
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O 2( ) RN( ) = λi

2( )ηi RIJ( ) R̂ IJ
I< J
∑

i
∑ ,  (5.14) 

where 			ξi R I ,R J( ) =ηi RIJ( ) R̂ IJ , 	
RIJ is the scalar distance between CG sites 	I  and 	J , and  			R̂ IJ  is 

the component-wise absolute value of the unit vector between CG sites 	I  and 	J . In this form, 

the pair symmetric basis set is the same as the force from the usual MS-CG pair basis set, but 

with the absolute value around the unit vector. With this recognition, one can easily create 

symmetric versions of the usual interactions (e.g., angle, dihedral, three-body,32, 38 density,133 

order parameter134) by applying absolute values to every unit vector. When the observable is a 

scalar, the unit vector becomes one-dimensional (i.e., equal to 1). For a vector observable with 

the same dimensionality as the system, the one body contribution is distributed equally across 

those dimensions. 

5.2.4 Observable Decompositions 

In order to keep with the stricter, more data-efficient version discussed in section 5.2.A, a 

particlewise decomposition is needed for atomistic observable contributions. These contributions 

are then transformed according to the selected CG mapping to obtain the target values that serve 

as inputs to the parameterization step. For atomistic observables with a pairwise formulation 

such the pressure and the potential energy for pairwise interactions, the decomposition is 

straightforward. For other situations, it can be significantly more tricky, but possible to define 

such a decomposition. One convenient approximation is to decompose contributions of a many-

body observable by dividing a given contribution equally among all of the particles involved. In 

other cases where the target property is a function of another observable, it may make more 

sense to try decomposing the observable instead of the property. In any case, it would be possible 

to use the approach discussed in section 5.2.B on the probability distribution. 
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For the pressure of an atomistic system with pairwise non-bonded and bonded interactions, 

the usual expression for the configuration part of the virial is  

 
			
P rn( ) = 1

3V fij × rij
i< j
∑ ,  (5.15) 

where 		fij F is the force between atomistic particles 	i  and 	j . The decomposition is formulated 

such that the total pressure is the sum of per-particle contributions: 

 
			
P rn( ) = P ri( )

i=1

n

∑ . (5.16) 

This is achieved by simply dividing the observable contribution from a pair of particles equally 

between them: 

 
			
P ri( ) = 12

1
3V fij × rij

i≠ j
∑ .  (5.17) 

Likewise, the potential energy 	U of an atomistic system is decomposed such that 

 
			
U rn( ) = U ri( )

i=1

n

∑  , (5.18) 

where each particles observable contribution 
		U ri( ) is determined by dividing each of the 

potential terms equally between each of the particles involved in the interaction: 

 
			
U ri( ) = 12 upair rij( )

i≠ j
∑ + 13 uangle ri ,rj ,rk( )+

i≠ j≠k
∑ 1

4 udihedral ri ,rj ,rk ,rl( )+ ...
i≠ j≠k≠l
∑  . (5.19) 
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5.2.5 Properties of Good CG Observables 

First and foremost, any CG observable should reproduce the FG ensemble average. In our 

approach, this is ensured by the configuration-independent one-body terms. For a given system 

volume, the approaches of Das and Anderson31 and Dunn and Noid97 achieve this same effect. 

Additionally, it is desirable to describe configuration-dependent fluctuations about the 

average value. In principle, one could get the same spread of the FG distribution by adding in 

noise. However, we are focused on how much of the variation in FG observable value is 

explained by the CG observable value. In order to differentiate between two histograms with 

similar spread, we look at the time series of the FG and CG observables for the same set of 

configurations. For simplicity, we quantify the correlation between these values using the 

standard deviation of the difference between the FG and CG observable values: 

	
std FG t( )−CG t( )( ) . This standard deviation can be viewed as the uncaptured variation. By 

comparing that value to the standard deviation of the FG observable alone, we can see if and how 

much the CG observable is helping to explain the variation in the FG observable values. For MS-

CODE observable expressions, the standard deviation of the difference is guaranteed to not be 

higher than that of the FG observable alone because MS-CODE is variationally minimized. 

Furthermore, the inclusion of additional basis sets is guaranteed not to increase this standard 

deviation for the same reason. Thus, the upper bound in terms of uncaptured variation for MS-

CODE is that of the standard deviation of the FG observable In contrast, naïve observables as 

well as the configuration-dependent part of Das and Anderson’s31 and Dunn and Noid’s97 

approach have no such guarantee. As a result, they can actually lead to a less faithful description 

than simply using a one-body term.  
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Also, there are practical advantages to MS-CODE. The observable decomposition is general 

in that the procedure discussed in the previous sub-section can be applied to any framewise 

observable. Additionally, it is based on local contributions instead of system level properties, 

which should improve its transferability to different size systems, systems of different 

composition, and even – to a lesser extent – different state points. The local decomposition also 

means that the method is data efficient because it uses N or 3N data points per frame where N is 

the number of CG sites as opposed to 1 data point in the first relative entropy approach outlined 

in Sec. 5.2.B or other system level approaches. The local nature of the resulting observable 

contributions also makes it easier to extract physical meaning from the resulting observable 

expressions. 

5.2.6 Simulation and Fitting Details 

Molecular dynamics (MD) simulation were performed on bulk, atomistic methanol (MeOH) 

and acetonitrile using LAMMPS.71, 73 All systems were run with a 1 fs time step. Each system 

contained 1,000 molecules and interaction parameters were taken from the OPLS force field.74, 

136 The nonbonded interactions were calculated using Lennard-Jones (LJ) interactions with a 

radial cutoff of 1.0 nm as well as particle-particle particle-mesh (PPPM) electrostatic 

interactions. Both systems were equilibrated for 5 ns under constant NPT at 1 atm and 300 K. 

For subsequent constant NVT simulation, the box size was set to the average volume of the last 2 

ns of constant NPT simulation. Then, the system was equilibrated for an additional 1 ns using LJ 

shifted-force20 interactions at constant NVT at 300K before sampling every 250 fs for 2 ns.  

Two additional methanol systems were created based on the equilibrated bulk system. The 

atomistic, liquid vapor methanol system was created expanding the box of equilibrated bulk 

MeOH 40 A in the z-dimension without rescaling the coordinates. This system was equilibrated 
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for an additional 2 ns at constant NVT at 300 K. Finally, FG frames were sampled every 250 fs 

for 2 ns at constant NVT at 300K.  The 8,000 molecule atomistic methanol system was created 

by replicating the bulk 1,000 molecule system eight times. The system was allowed to re-

equilibrate for 1 ns before frames were sampled every 250 fs for 2ns at constant NVT at 300K. 

Per-particle decompositions of pressure and potential energy were obtained using the 

stress/atom and pe/atom computes in LAMMPS, respectively. Partially explicit and explicit 

observable contributions are those that arise from interactions between particles that are not in 

the same CG site; implicit observable contributions arise from interactions between particles that 

are entirely within the same CG bead. For 1-site center of mass (COM) CG model, the explicit 

contributions are those originating from nonbonded LJ and electrostatic terms. For the 2-site CG 

model, the partially explicit and explicit contributions also include the bond between the atoms 

in different CG beads for pressure. 

All CG interactions and observable expressions were determined using the a modified 

version of the MS-CG force matching (FM) code that includes the one-body and symmetric basis 

functions mentioned in this chapter. All CG interactions and observables had a cutoff of 10 A. 

For the CG force fields, pair interactions were fit using sixth order B-splines with a binwidth of 

0.6 A. For the CG pressure expression, one-body and two-body symmetric basis sets were used 

to fit the on-diagonal terms of the pressure tensor. For the CG potential expression, one-body and 

two-body symmetric basis sets were used to the scalar potential energy. The two-body symmetric 

interactions were fit with fourth order B-splines and a binwidth of 0.3 A. CG observable 

distributions were obtained using the rerun command in LAMMPS to apply the observable fields 

to the mapped trajectories. 
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5.3 Results 

In this section, established CG models are used to demonstrate the performance of MS-

CODE pressure and potential. Established models for methanol and acetonitrile are used so that 

we can focus on the observables instead of the forces. Pressure is a chosen because it has be the 

focus for much of the discussion about representability. Also, it demonstrates the ability to 

parameterize a vector observable expression since we reproduce the on-diagonal terms of the 

pressure tensor. From this observable, other properties such as the surface tension can be 

calculated. Potential energy is chosen because it relates to thermodynamic properties that can be 

used to resolve the enthalpy-entropy partitioning in the CG model. Also, it demonstrates the 

ability to parameterize a scalar observable expression. Additionally, we use this as an 

opportunity to explore the differences in the CG pressure expression between different mappings 

for methanol: 1-site center of mass (COM), 2-site COM, and 2-site center of charge (COC). 

Likewise, we compare the difference in the CG potential expression between 1-site COM 

methanol and acetonitrile models. Within each subsection, we present histograms at the level of 

granularity of (5.5), which serves as a validation of MS-CODE and the one-body terms in 

particular. The tables of standard devations that follow give more detailed information about the 

correlation between the FG and CG observable value, which is only a function of the 

configuration-dependent two-body symmetric terms here. 

5.3.1 Pressure of MeOH CG Models 

5.3.1.1 1-site Center of Mass 

Figure 5-1 shows histograms for the pressure of a 1-site COM CG model. The distribution of 

pressure values for all FG contributions is shown in subpanel a. The offset of the FG distribution 
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is the result of choosing a box size using non-shifted force interactions, but sampling at that box 

size using shifted force interactions. The spread of FG distribution is extremely large suggesting 

that there are huge fluctuations in pressure. In comparison, both the naïve and the MS-CODE 

pressure distributions are relatively tight. However, the MS-CODE observable correctly 

reproduces the correct average pressure while the naïve CG pressure is centered 5500 atm 

higher. 

 

Figure 5–1. Pressure distribution histograms for 1-site center of mass (COM) MeOH models 

using a) all, b) explicit, and c) implicit FG contributions for FG observable, naïve CG 

observable, and the MS-CODE observable expressions. 

In order to determine the cause of the spread in FG pressure values, the contributions to the 

pressure are divided into explicit contributions and implicit contributions as described in Sec. 

II.G. Looking at subpanel b, the spread of the FG observable distribution is only slightly wider 

than the MS-CODE distribution while the spread of the naïve CG observable distribution is still 

too narrow. Again, the MS-CODE and FG observable distributions are centered at the same 

value. In looking at subpanel c, it is clear that the wider spread of the FG pressure is primarily 

from implicit contributions. It makes sense that it would be difficult for any CG observable 

expression to reproduce contributions from inside the CG bead; in fact, the naïve CG expression 

does not reproduce any of these contributions. 
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To see how the pairwise CG contributions lead to this increase spread, we look at Figure 5-2. 

Indeed, the implicit contributions from the MS-CODE expression are nonzero while the naïve 

expression (not shown) is zero everywhere. It appears that there is a net negative pressure 

contribution at short distances, which suggests that there is some preferential alignment between 

molecules at this distance before excluded volume contributions dominate at shorter distances. In 

looking at the explicit pressure contributions from each expression in subpanel b, the naïve 

expression oscillates significantly more than the MS-CODE and the naïve expression has very 

large positive contributions at many distances. This is one explanation for why the total naïve 

pressure is too high. In looking at the net observable expressions in subpanel a, the shape of the 

MS-CODE expression is determined by the competition between attractive implicit contributions 

and primarily repulsive explicit contributions. Taken together with the fluctuating naïve 

expression, this suggests that the net pressure value is the result of many large contributions that 

largely cancel. In light of this, it is notable that the MS-CODE distribution is as close to the FG 

observable distribution as it is. 



 

 99 

 

Figure 5–2. Pairwise pressure contributions for 1-site center of mass (COM) MeOH models for 

naïve and MS-CODE observable expressions using a) all FG contributions as well as the b) non-

zero explicit and implicit FG contributions. 

5.3.1.2 2-site Center of Mass 

Moving on to a higher resolution CG model, we expect both observable distributions to look 

more like the FG observable expression than they did for the lower resolution model. Figure 5-3 

shows the pressure distributions for a 2-site COM MeOH model. Indeed, both the naïve and MS-

CODE pressure distributions are much broader here than in Figure 5-1. The overall MS-CODE 
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distribution is slightly narrower than the FG distribution. This improvement is largely because 

the MS-CODE expression captures the partially explicit and explicit contributions in subpanel b 

extremely well.  However, the implicit contributions shown in subpanel c still have a very wide 

spread that it is hard for the CG observable distributions to capture. 

 

 

Figure 5–3. Pressure distribution histograms for 2-site center of mass (COM) MeOH models 

using a) all, b) partially explicit and explicit, and c) implicit FG contributions for FG observable, 

naïve CG observable, and the MS-CODE observable expressions. 

2-site Center of Charge 

An alternative mapping for 2-site MeOH is COC. The pressure distributions for this model 

are shown in Figure 5-4. The broadness of both the naïve and MS-CODE distributions are 

intermediate between those in subpanels a and b. The naïve distribution looks much more like 

the other distributions both in terms of spread and center for this model than for any of the 

others. If this increased similarity between the naïve and MS-CODE pressure values is true for 

other COC models, then COC models more directly represent pressure contributions to pressure, 

which means that the magnitude of additional state-dependent term described in our previous 
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work91 would be lower here. This would also suggest that COC models might be more 

transferable than COM model. 

 

Figure 5–4. Pressure distribution histogram for 2-site center of charge (COC) MeOH model 

using all FG contributions for FG observable, naïve CG observable, and the MS-CODE 

observable expressions. 

5.3.2 Potential of 1-site CG Models 

5.3.2.1 Methanol 

Moving on to potential, we start by looking at a 1-site COM MeOH model shown in Figure 

5-5. The FG distributions are all quite narrow compared to the pressure distributions. The MS-

CODE distribution is once again centered about the same value as the FG distribution in all 

subpanels. Surprisingly, the MS-CODE distribution is more narrow than the naïve CG 

observable in subpanels a and b.  
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Figure 5–5. Potential distribution histograms for 1-site center of mass (COM) MeOH models 

using a) all, b) explicit, and c) implicit FG contributions for FG observable, naïve CG 

observable, and the MS-CODE observable expressions. 

To find out why we look at the potential contributions from each CG expression in Figure 5-

6. The MS-CODE expression is zero everywhere except for very small distances. In contrast, the 

naïve CG expression has features and goes to larger values starting at a larger pair distance. 

Here, the naïve CG potential is the potential of the MS-CG interaction. The decomposition in 

panel b does not add much. Again, only the explicit contributions lead to nonzero naïve CG 

potential contributions. The explicit and implicit MS-CODE potential contributions largely 

cancel leaving a net flat contribution for all but the shortest distances. 
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Figure 5–6. Pairwise potential contributions for 1-site center of mass (COM) MeOH models for 

naïve and MS-CODE observable expressions using a) all FG contributions as well as the b) non-

zero explicit and implicit FG contributions. 

5.3.2.2 Acetonitrile 

The potential distributions for 1-site COM acetonitrile models are shown in Figure 5-7. The 

FG distributions are even narrower here than it was for MeOH in Figure 5-5. This makes the 
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narrowness of the MS-CODE distribution look better here by comparison to MeOH. Again, the 

MS-CODE distribution is narrower than the naïve distribution in subpanels a and b. 

 

Figure 5–7. Potential distribution histograms for 1-site center of mass (COM) acetonitrile 

models using a) all, b) explicit, and c) implicit FG contributions for FG observable, naïve CG 

observable, and the MS-CODE observable expressions. 

The potential contributions for the naïve and MS-CODE CG expressions are shown in Figure 

5-8. They look very similar to those in Figure 5-6. One difference is that the naïve CG 

expression is smoother for acetonitrile than it was for MeOH. Another difference is that the net 

MS-CODE contribution is entirely positive for acetonitrile while it has a small range of negative 

contributions for MeOH. 
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Figure 5–8. Pairwise potential contributions for 1-site center of mass (COM) acetonitrile models 

for naïve and MS-CODE observable expressions using a) all FG contributions as well as the b) 

non-zero explicit and implicit FG contributions. 

5.3.3 Uncaptured Variation 

In order to determine if the increased spread in some of the CG observable distributions is a 

result of those observables capturing more configuration-dependent variation, we look at the 

uncaptured variation. First we look at those values in Table 5-1 for the pressure expressions of 

the different methanol models examined earlier. The uncaptured variation for both the naïve and 
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MS-CODE observables is the lowest for the 2-site COM CG model. This result implies that 

pressure is better resolved in COM models than COC models. Also, the broader MS-CODE 

distributions relative to the naïve distributions in Figure 5-1 are indeed a reflection of the fact 

that the MS-CODE pressure expression explains more of the variation in the FG pressure of 1-

site and 2-site COM CG models.  

Table 5-1. Uncaptured variation for the pressure of MeOH using different center of mass (COM) 

and center of charge (COC) mappings (variation measured as standard deviation). The upper 

bound for MS-CODE is the variation of the FG model. 

System Upper Bound Naive MS-CODE 

1-site COM 6.47(9) 6.41(5) 6.38(5) 

2-site COM 6.47(9) 5.40(6) 5.38(2) 

2-site COC 6.47(9) 6.19(9) 6.28(1) 

 

In both of the potential distributions (Figures 5-5 and 5-7), the naïve expression had broader 

distributions than MS-CODE. In order to find out if this is because the naïve expression is 

actually explaining more of the variation in the FG potential, we look at the uncaptured 

variations in Table 5-2. It shows that the uncaptured variation for the naïve expression is actually 

larger than both the MS-CODE and “upper bound” values for both MeOH and acetonitrile. This 

means that the configuration-dependent variation in the naïve CG potential is not correlated with 

the FG potential value; in fact, it appears to be slightly anti-correlated. In contrast, the 

uncaptured variation of the MS-CODE expression is slightly below or at the variational upper 

bound. In this situation, the MS-CODE expression actually does a better job than the naïve 

expression even though the MS-CODE distribution is narrower. It is important to note that this 
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has nothing to do with the one-body value; thus, the average-corrected naïve expressions that one 

would get by applying the approach of Das and Andersen31 and Dunn Noid97 would not be any 

better. 

Table 5-2. Uncaptured variation of the potential of MeOH and acetonitrile 1-site center of mass 

models (variation measured as standard deviation). The upper bound for MS-CODE is the 

variation of the FG model. 

System Upper Bound Naïve MS-CODE 

MeOH 0.71(3) 0.72(3) 0.71(2) 

Acetonitrile 0.61(2) 0.64(6) 0.61(2) 

 
5.3.4 Surface Tension 

To demonstrate the use of an MS-CODE CG expression for one observable to calculate 

another CG observable, we calculate the surface tension of a MeOH liquid slab using the MS-

CODE pressure expressions from bulk. For an interface normal to the z-dimension, the surface 

tension γ  is defined as 

 
		
γ = Lz Pzz −

1
2 Pxx +Pyy( )⎛

⎝⎜
⎞
⎠⎟

 , (5.20) 

where 	Lz is the length of the interface along the z-dimension, 	Pzz  is the normal pressure, and 	Pxx  

and 	
Pyy are the lateral, on-diagonal components of the pressure tensor. The surface tension is 

completely independent from one-body pressure terms since those terms cancel. Thus, the 

surface tension is solely a function of the configuration-dependent parts of the CG pressure 

expression.  
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The surface tension measurements are shown in Table III. The experimental values of 

methanol’s surface tension are between 20 mN/m and 25 mN/m,137-140 while surface tensions 

between 15 mN/m and 20 mN/m have been reported from atomistic simulations.141-143 The FG 

value measured from our simulation is in line with the literature simulation values. Likewise, our 

MS-CODE surface tension value is between the simulation and experimental values. On the 

other hand, the naïve CG surface tension is a very negative, unphysical value. This shows how 

important it is to have a compatible pressure measure at level of CG configurations.  

Table 5-3. Surface tension of MeOH liquid-vapor interface. 

System Surface Tension (mN/m) 

FG 17.(7) 

Naïve -28(8). 

MS-CODE 21.(4) 

 
5.3.5 Size Extensivity 

To demonstrate the use of MS-CODE on a larger system than the size that it was 

parameterized using, we use the CG observable expressions from the 1,000-molecule system on 

an 8,000-molecule system. Figure 5-9 shows the pressure and potential distributions for this 

larger system. As expected from basic thermodynamics,19 the distributions are narrower than 

they were for the smaller systems (Figures 5-1 and 5-5). Again, both the CG observable 

distributions are narrower than the FG distribution. Likewise, the MS-CODE observable is 

centered at the same value as the FG distribution. This shows that the MS-CODE observables are 

applicable to larger systems than the size that it parameterized using. 
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Figure 5-9. Pressure distribution histograms for a system of 8,000 MeOH molecules comparing 

the actual FG observable, the smaller system's naïve CG observable, and the smaller system's 

MS-CODE observable expression for a) pressure and b) potential. 

 
 
5.4 Discussion 

We have shown that MS-CODE CG observable expressions are able to correctly reproduce 

the average FG observable value. In addition, the MS-CODE CG pressure expressions were able 

to explain more the variation in the FG observable value than the naïve or average-corrected31, 97 
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observable expressions for both 1-site and 2-site COM CG MeOH models. In the case of CG 

potential, MS-CODE expressions performed better than the naïve expressions. Since MS-CODE 

expressions are variationally optimized, the will always get the average and will never do worse 

than that. Consequently, the observable are compatible at the level of the ensemble average and 

possibly at higher granularity such as the observable distribution or even the CG configuration.  

A naïve conception of observable representation would be that only explicit contributions 

could be represented by CG observable expressions. However, we showed in Figure 2b that MS-

CODE is capable of capturing implicit contributions that the naïve or average-corrected31, 97 

observable expressions are not able to capture. While some implicit contributions can be 

captured, there is a lower limit to how much variation CG observables can explain. This is the 

variability of an FG observable for a given CG configuration.  One could try to measure this 

using a constraint like the one employed by Davtyan et al.,144 but this is beyond the scope of this 

work. Nonetheless, the use of additional basis sets and iterative refinement84-86 is likely to 

improve the fraction of implicit contributions that can be represented in a configuration-

dependent way. 

All of the naïve CG pressure expressions we examined overestimate the true value, in line 

with what has been anecdotally observed.15, 131 The histograms of the implicit contributions 

(Figures 1b and 3b) showed that the FG observable had large negative contributions that were 

completely missed by the naïve observable. Since these implicit contributions arise from 

intramolecular interactions, we can say that these contributions are from the restoring force of 

the harmonic bonds used. Thus, we have evidence to suggest that the naïve pressure will always 

overestimate the true pressure. 
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It is not as clear what the net trend is for the naïve CG potential. Like for pressure, the naïve 

CG potential does not represent any of the implicit contributions. These implicit contributions 

are very positive because each intramolecular feature has positive contributions to the potential 

energy unless it is at its equilibrium position. However, the naïve CG potential expression also 

missed the general location of the explicit contributions including the average sign. In the cases 

we examined, the excluded volume-type explicit contributions appeared to dominate. However, 

it is hard to know if this is generally true.  

The type of observable histograms used in this chapter can provide information about CG 

model selection. First, it is a natural analog to existing figures of merit for CG models such as 

RDFs and density distributions.91, 133 Also, it can be viewed as a measure for the naïve 

transferability of a given observable. For example, the increased similarity of the naïve CG 

pressure distribution to the FG and MS-CODE distributions for the 2-site COC model indicates 

that the implicit contributions to pressure are of smaller magnitude there, and these implicit 

contributions can be represented as a state-dependent correction to the naïve expression.91 Of 

course, less state-dependence corresponds to increased transferability. In order to construct MS-

CODE expressions with more transferability, one could combine the first order estimates from 

CG sensitivity41 or combine it with a method that captures state-specific variations.31, 97 

Also, we have provided further evidence of the problems that arise when using naïve CG 

observables. Not only did the naïve CG potential miss the implicit contributions, it was actually 

anticorrelated with the FG pressure. Furthermore, the naïve CG surface tension was completely 

unphysical. One can only imagine what the “actual” surface tension is for CG models that claim 

to correctly reproduce the surface tension naïvely and were parameterized based on structural 

properties. Likewise, the “actual” meaning of CG site and structural properties are likely to be 
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unintuitive, if such a connection to physically realizable systems exists, for top-down CG models 

parameterized to reproduce the naïve surface tension. If the observable expressions used to 

parameterize the top-down model were incompatible, then the physical meaning of the model is 

indeterminate. Furthermore, neither MS-CODE nor the relative entropy variance could be 

directly applied to top-down CG models because the observable distributions – let alone the 

observable decompositions – are not available from experiment, which measure ensemble 

averaged quantities.  Also, it is questionable at best if MS-CODE expressions from structure-

based bottom-up CG models would be compatible with an observable-based top-down CG model 

or an indeterminate top-down CG model.  

 In this chapter, we also proposed two related relative entropy approaches. The first aimed to 

reproduce the FG observable at the level of the distribution. It would be interesting to see if this 

approach performed better than MS-CODE did for the histograms we showed. However, 

reproducing the observable distributions does not mean that it will do better than MS-CODE at 

reducing the amount of uncaptured variation (increasing the explained variation). However, if 

one simply wanted to reproduce the FG observable histogram, they could broaden the CG 

distributions by adding in fluctuations that are uncorrelated with the physical FG fluctuations. 

For the second relative entropy approach, the same minimum should be reached as MS-CODE in 

the limit of infinite sampling and basis sets. One possible advantage of the relative entropy 

approach is that one does not require  a per-particle decomposition of a given observable, which 

may make it easier to apply to more observables. Nonetheless, both the relative entropy approach 

and MS-CODE will do better than naïve CG observable or the average-corrected31, 97 expressions 

in the literature. 
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In the literature, much ado has been made about the inability of a bottom-up CG model to 

simultaneously reproduce the RDFs, pressure, and potential.42, 43 In this chapter, we have shown 

how to reproduce any number of FG observables in a bottom-up CG model. In fact, the 

observables that we demonstrated this for were the very same pressure and potential discussed in 

the literature. 

An important extension of the MS-CODE pressure expressions used here is integration with 

the state-dependent terms of Das and Anderson31 and Dunn and Noid.97 This would combine the 

configuration-dependent resolution of MS-CODE with volume-dependent terms that reproduce 

the compressibility and reproduce the average FG pressure at different volumes. This improved 

CG pressure could then be used as the barostat for constant NPT and related simulations. Now, 

the structural properties of CG simulations under constant NPT would be more trustworthy since 

the volume distribution and volume fluctuations would actually reproduce those of a 

corresponding FG system. This could also have big impacts membrane simulations as the zero 

tension conditions required by simplified Canham-Helfrich theory could reliably be obtained.145-

147  

Another CG observable that would be particularly useful to have proper representation for is 

entropy. In particular, scaling relationships have been prosed in the literature between excess 

entropy and the dynamical speed-up of that system.148-150 If one could measure the excess 

entropy locally, one might be able to obtain local speed-up factors that would clarify the different 

timescales present in the CG system. Additionally, one might be able to construct a 

configuration-dependent speed-up factor to effectively relate CG time to FG and experimental 

time. Relatedly, exploration of how the CG potential and pressure behave could have 

connections to work done on R-simple systems and pseudoisomorphs.97, 151, 152 
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The approach discussed in this chapter could also be applied to other bottom-up methods. 

MS-CODE is directly applicable to MS-CG22, 29-40, 153 and g-YBG86, 154, 155 methods. Likewise, 

the relative entropy approaches we discussed are obviously applicable to relative entropy25, 26 

methods. Based on the relative entropy approaches, one could develop an inverse Monte Carlo 

(IMC)131 or iterative Boltzmann inversion (IBI)63 method that inverts the observable distribution 

iteratively to determine the appropriate CG observable expression. 

MS-CODE and its related variants could also be applied to other observables. While we have 

focused on thermodynamic observables here, it could be applied to other CG observables such as 

the net dipole moment and local dielectric constant. The local decompositions used in MS-

CODE allow one to obtain local and even anisotropic properties from these expressions for 

heterogeneous systems.  

 

5.5 Conclusion 

In this chapter, we presented ways to numerically determine CG observable expressions. Our 

approach, MS-CODE, is a general, data efficient, systematically improvable method to 

determine such expressions. We showed that is better than naïve CG observables or the average 

corrected variants31, 97 for the pressure and potential of center of mass CG models. This method 

is able to capture implicit contributions and allows compatible sets of CG observables to be 

constructed.91 

Future work could include the addition of other observables and the further investigation of 

those used here. As discussed, combination of MS-CODE with the work of Das and Anderson31 

and Dunn and Noid.97 Its incorporation into barostats can improve CG NPT, mixed resolution,120, 

121 and adaptive resolution122-124 simulations. Additionally, the investigation of excess entropy 
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and the associated dynamical speed-up could further our understanding of the ways in which 

coarse-graining effects CG dynamics. Also, there is now the ability to investigate CG 

thermodynamics using MS-CODE CG expressions in a way that was not possible before. Of 

course, the implementation of other observables can only improve the applicability of CG 

modeling. 

 
5.6 Appendix A: Derivation of Equation (5.7) 

 For this derivation, we assume that the usual bottom-up consistency equations have been 

satisfied. For multiscale coarse-graining (MS-CG), this implies that 

  

 
		
e
−βU RN( ) ∝ drn∫ δ M rn( )−RN( )e−βU rn( )   (5.21) 

This allows us to define the observable distributions as 

 

		

pFG σ( ) = drnδ o rn( )−σ( )e−βU rn( )∫
drne

−βU rn( )∫
  (5.22) 

and 

 

		

pCG σ( ) = dRN∫ δ O RN( )−σ( )e−βU RN( )

dRN∫ e
−βU RN( )

=
dRN∫ drnδ O RN( )−σ( )δ M rn( )−RN( )e−βU rn( )∫

dRN∫ drnδ M rn( )−RN( )e−βU rn( )∫

 .    (5.23) 

Evaluating the derivative of the relative entropy with respect to basis set coefficient 	k , 
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∂Srel
∂λk

= − dσ∫
pFG σ( )
pCG σ( )

dRNe
−βU RN( )∫

∂δ O RN( )−σ( )
∂λk

dRNe
−βU RN( )∫

 . (5.24) 

Using a derivative trick similar to that in MS-CG I,22 one can change what the derivative is with 

respect to from	λk to σ by recognizing that 

 

			

1
φk R

N( )
∂δ O RN( )−σ( )

∂λk
= −

∂δ O RN( )−σ( )
∂σ

 . (5.25) 

Using this substitution and switching the order of the integrals, 

 

		

∂Srel
∂λk

=

dRNe
−βU RN( )∫ φk R

N( ) dσ∫
pFG σ( )
pCG σ( )

∂δ O RN( )−σ( )
∂σ

dRNe
−βU RN( )∫

 . (5.26) 

Now, one can use integration by parts to transform the σ terms into 

		
dσ∫

pFG σ( )
pCG σ( )

∂δ O RN( )−σ( )
∂σ

=
pFG σ( )
pCG σ( )δ O RN( )−σ( )⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
−∞

+∞

− dσ∫ δ O RN( )−σ( )
∂
pFG σ( )
pCG σ( )
∂σ

 

 

		

= dσ∫
pFG σ( )
pCG σ( )

∂δ O RN( )−σ( )
∂σ

= − ∂
∂σ

pFG σ( )
pCG σ( )

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

σ =O RN( )
 . (5.27) 

after applying the delta condition to the derivative of the ratio of the probabilities. Substituting 

this into Eq. (5.26) and expressing the result as an expectation value over CG variables we obtain 

Eq. (5.7). 
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5.7 Appendix B: Derivation of Equation (5.10) 

 For this derivation, we assume that the usual bottom-up consistency equations have been 

satisfied just as it was in Appendix A. Here, the observable distributions conditional on the CG 

configuration are 

 

			
pFG σ |RN( ) = drnδ o rn( )−σ( )δ M rn( )−RN( )e−βU rn( )∫

drnδ M rn( )−RN( )e−βU rn( )∫
  (5.28) 

and 

  

			
pCG σ |R̂N( ) = dRN∫ δ O RN( )−σ( )δ RN − R̂N( )e−βU RN( )

dRNδ RN − R̂N( )∫ e
−βU RN( ) =δ O R̂N( )−σ( ) .  (5.29) 

Evaluating the derivative of the relative entropy with respect to basis set coefficient 	k , 

 

			

∂Srel
∂λk

= − dσ dRN∫∫
pFG σ |RN( )
pCG σ |RN( )

∂δ O RN( )−σ( )
∂λk

 . (5.30) 

Using a derivative trick similar to that in MS-CG I,22 one can change what the derivative is with 

respect to from	λk to σ by recognizing that 

 

			

1
φk R

N( )
∂δ O RN( )−σ( )

∂λk
= −

∂δ O RN( )−σ( )
∂σ

 . (5.31) 

Using this substitution and switching the order of the integrals, 

 

			

∂Srel
∂λk

= dRN∫ φk R
N( ) dσ∫

pFG σ |RN( )
pCG σ |RN( )

∂δ O RN( )−σ( )
∂σ

 . (5.32) 

Now, one can use integration by parts to transform the σ terms into 
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dσ∫

pFG σ |RN( )
pCG σ |RN( )

∂δ O RN( )−σ( )
∂σ

 

        			
=
pFG σ |RN( )
pCG σ |RN( )δ O RN( )−σ( )

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
−∞

+∞

− dσ∫ δ O RN( )−σ( )
∂
pFG σ |RN( )
pCG σ |RN( )

∂σ
 

 

			
= dσ∫ pFG σ |RN( )∂ln∂σ

pFG σ |RN( )
pCG σ |RN( )

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 . (5.33) 

after applying the delta condition to the derivative of the ratio of the probabilities. Substituting 

this into Eq. (5.32) and expressing the result as an expectation value over CG variables we obtain 

Eq. (5.10). 
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6.Chapter 6 

Introducing Order Parameter Dependent Interactions for Multiscale Coarse-graining 
 
 
6.1 Introduction 

Coarse-grained (CG) models are an attractive alternative to simulating systems with 

atomistic models. Using CG models, one can study the same system at reduced computational 

cost, making it possible to explore longer time- and length-scales than with fine-grained (FG), 

atomistic models.14-18 However, this speed-up possible with CG models is only relevant if the 

CG model can reproduce the behavior of the FG model with sufficient fidelity to study the 

phenomena of interest. 

The CG basis set determines what CG interactions are present in the model, which in turn 

limits how well bottom-up CG models can reproduce mapped FG structures. Pair basis sets are 

sufficient to reproduce an RDF,101 and pair basis sets can reproduce a number of surprising 

structures.156 However, systems such as liquid-vapor interfaces157 and proteins155, 158 cannot be 

adequately described using pair interactions alone.  

Other systems that cannot be described using only pair interactions, such as single-site CG 

models of water, can be improved using three-body interactions.32, 38, 125 While these three-body 

interactions help, they come with dramatically increased computational cost. In systems where 

two-body and three-body basis sets are insufficient, one could continue the many body expansion 

with four-body interactions, etc.; however, the computational cost would soon be prohibitively 

expensive. 

Instead of continuing the many-body expansion, some researchers have jumped directly to 

the N-body term: Density. Density interactions have been used in CG models ions with implicit 

solvent,58, 59, 102 polymers with implicit solvent,133 models of explosive materials,60, 159, 160 and 
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many-body dissipative particle dynamics.161-165 When correctly implemented, local density 

interactions can be faster to compute than three-body interactions since density scales a constant 

multiple of pair interactions while three-body require an additional nested neighbor search. Other 

researchers have introduced explicit dependence on state variables43, 56, 96 such as the system 

volume,31, 97, 130, 166 is isomorphic with local density. While these models have been successful, 

these works do not give any indication of what to do if these interactions are insufficient on their 

own. 

Thankfully, there is a smarter way to think about adding interactions. For a long time, 

researchers have used order parameters (OPs) or collective variables (CVs) to describe 

phenomena. We mean OPs in the most general sense possible. This includes the different 

physical meanings ascribed to reaction coordinates,167, 168 liquid crystal OPs,169 the local 

Steinhardt OPs,93, 170-173 characterizations of the glass transition,174, 175 and the countless CVs 

used in enhanced sampling methods.176, 177 These OPs describe the phenomena in an intuitive 

way that has direct physical meaning. When the behavior can clearly be grouped into different 

states, the ultra-coarse-graining (UCG) approach can be used.90, 153, 178 More generally, however, 

one may wish to determine additional interactions that do not depend on a discrete number of 

states. 

In this chapter, we introduce new interactions into the multiscale coarse-graining (MS-CG)22, 

29-40 methodology that depend on an arbitrary OP. These new interactions do not depend on state 

definitions. Additionally, the forces include the appropriate derivatives with respect to the OP 

needed to correspond a physical potential. The coupling between the usual pair distances and the 

OP can be either additive or multiplicative, depending on the physical meaning of the derivatives 

and the complexity necessary to capture the desired phenomena of interest. 
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MS-CG is a bottom-up CG method that seeks to approximate the many-body potential of 

mean force (PMF). It converges to the same result as other bottom-up CG methods such as 

iterative Boltzmann Inversion (IBI),63 inverse Monte Carlo (IMC),179 relative entropy (RE),26 and 

generalized Yvon−Born−Green (g-YBG)66, 67 in the limit of infinite sampling and infinite basis 

set.25, 28 However, the limited nature of practical basis sets motivates us to choose a method that 

is data efficient such as MS-CG.41 Additionally, MS-CG is non-iterative because it usually used 

with basis sets that are linearly dependent on the coefficients to be optimized.  

The rest of the chapter is structured as follows: In Section 2, we define different classes of 

OPs and formulate basis sets for both additive and multiplicative OP couplings. In Section 3, we 

present the results of applying local density as an additive local OP as well as distance from a 

wall as an additive global OP to methanol and acetonitrile systems. In Section 4, we discuss the 

implications of the results presented in Section 3. In Section 5, we provide conclusions. 

 
6.2 Theory and Methods 

OPs can be divided into three major categories based on the locality of the particles needed to 

compute them. First, local OPs only depend on particles in the neighborhood of interest. 

Examples of local OPs include local density,174, 175, 180, 181 the Steinhardt OPs,93, 170-173, 176 and 

nearby bonds or particles. Second, molecular OPs depend on particles within the same molecule 

regardless of how far apart these particles are. Examples of molecular OPs include the radius of 

gyration, end-to-end distance, and fraction of secondary structure.112, 113, 182 Third, global OPs 

depend on a specific reference that is fixed relative to the individual motions of CG particles. An 

example of a global OP is the distance from a hard-wall such as an electrode. 
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In order to understand how OP might be incorporated into MS-CG, it is necessary to briefly 

summarize how basis sets are determined. In MS-CG, the CG interaction potential 
		
UCG R

N( )  is 

the sum of basis functions 
		
φi R

N( )  multiplied by their coefficients 	λi :  

 
			
UCG R

N( ) = λiφi R
N( )

i=1

B

∑  , (6.1)  

where 		RN  is set the CG positions that are related to the FG positions 		rn  through the mapping 

operator 	M  and 	i  runs through all 	B  position-dependent basis functions. The force on CG site 

	k , 	
FCG Rk( ) , is then  

 
			
FCG Rk( ) = −∇kUCG R

N( ) = − λi
dφi R

N( )
dRki=1

B

∑ = − λi
dφi R

N( )
dR lml ,m

∑
i=1

B

∑ R̂ lm δ lk −δmk( )  , (6.2) 

where δ  is the Kronecker delta and			R̂ lm  is the unit vector between CG sites 	l  and 	m . The 

coefficients are determined by variationally minimizing the objective function 	χ
2 , which is the 

normalized sum of squared differences between the mapped FG forces and the CG forces.  

Including dependence on an order parameter 	P  in the CG potential introduces an extra layer 

of complexity. Essentially, there are two ways to decompose this extra dependence that maintain 

the linear dependence of the coefficients on the basis functions. 

6.2.1 Additive Basis Sets 

One way to decompose this extra dependence is to assume that the OP-dependent terms are 

additive with the usual (i.e., pair) terms, meaning that the potentials are completely separate. The 

CG interaction potential with an additive OP dependence is   
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UCG R

N ,PM( ) =UCG ,pair R
N( )+UCG ,OP P

M( ) = λiφi R
N( )

i=1

B

∑ + µ jϕ j P
M( )

j=1

C

∑ ,  (6.3) 

where 		PM  is the set of 	M  OPs that can be calculated for the system, 	
ϕ j is a basis function that 

depends only on the order parameters, 	
µ j  is the corresponding undetermined coefficient 

analogous to 	λi , and 	j  runs through all 	C OP-dependent basis functions. The corresponding 

force is 

 
			
FCG Rk( ) = − λi

dφi R
N( )

dR lml ,m
∑

i=1

B

∑ R̂ lm δ lk −δmk( )− µi
dϕi P

M( )
dPjj=1

M

∑
dPj
dR lml ,m

∑
i=1

C

∑ R̂ lm δ lk −δmk( ) .  (6.4) 

As expected, the usual forces act separately from the OP-dependent forces. 

In order for the OP-dependent part of this interaction to be physically meaningful, the 

derivatives with respect to CG sites in the definition of the OP must be physically meaningful. 

For example, density, a local OP, has derivatives that are local and make sense in terms of how 

one would describe a particle move to a different OP value. In contrast, a molecular OP such as 

the radius of gyration only gives derivatives that act relative to the center of mass of the 

molecule. Here, the molecule will expand or contract, but not necessarily in a physically 

reasonable way. 

 
6.2.2 Multiplicative Basis Sets 

Another way to decompose this extra dependence is to assume that the OP-dependent basis 

sets are multiplicatively coupled with the usual basis sets, meaning that the potentials are 
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multiplied by each other but are independent in a statistical sense. The CG interaction potential 

with a multiplicative OP dependence is   

			
UCG R

N ,PM( ) =UCG ,pair R
N( )*UCG ,OP P

M( ) = λiφi R
N( )

i=1

B

∑ * µ jϕ j P
M( )

j=1

C

∑ = α ijφi R
N( )ϕ j P

M( )
i , j

B ,C

∑   (6.5) 

where 	
α ij = λiµ j . This composite coefficient 	

α ij  is what would be determined through MS-CG. 

The corresponding force is 

 

			
FCG Rk( ) = − α ij

dφi R
N( )

dR lm

ϕ j P
M( )+φi RN( )dϕ j P

M( )
dPp

dPp
dR lm

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟p=1

M

∑
l ,m
∑

i , j

B ,C

∑ R̂ lm δ lk −δmk( )   (6.6) 

Here, the force from the derivative of the usual basis sets is modified by the OP-dependent basis 

set and visa versa. This intimate coupling means that completely new sorts of interactions are 

possible here. However, this coupling also means that one needs to be careful about the how both 

the basis sets and their derivatives behave in order to keep the computational costs of evaluating 

such interactions under control. There are three primary assumptions about where position-OP 

basis set products could be non-zero, which correspond to different cutoffs for this coupling.  

At one extreme, all possible products could be evaluated. This Cartesian product corresponds 

to a cutoff of half the box length. It is the most expensive to calculate and is unlikely to be 

physically meaningful because there is a certain non-locality to this coupling that is not 

motivated by the definition of the OP itself.  

Another option is to only consider position-OP basis set products if there exist particles 

involved in each basis set that are within a finite distance. This implements a certain locality to 

the coupling. Nonetheless, it is likely to only be computationally worthwhile if this coupling 
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cutoff is shorter than the usual pair cutoff. This type of interaction could be used to capture 

changes in solvation structure near a molecule or a wall.  

At the other extreme, one could only consider position-OP basis set products if the position 

and OP basis sets have a particle in common. This “specific” interaction corresponds to a 

coupling cutoff of 0. A special case of this interaction is coupling two pair interactions 

multiplicatively, which could simplify to be the sort of three-body interaction used in MS-CG 

IX.32 Also, this sort of interaction could be used to couple a molecular OP with nearby solvent 

particles to capture very local changes in solvation.  

To make sure that the multiplicative position-OP coupling is computationally worthwhile, 

there are some consideration that need to be taken into account. For example, one should make 

sure that the phenomena are not adequately described using a cheaper interaction such as an 

additive OP. Also, it is important to avoid situations where the multiplicative coupling could lead 

to both terms in Eq. (6.6) acting in the same way. For example, coupling pair and density 

interactions could create forces from pair derivatives that are modulated by the density basis and 

density derivatives that are modulated by the pair basis. Both of these contributions modify 

pairwise forces based on the density, but in slightly different ways. Thus, it is possible that the 

fitting may not be properly constrained and could lead to bad CG interactions. 

 
6.2.3 Order Parameters Used In This Chapter 

For our first exploration of OP-dependent basis functions, we will focus on the 

computationally cheaper additive basis set formulation. As discussed above, we believe that 

additive local and global OPs can improve on pair-only interactions through the introduction of 

physically meaningful OP-dependent interactions.  
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Local Density 
The local density ρ  at CG site 	I  is the sum weight function contributions from neighboring 

CG sites: 

 
	
ρAB RI( ) = mJwAB RIJ( )

I≠ J∈B
∑  , (6.7) 

where the A and B refer to groups of CG sites, I is in the group A, and 	
mJ is the density weight 

of CG site J. Here, there is the ability to distinguish between where the density is calculated 

(group A) and what contributes to that density (group B). Also, the density weight allows for 

different types of densities such as number (	m=1), mass (	m= mass), and charge (	m= charge) 

densities. In this chapter, we will only use number density, which is would give the same net 

interactions as mass density for our 1-site CG models. 

 The force for this additive-density interaction on CG site 	k  is  

			
FCG Rk( ) = − λi

dφi R
N( )

dR lml ,m
∑

i=1

B

∑ R̂ lm δ lk −δmk( )− µi
dϕi ρ

M( )
dρAB Rl( )l∈A

N

∑
A ,B

A ,B{ }
∑ mq

dwAB R lq( )
dR lql≠q∈B

∑
i=1

C

∑ R̂ lq δ lk −δqk( )
 

, (6.8) 

where 		 A ,B{ }  is the set of all possible combinations of A and B groups that define the different 

densities calculated at CG site 	l . It is important to note that the density-dependent part of this 

force is a combination of contributions from the densities calculated at CG site 	k and from CG 

site 	k ’s contribution to the densities calculated at nearby CG sites. Using definitions of the A 

and B groups in Eqs. (6.7) and (6.8), one can effectively control whether a CG site’s density-

dependent force is from only densities calculated at other CG sites, densities calculated at its 

location, both other CG sites and its location, or even if it has no density-dependent force at all. 
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With this control, one can tune both the data requirements to fit these interactions and the 

computational cost of those interactions. Regardless of how many different densities are 

calculated, this interaction can be evaluated with only two passes through the neighbor lists: first 

calculate the density at each CG site, and then calculate contributions to the force. This means 

that these interactions should scale as well as pair interactions, albeit with a bigger prefactor. 

For the weight function, we use the Lucy function popularized through its use in smooth 

particle hydrodynamics (SPH):183 184  

 		wAB(RIJ )= RAB ,C −RIJ( )3 RAB ,C +3RIJ( )/RAB ,C4  , (6.9) 

where 	RC  is the weight function’s cutoff. This weight function is computationally cheap to 

evaluate, goes to zero at the cutoff, and its derivative goes to zero at the cutoff by construction. 

The weight function’s length scale is based on the cutoff value. If the weight function cutoff is 

taken to be same as the pair CG cutoff as it is in this work, then there are effectively no free 

parameters.  

For methods that calculate a truly local density such as our approach and that of Sanyal and 

Shell,133 the weight function used to calculate density is of critical importance. The weight 

function derivatives control where significant non-zero forces can be. For local density as an 

additive OP, these derivatives are only the manifestation of density-dependence. There are three 

general groups of weight functions: step, switching, and continuously varying. 

The most intuitive option is a step function because it directly corresponds to the binned 

density N/V. However, a step function is actually a very bad choice for an additive OP because it 

has a discontinuous derivative and is zero elsewhere, which means that it would not produce any 

finite forces.  
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Another option is a steep switching function, which is a continuous approximation of a step 

function. Sanyal and Shell133 employed such a switching function that was computationally 

cheap and had continuous derivatives everywhere, including at the cutoff. One issue with this 

choice is that the weight function derivatives and thus the forces are only significantly non-zero 

is the small window where the weight function switches. In the polymer system studied by 

Sanyal and Shell,133 this worked out because the polymer almost always had a bead in the zone 

where the switching function derivatives were significantly non-zero that could transmit the 

density-dependent forces to the rest of the polymer through its bonds. More generally, however, 

this narrow of zone of significantly non-zero forces is not guaranteed to produce physically 

reasonable results. CG sites closer than this zone and CG sites outside of this zone do not feel 

any significant forces from this density-dependent interaction, meaning that only CG sites within 

this zone are directly affected. 

In contrast, continuously varying weight functions such as a Gaussian or the Lucy function 

used in this study have significant non-zero derivatives everywhere between 0 and the cutoff. 

They can also be set-up so that they go to zero and have a derivative that go to zero at the cutoff. 

In our opinion, this type of switching function is the most physically reasonable choice for 

additive density-dependent interactions because all CG sites within the weight function cutoff 

can feel significant non-zero forces. This sort of analysis also applies to other additive OP 

interactions: The most physically reasonable definition for additive OPs will have significantly 

non-zero derivatives everywhere inside their cutoff.  

 Now that we have presented our approach to local density and justifications for that choice, 

comparisons can be made with other approaches in the literature. As was noted by Sanyal and 

Shell,133 the approaches of Allen and Rutledge’s58, 59, 102density dependent implicit solvent model 
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and Izvekov et al.’s60, 159, 160 density-modulated pair potentials are derived from several systems 

at different global densities that are then used to determine interactions at local densities. In 

particular, the interpolation between densities used by Izvekov et al.60, 159, 160 does not include the 

density derivative that would be required for the sort of interactions we described above. Both of 

these approaches are in contrast to truly local densities used determine the density-dependent 

interactions by us and Sanyal and Shell.133 

With that being said for additive OPs, the same is not true for multiplicative OPs. Due to the 

coupling between the usual (i.e., pair) basis sets and the OP-dependent basis set, it is probably 

better if the OP has limited derivatives since it will still be able to modify the usual basis sets 

without encountering the issue mentioned in Section 6.2.B. For local density, this means that 

relatively steep switching functions like that used in a recent UCG paper178 are probably the most 

reasonable choice for a multiplicative OP-dependent basis set. 

In addition to the weight function advantage, our approach has other advantages over the 

relative entropy approach.133 As mentioned before, MS-CG is more data efficient, local, and 

designed to be non-iterative. These mean that MS-CG could be parameterized with relatively less 

FG data and no need for any CG simulation. Additionally, extrapolation like that discussed in 

MS-CG X34 can be applied as opposed to simply setting the interaction or potential to 0 outside 

of the sampled region.133 

Distance from a Wall 
The distance from a hard wall is a global OP since each CG site’s OP value is with respect to 

the same reference. If we assume that the wall is in the xy-plane, then its position can be 

characterized by a z-value 		z0 . Then, the OP value for CG site 	I  with respect to the wall is 

simply 		zI0 = zI − z0 . The corresponding force is 
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F Rk( ) = − λi

dφi R
N( )

dR lml ,m
∑

i=1

B

∑ R̂ lm δ lk −δmk( )− µi
dϕi z0k( )
z0ki=1

C

∑ ẑ0k ,  (6.10) 

where the OP-dependent force only acts in the z-direction. A cutoff is implemented for this 

interaction since it is expected to help reproduce structures near the wall that differ from bulk. 

Obviously, the OP-dependent force can be implemented cheaply with a simply loop through all 

CG sites. 

6.2.4 Simulation and Fitting Details 

Molecular dynamics (MD) simulations were performed using all-atom (AA) models of 

methanol (MeOH) and acetonitrile in LAMMPS.71, 73 The interactions for both molecules were 

taken from the OPLS AA force field.74, 136 Short-ranged non-bonded interactions were evaluated 

using Lennard-Jones (LJ) interactions with a radial cutoff of 10 A. Electrostatics were evaluated 

using particle-particle particle-mesh (PPPM). The AA time step was 1 fs.  

 Before creating the AA interface systems studied in this chapter, bulk systems of pure 

acetonitrile and pure methanol each containing 1,000 molecules were created and equilibrated. 

The box size was determined by averaging the last 2 ns of a 5 ns-long simulation at constant 

NPT at 1 atm and 300 K. The bulk system was then further equilibrated for 2 ns at constant NVT 

at 300K.  

The AA (i.e., FG) liquid-vapor system was created by expanding the box 40 A in the z-

dimension without rescaling the coordinates. This system was equilibrated for an additional 2 ns 

at constant NVT at 300 K. Finally, FG frames were sampled every 250 fs for 2 ns at constant 

NVT at 300K.   

The AA acetonitrile system confined by a hard wall was created by deleting molecules from 

the bulk simulation that were within 2.5 A of the edge of the box in the z-dimension. Then hard 
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walls were added at the maximum and minimum z-values to make the system non-periodic. 

These hard walls interacted with the acetonitrile atoms through Weeks-Chandler-Andersen 

(WCA)185 interactions with σ = 2.00452 A and corresponding cutoff of 2.25 A. The system with 

the hard walls was allowed to equilibrated for 2 ns at constant NVT at 300 K before FG frames 

were sampled every 250 fs for the next 2 ns at constant NVT at 300K. 

Each system was mapped to a 1-site, center of mass (COM) model. CG interactions were 

determined using the MS-CG force matching (FM) code. All CG interactions had a cutoff of 10 

A. For MeOH, pair interactions were fit using sixth order B-splines with a binwidth of 0.6 A and 

density interactions were fit using fourth order B-splines with a binwidth of 0.5 density units 

using a Lucy weight function with a cutoff of 10 A. For acetonitrile, pair interactions were fit 

using fourth order B-splines with a binwidth of 0.2 A and density interactions were fit using 

fourth order B-splines with a binwidth of 0.5 density units using a Lucy weight function with a 

cutoff of 10 A. In the acetonitrile-wall system, the CG wall interactions were determined by 

subtracting out the CG pair and density interactions before using a custom version of the FM 

code to fit interactions only in the z-dimension with fourth order B-splines using a binwidth of 

0.1 A. 

CG MD simulations were also performed using LAMMPS. Starting configurations were 

created by mapping an FG configuration. The CG system was equilibrated for 1x106 steps at 

constant NVT at 300 K before a 2x106 step production run. Frames were sampled from the 

production run every 250 CG steps.  
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6.3 Results 

6.3.1 MeOH Liquid-Vapor Interface 

Previous researchers have established and studied the ability of AA MeOH models to form a 

liquid-vapor interface in agreement with experimental values.142, 143, 186-189 In contrast, the only 

study that looked at the ability of a CG MeOH model to form a liquid-vapor interface found that 

pair interactions were not adequate to structurally reproduce the FG (i.e., AA) model from which 

it was derived.157 Thus, we start by investigating if additive local density CG interactions can 

improve the agreement between FG and CG MeOH liquid-vapor interfaces.  

Figure 6-1 shows the how the different 1-site CG MeOH models perform at reproducing the 

FG MeOH liquid-vapor interface’s radial distribution function (RDF), profile across the 

interface, and density distribution. As expected, the CG model with only a pair interaction is 

insufficient to reproduce the key features of this interface. While the pair CG model does a 

decent job of reproducing the mapped FG RDF, the density distribution is much too broad 

skewing to the left and the most probable density value is too high relative to the mapped FG 

distribution.  Using pair and density interactions that were fit simultaneously, the (pair + density) 

CG model does an impeccable of reproducing the FG profile. Additionally, it almost perfectly 

reproduces the density distribution, and the reproduction of the mapped FG RDF is no worse 

than the pair CG model. To make sure that this is not simply from the density interactions, we 

made a CG model with only density interactions. It gives virtually no structure in the RDF or 

profile, and it is not even close to getting the density distribution close. So, clearly the 

combination of pair interactions with the additive local density-dependent interaction is 

necessary to reproduce the mapped FG MeOH liquid-vapor interface well. 
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Figure 6–1 - Comparison of the a) radial distribution function (RDF), b) density profile across 

the liquid-vapor interface, and c) density distribution (as measured using the Lucy weight 

function with a cutoff of 10 A) of the mapped FG system against CG models with pair, density, 

and pair + density CG interactions for 1-site MeOH liquid-vapor system. 

 Now, we look at the different CG interactions, shown in Figure 6-2, to investigate how these 

models are different. The pair potential from the pair CG model most closely resembles that 

which would be obtained from Boltzmann inversion of the RDF. Likewise, the density potential 

from the density CG model generally resembles what would be obtained from Boltzmann 

inversion of the density distribution. The pair potential from the pair CG model is uniformly 

more attractive than that from bulk. This suggests that the more favorable pair interaction from 

the pair CG model is trying to represent the cohesion necessary to create a liquid phase. For the 

pair and density CG model, this is taken care of by the density interactions. Surprisingly, the pair 

potential from the pair and density CG model closely resembles the CG pair potential from bulk. 

This similarity suggests that the addition of the additive density interactions improved the naive 

transferability of the pair interaction. 
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Figure 6–2 – Comparison of the a) pair CG potentials and b) density CG potentials between 1-

site MeOH CG models employing MS-CG pair, density, and pair + density CG potentials for the 

MeOH liquid-vapor system. The MS-CG pair CG potential from bulk MeOH and the Boltzmann 

inverted CG pair and density potentials for the MeOH liquid-vapor system are also shown. 

6.3.2 Acetonitrile Liquid-Vapor Interface 

Next, we turn our attention to acetonitrile, a molecule with a stronger dipole moment than 

MeOH. The effects of this stronger dipole on the liquid structure should be more challenging to 

capture using a 1-site CG model. In the literature, it appears that there is limited FG simulation 
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of its bulk structure190-192 and limited CG simulation using united atom (UA), 3-site CG 

models,193-196 but no reports of a bulk 1-site CG model for acetonitrile. So, we begin by creating 

a 1-site COM CG model for acetonitrile. The RDF and density distribution for bulk 1-site CG 

acetonitrile are shown in the Appendix, and the pair interaction from this CG model will be use 

for comparison later. 

 Figure 6-3 shows the how the different 1-site CG acetonitrile models perform at reproducing 

the FG acetonitrile liquid-vapor interface’s RDF, profile across the interface, and density 

distribution. First, it is worth noting that mapped acetonitrile has a less concentrated liquid phase 

than MeOH in terms of COM density (comparing Figure 6-1c and Figure 6-3c). Also, the first 

peak in the acetonitrile COM RDF is further out than it is in MeOH’s COM RDF. Instead, the 

acetonitrile COM RDF has a pronounced shoulder before the first peak. 

 Looking at the CG models, neither the pair CG interaction nor the density CG interaction is 

sufficient to create an interface at all. Correspondingly, both models have density distributions 

that are significantly shifted to the left. However, the pair CG RDF at least has the same features 

as the mapped FG RDF. The pair and density CG model is the only one that creates a liquid-

vapor interface at all. That being said, the CG liquid phase is slightly too dense which shifts the 

density distribution towards higher densities, widens the vapor phase, and the make RDF 

systematically too high. Nonetheless, the pair and density CG model has the correct features and 

shape in both the RDF and the density distribution. Here, the supplementation of the pair 

interactions with an additive density interaction makes it possible to create an interface that is 

qualitatively correct and would have otherwise been impossible to attempt with a CG model. 
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Figure 6–3 - Comparison of the a) radial distribution function (RDF), b) density profile across 

the liquid-vapor interface, and c) density distribution (as measured using the Lucy weight 

function with a cutoff of 10 A) of the mapped FG system against CG models with pair, density, 

and pair + density CG interactions for 1-site acetonitrile liquid-vapor system. 

Figure 6-4 shows the CG interactions for the acetonitrile liquid-vapor system. Unlike the 

MeOH liquid-vapor interface system, the potentials from Boltzmann inversion do not 

particularly resemble any of the MS-CG potentials. Additionally, the pair potential from the pair 

and density CG model does not resemble the bulk pair potential. Instead, the pair and density CG 

model is significantly more attractive than the pair CG model for both the liquid-vapor and bulk 

systems. Likewise, the density potential from the pair and density CG model is more attractive 

than that from the density CG model. Here, it seems that both the pair and density interactions 

are needed to make the CG model attractive enough to create an interface. 
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Figure 6–4 - Comparison of the a) pair CG potentials and b) density CG potentials between 1-

site acetonitrile CG models employing MS-CG pair, density, and pair + density CG potentials for 

the acetonitrile liquid-vapor system. The MS-CG pair CG potential from bulk acetonitrile and the 

Boltzmann inverted CG pair and density potentials for the acetonitrile liquid-vapor system are 

also shown. 

6.3.3 Acetonitrile Liquid-Wall Interface 

Another type of interface is a liquid-solid interface. For the purposes of demonstration, we of 

choose to represent the solid by hard walls that confine acetonitrile liquid. The structural 
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properties of the different models for this system are shown in Figure 6-5. The z-profiles for the 

AA system is a very strongly peaked 1.5 A away from the walls with less pronounced, boarder 

peaks at 3 A, 5 A, and 10 A away from the walls.  

The CG sites for all of the systems in Figure 6-5 have the same interaction with wall as the 

FG sites did.  The CG model with only a density interaction once again fails to get the RDF and 

even has a bimodal density distribution, which corresponds to the peak closest to the walls and 

the density in the middle of the z-profile. The pair CG model has an RDF and a density 

distribution that is slightly too high. It also has the peak closest to the wall, but it has too high of 

a density in the middle of the z-profile. The pair and density CG model improves on the pair CG 

model’s RDF by decreasing its intensity at intermediate distances, which is reflected by an 

improved density distribution. Likewise, the z pair and density CG model improves on the pair 

CG model with a density in the middle of the z-profile that is closer to the mapped FG value. 

Additionally, the pair and density CG model seems to have the features at 5 A and 10 A that 

were not captured by any of the CG models. 

 

Figure 6–5 - Comparison of the a) radial distribution function (RDF), b) density profile (full-

profile inset), and c) density distribution (as measured using the Lucy weight function with a 

cutoff of 10 A) of the mapped FG system against CG models with pair, density, and pair + 

density CG interactions for 1-site acetonitrile confined by two hard walls. In this figure, the walls 
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have the same WCA interaction with the CG sites as they did with the atoms in the FG (i.e., AA) 

system. 

 Looking at the corresponding CG potentials, Figure 6-6 shows that all of the MS-CG pair 

potentials for the wall system are all more attractive than for the bulk. They are also very 

different than the Boltzmann inversion interaction. In keeping with the behavior observed for the 

acetonitrile liquid-vapor system, the pair and density CG model once again improves on the pair 

CG model with an interaction that more attractive overall. Likewise, the density interaction from 

the pair and density CG model is more attractive than the density interactions from both the 

density CG model and Boltzmann inversion. 

 

Figure 6–6 - Comparison of the a) pair CG potentials and b) density CG potentials between 1-

site acetonitrile CG models employing MS-CG pair, density, and pair + density CG potentials for 

acetonitrile confined by two hard walls. These potentials are the same for both types of wall 

interactions. The MS-CG pair CG interaction from bulk acetonitrile and the Boltzmann inverted 

CG pair and density potentials for acetonitrile confined by hard walls are also shown. c) 

Comparison of the WCA hard wall and MS-CG (global OP) wall potentials. 
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 For the acetonitrile-wall system, it is also possible to introduce a global OP in the form of 

MS-CG interactions for the wall. The MS-CG interaction for the wall is compared with the WCA 

interaction from the FG model in Figure 6-6c. While the WCA interaction was purely repulsive, 

the MS-CG wall interaction has wells corresponding to the peaks in the FG z-profile seen at 1.5 

A and 3 A from the wall.  

The behavior of the CG models using the MS-CG wall interaction is shown in Figure 6-7. 

The RDFs are largely the same between Figure 6-5a and Figure 6-7a, which is expected since 

none of the other interactions changed. However, the MS-CG wall interaction appears to shift the 

density distributions for pair CG and pair and density CG models to slightly higher density. This 

is likely because of the attractive wells in the MS-CG wall interaction. For the pair and density 

CG model, the MS-CG wall interaction seems to make the z-profile worse by making the 

features that were already captured by that model in Figure 6-5b over-pronounced in Figure 6-

7b. However, the MS-CG wall does make the z-profile for the pair CG model better in Figure 6-

7b than it was in Figure 6-5b. Specifically, MS-CG wall makes it possible for pair CG model to 

have a pronounced feature at 3 A. 

 

Figure 6–7 - Comparison of the a) radial distribution function (RDF), b) density profile (full 

profile inset), and c) density distribution (as measured using the Lucy weight function with a 

cutoff of 10 A) of the mapped FG system against CG models with pair, density, and pair + 
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density CG interactions for 1-site acetonitrile confined by two hard walls. In this figure, the wall 

interaction with CG sites was determined using MS-CG. 

6.3.4 Timing 

Now that we have shown that additive local and global OP interactions improve pair MS-CG 

models, it worth commenting on the computational cost of these interactions. The speed-up 

factors for the CG models relative to the FG model are shown for MeOH in Table 6-1. 

Combining an additive local OP (i.e., density) CG interaction with a pair CG interaction speeds 

up the evaluation of each frame by 22 times. Given that the properties in Figure 6-1 can still be 

obtained with a 10 fs time step, the total speed-up factor is 210. While a speed-up of around 730 

is possible using only pair CG interactions, the speedup is meaningless since that model does not 

get the interface profile correct. The computational cost of the global OP (i.e. MS-CG wall) is 

essentially zero because each MS-CG wall is equivalent to adding one more CG site that has half 

of the usual interactions. So, significant speed-ups over FG models of more than 200 times are 

still possible for the systems studied here. Higher speed-ups would, of course, be possible for 

systems where more degrees of freedom are eliminated in the creation of the CG model.  

Table 6-1. Computational Speed-up Relative to FG MeOH 

 

 

 
 

 
 
 
 
 

CG Interactions (CG time step) Speed-up  factor 
Pair (1 fs) 95 
Pair (10 fs) 730 
Pair + Density (1 fs) 22 
Pair + Density (10 fs) 210 
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6.4 Discussion 

The inclusion of the additive OP-dependent interactions explored in this chapter clearly 

improved the structural reproduction of the CG models as compared to pair-only CG models. For 

the MeOH liquid-vapor system, the pair and density (additive local OP) CG model was able 

reproduce the structural properties extremely well. For the acetonitrile systems (Figures 6-3 

through 6-6), the pair and density CG models were able to capture features that the pair only CG 

model could not. Likewise, adding the MS-CG wall interaction to the pair CG model allowed it 

to reproduce an extra feature in the acetonitrile-wall system. Overall, these additive OP-

dependent interactions extend the ability of CG models to reproduce structural features in 

interfacial systems. 

 A direct extension of these results would the application of local density interactions for 

other systems. One obvious choice would be liquid-liquid interfaces. Using the ability to 

selectively define groups that interact, one component could interact with density of its own 

kind, density of the other component, or both. Also, the local density interactions could be used 

in solvent-free models.  

Also, the ability of the CG models to better describe interfacial system through the 

introduction of OP-dependent interaction makes it all the more important to have CG 

observables that properly correspond to experiment. While properties such as pressure, 

compressibility, and interfacial tension are important observables to measure in interfacial 

systems,130 it is becoming more important to have a complete set of compatible observables that 

can be used to simultaneously measure additional CG observables.91 

Even with just the OPs used in this work, there is possible room for improvement. The two 

signs of this are the overcorrection of the pair and density CG model for density distribution of 
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the acetonitrile liquid-vapor interface and the fact that combining the additive density and MS-

CG wall interactions did not perform better than either separately. Perhaps, the iterative MS-

CG84-86 methods could be used to refine the combination of pair and OP interactions.  

Nonetheless, the successful inclusion of OP-dependent interactions in MS-CG suggests that 

OP-dependent interactions could be included in other bottom-up methods. The similarity 

between MS-CG and g-YBG makes it trivial to include in g-YBG.66, 67 In our results, we showed 

a Boltzmann inversion of the density distribution. Presumably the distribution of OP-value could 

inverted to get an OP-dependent potential that is updated with a rule that is similar to that for the 

pair potential to make an IBI or IMC version of this approach.63, 179 The already existing density-

dependent interaction in relative entropy is good guide of how other OP-dependent interactions 

could be included there.26, 133 

However, the extension of this approach to top-down methods is not nearly as clear. To start, 

there is limited experimental data that can be used to fit interactions. Thus, fitting additional 

interactions such as OP-dependent interactions would require additional types of experimental 

data, which is obviously not available for most or even all materials. Moreover, experiments 

measure ensemble quantities, which makes it even harder to get OP-specific details that would 

be used to parameterize and validate such a model. What is more, it becomes even more unclear 

as to the appropriate observable expressions that should be used with such models.43 

These results have implications for the transferability of CG models. For the MeOH liquid-

vapor interface, the pair potential for the pair and density CG model very closely resembled the 

pair CG potential for bulk MeOH. However, this was not true for any of the other systems. It is 

possible that when an additive OP-dependent interaction makes it possible for the CG model to 

reproduce the structural properties of the mapped FG system, it removes the sensitivity of the 
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pair interaction to changes along that OP; thus, the pair interaction would be transferable across 

that OP in the naïve sense. This would be an interesting hypothesis to test either through 

additional coarse-graining or through the calculation of the CG sensitivity to the OP. 41 Even if 

the sensitivity is not zero, the range where the pair potential is transferable can be further 

extended using the first order correct from the aforementioned sensitivity calculation. 

 
6.5 Conclusion 

     In this chapter, we presented a way to include OP-dependent interactions into MS-CG 

models. We find that the introduction of additive OP CG interactions made it possible to capture 

features that were not described using the usual pair CG interactions alone. This suggests that the 

structural reproduction of FG models can be improved through the introduction of these OPs and 

others. Additionally, we discussed how these OP-dependent interactions could be incorporated in 

other bottom-up CG methods, but it is less obvious how top-down CG methods could benefit 

from this approach. It seems that it may be possible to improve the naïve transferability of pair 

CG interactions with the addition of carefully selected and system-motivated OP-dependent 

interactions. With the increasing ability of CG models to reproduce structure, it is becoming 

more important to have good CG observables that correspond to experiment. 

Future work could explore other additive OPs and even multiplicative OPs. For example, 

additive Steinhardt,93, 170-173 additive liquid crystal169, and additive spherical harmonic93 OPs are 

worth testing in systems where there is clear ordering in the mapped structure of liquids and 

ionic melts.197 Additionally, these additive local OPs could make it possible to study nucleation, 

crystallization, melting, and other such phenomena that occur at liquid-solid interfaces with CG 

models.198 On the other hand, multiplicative molecular OPs such as the radius of gyration are a 

promising choice for improving the behavior of both solvent-free CG protein models155 and the 
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solvation structure around CG protein models.199 Additionally, it would interesting to see if 

multiplicative local OPs such as local density using a switching weight function could improve 

on our results for the acetonitrile system. Multiplicative global OPs such as the distance from an 

electrode could be an interested approach to capturing the variation in effective screening from 

double layers and other features found in batteries and fuel cells.200-202 
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6.6 Appendix: 1-Site CG Model Of Acetonitrile 

 

Figure 6–8. Comparison of the a) radial distribution function (RDF) b) density distribution (as 

measured using the Lucy weight function with a cutoff of 10 A) of the mapped FG system 

against a CG model with pair interactions for bulk 1-site acetonitrile.



 

 147 

7.Chapter 7 

Order Parameter Dependent Interactions for Polypeptides 
 
 
7.1 Introduction 

 Molecular simulations can provide detailed structural information and the distribution of 

conformations in a way that is generally inaccessible to experiments. However, atomistic 

simulations are generally limited to timescales on the order of microseconds that only allow the 

comprehensive study of small and quick-folding proteins. Given that many proteins are large and 

can fold on the millisecond timescale or longer, more computationally efficient approaches are 

needed. 

 Coarse-grained (CG) models aim to reproduce key features of more detailed fine-grained 

(FG), often atomistic, models using reduced resolution models.14-18 In order to retain the 

chemical identity of the residues in polypeptides and proteins, a CG resolution of 1 CG site per 

residue seems appropriate. At this resolution, simple CG models have had problems reproducing 

the secondary structure, characteristic conformational states, and self-assembly behavior. As a 

result, researchers often need to increasing the computational cost of such CG models by using 

many interaction types,155 ad-hoc secondary structure constraints203 to increase the 

descriptiveness of such models. Even so, CG models can still be limited to a small region of 

phase space.204 In fact, Rudzinski and Noid155 found that they needed 8 separate solvent-free CG 

models with each employing 22 different interactions to accurately model the two-dimensional 

(2D) potential of mean force (PMF) of dodeca-alanine in water. 

 In the previous chapter, we discussed how additional interactions could be incorporated using 

non-traditional, yet descriptive basis sets in CG model. Specifically, that paper used local density 

and global distance from an interface as order parameter in interfacial liquid-liquid and liquid-
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solid systems. In that case, density was a natural choice to describe the differing behavior of the 

phases. For polypeptides and proteins, molecular based order parameters (OPs) are natural 

choices. They have the potential to improve the region of phase space that can be described by a 

model while simultaneously reducing the number of interactions needed in that model. 

 In this chapter, we explore the use of molecular order parameters to improve the description 

of dodeca-alanine in water starting from a minimalist, solvent-free CG model. The rest of this 

chapter is structured as follows: in Section 2, we review the OP approach and present the OPs 

used in this paper. In Section 3, we present and discuss our results of using those OP for the 

solvent-free CG model of dodeca-alanaine; In Section 4, we provide conclusions. 

 
7.2 Theory and Methods 

7.2.1 Review of Order Parameter Interactions 

 In the previous chapter, we discussed how OPs can be divided into three major categories 

based on the locality of the particles needed to compute them: local OPs that only depend on 

particles in the neighborhood of interest; molecular OPs that depend on particles within the same 

molecule regardless of how far apart these particles are; global OPs that depend on a specific 

reference that is fixed relative to the individual motions of CG particles. For these OPs, they can 

be used to modify traditional basis sets either additively or multiplicatively. Since this chapter is 

an initial exploration of molecular OPs, we will focus on additive couplings because of its 

simplicity. 

In order to understand how the molecular OPs can be incorporated into the multiscale coarse-

graining (MS-CG)22, 29-40 methodology, it is necessary to briefly summarize how basis sets are 
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determined. In MS-CG, the CG interaction potential 
		
UCG R

N( )  is the sum of basis functions 

		
φi R

N( )  multiplied by their coefficients 	λi :  

 
			
UCG R

N( ) = λiφi R
N( )

i=1

B

∑  , (7.1) 

where 		RN  is set the CG positions that are related to the FG positions 		rn  through the mapping 

operator 	M  and 	i  runs through all 	B  position-dependent basis functions. Including additive 

OPs, the potential becomes 

 
			
UCG R

N ,PM( ) =UCG ,pair R
N( )+UCG ,OP P

M( ) = λiφi R
N( )

i=1

B

∑ + µ jϕ j P
M( )

j=1

C

∑ ,  (7.2) 

where 		PM  is the set of 	M  OPs that can be calculated for the system, 	
ϕ j is a basis function that 

depends only on the order parameters, 	
µ j  is the corresponding undetermined coefficient 

analogous to 	λi , and 	j  runs through all 	C OP-dependent basis functions. The corresponding 

force is 

 
			
FCG Rk( ) = − λi

dφi R
N( )

dR lml ,m
∑

i=1

B

∑ R̂ lm δ lk −δmk( )− µi
dϕi P

M( )
dPjj=1

M

∑
dPj
dR lml ,m

∑
i=1

C

∑ R̂ lm δ lk −δmk( ) ,  (7.3) 

where δ  is the Kronecker delta and 			R̂ lm  is the unit vector between CG sites 	l  and 	m . The 

coefficients are determined by variationally minimizing the objective function 	χ
2 , which is the 

normalized sum of squared differences between the mapped FG forces and the CG forces. 
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7.2.2 Order Parameters Used In This Chapter 

For our exploration of additive molecular OP-dependent basis functions, we will use the 

radius of gyration 		Rg
2 , fraction helical content 	Qhel , 1-4 distances 		R14 , and 1-5 distances 		R15 . 

While force matching implementation details are provided, interactions for these OPs are also 

obtained by Bolzmann inverting the corresponding probability distribution. 

Radius of Gyration  

The radius of gyration 		Rg
2  of molecule 	A  is the sum squared distances between each site 	I  

and the molecule’s center of mass 	RCOM : 

 
			
Rg ,A
2 (RN )= 1

N
RI −RCOM ,A( )2

I∈A
∑ ,  (7.4) 

where 
		
RCOM = mIRI

I∈A
∑ / mI

I∈A
∑ and 	mI  is the mass of site 	I . For a system of M molecules, the 

force for this additive-		Rg
2  interaction on CG site 	k  is  

 

			

FCG Rk( ) = − λi
dφi R

N( )
dR lml ,m

∑
i=1

B

∑ R̂ lm δ lk −δmk( )

− µi
i=1

C

∑
dϕi Rg

2M( )
dRg ,A

2
2
N
RI −RCOM( )

I∈A

N

∑
A=1

M

∑ R̂ I ,COMδ lk

 . (7.5) 

This force acts to move each site in the molecule either towards or away from that molecule’s 

center of the mass based on the basis set coefficients. As expected, this will directly act to 

change the molecule’s radius of gyration. For solvent-free models, interactions between sites in 

the molecule are the only way to target such properties since there are no explicit interactions 

with solvent. This interaction can be evaluated with two passes through a bond or molecule list: 



 

 151 

The first pass calculates the center of mass and radius of gyrations while the second pass 

calculates the forces. 

Fraction Helical Content 

 

In addition to molecule size, polypeptides and proteins have distinct secondary structures that 

are essential to their function. One such structural motif is the alpha helix. Since the polyalanine 

system studied in this paper folds into an alpha helix, targeting an OP related to this property 

makes sense. One such OP is the fraction helical content: 

 

			
Qhel ,A(RN )= 1

N
exp − RIJ −R0( )2 /σ 2⎛

⎝⎜
⎞
⎠⎟I , J∈A

I+3= J

N

∑  , (7.6) 

where indices 	I  and 	J  are connected through exactly 3 bonds, 		R0 =0.5nm is the distance for an 

ideal alpha helix, and 		σ 2 =0.02nm2 is a scaling factor. The resulting force for the fraction helical 

content as an additive OP is 

 

			

FCG Rk( ) = − λi
dφi R

N( )
dR lml ,m

∑
i=1

B

∑ R̂ lm δ lk −δmk( )

+ µi
i=1

C

∑
dϕi Qhel

M( )
dQhel ,A

Qhel ,A 2
RIJ −R0( )
σ 2

I , J∈A
I+3= J

N

∑
A=1

M

∑ R̂ IJ δ lk −δ IJ( )
 . (7.7) 

 The fraction helical content is designed to run between 1 for a complete alpha helix to 0 for 

no alpha-helical content. Like the radius of gyration, this interaction can be evaluated with two 

passes through the bond list: The first pass calculates the fraction helical content while the 

second pass calculates the forces. The forces from this OP act on the collective state of all 1-4 

pairs in the molecule as oppose to the next OP, which acts on each such pair separately. 
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Additionally, this OP is a function of how far the 1-4 distance is from the “ideal” 1-4 distance, as 

opposed to the 1-4 distance directly.  

1-4 Distances 

 As discussed, the 1-4 distance is used to calculate secondary structural content. So, it might 

be reasonable to target this quantity as a more local and perhaps more physical way to achieve a 

similar effect as the fraction helical content OP. However, it is possible that the 1-4 distance 

combined with the usual dihedral interactions could potentially over-constrain the movement of 

the molecule. 

1-5 Distances 

 An alternative to the 1-4 distance is the 1-5 distance. Like the 1-4 distance, the 1-5 distance is 

also related to the secondary structure of the model. It is hoped that this OP can be combined 

with others OPs such as the fraction helical content and more traditional interactions such as 

dihedral interactions without the potentially issues discussed above. 

7.2.3 Simulation and Fitting Details 

Molecular dynamics (MD) simulations were performed using all-atom (AA) models of one 

deca-alanine molecule solvated by 3,824 water molecules in GROMACS.205-207 The interactions 

for water were taken from the TIP3P76 model and the protein interactions were taken from the 

CHARMM36208 force field. Short-ranged non-bonded interactions were evaluated using 

Lennard-Jones (LJ) interactions with a radial cutoff of 12 A. Electrostatics were evaluated using 

particle mesh Ewald (PME) summation.209 The AA time step was 2 fs. The thermostat used was 

the velocity rescale algorithm.210 

 The box size for the AA system was determined by averaging the volume from 2 ns of 

constant NPT at 1 atm and 300 K using the Parrinello-Rahman barostat.211 The bulk system 
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relaxed at that system volume for at constant NVT at 300K for 2 ns. Then, frames were sampled 

every 1 ps for 600 ns at constant NVT at 300K.  

The AA system was mapped to a carbon-alpha CG representation. Bonded pair, angle, and 

dihedral interactions were determined via Boltzmann Inversion (BI). The so-called “BI” non-

bonded and OP interactions were determined by inverting the appropriate one-dimensional 

distributions. The force-matched (FM) CG interactions were using the MS-CG force matching 

(FM) code. Pair interactions had a cutoff of 10 A. The FM pair non-bonded interactions were fit 

using sixth order B-splines with a binwidth of 0.6 A. The FM RG interactions were fit using 

fourth order B-splines with a binwidth of 5 A2. The FM fraction helical interactions were fit 

using fourth order B-splines with a binwidth of 0.05. The 1-4 and 1-5 interactions were fit using 

fourth order B-splines with a binwidth of 0.5 A. 

CG MD simulations were performed using LAMMPS.71, 73 The starting configuration was 

created from a mapped atomistic configuration. The CG system was equilibrated for 1x106 steps 

at constant NVT at 300 K before a 6x108 step production run. Frames were sampled from the 

production run every 1,000 CG steps. 

 
7.3 Results and Discussion 

Atomistic Model 

 In order to understand what characteristics are important for the CG polyalanine systems to 

capture, we need to first examine the behavior of the atomistic system. Figure 7-1 shows several 

2D PMFs for the atomistic system.  

 In sub panel a, RMSD is plotted against the radius of gyration. The largest well is in the 

bottom right corner, which corresponds to an extended, unfolded conformation. The top left 

corner corresponds to the fully alpha-helical conformation that is the reference for the RMSD 
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calculation. There are small wells at 0 nm, 0.2 nm, and 0.35 nm RMSD that correspond to folded 

and partially folded intermediates. In bottom left corner, the conformations are compact, coiled, 

and unfolded. With this force field, there is not a stable well in that region. Using the OPLS74, 136 

force field, Rudzinski and Noid155 found that there was a well for the compact, coiled 

conformation, but not the extended conformation. Differences of this sort are expected given the 

different force field. Using either force field the qualitative read is the same: There is a narrow 

well for the folded conformation, one stable unfolded conformation, and one unstable unfolded 

conformation. 

 In sub panel b, the fraction helical content is plotted against radius of gyration. The plot is 

oriented such that the coiled, extended, and folded conformations are in the same place. This y-

axis makes it clear that are several distinct wells that correspond to different but discrete 

numbers of “helical” residues.  Rudzinski and Noid155 also observed this horizontal banding. 

Otherwise, the features are very similar to those in sub panel a. 

 In sub panel c, the 1-4 distance is plotted against the radius of gyration. Comparison between 

this graph and sub panel b should help elucidate any cooperative effects or correlations between 

the individual contributions to the fraction helical content calculation and the overall total value. 

In sub panel c, there are two major wells. The well in the bottom left corresponds to “helical” 1-4 

distances based on the 		R0 =0.5nm parameter in the fraction helical content calculation and is 

associated with smaller radius of gyration values just like the fully helical conformation. The 

other well is more diffuse and associated with larger 1-4 distances and radius of gyration values. 

This suggests that it corresponds to more unfolded conformations. The barrier between these two 

predominant wells looks to be about 2 kcal/mol from the top right to the bottom left and about 3 

kcal for the reverse. Given the wells are centered at different radius of gyration values, it is likely 
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that there is cooperative to a certain degree in that as the radius of gyration decreases, the well at 

low 1-4 distance gets deeper. 

 

Figure 7–1. 2D PMFs for the atomistic polyalanine system. a) root mean squared deviation 

(RMSD) from a fully helical conformation versus radius of gyration (RG), b) fraction helical 

content (Qhel) versus RG, and c) 1-4 distances versus RG.  

 

Basic CG Model 

 Now, we will look at a minimalistic CG model. The way that this model is different from the 

atomistic model allows us to identify the deficiencies of this model. This will serve as the 

baseline that the additive interactions will build upon. 

 This minimalistic CG model has only 4 interactions. The 2D PMFs for this model are shown 

in Figure 7-2. In sub panel a, there is a single minimum around 0.5 nm on both the x- and y-axis. 

While this roughly corresponds to the coiled conformation, there is no minimum in the atomistic 

model at this location. However, this roughly corresponds to the locations of the deepest wells 

along each axis. For the x-axis, this corresponds to the folded and partially folded conformations. 

For the y-axis, this corresponds to the extended conformation. Likewise, the minima in the other 

panels are all at 0.5 nm on the x-axis corresponding to the folded and partially folded 
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conformations; on the y-axis, the minima are at values corresponding to the atomistic minima 

associated with the extended conformation. 

 One the one hand, it is somewhat expected that Boltzmann inversion would have the correct 

minimum for each 1D distribution since that is how it is parameterized. Clearly, it did not get the 

appropriate cross-correlation between the distributions. On the other hand, it is surprising that 

that it got the correct locations of the minimum for radius of gyration, fraction helical content, 1-

4 distance, and RMSD given that those distributions themselves were not used to parameterize 

the CG model. 

 The simplified “IS1” model presented by Rudzinksi and Noid155 in their SI has a similar 

number of interactions. In top left panel of their Figure S8, the MS-CG model has only 1 

minimum center at a radius of gyration of 0.5 nm and a fraction helical content of about 

0.3.Their result is consistent with sub panel b of Figure 7-2. 

 

Figure 7–2. 2D PMFs for the CG model using Boltzmann Inverted pair nonbonded, bonded, 

angular, and dihedral interactions. a) root mean squared deviation (RMSD) from a fully helical 

conformation versus radius of gyration (RG), b) fraction helical content (Qhel) versus RG, and c) 

1-4 distances versus RG. 
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CG models with a single additive OP interaction 

 Including the additive OP interactions to the minimalistic CG model should improve its 

description of the atomistic system. Figure 7-3 shows the 2D PMFs for adding one additive OP 

interaction with each row corresponding to a different OP. From top to bottom, the OPs are 

radius of gyration, fraction helical content, 1-5 distance, and 1-4 distance.  

 The only OP that does not improve the 2D PMFs is the 1-4 interaction. This is likely because 

the 1-4 and dihedral interactions could over constrain the molecule’s configuration relative to 

either interaction alone. One reason why this happens here is that both interactions are 

Boltzmann inverted, which means that there the explicit double counting of shared correlations is 

allowed. If an MS-CG model were created using these interactions, then the double counting 

would presumably be avoided. 

 The 1-5 distance and fraction helical content OPs improve the 2D PMFs. They permit 

exploration of the extended conformation while still maintaining the major well at the coiled 

conformation. Both of these interactions avoid the problems encountered for the 1-4 interaction 

because they are different enough. The 1-5 interaction is a different, albeit related measure to the 

dihedral or 1-4 distance. Since the fraction helical content measure is a sum of transformed 1-4 

distances, there is significantly flexibility in the combination of 1-4 distances or dihedrals that 

can produce a given fraction helical content value. Somewhat surprisingly, the 2D PMFs for the 

CG model with the 1-5 distance interaction and the one with the fraction helical content 

interaction look extremely similar. As with the 1-4 interactions, the ability of these Boltzmann 

inverted OPs to improve the CG description could be limited by double counting and missing 

cross-correlations. 
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 The radius of gyration OP further improves the 2D PMFs. Specifically, the middle panel (sub 

panel b) has the same shape but a shallower well than the1-5 distance or fraction helical content 

OP’s PMFs. This shallower well better reproduces the atomistic PMF, which has a broader and 

shallow well in that general area. It makes sense that the radius of gyration OP would be able to 

change the CG model’s distribution for the radius of gyration so that it better agrees with the 

atomistic model’s distribution. Following that line of reasoning, it is somewhat surprising that 

the fraction helical content OP does not noticeably improve the CG model’s fraction helical 

content distribution. 

 It is worth realizing how much was gained by going from 4 interactions (Figure 7-2) to 5 

interactions (Figure 7-3). This allowed the CG model to describe an additional conformational 

state. To get similar looking results, Rudzinski and Noid155 need to use a MS-CG model with 21 

interactions. Specifically, the middle panel of their Figure 5 shows the same general shape and 

energy differences as sub panels a, d, or g in Figure 7-3. 
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Figure 7–3. 2D PMFs for the CG polyalaine models with a single additive OP interaction. The 

OP is a-c) radius of gyration (RG), d-f) fraction helical content (Qhel), g-i) 1-5 distances, j-l) 1-4 

distances. The 2-D PMFs in the leftmost column are root mean squared deviation (RMSD) from 

a fully helical conformation versus radius of gyration (RG). The 2-D PMFs in the middle column 
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are fraction helical content (Qhel) versus RG. The 2-D PMFs in the rightmost column are 1-4 

distances versus RG. 

 

CG models with several additive OP interactions 

 Given the improvement possible using a single OP, it is worth investigating if combinations 

of additive OPs could further improve the behavior of a CG model. Such combinations are 

shown in Figure 7-4 with rows corresponding to 1) radius of gyration and fraction helical 

content, 2) radius of gyration and 1-5 distances, 3) fraction helical content and 1-5 distances, 4) 

radius of gyration, fraction helical content, and 1-5 distances. All of these combinations of OPs 

look essentially the same. The only pronounced differences is that sub panels b and k have 

slightly shallower wells than sub panels e and h. This is likely the effect of the radius of gyration 

OP; however, it is surprising that sub panel e does not show this same effect. Nonetheless, it is 

likely that that double counting and missing cross-correlations discussed above prevent the CG 

model from better describing the atomistic behavior. 
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Figure 7–4. 2D PMFs for the CG polyalaine models with several additive OP interactions. The 

OPs are a-c) radius of gyration (RG) and fraction helical content (Qhel), d-f) RG and 1-5 

distances, g-i) Qhel and 1-5 distances, j-l) RG, Qhel, and 1-5 distances. The 2-D PMFs in the 

leftmost column are root mean squared deviation (RMSD) from a fully helical conformation 
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versus radius of gyration (RG). The 2-D PMFs in the middle column are fraction helical content 

(Qhel) versus RG. The 2-D PMFs in the rightmost column are 1-4 distances versus RG. 

 

7.4 Conclusion 

 
 In this chapter, the ability of molecular, additive order parameters to improve the fidelity of 

simple CG models was investigated. When using a single order parameter, the radius of gyration 

improved the CG model most while the fraction helical content also improved the CG model, but 

to a lesser extent. Using only 5 CG interactions, we were able to obtain a similar fidelity 

description as a CG model with 21 interactions reported in the literature.155 

 There is obvious room for further improvement of CG model fidelity. The improvement that 

could be achieved using these order parameters appears to be limited by the cross-correlation 

neglected by direct Boltzmann inversion. Using the same method, these interactions could be 

iteratively improved. Alternatively, the cross-correlations would be taken into account if MS-CG 

was used to fit the CG interactions. In any case, this further exploration of additive order 

parameter CG interactions demonstrates the broad applicability of such interactions to a variety 

of systems. 
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8.Chapter 8 

Conclusion and Future Directions 

8.1  Introduction 

 The research presented in this thesis is aimed at understanding how existing CG 

methodologies can be improved in terms of their transferability, fidelity, and correspondence in 

order for CG models to fulfill their potential as aids in the development of new materials. In 

Chapter 3, we demonstrated how our CG sensitivity measure could be used to calculate first 

order estimates for the transfer of CG potentials. In Chapter 4, we discussed the conditions 

necessary for CG observables to correspond with FG and experimental observables. In Chapter 

5, we demonstrated how this correspondence could be established numerically. In Chapters 6 and 

7, we demonstrated how the use of additional, order-parameter-dependent basis sets improves the 

fidelity of CG models. Based upon the work in this thesis, there are a number of potential future 

directions and implications for research related to coarse-graining. 

 

8.2 Future Directions 

 Most directly, the methods in this thesis could be applied more generally. For MS-CODE, 

this means creating observable decompositions and applying the method to obtain more complete 

sets of compatible CG observables. As mentioned before, one high-value target would be excess 

entropy in order to better understand the associated dynamical speed-up and CG dynamics. With 

a more complete understanding of CG observable correspondence, aspects of CG 

thermodynamics could be investigated. Likewise for order parameters, this means trying other 

possible order parameters that make sense for novel systems as well as investigating the 

applicability of the specific order parameters used in Chapters 6 and 7 on other systems or even 
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in CG methods other than MS-CG. For sensitivity, this means developing extensions that allow 

one to calculate the sensitivity of other CG properties such as structural observables where the 

naïve CG expression is appropriate as well as using the method on different CG models to learn 

about how different mappings and types of interactions effect the calculated sensitivity. 

 Additionally, the accuracy and fidelity of CG models using the methods in this thesis could 

be further refined. Several iterative methods for MS-CG and related methods have been 

developed.84-86 Such methods could be directly used with order parameter basis sets to further 

improve CG fidelity. Likewise, CG observable expressions from MS-CODE could be iteratively 

refined. 

 One big potential impact of MS-CODE would be the development of better barostats. While 

the work of Das and Anderson31 and Dunn and Noid97 serves as a better barostats than the naïve 

CG choice, its fluctuations are at the granularity of system volume. A combination of MS-CODE 

with such work could produce barostats that would improve CG NPT, mixed resolution,120, 121 

and adaptive resolution122-124 simulations.  

 An area where my work on CG observables and model representation come together is mixed 

and adaptive resolution modeling.120, 121 Since observable expressions change with model 

resolution, the pressure expression for different resolutions in the system should have different 

observable expressions for pressure. This is one cause of the apparent pressure-induced drift.122 

Additionally, the cross interactions (i.e., AA – CG interactions) are not properly calibrated in 

most mixed resolution models. While an understanding of this is starting to develop,212, 213 the 

steps needed to correct this issue have not been taken. In particular, one could determine these 

cross interactions using the mixed resolution approach described by Izvekov et al.;120 however, it 

is not necessarily clear that the best option for combining the atomistic, CG, and cross 
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interactions is a simple linear combination. Using CG sensitivity and MS-CODE, one could 

calculate a series of intermediate resolution interactions, which could improve the behavior of 

such models even more. 

 

8.3 Remaining Challenges 

 Even with the contributions to CG modeling presented in this thesis, a number of big 

challenges still remain for computational materials design. While this work was concerned with 

the connection between CG and FG models, the accuracy the usually atomistic FG models needs 

to be improved for the structures and properties reproduced from CG models to have the same 

reliability as actual experiments. Additionally, much work is needed on understanding how 

dynamics and timescale are changed through CG. This is a surprising complex issue and cannot 

be solved with a simple global scaling of all apparent CG times. Also, the ability to model 

reactions at the CG resolution is necessary for the study of many complex materials. Finally, an 

understanding and implementation of how to correctly handle dynamic resolution changes and 

dynamic mappings will be helpful in many ways. For example, CG reactions can be handled 

with increased detail while still achieving the same goal of increased computational efficiency as 

current adaptive and mixed resolution models. 

 

8.4 Final Thoughts 

 It is hoped that the work in this thesis will pave the way for future developments, which will 

make computational materials design more powerful. CG sensitivity highlighted a new direction 

for increasing transferability of CG models, where fidelity can be maintained without the need 

for additional atomistic simulation. The work on CG observables has highlighted the importance 
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of observable compatibility and model correspondence. The work on order parameters has also 

highlighted a new direction for increasing the fidelity of reduced resolution models. Perhaps the 

ability to obtain high-fidelity, high-resolution CG models with proper correspondence will make 

it possible to construct similarly high-fidelity but reduced resolution, more coarse CG models. 
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