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Abstract 

 The advent and refinement of chemical techniques to produce uniform collections of 

colloidal nanocrystals in recent years has made accessible a wide range of nanocrystal materials, 

shapes, and sizes, offering a fertile testbed for developing an understanding of nanoscale 

crystallization. Elucidating the role of nanocrystal surfaces in promoting self-assembly of 

superlattice phases unanticipated by hard-shape packing models has been the focus of my 

graduate work. Chapter One provides a practical overview of the experimental approaches to 

prepare and characterize colloidal nanocrystals and self-assembled nanocrystal superlattices. 

Chapter Two discusses colloidal nanocrystal surfaces including atomic composition, chemical 

reactivity, and influence over electronic structure. Chapter Three provides an overview of 

nanocrystal self-assembly including interparticle potentials and predicted phase behavior for hard 

and soft shapes. Chapter Four describes the preparation of tetrahedrally-shaped CdSe 

nanocrystals and their self-assembly into an unexpected superlattice structure. Chapter Five 

presents a selection of electron microscopy images of superlattices comprised of nearly spherical 

nanocrystals. Chapter Six describes the application of image analysis techniques to elucidate 

ligand shell deformability of spherical nanocrystals and resulting implications for entropy-driven 

crystallization of soft objects. Chapter Seven analyzes the role of PbS surface ligand desorption 

in determining binary phase behavior with Au nanocrystals. Chapter Eight describes the 

implications of the ideas presented in this thesis, places them in the context of recent work by 

others in the field, and offers an outlook towards promising directions for future research. 

Together, the ideas contained herein aim to provide the conceptual foundation necessary to 

exploit nanocrystal self-assembly for the rational design of next-generation functional solids.
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1. Preparation and characterization of colloidal nanocrystals and nanocrystal 

superlattices 

1.1.  Introduction: nanocrystals and nanocrystal superlattices 

 Nanocrystals (NCs) are fragments of semiconductor, metal, or dielectric crystals 

protected by a layer of surface-bound molecules (ligands) and dispersible in solution. A couple 

decades of research has revealed that precursor decomposition in the presence of organic 

surfactants is an effective approach to prepare size- and shape-uniform NCs.
1
 By adjusting 

synthetic parameters (e.g., precursors, surfactants, reaction temperature and time) crystalline, 

monodisperse particles have been synthesized in a variety of shapes and sizes.
2
 In addition, post-

preparative improvements in homogeneity made possible by size-selective precipitation,
3
 

digestive ripening,
4
 and chromatography

5
 techniques further facilitate access to a uniform 

collection of particles. 

 Synthesis in organic media typically leaves a layer of hydrocarbon chains installed on the 

NC surface (Figure 1.1, center). The set of ligands forms a capping layer that saturates dangling 

bonds, screens the particle from its environment, and controls nucleation and growth kinetics 

during synthesis. This layer resembles the organic-inorganic interfaces formed by self-assembled 

surfactant monolayers adsorbed on planar crystalline surfaces
6
 exemplified by the well-studied 

system of monolayers of thiols on gold.
7
 Ligand exchange reactions extend the versatility of NC 

materials by allowing replacement of ligands optimized for synthesis with application-targeted 

species including organic or inorganic ions,
8
 clusters,

9
 and polymers.

10
 Ligands also influence 

the optical and electronic properties of NCs, and provide steric or electrostatic stabilization of the 

colloidal state required for NC synthesis, processing, and some applications.  
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 An ensemble of colloidal NCs can be encouraged to self-assemble into an ordered 

superlattice (Figure 1.1, right) by, for example, evaporation of carrier solvent. The complex 

phase behavior observed for even the simplest (e.g., spherical) building blocks, contributed in 

part by the non-additivity of nanoscale interparticle interactions,
11

 has presented an intriguing 

puzzle to those working in the field. More practically, the flexibility of superlattice composition 

and structure suggests that controlled NC self-assembly could be an important enabler of next-

generation materials design. Furthermore, while top-down techniques (e.g., electron beam 

lithography, dip-pen nanolithography
12

) for nanoscale patterning require elaborate facilities and 

permit only successive iterations of two-dimensional structure design, NC synthesis and self-

assembly is carried out with comparatively basic equipment and enables production of complex, 

three-dimensional patterns of arbitrary functional materials in a single step, often with sub-

nanometer precision. 

 

Figure 1.1. Self-assembly of colloidal nanocrystals. Individual nanocrystal building blocks 
prepared by colloidal chemistry techniques (left) are integrated into ordered arrays, or 
superlattices (right), without external direction, by the process of self-assembly. Since they are 
held together by weak (non-covalent) forces, superlattices may be redissolved back into 
constituent building blocks upon exposure to solvent. Shown here: 7nm-diameter PbS 
nanocrystals capped with oleic acid surface ligands self-assemble into a close-packed 
superlattice array. Adapted from refs.13,14 
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1.2. Synthesis of colloidal nanocrystals 

 Colloidal NCs may be prepared by decomposition of molecular precursors in the 

presence of surface-binding ligands. For example, lead sulfide (PbS) NCs may be synthesized by 

reacting lead acetate and hydrogen sulfide in the presence of oleic acid.
15

 Heating the reaction 

mixture (typically between 100°C and 350°C) facilitates transformation of precursors into active 

species, or monomers. These monomers are subsequently converted into NCs in two steps 

(Figure 1.2): first, they form small inorganic clusters, or nuclei. The largest of these nuclei then 

grow into inorganic crystallites with dimensions on the order of several nanometers.
16

 In addition 

to assisting with monomer conversion, the heated reaction mixture provides thermal energy 

necessary for rearrangement of core atoms during growth and resulting crystallinity of the 

inorganic core.   

 

Figure 1.2. Colloidal synthesis of inorganic nanocrystals. Supersaturation of molecular 
precursors (top) leads to a burst of nucleation, creating small clusters (middle) serving as seeds 
for nanocrystal growth. While the smallest nuclei redissolve, the largest ones collect additional 
monomers from solution and grow into crystallites containing hundreds to thousands of atoms.  
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 The crude synthesis mixture may be purified by repeated cycles of NC precipitation and 

redispersal. Using solvent-nonsolvent mixtures (e.g., hexane-ethanol) in conjunction with 

centrifugation, the unreacted precursors and high-boiling organics may be removed in the 

supernatant while the purified NCs are collected in the sediment. Furthermore, gradual addition 

of nonsolvent precipitates the largest NCs first, enabling post-synthetic narrowing of NC size 

distributions required for NC self-assembly. Hydrocarbon-capped NCs can typically be stored 

for years as colloidal solutions in solvents like toluene, octane, or chloroform.  

1.3. Characterization of nanocrystals 

 A suite of spectroscopic, scattering, and imaging techniques may be used to characterize 

NCs.
17

 These methods provide complementary pieces of information that can be divided into the 

following components (i) size and shape of the inorganic core, (ii) chemical bonds between the 

NC core and surface ligands, (iii) the composition and structure of ligand molecules, and (iv) 

effective properties of the whole capping layer such as effective thickness, density, and dielectric 

constant (Figure 1.3a).  

1.3.1. Techniques to probe nanocrystal inorganic cores 

 Electronic transitions within the core of semiconductor NCs can be probed using light in 

the ultraviolet, visible, or near-infrared (UV-Vis-NIR) spectral range (Figure 1.3b). Such 

measurements may be used to obtain ensemble-level information on NC core size and size 

distribution. In addition, information on core size and shape may be obtained with imaging 

techniques such as transmission electron microscopy (TEM) or scanning electron microscopy 

(SEM). A key advantage of this technique is the ability to examine NCs at the single-particle 

level, revealing aspects of these systems otherwise hidden in ensemble averages. In some cases, 

TEM allows imaging atomic lattice planes of the NC inorganic core (Figure 1.3c, inset).  
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Figure 1.3. Characterization of NCs and NC surfaces. (a) Sketch summarizing useful techniques 
for analysis grouped by region probed. (b) UV-Vis-NIR Absorption spectrum of PbS NCs 
dispersed in tetrachloroethylene. This technique may be used for ensemble characterization of 
NC core size and size distribution. (c) TEM image of PbS NC array and inset, HRTEM revealing 
inorganic lattice fringes. (d) Proton NMR spectrum of PbS NCs capped with oleic acid surface 
ligands. Toluene solvent resonances are marked with asterisks. (e) FTIR spectrum of organic 
(top) and inorganic-capped (bottom) NCs deposited as film on KBr plate. (f) TGA plot of ligand 
loss upon heating NC solid film.  

 

1.3.2. Techniques to probe nanocrystal surface ligands 

 Nuclear magnetic resonance (NMR) spectroscopy may be used to characterize surface 

ligands of NCs dispersed in solution (Figure 1.3d) following NMR fingerprints of spin-active 

nuclei (
1
H, 

13
C, 

31
P and others).

18
 The NMR peaks of surface-tethered ligands show significant 

broadening caused by dipolar coupling effects which cancel out for fast-tumbling free ligand 

molecules in solution. This broadening limits the utility of traditional one-dimensional NMR for 

NC surface analysis. Diffusion-ordered spectroscopy (DOSY), on the other hand, links a 

diffusion coefficient to each resonance, allowing the separation of signals from surface-bound 

and free ligand molecules. Heavy-nuclear NMR (for example 
119

Sn) has proven useful in studies 

of NCs with inorganic ligands such as SnS4
4–

.
8
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 Fourier transform infrared spectroscopy (FTIR) is a simple and reliable way to probe the 

NC surface, providing information on the structure of ligand molecules. NCs capped with 

organic ligands such as oleic acid (OAH, CH3(CH2)7CH=CH(CH2)7COOH) show strong infrared 

absorption bands around 3,000 cm
–1

 and 1,500 cm
–1

, corresponding to the C–H stretching and 

bending modes of surface-bound hydrocarbon molecules (Figure 1.3e, top). The width and 

position of infrared resonances can be used to investigate chain conformations and molecular 

order of the capping layer.
19

 FTIR also allows for probing the displacement of hydrocarbon 

ligands (for example the exchange of organic for inorganic species; Figure 1.3e, bottom). Raman 

spectroscopy is particularly useful for characterizing inorganic ligands with heavy atoms 

vibrating at low frequencies.
20

 

 Thermal annealing of NC films can break down hydrocarbon ligands and expel 

decomposition products into the gas phase. The mass loss accompanying this process may be 

monitored using thermogravimetric analysis (TGA, Figure 1.3f) and used to obtain volatile mass 

fraction, from which ligand surface grafting density may be estimated (see also Chapter 6).   
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1.4. Preparation of nanocrystal superlattices 

 Nanocrystals may be coaxed into adopting ordered structures (superlattices) by a few 

techniques including evaporation of carrier solvent, destabilization of a colloidal solution, and 

sedimentation (Figure 1.4). Akin to the art of protein crystallization,
21

 NC self-assembly is 

sensitive to several factors beyond quality of starting material. For instance, the choice of 

solvent, temperature, and substrate play a role in the ordering of NC superlattices. Undesired 

flocculation of particles in solution before triggering assembly by evaporation or destabilization 

can suppress ordering. As such, use of good solvent for aliphatic capping ligands (e.g. 

hydrocarbon liquids like hexane, octane, or toluene; chlorinated hydrocarbons like chloroform, 

tetrachloroethylene, chlorobenzene) promotes dispersal of the colloid and is a good starting point 

for assembly experiments. Gentle heating of the assembly solution facilitates ordering of NCs in 

superlattices. Because NCs experience thermodynamic drive to eliminate surface area if provided 

sufficient thermal energy to coalesce, thermal decomposition of the material presents a practical 

upper limit to assembly temperature.
22

 In addition, the solvent vapor pressure is an important 

parameter for evaporative self-assembly experiments. Because the ordering process requires 

particles to diffuse through solution and sample various positions, use of volatile solvents may 

condense particles too rapidly to allow for self-assembly. Furthermore, the choice of support 

(i.e., solid or liquid subphase) influences the assembly outcome, setting dimensions and 

orientation of NC superlattices. 
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Figure 1.4. Experimental approaches to prepare NC superlattices include various evaporation 
techniques (left), which produce superlattice thin films, and destabilization or sedimentation 
techniques (right), which lead to three-dimensional superlattices.   

 

1.4.1. Solvent evaporation 

 Evaporating a NC solution over a solid or liquid subphase typically produces two-

dimensional superlattice thin films. Depending on the initial concentration of the NC solution 

and the area over which it is spread, such films may be deposited at sub-monolayer coverage and 

up to several unit cells thick. Evaporation-based assembly takes place at the late stages of 

evaporation when particles are crowded into a small volume of solvent, leading to superlattice 

thin films. Often, addition of excess surfactant can assist in the formation of long-range-ordered 

superlattices by re-passivating bare NC surfaces, preventing solvent dewetting of the subphase, 

and inducing depletion attraction.
23
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 Practically speaking, there are a several methods to prepare NC superlattices via solvent 

evaporation (Figure 1.4, left). One approach is to simply place a drop (about 10 μL) of dilute NC 

solution onto solid support and allow it to dry over a couple of minutes. For hydrocarbon-capped 

NCs, a mixture of hexane and octane (9:1 by volume) has been effective in producing long-range 

ordered superlattices.
24

 Similarly, gentle deposition of a droplet of NC solution upon a surface 

enables assembly via particle trapping at the air-liquid interface, forming extended two-

dimensional superlattice membranes (Figure 1.5a,b).
25

 In this approach, early-stage evaporation 

traps particles at the air-liquid interface, with subsequent nucleation and growth proceeding in 

two dimensions (Figure 1.5c-e).  Evaporation-based assembly can also be carried out in a small 

vial, permitting tilting of the substrate contained within and resulting control over the direction 

of meniscus movement.
22

 Spreading of NC solution over large substrate areas can be facilitated 

by doctor blade casting.
26

 Polar liquids (e.g., diethylene glycol) immiscible with nonpolar NC 

solvents have been used as a platform for NC assembly, resulting in extended superlattice thin 

films (Figure 1.5f-h) which can be subsequently transferred to solid support for 

characterization.
27

 Such an approach may be combined with Langmuir-Blodgett setup to impose 

lateral surface pressure and controllably condense NC monolayers ordered over wafer-scale 

areas.
28
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Figure 1.5. Self-assembly of colloidal nanocrystals at the air-liquid interface leads to 
superlattices with uniform thickness and large domain size. (a) Schematic illustration of Au 
nanocrystals captured by a quickly receding interface leading to monolayer island growth. (b) 
TEM overview of a long-range-ordered monolayer with hexagonal symmetry formed by rapid 
evaporation of a sessile toluene droplet containing 6-nm dodecanethiol-capped Au 
nanocrystals. Top inset: sketch of a pair of hydrocarbon-capped nanocrystals introducing 
nanocrystal diameter, ligand length, and interparticle separation; bottom inset: fast Fourier 
transform (FFT) of the superlattice. Adapted from ref.23 (c) Sketch of the freestanding 
superlattice membrane formed by evaporation over a polar liquid subphase. (d) TEM image of a 
superlattice membrane draped over a 0.5μm-diameter hole, and (e) tilted projection of the 
same image. Adapted from ref.29. (f) Schematic illustration of BNSL interfacial assembly and the 
substrate transfer process. (g) TEM overview of (100) projection and (h) (110) projection of a 
AlB2-type binary nanocrystal superlattice. Top insets: zoom of the structures; bottom insets: 
electron diffractograms. Adapted from ref.27 
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1.4.2. Solvent destabilization 

 Destabilization-based assembly (Figure 1.4, lower right) exploits attractive interactions 

between nanoparticles when solvent intermingling in NC capping layers becomes less favorable 

than overlap of ligands between neighboring NCs, promoting gradual clustering of NCs in 

solution. For hydrocarbon-capped NCs, slowly increasing polarity of the solution by controlled 

diffusion of nonsolvent is effective in inducing flocculation. In practice, this may be 

accomplished by placing a layer of nonsolvent above a NC solution contained in a test tube (e.g., 

ethanol above toluene Figure 1.6a), while avoiding significant intermixing of the two liquids 

during the transfer. Slow intermixing of the miscible liquids over several days induces controlled 

precipitation of faceted NC superlattices subsequently collected as sediment from the bottom of 

the tube. Alternatively, slow destabilization may be carried out by heating a premixed 

solvent/nonsolvent mixture to enrich the higher-boiling nonsolvent component (e.g., octane and 

1-octanol).
30

 

 Such techniques can produce flat platelets (Figure 1.6b-d) or multiply-twinned polyhedra 

(Figure 1.6e-g) depending on particle size.
14

 This general approach has also been used to 

assemble nanorod
31

 and nanoplatelet
32

 superlattices. Another destabilization-based technique for 

achieving three-dimensional superlattices involves inducing solvophobic interactions by 

disrupting a surfactant bilayer.
33

 In this approach dodecyltrimethylammonium bromide (DTAB) 

surfactant is used to hydrophilize organic-capped NCs, forming a bilayer held together by van 

der Waals forces between aliphatic chains (Figure 1.6h). Subsequent exposure to polymer-

containing ethylene glycol solution at 80°C decomposes the bilayer and leads to the formation of 

round superlattices with face-centered cubic (fcc) internal packing structure (Figure 1.6i-l). This 

approach has also been used to make spherical and needle-shaped superlattices of nanorods.
34
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Figure 1.6. Destabilization-based assembly of spherical nanocrystals. (a) Schematic of self-
assembly by slow diffusion of the nonsolvent into the dispersed nanocrystal colloid. (b) SEM 
overview of platelet-shaped superlattices formed from destabilization of a toluene solution of 
3-nm PbS nanocrystals. (c,d) SEM zoom of individual platelet superlattices. (e) SEM overview of 
multiply-twinned superlattices with icosahedral or pentagonal (fivefold) symmetry formed from 
destabilization of toluene solution of 8-nm PbS nanocrystals. (f,g) SEM zoom of individual 
polyhedral superlattices. Adapted from ref.14 (h) Schematic of self-assembly by decomposition 
of the surfactant bilayer. (i) SEM overview of spherical superparticles produced as shown in (h). 
(j-l) TEM zoom of individual superparticles with internal fcc crystallographic assignment. Scale 
bars, 20 nm. Adapted from ref.33 
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1.4.3. Nanocrystal sedimentation 

 A less common approach to assemble NC superlattices exploits gravitational 

sedimentation (Figure 1.4, upper right). Since gravity biases thermal motion of NCs with 

diameter approaching one micron, or NC core materials comprised of high-density metals, 

crowding-induced self-assembly can occur via sedimentation of NCs in the bottom of solvent. 

The propensity for particles to accumulate in the bottom of solution under the influence of 

gravity is considered by comparing the relative size of thermal energy 𝑘𝐵𝑇 and the gravitational 

potential energy 𝑚𝑔𝑑 required to raise a particle of mass 𝑚 by its own diameter 𝑑 in Earth’s 

gravity 𝑔.
36

 The ratio of 𝑘𝐵𝑇 to mgd scales as 𝑑−4
 and for 10-nm NCs, for example, is 

approximately 10
6
, while for micron-sized particles it is below 1. Accordingly, even in the 

presence of repulsive interparticle interactions, the largest nano-objects (100 – 1000 nm) are 

expected to sediment under the force of gravity in all but the densest of liquids.
37
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1.5. Characterization of nanocrystal superlattices  

 Characterization techniques determine NC position and orientation within a superlattice, 

the size and orientation of superlattice domains, presence of crystal defects, and existence of 

secondary structures. Imaging (real-space) and scattering (reciprocal-space) techniques represent 

a complementary set of approaches for collecting local- and ensemble-structural information. 

While superlattice preparation requires only basic laboratory supplies typically including solvent, 

pipet, and a solid substrate (e.g., carbon or silicon), superlattice characterization is often carried 

out using sophisticated technology such as an electron microscope or a synchrotron facility. 

1.5.1. Real-space superlattice characterization 

 Transmission electron microscopy (TEM) is a common method of probing superlattice 

structure. This technique sends an electron beam through a thin sample specimen, magnifying 

and focusing the transmitted electrons onto a detector screen, subsequently displayed on a 

computer as a digital image. TEM images represent a two-dimensional projection of a three-

dimensional structure. Because electron scattering increases with atomic number, TEM image 

quality is best for high atomic number contrast between sample and support (e.g., PbS NCs on 

carbon, Figure 1.7a). For this reason, imaging the NC hydrocarbon capping layer can be 

challenging; however, the use of ultrathin or holey support (i.e., imaging arrays resting on 

graphene or suspended over a hole) enables partial visualization of the surface-bound molecules 

(Figure 1.7b).
38

 A key strength of TEM for superlattice characterization is the ability to image a 

NC assembly along various crystallographic directions. In this approach, a series of images of a 

single domain is collected by tilting the sample holder with respect to the incident electron beam, 

enabling systematic characterization
39

 of superlattices for which an analysis of the normal 

projection alone may fail to provide an unambiguous assignment (Figure 1.7c). Furthermore, 
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such a tilt series can be fed into iterative tomographic reconstruction software to obtain a three-

dimensional rendering of the imaged superlattice (Figure 1.7d), including reconstruction of slices 

perpendicular to the plane of the support.
40

 Alternatively, such slices may be directly imaged in 

TEM by physically cutting the superlattice with focused ion beam (Figure 1.7e).
26

  

 

Figure 1.7. Transmission electron microscopy (TEM) characterization of nanocrystals, surface 
ligands, and self-assembled superlattices. (a) TEM image of hcp and fcc packing of 7-nm PbS 
nanocrystals capped with oleic acid surface ligands. (b) TEM image reveals dodecene ligands at 
the surface of Si NCs suspended over hole in support. Adapted from ref.38 (c) TEM tilting 
experiments performed on NaZn13-type binary superlattices of two sizes of Fe3O4 NCs (scale 
bars, 20 nm) reveal six different projections of the same structure. Adapted from ref.39 (d) 
Tomographic reconstruction of a CdSe superlattice containing Au nanocrystals (highlighted in 
yellow) distributed randomly as substitutional dopants throughout the structure. Adapted from 
ref.40 (e) Cross-sectional TEM image of superlattice of 11-nm CoFe2O4 nanocrystals obtained by 
focused ion beam slicing of silica-encapsulated nanocrystal thin film. Adapted from ref.26 
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 A useful complement to TEM is scanning electron microscopy (SEM), which scans an 

electron beam in raster fashion across sample surface, detecting backscattered electrons. This 

technique probes the specimen surface, enabling imaging of NC superlattices that are too thick to 

permit electron transmission. SEM has been used to image, for example, three-dimensional 

polyhedral superlattices produced by solvent destabilization (Figure 1.8a). In addition, SEM is a 

convenient tool for probing the surface structure of superlattice thin films (Figure 1.8b). 

Similarly, atomic force microscopy (AFM) is a tool to characterize the surface of NC 

superlattices (Figure 1.8c). In this case, a probe tip is rastered across the sample surface, 

providing quantitative topographic information.  

 

Figure 1.8. Characterization of the superlattice morphology and surface structure using 
scanning electron microscopy (SEM) and atomic force microscopy (AFM) techniques. (a) SEM 
image of a twinned three-dimensional superlattice of PbS nanocrystals formed by solvent 
destabilization. Adapted from ref.14 (b) Silver octahedra assemble into a complex 
superstructure that consists of tetramer motifs (accented with false color) as elucidated by 
high-resolution SEM. Adapted from ref.37 (c) Height profile of a liquid crystalline array of Au 
nanorods revealed by AFM. Adapted from ref.41 
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1.5.2. Reciprocal-space superlattice characterization  

 To obtain structural information averaged over large sample volume and to analyze 

complex NC superlattices, it is helpful to examine the structure in reciprocal space. One way to 

do this is to obtain the electron diffraction (ED) pattern of a NC superlattice by collecting 

transmitted electrons in the TEM diffraction plane. This allows one to distinguish between 

similar-looking arrangements in real space (Figure 1.9a,b). Analogously, one may perform a fast 

Fourier transform (FFT) on a real space image, an operation available in common image analysis 

software packages and numerical libraries. The Fourier transform is a plot of spatial frequencies 

in a periodic image, with each spot in reciprocal space corresponding to a lattice spacing in the 

real-space image (Figure 1.9c). In addition to characterizing the position of NCs within a 

superlattice at small scattering angles, FFT or ED data at high angle offers information 

concerning the orientation of atomic planes in inorganic cores. Such analysis helps identifying 

packings with orientational registry of inorganic cores (Figure 1.9c, upper inset).  
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Figure 1.9. Reciprocal space analysis of superlattice thin films. (a) TEM overview of an 
Archimedean tiling binary superlattice comprised of Au and Fe3O4 nanocrystals. Inset: Electron 
diffractogram reveals fourfold rotational symmetry. (b) TEM overview of a dodecagonal 
quasicrystal binary superlattice assembled from the same nanocrystals. Inset: Electron 
diffractogram reveals twelvefold rotational symmetry. Note the clear difference in reciprocal 
space despite similar appearance of both structures in real space. Adapted from ref.42 (c) bcc 
superlattice of PbS nanocrystals. Upper inset: FFT shows high-frequency arcs (indicated by 
arrow), which arise from atomic lattice fringes (wide angle). The presence of the arcs suggests 
orientational registry of the inorganic NC cores. Lower inset: zoom into the FFT center shows 
spots corresponding to superlattice periodicity (small angle).  

 

 Small-angle x-ray scattering (SAXS) is another powerful tool for characterizing NCs in 

solution and NC superlattices. SAXS measurement involves elastic scattering of x-radiation 

(photons of sub-nanometer wavelength) collected at a two-dimensional detector (Figure 1.10a). 

The intensity of x-rays scattered off a NC ensemble is determined by two parameters, the form 

factor, which takes into account particle shape and size, and the structure factor, which depends 

on the spatial arrangement of particles. The form factor dominates SAXS measurement for NCs 

dispersed in solution, enabling estimation of average particle size and shape as well as their 

distributions (Figure 1.10b).
43

 When NCs are packed into an ordered arrangement, the SAXS 

pattern shows off-center spots corresponding to Bragg reflections from superlattice planes. 
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Structural data can be collected in transmission (TSAXS, Figure 1.10c) or reflection (grazing 

incidence, or GISAXS, Figure 1.10d) modes. Like FFT or ED, wide-angle reflections probe NC 

orientation within the superlattice. Furthermore, performing the measurement at ambient 

pressure enables monitoring the self-assembly process in situ as NCs move reversibly between 

dispersed, colloidal crystalline, and dry states upon solvent evaporation or condensation.
44

  

 

 

Figure 1.10. Small-angle x-ray scattering (SAXS) analysis of nanocrystal solutions and superlattice 
thin films. (a) Sketch of the SAXS experimental setup. (b) Radial profile of SAXS measurement of Au 
nanocrystals in solution (red circles) with fitted form factor for spheres (black trace). Such an 
analysis allows for estimation of average core size and standard deviation. Adapted from ref.45

 (c) 
Transmission SAXS measurement shows reflections off superlattice planes within a single domain of 
close-packed CoFe2O4 nanocrystals. Red pixels denote areas with highest detected counts. Adapted 
from ref.46

 (d) Grazing-incidence SAXS measurement of AlB2-type binary superlattice comprised of 
Bi and Au nanocrystals. Adapted from ref.46 
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2. Nanocrystal surfaces: structure, reactivity, and influence over core 

properties  

 All nanomaterials share a common feature of large surface-to-volume ratio, making their 

surfaces the dominant player in many physical and chemical processes. Surface ligands — 

molecules that bind to the surface — are an essential component of nanomaterial synthesis, 

processing and application. Understanding the structure and properties of nanoscale interfaces 

requires an intricate mix of concepts and techniques borrowed from surface science and 

coordination chemistry. This chapter elaborates these connections and discusses the bonding, 

electronic structure and chemical transformations at nanomaterial surfaces, specifically focusing 

on the role of surface ligands in tuning and rationally designing properties of functional 

nanomaterials. 

 A bulk solid contains only a small concentration of surface atoms; as a result, broken 

chemical bonds on the exterior contribute minimally to material properties. For any substance, 

however, the surface-to-volume ratio scales inversely with linear dimensions. With shrinking 

size, the role of the surface increases, eventually becoming dominant. At the nanoscale, surfaces 

can significantly alter some properties (for example solubility or luminescence
1
) and generate 

completely new effects (such as surface plasmon resonance
2
 or size-dependent catalytic 

activity
3
). This chapter shines a spotlight on the surface of nanomaterials and discusses various 

strategies to tame and make use of it. For the sake of consistency, we focus our discussion on 

nanocrystals (NCs), but most concepts can be applied to one-dimensional nanowires, two-

dimensional nanoplatelets and other nanoscale objects.  
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 Traditional surface science has established that the surfaces of large crystals can lower 

their energy by moving surface atoms away from lattice sites in the process of surface 

reconstruction,
4
 dangling bonds can introduce new electronic states,

5
 and foreign molecules 

(surfactants or adsorbates) can alter the energy and reactivity of a crystal surface.
6
 All of these 

effects apply to NCs, although the small facet size and multiple edge- and corner sites complicate 

analysis and quantitative description. On the other hand, the chemical bond between a NC 

surface atom and surfactant molecule is similar to that between a metal ion and ligand in a 

coordination complex, offering a useful analogy between NCs and molecular compounds. We 

will use the term ‘surface ligands’ here to emphasize this surfactant–ligand duality. The set of 

ligands attached to a NC forms a ‘capping’ layer that saturates dangling bonds, screens the 

particle from its environment, and controls nucleation and growth kinetics during synthesis.
7
 

Ligands also influence the optical and electronic properties of NCs, and provide steric or 

electrostatic stabilization of the colloidal state required for NC synthesis, processing and some 

applications. Ligand exchange reactions extend the versatility of NC materials by allowing 

replacement of ligands optimized for synthesis with application-targeted species including 

organic or inorganic ions, clusters, and polymers.
8
 

2.1. Structure and bonding at the nanocrystal-ligand interface 

 Nanocrystals consist of hundreds to thousands of atoms. Such particles are typically 

synthesized in a solution containing surface ligands with an anchoring headgroup tethered to the 

NC surface and a hydrocarbon tail directed away from it (Figure 2.1a). The equilibrium shape of 

the inorganic core minimizes the energy of exposed surface area and facet-specific energy of 

broken bonds. A polyhedral core, displaying only high-coordination surface atoms and slightly 

more exposed area than a sphere, is typical. For example, Au and PbS NCs often adopt a 
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cuboctahedral shape, terminated by (111) and (100) facets with the hexagonal and square 

arrangements of surface atoms shown in Figure 1.1b. If surface ligands selectively bind to certain 

facets of a growing NC, they reduce the surface energy of these facets relative to others. The 

ligand layer can also block delivery of new reagents to the NC surface. These thermodynamic 

and kinetic factors are widely used for synthesis of NCs with anisotropic shapes such as rods
9
 

and platelets.
10

 The capping layer protecting each NC facet can be viewed as a miniature self-

assembled monolayer (SAM). First prepared and characterized in the 1980s,
11

 SAMs have served 

as the foundation for understanding organic/inorganic interfaces and provide a convenient 

starting point to describe NC surface ligands. For example, the binding pattern of n-

alkanethiolate on extended Au (111) and (001) surfaces
12

 can be used to create a first 

approximation of the capping layer protecting a cuboctahedral Au NC. The strong interaction 

between gold and sulfur atoms (~2 eV)
13

 drives free surfactants to bind tightly to the metal 

surface. A weaker van der Waals interaction between hydrocarbon tails (~0.07 eV per CH2 

group
13

) encourages dense packing in the organic overlayer. On a flat surface, given time to 

adsorb and relax, a crystalline arrangement of surfactant molecules is formed in registry with the 

underlying substrate, with sulfurs typically occupying three-fold sites and alkyl tails tilted 

approximately 30° from the surface normal (Figure 1.1b). SAM grafting density is limited by the 

steric bulk of alkyl tails: the organic layer fills space completely, whereas the sulphur atoms 

remain separated by ~3 van der Waals diameters16 (Figure 1.1c). In addition to this ‘standard 

model’, alternative binding motifs including the RS–Au–SR ‘staple’ structure can be important 

at low surface coverage.
14
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Figure 2.1. Capping-layer structure. (a) Calculated atomic structure of 5-nm diameter PbS NC 
capped with oleic acid. PbS(111) surfaces are terminated by oleate and hydroxide ions, 
PbS(100) by oleic acid. Adapted from ref.15 (b) Binding pattern of sulfur headgroups (red 
spheres) on Au (111) and (100) facets. (c) Sketch of self-assembled monolayer (SAM) of 
hexadecanethiol molecules adsorbed to Au(111) surface as an idealized picture of a nanocrystal 
capping layer. Hydrocarbon chains are fully extended, tilted with respect to the surface normal, 
and in all-trans configuration. Adapted from ref.13 

 

 In contrast to extended flat surfaces, NC surfaces are encircled by vertex and edge sites, 

providing grafted chains with extra volume (Figure 2.1a). The relaxed competition for space 

between alkyl tails minimizes the role of hydrocarbon steric bulk in determining the grafting 

density of surfactants on NCs. As a result, higher capping-layer coverage is possible: 3-nm Au 

NCs can support n-decanethiolate surface densities of 6 nm
–2

, as compared with 3 nm
–2

 on 

extended Au(111) (ref.
16

). Open space in the NC capping layer allows penetration of solvent 

molecules or ligand chains of neighboring NCs. This extra space also provides room for 

rotational conformations not available to molecules packed in a SAM, resulting in significant 

structural disorder: gauche defects are concentrated in the ends of alkyl chains and propagate 

towards the middle with increasing temperature.
17

 Generally, capping-layer order is maximized 

for longer (C12–C18) chains tethered to the surface of larger-diameter (>5 nm) NCs.
18

 Nanometer 
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dimensions and intrinsic heterogeneity (each NC typically exposes several facets with different 

patterns of surface atoms) make experimental study of NC surfaces challenging. Currently there 

is no technique that provides atomic-level reconstruction of the NC capping layer. Instead, a 

suite of methods should be applied to obtain complementary bits of information about the NC–

ligand bonding, capping-layer structure, and interactions between surface ligands and the 

surrounding environment (see Chapter 1).
19

  

 Interaction between the NC core and ligand headgroup can be rationalized using the 

classification of covalent bonds,
20

 originally proposed for metal coordination complexes and 

adapted to NCs by Owen and co-workers (Figure 2.2a).
21

 Without going into full technical 

details, three classes of metal–ligand interaction may be distinguished based on the number of 

electrons involved, and the identity of the electron donor and acceptor groups. L-type ligands are 

neutral two-electron donors with a lone electron pair that datively coordinates surface metal 

atoms. Amines (RNH2), phosphines (R3P) and phosphine oxides (R3PO) are examples of L-type 

ligands. X-type ligands are species that, in neutral form, have an odd number of valence-shell 

electrons, requiring one electron from the NC surface site to form a two-electron covalent bond. 

In practice, M–X bonds often cleave heterolytically, forming ionic, closed-shell fragments. As 

such, X-type ligands can be neutral radicals binding neutral surface sites (each with an unpaired 

electron) or, more commonly, monovalent ions binding oppositely charged sites at the NC 

surface. Examples of X-type ligands include carboxylates (RCOO
–
), thiolates (RS

–
) and 

phosphonates (RPO(OH)O
–
), as well as inorganic ions (such as Cl

–
, InCl4

–
, AsS3

3–
) or bound ion 

pairs (for example, NEt4
+
I
–
 ) in nonpolar solvent. Nucleophilic (electron-rich) L- and X-type 

ligands bind to electron-deficient (electrophilic) surface sites with pronounced Lewis acidity, 

typically undercoordinated metal ions at the NC surface. The surface of metal chalcogenides, 
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oxides and other compound NCs also exposes electron-rich Lewis basic sites. These sites can 

interact with Z-type ligands, such as Pb(OOCR)2 or CdCl2, which bind through the metal atom as 

two-electron acceptors.
21

 In addition, the surface of oxide NCs can bind protons (H
+
), an 

example of positively charged, electrophilic X-type ligands.
22

  

 

Figure 2.2. Chemistry of ligand binding. (a) Classification of ligand binding motifs at the surface 
of a CdSe nanocrystal. Adapted from ref.21 Anionic X-type ligands bind to surface cations 
imparting electroneutrality to metal-rich NC facets. Neutral L-type electron donor ligands 
attach to electrophilic metal sites on stoichiometric NC facets. Neutral Z-type electron acceptor 
ligands bind to electron-rich undercoordinated Se atoms. Green arrows highlight examples of 
such atoms at the surface of a CdSe nanocrystal model. (b) Modeled 5-nm cuboctahedral PbS 
NC (center) with simplified illustrations of oleic acid binding as L-type ligand to (100) facets 
(left) and binding together with hydroxide as X-type oleate on Pb-terminated (111) facets 
(right). Adapted from ref.23 (c,d) Sketches of calculated surface structure on PbS(100) and 
PbS(111). Adapted from ref.15 
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 Following this classification, the composition and surface chemistry of NCs can be 

expressed in a convenient way. Cadmium selenide NCs, for example, capped by a combination 

of L- and X-type ligands, can be described as (CdSe)m(CdnXpLq), where m relates to the size of 

the NC core and n, p and q describe the ligand shell composition. Depending on the nature of 

exposed NC facets (polar or nonpolar), L- or X-type ligation can dominate. The measurement of 

metal-to-chalcogen ratio provides a simple way to access this information. CdSe and PbSe NCs 

synthesized in the presence of X-type ligands show metal-to-selenium ratios significantly 

exceeding unity.
24

 In nonpolar solvents such as hexane or toluene, a large energetic penalty for 

charge separation requires the ratio between L- and X-type ligands to satisfy electrostatic 

neutrality and fit the formula (CdSe)m(CdX2)nLq. The last expression is particularly useful for 

describing neutral NCs capped with one kind of X-type and one kind of L-type ligand. On the 

other hand, in polar solvents such as water or dimethylformamide, NCs can carry charge: 

[(CdSe)m(CdnX2n+sLq)]
s–

 or [(CdSe)m(CdnX2n-sLq)]
s+

 compensated by counterions from the 

diffuse ion cloud around each NC in solution. The NC can support approximately one elemental 

charge per square nanometer of surface, or a few tens of charges per particle.
25

 Such charging 

plays an important role in electrostatic stabilization of NC colloids (see Chapter 3).  

 Recent computational studies have revealed some counterintuitive aspects of NC surfaces 

subsequently verified by experiments. For example, density functional theory (DFT) calculations 

indicate that oleic acid (OAH), commonly used for NC synthesis, binds to the (100) facet of a 

PbS NC (the surface presenting a ‘checkerboard’ arrangement of lead and sulfur atoms; Figure 

2.2b,c) as a bidentate L-type ligand with energy 0.16 eV per ligand. On the other hand, (111) 

facets of PbS NCs present a hexagonal layer of Pb atoms (Figure 2.2b,d) and develop a very 

different motif, with X-type oleate ions (OA
–
) binding to surface Pb atoms more strongly at 
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0.52 eV per ligand.
15

 The density of Pb atoms on PbS (111) surface (~8 Pb atoms nm
–2

), 

however, prevents sterically demanding oleate ligands (the footprint of COO
–
 headgroup is ~0.3 

nm
2
) from saturating all dangling bonds. Both DFT calculations and experimental x-ray 

photoelectron spectroscopy (XPS) studies reported in ref.
15

 suggest that compact X-type ligands 

(for example OH
–
) bind to the PbS (111) facet together with bulky OA

–
 ligands (Figure 2.2d). 

Surface energy minimization suggests the following composition for 5-nm PbS NCs: 

(PbS)m[Pb(n+p)(OH)2n(OA)2p(OAH)q], with m = 1,385, n = 149, p = 120 and q = 48, where the 

ratio n:p may change depending on conditions (such as the water content in the synthesis 

solution). Existing experimental data support the computationally derived model of a cation-rich 

NC surface.
26

 It is likely that the ‘undercoat’ of small X-type ligands (such as OH
–
 or Cl

–
 ) is a 

common feature of most NC surfaces, incorporated (intentionally or not) through side reactions 

during NC synthesis. 

2.2. Ligand exchange reactions 

 Surface ligands with L- or X-type headgroup and a hydrocarbon tail allow impressive 

control over the kinetics of NC nucleation and growth. In many cases, however, these ligands 

must be replaced by other surface-binding species better suited to the end application. The 

exchange of NC surface ligands is reminiscent of substitution reactions in coordination 

complexes. Solvent polarity and coordinating ability can affect the kinetics and mechanism of 

ligand exchange reactions at the NC surface. Typically, steric crowding of molecules in the 

capping layer favors a dissociative pathway that requires a bound ligand to desorb from the NC 

before a new one may enter from solution and attach to the surface. In nonpolar solvents, all 

species involved in the exchange reaction should be electrically neutral. For this reason, L-type 
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ligands (for example octylamine
27

 on CdSe) rapidly adsorb and desorb from the NC surface at 

room temperature (exchanging species highlighted in bold): 

(CdSe)m(CdX2)nLq + Lʹ → (CdSe)m(CdX2)nLq–1Lʹ + L     (1) 

 L, Lʹ = RNH2, R3P, R3PO, RCOOH or pyridine, for example. However, X-type ligands 

(for example oleate or phosphonate on CdSe) remain tightly bound because of the electrostatic 

penalty for charging induced by self-desorption of X-type ligands. Similarly, neutral Z-type 

ligands (for example cadmium oleate) can be displaced by other metal complexes
28

:  

(CdSe)m(CdX2)nLq + Zʹ → (CdSe)m(CdX2)n–1ZʹLq + CdX2     (2) 

 Zʹ = Cd(RCOO)2, Cd(RPO(OH)O)2, CdCl2 or AlCl3, for example. 

 On the other hand, exchange of tightly bound X-type ligands in nonpolar solution 

probably takes place by an associative pathway.
29

 Replacement of these charged ligands can 

occur by cation transfer, whereby incoming and outgoing species exchange a proton
30

 or other 

cation (for example trimethylsilyl
31

 or alkylammonium):  

(CdSe)m(CdX2)n–1CdX2Lq + EXʹ → (CdSe)m(CdX2)n–1CdXXʹLq + EX   (3) 

 X, Xʹ = RCOO
–
, RPO(OH)O

–
, OH

–
 or Cl

–
, for example; E = H

+
, (CH3)3Si

+
 or NR4

+
, for 

example.  

 Direct exchange of X-type for L-type ligands disturbs charge neutrality of the NC and is 

therefore highly unfavorable in nonpolar environments. Observation of such reactions (for 

example the exchange of X-type carboxylate or phosphonate ligands with L-type pyridine
32

) can 

be rationalized as a ligand-promoted Z-type displacement process,
21

 where an incoming L-type 
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ligand aids the removal of an X-type ligand as a neutral metal–ligand complex, followed by 

coordination of the L-type ligand to the metal site on the (now charge-neutral) NC surface:  

(CdSe)m(CdX2)nLq + 2Lʹ → (CdSe)m(CdX2)n–1LqLʹ + Lʹ-CdX2    (4) 

 X = RCOO
–
 or RPO(OH)O

–
 , for example; L = pyridine or RNH2, for example.  

 Oxide NCs can bind neutral carboxylic acid ligands as pairs of negatively and positively 

charged X-type ligands (RCOO
–
 and H

+
, respectively), thus offering a pathway for exchange 

between L- and X-type ligands.
22

 Along these lines, since the L-, X-, Z-type classification of NC 

ligands was developed primarily from experiments with CdSe, future work beyond the model 

systems will be important to assess the generality of such a framework for rationalizing inorganic 

core composition, feasible ligand exchange reactions and other aspects of NC surface chemistry.  

 The use of polar solvents lifts the requirement for an electrically neutral NC surface, 

permitting additional ligand exchange pathways. As a result, in polar solvents, charged X-type 

ligands can desorb and exchange via dissociative pathways
33

:  

[(CdSe)m(CdnX2n+sLq)]
s–

  + Xʹ
–
 → [(CdSe)m(CdnX2n+s–1XʹLq)]

s–
  + X

–
   (5) 

 X, Xʹ = RCOO
–
, (NH4)S

–
, SCN

–
, In2Se4

2–
 or PbCl3

–
 , for example.  

 Moreover, special reagents (HBF4 or Et3OBF4) can be used to selectively attack and 

cleave the NC–ligand bond by protonation or alkylation of surface ligands.
25

 Cleavage of X-type 

ligands in the presence of weakly nucleophilic anions (for example BF4
–
 or PF6

–
) leaves behind 

uncompensated positive surface charge that allows electrostatic stabilization and further 

functionalization of the NC surface by weakly coordinating labile solvent molecules:  
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(CdSe)m(CdX2)nLq + 2nEBF4 + pLʹ →        

  [(CdSe)m(CdnLqLʹp)]2n
+
 + 2nBF4

–
 +[2nEX]     (6) 

 E = H
+
, Et3O

+
 or NO

+
, for example; Lʹ = DMF.  

 Completion of ligand exchange is influenced by the difference in ligand affinities to the 

NC surface and the relative abundance of incoming and outgoing ligands. Although mass action 

favours binding of the ligand present in excess, headgroup-specific surface affinity can prevent 

displacement of strongly binding species (for example phosphonate-capped CdSe in the presence 

of oleic acid
34

). The ligand affinity can be rationalized in terms of electronic, entropic and steric 

effects. The first case can be illustrated by application of the hard–soft acid–base (HSAB) 

principle
35

 for predicting the strength of NC–ligand binding. Classifying Lewis acids and bases 

into ‘hard’ and ‘soft’ categories, HSAB anticipates that strong bonds are formed by electrostatic 

interaction between hard Lewis acid–base pairs and by covalent interaction between soft pairs, 

whereas weak association is observed between members of opposite groups. The gold–sulfur 

bond, a classic example of robust association between soft species, is widely used to anchor 

ligands to the surface of Au NCs.
14

 In contrast, hard bases (for example ligands with oxygen-

containing headgroups such as carboxylates) show poor affinity to Au NCs with soft surface sites 

but bind strongly to NCs with more ionic lattices and harder surface sites, such as ZnSe and 

CdSe (ref.
25

). For compound NCs, the hardness of metal surface sites depends on the hardness of 

the anion sublattice. For example, although the free In
3+

 ion is itself a hard Lewis acid, indium 

sites on the InAs NC surface are bound to several soft arsenic atoms, and thus rendered rather 

soft Lewis acids.
25

 In molecular chemistry this is known as the ‘symbiotic effect’, where soft 

(hard) ligands soften (harden) the atom to which they are bound.
35

 The effective strength of 

capping-layer adhesion can be significantly increased through the chelate effect, accounting for 
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enhanced affinity of ligands containing two or more binding groups as compared with 

monodentate ligands. Examples of chelating ligands include molecules containing carboxylate, 

dopamine
36

 and dithiol (for example dihydrolipoic acid
37

) anchoring groups. Steric effects also 

play a role in capping-layer attachment: bulky tert-butylthiolate ligands pack on CdSe NC 

surface at ~2 nm
–2

 at full coverage
38

 as compared with ~4 nm
–2

 packing of n-alkylthiolate 

ligands.
39

  

 Although metal coordination complexes serve as a convenient foundation for 

understanding NC–ligand binding, the transfer of concepts explaining binding strength (such as 

HSAB, chelation or steric profile) from molecular to NC systems is not entirely straightforward. 

For example, interaction of a ligand with various crystallographic facet surface patterns and 

edge/vertex sites opens up a manifold of potential binding modes and corresponding NC– ligand 

affinities. Future computational efforts must confront the intrinsic heterogeneity of such systems 

by considering binding of a given ligand across categories of surface atoms, taking into account 

potential differences in hard/soft character and steric accessibility of each unique surface site. 

Such work may allow identification of the factors or qualitative chemical concepts, if any, that 

govern the strength of NC–ligand binding. 

2.3. Surface ligands and nanocrystal electronic structure 

 Surface ligands can directly influence the optical, electrical, magnetic and catalytic 

properties of NCs. Here we use semiconductor quantum dots (QDs) to demonstrate examples of 

such effects. In a QD, the valence and conduction bands are split into discrete, quantum-confined 

states
40

 that give rise to size-tunable luminescence colors. However, undercoordinated surface 

atoms with dangling bonds often contribute a set of electronic states with energies lying between 

the highest occupied and lowest unoccupied quantum-confined orbitals of the QD (Figure 2.3a, 
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red lines). These localized states behave as traps for electrons or holes, quenching luminescence 

and hampering the performance of NC-based devices.  

 Bonding between the NC surface atom and ligand frontier orbital generates a new set of 

molecular orbitals with bonding (σ) and antibonding (σ*) character, with bonding orbitals 

stabilized and antibonding orbitals destabilized with respect to the energies of non-interacting 

surface atom and ligand (Figure 2.3a). The formation of a strong covalent bond between the 

surface atom and ligand shifts the energies of σ- and σ*-orbitals outside the bandgap and cleans 

the bandgap of trap states responsible for fast nonradiative recombination. This molecular orbital 

picture agrees with DFT calculations showing the disappearance of mid-gap states in ligand-

passivated NCs.
41

  

 

Figure 2.3. Effect of ligands on nanocrystal surface states. (a) Simplified molecular orbital 
diagram of a CdSe quantum dot showing that the energies of Cd and Se surface electronic 
states (red levels) are pushed outside the bandgap upon ligand binding. HOMO, highest 
occupied molecular orbital; LUMO, lowest unoccupied molecular orbital. (b) Experimental 
photoluminescence quantum yield of CdSe quantum dot samples with different cadmium 
oleate (OA) surface coverage. Different symbols correspond to various conditions of the 
nanocrystal surface treatment with the Lewis base L’ = (CH3)2NCH2CH2N(CH3)2 as described in 
equation 4. Error bars represent uncertainty of ligand surface density and nanocrystal solution 
concentration estimates. Inset: photograph of colloidal CdSe quantum dots with high coverage 
(right) and low coverage (left) of oleate ligands.  
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 Preserving QD luminescence requires elimination of mid-gap trap states. However, the 

relationship between saturation of surface sites and NC electronic structure is not yet clear. For 

example, despite a CdSe surface atom density of ~6 nm
–2

, a tremendous drop in CdSe 

luminescence occurs at modest oleate coverage of ~3 nm
–2

 (ref.
21

, Figure 2.3b). As such, 

establishing the link between NC surface structure and optical properties remains a crucial open 

question in the field. Surface passivation upon ligand binding is common but not universal: some 

ligands introduce new mid-gap electronic states and increase the rate of non-radiative relaxation: 

alkanethiol ligands, for example, quench luminescence of CdSe QDs by fast hole trapping.
42

  

 Ligands can also influence the absolute energy of QD electronic states. Figure 2.4a shows 

the energies of 1S(h) and 1S(e) states of PbS QDs (~3.5 nm diameter), measured by ultraviolet 

photoelectron spectroscopy (UPS), when capped with different surface ligands. The observed 

variation of band energies (~0.9 eV) across several ligand choices is large enough to be 

comparable to the bandgap (~1.2 eV) of these QDs. This effect has electrostatic origin: a surface-

bound ligand molecule generates an electric dipole. If dipoles point toward the NC center, the 

electric field potential shifts all energy levels down, and for the opposite case, vice-versa (Figure 

2.4b).
43

 The orientation and magnitude of the surface dipole is determined by two competing 

contributions: the interfacial dipole formed between the surface atom and ligand headgroup, and 

any intrinsic dipole associated with ligand molecular structure. For Lewis-basic ligands, the 

interfacial dipole points from the ligand towards the metal (L
δ–

 → M
δ+

), while the intrinsic ligand 

dipole depends on its chemical structure and binding mode, approaching zero for atomic ligands 

(halides, for example). The largest ligand-induced downward shift of electronic energy levels is 

observed for halide ion ligands (Figure 2.4a). Because all energy levels are shifted by the same 

energy, this effect is not observable in absorption or luminescence spectra. However, because the 
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energy of highest occupied and lowest unoccupied states dictates ionization potential and 

electron affinity, the absolute energies of electronic states are central to operation of solar cells, 

light-emitting diodes and other NC-based devices.
44,45

  

 

Figure 2.4. Effect of surface ligands on electronic states within the nanocrystal inorganic core. 
(a) Surface ligands influence the energy of highest occupied, 1S(h), and lowest unoccupied, 
1S(e), states of PbS quantum dots, measured by ultraviolet photoelectron spectroscopy for 
representative organic and inorganic ligands: bromide, thiocyanate, benzenedithiol, 3-
mercaptopropionic acid and benzenethiol. Adapted from ref.43 (b) The shift of 1S(h) and 1S(e) 
states is caused by surface dipoles, shown as blue arrows, between surface atoms and ligand 
molecules. (c) Qualitative illustration of ‘non-innocent’ ligand phenyldithiocarbamate (PTC) 
mixing with CdSe 1S3/2 hole state (right), giving rise to states with mixed core–ligand character 
(shown in red). HOMO and LUMO energies of typical hydrocarbon ligands preclude strong 
mixing with nanocrystal quantum-confined states (left). (d) Development of electronic states 
with mixed nanocrystal–ligand character relaxes quantum confinement and redshifts the 
absorption features of CdSe quantum dots capped with PTC ligands and of PbS quantum dots 
capped with SnS4

4– ligands. PL, photoluminescence; a.u., arbitrary units; HDA, hexadecylamine. 
Adapted from ref.46 
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 In the above examples, the QD absorption spectrum was set by electronic transitions 

within the inorganic core, and the effect of surface ligands on energy and oscillator strength of 

these transitions was assumed to be negligible. For typical aliphatic ligands (for example alkyl 

carboxylates, phosphonates, amines) this is indeed the case, as ligand frontier orbital energies are 

far from QD core states, maintaining strong ligand character even when bound to the QD 

surface. On the other hand, ligands with redox potentials comparable to the QD electron affinity 

and ionization potential promote state mixing between ligands and the inorganic core. In 

coordination chemistry, ligands that create a set of electronic states with strong metal–ligand 

character are referred to as ‘non-innocent’ ligands.
47

 Analogously, when the symmetry and 

energy of ligand and crystallite frontier orbitals align (Figure 2.4c), interfacial states with mixed 

QD–ligand character arise, allowing core wavefunctions to extend across the inorganic/organic 

interface into the ligand shell. Phenyldithiocarbamate (PTC) ligands, for example, reduce the 

optical bandgap of CdSe NCs by up to ~0.2 eV by delocalizing the exciton hole via mixing with 

QD states near the valence band edge
46

 (Figure 2.4c; Figure 2.4d, top). Similarly, exchange of 

oleate ligands for SnS4
4–

 or AsS3
3–

 results in redshifted excitonic absorption peaks of PbS QDs 

(Figure 2.4d, bottom). These examples show that practically every physical property of 

semiconductor QDs (bandgap, ionization potential, electron affinity, luminescence efficiency and 

others) can be tailored by surface ligands. The same holds true for other classes of NC materials, 

with ligands influencing the surface plasmon resonance of Au NCs,
48

 catalytic properties of 

CoPt3 NCs,
49

 magnetic properties of Fe3O4 NCs,
50

 and so on. These are active areas of ongoing 

research. 
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3. Fundamental aspects of nanocrystal self-assembly 

 This section summarizes the theory of nanocrystal interactions and examines basic 

principles governing nanocrystal self-assembly from perspectives borrowed from the 

comparatively established fields of micrometer colloid and block copolymer ordering.  

3.1. Qualitative treatment of nanocrystal interactions  

 Self-assembly brings a set of particles from a dilute state to one in which particles are 

contacting their nearest neighbors. As such, it is important to consider the various contributions 

to the NC-NC interaction throughout the self-assembly process. These interactions include van 

der Waals forces between inorganic cores and between surface ligands as well as osmotic, 

electrostatic, and elastic contributions.
1
 The combination of the interactions is commonly 

described by an effective interparticle pair interaction.
2
  

3.1.1. Interparticle potentials at the ordering transition 

 Colloidal NC solutions remain in the dispersed state as long as the pair potential is 

dominantly repulsive (Figure 3.1a, darkest trace). Tethering molecular chains (e.g., hydrocarbon 

surfactants or neutral polymers) to the NC surface enables steric stabilization of NCs, while 

adsorption of charged species leads to electrostatically stabilized colloids (Figure 3.1b,c). These 

cases form two fundamentally different mechanisms to colloidal stabilization and provide 

complementary approaches to disperse NCs in nonpolar and polar solvents, respectively. Such 

mechanisms need not be mutually exclusive: chains with ionizable groups allow for both to be 

combined together in the special case of electrosteric stabilization using polyelectrolyte ligands.
3
 

 Aggregation of NCs can be induced by, for example, removal of solvent, reduction of 

solvent quality via nonsolvent addition or cooling the solution, and desorption of or cross-linking 
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of capping ligands. During this process, the effective interparticle interaction changes from 

repulsive to attractive. In the dried state, NCs are linked firmly together by the interparticle 

matrix comprised of surface ligands. Complete removal of solvent freezes a collection of NCs 

into a superlattice with interparticle separation set by the balance between ligand elastic 

repulsion and van der Waals attraction forces. Associated NCs then sit in a deep potential well 

that far exceeds the characteristic thermal energy (𝑘𝐵𝑇) of the system (Figure 3.1a, lightest 

trace). 

 

Figure 3.1. Pair interactions of nanocrystals in the dispersed state and the assembled state. (a) 
Evolution of the effective pair interaction potential U at interparticle separation distance r for 
nanocrystals from the beginning (darkest trace, dispersed state) to the end point (lightest trace, 
close-packed state) during the self-assembly experiment. This plot was constructed using 6-12 
powerlaw potentials and serves only as a qualitative representation of nanocrystal pair 
interactions. (b) Sketch of a pair of interacting nanocrystals with hydrocarbon (top) and ionic 
(bottom) surface ligands. (c) Sterically stabilized solution of oleate-capped CdSe in nonpolar 
toluene phase (left photo, upper layer). Exchange of oleate ligands to potassium sulfide results 
in a phase transfer of the nanocrystals to the polar formamide phase (right photo, bottom 
layer). Adapted from ref.4 

 Rapid destabilization results in uncontrolled, out-of-equilibrium growth of disordered NC 

aggregates producing dendrites or gel networks.
5
 On the other hand, faceted, polyhedral 
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superlattices can be obtained by assembly near equilibrium conditions,
6
 where interparticle 

attractions remain comparable to 𝑘𝐵𝑇 for a sufficiently long time to allow NCs to sample 

multiple sites on the superlattice surface before irreversible attachment. 

3.1.2. Equilibrium shape of nanocrystal superlattices 

 The shape (morphology) of the superlattice polyhedron that results from destabilization-

based self-assembly can be rationalized using thermodynamic principles. Like any finite-size 

solid, including the NC itself, a NC superlattice has facet-specific surface energies arising from 

the reduced coordination of the particles at the surface as compared with those in the superlattice 

bulk. While NCs have twelve nearest neighbors in the interior of a close-packed superlattice, 

NCs at the surface have eight nearest neighbors on (100), seven on (110), and nine on (111) 

facets (Figure 3.2a-c). By simply counting the number of broken bonds, it is possible to predict 

that the surface energy of these facets increases as E111 < E100 < E110. A surface energy 

minimizing polyhedron (known as Wulff polyhedron) then has facet surface areas increasing as 

A111 > A100 > A110 (Figure 3.2d). Furthermore, by incorporating low-energy twin plane defects 

within the interior, polyhedral superlattices may present exclusively (111) facets with icosahedral 

shape (Figure 1.6g).
6
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Figure 3.2. Surface area and broken contacts at the superlattice surface determine facet surface 
energy and the morphology of superlattices formed with destabilization-based assembly. Here 
we show the fcc lattice as an example. (a) A (100) surface nanocrystal (red circle) has eight 
nearest neighbors, four in-plane (light grey) and four below (dark grey). Modeled three-
dimensional structure shown underneath. (b) A (110) surface nanocrystal has seven neighbors, 
two in-plane and five below. (c) A (111) surface nanocrystal has nine neighbors, six in-plane and 
three below. (d) A superlattice seeks to minimize the total surface energy by adopting a shape 
that preferentially expresses low-energy facets. Shown here: polyhedron with relative facet 
areas A111 > A100 > A110. (e) Illustration of the step-terrace-kink model for monomer addition to a 
growing crystal. Adapted from ref.7  
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3.1.3. Superlattice nucleation, growth, and coalescence 

 The equilibrium (or near-equilibrium) aggregation of NCs into a superlattice is a phase 

transition that proceeds via nucleation and growth. Because nucleation is sensitive to impurities 

in the system, it is important to distinguish between homogeneous nucleation and heterogeneous 

nucleation. Homogeneous nucleation occurs in solution and requires overcoming a nucleation 

barrier. Reducing solvent quality or increasing particle volume fraction by evaporation increases 

the nucleation rate by lowering the nucleation barrier. On the other hand, rapid evaporation or 

destabilization can lead to barrierless aggregation via spinodal decomposition
8
 into NC-rich and 

NC-poor areas similar to demixing observed upon cooling a two fluids below critical 

temperature of miscibility. However, such far-from-equilibrium processes typically produce 

disordered NC solids. 

 Heterogeneous (templated) nucleation near an interface (wall) can be significantly faster 

than homogeneous nucleation because the presence of a surface naturally preorders the colloid. 

After nucleation, growth proceeds via addition of individual NCs or groups of NCs to the 

growing seed. Growth speed is limited by the availability of NCs from solution and the 

energetics of surface defect formation. A simple model for surface defect formation is the 

terrace-ledge-kink model (Figure 3.2e), which predicts that NC integration into a growing 

superlattice is influenced by the number of bonds formed upon attachment. Under attractive 

interparticle interactions, growth proceeds quickly at vacancies, kinks and steps, which enable 

formation of many NC-NC contacts. On the other hand, steps and terraces are comparatively 

stable due to fewer contacts established upon NC adsorption. 

 To minimize total surface energy, a collection of NCs that finds itself in the absence of 

good solvent prefers the aggregation into a single Wulff polyhedron. In practice, however, 
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solvent destabilization allows multiple nucleation sites and produces many superlattice domains 

from a collection of particles. This leaves more surface area (broken bonds) than if all particles 

incorporated themselves in a single superlattice. Larger aggregates move slower in solution than 

individual NCs or small aggregates, inhibiting coalescence of superlattice domains. However, 

their mass promotes large superlattices to sediment in the bottom of the container , assisting 

densification. The barrier to nucleation by solvent destabilization is thus sufficiently low, and the 

barrier to merging of domains sufficiently high, such that many nuclei form but cannot 

completely coalesce (Figure 3.3, left pathway). In contrast, evaporation-based self-assembly 

often nucleates superlattices under thin-film confinement, for example at the air-liquid interface,
9
 

and in the absence of significant attractive interparticle interactions, producing two-dimensional 

films (Figure 3.3, right pathway). These films will typically start out polycrystalline but can 

improve by defect repair and healing of internal interfaces given sufficiently slow solvent 

evaporation. 
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Figure 3.3. Superlattice morphology and free energy landscape of nanocrystal self-assembly at the 
disorder-order transition. A collection of nanocrystals transitions from the disordered state with 
high free energy (top) to an ordered state with lower free energy. Polyhedral superlattices form if 
nucleation occurs in the absence of boundary conditions (left pathway), while thin film superlattices 
result under geometric confinement (right pathway).  
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3.2. Fundamental contributions to interparticle forces  

 NC self-assembly is affected by the interplay of many chemical and physical forces. The 

equilibrium superlattice structure is the one that minimizes the system free energy (F), expressed 

in terms of energetic (U) and entropic (S) components as F = U - TS.
1
 Similarly, the free energy 

change ∆F upon self-assembly provides the driving force for ordering and results from 

corresponding changes in system internal energy and entropy, ∆F = ∆U - T∆S.  

3.2.1. Core contributions to free energy 

 Internal energy change of the assembling system can be broken approximately into core 

and ligand contributions, ∆𝑈 ≈ 𝛿𝑈cores + 𝛿𝑈ligands, as can be entropy, ∆𝑆 ≈ 𝛿𝑆cores +

𝛿𝑆ligands. Energetic interactions between NC cores are described by the set of van der Waals 

interactions, 𝛿𝑈cores ≈ 𝛿𝑈vdW ≈ 𝛿𝑈London + 𝛿𝑈Keesom + 𝛿𝑈Debye. The first term, the London 

dispersion attraction
10

 between instantaneously induced dipoles, is present for all NC core 

materials. The second and third terms are dipole – induced dipole and dipole-dipole interactions, 

respectively, which relate to materials with permanent electric dipole moments (e.g., CdSe). The 

combined strength of all three is described by the Hamaker constant A. In the general case, 

magnetic dipole moments (e.g., Fe3O4) and Coulombic interactions between charged particles 

may also be present. For charged NCs there exist additional contributions from charge-charge, 

charge-dipole, and charge – induced dipole to the system internal energy.
11

 Particle core entropy 

has configurational, translational, and rotational terms, 𝛿𝑆cores ≈ 𝛿𝑆conf + 𝛿𝑆trans + 𝛿𝑆rot. The 

first term is related to rearrangements of the particles in the system ignoring local effects. In the 

superlattice it counts the number of ways to exchange particles. The other two terms handle local 

motions only, such as individual or collective vibrations about equilibrium positions and 

orientations.  
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3.2.2. Ligand contributions to free energy 

 When sterically stabilized particles contact in good solvent, densification of ligand 

segments results in an osmotic penalty, 𝛿𝑆ligands ≈ 𝛿𝑆osmotic.
12

 Similarly, for charge-stabilized 

NCs dispersed in polar solvent, condensation of counterion clouds gives rise to osmotic pressure 

between surfaces. In addition, upon interpenetration of hydrocarbon coronas, compression or 

extension of backbone can distort torsion angles along the chain and introduce gauche defects, 

giving rise to elastic energetic penalty upon contact.
13

 In the absence of good solvent, this elastic 

resistance to chain deformation balances the attractive London dispersion interaction between 

aliphatic chains: 𝛿𝑈ligands ≈ 𝛿𝑈elastic + 𝛿𝑈London. 

3.2.3. Van der Waals forces between nanocrystal cores 

 The van der Waals interaction between inorganic cores stems from transient fluctuations 

in the distribution of electrons. It is typically attractive and favors flocculation of the colloid. 

Interatomic van der Waals attraction may be expressed as 

𝑈vdW(𝑟) = −
𝐶𝜌1𝜌2
𝑟6

 (1) 

where 𝜌1 and 𝜌2 are the number of atoms per unit volume in two interacting bodies and the 

constant 𝐶 is the coefficient in the interparticle interaction. This constant is large for materials 

with free electrons (e.g., metals). The total van der Waals energy of attraction between two 

particles with volumes 𝑉1 and 𝑉2 can be obtained by pairwise summation of van der Waals 

interaction between all atoms in the constituent particles, 

𝑈vdW = −∫ 𝑑𝑉1∫ 𝑑𝑉2
𝐶𝜌1𝜌2
𝑟6

 

𝑉2

 

𝑉1

 (2) 
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This integral can be solved analytically
10

 for two spherical NC cores with radii 𝑅1 and 𝑅2, 

𝑈vdW(𝑟) = −
𝐴

3
[

𝑅1𝑅2
𝑟2 − (𝑅1 + 𝑅2)2

+
𝑅1𝑅2

𝑟2 − (𝑅1 − 𝑅2)2
+
1

2
ln (

𝑟2 − (𝑅1 + 𝑅2)
2

𝑟2 − (𝑅1 − 𝑅2)2
)] (3) 

with Hamaker constant 𝐴 = 𝜋2𝐶𝜌1𝜌2. A good approximation at close contact,  

𝑑 = 𝑟 − 𝑅1 − 𝑅2 ≪ min (𝑅1,𝑅1), is 

𝑈vdW(𝑑) = −
𝐴

6𝑑

𝑅1𝑅2
𝑅1 + 𝑅2

 (4) 

 This equation forms the basis of the Derjaguin approximation,
14

 which estimates the van 

der Waals energy between two particles of arbitrary shape from the curvature of their surfaces 

and integration of the interaction energy of infinite parallel plates. 

3.2.4. Steric stabilization of nanocrystals 

 The van der Waals interactions between NC cores can be sufficiently screened by the 

ligand shell to impart predominantly repulsive interactions and maintain stable colloidal 

solutions of even strongly interacting materials (e.g., metals with large Hamaker constant 𝐴). 

Osmotic and elastic repulsion between chains in good solvent form the basis of steric 

stabilization of hydrocarbon- and polymer-capped NCs and beads, as well as solutions of 

surfactant, dendron, and polymer micelles. In this case, good solvent implies negative free 

energy of chain-solvent mixing.
15

 An osmotic term resulting from unfavorable exclusion of 

solvent molecules from the ligand interaction region acts upon a pair of particles as soon as their 

ligand coronas begin to overlap. This effect occurs over the whole range of steric interaction, 

beginning at interparticle distances 𝑑 lower than twice the width 𝐿 of the capping layer (𝑑 < 2𝐿). 

Compression of the ligand chains results in an elastic contribution to the potential at smaller 
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surface separations. Because this elastic component quickly exceeds thermal energy, the 

predominant region sampled during a Brownian collision is the moderate interpenetration  

(𝐿 < 𝑑 < 2𝐿) domain.
13

 

 In the interpenetration domain, the free energy of interpenetration of two chains tethered 

to the NC surfaces brought from infinite separation together in volume 𝑑𝑉 may be expressed 

with Flory-Krigbaum theory
16

 as  

Δ𝐺 = 2𝑘𝐵𝑇
𝑣𝑠
2

𝑣𝑖
(
1

2
− 𝜒)∫𝜑1𝜑2 𝑑𝑉

 

𝑉

 (5) 

where 𝑣𝑠, 𝑣𝑖, and 𝜒 are the Kuhn segment volume, solvent molecular volume, and Flory-Huggins 

chain-solvent interaction parameter, respectively. The segment density distribution functions 𝜑1 

and 𝜑2 are derived from the geometry of a cone-shaped available ligands volume and can be 

evaluated numerically. Accordingly, in good solvent (𝜒 < 1/2), intermingling of hydrocarbon 

segments from neighboring NCs is penalized (Δ𝐺 > 0), and particles experience repulsion upon 

contact. On the other hand, clustering of NCs is favorable in poor solvent (for 𝜒 > 1/2, Δ𝐺 < 0). 

 From this analysis it can also be seen that the steric repulsion strength depends on 

grafting surface curvature.
17

 On highly curved surfaces, found for example on small NCs or the 

tips of pointy NCs, each ligand enjoys access to a large cone-shaped volume. In this case, 

segment density 𝜑 rapidly decays away from the grafting surface. The spatial concentration of 

ligand segments given by the overlap integral ∫𝑉 𝜑1𝜑2 𝑑𝑉, and thus the free energy change upon 

corona interpenetration, is small. In contrast, for nearly flat surfaces, the overlap integral, and 

thus |Δ𝐺|, is large. Such logic predicts increasing per-ligand repulsion energy with decreasing 
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surface curvature (see also Chapter 4) and might account for the counterintuitive propensity of 

smaller NCs to form clusters in solution.
18

 

 Importantly, the total steric interaction energy between two particles is the sum of 

individual ligand-ligand potentials given in Eq. (5). For the case of NC diameter greatly 

exceeding the thickness of ligand capping layer, accurate estimation of interparticle interaction 

can make use of the Derjaguin approximation. However, this approach greatly overestimates the 

steric repulsion between particles with stabilizing shell thickness on the order of particle 

diameter (e.g., sub-10nm NCs capped with C18-length hydrocarbons), where tilting of chains 

away from the contact axis can be significant.
19

 Modeling steric interaction between particles 

with comparable diameter and corona thickness remains an area of active research.
20

 

 Enhancing steric stabilization is a strategy to improve self-assembly success. One 

possibility is introducing unsaturation along the hydrocarbon backbone (e.g., cis-9-octadecyl 

chains of oleic acid or oleylamine) to suppress the tendency of long-chain saturated (e.g., stearic 

acid or octadecylamine) ligands to crystallize on the NC surface, promoting chain-solvent 

mixing and NC solubility. Tethering end-functionalized polymers
21

 to the NC surface is another 

possibility. Such chains can be considered entropic springs with elastic response from both 

stretching and compressive deviations from random-walk dimensions.
15
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3.2.5. Hydrocarbon ligand packing in nanocrystal solids 

 At the late stage of drying a NC solution, or upon nonsolvent addition, interpenetrating 

coronas are no longer swollen with solvent molecules and begin to freeze together under the 

influence of attractive van der Waals interactions between hydrocarbon chains. The attraction 

experienced by two parallel chains
22

 scales with the length L of overlap and decays quickly with 

backbone separation x as 

𝑈vdW(𝑥) = −𝐴
3𝜋

8𝜆2
𝐿

𝑥5
 (6) 

where 𝜆 is the sp
3
 carbon-carbon bond length (𝜆 ≈ 0.15 nm) and 𝐴 is the Hamaker constant (𝐴 ≈ 

0.1 kcal/mol) for attraction between methylene units whose centers are separated by roughly 0.5 

nm in the close-packed ligand bundle.  

 Hydrocarbon chains tethered to a flat surface readily crystallize into an all-parallel 

backbone arrangement.
23

 Predictions from molecular dynamics simulations and experimental 

analysis using vibrational spectroscopy indicate that bundles of parallel ligand chains can form 

on the surface of NCs in the absence of good solvent.
24,25

 Such bundling is most common for 

longer (C12 – C18) chains tethered to the surface of larger-diameter particles. On the other hand, 

vibrational spectroscopy has revealed that ligands in NC solids have a significant concentration 

of gauche defects in the chain ends, which propagate towards the interior with increasing 

temperature.
26

 Upon addition of nonsolvent to the NC solution, coronas contract to reduce 

contact with poor solvent and NCs cluster for the same reason. Upon evaporation of a NC 

solution, however, hydrocarbon coronas are swollen with solvent when NCs are initially 

crowded together. As a result, interparticle separations are typically 33% larger for evaporation-

based assembly than for destabilization-based assembly.
27
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 The packing of hydrocarbon chains between NC cores and the resulting interparticle 

separations (Figure 3.4a) has not only been treated with molecular dynamics simulations but also 

using simple geometric models. These models postulate space-filling of ligands along the bond 

axis (optimal packing model,
28

; Figure 3.4b) or space-filling of ligands within the entire volume 

of the corona overlap (overlap cone model,
20

; Figure 3.4c). Experimental separations (see also 

Chapter 5) measured from TEM images of hexagonally ordered monolayers of alkanethiol-

capped Au NCs are consistent with the first model (Figure 3.4d,e).
29

 However, they also confirm 

the existence of many-body interactions between NC capping layers predicted by the second 

model, which cause the effective corona thickness to vary with NC coordination number (Figure 

3.4f,g). Together, molecular dynamics simulations and experimental data suggest that the NC 

ligand corona is a deformable surface coating that can support a variety of chain packing 

structures in the NC superlattice depending on chain length, surface curvature, and coordination 

state. 
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Figure 3.4. Packing of hydrocarbon ligands in nanocrystal superlattices. (a) Sketch of interdigitating 
hydrocarbon coronas between a nanocrystal pair showing core radius R, ligand length L, and 
effective radius Reff. (b) Illustration of the optimal packing model prediction of a small axial volume 
of space-filling hydrocarbons between nanocrystal cores. (c) Sketch of the overlap cone model 
prediction of a larger overlap volume with space-filling hydrocarbons. (d) Histogram plot of the 
reduced separations measured from TEM images of hexagonally ordered monolayer of alkanethiol-
capped Au nanocrystals. (e) Summary of the TEM measurements collected from several ligand 
length - core radius combinations using Au and PbS nanocrystals. (f) TEM image showing various 
coordination states of nanocrystals deposited at sub-monolayer surface coverage. (g) Deformability 
of the hydrocarbon corona revealed by the measured reduction in effective nanocrystal size in low-
coordination position. Adapted from ref.29 For full details, see Chapter 5.  
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3.2.6. Electrostatic stabilization 

 Adsorption of charged ions enables dispersion of NCs in polar solvent (Figure 3.1b, 

bottom and Figure 3.1c, right). Such surfaces may be obtained by ligand exchange of 

hydrocarbon-capped NCs
30

 or by synthesizing NCs directly in polar medium (e.g., citrate-capped 

Au NCs,
31

 thioglycolic acid capped CdTe, ref.
32

). The NC surface charge is then balanced by 

oppositely charged counterions surrounding the particle. Solvents with high dielectric constant 

(e.g., water, formamide) efficiently screen the electrostatic attraction between surface-bound ions 

and charge-neutralizing counterions, promoting the formation of an electrical double layer. Close 

approach of charge-stabilized NCs in polar solution results in the overlap of counter-ion clouds, 

inducing a local osmotic pressure between surfaces, which results in an effective repulsion. 

Reducing the dielectric screening of the solvent by addition of less polar liquids (e.g., toluene, 

acetonitrile) induces collapse of the counterion cloud, enabling close approach of NC surfaces 

and promoting flocculation.   

 The interaction potential between a pair of charge-stabilized NCs, including both 

electrostatic repulsion and van der Waals core-core attraction, is often treated in a first 

approximation using Derjaguin, Landau, Verwey and Overbeek (DLVO) theory.
12

 The repulsive 

term decreases approximately exponentially with particle separation and can be estimated using 

the Derjaguin approximation at small separations and linear superposition at larger distances.
33

 

Analytical approximations provide an alternative to numerical integration. For example, the 

screened Coulomb (Yukawa) repulsive potential for two spheres of charge 𝑍1 and 𝑍2 in solution, 

separated by distance 𝑟 > 𝜅−1 is given by 

 𝑈sC(𝑟) =
𝑍1𝑍2𝜆𝐵

(1 + 𝜅𝑅1)(1 + 𝜅𝑅1)

exp (−𝜅(𝑟 − 𝑅1 − 𝑅2) 

𝑟
 (7) 
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Here 𝜅−1 is the Debye screening length, 𝜆𝐵 = 𝑒
2/(4𝜋휀0휀𝑟𝑘𝐵𝑇) the Bjerrum length, and charge 

is expressed in units of the elementary charge 𝑒. The total DLVO interaction energy is then the 

sum of the repulsive electrostatic (Coulombic) and attractive van der Waals terms. 

3.2.7. Abundance of interparticle forces and simplifying assumptions for self-assembly 

 While the above considerations give a rough idea of various factors governing NC self-

assembly, other terms might be present depending on the chemistry of the system and the 

experimental setup.
34-36

 The abundance of contributing elements to the interparticle potential, 

unknown relative weights of each term, non-linear and non-additive coupling and evolution 

during self-assembly, the finite size of solvent molecules and solvated ions, inhomogeneity of 

the NC and its surroundings, and other effects make devising an accurate expression for the total 

free energy of the system extraordinarily complicated.
37

 At present, the treatment of NC self-

assembly in theory and simulation requires simplifying assumptions concerning particle shape 

(i.e., perfect spheres, cubes, etc.) and interactions at the disorder-order transition (purely 

repulsive, attractive, or absent). Fortunately, fundamental factors (like NC core geometry) often 

dominate the formation of superlattices, allowing coarse-grained models to explain many of the 

outcomes of self-assembly experiments. 
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3.3. Self-assembly of hard particles: entropy maximization and dense packings 

 Predicting the self-assembly of NCs into ordered superlattices requires comparing the 

relative stability of candidate structures. In general, taking into account all energetic or entropic 

contributions present in the system is not possible. Approximations are necessary to estimate free 

energies numerically. Yet, just like Pauling’s rules proved useful in understanding the structure 

of ionic compounds in the early days of crystallography,
38

 rather general considerations help to 

clarify the role of particle shape
39

 and elucidate the relationship between geometry of building 

blocks and the superlattice into which they assemble.
40

 The hard particle model is a good 

approximation for NCs with predominantly repulsive interactions or with only weak attraction 

over short distances. 

3.3.1. Entropy maximization principle for hard particles 

 It was established in the 1950s that crystallization of particles can occur even when 

energetic interactions are entirely absent. Entropy-driven crystallization of hard spheres, the so-

called Kirkwood-Alder transition, was predicted theoretically
41,42

 and subsequently observed in 

concentrated solutions of micron-sized colloidal beads with steep repulsive (i.e., nearly-hard) 

interactions (Figure 3.5a).
43,44

 Such particles experience strong repulsion upon contact and are 

well described by the hard sphere model (Figure 3.5b). Hard particles interact solely through 

excluded volumes. They strive to minimize Helmholtz free energy 𝐹 = −𝑇𝑆 under the condition 

of constant volume 𝑉, and minimize Gibbs free energy 𝐺 = 𝑃𝑉 − 𝑇𝑆 under the condition of 

constant pressure 𝑃. Importantly, the most stable phase of a hard particle system at a given 

volume corresponds to the phase maximizing the total entropy of the system.  

 By measuring all energies and pressure in units of 𝑘𝐵𝑇 the phase behavior of a hard 

particle system becomes independent of temperature and only dependent on particle volume 
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fraction (Figure 3.5c). The volume fraction (also called packing density or packing fraction) 

𝜙 = 𝑁𝑉0/𝑉 is the ratio of the average particle volume 𝑉0 = ∑ 𝑉𝑖𝑖 /𝑁 to the volume 𝑉/𝑁 

available to each particle in the system. Dimensionless free energy and pressure are then defined 

as 𝐹∗ = 𝐹/𝑘𝐵𝑇 and 𝑃∗ = 𝑃𝑉0/𝑘𝐵𝑇, respectively. 

 When suspended in fluid at high volume fraction, a collection of hard particles has 

greater total entropy in an ordered crystal than as a disordered fluid (Figure 3.5d,e). Specifically, 

the configurational entropy loss incurred by collective ordering of mean particle positions (loss 

of configurational entropy) is more than offset by extra free volume (“wiggle room”) afforded to 

particles for local vibrations around their equilibrium lattice positions and rotations about their 

average orientations in the colloidal crystal (gain of translational and rotational entropy). In other 

words, the increase in visible order is associated with an increase in microscopic disorder.
45

 

 The entropy of N particles may be expressed using free volume theory
46

 in terms of the 

volume faction 𝜙 and the structure-dependent jamming limit 𝜙𝑐 as 

 𝑆 ≈ 𝑘𝐵𝑓𝑁 ln [
𝜙𝑐
𝜙
− 1] + 𝑆𝑐 (8) 

where 𝑓 is the effective number of degrees of freedom per particle and 𝑆𝑐 is an additive constant 

due to collective exclusion-volume effects. The jamming limit is defined as the density that can 

be reached with rapid compression. While free volume theory is only an approximation, it 

becomes exact at high density, i.e., close to 𝜙𝑐. This means the densest phase is then 

thermodynamically favored. Only if several configurations have the same density does the 

additive factor 𝑆𝑐 matter. Because spheres can be packed in fcc up to 𝜙𝑐 ≈ 0.74 before jamming, 

fcc must be more stable than a disordered collection of spheres that only accommodates spheres 

up to a limit of 𝜙𝑐 ≈ 0.64 before becoming jammed.  
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Figure 3.5. Entropy-driven crystallization of hard spheres. (a) SEM image of close-packed 
spherical colloidal beads. Adapted from ref.52 (b) Hard sphere interaction potential. (c) Phase 
diagram of non-interacting spheres showing fluid phase at low density, crystal at high density, 
and coexistence of the two phases over an intermediate density range. Adapted from ref.53 
(d,e) The accessible free volume available to each particle increases upon adoption of an 
ordered colloidal crystal state (d) instead of a jammed state (e). In this schematic we ignore 
rattlers, which sets 𝑆𝑐 = 0. (f) Phase diagram of non-interacting spherocylinder rods as a 
function of shape anisotropy and density. Adapted from ref.54 

  

 Entropy-driven ordering is predicted for mixtures of two sizes of hard spheres.
47

 

Similarly, non-interacting anisotropic particles (e.g., rods or plates) at sufficiently high volume 

fraction may align, moving from isotropic solution to liquid crystalline state (Figure 3.5f).
48

 This 
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process, known as the Onsager transition,
49

 increases entropy at the expense of rotational 

entropy, and is predicted for ellipsoids of length-to-breadth ratio of more than 2 or less than 

0.5.
50

 For anisotropic particles, entropy maximization leads to complex phases including 

entropically-driven solid-solid phase transitions.
51

 

3.3.2. Dense packings as candidate structures for nanocrystal superlattices 

 One assumption has routinely been invoked for predicting the outcome of NC self-

assembly: dense packings are favored. Dense packings appear for hard particles in the high-

pressure/high-density limit. In this limit, the 𝑃𝑉 term in the Gibbs free energy dominates the 

entropy term 𝑇𝑆. A densest packing (minimal 𝑉) will eventually be the maximum entropy state 

and therefore be most stable. This can be seen directly from free volume theory, Eq. (8). Densest 

packings have the same meaning for hard particle systems as thermodynamic ground states for 

systems of interacting particles. They are states reached when all dynamics of the system has 

ceased and entropy can be ignored. Finding the densest packing for a given shape is thus a 

natural starting point for predicting the structure of self-assembled NC superlattices. 

 Searching for the densest packing is a special case of a mathematical optimization 

problem and has a long history that goes back to ancient Greece. Framed as part of the 18
th

 of 21 

problems
55

 proposed by David Hilbert in 1900, mathematicians were challenged to find the 

optimal way to “build up space from congruent polyhedra”. The plain wording, however, belies 

its complexity. More than a century after Hilbert’s list, it has been proven for only one shape, the 

sphere. The Kepler-Hales theorem states that face-centered cubic (fcc), hexagonal close-packed 

(hcp), and other stacking variants of hexagonal layers are the densest arrangements for spheres 

(Figure 3.6a,b), filling 𝜙fcc = 𝜋/√18 = 74.04…% of space.
56

 Resolving the entropy difference 

between these two phases requires high-precision free energy calculations. The outcome of the 
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calculation is a small entropic preference of ∆𝑠 = 0.001164(8)𝑘𝐵 per sphere for fcc
57

 over hcp 

due to phonon contributions.
58

 Optimal packings for space-filling solids (the cube, for example, 

and several other polyhedra
59,60

) are also known and represent trivial Hilbert solutions. Only with 

the advent of modern computers it became possible to study the packing of a wide range of 

shapes numerically. Many solutions have been found that are believed to be optimal or at least 

near optimal. Yet, due to the complexity of the packing problem, searching for new rigorous 

mathematical results has turned out to be extremely difficult even in simple situations. Small 

steps forward thus represent significant mathematical advancements.
61

 

 

Figure 3.6. Dense and less dense crystalline arrangements of spheres and tetrahedra. (a) Unit 
cell of spheres packed in fcc arrangement. (b) Structural motif of spheres in hcp. (c) Unit cell of 
spheres in bcc packing. (d) Unit cell of spheres in simple hexagonal packing. (e) Unit cell of 
spheres in simple cubic packing. (f) Double dimer (densest known) tetrahedron packing. 
Adapted from refs.62,63 (g) Quasicrystalline tetrahedron packing. Adapted from ref.64 (h) Wagon 
wheel (nonamer) tetrahedron packing. Adapted from ref.65 (i) Icosahedron (20-mer) 
tetrahedron packing. Adapted from ref.66. 
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 For hard spheres, the ordered phases observed in the Kirkwood-Alder transition coincide 

with the densest packing of spheres, yielding primarily fcc or hcp arrangements. Alternative 

candidate structures such as bcc, simple hexagonal (sh), and simple cubic (sc) (Figure 3.6c-e) 

have packing densities of 68%, 60%, and 52%, respectively, leaving more void space in the 

lattice than fcc and hcp (Figure 3.6f). Such arrangements of hard spheres are not stable, because 

they provide less free volume for translations in the colloidal crystal than fcc and hcp packing. 

 The packing of polyhedra is particularly relevant in the context of NC self-assembly 

because polyhedral NCs are frequently encountered as energy-minimizing Wulff shapes of NCs 

comprised of an atomic single crystal or twinned polycrystal.
67-70

 Densest packings of most 

regular convex
51

 and concave
71,72

 polyhedra, as well as families of polyhedra,
73-75

 have been 

reported using numerical techniques. The regular tetrahedron, for example, is the simplest 

Platonic solid. It has pyramid shape with four equilateral triangle sides. In one of the earliest 

recorded mistakes in the history of mathematics, Aristotle suggested that the regular tetrahedron 

tile space completely.
76

 In fact, no such arrangement is possible, although a series of recent 

works
62-65,77

 demonstrated that there exist several ways to pack tetrahedra more densely than 

spheres (Figure 3.6f-i). Self-assembly of tetrahedrally-shaped colloids mediated by excluded 

volume interactions can be expected to produce such arrangements. In the case of oleic acid 

capped 10-nm CdSe nanotetrahedra, however, self-assembly produces an unexpectedly open 

superlattice arrangement with tip-to-tip contacts between particles (see Chapter 4). 
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3.3.3. Dense packings of binary hard particle mixtures 

 The search for dense packings of two sizes of spheres was encouraged by the discovery 

of gem opals comprised of bidisperse silica beads.
78

 Binary sphere mixtures often pack more 

densely than a single component alone, for example, by filling the voids in a close-packed sphere 

lattice with smaller spheres. When evaluating ways to densely pack sphere mixtures, there are 

two degrees of freedom that influence the maximally achievable packing density: the radius ratio 

(or size ratio), 𝛾 = 𝑅B/𝑅A, and the stoichiometry, 𝑥 = 𝑛B/(𝑛A + 𝑛B), of the large (A) and small 

(B) spheres. Recent studies
79-82

 uncovered more than fifteen unique binary sphere packings that 

exceed the densest single-component (fcc) arrangement (Figure 3.7). Such analyses provide a 

natural starting point for anticipating the structures formed by spherical NCs that seek to 

maximize packing density at high particle volume fraction. However, in the limit of similar 

sphere radii (𝛾 > 0.66), phase separation into separate fcc (or hcp) lattices of large and small 

spheres provides the densest packing, while in the limit of very disparate sizes (𝛾 < 0.2) 

depletion effects strongly disfavor the achievement of dense packings in experiment. 

 Beyond these space-filling considerations, configurational entropy and entropy of mixing 

provide an additional driving force for cocrystallization of two sizes of hard spheres at 

intermediate density. Such second-order effects can stabilize binary structures that compete with, 

but do not exceed, the density of phase-separated packings. Examples are the NaZn13 

arrangement within size ratio range 0.54 < 𝛾 < 0.61, ref.
47

 and Laves phases within 0.76 < 𝛾 <

0.84, refs.
83,84

 In this way, translational and configurational contributions to system entropy can 

stabilize a hard sphere binary crystal in some instances if its density is above about 65%. So far 

the complete phase behavior of binary sphere mixtures, and thus the role of entropy for the 
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formation of binary sphere crystals, has not been investigated for all values of the radius ratio, 

stoichiometry, and packing density. 

 

Figure 3.7. Summary of densest known binary sphere packings. Maximum packing density (z-
axis) surface plot shown as a function of radius ratio (x-axis) and stoichiometry (y-axis). Unit 
cells or characteristic structural motifs for selected structures are shown above. The proposed 
maximum density is claimed by the AB11 structure, which fills space with about 82% efficiency 
at radius ratio close to 0.22. The radius ratio for which binary packings exceed single-
component close packing is 𝛾 < 0.66. Adapted from ref.79 

 

 The phase diagram of mixtures of spheres and rods is even more complex because it 

contains the rod aspect ratio as a third parameter. Although the packing of rods and spheres has 

not been investigated in full generality, at least one binary structure of spheres and rods with 

aspect ratio 2 exceeds the density of demixed phases (Figure 3.8a). Closely related to the AlB2 

arrangement of spheres, this AB2-type binary phase has a stability range of 0.5 < 𝛾 =

𝑅sphere/𝑅rod < 0.58, similar to where an equivalent phase is found in a binary sphere mixture 

(Figure 3.8b). The rod-sphere system is an example where the densest packing is not the only 
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ordered maximum entropy solution. At intermediate density, bulk demixing into rod-rich and 

rod-poor phases and microphase separation into a variety of morphologies have been predicted 

and observed in experiment (Figure 3.8c).
85,86

 Cocrystallization is expected if these competitor 

phases are avoided, as recently confirmed in an investigation of experimental phase behavior of 

rod- and sphere-shaped NCs.
87

  

 

Figure 3.8. Packing rods and spheres. (a) Modeled AB2 packing of rods and spheres at size ratio 
0.56. (b) At intermediate volume fraction, simulations predict phase separation into rod crystal 
and mixed fluid. (c) Plot of packing efficiency of phase-separated (green trace) and AB2-type 
binary nanocrystal shape alloy (BNSA, blue trace) for simple hard rod (spherocylinder) and 
sphere shapes. Excluded volume (hard particle) interactions between rods and spheres stabilize 
dense binary structures at size ratios 0.50 < γ < 0.58. Adapted from ref.87 

 

3.3.4. Cataloging stable phases of hard polyhedra 

 Packing arguments
88

 and self-assembly studies may be extended to all manner of hard 

shapes to predict their phase behavior and contribute to an understanding of the relationship 

between particle shape and the preferred thermodynamic phase. To this end, Monte Carlo 

simulations revealed a large diversity of ordered maximum entropy phases in systems of hard 

polyhedra belonging to Platonic, Archimedean, Catalan, and Johnson solid groups,
51

 many of 

which are experimentally accessible for NCs prepared by colloidal synthetic techniques. At 
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intermediate density in the 0.5 < 𝜙 < 0.6 range, spontaneous ordering occurs for a majority of 

high-symmetry polyhedra. Nucleation and growth leads to well-ordered superlattices and is 

generally fast. The exceptions are lower-symmetry polyhedra, which remained disordered even 

after prolonged simulation. On the other hand, particularly densely packing polyhedra (e.g., 

cubes and rhombic dodecahedra) order faster than spheres. 

 The assembly behavior of polyhedra can be predicted from particle sphericity and local 

order in the fluid. Sphericity is measured by the isoperimetric quotient 36𝜋𝑉2/𝐴3 for a particle 

with volume 𝑉 and surface area 𝐴, normalized such that the isoperimetric quotient for a sphere is 

1.
51

 Three structural categories including mesophases
89

 (Figure 3.9a) were observed: those with 

translational and orientational order (crystals), solely orientational order, and solely translational 

order. The roundest shapes prefer to arrange on a lattice without preference for particle 

orientation (plastic crystals or rotator crystals), while a large flat surface directs particles onto a 

lattice with orientational registry (nematic, smectic, and columnar/discotic liquid crystals), as 

shown in Figure 3.9b. Ordered phases can be surprisingly complex, and include the close-packed 

sphere lattices fcc and hcp, the soft particle lattice bcc, the topologically close-packed (Frank-

Kasper and pseudo Frank-Kasper
90,91

) phases 𝛾-brass, 𝛽-Mn, 𝛽-W (isostructural to the A15 

phase) for weakly faceted spheres, a few Bravais lattices, and a few others including diamond 

(Figure 3.9a). In addition to these single-polyhedron assemblies, the phase behavior of binary 

mixtures of polyhedra has recently been investigated.
92
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Figure 3.9. Cataloging the phases formed by Monte Carlo computer simulations of 145 convex 
polyhedra. (a) Illustrations of the polyhedra forming crystals, plastic (rotator) crystals, liquid 
crystals, and glasses. (b) Representative particle shapes that select one of the three phase 
families. Nearly spherical polyhedra rotate in the ordered phase (plastic crystal), facetted 
polyhedra resemble covalent (directionally-bonded) crystals, and asymmetric polyhedra only 
partially order their position (liquid crystal). Adapted from refs.51,59 
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3.4. Self-assembly of soft particles: internal surface area minimization 

 So far, we rationalized the phase behavior of NCs by considering only the shape of the 

particle core in the hard particle model. However, after synthesis, colloidal NCs are typically 

covered by a layer of hydrocarbon surface ligands. he presence of this corona of semi-flexible 

“hairs” has two effects. It softens the interaction of the inorganic cores and results in an effective 

NC shape that is always more spherical than the underlying core. These effects limit the 

applicability of the hard particle model to surfactant-stabilized NCs. The soft particle model 

replaces the hard particle assumption of perfect particle rigidity by the assumption of perfect 

particle elasticity coupled with incompressibility. In other words, soft particles can deform as 

long as their volume does not change. 

3.4.1. Hard and soft particles are two extremes to model nanocrystals 

 The prime example of soft particles are block copolymer micelles. Block copolymers are 

a class of macromolecules with two or more chemically-distinct polymer segments (blocks), 

which may be, for example, hydrophobic and hydrophilic (poly(styrene)-block-poly(ethylene 

oxide), PS-PE). They adopt a number of ordered nanostructured phases including the spherical 

phase, where the minority block segregates into spheres surrounded by a corona of chains of the 

major component.
93

 The polymer melts are easily deformable, but necessarily completely fill 

space because liquids do not support local density variations. Using this logic, block copolymer 

micelles may be considered, in good approximation, as incompressible, deformable particles. 

 While the self-assembly of hard particles is driven by maximization of packing density in 

the limit of high pressure, soft particles strive to minimize contact area between particles in the 

limit of low temperature.
94

 For block copolymer micelles, this minimization is caused by the 

conformational entropy penalty associated with elastic chain deformation. Density-maximization 
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and area-minimization lead to different solutions. For example, while hard spheres frequently 

assemble into fcc and hcp arrangements, block copolymer micelles do not. Instead, these soft 

particles typically prefer to adopt bcc ordering.
95

 

 The combination of rigid inorganic core and soft organic corona naturally places colloidal 

NCs in-between the hard particle model and the soft particle model (Figure 3.10). Perhaps 

unsurprisingly, therefore, colloidal NCs, often with 2 – 10 nm core diameter and C8 – C18 (about 

1 – 2 nm length) hydrocarbon surfactant shells, self-assemble into phases characteristic of both 

dense packings and contact area-minimizing configurations.
96

 Interestingly, the search for 

minimal-area soft particle phases, like the search for dense-packing hard particle phases and 

Hilbert’s 18
th

 problem, appears to conveniently intersect with another famous problem of 

mathematics. 

 

Figure 3.10. Schematic illustration of colloidal nanocrystals bearing similarity to both block 
copolymer systems (left: soft particles) and micron-sized colloidal beads (right: hard particles). 
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3.4.2. Area-minimizing principle and tetrahedral close-packing 

 In 1887, Lord Kelvin asked the question: what regular partition of space into cells of 

equal volume has the smallest surface area of cells? This concept is also known as the internal 

surface area-minimization principle (or in short, area-minimization principle). Kelvin proposed 

the bcc lattice to be the most area-minimizing structure. Bcc was considered optimal for more 

than one hundred years until Weaire and Phelan uncovered a more efficient partitioning of space, 

the A15 phase.
97

 Isostructural with Cr3Si and β-tungsten, the A15 structure features mutually 

orthogonal dimers centered on the faces of a bcc lattice (Figure 3.11a). It is a poor choice for 

efficient sphere packing, having a similar density as the simple cubic lattice (52%). However, 

A15 represents a partitioning of space with even less internal surface area than Kelvin’s choice 

of bcc arrangement.  

 The property of efficiently partitioning space is captured by examining the shape of the 

Voronoi cell (also known as Wigner-Seitz polyhedron). The Voronoi cell is the space available 

to each particle on the lattice, or mathematically speaking, the volume that comprises all points 

in space that are closer to a given particle than to any other. An equivalent formulation of 

Kelvin’s question is: Which structure maximizes the average isoperimetric quotient for its 

Voronoi cells? A15 (isoperimetric quotient 0.764) narrowly beats bcc (0.757), which in turn 

beats fcc (0.741). Since the pentagonal dodecahedral and tetrakaidecahedral Voronoi cells of 

A15 (Figure 3.11b) are more spherical than the truncated octahedral Voronoi cell of the bcc 

lattice, they require less deformation of a spherical soft hydrocarbon shell. 

 The Frank-Kasper phase family is defined to comprise all phases that feature exclusively 

tetrahedral voids (i.e., they are tetrahedrally-close-packed, tcp).
90,91

 Notably, the A15 

arrangement is an example of a Frank-Kasper phase. Only tetrahedral voids are present in A15 as 
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evidenced by its fully triangulated coordination polyhedra (Figure 3.11c). One third of the voids 

in the fcc lattice, by contrast, are octahedral. Frank-Kasper phases generally have Voronoi cells 

with high values of the isoperimetric quotient.  

 

Figure 3.11. Frank-Kasper phases are tetrahedrally close-packed structures. (a) The A15 phase 
divides space into equal-volume partitions with minimal internal surface area. The unit cell is 
comprised of a bcc sublattice (green spheres) with face-centered sites (orange spheres) 
positioned along three mutually perpendicular, interlocking columns. (b) Dodecahedra and 
tetrakaidecahedra are the Voronoi cells of the A15 phase. Adapted from ref.98 (c) Coordination 
polyhedra for sites in the A15 phase. Note that the polyhedra have exclusively triangular faces, 
which means A15 has only tetrahedral voids. (d,e) Relaxing the requirement for equal-volume 
partitions, the Frank-Kasper σ phase has even less internal surface area than the A15 phase. 
The σ-phase unit cell is comprised of 30 spheres, with 8j particles forming tiling vertices 
highlighted in green. (f) Decomposition into triangle (left) and square (right) tiling units. (g) 
Space-filling polyhedra with volumes shown underneath. Adapted from ref.99 (h,i) Tiling from 
triangle and square units with only 3.4.32.4 vertices in the σ phase and by including other 
vertices in a dodecagonal quasicrystal. Adapted from ref.100 
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 An arrangement with even less internal surface area emerges if Kelvin’s requirement for 

equal-volume partitions is removed. The new optimal phase, the Frank-Kasper σ phase, 

isostructural with intermetallic Fe46Cr54, has an unusually large (30 particles) unit cell (Figure 

3.11d). The σ phase divides space into five distinct Voronoi polyhedra with about 15% spread in 

volumes (Figure 3.11e) and is comprised of triangle (Zr4Al3) and square (Cr3Si) tiling units 

(Figure 3.11f,g).  

 These two polygonal units can be used to construct tilings of the plane. They can be 

arranged periodically in the 3.4.3
2
.4 Archimedean tiling (Figure 3.11h) with three triangles and 

two squares meeting at each vertex and no sharing of edges between squares. A quasicrystalline 

(QC) arrangement results by incorporating 3
6
 vertices (six triangles meeting at a point, Figure 

3.11i). The appearance of such complex phases is no surprise because tetrahedral local order is 

incompatible with long-range order and thus difficult to extend linearly.   

 Intriguingly, A15, σ, and QC are readily observed in soft matter systems such as micelle-

forming block copolymers,
99,101

 dendrons,
100,102

 and surfactant solutions
103

 (Figure 3.12) and can 

even be targeted via precisely controlled positional interactions between micelles of giant 

macromolecular tetrahedra.
104

 There is significant overlap between the phases observed for soft 

micelles and colloidal NCs: for example, Frank-Kasper MgZn2 (C14 Laves phase), σ, and QC 

phases result from assembly of binary NC mixtures. The area-minimizing, tetrahedrally close-

packed, and often complex arrangements like Frank-Kasper A15, σ, and QC phases would not be 

uncovered by searching for efficient sphere packings but naturally arise when interactions 

between soft ligand shells are taken into account. 
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Figure 3.12. Experimental soft matter systems ordering onto area-minimizing lattices. Organic 
molecules such as block copolymers, dendrons, and surfactants (e.g., from top left to bottom 
left, polyisoprene-b-lactide, 3,4,5-tris-(n-dodecyl)benzyloxy, and dodecyl-polyethylene glycol) 
assemble into hairy spherical micelles (center) with phase behavior reminiscent of nanocrystal 
superlattices, including tetrahedrally close packed Frank-Kasper sigma phase, quasicrystal, and 
A15 (Weaire-Phelan) structure, as well as bcc phase. Center panel adapted from ref.101  

 

3.4.3. Area-minimizing principle for hydrocarbon-capped nanocrystal superlattices 

 Only some of the phases experimentally observed for nearly spherical NCs are explained 

by hard-sphere packing arguments. For example, the bcc phase is a sub-optimal sphere packing 

arrangement (Figure 3.6) but is frequently observed upon evaporating solutions of quasi-

spherical NCs. NC “softness”, expressed as 𝐿/𝑅, where 𝐿 is the molecular length of the capping 

ligand and 𝑅 is the radius of the inorganic core, plays a crucial role in selecting between close-

packed and non-close-packed sphere arrangements: alkanethiol-capped metal NCs experience an 

fcc-to-bcc transition for 𝐿/𝑅 > 0.7.
96,105

 Similar arguments also hold for DNA-mediated 

nanoparticle assembly into the bcc phase, where long linkers were identified as the cause for the 

deviation from close-packing.
106

 

 Along these lines, recent attempts to rationalize NC superlattice phase behavior have 

evaluated superlattice packings on the basis of an area-minimization principle. Assuming 
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hydrocarbon chains must fill the interparticle matrix after solvent evaporation, the shape of the 

space afforded to each particle (Voronoi cell or Wigner-Seitz polyhedron) packed in fcc or bcc 

arrangements (Figure 3.13a,b) determines the extent to which ligands are forced to compress or 

expand to fill space (Figure 3.13c). Plotting the distance separating the polyhedron center and all 

points on its surface reveals a wider spread for the rhombic decahedron (fcc cell) than the 

cuboctahedron (bcc cell), implying a larger elastic penalty for hydrocarbon capping ligands 

packed in the fcc arrangement (Figure 3.13d). Accordingly, for NCs with significant soft 

character contributed by surface-tethered hydrocarbon ligands, phase behavior reflects a 

contribution from both sphere packing and area-minimizing components. Such arguments have 

been extended to rationalize the recent experimental observation of the C14 Laves (Frank-

Kasper) phase assembled from monodisperse 2-nm Au NCs capped with hexanethiol ligands and 

with 𝐿/𝑅 ≈ 0.84.
107

 Furthermore, evidence of an area-minimizing contribution to NC assembly 

has been observed for the case of binary superlattices of spherical NCs. In one notable example, 

solid-state binary assembly via Ostwald ripening monodisperse NC superlattices heated above 

120°C yielded only Frank-Kasper or pseudo Frank-Kasper binary structures.
108

 In these cases, 

the absence of large octahedral voids in the tetrahedrally close-packed phases, and resulting 

minimal distortion of surface-bound hydrocarbon chains required to fill the interparticle matrix, 

may be the driving force to form such unusual sphere packing arrangements.  
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Figure 3.13. Wigner-Seitz (WS) evaluation of sphere packings. The bcc structure requires less 
distortion of the ligand corona than fcc arrangement. (a) bcc unit cell and the corresponding WS 
polyhedron. (b) bcc unit cell and the corresponding WS polyhedron. (c) Illustration of the 
compression and extension of hydrocarbon chains required to occupy the entire WS cell. (d) 
Asphericity of both WS cells. The spread in center-to-surface distances of the bcc WS 
polyhedron (blue trace) is narrower than that of the fcc WS polyhedron (green trace), and thus 
requires less distortion of capping ligands. Adapted from ref.221 
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4. Self-assembly of tetrahedral CdSe nanocrystals: effective patchiness via 

anisotropic steric interaction 

 Controlling the spontaneous organization of nanoscale objects remains a fundamental 

challenge of materials design. Here we present the first characterization of self-assembled 

superlattices comprised of tetrahedral nanocrystals. We observe self-assembly of CdSe 

nanotetrahedra into an open structure (estimated space-filling fraction φ ≈ 0.59) which has not 

been anticipated by many recent theoretical studies and simulations of tetrahedron packings. This 

finding highlights a gap in the understanding of the hierarchy of energy scales acting on colloidal 

NCs during the self-assembly process. We propose strong dependence of ligand interaction 

potential on NC surface curvature. This effect favors spatial proximity of vertices in the dense 

colloidal crystal and may be considered an emergent “patchiness” acting through chemically 

identical ligand molecules. 

4.1. Dense tetrahedron packings 

4.1.1. Mathematical constructions 

 Tetrahedron packing has been studied theoretically and computationally for many years. 

Spurring a recent revival in interest, Conway and Torquato showed that twenty tetrahedra may be 

packed into an icosahedron and subsequent lattice packing of icosahedra produces an 

arrangement of tetrahedra with density φ ≈ 0.72.
1
 In 2008, by constructing an eighteen-

tetrahedron cluster and finding a suitable lattice packing of clusters, Chen reported a packing 

with φ ≈ 0.78,
2
 providing the first example of an arrangement of tetrahedra which fills space 

more densely than the fcc arrangement of spheres (φ ≈ 0.74). The following year, Haji-Akbari et 

al. used Monte Carlo simulations to compress a fluid of hard tetrahedra to a quasicrystalline 
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phase with packing density φ ≈ 0.82 and made a new periodic structure with 82 particles per unit 

cell and density φ ≈ 0.85.
3
 The current record is claimed by a double-dimer packing with four 

tetrahedra per unit cell and φ ≈ 0.86.
4
  

 In parallel, much effort has been devoted to understanding packing behavior of various 

“imperfect” tetrahedra. Phase diagrams have been calculated for tetrahedral particles with 

various degrees of truncation,
5
 for tetrahedrally-truncated spheres,

6
 and for tetrahedral “puffs”.

7
 

Simulations of hard faceted particles inspired conceptual development of “directional entropic 

forces” (DEFs) guiding assembly of anisotropic particles toward structures with parallel facet 

alignment.
8
 In contrast to enthalpic patchiness (arising from, for example, molecular patterning

9
 

or DNA functionalization
10

) DEFs promote local dense packing. 

4.1.2. Physical tetrahedra 

 Despite progress in mathematical constructions of tetrahedron (and pseudo-tetrahedron) 

packings, there exist only a few experimental investigations of such packings. In one example, 

Jaoshvili et al. poured tetrahedral dice into containers and used volumetric measurement to 

determine random close packings of tetrahedra have density 0.76 + 0.02.
11

 On the other hand, a 

similar set of experiments performed using polyhedral plastic dice spanning the entire family of 

Platonic solids revealed lower observed tetrahedron packing fractions (0.51 < φ < 0.64) when 

allowed to sediment inside a container by mechanical vibration.
12

 

4.1.3. Packing problem treatment of nanocrystal assembly 

 Several recent studies suggest that self-assembly of semiconductor (CdSe, PbSe, etc.) 

NCs into SLs is an entropy-driven process.
13

 This approach treats NC assembly as a packing 

problem (see Chapter 3) with entropic stabilization of dense ordered phases. Indeed, spherical 

NCs typically arrange themselves in fcc or hcp packings, the most dense arrangements (both φ ≈ 
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0.74) possible for spheres.
14

 The role of translational entropy in driving NC assemblies to most-

dense configurations suggests that colloidal NCs might offer insight into the mathematical 

problem of finding dense arrangements of non-spherical objects. On the other hand, tailoring soft 

interactions between NCs may enable formation of structures not anticipated for hard objects. 

4.2. Synthesis and characterization of CdSe nanotetrahedra 

 In this work we study the self-assembly of tetrahedral CdSe nanocrystals. Following a 

recipe outlined by Liu et al.,
15

 zinc blende phase CdSe tetrahedra were synthesized by reacting 

cadmium oleate with elemental selenium in ODE at 250°C. Tetrahedral NC shape results from 

NC growth occurring preferentially along (100) crystallographic directions due to weaker 

binding of oleic acid ligands to the CdSe (100) surface than CdSe (111).  

4.2.1. Colloidal synthesis of tetrahedrally-shaped CdSe  

 This reaction proceeds in two steps. First, stirring cadmium acetate precursor in the 

presence of excess oleic acid (OA) at 120°C forms a cadmium oleate complex: 

Cd(CH3CO2)2 + OA    →    Cd(OA)2 + CH3CO2H                                         (1) 

 Then, this cadmium oleate complex is injected into a solution of selenium dissolved in 1-

octadecene (ODE) at 250°C: 

Cd(OA)2 + CH3CO2H + Se   
ODE,250°C
→          CdSe tetrahedra                            (2) 

 The presence of acetic acid (CH3CO2H) is crucial to the growth of anisotropic 

nanostructures.
16

 Degassing the reaction mixture in step (1) will result in growth of spherical 

NCs. On the other hand, branched, tetrahedral, or cubic NC shapes are accessible if the presence 
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of acetic acid in the cadmium precursor solution is preserved by avoiding evacuation of the flask 

during formation of the cadmium oleate complex.  

 Temperature is another crucial parameter in this procedure: while 8-nm edge length 

tetrahedra (measured from microscopy images) were obtained by injecting at 270°C (Figure 

4.1a,b), 10-nm tetrahedra were obtained by injecting at 250°C (Figure 4.1c,d). In both cases, 

growth was allowed to proceed for 20 minutes at 250°C. Higher injection temperature creates 

more nuclei to compete for the same monomer supply, producing smaller NCs after completion 

of the reaction. On the other hand, injecting at 270°C and holding the reaction at 270°C produces 

cubic CdSe NCs (Figure 4.1e,f).  

 

Figure 4.1. Shape-controlled synthesis of zinc blende CdSe NCs. (a,b) Injecting cadmium oleate 
into selenium-octadecene at 270°C and holding reaction at 250°C produces CdSe tetrahedra 
with edge length of 8 nm. (c,d) Injecting at 250°C and holding at this temperature during the 
entire reaction produces 10-nm CdSe tetrahedra. (e,f) Injecting at 270°C and holding at this 
temperature during the entire reaction produces 10-nm CdSe cubes.  
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4.2.2. Characterization of tetrahedrally-shaped CdSe  

 Zinc blende phase CdSe tetrahedra and cubes were characterized by transmission electron 

microscopy (TEM) and absorption (UV-Vis-NIR) spectroscopy. These are core-sensitive 

techniques (Chapter 1) enabling estimation of NC size and shape. In addition, oleate ligands 

installed from synthesis on the surface of CdSe NCs were characterized by Fourier Transform 

infrared (FT-IR) spectroscopy, enabling identification of surface-bound chemical species, and 

thermogravimetric analysis (TGA), which allows for estimation of relative abundance (mass 

fraction or volume fraction) of organic and inorganic components in NC solid films.  

 In the first case, TEM confirmed size- and shape-uniform tetrahedra or cubes (Figure 

1.1). Absorption spectroscopy probes electronic transitions within the inorganic core. This 

analysis revealed several pronounced absorption peaks for tetrahedrally-shaped NCs (Figure 

4.2a,b) close to the CdSe bulk band gap (eV, or nm) Similar, but comparatively washed out, 

features were found for cubic NCs (Figure 4.2c).  

 

Figure 4.2. Characterization of anisotropic CdSe NCs using UV-Vis-NIR absorption spectroscopy. 
Visible – near infrared absorption spectra of (a) 8-nm edge length tetrahedra, (b) 10-nm edge 
length tetrahedra, and (c) 10-nm edge length cubes. Inset: TEM of corresponding NCs.  
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 The oleate ligands capping the surface of CdSe tetrahedra were probed FT-IR, revealing 

absorption in the mid-infrared corresponding to excitation of hydrocarbon ligand vibrational 

modes (Figure 4.3a). Absorbance bands at 2800 – 3000 cm
-1

 correspond to hydrocarbon C-H 

stretching modes, those at 500 – 1500 cm
-1

 correspond to C-H bending modes, and the band at 

1540 cm
-1

 was assigned to cadmium carboxylate C=O stretch. Assignment of vibrational modes 

was made using ref.
17

  

 In addition, TGA was used to estimate the organic mass fraction of 10-nm CdSe 

tetrahedra (Figure 4.3b). A 10mg sample of the dried NC solid was to a temperature exceeding 

thermal decomposition of surface ligands leaving behind a bulk CdSe powder free of 

hydrocarbons. The mass loss accompanying such a process was used to estimate the volume of 

organic ligands per particle, and the effective packing fraction of the NC superlattice including 

ligand contribution to particle volume (Section 4.4.4). 

 

Figure 4.3. Characterization of oleic acid surface ligands on 10-nm edge length tetrahedral CdSe 
NCs using FT-IR spectroscopy and thermogravimetric analysis.  
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4.3. Self-assembly of CdSe nanotetrahedra 

 Self-assembly was carried out by evaporation of carrier solvent and destabilization of the 

colloidal solution via slow addition of nonsolvent (see also Chapter 1, Figure 1.4). 

4.3.1. Evaporation-based self-assembly  

 CdSe nanotetrahedra capped with oleate surface ligands were self-assembled by 

evaporation (Section 1.4.1) from dilute octane solution over a tilted vial containing a TEM grid. 

Initial inspection of the grid showed three different arrangements (Figure 4.4), which could 

either be three distinct structures or various crystallographic projections of the same superlattice.  

 

Figure 4.4. Three projections of thin film superlattices produced by evaporation of oleate-
capped 10-nm CdSe tetrahedra from octane solvent.  
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4.3.2. Destabilization-based self-assembly 

 Slow destabilization of colloidal solutions of anisotropic CdSe NCs was used to obtain 

three-dimensional NC solids (Section 1.4.2). This procedure was applied to oleate-capped 10-nm 

CdSe tetrahedra (Figure 4.5, first three columns) and oleate-capped 10-nm CdSe cubes (Figure 

4.5, fourth column). Disordered platelet-shaped aggregates were observed when the same 

procedure was applied to hexanoate-capped 10-nm CdSe tetrahedra.  

 

Figure 4.5. Three-dimensional superlattices and aggregates of anisotropic CdSe NCs obtained by 
slow destabilization with ethanol non-solvent. (First column) Destabilization of toluene solution 
of 10-nm CdSe tetrahedra produced short (1:1 aspect ratio), hexagonal prismatic crystals that 
may occasionally grow by screw dislocations, as evidence by hole in the center of some 
(bottom). (Second and third columns) Destabilization of tetrachloroethylene solution of the 
same NCs produced longer (4:1 aspect ratio) hexagonal prismatic crystals. (Fourth column) 
Destabilization of tetrachloroethylene solutions of cubic 10-nm CdSe NCs produced rhombic 
dodecahedral and plate-shaped crystals. 
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4.4. Structural assignment and superlattice modeling 

4.4.1. Microscopy tilting experiments  

 The structure of self-assembled superlattices of these CdSe tetrahedra was elucidated 

using TEM tilting experiments. Three characteristic projections of the tetrahedron superlattice 

were observed: one revealing tetrahedra as equilateral triangles of alternating orientation, another 

presenting a rectangular lattice, and a third showing hexagonal arrangement of NCs. Tilting 

experiments revealed these three arrangements are indeed different projections of the same 

crystal (Figure 4.6, top). A structural model consistent with the TEM observations was 

constructed in MATLAB and is shown next to the corresponding superlattice projections (Figure 

4.6, bottom).  

 

Figure 4.6. TEM tilt series elucidates structure of superlattice comprised of 10-nm oleate-
capped CdSe tetrahedra. The projection presenting alternating triangles (left) may be tilted to 
reveal crystallographic projections showing rectangular (center) and hexagonal (right) 
arrangement of NCs. Top: TEM images. Scale bars, 10 nm. Bottom: modeled structure.  
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4.4.2. Crystal modeling with MATLAB 

 To make this crystallographic assignment, three candidate structures were generated by 

permutation of tetrahedron orientation. These three all show the observed “alternating triangles” 

projection, but only one matches all three projections (Figure 4.7).  

 

Figure 4.7. Elimination of alternative candidate superlattice structures. (a-c) Candidate unit cells 
able to produce the experimental alternating triangles arrangement (d-g). (h-k) CdSe 
superlattice and three modeled structures viewed 45° from “triangles” projection. (l-o) CdSe 
superlattice and three modeled structures viewed from 60° from “triangles” projection.  
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 The superlattice of CdSe tetrahedra has a two-particle fundamental cell with tetrahedra in 

opposite orientations (Figure 4.8a). It has C2h (2/m) symmetry with a center of inversion, and can 

be reconstructed by placement of the inversion center of the dimer unit on the lattice points of a 

base-centered orthorhombic Bravais lattice (Figure 4.8b). Ignoring the contribution of ligands, 

the structure may be isotropically compressed to establish contacts between neighboring particles 

(Figure 4.8c). In this case, three of the four tetrahedron vertices are in contact with the vertices of 

neighbors, while the fourth vertex makes contact with the face of a neighbor within the same 

column.  

 

Figure 4.8. Modeling the CdSe tetrahedron superlattice structure. (a) Two-particle unit cell 
featuring tetrahedra in opposite orientations. (b) Side-view of the structure using lattice 
parameters measured from experiment. Upward- (downward-) pointing tetrahedra are colored 
in red (blue). (c) Ignoring the contribution of surface ligands, the structure can be condensed 
into a packing with alternating columns of tetrahedra in face-vertex contact and the remaining 
three vertices making contact with vertices of neighboring tetrahedra. 
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4.4.3. Twinning defects in tetrahedron superlattices 

 A twin plane involves the oriented association of two domains of the same crystalline 

phase which are related to each other by some symmetry operation that does not belong to the 

symmetry of the crystal.
18,19

 These low-energy defects are by far the most common structural 

defect observed in superlattices of CdSe tetrahedra (Figure 4.9). 

 

Figure 4.9. Twin plane defects (marked with dotted lines) in superlattices of tetrahedral CdSe 
NCs. Upper left inset: model of mirror reflection of the lattice across the twin boundary.  
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4.4.4. Experimental superlattice dimensions and packing fraction 

 The density of this superlattice might be estimated in one of two ways. If ligand shells are 

ignored, the tetrahedron crystal structure can be approximated by columns of tetrahedra in face-

vertex contact (Figure 4.8c). The volume fraction a tetrahedron occupies within its circumscribed 

triangular prism is approximately φ ≈ 0.33. On the other hand, inclusion of ligands produces a 

space-filling estimate of φ ≈ 0.59 (Section 4.6.3). By this measure, our superlattice of tetrahedra 

is ~22% less dense than Chaikin’s randomly-packed tetrahedral dice (φ ≈ 0.76) and ~31% less 

dense than the current record (double dimer) packing (φ ≈ 0.86) for perfect tetrahedra.  

 The experimental lattice dimensions were used to construct a model of the oleate-capped 

10-nm CdSe tetrahedral NC superlattice (Figure 4.10a). The surface-to-surface distances are also 

illustrated for tetrahedral cores (dark grey) surrounded by oleate ligand shell (light grey) created 

by translating tetrahedron faces outwards (cantellation) by 2 nm (Figure 4.10b-e). 
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Figure 4.10. Modeled oleate-capped 10-nm CdSe tetrahedral NC superlattice with interparticle 
separations fitted to experimental measurements. (a) Modeled structure showing extracted 
lattice parameters a, b, and c. (b,c) Views of modeled tetrahedral NC superlattice with oleate 
ligand shell modeled by cantellation of tetrahedron faces. (d,e) Illustrated separations extracted 
using geometrical arguments presented in this section.  
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4.5. Stability of open superlattice of CdSe tetrahedra 

 This observation of an open superlattice appears to contradict the widely-accepted notion 

that semiconductor NCs should self-assemble into the (entropically-favored) densest structure. It 

also suggests that recent simulations of entropy-driven tetrahedron packing
3,5-7

 may be lacking 

some input parameters which play an important role during the self-assembly of real NCs. In 

fact, this observation of low-density NC SLs supported by vertex-to-vertex contacts is not the 

first of its kind: ~10-nm colloidal Pt3Ni octahedra self-assemble into low-density bcc structure 

(estimated space-filling factor of φ ≈ 0.48 including oleylamine ligands) with exclusively vertex-

to-vertex contacts
20

 instead of, for example, the dense Minkowski packing of octahedra with φ ≈ 

0.95. In the remaining text we discuss effects which could lead to structures supported by vertex-

to-vertex contacts instead of face-to-face contacts. 

 The soft potentials acting between NCs can either give rise to a new, low-density ground 

state of the system or lead to a specific assembly pathway followed by jamming of superlattice 

structure at low density. Recent simulations by Geissler
21

 and Glotzer
22

 groups predict 

impressively complex ground states for soft spheres. Here we show that non-spherical soft NCs 

bring new complexity and new opportunities compared to their spherical counterparts. 

4.5.1. Evolution of particle shape during the assembly process 

 Tetrahedral CdSe NCs used in this work are comprised of a core of CdSe, faces formed 

from Cd-terminated (111) facets, and a corona of oleic acid (OA) or stearic acid (SA) molecules 

covalently bound to surface Cd atoms. The inorganic core vertex radius of curvature is estimated 

to be on the order of ~0.5 nm from TEM images (Figure 4.16). The soft organic coating imparts 

a more significant perturbation to the tetrahedral NC shape. Since interaction between surface 

ligands is purely repulsive in the presence of good solvent used in our assembly experiments,
23
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ligand molecules can be expected to radiate isotropically from the tetrahedron surface when the 

NC is immersed in solution. The shape which best captures this effect is the tetrahedron “puff” 

(Figure 4.11a). The perfect tetrahedron has asphericity ratio (the quotient of circumscribed and 

inscribed spheres, γ = Rout/Rin) of 3. Ligand molecules radiating from the tetrahedron surface will 

decrease the asphericity ratio, effectively rounding the shape of the NC. For a 2-nm fully-

extended ligand molecule
24

 and 10-nm CdSe tetrahedron edge length, asphericity can be 

calculated as γ = (Rout + LOA)/(Rin + LOA) ≈ 2, where LOA is extended OA ligand length. Such 

puffs may approximate the physical shape of our CdSe NCs in good solvent. On the other hand, 

interaction between ligands is strongly attractive in the absence of good solvent.
23

 In later stages 

of the assembly process, when carrier solvent is evaporated, the hydrocarbon tails of ligand 

molecules bundle together
25,26

 to maximize van der Waals attraction. During solvent evaporation, 

the physical shape of tetrahedral CdSe-OA NCs evolves from a “puff’ to a cantellated 

tetrahedron, with tetrahedron faces translated outwards by an “effective” ligand length (Figure 

4.11b). This type of shape evolution should be typical for all non-spherical particles. 

 Shape evolution may have important implications on the self-assembly pathway of 

tetrahedral CdSe NCs. For puffs with asphericity γ = 2, densest packing was observed for an 

arrangement strikingly similar to our observed tetrahedral CdSe NC superlattice.
7
 In addition, for 

γ ≈ 2, packing of puffs reaches a local maximum, φ ≈ 0.83, which may point to translational 

entropy as a significant factor pre-arranging puff-shaped CdSe NCs toward a colloidal crystal 

state that further evolves toward the superlattice structure shown in Figure 4.8. 
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Figure 4.11. Proposed shape evolution of tetrahedral NCs during solvent evaporation and dense 
packing of tetrahedron “puffs” with swollen ligand corona. (a) Isotropic swelling of surface 
ligands in good solvent (top) leads to puffed tetrahedron shape (bottom). (b) Bundling of 
ligands in the absence of solvent (top) produces cantellated tetrahedron shape (bottom). (c) 
Calculated densest packing of puffed tetrahedra with asphericity ratio γ ≈ 2. Adapted from ref.7 

 

4.5.2. Rotational entropy penalizes face-to-face contacts 

 In addition to translational entropy, rotational entropy may play an important role in 

ensembles of non-spherical particles, generally favoring open lattice structures
27

 which leave 

room for partial rotation of individual particles. For non-spherical objects, rotational entropy can 

also play a role in determining the pathway from dilute particle assembly to the final state of the 

superlattice. For example, a recent study
28

 demonstrated the interplay between translational and 

rotational entropy for two-dimensional Brownian hard-square colloids, whereby compression 

causes the ensemble of squares to experience an order-order transition from hexagonal rotator 

crystal to a rhombic phase which maximizes the sum of translational and rotational entropies of 

individual squares. In the case of faceted NCs, parallel facet alignment of face-to-face contacts 



108 

 

will strongly suppress independent NC rotations, whereas vertex-to-vertex contacts do not 

restrict rotational degrees of freedom. At intermediate densities, where rotational entropy can 

make a significant contribution to total system free energy, a rotator crystal of tetrahedra (Figure 

4.12) might be expected.  

 

Figure 4.12. Possible pathway for evaporation-based assembly of tetrahedral NCs. (a) In dilute 
solution, NCs are far from one another and have random positions and orientations. (b) At 
intermediate density, a plastic/rotator crystal of tetrahedra packing as effectively spherical 
particles adopts close-packed (e.g., fcc or hcp) structure. (c) Upon further removal of solvent, 
NCs establish permanent contact with neighbors, favoring tip-to-tip packing with low steric 
repulsion (see next section). (d) Complete removal of solvent firmly links NCs into place.  

 

4.5.3. Surface curvature gives rise to anisotropic steric interactions 

 Anisotropic pair potentials imparted by "sticky patches" can control the ground state of 

particle assemblies.
29

 The implied placement of ligand molecules with different chemical 

functionalities to form attractive interaction sites (patches), however, appears to be a challenging 

synthetic problem.
8
 Indeed, patchiness can be obtained by placement of the same ligand 

molecule at different locations on the NC surface: electrostatic patchiness has been demonstrated 

with non-spherical metal NCs, whereby local particle curvature influences the pH at which 

mercaptoundecanoic acid ligands are protonated.
30

 Here we show that local surface curvature can 

significantly affect the pair potentials for even chemically identical ligand molecules. 
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 In good solvent, hydrocarbon chains of ligands bound to the CdSe NC surface behave as 

a stretched polymer brush, imparting repulsive pair potentials to NCs and colloidal stability in 

nonpolar solvents. An osmotic term resulting from unfavorable exclusion of solvent molecules 

from the ligand interaction region acts upon the pair of particles as soon as their ligand coronas 

begin to overlap. This effect occurs during the whole range of steric interaction, beginning at 

interparticle distances lower than twice the capping layer width (D < 2L). Compression of ligand 

chains results in an elastic contribution to the potential at smaller surface separations. Because 

this elastic component quickly exceeds thermal energy, the predominant region sampled during a 

Brownian collision is the moderate interpenetration (L < D < 2L) domain.
31

 The steric potential 

onset may therefore be approximated by only the osmotic term: Vsteric ≈ Vosmotic. 

 Discussions
32

 of steric stabilization of NCs have relied on theory developed for spherical 

polymer brushes
31

 using the Derjaguin approximation. While this approach provides a good 

estimate for large particles (R » L), it significantly overestimates the strength of repulsion 

between particles whose radii and ligand length are similar (R ~ L).
33

 To circumvent the 

shortcomings of traditional repulsion energy estimates for high-curvature geometries we employ 

the Flory-Krigbaum expression
34

 for free energy of mixing of two chains tethered to surfaces 1 

and 2 and brought together in volume dV starting from infinite separation: 

  

𝑉𝑠𝑡𝑒𝑟𝑖𝑐 = 2𝑘𝐵𝑇 ∙
𝑣𝑠
2

𝑣𝑖
∙ (
1

2
− 𝜒) ∙ ∫𝜑1𝜑2

 

𝑉

𝑑𝑉 

 

where vs , vi , and χ are Kuhn segment volume, solvent molecular volume, and Flory-Huggins 

chain-solvent interaction parameter, respectively. The segment density distribution functions φ1 , 

φ2 are derived from the geometry of a cone-shaped available volume for ligands tethered to 
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spheres.
35

 For a ligand tethered to high-curvature surface, the rapid decay of φ with increasing 

distance h from the surface leads to small overlap integral 𝑆12 = ∫ �̂�1�̂�2
𝐿

𝑑−𝐿
𝑑ℎ and small 

repulsive mixing energies. In the limit of R  ∞, φ(h) = const. for 0 < h < L and overlap integral 

S12 increases linearly with decreasing h.  

 For interaction between vertex ligands we calculated the mixing energy of two chains 

with rapidly decaying segment density distribution functions characteristic of the large conical 

volume available to a ligand bound to a surface of high curvature (Figure 4.13a,b). Here we used 

the estimated radius of curvature of the tetrahedron vertex, Rvertex ~ 0.5 nm. Interaction between 

tetrahedron faces was approximated with the estimated equivalent radius of curvature of the 

tetrahedron face Rface ~ 15 nm (Figure 4.16).  Mixing energies per ligand for vertex-vertex and 

face-face interactions in good solvent in the moderate interpenetration domain (L < D < 2L) 

predict a much stronger repulsion between tetrahedron faces compared with tetrahedron vertices 

(Figure 4.13c). In the center of this region (D /L = 1.5 on the normalized abscissa), osmotic 

repulsion between face-bound ligands is predicted to be approximately an order of magnitude 

larger than between vertex-bound ligands. Not considered in this analysis is the bending of 

ligands away from the contact axis, or “chain tilt”, likely to occur in contacts between ligands 

tethered to highly curved surfaces and further reduce osmotic repulsion.
36
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Figure 4.13. Grafting surface curvature and resulting anisotropic steric interaction. (a) Sketch of 
interacting pair of ligands tethered to surfaces of curvature R with reduced separation D/L. (b) 
Sketch of ligand interaction between planar (left) and curved (right) surfaces. (c) Calculated 
repulsive osmotic energy for a face-bound (blue) and vertex-bound (red) ligand at intermediate 
separation (L < D < 2L) in good solvent. (d) Calculated attractive van der Waals energy for two 
ligands in vacuum with interaction length determined by separation of grafting surfaces. The 
vertex-vertex separation distance measured in the superlattice is marked with red trace; the 
blue trace position corresponds to a calculated equilibrium face-face distance based on the 
balance of vdW and elastic energies.  

 

 

 The observed ~μm
2
-size domains for tetrahedron SLs suggests vertex-to-vertex contacts 

are sufficiently robust to prevent collapse of the low-density structure after solvent evaporation. 

The deep interpenetration of hydrocarbon chains bound to surfaces of high curvature may be 

responsible for this preservation of structural integrity. We estimated the vdW potential between 

two ligands in vacuum as a function of surface curvature and grafting surface separation using 

the expression given by Salem for interaction between long saturated hydrocarbon chains.
37

 At a 

surface separation equal to the measured distance between tetrahedron vertices in the superlattice 
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(Dv-v ~ 2.5 nm), we estimate ligand vdW interaction strength of ~10 kBT (Figure 4.13, red trace). 

The ~5.1-nm separation measured between tetrahedron faces in the CdSe superlattice precludes 

contact between ligands. To estimate interaction strength between face-bound ligands we used 

experimentally-determined Young’s modulus (E ~ 1 GPa) for C18-length self-assembled 

monolayers
38

 to construct a vacuum potential for face-bound ligands, incorporating attractive 

vdW and repulsive elastic components.
35

 With a shallow minimum at Df-f ~ 3.75 nm, the per-

ligand vdW energy is predicted to be ~1.5 kBT (Figure 4.13, blue trace).  

 Both effects of strong repulsion per ligand between flat facets of tetrahedral NCs in good 

solvent and strong attraction per ligand between vertices of tetrahedral NCs in poor solvent or 

vacuum act to stabilize vertex-to-vertex contacts and penalize face-to-face contacts in the 

superlattice of CdSe tetrahedra. This observation may help to explain the prevalence of contacts 

between vertices of organic-capped nanotetrahedra investigated in this work and nanoctahedra 

explored by Smilgies and coworkers.
20

 Incorporation of such an effect into thermodynamic 

simulations might represent a step towards the merging of theoretically-predicted and 

experimentally-observed packings of anisotropic nanoparticles which is needed to transform NC 

self-assembly into a powerful and predictable method for materials design. 
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4.6. Appendix: measurements and calculations 

4.6.1. Measurement of tetrahedron edge length and rounding of tips 

 The first step to estimate experimental packing density of the superlattice is to obtain a 

precise description of the tetrahedral core including rounding of the vertices promoted by high 

chemical potential of undercoordinated surface atoms. For this, the edge length of the larger 

tetrahedra (Figure 1.1c,d; Figure 4.2b) was measured manually using high-resolution TEM 

images. By collecting ~200 such measurements, an average estimated edge length of 9.32 nm 

was obtained (Figure 4.14a). Using 𝑎1 ≈ 9.32 nm and estimated vertex radius of curvature r ≈ 0.5 

nm (Figure 4.14b) the equivalent perfect tetrahedron edge length a2 (Figure 4.14c) was 

estimated: 

𝑎2 = 𝑎1 +
2

3
𝑟 ∙ (1 + √3) ≈ 10.14 𝑛𝑚 

 

Figure 4.14. Measuring tetrahedron edge lengths and vertex rounding. (a) TEM image of 
randomly-oriented, oleate-capped tetrahedral CdSe NCs. Inset: Gaussian profile fit of manually-
collected core edge length measurements. (b) TEM image of single CdSe NC viewed down 
(111)-projection. From such images, vertex radius of curvature was estimated. (c) Sketch of 
triangle with rounded vertices. With measured average edge length (a1) and some assumption 
for vertex radius of curvature (r), the edge length of the equivalent perfect tetrahedron (a2) can 
be estimated. 
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4.6.2. Software extraction of interparticle separations 

 The first step to estimate experimental packing density is to establish the distance 

between inorganic cores in the superlattice. Interparticle separations were estimated from by 

application of MATLAB code written to analyze bright-field TEM images based on pixel 

contrast between particles (dark) and background (light). In brief, particle centroids are assigned, 

and, using the set of points, a pair distribution function is plotted to extract in-plane separations. 

For full details of particle tracking analysis, see the dedicated section in Chapter 5. Such 

measurements were applied to two projections of the superlattice comprised of oleate-capped, 

10-nm CdSe tetrahedra, yielding line segment distances d1, d2, d3 (Figure 4.15a) and d4 (Figure 

4.15b). These values are also tabulated in Table 4.1.  

 

Figure 4.15. Software measurement of experimental interparticle separations and lattice 
parameters. (a) TEM image of (001)-projection of the superlattice showing particle centers and 
measured distances (red dots and lines). Inset: Gaussian profile fits of measurements. (b) TEM 
image of similar measurement carried out on the (011) superlattice projection. Inset: fit of 
measured separation. (c) Modeled (001) superlattice projection and measured separations. 
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 The measured in-plane distances d1 – d4 were then used in conjunction with tetrahedron 

edge length a2 (Figure 4.14c) and tip curvature radius r to obtain physically meaningful edge 

separations (x, y1) and tip overlap (y2; see also Figure 4.15c):  

 

𝑦1 = 𝑑1 − 2 ∙
√3

6
∙ 𝑎2 ≈ 2.19 𝑛𝑚 

𝑦2 = 2 ∙ (
√3

3
∙ 𝑎2 − 𝑟) − 𝑑2 ≈ 0.38 𝑛𝑚 

𝑥 =  √𝑑3
2 − (

𝑑1 + 𝑑2
2

)
2

−
𝑎2
2
≈ 2.39 𝑛𝑚 

   

Distance Measurement (nm)

d1 8.10

d2 10.43

d3 11.92

d4 9.02

Table 4.1. In-plane interparticle 
distances measured by particle 
tracking analysis shown in Figure 
4.15. 
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 These calculated values (x, y1, y2) were then used together with the measured values (d1, 

d2, d3, d4) to estimate the unit cell lattice parameters:  

𝑎 =  2 ∙ √𝑑3
2 − (

𝑑1 + 𝑑2
2

)
2

≈ 15.00 𝑛𝑚 

𝑏 =  𝑑1 + 𝑑2 ≈ 18.43 𝑛𝑚 

𝑐 =  𝑑4 ∙

{
 

 

𝑐𝑜𝑠

[
 
 
 

𝑎𝑟𝑐𝑡𝑎𝑛

(

 
√2
3𝑎2 − 𝑟

√3𝑎2 + 𝑦1
)

  

]
 
 
 

 

}
 

 
−1

≈ 9.70 𝑛𝑚 

 This analysis naturally lends itself to estimating surface-to-surface separations between 

different structural elements of tetrahedra within this superlattice: (1) the distance between faces, 

(2,3) between edges, (4) between face and vertex, and (5) between vertices: 

(1)   𝑑𝑓𝑓 = 𝑎2 ∙ √
2

3
∙ 𝑡𝑎𝑛 {90° − arccos (

1

3
)} + 𝑦1  ≈ 5.14 𝑛𝑚 

(2)  𝑑𝑒𝑒1 = 𝑠𝑖𝑛{90° − arctan(√2)} ∙ (𝑎2 ∙
√3

3
− 𝑦2) ≈ 2.61 𝑛𝑚 

 (3)   𝑑𝑒𝑒2 = √𝑦1
2 + 𝑑𝑓𝑣

2 ≈ 2.86 𝑛𝑚 

 (4)   𝑑𝑓𝑣 =  𝑐 − (√
2

3
∙ 𝑎2 − 𝑟) ≈ 1.84 𝑛𝑚 

 (5)  𝑑𝑣𝑣 = √𝑥2 + {
1

2
(𝑦1 − 𝑦2)}

2

≈ 2.56 𝑛𝑚 
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4.6.3. Estimation of experimental superlattice density 

 Ignoring ligands, the density can be approximated according to the picture presented in 

Figure 4.8c, where hard tetrahedra are in contact with one another and each enjoy a trigonal 

prismatic available volume, Vprism:  

𝜑 =  
𝑉𝑡𝑒𝑡𝑟𝑎ℎ𝑒𝑑𝑟𝑜𝑛
𝑉𝑝𝑟𝑖𝑠𝑚

=
𝑎3 6√2⁄

√3
4 𝑎

2 ∙ √
2
3 𝑎

=
1

3
≈ 0.333 

The inorganic mass per NC was calculated as: 

𝑉𝑁𝐶 = 
𝑎2
3

6√2
=  
(1.014 ∙ 10−6𝑐𝑚)3

6√2
≈ 1.229 ∙ 10−19𝑐𝑚3/𝑁𝐶 

𝑚𝑁𝐶 = 𝑉𝑁𝐶 ∙ 𝜌𝐶𝑑𝑆𝑒 = 1.295 ∙ 10
−19𝑐𝑚3/𝑁𝐶 ∙ 5.816 𝑔/𝑐𝑚3 ≈ 7.146 ∙ 10−19𝑔/𝑁𝐶 

 Organic mass fraction (27.5%) obtained from TGA measurement (Figure 4.3c) can be 

used to estimate number of ligands per NC and ligand surface grafting density. The mass of the 

ligand shell of one NC was calculated as: 

𝑚𝑁𝐶+𝑙𝑖𝑔𝑎𝑛𝑑 = 
7.146 ∙ 10−19𝑔/𝑁𝐶

1 − 0.275
≈ 9.857 ∙ 10−19𝑔/𝑁𝐶 

𝑚𝑂𝐴 =  𝑚𝑁𝐶+𝑙𝑖𝑔𝑎𝑛𝑑 −𝑚𝑁𝐶 ≈ 2.711 ∙ 10
−19𝑔/𝑁𝐶 

This, in turn, was correlated to number of ligands per NC and corresponding grafting density: 

𝑁𝑂𝐴 =
𝑚𝑂𝐴
𝑀𝑊𝑂𝐴

=
2.711 ∙ 10−19𝑔/𝑁𝐶

4.690 ∙ 10−22𝑔/𝑙𝑖𝑔𝑎𝑛𝑑
≈  578.0 𝑙𝑖𝑔𝑎𝑛𝑑𝑠/𝑁𝐶 

𝜎𝑂𝐴 =
𝑁𝑂𝐴
𝑆𝐴𝑁𝐶

= 
 578.0 𝑙𝑖𝑔𝑎𝑛𝑑𝑠/𝑁𝐶

√3 ∙ 𝑎2
2

≈ 3.245 𝑙𝑖𝑔𝑎𝑛𝑑𝑠/𝑛𝑚2 
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 For simplicity, nanocrystal inorganic core volume and surface area were calculated using 

equivalent perfect tetrahedron edge length a2. Oleic acid molecules likely pack more densely 

when tethered to the NC surface than they do in bulk liquid form. An estimate of ligand shell 

volume might be made using frozen oleic acid density (ρOA,solid ≈ 0.99 g/cm
3
): 

 

𝑉𝑠ℎ𝑒𝑙𝑙 =
𝑚𝑂𝐴

𝜌𝑂𝐴,𝑠𝑜𝑙𝑖𝑑
=
2.711 ∙ 10−19𝑔/𝑁𝐶

0.99 𝑔/𝑐𝑚3
= 273.8 𝑛𝑚3/𝑁𝐶 

 

 With estimates for core and ligand components of NC volume and measured unit cell 

dimensions, the space-filling fraction of the CdSe-OA was estimated: 

 

𝜑 =
𝑉𝑡𝑒𝑡𝑟𝑎ℎ𝑒𝑑𝑟𝑎
𝑉𝑢𝑛𝑖𝑡 𝑐𝑒𝑙𝑙

=
2 ∙ (𝑉𝑁𝐶 + 𝑉𝑠ℎ𝑒𝑙𝑙)

1
2 ∙ 𝑎 ∙ 𝑏 ∙ 𝑐

≈
2 ∙ (122.9 𝑛𝑚3 + 273.8 𝑛𝑚3)

1
2 ∙ 15.0 𝑛𝑚 ∙ 18.5 𝑛𝑚 ∙ 9.7 𝑛𝑚

≈ 0.590 
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4.6.4. Effective radius of curvature of tetrahedron face 

 For flat tetrahedron faces, the radius of curvature of the equivalent sphere was estimated 

by drawing a circle through three points whose positions are determined by the end of the ligand 

alkyl tail radiating outwards from the NC surface (Figure 4.16). 

 

Figure 4.16. Fitting the perimeter of a circle through three points of ligand chain ends enables 
estimate of effective radius of curvature of “flat” tetrahedron faces. See text for details. 

  

The geometry of the illustration in Figure 4.16 sets 

𝑝1 = (0, 𝑅𝑜𝑢𝑡 + 𝐿) 

𝑝2 = {(𝑅𝑖𝑛 + 𝐿) ∙ sin 𝜃 , (𝑅𝑖𝑛 + 𝐿) ∙ cos𝜃} 

𝑝3 = {(𝑅𝑚𝑖𝑑 + 𝐿) ∙ sin𝜑 , (𝑅𝑚𝑖𝑑 + 𝐿) ∙ cos𝜑} 

 Where Rin is the tetrahedron insphere radius (sphere surface is tangent to faces), Rout is the 

circumsphere radius (tangent to vertices), and Rmid is the midsphere radius (tangent to edges).  
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 Using simple geometric arguments for a perfect tetrahedron it can be shown that 

𝑅𝑖𝑛 =
𝑎

√24
         𝑅𝑚𝑖𝑑 =

𝑎

√8
          𝑅𝑜𝑢𝑡 = √

3

8
𝑎 

𝜃 = arccos (
1

3
)          𝜑 = arctan(√2) 

 With the experimental tetrahedron edge length obtained from measurements (a ≈ 10 nm), 

we find the tetrahedron face has an equivalent radius of 17.4 nm.  Subtraction of 2-nm extended 

ligand length gives Rface ≈ 15.4 nm.   

   



121 

 

4.6.5. Calculation of ligand repulsion in good solvent. 

 According to Flory-Krigbaum theory,
34

 the free energy of interpenetration of two chains 

brought from infinite separation together in volume dV may be expressed as 

∆𝐺 = 2𝑘𝐵𝑇 ∙
𝑣𝑠
2

𝑣𝑖
∙ (
1

2
− 𝜒) ∙ ∫𝜑1𝜑2

 

𝑉

𝑑𝑉 

 Where vs is Kuhn segment volume (for polyethylene, vs ~ 0.2 nm
3
), vi is solvent 

molecular volume (for TCE, vi ~ 0.1 nm
3
), and χ is the Flory-Huggins chain-solvent interaction 

parameter (for polyethylene-TCE, χ ~ 0). Assuming uniform segment density parallel to the 

tethering surface, the free energy of mixing may be rewritten for one-dimensional mixing  

∆𝐺 = 2𝑘𝐵𝑇 ∙
𝑣𝑠
2

𝑣𝑖
∙
1

𝑏2
∙ (
1

2
− 𝜒) ∙ ∫ �̂�1�̂�2

𝐿

𝑑−𝐿

𝑑ℎ 

 Where b is length of the Kuhn segment. The one-dimensional segment density 

distribution function φ is derived from the geometry of the cone-shaped volume available to a 

ligand of alkyl chain cross-sectional area Achain and headgroup area Ahead, tethered to a sphere of 

radius R  

𝜑(ℎ) =
𝐴𝑐ℎ𝑎𝑖𝑛
𝐴ℎ𝑒𝑎𝑑

∙ (
𝑅

𝑅 + ℎ
)
2

 

Normalization of the segment density distribution function such that ∫ �̂�(ℎ)
𝐿

0
𝑑ℎ = 1 gives 

�̂�(ℎ) =
𝑅

𝐿
∙
𝑅 + 𝐿

(𝑅 + ℎ)2
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 We set �̂�1 = �̂�. We create �̂�2 by reflection of �̂� across the y-axis and translation by D in 

the +x-direction  

�̂�2(ℎ) =
𝑅

𝐿
∙

𝑅 + 𝐿

(𝑅 − (ℎ − 𝑑))2
 

 

The overlap integral S12 was evaluated analytically using Mathematica  

𝑆12 = ∫ �̂�1�̂�2

𝐿

𝑑−𝐿

𝑑ℎ

=
2𝑅2 ∙ (𝐿 + 𝑅)2

𝐿2 ∙ (𝐷 + 2𝑅)3
∙ {
𝐷 + 2𝑅

𝐷 + 𝑅 − 𝐿
−
𝐷 + 2𝑅

𝐿 + 𝑅
+ 2 ∙ ln(𝐿 + 𝑅) − 2 ∙ ln (𝐷 + 𝑅 − 𝐿)} 

  

 Using parameters relevant to our experiments (vs ~ 0.2 nm
3
, vi ~ 0.1 nm

3
, χ ~ 0, L = 2 

nm), the osmotic repulsion for two ligands brought from infinite separation to moderate 

interpenetration (L < D< 2L) was plotted for several grafting surface radii. 

 

Figure 4.17. Calculation of ligand-ligand repulsion energy in good solvent. (a) Overlapping 
segment density distribution functions contribute to osmotic repulsion. (b) Repulsive energy 
per ligand for selected grafting surface radii. 
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4.6.6. Calculation of ligand potential in poor solvent or vacuum. 

 The van der Waals-dispersion energy of attraction between two hydrocarbon chains in 

vacuum is given by Salem:
37

 

𝐸 = 𝐴 ∙
3𝜋

8𝜆2
∙
𝐿

𝐷5
 

 Where energy (E) depends on hydrocarbon Hamaker coefficient (-0.1 kcal/mol of 

methylene units), basic unit length (0.127 nm), close-packing separation distance (0.49 nm), and 

length of molecular overlap, L.  

 With Salem’s conclusion that E ~ L, and with the attractive energy for stearic acid (given 

as -8.4 kcal/mol, or -14.2 kBT/molecule), we may relate interaction length and interaction 

strength:  

𝑉𝑣𝑑𝑊(𝑑 ) ≈ −7.1 ∙ 𝑘𝐵𝑇 ∙ (2𝐿 − 𝐷) 

 Where length of molecular overlap L is replaced with our measure of overlap, 2LOA-d, in 

nanometers. The reported Estearic acid is recovered for full overlap of C18 molecules (2L-d = 2 nm).  

 To estimate elastic repulsion energy between oleic acid ligands bound to CdSe 

tetrahedron faces, we referenced experimental measurement of Young moduli of hydrocarbon 

SAMs on gold given by Del Rio et al.,
38

 reported to be on the order of 1 GPa for C18-length 

alkanethiol molecules.   

The elastic modulus (E) can be related to elastic repulsion energy: 

𝑉𝑒𝑙 =
1

2
∙
𝐸 ∙ 𝐴𝑜
𝐿𝑜

∙ (∆𝐿)2 
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 Where Ao is the original cross-sectional area through which the force is applied, Lo is the 

original length of the object, and ΔL is the amount by which the length of the object changes. 

 Using E = 10
9
 N/m

2
, Ao = 0.25 nm

2
, Lo = 2 nm, and ΔL = 2L - D, we obtain an expression 

for the elastic energy:  

𝑉𝑒𝑙 ≈ 15.2 ∙ 𝑘𝐵𝑇 ∙ (4 𝑛𝑚 − 𝑑)
2 

 The full potential (vdW + elastic) for two (2-nm length) face-bound ligands can therefore 

be represented as 

𝑉𝑣𝑑𝑊+𝑒𝑙 ≈ 15.2 ∙ 𝑘𝐵𝑇 ∙ (4 𝑛𝑚 − 𝑑)
2 − 7.1 ∙ 𝑘𝐵𝑇 ∙ (4 𝑛𝑚 − 𝑑) 

 This potential features a shallow minimum of -0.75 kBT at small surface separation 

distance Dface-face ≈ 3.75 nm (Figure 4.18).  

 

Figure 4.18. The sum of van der Waals and elastic potentials between two ligands tethered to a 
flat surface produces an estimate for equilibrium face-face separation distance of 1.88LOA or 
~3.76 nm.  
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5. Structural characterization of nanocrystal superlattices 

5.1. Single-component superlattices 

 This section provides a selection of transmission electron microscopy (TEM) images of 

superlattices self-assembled from one size of approximately spherical NCs.  

5.1.1. Thin film superlattices 

 The air-liquid interfacial evaporation technique (Section 1.4.1) allows assembly of 

hexagonally close-packed superlattice monolayers and few-layer-thick superlattices (Figure 1.4). 

  

Figure 5.1. TEM images of PbS nanocrystals assembled into hexagonal monolayer (left) and 
multilayer (right) sheets. 

 

5.1.2. Three-dimensional nanocrystal superlattices 

 Three or more layers of hexagonally-close packed NC sheets may be stacked in A-B-A 

fashion to produce hexagonally close-packed hcp superlattices (Figure 5.2, left side of left 

image; right image). On the other hand, A-B-C-A stacking produces the face-centered cubic (fcc) 
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arrangement (Figure 5.2, right side of left image). Both hcp and fcc structures represent the 

densest possible packing (74%) of spheres (Section 3.3.2).  

 

Figure 5.2. TEM images of close-packed superlattices of approximately spherical PbS (left) and 
Au (right) nanocrystals capped with hydrocarbon surface ligands. 

 

 Body-centered cubic (bcc) superlattices, with slightly lower sphere packing fraction 

(68%), are also commonly observed packings of nearly spherical NCs (Figure 5.3). 

 

Figure 5.3. TEM images of body-centered cubic superlattices of approximately spherical PbS 
(left) and Au (right) nanocrystals capped with hydrocarbon surface ligands. 
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 Body-centered cubic (bcc) superlattices, with slightly lower sphere packing fraction 

(68%), are also commonly observed packings of nearly spherical NCs (Figure 5.4). 

 

Figure 5.4. Close-packed superlattices of approximately spherical Au nanocrystals capped with 
inorganic ligands. (a) TEM overview of precipitate obtained upon evaporation of hydrazine 
solution of thiostannate-capped Au nanocrystals. (b) Zoom of local structure and (c) Fourier 
transform of corresponding region revealing hexagonal superlattice symmetry.  
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5.2. Binary nanocrystal superlattices 

 This section provides a selection of TEM images of binary nanocrystal superlattice 

(BNSL) structures, many of which were first reported in 2006 by Shevchenko and coworkers.
1
  

5.2.1. Binary phases with AB stoichiometry 

 

Figure 5.5. TEM images of (100)-projections of CuAu-type binary superlattices assembled from 
Au and PbS nanocrystals. 
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Figure 5.6. TEM images of (001)-projections of NaCl-type binary superlattices assembled from 
Au with Fe2O3 or PbS nanocrystals. 
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5.2.2. Binary phases with AB2 stoichiometry 

 

Figure 5.7. TEM images of AlB2-type binary superlattices assembled from Au and PbS 
nanocrystals. 
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Figure 5.8. TEM images of (001)-projections of MgZn2-type binary superlattices assembled from 
Au and PbS nanocrystals. 
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5.2.3. Binary phases with AB3 stoichiometry 

 

Figure 5.9. TEM images of Li3Bi-type binary superlattices assembled from Au with Fe2O3 or PbS 
nanocrystals. 
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Figure 5.10. TEM images of (001)-projections of Cu3Au-type binary superlattices assembled 
from Au and PbS nanocrystals 
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5.2.4. Binary phases with irrational (~AB3.8) stoichiometry 

 Figure 5.11. TEM images of Archimedean tiling and quasicrystalline binary superlattices 
assembled from Au with Fe2O3 or PbS nanocrystals. Upper left box shows structural motif of 
face-sharing CaB6-type unit cell and AlB2-type half unit cell (top) and the square and triangle 
tilings that give rise to periodic and aperiodic arrangements. Insets: Fourier transforms. 
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5.2.5. Binary phases with AB5 stoichiometry 

 

Figure 5.12. TEM images of CaCu5 type binary superlattices assembled from Au and PbS 
nanocrystals. 
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5.2.6. Binary phases with AB6 stoichiometry 

 

Figure 5.13. TEM images of (001)-projections of CaB6 type binary superlattices assembled from 
Au and PbS nanocrystals. 
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Figure 5.14. TEM images of C60K6 type binary superlattices assembled from Au with Fe2O3 or 
PbS nanocrystals. 
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5.2.7. Binary phases with AB13 stoichiometry 

 

Figure 5.15. TEM images of NaZn13 type binary superlattices assembled from Au with Fe2O3 or 
PbS nanocrystals. 

  



143 

 

5.3. Unknown binary structures 

 Not all observed binary phases were able to be identified. A few examples of such 

structures are shown below. 

 

Figure 5.16. TEM images of unknown binary structures assembled from Au with Fe2O3 or PbS 
nanocrystals. 
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5.4. Structural defects in binary nanocrystal superlattices 

 Binary superlattices are a convenient system for real-space imaging of crystallographic 

defects.
2
 A few examples are shown below. 

 

Figure 5.17. TEM images of structural defects identified in binary superlattices assembled from 
Au with Fe2O3 or PbS nanocrystals. Insets: Fourier transforms.  
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6. Many-body effects in nanocrystal superlattices: departure from sphere 

packing explains stability of binary phases 

 This work analyzes the role of hydrocarbon ligands in the self-assembly of nanocrystal 

(NC) superlattices. Typical NCs, comprised of an inorganic core of radius R and layer of capping 

ligands with length L, can be described as soft spheres with softness parameter L/R. Using 

particle tracking measurements of transmission electron microscopy images, we find that close-

packed NCs, like their hard-sphere counterparts, fill space at approximately 74% density, 

independent of softness. We uncover deformability of the ligand capping layer that leads to 

variable effective NC size in response to coordination environment. This effect plays an 

important role in the packing of particles in binary nanocrystal superlattices (BNSLs). 

Measurement of BNSLs comprised of NCs of varying softness in several coordination 

geometries indicates NCs deform to produce dense BNSLs that would otherwise be low-density 

arrangements if particles remained spherical. Consequently, rationalizing the mixing of two NC 

species during BNSL self-assembly need not employ complex energetic interactions. We 

summarize our analysis in a set of rules for packing of soft objects. These findings contribute to a 

general understanding of entropic effects during crystallization of deformable objects (e.g., 

micelles, vesicles, globular proteins) that can adapt their shape to local coordination 

environment.  
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6.1. Colloidal crystallization: hard and soft sphere phase behavior  

6.1.1. Entropy-driven crystallization of micron-sized colloidal beads 

 Self-organization of monodisperse colloidal particles has been a topic of interest since the 

iridescence of gem opals was attributed to diffraction of light from regularly packed silica 

spheres.
1
 Micron-sized silica or polymer beads crystallize into close-packed structures, either 

cubic (fcc) or hexagonal (hcp), which may be rationalized by simple sphere packing arguments.
2
 

This ordering transition is driven by entropy: with negligible energetic interactions between 

beads, the preferred structure of the solvated colloidal crystal is one that maximizes free volume 

available to individual spheres. While a disordered collection of monodisperse spheres jams at 

particle volume fraction φ ≈ 0.64, adoption of a close-packed arrangement allows for local 

translations of individual particles at volume fractions as high as φ ≈ 0.74.  

 Cocrystallization of two sizes of micron-diameter spheres
3,4 

has produced binary 

arrangements isostructural with NaCl, AlB2, and NaZn13 (Figure 6.1a). In parallel, much effort 

has been made to evaluate the relative stability of binary phases of hard
5-7

 and soft-sphere
8,9

 

colloids. In the latter case, soft interactions have been treated using pair potentials. Packing 

geometry considerations reveal that, for certain sphere radius ratios (γ = RB/RA, where RB is the 

radius of the smaller B sphere and RA is the radius of the larger A sphere), binary structures of 

micron-sized beads fill space with density approaching or exceeding single-component fcc and 

hcp arrangements (Figure 6.1a). For these particles, size ratio has excellent predictive power over 

binary phase stability, confirming that efficient packing of spheres drives the system towards 

ordered two-component assemblies. 
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6.1.2. Complex phase diagram of binary nanocrystal superlattices 

 A new class of colloids emerged with the development of synthesis of monodisperse 

semiconductor,
10

 metal,
11

 and metal oxide
12

 nanocrystals (NCs). These nanometer-sized, 

solution-grown particles consist of an inorganic core and a surface-tethered surfactant shell that 

prevents flocculation of NCs. Monodisperse NCs can be coaxed into adoption of ordered 

arrangements,
13,14

 including cocrystallization of two types of particles into binary NC 

superlattices, BNSLs.
15,16

 BNSL phases have been reported with AB, AB2, AB3, A6B19, AB4, 

AB5, AB6, and AB13 stoichiometry and cubic, hexagonal, tetragonal, orthorhombic,
17

 and 

dodecagonal quasicrystalline
18

 (DDQC) symmetries (Figure 6.1a).  

 These structures have been modeled as sphere packings with effective sphere radius Reff 

given as core radius plus measured effective ligand shell thickness.
13,16

 In contrast to assemblies 

of micron-sized particles, attempts to rationalize BNSLs as efficient sphere packings using the 

assigned effective NC sizes and size ratio have been less fruitful. Of the twenty or so BNSL 

phases reported to date, most (~85%) are predicted to fill space less densely than close-packed 

arrangements of monodisperse hard spheres (Figure 6.1b). Stability of these BNSLs against 

phase separation into dense packings of large and small particles has remained an open question. 

It was suggested that a confluence of energetic forces (electrostatic, dipolar, van der Waals) may 

be responsible for BNSL formation.
8,19,20

 However, the growing body of literature showing the 

diversity of binary NC arrangements, as well as the similarity of BNSLs self-assembled from 

chemically-different NCs, motivates our search for yet-unknown general principles that promote 

structural complexity of BNSLs far beyond the simple phase diagram of micron-sized spherical 

colloidal particles. 
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Figure 6.1. Structural diversity of binary nanocrystal superlattices and low packing density 
predictions for most observed phases. (a) Models of twelve commonly-observed binary 
arrangements showing larger A-spheres in green and smaller B-spheres in orange. Unit cells 
with AB, AB2, AB3, AB5, AB6, and AB13 stoichiometry, as well as the structural motif of 
Archimedean tiling (AT) and dodecagonal quasicrystal (DDQC) configurations, are shown. (b) 
Plot of density versus size ratio for spheres packed in these arrangements. Overlay: data points 
showing phases observed in several BNSL studies using reported effective size ratio and 
predicted density using sphere packing models. Most observed BNSLs appear to be open 
arrangements when compared to close-packed monodisperse hard spheres (dotted line). 
Works cited:  ref.16  ref.21 .  ref.22 .  ref.18 .  ref.23 .  ref.24 . 
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6.2. Microscopy investigation of ligand packing in monodisperse nanocrystal superlattices 

 Here we investigate the structure of surface ligands within single-component and binary 

NC arrays and analyze their role in directing the unique phase behavior observed for such 

particles. Surface ligands, typically hydrocarbon chains tethered to the NC surface through a 

headgroup linker, collectively form a soft corona around the particle. The ratio of extended chain 

length (L) to core radius (R) can be used as a measure of particle softness and means of 

differentiation between colloidal NCs (L/R ~ 1) and typical micron-sized colloidal beads (L/R ~ 

0.01). Interaction between surface ligands is repulsive in good solvent (e.g., hexane) but 

attractive in vacuum (e.g., a dry superlattice). During self-assembly, solvent evaporation acts to 

densify the NC solution, forcing solvated particles into contact with one another. Complete 

removal of solvent freezes the collection of NCs into a superlattice with dimensions set by the 

balance between ligand elastic repulsion and van der Waals attraction forces. 

 We chose software analysis of transmission electron microscopy (TEM) images to collect 

information on NC surface ligand structure. While infrared (IR) spectroscopy can be used for 

detailed reconstruction of hydrocarbon structure in highly-ordered systems (e.g., crystalline self-

assembled monolayers, SAMs
25

), disorder of capping ligands in NC SLs hides such microscopic 

details in ensemble averages.
26

 Similarly, small-angle x-ray scattering (SAXS) can be used to 

evaluate the ligand contribution to overall particle size
27

 but is unable to gather information on 

local structure of NC superlattices. TEM, on the other hand, allows for real-space imaging of 

individual superlattice domains and single particles with sub-nanometer resolution. While ligand 

molecules are not visible against the amorphous carbon support, their structure can be indirectly 

probed by measuring the separation between NC surfaces. Electron beam transmission through 

the entire sample ensures that measurements collected on multilayer superlattices are 
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representative of bulk dimensions. In addition, tilting of the TEM sample holder allows for three-

dimensional reconstruction of the superlattice unit cell. We used software analysis of hundreds of 

images to collect large data sets (~10
6
 individual NCs) and confirm statistical significance of our 

results.  

6.2.1. Theoretical models of contacts between hydrocarbon-capped nanocrystals 

 To date, two models have been proposed to evaluate the contribution of soft ligand 

corona to the effective size of a hydrocarbon-capped NC. In simple analytical form, ligand 

packing has been reduced to geometric shapes, with sphere, cylinder, and cone representing the 

NC core, ligand chain, and explorable space, respectively (Figure 6.2a). The optimal packing 

model
28

 (OPM) is built on the assumption that ligands pack densely only within a narrow volume 

along the contact axis between nearest neighbors (Figure 6.2b) and predicts interparticle 

separation to be Reff/R = (1+3L/R)
1/3

. An alternative overlap cone model
29

 (OCM) assumes 

ligands fill space at bulk hydrocarbon density within the entire overlap volume (Figure 6.2b, 

bottom). For sufficiently soft (L/R ≳ 0.5) core-ligand combinations, this model predicts alkane 

chains completely fill the volume between NC cores, and that assemblies of such particles are 

perfectly space-filling. The OCM dense ligand packing assumption suggests a shorter separation 

between NC cores than OPM and predicts the existence of many-body effects, or non-pairwise 

interaction between ligand capping layers. Some experiments
28

 support the accuracy of OPM 

while other data and molecular simulations
29

 agree with the OCM predictions.  
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Figure 6.2. Geometric models for soft particle contact and measurement of separations in Au 
and PbS monolayer arrays. (a) Sketch of NC contact with labeled core radius, ligand length, 
effective NC radius, diameter (top) and geometric reduction of NC, ligand, and excess volume to 
sphere, cylinder, and cone (bottom). (b) Sketch of hydrocarbon space-filling assumptions made 
by two models of ligand packing in NC arrays. See main text for explanation. (c,d) Particle 
tracking analysis of TEM images allows for collection of experimental interparticle separation 
statistics. Sample area of monolayer of 4.1-nm Au NCs capped with octadecanethiol ligands is 
shown. Scale bars, 20 nm. (e) Effective NC diameter, including core and ligand contributions to 
particle size, is extracted from histogram plot of center separations. (f) Plot of effective radius 
versus ligand length predictions by OPM (red curve) and three-body OCM (blue curve) with 
experimental data collected from hexagonal monolayers of PbS and Au NCs of 3- to 5-nm core 
diameter and C9- or C18-length ligands. Full width at half maximum of effective size and core 
diameter distributions are denoted by vertical and horizontal error bars, respectively.  

 

6.2.2. Experimental interparticle separation in Au and PbS nanocrystal arrays 

 We began our study by establishing how deeply ligand coronas interpenetrate after 

solvent evaporation and the associated implications for space-filling efficiency of close-packed 

NCs. Using several batches of PbS and Au NCs with core diameter varying from 3 to 5 nm, we 

carried out ligand exchange (Appendix I, Figure 6.7 and Figure 6.8Figure 6.8) to replace original 

capping ligands with C9- and C18-length hydrocarbon chains with carboxylic acid and thiol 
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anchoring group for PbS and Au NCs, respectively. This allowed us to obtain sets of capped NCs 

with softness parameter spanning 0.5 < L/R < 1.75. Tetrachloroethylene solutions of these NCs 

were drop cast on carbon support and many (~25) TEM images of hexagonally-arranged NCs at 

sub-monolayer coverage were collected for each set (Appendix I, Figure 6.10). TEM images 

were analyzed using MATLAB particle tracking code. Identification of NC cores in the image 

and connecting their centers produced a hexagonal network of line segments (Figure 6.2c,d) with 

length corresponding to the effective NC diameter, including core and ligand contributions to the 

particle size. Plotting a histogram of measured separations yields a distribution centered on the 

effective NC diameter and broadened by some variation in core size and depth of corona overlap 

(Figure 6.2e).  

 For all values of softness, the measured average effective NC size was found to fall 

within 10% of the OPM prediction (Figure 6.2f). The three-body OCM solution, on the other 

hand, systematically underestimated effective size, most notably for the softest core-ligand 

combinations (L/R > 1). From this observation we conclude that hydrocarbon chains do not 

completely fill space between NC cores but instead, jam at a separation that leaves ~1/3 of this 

volume open (Appendix II, Section 6.7.1). The attraction between hydrocarbon chains (~4 meV 

per methylene unit in vacuum
30

) favoring dense packing of segments is opposed by the finite 

compressibility of entangled, interdigitating chains tethered at one end to a spherical surface. 

Indeed, with molecular lengths (C9 – C18, 1.2 to 2.3 nm) on the order of the Kuhn segment (for 

polyethylene, 1.4 nm, ref.
31

), organic capping ligands may best be described as semi-flexible 

rods with elastic response that precludes liquid-like molecular packing of alkane chains. 
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6.2.3. Interparticle separation changes with nanocrystal coordination number 

 Figure 6.2f shows the measured effective particle size averaged over all contacts in NC 

films deposited at sub-monolayer coverage. While most particles we imaged are embedded 

within the array interior, some sit at island edges and have comparatively fewer nearest 

neighbors (Appendix I, Figure 6.13). To get a deeper insight to the local structure of NC 

packings, we used particle tracking to assign each NC a coordination number and categorize 

center separations based on the coordination state of the two NC endpoints (Figure 6.3a). We 

found that coordination number plays an important role in setting effective NC size: measured 

separations are greater between fully-coordinated particles as compared with those having open 

coordination sites. Using 4.1-nm Au-C18 NCs as an example, we demonstrate expansion of 

effective NC size with increasing coordination number, plotting interparticle separations for 

coordination series 6-n, where one NC is fully-coordinated in two dimensions and the other has 

coordination number 3 < n < 6 (Figure 6.3b). We also collect separations for the same Au NCs 

embedded in hcp trilayers (n = 12), which appear as hexagonal arrays of alternating dark and 

light NCs (Appendix I, Figure 6.11). 

 Taking the distribution maximum to be the true separation, effective NC size increases 

with number of overlaps. To exclude the possibility of size selection on the grid, whereby small 

NCs are pushed to the superlattice periphery, we measured core diameter using edge detection 

code (Appendix I, Figure 6.14). We found no change in core size with coordination number, 

confirming variation in effective NC size is a capping ligand effect. We tested the statistical 

significance of our measurements by calculating the probability that these observed shifts in 

effective NC size might be attributed to random fluctuations around the typical separation of 
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fully-coordinated particles (the p-value). This analysis confirmed that the largest shifts are 

significant to a 95% confidence level (Appendix IV, Section 6.9.1).  

 

Figure 6.3. Measurement of coordination-dependent effective nanocrystal size. (a) Sample area 
of TEM image of 4.1-nm Au-C18 NCs with 6-3 bonds shown in green, 6-4 bonds in red, 6-5 bonds 
in blue, and 6-6 bonds omitted for clarity. Scale bar, 20 nm. (b) Extracted interparticle 
separation statistics for 6-3, 6-4, 6-5, and 6-6 monolayer bonds as well as 12-12 trilayer bonds. 
Distribution modes marked with arrows. (c) Integration of histogram plots allows for 
comparison of the left edge of the distributions, containing bonds between NCs in closest 
association. (d) Effective corona thickness versus coordination number for three sizes of Au-C18 
NCs normalized with respect to surface separation in multilayer superlattice. Error bars 
correspond to distribution fwhm. Grey lines serve to guide the eye. (e) Plotting measured 
effective NC sizes in Reff-L space allows for comparison against ligand packing theories..  
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 Bond length distributions have positive skew (a long right-side tail) attributed to a 

population of loosely-overlapping NCs. Examining those in close contact on the left side of the 

distribution enables meaningful comparison of relaxed interparticle spacings. Integrating the 

histograms reveals closest approach for coordinatively-unsaturated NCs (Figure 6.3c). The non-

Gaussian shape of the 6-6 distribution may be a consequence of local relaxation of tensile stress 

by roughening of separations within the interior of islands (Appendix IV, Figure 6.21). We also 

measure interparticle separation versus coordination number for 3.3-nm and 5.1-nm Au-C18 NCs 

(Appendix I, Figure 6.10) and plot the results for all three sets of NCs in the same window 

(Figure 6.3d). Separations were normalized with respect to hcp trilayer distance. For 3.3-nm Au-

C18 NCs (L/R ≈ 1.4), we found that removing nearest neighbors resulted in considerable (~30%) 

reduction of corona contribution to effective NC size, while the same effect was much smaller 

(~6%) for 5.1-nm Au-C18 NCs (L/R ≈ 0.9). Since van der Waals interaction energy between NC 

cores scales with particle volume (i.e., should be significantly larger for 5.1nm Au NCs 

compared to 3.3nm NCs), this observation allowed us to exclude core-core attraction as the 

primary cause of variation in effective NC size. Plotting separations on top of the predictions 

made by OPM and OCM theories (Figure 3e) reveals that, although measured separations of 

coordinatively-saturated NCs are close to the OPM prediction, much shorter separations are 

measured for NCs with large L/R and few nearest neighbors. The observed influence of 

surrounding particles on the state of two contacting particles indicates that the hydrocarbon 

capping layer supports many-body interactions between NCs not anticipated by the pairwise 

considerations of OPM.  
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6.2.4. Many-body effects: deformation of hydrocarbon corona 

 We attribute the many-body effect to deformation of the ligand corona. As particles are 

brought into contact during solvent evaporation, hydrocarbon chains are concentrated along the 

central axis between nearest neighbors (Figure 6.4a, top). This accumulation of ligand segments 

is accompanied by osmotic pressure pushing solvated chains outwards (Figure 6.4a, bottom). 

While the corona of a particle embedded within the bulk of a close-packed array experiences 

nearly uniform pressure from all sides (Figure 6.4b), the corona of a low-coordination particle 

does not. As a result, the entropic drive to distribute ligand segments uniformly throughout the 

space between NC cores forces coordinatively-unsaturated particles to shift chains away from 

contacts and allows them to sit closer to their neighbors (Figure 6.4c). Indeed, this effect has 

been anticipated by molecular dynamics (MD) simulations of pairwise interactions between 

alkanethiol-capped Au NCs
32

 and self-consistent field theory calculations of overlapping 

spherical brushes.
33 

 

Figure 6.4. Geometric model of ligand overlap and deformation of corona for low-coordination 
nanocrystals. (a) Overlap of spherical brushes (e.g., nanocrystal coronas) results in 
accumulation of segments in the center of the midplane. Osmotic pressure at the contact 
pushes ligands toward the periphery. (b) Corona of nanocrystal fully surrounded by neighbors 
(top) experiences nearly uniform pressure from neighboring segments and features isotropic 
ligand chain distribution. Corona of coordinatively-unsaturated nanocrystal (bottom) is shifted 
away from contact and towards solvent-rich void space as a result of osmotic pressure gradient 
across the sphere surface.  
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 Capping ligand structure may also be influenced by the amorphous carbon film that 

supports NCs resting on the TEM grid. MD simulations of Au NCs passivated with 

dodecanethiol and adsorbed to graphite surface predict that ligand chains are tilted away from the 

graphite surface normal,
34

 creating some solid angle of the NC surface in which no chain ends 

are found. This effect should apply to all NCs in contact with the carbon support (Figure 6.2c, 

Figure 6.3a) and substrate can be viewed as an additional “neighbor” acting on all NCs in the 

monolayer. We expect that the effect of coordination environment on effective NC size shown in 

Figure 6.3, should be even stronger for NC assemblies suspended in solution.  

 To conclude, with simple geometry and chain packing assumptions, OPM and OCM are 

appealing models for considering “hairy” sphere packings. OPM correctly predicts the 

dimensions of extended NC arrays. On the other hand, this model treats only pairwise 

interactions between nearest neighbors and thus provides no means to understand the observed 

many-body interaction. OCM correctly anticipates the many-body effect, however it results from 

the assumed tendency for alkanes to pack between cores in extended space-filling domains, an 

assumption that leads to predicted separations much shorter than our experimental measurements 

(Figure 6.2f). Importantly, the ability of a spherical NC corona to be deformed in response to its 

surroundings appears to be missing from this analysis to date.  
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6.3. Self-assembly of binary arrays with similar and contrasting nanocrystal softness 

6.3.1. Case one: 7.0-nm PbS and 4.1-nm Au 

 Next, we investigate the role of ligands in binary nanocrystal superlattices (BNSLs). We 

used ligand exchange to tune the softness of NC building blocks and effective radius ratio (γeff = 

Reff,B/Reff,A , with Reff values measured from single-component arrays
16

) for nominally identical 

NC cores. For example, we assembled BNSLs from 4.1-nm Au and 7.0-nm PbS NCs in two 

capping ligand combinations: PbS-C18 (L/R ≈ 0.65) and Au-C9 (L/R ≈ 0.58) with both 

components having similar soft character, and PbS-C9 (L/R ≈ 0.34) and Au-C18 (L/R ≈ 1.1) with 

Au-C18 much softer than PbS-C9. Evaporation of a solution containing Au-C9 and PbS-C18 NCs 

(γeff ≈ 0.62) in various concentration ratios reproducibly generated three binary phases: CuAu, 

AlB2, and NaZn13 (Figure 6.5a). On the other hand, doing the same with Au-C18 and PbS-C9 (γeff 

≈ 0.76) produced two phases: MgZn2 and CaCu5 (Figure 6.5b). If we model the observed BNSLs 

as rigid sphere packings, we find that only AlB2 has density comparable to close-packed 

monodisperse spheres, ρfcc/hcp ≈ 0.74 (Figure 6.5c). This is in line with previous works
17

 and 

highlights the apparent conflict between the entropic preference for dense NC packings and the 

frequent observation of supposedly-open BNSL arrangements.  

6.3.2. Case two: 10.2-nm Fe2O3 and 4.1-nm Au 

 Similar results were observed for assembly of a second set of BNSLs from 4.1-nm Au 

and 10.2-nm γ-Fe2O3 building blocks. Cocrystallization of Fe2O3-C18 (L/R ≈ 0.45) and Au-C9 

(L/R ≈ 0.58) NCs (γeff ≈ 0.45) yielded 3
2
.4.3.4 Archimedean tilting (AT), dodecagonal 

quasicrystal (DDQC
13

) and body-centered cubic (bcc) AB6-type
22

 BNSLs isostructural with 

K6C60 (Figure 6.5d), while the Au-C18 (L/R ≈ 1.1) and Fe2O3-C9 (L/R ≈ 0.24) combination (γeff ≈ 

0.56) produced Li3Bi and NaZn13 phases (Figure 6.5e). We note that the Li3Bi BNSL, 
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constructed by fcc arrangement of large spheres with small spheres occupying all tetrahedral and 

octahedral sites, was not reported in earlier work on BNSLs. Li3Bi structure assignment was 

made with the assistance of TEM tilting experiments (Appendix I, Figure 6.9). Modeling these 

structures as binary arrangements of hard spheres suggests AT, DDQC, bcc-AB6, and NaZn13 

phases pack with efficiency close to fcc/hcp, while Li3Bi appears to be a low-density outlier with 

predicted space-filling fraction ρ ≈ 0.55 at this size ratio (Figure 6.5f).  

 

Figure 6.5. Self-assembly of binary nanocrystal superlattices with different ligand combinations. 
(a) TEM images of CuAu, AlB2, and NaZn13-type BNSL phases formed from evaporation of 
solution containing 7.0-nm PbS-C18 and 4.1-nm Au-C9 NCs. (b) TEM images of MgZn2 and CaCu5-
type BNSLs formed from PbS-C9 and Au-C18 with same cores as (a). Schematic of tailoring ligand 
corona thickness shown above BNSL images. (c) Space-filling curves calculated for hard-sphere 
arrangements of observed binary structures of PbS and Au NCs. (d) TEM images of 32.4.3.4 
Archimedean tiling (AT), dodecagonal quasicrystal (DDQC), and body-centered cubic (bcc) AB6-
type BNSL phases formed from 10.2-nm Fe2O3-C18 and 4.1-nm Au-C9 NCs. (e) TEM images of 
Li3Bi and NaZn13-type BNSLs at formed from 10.2-nm Fe2O3-C9 and 4.1-nm Au-C18 NCs with 
same cores as (d). (f) Space-filling curves calculated for hard-sphere arrangements of observed 
binary structures of Fe2O3 and Au NCs. Scale bars, 20 nm. 
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6.4. Microscopy investigation of ligand packing in binary nanocrystal superlattices 

 For each observed BNSL structure, we collected images of many domains and 

systematically tilted samples with respect to electron beam to obtain several crystallographic 

projections of the same superlattice. We subjected our library of BNSL images to MATLAB 

particle tracking analysis (Appendix III, Figure 6.17 and Figure 6.18) similar to measurements 

shown in Figure 2d. This approach enabled three-dimensional reconstruction of the BNSL unit 

cell and extraction of experimental interparticle separations (Appendix III, Figure 6.19).  

6.4.1. Average coordination number of contacting nanocrystals in binary superlattices 

 To quantify the crowding of NC contacts we introduce a BNSL coordination number: for 

BNSLs supported by contacts between A-spheres (e.g., PbS-PbS contacts in MgZn2- and CuAu-

type structures), the BNSL coordination number is simply the coordination state of A-spheres 

(e.g., 4 for diamond-type A-sphere sublattice of MgZn2 and 6 for octahedral A-sphere 

coordination of CuAu). For BNSLs supported by contacts between B-spheres (e.g., Au-Au 

contacts in CaCu5- and NaZn13-type structures), the average coordination number of non-

equivalent B1- and B2-spheres was calculated, weighted by abundance of each within the BNSL 

structure (Section 6.8.2). We assign average coordination number of 7.2 for CaCu5 and 8.3 for 

NaZn13-type BNSLs. For BNSLs supported by A-B contacts (e.g., PbS-Au contacts in AlB2 and 

Fe2O3-Au contacts in Li3Bi and bcc-AB6 BNSLs), the same weighted average BNSL 

coordination number used A- and B-sphere coordination states. We gave Li3Bi, bcc-AB6, and 

AlB2 BNSLs average coordination numbers of 5, 6.9, and 8, respectively. 
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6.4.2. Many-body effects: evidence for corona deformation in binary superlattices 

 We then calculated a normalized separation by dividing the experimental surface-to-

surface separation by the separation expected for extended arrays of single-component close-

packed NCs (the OPM prediction). This analysis revealed that the NC corona, while nearly 

spherical when particles are embedded in extended close-packed arrays, can be significantly 

deformed for particles packed in low-coordination sites. For example, BNSLs supported by A-

sphere framework (MgZn2, CuAu, AT, DDQC) feature PbS or Fe2O3 NCs in sites with fewer 

nearest neighbors (just 4 to 7) than the 12-coordinated fcc/hcp arrangement. BNSL 

measurements suggest these NCs are able to pack more closely together in binary structures, 

with surface separations ~65-80% that of the same particles packed in monodisperse arrays 

(Figure 6a, left three data points). BNSLs supported by contacting B-spheres (CaCu5, NaZn13) 

incorporate Au NCs with fewer nearest neighbors than fcc/hcp arrangement (~7-8 versus 12), 

and these particles also appear to be compressed slightly as compared with monodisperse close-

packing predictions (Figure 6.6a, right three data points). BNSLs with A-B contacts (Li3Bi, bcc-

AB6, AlB2) show the same structure densification resulting from compression of particles with 

low coordination number (Figure 6.6b). Most notably, the Li3Bi BNSL, incorporating soft Au-

C18 NCs packed into the tetrahedral voids between hard Fe2O3-C9 NCs, appears to squeeze the 

soft particle corona such that surface separation between the two is less than half that predicted 

based on OPM predictions and monodisperse array measurements. Analysis of statistical 

significance of this measurement allowed us to reject the null hypothesis with 96% confidence 

(Section 6.9.1). 
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Figure 6.6. Estimation of experimental interparticle separation, packing density, and ligand void 
filling in BNSLs. (a) Measurement of NC surface separation in BNSLs with A-A or B-B contacts 
plotted against coordination number. Each BNSL contact separation is normalized with respect 
to separation measured for close-packed monodisperse arrays of the same NCs. Error bars 
represent full width at half maximum of surface separation distribution. Inset, illustration of 
jamming contact geometry for each BNSL structure. (b) Measurement of NC surface separation 
in BNSLs with A-B contacts versus BNSL coordination number. Inset, illustration of proposed 
collapse of diffuse corona at contact with dense corona for Li3Bi (left) and spherical symmetry 
of corona engaged in crowded contacts (right). (c) Experimental density (filled circles) and 
density predictions based on hard sphere models (open circles) for observed BNSL structures. 
Grey line marks density of monodisperse close-packed spheres. (d) Experimental estimation of 
ligand void occupation for BNSLs ordered by average coordination number. Inset: sketch of low-
coordination NC with deformed ligand corona and high-coordination NC with spherical effective 
shape.  
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6.5. Packing rules for hydrocarbon-capped, spherical nanocrystals 

 Variable effective particle size resulting from deformability of the hydrocarbon capping 

layer brings up an unanticipated connection between NCs and metal ions whose radii similarly 

depend on coordination environment. The Na
+
 ion serves as a textbook example: its ionic radius 

is defined as 0.99, 1.02, 1.18 and 1.39Å for structures with coordination number of 4, 6, 8 and 

12, respectively.
35

 We extend this analogy between ionic compounds and NC solids by 

proposing a set of principles for predicting the relative stability of BNSL structures in the style of 

the Pauling rules
36

 for simple salts. These rules expand upon the concepts of sphere packing
6
 and 

complement a different set of rules
37

 devised for the unique case where particles feature strong 

attraction of complementary DNA ligands during assembly.  

6.5.1. Rule one: hydrocarbon ligands impart softness 

 In addition to effective size, a hydrocarbon-capped NC has “softness” (L/R) that 

determines its ability to adopt the shape of a particular coordination environment. The fraction of 

total particle volume contributed by ligands can be approximated
 
(Section 6.8.1) as  

𝑉𝑙𝑖𝑔 ÷ (𝑉𝑙𝑖𝑔 + 𝑉𝑐𝑜𝑟𝑒) ≈ (𝐿/𝑅) ÷ (𝐿/𝑅 + 1/3) 

Accordingly, for core-ligand combinations L/R ≳ 0.33, hydrocarbons represent most of the NC 

footprint in space. Self-assembly of NCs with minimal softness generally follows the rules of 

sphere packing. On the other hand, for sufficiently soft NCs, the tendency for ligands to be 

redistributed away from contacts during colloidal crystallization should be taken into account. 
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6.5.2. Rule two: soft nanocrystals can deform in response to environment 

 In a low-coordination site, a soft NC fills space more efficiently than a hard NC because 

it may adjust its shape to the available space as determined by local coordination geometry. 

Perturbation of spherical corona symmetry via deformation of capping layer always acts to 

densify the structure by allowing a particle to adopt an effective shape that resembles the 

Voronoi cell of the lattice site. This geometric distortion changes poorly-packing units (for 

packing in three dimensions, spheres are the least-efficient convex solid known
38

) into a softened 

version of perfectly-packing Voronoi polyhedra. 

6.5.3. Rule three: softness stabilizes cocrystallization 

 Although not stated in the original work, it can be easily shown
32

 that the OPM 

interparticle separation results in the packing density of close-packed (fcc) spheres 𝜋 3√2⁄ ≈

0.74 for all L/R values. The agreement between our measurements of extended arrays of close-

packed monodisperse NCs and the OPM result (Figure 6.2f) leads us to the satisfyingly simple 

conclusion that hydrocarbon-capped spheres, like their hard-sphere counterparts, close pack at 

74% density for all values of softness.  

 We also estimated an experimental packing fraction for the observed binary structures 

and compared it to the predictions made by rigid sphere packings (Figure 6.6c). We found some 

BNSLs are in fact much denser than sphere-packing models predict, with estimated space-filling 

fractions 0.73 < ρ < 0.88, indicating that cocrystallization does not lead to anomalously open 

arrangements. As such, while hard and soft particles only fill 74% of space as separately close-

packed arrangements of spheres, they can mix together into a dense, low-coordination binary 

structure that uses deformable spheres to “glue” together the rigid ones. Indeed, simulations of 

soft repulsive disc mixtures
39

 reveal formation of low-coordination binary phases when repulsion 
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between dissimilar discs is lower than between identical discs (e.g., when a soft NC corona is 

“dented” upon collision with a hard NC, see sketch in Figure 6.6b, left inset). 

 Structure densification resulting from deformability of soft particle surfaces offers 

important insight into thermodynamics of BNSL formation. If BNSL self-assembly is driven by 

free-volume entropy, two NC species should not mix unless it increases their density. Our 

observation that cocrystallization does not produce anomalously low-density BNSLs indicates no 

complex set of distance-dependent energetic interactions need be invoked to explain the 

formation of BNSLs, though we do not suggest they cannot play some part in the free energy of 

BNSL formation. Some binary phases, however, appear to contain slightly more open space than 

close-packed monodisperse spheres (Figure 6.6c, NaZn13, MgZn2). This allows for the possibility 

that second-order effects may play a role in favoring mixing of two NC components. Indeed, for 

binary hard-sphere mixtures, simulations
5
 and experiments

40
 suggest that the configurational 

entropy gain associated with formation of NaZn13 arrangement is sufficient to stabilize the 

structure against phase separation for densities as low as ~0.69 within size ratio range 0.52 < γ < 

0.60. With the additional degrees of freedom offered by reduced spatial ordering of binary 

crystals as compared to phase-separated arrangements, configurational entropy should be 

sufficient to stabilize the observed BNSLs with estimated density ~0.73. 

6.5.4. Rule four: soft particles prefer low-coordination sites 

 In stark contrast to ionic solids, soft NC packings prefer low-coordination arrangements, 

as this geometry allows for densest packing of ligands between cores. We used the measured 

BNSL dimensions to estimate space-filling efficiency of ligands between NC cores and found 

densest packing of hydrocarbons in low-coordination structures (Figure 6.6d). This observation 

can be applied to rationalize the relative stability of plausible BNSL candidate structures at a 
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particular effective size ratio. For example, AlB2 at γ = 0.56 has optimal sixfold-coordinated B-

spheres and the densest packing of all possible binary hard-sphere arrangements. Instead of 

forming AlB2-type arrangement, NCs mixed at γeff ≈ 0.56 in this work self-assembled into Li3Bi 

structure with a fourfold-coordinated Au-C18 NCs. Similarly, NaCl at γ = 0.45 maximally 

coordinates the B-sphere with six nearest neighbors and is the densest binary phase for hard-

sphere packings. Instead of forming NaCl, NCs mixed at γeff ≈ 0.45 yielded bcc-AB6, with 

fourfold B-sphere coordination. Once more, instead of CuAu-type BNSLs, the densest binary 

sphere arrangement at γ = 0.76, MgZn2 and CaCu5 are found. In these structures, B-spheres form 

a network of vertex-sharing trigonal bipyramids with fewer nearest-neighbor contacts than the 

optimal eightfold-coordinated B-spheres of CuAu. Dense packing of soft NCs in low-

coordination lattice sites might also naturally explain the observed complexity of other soft-

particle phase diagrams like the fcc-to-bcc transition for alkanethiolate-capped Au NC SLs when 

L/R > 0.7.
14

 

6.5.5. Conclusion: entropy-driven crystallization of soft objects 

 This work characterizes the contribution of surface ligands to self-assembly of NC 

superlattices. We laid the conceptual foundation for describing dense arrangements of 

deformable spheres and used it to rationalize the complex zoo of BNSL phases as entropy-driven 

crystallization of soft objects. We anticipate that these findings should apply to other deformable 

objects (e.g., micelles, vesicles, globular proteins). 
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6.6. Appendix I: experimental details 

Decomposition of precursors in hot organic surfactant solutions was used to prepare 

monodisperse Au, PbS, and Fe2O3 NCs.  

6.6.1. Nanocrystal synthesis and ligand exchange 

 Au NCs were made by reduction of gold (III) chloride with t-butylamine-borane complex 

in tetrahydronaphthalene and oleylamine.
41

 Au NC core diameter was varied between ~2.5 and 

~5.1-nm by adjusting the injection temperature between 40°C and 2°C, respectively. PbS NCs 

were made by injection of bis(trimethylsilyl)sulfide into lead (II) oleate in octadecene (ODE) and 

oleic acid (OA) at 150°C.
42

 PbS NC core diameter was adjusted between ~3.0 and ~7.0 nm by 

varying the OA:ODE ratio. γ-Fe2O3 NCs were made by oxidative decomposition of iron 

pentacarbonyl with trimethylamine oxide in the presence of oleic acid and dioctylether at 

120°C.
12

 All NCs were precipitated twice from hexane/ethanol and redispersed in hexane for 

storage.  

 Ligand exchange was carried out by stirring NCs with excess displacing ligand at 1:1 

mass ratio in hexane for 2 hours at room temperature. Ligand-exchanged NCs were separated 

from excess unbound ligands by washing twice with hexane/ethanol and then stored in 

tetrachloroethylene (TCE). Octadecanethiol-capped Au and stearic acid capped PbS NCs 

typically precipitate partially from TCE storage solution over several days. Warming the NC 

solution to ~50°C for a couple minutes allows for complete redissolution of precipitated NCs. 

TEM and FTIR measurements corroborated exchange of native ligands (Figure 6.7). 
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Figure 6.7. Tuning ligand shell thickness by ligand exchange. (a) sketch of spherical NC capped 
with short (C9-length) hydrocarbon ligands. (b) TEM image of monolayer array of nonanethiol-
capped Au NCs of core diameter 4.1 nm. (c) sketch of spherical NC capped with long (C18-
length) hydrocarbon ligands. (d) TEM image of monolayer array of the same Au NC cores with 
octadecanethiol capping ligands. Scale bars, 20 nm. (e) confirmation of completion of ligand 
exchange by FTIR: vinyl resonance at 3005 cm-1 (sketch inset) present in oleylamine-capped Au 
NC sample (grey trace) is absent in saturated alkanethiol-exchanged NC samples of nonanethiol 
and octadecanethiol (red and blue traces, respectively). (f) measurement of TEM images of Au 
NC monolayers reveals difference between interparticle separation of Au-C9 (red) and Au-C18 
(blue) NCs. 

 

 

Figure 6.8. FTIR characterization of NCs used in BNSL self-assembly. FTIR confirmation of ligand 
exchange using disappearance of vinyl C-H stretch at ~3005 cm-1 for (a) Exchange of oleylamine 
(OAm) ligands at the surface of 4.1-nm Au NCs for nonanethiol (NT) and octadecanethiol (ODT) 
ligands. (b) Exchange of oleic acid (OA) ligands at the surface of 7.0-nm PbS NCs for nonanoic 
acid (NA) and stearic acid (SA) ligands. (c) Exchange of OA ligands at the surface of 10.2-nm 
Fe2O3 NCs for NA and SA ligands.  
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6.6.2. Nanocrystal self-assembly 

 Single-component arrays of Au, PbS, and Fe2O3 NCs were prepared by drop casting 10 

μL NC solution in tetrachloroethylene (TCE) onto TEM carbon support resting on filter paper 

placed upon a hotplate set to 50°C. NC array thickness was tuned from sub-monolayer to 

multilayer coverage by adjusting drop cast solution concentration within the range 0.2 – 2 

mg/mL. Drop casting at room temperature reduced the degree of ordering of NC arrays as 

compared with drop casting at 50°C. Binary nanocrystal superlattices were assembled by 

evaporation of a two-component NC solution at 50°C and ~0.5 atm over TEM grid tilted ~25° 

from horizontal.
11

 Assembly solutions contained on the order of 0.1 mg of each NC component 

in 20 μL TCE. Variation of concentration ratio of NC components was found to influence the 

relative abundance of BNSL structures with different stoichiometry (e.g., AB versus AB13).  

 Tilting experiments were used to elucidate the structure of the previously unreported 

Li3Bi binary structure, which features all tetrahedral and octahedral sites of the fcc sublattice 

occupied by smaller B-particles (Figure 6.9). 
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Figure 6.9. TEM tilting of Li3Bi-type BNSL assembled from 10.2-nm Fe2O3-C9 and 4.1-nm Au-C18. 
(a) Unit cells of Li3Bi, NaCl, and CaF2-type sphere arrangements. Li3Bi has B-spheres occupying 
both the octahedral sites, like NaCl, and the tetrahedral sites, like CaF2. (b) Stereograph 
showing in red the crystallographic projections of Li3Bi visited in TEM tilting. (c) Tilt series 1: 
(001) – (112) – (111). TEM images (top) and modeled projections of Li3Bi, NaCl, and CaF2 sphere 
arrangements. Left panes show both A (green) and B (gold) spheres, right pane shows only 
high-contrast B spheres for clarity. (d) Tilt series 2: (001) – (102) – (101).  
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6.6.3. Particle tracking measurement of effective nanocrystal size 

 Single-component and binary NC arrays were imaged on an FEI Technai F30 

transmission electron microscope (TEM) operating at 300 kV accelerating voltage. Tilting 

experiments with dual-axis sample holder allowed for clear assignment of BNSL structure and 

extraction of the lattice parameter lying perpendicular to the carbon support. Extreme curvature 

of AT, DDQC BNSL domains prevented measurement of c-axis. Small- and wide-angle electron 

diffraction (SAED, WAED) patterns were collected from ~0.1 μm
2
-sized BNSL areas.  

 TEM images of NC arrays were analyzed using MATLAB particle tracking code. Images 

are filtered to reduce noise and particle centers are assigned based on a weighted average of pixel 

intensity within a NC core. Delaunay triangulation of NC centers produces a set of bonds whose 

lengths were used for estimation of effective NC size. Comparison of core diameters for various 

coordination numbers was made by using edge detection to trace the NC core perimeter, filling 

the interior of the trace to create a blob, and extracting an equivalent diameter from the blob area. 

Batch measurement of 25 TEM images of single-component arrays allowed for analysis of a 

large (10
4
 – 10

5
 bond counts) data set (Figure 6.10). Statistical significance of variations in 

effective particle size was evaluated by assigning p-values to measured separations in single-

component and binary arrays (Section 6.9.1).  
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Figure 6.10. Particle tracking analysis of TEM images of monolayer arrays. Collection of 
experimental effective NC size for several combinations of L, R. (a-d) Bond length histograms 
(top) and sample TEM images (bottom) for four sizes of Au NCs with either nonanethiol (C9) or 
octadecanethiol (C18) capping ligands. (e-g) Bond length histograms and sample TEM images for 
three sizes of PbS NCs with either nonanoic acid (C9) or stearic acid (C18) capping ligands. 
Measured effective diameter (Deff) and standard deviation are used in constructing Figure 6.2f. 
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Interparticle separations were also collected for hcp trilayers of Au-C18 NCs, which 

showed characteristic alternating darker and lighter NC cores (Figure 6.11). 

 

 

Figure 6.11. Measurement of effective NC size for Au-C18 NCs with twelve neighbors. Trilayer 
arrays are identified by alternating intensity of NC centers. Overlay of layers one and three 
gives rise to darker NCs; lighter NCs comprise the second layer. The distance separating light 
NCs is taken to be effective size of NCs with coordination number of 12. Scale bar, 20 nm. Inset: 
histogram of NC center intensities shows bimodal distribution with layer two contributing the 
left (lighter) set of counts.  
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6.6.4. Measurement of nanocrystal coordination numbers 

Coordination number was calculated for a NC by counting the number of centroids 

falling within two standard deviations of the interparticle separation distribution maximum. This 

analysis revealed the relative numbers of undercoordinated (peripheral) NCs for arrays drop cast 

at sub-monolayer coverage (Figure 6.12). 

 

 

Figure 6.12. Bond coordination number frequency for 4.1-nm Au-C18 drop cast on carbon 
support at sub-monolayer coverage. Bonds containing at least one sixfold-coordinated NC 
endpoint comprise ~82% of bonds imaged.  
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 Variation in effective particle size with coordination number was confirmed using three 

sets of NCs: 3.3-nm Au-C18, 4.1-nm Au-C18, and 5.1-nm Au-C18 NCs (Figure 6.13). The results 

are summarized in Figure 6.3d,e. 

 

Figure 6.13. Coordination-dependent center separation measurement for three sizes of Au-C18. 
Example areas of TEM images of octadecanethiol-capped Au NCs with superimposed 6-3, 6-4, 
6-5, 6-6, 12-12 (top to bottom) bonds drawn in red. Bond length distributions for each are 
shown next to sample TEM images. Distribution modes are indicated in upper right of each 
histogram.  

 

  



177 

 

6.6.5. Edge detection measurement of inorganic core diameter 

Edge detection (Roberts technique) was used to estimate the diameter of the inorganic 

core. This method likely results in slight underestimation of core size due to negligible contrast 

from the few atoms contributing to signal from the core perimeter. Even so, this analysis allowed 

us to exclude the possibility that peripheral NCs have different average core size than NCs 

within the interior of island arrays (size selection across the grid surface) as a primary factor 

contributing to coordination dependence of effective nanocrystal size (Figure 6.14). 

 

Figure 6.14. Core diameter is constant for NCs of varying coordination number. Core diameter 
statistics for Au-C18 NCs of coordination number 6 (a), 5 (b), 4 (c), 3 (d) collected from TEM 
images discussed in Figure 6.3. Manual measurements suggest core diameter is ~4.1 nm. (e) 
TEM image with superimposed edges (white lines around core periphery) reveal edge detection 
algorithm systematically underestimates size of Au core. (f) Area of blobs created from edges is 
used to calculate approximate NC core diameter. (g) integration of histograms shown in (a-d) 
reveal core diameter distributions nearly coincide across coordination numbers. 
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6.7. Appendix II: incorporating ligands in superlattice density calculations  

6.7.1. Experimental space-filling fraction of close-packed nanocrystal arrays 

 The density of a packing is the fraction of space occupied by particles. This can be 

calculated experimentally by obtaining a unit cell volume from measured dimensions of the 

packing and comparing this with the space occupied by NC cores and ligands packed into this 

volume.  

 For example, inter-NC separation within hcp trilayers of 4.1-nm Au-C18 was measured to 

be Deff ~6.78 nm (Figure 6.11). Using n-carbon ligand chain length L = 0.12 nm·(n+1), 

polyethylene cross-sectional area Ao ~ 0.2 nm
2

, and TGA-estimated σ ~ 5.5 ligands/nm
2
 (Figure 

6.16b), the experimental hcp space-filling fraction is calculated as follows: 

𝜌ℎ𝑐𝑝 =
𝑉𝑁𝐶𝑠

𝑉𝑢𝑛𝑖𝑡 𝑐𝑒𝑙𝑙
ℎ𝑐𝑝

=
𝑉𝑐𝑜𝑟𝑒𝑠 + 𝑉𝑙𝑖𝑔𝑎𝑛𝑑𝑠
3
2√2 ∙ 𝐷𝑒𝑓𝑓

3
=
𝑁𝑁𝐶𝑠
ℎ𝑐𝑝 (

4
3 𝜋𝑅

3 + 4𝜋𝑅2 ∙ 𝜎 ∙ 𝐴𝑜 ∙ 𝐿)

3
2√2 ∙ 𝐷𝑒𝑓𝑓

3
 

=

3 ∙ (
4
3𝜋 (

4.1 𝑛𝑚
2 )

3

+ 4𝜋 (
4.1 𝑛𝑚
2 )

2

∙ 5.5 𝑛𝑚−2 ∙ 0.2 𝑛𝑚2 ∙ 2.28 𝑛𝑚 )

3
2√2 ∙

(6.78 𝑛𝑚)3
 

≈
3 ∙ (36.1 𝑛𝑚3 + 132.4 𝑛𝑚3)

661.1 𝑛𝑚3
≈ 0.765 

The space-filling fraction of ligands within superlattice void space can be calculated too: 

𝜌𝑙𝑖𝑔𝑎𝑛𝑑𝑠 =
𝑉𝑙𝑖𝑔𝑎𝑛𝑑𝑠

𝑉𝑢𝑛𝑖𝑡 𝑐𝑒𝑙𝑙 − 𝑉𝑐𝑜𝑟𝑒𝑠
=

𝑁𝑁𝐶𝑠
ℎ𝑐𝑝 ∙ 𝑆𝐴𝑁𝐶 ∙ 𝜎 ∙ 𝐴𝑜 ∙ 𝐿

3
2√2 ∙ 𝐷𝑒𝑓𝑓

3 − 𝑁𝑁𝐶𝑠
ℎ𝑐𝑝 ∙

4
3 𝜋𝑅𝑁𝐶

3
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=
3 ∙ 4𝜋 (

3.3 𝑛𝑚
2 )

2

∙ 5.5 𝑛𝑚−2 ∙ 0.2 𝑛𝑚2 ∙ 0.12 𝑛𝑚 ∙ (18 + 1)

3
2√2 ∙

(5.92 𝑛𝑚)3 − 3 ∙
4
3𝜋 (

3.3 𝑛𝑚
2 )

3 ≈ 0.671 

 

6.7.2. Theoretical (OPM) space-filling fraction of close-packed nanocrystal arrays  

 The center separation prediction made by the optimal packing model (OPM) provides 

unit cell dimensions for a NC of any values of L and R. With this information, we can calculate a 

theoretical space-filling efficiency for close-packed soft spheres: 

𝜌𝑠𝑠 =
𝑁𝑁𝐶𝑠
ℎ𝑐𝑝 ∙ 𝑉𝑁𝐶

𝑉𝑢𝑛𝑖𝑡 𝑐𝑒𝑙𝑙
ℎ𝑐𝑝

=
3 ∙ (𝑉𝑐𝑜𝑟𝑒 + 𝑉𝑙𝑖𝑔𝑎𝑛𝑑𝑠)

3
2√2 ∙ 8𝑅𝑒𝑓𝑓

3
 

Plugging the OPM solution  

𝑅𝑒𝑓𝑓
𝑂𝑃𝑀(𝐿, 𝑅) = 𝑅 (1 + 3 ∙ 𝜎𝐴𝑜 ∙

𝐿

𝑅
)
1/3

 

into the expression for soft-sphere packing efficiency ρss yields 

𝜌𝑠𝑠
𝑂𝑃𝑀(𝐿, 𝑅) =

3 ∙ (
4
3𝜋𝑅

3 + 4𝜋𝑅2 ∙ 𝜎𝐴𝑜 ∙ 𝐿)

3
2√2 ∙ 8 ∙ {𝑅 (1 + 3 ∙ 𝜎𝐴𝑜 ∙

𝐿
𝑅)

1/3

}

3 

which reduces to the hard-sphere packing density limit independent of L and R.  

𝜌𝑠𝑠
𝑂𝑃𝑀(𝐿, 𝑅) =

𝜋

3√2
≈ 0.7405 
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6.7.3. Theoretical (OPM) efficiency of hydrocarbon packing within interparticle matrix 

The OPM prediction also naturally lends itself to calculating space-filling efficiency of 

ligands in superlattice void space: 

𝜌𝑙𝑖𝑔𝑎𝑛𝑑𝑠 =
𝑁𝑁𝐶𝑠
ℎ𝑐𝑝 ∙ 𝑉𝑙𝑖𝑔𝑎𝑛𝑑𝑠

𝑉𝑢𝑛𝑖𝑡 𝑐𝑒𝑙𝑙
ℎ𝑐𝑝 − 𝑁𝑁𝐶𝑠

ℎ𝑐𝑝 ∙ 𝑉𝑐𝑜𝑟𝑒
=

3 ∙ 4𝜋𝑅2 ∙ 𝜎𝐴𝑜 ∙ 𝐿

3
2√2 ∙ 8𝑅𝑒𝑓𝑓

3 − 3 ∙
4
3𝜋𝑅

3
 

=
3 ∙ 4𝜋𝑅2 ∙ 𝜎𝐴𝑜 ∙ 𝐿

3
2√2 ∙ 8 ∙ {𝑅 (1 + 3 ∙ 𝜌𝐴𝑜 ∙

𝐿
𝑅)

1/3

}

3

− 3 ∙
4
3𝜋𝑅

3

 

=

𝜋

3√2
∙ 3 ∙ 𝜎𝐴𝑜 ∙

𝐿
𝑅

1 −
𝜋

3√2
+ 3 ∙ 𝜎𝐴𝑜 ∙

𝐿
𝑅

 

This curve approaches 
𝜋

3√2
  in the limit of large L/R.  
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6.7.4. Superlattice density depends on ligand packing assumptions 

 We can also examine how our choice of ligand packing efficiency influences the density 

of close-packed arrangements of soft spheres. For this we add a term λ to the optimal packing 

model (OPM) expression to represent the extent to which hydrocarbons can pack densely 

between NC surfaces: 

𝑅𝑒𝑓𝑓

𝑅
= (1 + 3 ∙ 𝜆 ∙ 𝜎𝐴𝑜 ∙

𝐿

𝑅
)
1/3

 

 Increasing the value of λ increases the separation between sphere surfaces for a given 

choice of L and R, creating a “sub-optimal” packing case. Similarly, decreasing λ reduces 

separation and allows for “super-optimal” ligand packing. For λ = 1, the OPM solution is 

recovered (Figure 6.15).  

 

Figure 6.15. Influence of ligand packing efficiency on density of close-packed arrangements of 
soft spheres. Effective size versus softness plotted for three choices of ligand packing efficiency 
parameter, λ. Inset: plot of density versus softness for the same three values of λ. . 

 

  



182 

 

Incorporating this term λ into the soft-sphere packing density expression yields  

𝜌𝑠𝑠
𝑂𝑃𝑀(𝐿, 𝑅) =

3 ∙ (
4
3𝜋𝑅

3 + 4𝜋𝑅2 ∙ 𝜎𝐴𝑜 ∙ 𝐿)

3
2√2 ∙ 8 ∙ {𝑅 (1 + 3 ∙ 𝜆 ∙ 𝜎𝐴𝑜 ∙

𝐿
𝑅)

1
3
}

3 =
𝜋

3√2
∙
1 + 3

𝐿
𝑅

1 + 3𝜆 ∙
𝐿
𝑅

 

 With this we calculate the softness dependence of packing efficiency for each of these 

three cases (λ < 1, λ = 1, λ > 1), finding that with increasing L/R, the assumed ligand packing 

efficiency parameter λ may significantly alter the overall soft-sphere packing density ρss (Figure 

6.15, inset).  

 

  



183 

 

6.7.5. Experimental space-filling fraction of binary nanocrystal arrays 

The Au, PbS, and Fe2O3 NCs used in binary assembly experiments were characterized by 

a suite of techniques (Figure 6.16). Particle tracking measurements of hexagonal monolayers 

provided effective NC sizes to assign size ratio for space-filling curves (Figure 6.5c,f). 

Thermogravimetric analysis (TGA) enabled estimation of ligand grafting density to calculate 

experimental space-filling fractions of single-component and binary arrays. 

 

Figure 6.16. TEM and TGA characterization of NCs used in BNSL self-assembly. Sample TEM area 
(left), effective diameter measurement (upper right), and TGA mass loss data with estimated 
ligand grafting density (lower right) for (a) 4.1-nm Au-C9, (b) 4.1-nm Au-C18, (c) 7.0-nm PbS-C9, 
(d) 7.0-nm PbS-C18, (e) 10.2-nm Fe2O3-C9, (f) 10.2-nm Fe2O3-C18.  
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TEM images of several projections of the BNSLs shown in Figure 6.1a-d were subjected 

to particle tracking analysis, enabling estimation of experimental BNSL lattice parameters 

(Figure 6.17, Figure 6.18).  

 

Figure 6.17. Measurement of experimental unit cell size for BNSLs containing PbS and Au NCs. 
Sample TEM areas (left) and extracted lattice parameters (right). Scale bars, 10 nm. 
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Figure 6.18. Measurement of experimental unit cell size for BNSLs containing Fe2O3 and Au NCs. 
Sample TEM areas (left) and extracted lattice parameters (right). Scale bars, 10 nm. 

  



186 

 

 The results of these measurements are recorded in Tables 6.1 and 6.2.  

 

 

 

 

  

Table 6.1. Extracted interparticle separations for BNSLs with A-A or B-B contacts.  

Table 6.2. Extracted interparticle separations for BNSLs with A-B contacts.  
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Geometric considerations (Figure 6.19) allowed estimation of interparticle separations of 

contacting NCs in binary arrays. These values can be quite different from those obtained using 

sphere packing treatment of BNSLs with effective radii measured from hexagonal monolayer 

arrays, as was routinely done in previous BNSL structure analyses.
16,43

 

 

Figure 6.19. Geometric extraction of effective sizes of NCs packed in binary arrays 
demonstrated for the AlB2-type BNSL.  
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Extraction of inter-NC separation within BNSLs is demonstrated here using the example 

of AlB2-type structure formed from 4.1-nm Au-C9 and 7.0-nm PbS-C18. Measured separations in 

monolayer arrays are: deff,Au-C9 ≈ 5.9 nm and deff,PbSC18 ≈ 9.5 nm (Figure 6.16a,d). Measured 

separation between PbS-C18 NCs in basal plane of AlB2-type BNSL is 10.0 nm (Figure 6.19a-c), 

suggesting loose overlap of A-sphere coronas. Measurement of (010)-projection of AlB2 shows 

10.6-nm separation between PbS-C18 NCs along the c-axis (Figure 6.19d-f), suggesting loose A-

A overlap across basal plane. A-B contacts are thus jamming contacts supporting BNSL 

structure. Extraction of interparticle separation between 4.1-nm Au-C9 and 7.0-nm PbS-C18 is 

possible using measured lattice dimensions a and c (Figure 6.19g-i): 

𝑑𝐴𝐵 = {(
1

2
𝑐)
2

+ (
√3

3
𝑎)

2

}

1
2

− (𝑟𝐴 + 𝑟𝐵)

=  {(
1

2
∙ 10.6 𝑛𝑚)

2

+ (
√3

3
∙ 10.0 𝑛𝑚)

2

}

1
2

− (3.5 𝑛𝑚 + 2.05 𝑛𝑚) 

≈ 2.29 𝑛𝑚 
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Experimental BNSL packing density ρBNSL was calculated using measured dimensions of 

BNSL unit cell (Figure 6.17, Figure 6.18) and measured core radius and ligand grafting density 

(Figure 6.16).  

𝜌𝐵𝑁𝑆𝐿 =
𝑉𝑐𝑜𝑟𝑒𝑠
𝑉𝑢𝑛𝑖𝑡 𝑐𝑒𝑙𝑙

+
𝑉𝑙𝑖𝑔𝑎𝑛𝑑𝑠

𝑉𝑢𝑛𝑖𝑡 𝑐𝑒𝑙𝑙
 

𝑉𝑐𝑜𝑟𝑒𝑠 = 𝑛𝐴 ∙
4

3
𝜋𝑅𝐴

3 + 𝑛𝐵 ∙
4

3
𝜋𝑅𝐵

3  

𝑉𝑙𝑖𝑔𝑎𝑛𝑑𝑠 = 𝑛𝐴 ∙ 𝑆𝐴𝑁𝐶,𝐴 ∙ 𝜎𝐴 ∙ 𝐴𝑜 ∙ 𝐿𝐴 + 𝑛𝐵 ∙ 𝑆𝐴𝑁𝐶,𝐵 ∙ 𝜎𝐴 ∙ 𝐴𝑜 ∙ 𝐿𝐵 

𝑉𝑢𝑛𝑖𝑡 𝑐𝑒𝑙𝑙 =
√3

2
∙ 𝑎2 ∙ 𝑐 

 Where nA, nB is number of A, B spheres per unit cell; a, b, c are BNSL lattice parameters 

measured from TEM images. Estimation BNSL density is demonstrated for AlB2-type structure 

formed from 4.1-nm Au-C9 and 7.0-nm PbS-C18.  

𝑉𝑐𝑜𝑟𝑒𝑠
𝑉𝑢𝑛𝑖𝑡 𝑐𝑒𝑙𝑙

=
1 ∙
4
3𝜋
(3.5 𝑛𝑚)3 + 2 ∙

4
3𝜋
(2.05 𝑛𝑚)3

√3
2 ∙

(10.0 𝑛𝑚)2 ∙ 10.6 𝑛𝑚

≈ 0.27 

𝑉𝑙𝑖𝑔𝑎𝑛𝑑𝑠

𝑉𝑢𝑛𝑖𝑡 𝑐𝑒𝑙𝑙
= 1 ∙ (

4𝜋(3.50 𝑛𝑚)2 ∙ 4.4 𝑛𝑚−2 ∙ 0.2 𝑛𝑚2 ∙ (18 + 1) ∙ 0.12 𝑛𝑚

√3
2 ∙

(10.0 𝑛𝑚)2 ∙ 10.6 𝑛𝑚

) 

+2 ∙ (
4𝜋(2.05 𝑛𝑚)2 ∙ 5.9 𝑛𝑚−2 ∙ 0.2 𝑛𝑚2 ∙ (9 + 1) ∙ 0.12 𝑛𝑚

√3
2 ∙

(10.0 𝑛𝑚)2 ∙ 10.6 𝑛𝑚

) ≈ 0.50 

𝜌𝐴𝑙𝐵2 = 0.27 + 0.50 ≈ 0.77 
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6.8. Appendix III: additional calculations 

6.8.1. Organic volume fraction of hydrocarbon-capped nanocrystals 

 We calculated the fraction of total particle volume contributed by surface ligands: 

𝑉𝑙𝑖𝑔𝑎𝑛𝑑𝑠

𝑉𝑙𝑖𝑔𝑎𝑛𝑑𝑠 + 𝑉𝑐𝑜𝑟𝑒
=

4𝜋𝑅2 ∙ 𝜎 ∙ 𝐴𝑜 ∙ 𝐿

4𝜋𝑅2 ∙ 𝜎 ∙ 𝐴𝑜 ∙ 𝐿 +
4
3𝜋𝑅

3
 

 Where 𝜎 is ligand grafting density, Ao is cross-sectional area of polyethylene, L is 

extended ligand length, and R is NC core radius. Using a simple assumption of complete ligand 

coverage of the sphere surface ( σ·Ao = 1) we obtain: 

4𝜋𝑅2 ∙ 𝐿

 4𝜋𝑅2 ∙ 𝐿 +
4
3𝜋𝑅

3
= 

𝐿/𝑅

 𝐿/𝑅 +
1
3

 

 Here it is immediately clear that, for L/R > 1/3, most of the total particle volume is 

contributed by hydrocarbon ligands.  This work explored NC packings with softness parameter 

spanning the range 0.24 < L/R < 1.75, with 10.2-nm Fe2O3-C9 the hardest NCs and 3.0-nm Au-

C18 the softest. For these particles, fraction of total particle volume contributed by surface 

ligands is approximately 42% and 84%, respectively.  

6.8.2. Average coordination number in binary nanocrystal superlattices 

 Coordination number plays an important role in determining the effective size and shape 

of soft particles packed in an ordered arrangement. Here we define coordination number using 

contacting NCs which set dimensions of the BNSL (e.g. A-A, B-B, or A-B contacts).  

 

 A-A contacts. For BNSLs supported by jammed contacts within the A-sphere framework, 

we take the coordination state of A-spheres to be the BNSL coordination number. For example, 
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MgZn2 at γeff ≈ 0.76 has A-A contacts in a diamond-type arrangement, with each A-sphere 

making contact with four other A-spheres in a tetrahedral arrangement. The MgZn2-type BNSL 

is assigned coordination number 4. Similarly, CuAu at γeff ≈ 0.62 has A-A contacts in an 

octahedral rock salt arrangement, and CuAu BNSL is assigned coordination number 6. 

 B-B contacts. For BNSLs supported by jammed contacts within the B-sphere framework, 

the existence of two types of B-spheres complicates the assignment of BNSL coordination 

number. In this case, we take an average of the coordination numbers of non-equivalent B1 and 

B2 spheres, weighted by the abundance of each within the BNSL. For example, NaZn13 at γeff ≈ 

0.62 has B-B contacts within and across icosahedral B-sphere clusters, involving both B1 (in 

center of icosahedron, with coordination number 12) and B2 (one of twelve particles at the 

icosahedron vertices, with coordination number 8) spheres. The average coordination number of 

NaZn13-type BNSL in B-B contact regime (γeff > 0.56) is calculated as: 

𝐶𝑁𝑁𝑎𝑍𝑛13 =
𝑛𝐴

𝑛𝐴 + 𝑛𝐵
∙ 𝐶𝑁𝐴 +

𝑛𝐵
𝑛𝐴 + 𝑛𝐵

∙ 𝐶𝑁𝐵 =
1

1 + 12
∙ 12 +

12

1 + 12
∙ 8 ≈ 8.31 

  

 Similarly, average coordination number of the CaCu5-type BNSL is calculated using 

coordination number of B1 (in basal plane of pure B-spheres, with coordination number 8) and 

B2 (in basal plane of mixed A and B spheres, with coordination number 6) 

𝐶𝑁𝐶𝑎𝐶𝑢5 =
3

2 + 3
∙ 8 +

2

2 + 3
∙ 6 = 7.20 

 A-B contacts. For BNSLs with A-B contacts setting lattice dimensions, the same average 

coordination number calculation is applied. For example, bcc-AB6 at γeff ≈ 0.45 has A-B 
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contacts, with A-spheres surrounded by 24 contacting B-spheres and B-spheres each touching 

four A-spheres: 

𝐶𝑁𝑏𝑐𝑐−𝐴𝐵6 =
1

1 + 6
∙ 24 +

6

1 + 6
∙ 4 ≈ 6.86 

 

 Similarly, the AlB2-type BNSL at γeff ≈ 0.62 has A-B contacts (TEM measurement 

suggests no A-A contacts within or across basal planes, see Figure 6.19) setting the dimensions 

of the packing. In this structure, A-spheres are coordinated by 12 B-spheres, and B-spheres each 

have 6 A-sphere neighbors: 

𝐶𝑁𝐴𝑙𝐵2 =
1

1 + 2
∙ 12 +

2

1 + 2
∙ 6 = 8 

 

 The dimensions of the Li3Bi-type BNSL at γeff ≈ 0.56 are set by A-B1 contacts between 

the fcc A-sphere sublattice and the B1 spheres occupying tetrahedral sites. In this structure, A-

spheres are coordinated by 8 B-spheres, and B-spheres each have 4 A-sphere neighbors: 

 

𝐶𝑁𝐿𝑖3𝐵𝑖 =
1

1 + 3
∙ 8 +

3

1 + 3
∙ 4 = 5 
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6.8.3. Space-filling curves for quasicrystal and Archimedean tiling binary structures 

 3
2
.4.3.4 Archimedean tiling (AT) and dodecagonal quasicrystal (DDQC) arrangements 

are comprised of subcells based on AlB2- and CaB6-type structures. The CaB6 component sets 

the dimensions of AT and DDQC BNSLs by establishing B-B contacts between octahedral B-

sphere clusters across the basal plane at γ ≈ 0.414 (Figure 6.20a) and between a B6-cluster and an 

AlB2 B-sphere within the basal plane at γ ≈ 0.462 (Figure 6.20b). Space-filling curves were 

calculated for AlB2 and CaB6 components in AT, DDQC structures (Figure 6.20c) and a 

weighted sum of these produces space-filling curves for AT, DDQC structures (Figure 6.20d). 

The weighting prefactors correspond to volumetric abundance of CaB6 and AlB2 units within 

DDQC (equal areas of squares and triangles, or 50% of each AlB2 and CaB6) and AT (twice as 

many triangles as squares, or 2√3 − 3 ≈ 0.464 AlB2 and 0.536 CaB6. 

 

Figure 6.20. Space filling of hard spheres in AT, DDQC-type BNSLs. (a) B-B contacts are 
established between B-sphere clusters across the basal plane at γ ≈ 0.414. (b) B-sphere clusters 
of CaB6 expand into adjacent AlB2-type half-cells until B-B contact occurs within the basal plane 
at γ ≈ 0.462. (c) Space-filling curves for CaB6 unit cell and AlB2-type half-cell in AT, DDQC. (d) AT, 
DDQC space-filling curves obtained by summing AlB2 and CaB6 components weighted by 
abundance in each arrangement. . 
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6.9. Appendix IV: other considerations 

6.9.1. Statistical significance of particle tracking measurements 

 We calculated the statistical significance of measured variations in effective particle size 

using the p-test. The p-value was defined as the probability, under the assumption that a soft 

particle maintains its effective size in all coordination environments, of obtaining a measurement 

equal to or more extreme than the one actually observed. For example, the measured center 

separation between 4.1-nm Au-C18 NCs is 6.8 nm in hcp superlattice (12-12 bonds) and 6.05 nm 

when one particle has six neighbors and the second has three (6-3 bonds) (Figure 6.13). The 

fraction of 12-12 counts falling to the left of the 6-3 measurement was taken to be the p-value, in 

this case 0.05, providing 95% confidence that the observed variation in effective size is 

meaningful (Table 6.3). p-values were calculated in a similar manner for extracted contact 

distances in BNSLs (Table 6.4). For example, the A-B contact separation between Au-C18 and 

Fe2O3-C9 NCs in Li3Bi BNSLs was measured to be 8.1 nm. Under the assumption of invariant 

effective size, we added the effective radii for each particle measured from hexagonal 

monolayers and obtained a distribution centered at 9.4 nm. The fraction of counts within this 

distribution that fall to the left of 8.1 nm was calculated to be 0.04, indicating with 96% 

confidence that the measured variation in effective size was statistically significant. 
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Table 6.3. Statistical significance (p-values) of measured deviations from hard-sphere behavior for 
Au-C18 NCs in various coordination environments. 

Table 6.4. Statistical significance (p-values) of measured deviations from hard-sphere behavior 
for contacting NCs in BNSLs.  
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6.9.2. Bending of ligand chains away from contacts 

 The position of nanocrystals and spatial distribution of ligands within a superlattice is 

established in the late stages of solvent evaporation when NCs are forced into contact with one 

another. At the moment of self-assembly, when enough solvent remains to allow for translation 

and rotation of individual particles, osmotic and elastic contributions to NC pair potential oppose 

the densification of ligands accompanying corona overlap. Osmotic pressure arises at the contact 

due to unfavorable exclusion of solvent molecules from the overlap region and an elastic penalty 

arises from perturbation of the chain backbone conformation associated with interdigitation and 

densification of ligand chains.  

 Grafting surface curvature imparts a non-uniform segment concentration within the lens-

shaped overlap volume: chain density (and chemical potential of segments) is highest in the 

center of this region, along the contact axis (see Figure 6.4a of main text). The geometry-

imposed density gradient within the overlap region suggests that diffusion of segments away 

from the contact should be spontaneous, provided that peripheral open space is available to 

receive bending ligands. In this way, the structure of surface ligands for a particle embedded in a 

NC solid depends on the particle’s surroundings: chains may bend away from contacts if there is 

sufficient open space (low coordination) but are prevented from doing so if the NC is uniformly 

surrounded by many segments (high coordination). Measurements of interparticle separations in 

single-component and binary arrays reveal that effective NC size increases with coordination 

number, consistent with the chain bending argument proposed here.  
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6.9.3. Non-Gaussian shape of Au-C18 6-6 distribution. 

 The platykurtic (flat) distribution of bond lengths connecting two NCs within island 

interior required additional attention. It may be a convolution of two Gaussian distributions 

arising from two populations of Au NCs with different core sizes, each phase-separated on the 

grid. We tested this hypothesis by separating the distribution into two halves (Figure 6.21a) and 

plotting spatial location of long and short bonds from a sample TEM image of Au-C18 NCs 

(Figure 6.21b). We see no evidence for phase separation, however, as long and short 6-6 bonds 

appear to be intermixed.  

 

Figure 6.21. Ruling out size selection as the origin of non-Gaussian shape of 4.1-nm Au-C18 6-6 
bond distribution. Plotting the shorter half of fully-coordinated NC effective sizes (red) and 
longer half (blue) shows particles are intermixed. Separate domains resulting from core 
diameter size selection is not observed.  
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 Instead, we propose that local relaxation of tensile stress results in roughening of interior 

bond lengths. During late stages of drying, inter-NC separations are set by ligand chains still 

swollen with solvent, embedded in an array with hexagonal symmetry (Figure 6.21c). Removal 

of residual solvent from corona overlaps reduces the equilibrium interparticle separation, giving 

rise to a tensile stress pulling inward on the sheet of NCs. Interaction between carbon substrate 

and NC corona (pinning) prevents large-scale movement of NCs and uniform contraction of the 

entire sheet. Instead, a short-range roughening of separations takes place: contraction of one 

interior bond results in elongation of another, distorting hexagonal symmetry (Figure 6.21d) and 

giving rise to the broad distribution observed for 6-6 bonds.  
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6.9.4. Orientational registry of inorganic cores in some binary superlattices 

 Strong orientational registry of PbS inorganic cores is routinely observed in CuAu-type 

BNSLs (Figure 6.22a) and somewhat more weakly in AlB2- and Li3Bi-type BNSLs (Figure 

6.22b). Such effects cannot be accounted for by modeling inorganic cores as perfect spheres and 

may indicate the existence of flat-surface interactions between NCs with weakly-passivated 

(100)-type surfaces (Chapter 6). Most BNSLs, however, are plastic crystals with randomly-

rotated inorganic cores of both A- and B-components (Figure 6.22c-j).  

 

Figure 6.22. Electron diffractograms of observed BNSLs. Top, TEM image of BNSL domain. Inset: 
Small-angle electron diffractograms (SAED). Bottom, wide-angle electron diffractograms 
(WAED) with labeled atomic reflections for (a) CuAu, (b) AlB2, (c) MgZn2, (d) CaCu5, (e) NaZn13, 
(f) C60K6, (g) AT, (h) DDQC, (i) Li3Bi, (j) NaZn13. 
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7. PbS nanocrystal surface passivation drives binary phase behavior 

 Evaporation of two-component nanocrystal (NC) solutions has produced more than 

twenty phases of binary nanocrystal superlattices (BNSLs). Here we show with proton- and 

diffusion-ordered nuclear magnetic resonance spectroscopy (
1
H- and DOSY-NMR) that a 

weakly-bound subset of oleic acid (OA) ligands readily desorbs from the PbS NC surface, 

significantly altering the binary phase behavior of such particles. In this process, washing-

induced removal of labile OA ligand from PbS(100) surfaces alters the effective NC shape from 

approximately spherical to cubic by development of flat surfaces along NC (+/-) x-, y-, and z-

directions. Such desorption favors self-assembly of structures that incorporate face-face registry 

and thus dense packing of the faceted particles. This effect was found to result in essentially 

complete structural conversion from AlB2-type to CuAu-type BNSLs when 7-nm PbS NCs are 

mixed with 3.5-nm Au NCs. These observations provide yet another example of capping ligands 

contributing to NC superlattice structural diversity and offer a potential strategy to target 

particular binary arrangements.  

7.1. Colloidal crystallization and binary nanocrystal phase behavior 

 Colloidal NCs are nanometer-sized inorganic crystals stabilized by a layer of surfactant 

molecules attached to their surface.
1
 Preparation of sufficiently size- and shape uniform NCs 

allows for self-assembly of such units into ordered arrays, or NC superlattices.
2
 Evaporation of 

two sizes of NCs can result in formation of two-component superlattices, or BNSLs.
3
 In stark 

contrast to two-component crystals of micron-sized silica or polymer beads, a rich set of BNSL 

structures has been observed, including Frank-Kasper phases
4
 and quasicrystals.

5
 In addition, 

two different NC shapes can cocrystallize into “shape alloys” such as rods and spheres
6
 and 
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different-shaped platelets.
7
 These examples serve to highlight the wide-ranging compositional 

space accessible to ordered arrangements of NCs.  

 The simplest approach to predicting phase behavior of NCs is to make an assumption 

about effective particle shape and then find the arrangement that maximizes packing density, φ. 

The densest structure is favored by free volume entropy in solution and by cohesive interactions 

between particles after solvent evaporation. Accordingly, approximately spherical NCs should 

assemble into face-centered cubic (fcc) packing (φfcc ≈ 0.74). Similarly, a mixture of spherical 

NCs with different radii R should cocrystallize if the size ratio (γ = RB/RA) allows the system to 

access denser binary packings (φBNSL > φfcc). This logic predicts formation of BNSLs 

isostructural with C60K6 at γ ~ 0.3, NaCl at γ ~ 0.4, and AlB2 at γ ~ 0.6. However, the diversity of 

BNSLs observed, including over 20 arrangements, several of which have yet to be identified, 

highlights the limitations of such sphere packing models.  

 Recent work has shown that the ligand capping layer may contribute to complex phase 

behavior of BNSLs. For example, the deformability of the soft corona allows for departure from 

sphere packing, enabling BNSL density to exceed the hard sphere prediction.
8
 In addition, 

density functional theory (DFT) calculations indicate large difference in binding energy of oleic 

acid ligands on the PbS (100) and (111) surface, opening up the possibility of variable ligand 

coverage on such particles during assembly.
9
 Here, we combine evaporation-based assembly of 

PbS and Au NCs with NMR measurements of PbS NC surface ligands to correlate the observed 

binary phase behavior with PbS ligand capping layer coverage.  
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7.2. Ligand surface coverage during nanocrystal synthesis and purification 

 Colloidal nanocrystals (NCs) are routinely prepared by decomposition of molecular 

precursors in the presence of organic surfactants.
1
 Characterization and application of NCs 

typically requires separation of NCs from high-boiling organics present in the synthetic mixture. 

These include surface-binding species such as oleic acid (OA) as well as non-binding liquids 

which act as high-temperature solvent during synthesis such as 1-octadecene (ODE). The most 

common technique to separate NCs from the crude reaction mixture is size-selective 

precipitation. In this approach, successive flocculation and redispersal (‘washing”) steps are used 

to obtain NCs as solid sediment and remove organics in the supernatant. For example, addition 

of ethanol to a hexane solution of hydrocarbon-capped NCs induces aggregation of the particles. 

The density difference between such aggregates and the surrounding solvent causes them to 

sediment to the bottom of the container, particularly when used in conjunction with 

centrifugation. Subsequent decanting of the supernatant and exposure of the pellet (compressed 

solid) to fresh solvent enables redispersal of the colloid with lower concentration of residual 

organics. 

 Diminished NC solubility after successive washing steps is a commonly observed during 

post-preparative NC purification.
10

 Indeed, while some NCs can be precipitated and redispersed 

many times (e.g., phosphonate-capped CdSe, ref.
11

), most colloidal nanomaterials tolerate only 

three or fewer cycles before solubility is compromised (e.g., amine-capped Au, ref.
12

 and oleate-

capped PbS, ref.
13

). This results from loss of stabilizer ligands from the NC surface (Figure 6.1).  
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Figure 7.1. Simple illustration of abundance of surface ligands during NC synthesis and 
subsequent purification steps. In the presence of excess surfactant molecules, the particle is 
well-passivated (left). On the other hand, precipitation and redispersal steps intended to 
remove excess high-boiling organics often result in stripping of ligands from the NC surface 
(right). 

 

 Two mechanisms may be invoked to explain such observations: (1) ligand dissolution 

and (2) ligand exchange. The first case involves neutral (L-type) ligands, which dynamically 

bind to the NC surface.
14

 A free ligand (L) binds to a free site on the NC surface, becoming a 

bound ligand (NC-L): 

𝑁𝐶   +    𝐿      
𝐾𝑎
→       𝑁𝐶 − 𝐿 

Here, the adsorption constant (Ka) denotes the strength of NC-ligand affinity. Addition of excess 

ligand to the NC solution will increase the population of bound ligands (rightward shift of the 

equilibrium, according to the Le Chatelier principle). Conversely, and important to the 

aforementioned washing procedure, removal of free ligands from solution by precipitation and 

redispersal will induce desorption of bound ligands. 
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 A second mechanism for ligand removal involves exchange with competing surface 

binding species (“ligand stripping”). For example, common nonsolvents (e.g., alcohols such as 

methanol, ethanol, isopropanol) displace ligands in a proton-coupled X-for-X’-type exchange
15

 

(see also Section 2.2):  

𝑁𝐶 − 𝑋  +   𝐻𝑋′     
𝐾
→     𝑁𝐶 − 𝑋′   +   𝐻𝑋 

Here, K is the equilibrium constant of the X-for-X’ exchange. Use of aprotic nonsolvents, on the 

other hand, prevents such process from taking place and minimizes loss of NC capping ligands 

during purification and size-selection procedures.   

 For moderate reduction in grafting density of surface ligands, NCs can be dispersed in the 

colloidal state. Extending the exploration of surface ligands in driving the phase behavior of 

colloidal NCs, this chapter seeks to highlight the role of labile ligands at the surface of PbS NCs 

and their influence on the cocrystallization of such particles with Au NCs. Though a combination 

of self-assembly experiments with TEM and SAXS characterization, and 
1
H- and DOSY-NMR 

titration experiments, it was found that a significant fraction of PbS NC surface is left 

unpassivated after typical washing steps, favoring CuAu-type binary nanocrystal superlattice 

(BNSL) structures. With the addition of excess oleic acid to the PbS solution, evaporating the 

same binary solution results in near complete conversion of CuAu- to AlB2-type BNSLs. The 

orientational registry of inorganic cores observed in CuAu-type BNSLs, and its absence in AlB2-

type BNSLs, leads us to conclude that capping ligand surface saturation plays an important role 

in establishing the effective shape of PbS NCs which determines binary phase behavior.   
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7.3. Oleic acid capped PbS nanocrystals: anisotropic ligand binding energy 

 The discussion of nanocrystal surfaces provided in Chapter 2 examines the chemistry of 

ligand binding. Nearly-spherical NCs, presenting at least two or three distinct inorganic surface 

patterns (e.g., (100)-, (110)-, (111)-type crystallographic facets) can have surprisingly complex 

surface chemistry. Even with just one ligand species, both L- and X-type binding motifs may be 

present at the NC surface.
16

 The difference in adsorption energy across these motifs can be 

significant, leading to facet-specific ligand release. For example, density functional theory (DFT) 

calculations indicate that, while oleic acid binds in protonated form (OAH) to stoichiometric 

(001)-type facets of PbS NCs with -0.16 eV/ligand, the oleate anion (OA
-
) binds to Pb-covered 

(111)-type facets with -0.52 eV/ligand.
9
 Simple Boltzmann factor calculations predict that 

desorption of OAH from PbS(001) is thus more than one million times more likely than 

desorption of OA
-
 from PbS(111) surface.  

 As a result, even with use of aprotic nonsolvent for purification of PbS crude synthetic 

mixture, the tendency of OAH to establish equilibrium solution population upon each redispersal 

step can be expected to lead to variations in ligand surface grafting density between (001)- and 

(111)-type facets on PbS NCs.  
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7.4. Preparation and characterization of 7.5-nm PbS nanocrystals 

 Oleic acid capped PbS NCs were prepared by reacting Pb(CH3COO)2 and ((CH3)3Si)2S in 

a mixture of oleic acid and 1-octadecene at 150°C. The NCs were separated from crude reaction 

mixture by washing three times with hexane/ethanol, size-selecting on the third cycle. These 

NCs were redispersed in concentrated (~100 mg/mL) octane solutions for storage.  

 Microscopy (TEM), absorption/emission spectroscopy (UV-Vis-NIR), and thermal 

analysis (TGA) were used to characterize the PbS NCs. TEM revealed single-crystalline PbS NC 

cores with approximately spherical shape (Figure 7.2a). When the NC solution is evaporated 

atop a water droplet, large-area hexagonal superlattice sheets are obtained with some presence of 

vacancy defects (Figure 7.2b). Several absorbance peaks in the near infrared (NIR) confirmed 

uniform size and shape distribution of the NC solution (Figure 7.2c).  

 Mass loss data indicate oleic acid surface ligands decompose into volatile organic 

products between 250 and 350°C (Figure 7.2d). This measurement enables estimation of the 

organic mass fraction of as-prepared PbS NCs (16%) and, in turn, the grafting density of ligands 

at the surface of PbS NCs. Such calculations indicate that approximately 2.5 ligands are present 

per nm
2
 of NC surface. Taking the carboxylic acid footprint area to be 0.28 nm,

17
 the predicted 

grafting density at full surface coverage is ~3.5 nm
-2

. From this analysis, we conclude that the 

PbS NCs washed three times with hexane / ethanol and stored in concentrated octane solution 

have approximate ligand coverage of 70% of the surface saturation limit.   
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Figure 7.2. (a) High-resolution TEM of individual oleic acid capped PbS NCs packed in hexagonal 
monolayer. (b) TEM overview of sheet of PbS NCs with zoom (inset) of local structure. (c) UV-
Vis-NIR absorbance (solid) and emission (dashed trace) of PbS NCs dispersed in 
tetrachloroethylene solution. (d) TGA showing 16% mass loss corresponding to thermal 
decomposition of organic ligands at ~300°C.  
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7.5. Binary phase behavior: switching from CuAu to AlB2 with excess ligand 

 Binary assembly experiments were carried out by evaporating an octane solution of 

above-described oleic acid capped 7.5-nm PbS NCs with dodecanethiol-capped 3.1-nm Au NCs 

in a tilted 2-mL scintillation vial containing carbon TEM grid at 50°C. Such experiments 

routinely yielded large-area CuAu-type BNSLs covering nearly the entire grid surface (Figure 

7.3a), with small presence of excess Au NCs deposited as close-packed solid alongside the 

BNSLs. On the other hand, self-assembly of the same NCs with the addition of oleic acid 

resulted in dramatically different binary phase behavior, with nearly exclusive formation of 

AlB2-type BNSLs (Figure 7.3b). Electron diffractograms (ED) were also obtained by collecting 

transmitted electrons in the diffraction plane (Figure 7.3c-f). Small-angle ED patterns revealed 

off-center spots corresponding to reflections off lattice planes of the superlattice (Figure 7.3c,e). 

Intriguingly, wide-angle ED revealed a significant difference between the two phases: while both 

Au and PbS NC cores are packed in orientationally random arrangements in the AlB2-type BNSL 

(Figure 7.3f), wide-angle reflections of the PbS core lattice planes indicate strong orientational 

registry of PbS cores within the CuAu-type BNSL (Figure 7.3d).  

 While TEM is a useful tool for probing local structure of NC arrays, small-angle x-ray 

scattering (SAXS) enables information collection representative of the entire sample. Both 

samples were subjected to transmission SAXS measurement taken in raster fashion across the 

TEM grid surface. Such measurement points comprised an 8-by-8 grid, with 64 measurements 

collected in total. These two-dimensional raw data (pixel intensities) were added together to 

create a composite scattering pattern and subsequently subjected to radial averaging (Figure 

7.3g,h). The SAXS features were compared with theoretical scattering pattern of CuAu and AlB2 

structures obtained using CrystalDiffract software with appropriate lattice parameter fitting.  
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Figure 7.3. Cocrystallization of PbS with Au NCs in the case of as-prepared PbS (left column) and 
with addition of excess oleic acid ligand (right column). (a) TEM image of CuAu-type BNSL 
obtained by evaporation of Au NCs with as-prepared PbS NCs. Insets: zoom of structure (top) 
and unit cell (bottom). (b) TEM image of AlB2-type BNSL obtained by evaporation of Au NCs 
with as-prepared PbS NCs. Insets: zoom of structure (top) and unit cell (bottom). (c,d) Small- 
and wide-angle electron diffractograms of the CuAu-type BNSLs. (e,f) Small- and wide-angle 
electron diffractograms of the AlB2-type BNSLs. (g) Radially-averaged SAXS pattern collected by 
summing 64 measurements scanned in raster fashion across the surface of the grid containing 
CuAu BNSLs. Delta functions shown underneath indicate expected position of lattice reflections 
of CuAu structure. Inset: 2D SAXS pattern. (h) Radially-averaged SAXS pattern collected by 
summing 64 measurements scanned in raster fashion across the surface of the grid containing 
AlB2 BNSLs. Inset: 2D SAXS pattern. Delta functions shown underneath indicate expected 
position of lattice reflections of AlB2 structure.   
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7.6. NMR investigation of oleic acid binding to PbS in solution 

 Nuclear magnetic resonance (NMR) is a routine analytical tool for organic chemists and 

has recently begun to be used by the nanocrystal research community to probe the binding of 

surfactant species to NCs in solution.
18

 Here, proton (
1
H-) and diffusion-ordered (DOSY-) NMR 

spectroscopy was used to examine the existence of PbS NC surface sites left bare after washing 

and size selection procedures typically carried out after synthesis (Figure 7.4).  

  

Figure 7.4. (a) 1H-NMR spectrum of as-prepared, oleic acid capped PbS NCs dissolved in 
deuterated toluene. Solvent resonances are marked with asterisks. Inset: ligand molecular 
structure and corresponding signal assignment. (b) Monitoring titration of PbS NC solution with 
excess oleic acid using DOSY-NMR. Signal comes from (left to right, fastest to slowest diffusing 
species) solvent protons, free ligands, and bound ligands. (c) Zoom of vinyl resonance in 1H-
NMR during titration with excess oleic acid. Bound (left, broad) and free (right, sharp) 
resonances are modeled with Lorentzian profiles (blue traces), the sum of which (red trace) is 
fitted to the experimental data (black dotted trace). (d) Summary of 1H-NMR titration data: free 
oleic acid population is plotted as a function of added oleic acid. Dotted grey trace represents 
the hypothetical case of no surface interaction upon oleic acid addition. 
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 A typical 
1
H-NMR spectrum of as-prepared oleic acid capped PbS NCs reveals sharp 

resonances contributed by residual protons in the deuterated solvent (here: d8-toluene, 99.9%) 

and broadened resonances from bound surface ligands (Figure 7.4a). Aliphatic ligand resonances 

appear in the 1 < δ < 3 ppm chemical shift region, while significant deshielding of the vinyl 

proton leads to an isolated signal within the range of 5.5 < δ < 6 ppm. On the other hand, the 

DOSY-NMR spectrum plots diffusion coefficient for all protons in the sample (Figure 7.4b). In 

the as-prepared sample, solvent resonances appear at D ~ 10
-8.5

 m
2
/s, while oleic acid ligands fall 

between 10
-9.25

 < D < 10
-10.25

 m
2
/s.  

 Titrating the NC solution with excess oleic acid ligands has been an effective approach to 

probe solution binding equilibria of ligands and NCs.
19

 Such experiments were carried out by 

stepwise addition of oleic acid in 0.19 molar equivalents (moles of ligand added / moles of 

ligands bound to the NCs). At the end of four titrations, the amount of oleic acid in solution was 

increased by approximately 76%. During the titration, DOSY-NMR showed development of two 

peaks corresponding to ligand protons diffusing at two speeds, presumably free (left) and bound 

(right) species, which ultimately broaden or disappear after further ligand addition (Figure 7.4b). 

This observation may result from depletion flocculation of the colloid in the presence of oleic 

acid micelles in solution.
20

 

 Following titration experiments using the vinyl resonance in 
1
H-NMR enables one to 

monitor the relative populations of bound and free oleic acid (Figure 7.4c). Deconvolution of 

bound (broadened downfield signal) and free (sharp upfield signal) ligand resonances reveals the 

extent to which added ligands remain solvated or bind to open sites at the NC surface. In the case 

of no interaction between added ligands and PbS NCs, the population of free ligands should 

increase in proportion with ligand addition (Figure 7.4d, dotted trace). However, the measured 
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intensity of the sharp vinyl signal is consistently below the zero-interaction case (Figure 7.4d, 

circles), suggesting a significant proportion of ligands added to solution bind to open sites at the 

surface of PbS NCs.  

7.7. Unpassivated PbS(100) facets: flat-surface interactions during assembly 

 The shape of nearly-spherical (e.g., cuboctahedral
9
 or rhombicuboctahedral

21
) PbS NCs is 

rounded by a full capping layer of oleic acid surface ligands. This is to say, the effective 

asphericity quotient (Rout / Rin) of the capped NC is lower than that of the bare cuboctahedron, 

due to effective softening of NC vertices and tips by weakly-repelling ligands in good solvent 

(Chapter 4). However, facet-selective ligand loss can lead to increase of effective asphericity 

over the bare cuboctahedron. The measured ligand grafting density of ~2.5 nm
-2

 indicates the 

significant presence of unbound sites, predicted to be located overwhelmingly on the (100)-type 

PbS surfaces. Such arguments indicate this process should lead to pronounced flat surfaces on 

the NC along Cartesian coordinates (i.e., +/- x-, y-, and z-directions).  

 Assembly behavior of particles with nearly-spherical and highly aspherical geometry has 

been established through Monte Carlo simulations on a catalog of polyhedra including Platonic, 

Archimedean, and Johnson solids.
22

 Such investigations have led to conceptual development of 

directional entropic forces,
23

 or “shape entropy”, which acts upon anisotropic particles in 

crowded solution and favors mutual alignment of neighboring faces. Whereas nearly spherical 

particles tend to assemble into plastic crystals with solely translational ordering, those with large 

flat surfaces generally arrange themselves onto lattices which exhibit both translational and 

orientational ordering of particles.  
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 The recent theoretical developments in understanding of phase behavior of polyhedral 

particles, and understanding of PbS NC surface chemistry, coupled with experimental data 

collected from thermal analysis (Section 7.4), binary self-assembly (Section 7.5) and solution 

NMR titration experiments (Section 7.6), allow for conclusions to be made concerning the role 

of oleic acid addition in determining binary phase behavior. As-prepared PbS NCs, with flat 

surfaces along Cartesian directions, assemble into layered binary structures with PbS – PbS core 

orientational registry promoted by shape entropy (Figure 7.5, top). On the other hand, addition of 

oleic acid to the assembly solution re-passivates the (100)-directions of PbS NCs, restoring the 

effective round shape and promoting rotationally random, hexagonal arrangement of NCs within 

the PbS layers (Figure 7.5, bottom).  

 

Figure 7.5. Schematic depiction of role of oleic acid addition in determining binary phase 
behavior of PbS and Au NCs. As-prepared PbS NCs feature flat surfaces and assemble into 
orientationally-registered CuAu BNSLs (top), while PbS NCs, re-passivated by added oleic acid, 
assemble into orientationally-random AlB2-type BNSLs (bottom). 
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 Further comment is required on a two aspects of the assembly mechanism proposed in 

Figure 7.5: (1) binary phase stoichiometry, and (2) oleic acid binding to Au NC surfaces. 

Clearly, the stoichiometry of AB2-type BNSLs is richer in B-spheres than AB-type BNSLs. The 

question arises: if B-excess is available to form AB2-type BNSLs, where do the extra B-spheres 

(Au NCs) go in the case of the sample covered in AB-type BNSLs? Indeed, local variations in 

stoichiometry are routinely observed across the grid. For example, AB- and AB13-type BNSLs 

can coexist within the same sample.
8
 In the case of CuAu-type BNSLs shown in Figure 7.3a, in 

between CuAu domains, close-packed superlattices of B-particles were found. On the other 

hand, alongside the AlB2-type BNSLs shown in Figure 7.3b, close-packed superlattices of A-

particles were found. Such observations indicate that the difference in stoichiometry between the 

stable BNSL phase and the experimental mixing ratio are compensated for by local phase 

segregation across the substrate.  

 In addition, the possibility of oleic acid interacting with Au NCs in the binary assembly 

solution must be discussed. The Au-S bond anchoring ligands to the Au NC surface is a classic 

example of robust association between soft acid and soft base.
24

 This fact, coupled with the large 

electrostatic penalty for self-desorption of charged X-type (e.g., thiolate) anchor groups in 

nonpolar solvent, suggests that dodecanethiol-capped Au NCs should be less susceptible to 

ligand desorption than PbS(100) surfaces. Moreover, weak interaction between carboxylic acid 

oxygens (hard base) and Au NC surface (soft acid
25

) further disfavors such association. As a 

result, we conclude that the observed effect of oleic acid addition must result from adsorption to 

PbS NC surfaces and concomitant changes to effective PbS NC shape.  

 In conclusion, a combination of TEM, ED, NMR, and TGA experiments indicate that flat 

surfaces develop on PbS NCs due to loss of surface ligands along (100)-type NC directions, and 
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that such features favor orientationally-registered PbS NC packings within CuAu-type BNSLs. 

On the other hand, addition of oleic acid ligands re-passivates the bare surfaces, restoring 

effectively spherical PbS NC geometry, suppressing rotational registry of PbS NC cores and 

favoring binary phases representing a dense packing of two sizes of spheres.  
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8. Conclusion and outlook 

 The conceptual development of entropy-driven crystallization, inspired in part by the 

ordering of micron-sized, sterically-stabilized colloidal beads into superstructures (opals
1,2

), has 

provided an important foundation for considering self-assembly of nanometer-sized colloids. 

This line of reasoning anticipates that the densest packing of a given shape, offering the greatest 

free volume to particles in the concentrated assembly solution, is the stable phase (Section 3.3). 

Indeed, nanocrystal (NC) superlattices often adopt structures characteristic of hard-particle 

systems such as face-centered cubic (fcc) and hexagonal close-packed (hcp) arrays of 

monodisperse spheres,
3
 arrangements isostructural with NaCl, AlB2, MgZn2, and NaZn13 

compounds in binary sphere mixtures,
4
 and simple cubic packings of cube-shaped NCs.

5
  

8.1. Nanocrystal self-assembly: puzzling superlattice phase behavior 

 This analysis, however, cannot fully explain NC self-assembly. Binary sphere mixtures 

(Chapters 5-7) represent perhaps the most striking example: while only four binary phases are 

predicted to be stable for hard spheres, more than fifteen distinct binary NC superlattice 

structures have been observed experimentally.
6
 Similarly, polyhedral NCs (e.g., tetrahedra, 

Chapter 4) form ordered superlattices unable to be rationalized by entropy-driven crystallization 

into a dense packing of the shape.  

 These observations provide strong evidence that additional considerations must be 

invoked to understand the crystallization of nanoscale building blocks. Along these lines, 

electrostatic charging of NCs was offered as a preliminary explanation of the deviation of NC 

phase behavior from hard-shape packing expectations.
6
 Indeed, charging of colloids can lead to 

stabilization of non-close-packed phases.
7,8

 However, hydrocarbon-capped NCs with zero 

measured electrophoretic mobility routinely assemble into single-component and binary phases 
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outside of those predicted by the hard sphere model.
9
 Furthermore, adjusting the A:B mixing 

ratio tunes binary superlattice stoichiometry across a wide range (e.g., from AB to AB13).
10

 Such 

observations indicate that Coulomb interactions are unlikely to be the primary driver of 

superlattice phase stability. Similarly, although dipole-dipole interactions between NC cores can 

also introduce complexity into the phase diagram,
11

 the abundance of non-close-packed phases 

with randomly-oriented inorganic cores
10

 indicates that dipolar interactions are unlikely to 

dominate formation of these structures.  

8.2. Nanocrystal surface ligands: convergence of hard- and soft matter assembly 

 This logic, resulting in tentative elimination of core-core electrostatic interactions as the 

main driver of NC phase behavior, sets the stage for the body of research described in this thesis. 

By coupling self-assembly experiments with explicit treatment of surface ligand contributions to 

interparticle potential (Chapter 4) and effective NC shape (Chapters 5-7) during the ordering 

process, this thesis has shined a spotlight on the largely unrecognized connection between 

hydrocarbon-capped NCs and soft matter (e.g., block copolymers, Figure 8.). 

 The main findings of this work are:  

(1) Surface curvature determines the spatial distribution of ligand density across the NC 

surface, yielding patches of weakly-repelling ligands at the vertices of polyhedral NCs. This 

effect favors spatial proximity of tips in dense assembly solution and thus promotes 

formation of open superlattices of anisotropic NCs (Chapter 4).  

(2) Nearly-spherical NCs with significant organic volume fraction (“soft” NCs) can 

experience ligand corona deformation, particularly when occupying low-coordination lattice 

sites and in contact with NCs of lower organic volume fraction (“hard” NCs). The 
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implications of this departure from sphere packing on superlattice density can be anticipated 

using a set of rules for space filling of soft particles (Chapters 5,6). 

(3) Large differences in the binding strength of ligands to distinct NC surface facets can lead 

to departure from sphere packing via desorption of hydrocarbon chains along particular 

crystallographic directions. In the case of PbS NCs, passivation of (001)-type NC facets 

influenced by washing or excess ligand addition enables tuning of effective NC shape, and as 

a result, control over binary phase behavior (Chapter 7). 

 

 

Figure 8.1. Systems capable of self-assembly include colloidal particles (a solid, left) and block 
copolymer melts (a liquid, right). Hydrocarbon-capped nanocrystals (center) feature both a 
solid core and a liquid-like corona, and display complex phase behavior resulting from the 
confluence of hard and soft elements. The ideas contained within this thesis serve to more fully 
establish the connection between nanocrystal superlattices and soft matter assemblies, and 
thereby rationalize heretofore unexplained nanocrystal phase behavior. Adapted from refs.12-14 
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 Beyond the work outlined in this thesis, important contributions by other researchers in 

the field have furthered understanding of NC self-assembly. For instance, the Korgel group 

recently reported that binary superlattices (including non-close-packed phases such as CaCu5) 

can form in the solid state when monodisperse Au NC films are heated to initiate coalescence of 

NC cores.
15

 This observation revealed that, although colloidal assembly is assumed to take place 

from a mixture of particles and solvent in roughly equal abundance,
12

 the ordering transition may 

occur in the absence of solvent entirely. As a result, one might conclude that NC superlattices, 

including those formed by solvent evaporation, may in fact represent the optimal structure vis-à-

vis core and ligand packing in the solid state, analogous to assembly of block copolymers from 

the melt.  

 In addition, development of new theoretical analyses of ligand packing has shed light on 

the potential role of NC surfaces in driving phase behavior. For example, the Korgel group also 

recently elaborated upon the interfacial area minimization principle
16

 to explain the stability of 

bcc superlattices over fcc phase when the NC “softness” value (L/R) exceeds ~0.7.
17

 Such 

arguments represent important progress in extending the discussion of NC assembly beyond 

simple sphere packing analysis. However, the proposed preference of soft particles for the 

structure providing the most spherical partitioning of space must be reconciled with the fact that 

the same soft particles also frequently occupy low-coordination sites (i.e., lattice positions with 

highly aspherical Voronoi polyhedra) when cocrystallized with larger NCs into binary 

structures.
10
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8.3. Directions for future research 

  Perhaps unsurprisingly, the dominant role of the surface in governing many properties of 

colloidal NCs (Chapter 2) also applies to their phase behavior. The availability of atomistic 

details of capping layer structure will be a crucial enabler of (or roadblock to) progress in 

understanding NC self-assembly. Towards this aim, PbS NC atomic structure calculations
13

 

reported by the Alivisatos group have offered important insight into ligand chemistry and 

resulting spatial allocation of surface-bound hydrocarbon chains. This study also anticipated 

labile surface ligands on nonpolar facets (i.e., (001)- and (011)-type crystallographic directions). 

Such predictions offer important insight into self-assembly processes resulting in oriented 

attachment of inorganic cores investigated most recently by the Vanmaekelbergh group.
18-20

  

 Furthermore, the departure from sphere packing enabled by the soft ligand shell (Chapter 

7) can be rigorously treated by considering topological defect configurations possible for chains 

grafted across the surface of a sphere, as recently described by Travesset.
21

 This work found that 

the presence of vortices or disclinations within the ligand shell can stabilize many of the non-

close-packed binary phases observed in experiments. Such analysis requires some assumption 

concerning the free energy associated with hydrocarbon chains bent away from surface normal 

(analogous to the Frank constant of a liquid crystal
22

), either at the anchor point or through the 

backbone. This is not a trivial task: the length of a polyethylene Kuhn segment is 1.4 nm,
23

 

suggesting that C18-length hydrocarbon chains (i.e., 2-nm contour length) are already at the lower 

limit of the scale addressable by statistical arguments routinely employed in polymer physics.   

 Extending topological analysis of the ligand capping layer beyond perfectly spherical 

NCs to more pertinent NC shapes (e.g., the zoo of polyhedra recently explored by the Glotzer 

group
24

) may represent a logical next step. A preview of the potential influence of discrete facets 



228 

 

on collective hydrocarbon chain orientation was offered by the Geissler group using atomistic 

simulations of n-alkane molecules bound to the surface of hexagonal prismatic nanorods.
25

 These 

theoretical models of capped NCs may be pushed further towards experimental relevance by 

considering ligand grafting density below full coverage and surface saturation varying with 

crystallographic facet type.  

 Beyond the theoretical push to understand the complex phase behavior of NC 

superlattices, experimental scientists will continue to exploit self-assembly to make 

unprecedented structures and open up new applications for superlattices. For instance, the liquid 

interfacial assembly technique (Figures 1.4, 1.5) developed by the Jaeger
26

 and Murray
27

 groups 

is being used to produce long-range-ordered single- and multicomponent superlattice thin films. 

Monolayer superlattices are mechanically robust,
28-30

 can be controllably shaped,
31

 and show 

tremendous promise for next-generation membrane filtration applications.
32

  

 Furthermore, new NC building blocks and combinations thereof offer possibilities for 

chemical design of solids with intriguing physical properties. Superlattices comprised of highly 

anisotropic nanostructures (e.g., nanorods
33,34

 or plates
35,36

) represent two classic examples. In 

addition, the preparation of highly-uniform branched nanostructures pioneered by the Manna 

group has introduced hierarchical self-assembly and a route to porous metamaterials design.
37

 

Moreover, cocrystallization of shape mixtures (e.g., rods and spheres
38

 or rods and plates
39

) 

promises new properties resulting from collective interactions across distinct functional units 

packed together in a common structure.  

 The self-assembly field will also capitalize on continued development of synthetic 

methods offering access to new colloidal nanomaterial compositions (e.g., III-V compounds
40

) 
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and surface chemistries (e.g., compact, electronically-transparent surface ligands
41-44

). In the 

latter case, the structure-dependent collective properties that may emerge within superlattices 

comprised of strongly-coupled NCs presents a particularly exciting opportunity to demonstrate 

the utility of NC self-assembly. Along these lines, preliminary investigations by the Talapin and 

Kovalenko groups
41

 show encouraging results (see also Figure 5.4), though experimental 

conditions enabling reliable self-assembly of electrostatically-stabilized NCs across several core 

compositions have yet to be established. 

8.4. Final remarks  

 The astonishingly beautiful patterns resulting from self-assembly of NCs, nascent 

understanding of the mechanism underpinning superlattice formation, and the opportunity to 

design matter at an otherwise inaccessible length scale have captured my imagination over the 

past several years. It has been my privilege to work on this dynamic, challenging, and immensely 

important topic. I look forward to the resolution of outstanding mysteries and the arrival of new 

questions sure to come as the field matures.   
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