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ABSTRACT

Starting with the first gravitational-wave detection in September 2015, the LIGO and Virgo

gravitational-wave detectors are revealing a new astrophysical population of merging binary

black holes and neutron stars. This dissertation focuses on the astrophysical and cosmological

lessons enabled by the rapidly growing catalog of gravitational-wave detections. In the first

part of the dissertation, we study the properties of the binary black hole population, including

the shape of the black hole mass function, the distribution of spins, and the merger rate and

its evolution in cosmic time. We show that measuring the spins of the black holes in a merging

system can reveal whether they themselves formed from previous mergers. Analyzing the

masses of the black holes detected by LIGO, we show the first evidence for missing black

holes in the mass range ∼ 50 – 100 M�, and discuss the implications for stellar evolution

and supernova theory. We also analyze the pairing of component black holes in a binary, and

find that black holes tend to merge with similar mass partners rather than pairing randomly.

Additionally, we analyze the binary black hole merger rate as a function of redshift and

the implications for the formation rate of the progenitor stars and the time delays between

formation and merger. The second part of the dissertation focuses on gravitational-wave

cosmology. We explore the potential of gravitational-wave signals to measure the Hubble

constant, and perform the first such statistical standard siren measurement of the Hubble

constant using gravitational-wave data together with a galaxy catalog.
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CHAPTER 1

INTRODUCTION

A century after Einstein’s prediction, we are finally listening to the universe in gravitational

waves. These waves are tiny ripples in spacetime that can be detected by the Laser Inter-

ferometer Gravitational-Wave Observatory (LIGO), arguably the most sensitive instrument

ever built. When advanced LIGO first turned on, it heard two black holes, each 30 times

the mass of the Sun and located over a billion lightyears away, colliding into each other at

roughly half the speed of light. This event was dubbed GW150914. In the last four years,

we have detected and published nine additional collisions of black holes and one neutron star

merger. This dissertation focuses on the astrophysical and cosmological lessons enabled by

the rapidly-growing catalog of gravitational-wave events, including probing the formation of

black holes and the expansion of the universe.

Gravitational waves from merging black holes and neutron stars carry information about

these sources’ properties, including their masses, spins, distances and positions on the sky.

These properties are encoded in the gravitational-wave signal according to the theory of

general relativity. By analyzing data from the LIGO and Virgo detectors, we can extract

information about the properties of individual detected systems. In this work, rather than

focusing on individually detected systems, we reconstruct the population properties of the

black holes detected by LIGO/Virgo. Population properties are properties that are shared

across the entire sample; for example, the maximum black hole mass or the merger rate as a

function of redshift. By studying the underlying distribution of masses, spins and redshifts

of the merging black hole population, we start to understand where black holes are created

and how they merge.

In Chapters 2–5, we discover a number of significant features in the black hole population

and discuss their astrophysical implications. We address questions such as: Did the observed

black holes form directly from collapsed stars, or did they form from previous mergers of
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smaller black holes (Chapter 2)? Is there a maximum black hole mass for black holes formed

from stellar collapse (Chapter 3)? Does the black hole merger rate evolve with redshift

(Chapter 4)? Do black holes pair off randomly, or do they preferentially partner with similar

mass companions (Chapter 5)?

Before the first gravitational-wave direct detection in September 2015, there had been

no observation of stellar-mass black holes with masses greater than ∼ 20 M�. This first

gravitational-wave signal, produced by a merger of two 30 solar mass black holes, prompted

both the question “How does nature make such big (∼ 30 M�) black holes?” and a possible

solution: one way of making bigger black holes is by merging smaller ones. In Chapter 2, we

develop an analysis to test the hypothesis that the component black holes in a binary are

themselves made out of smaller black holes merging. We show that black holes that have

previously undergone one or more mergers tend to spin at around 70% of the maximum

possible black hole spin. We find that once we have a few hundred observations of merging

black holes, this feature in the spin distribution alone is enough to deduce whether some of

the black holes are formed from mergers of smaller black holes.

While the black holes discovered by LIGO/Virgo are bigger than any of the stellar-mass

black holes previously detected, this is unsurprising given that LIGO’s sensitivity increases

dramatically as a function of black hole mass (up to ∼ 100 M�). In fact, Chapter 3 points

out that LIGO’s first few black hole detections are surprisingly small. Why have we detected

mergers involving 30 M� black holes, but none involving 60 M� black holes, when LIGO is

roughly 5 times more sensitive to the latter? In Chapter 3, we find that these missing big

black holes provide evidence for a cutoff at ∼ 45 M� in the black hole mass spectrum. Stars

with cores between ∼ 50–135 M� are thought to undergo pair instability at the end of their

evolution and explode violently in pair-instability/ pulsational pair-instability supernovae.

Such supernova explosions are associated with considerable mass loss, so that the star either

leaves behind no remnant, or leaves behind a black hole smaller than ∼ 50 M�. In addition
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to revealing the physics of stellar deaths, constraining the upper end of the black hole mass

distribution puts limits on the occurrence rate of second-generation mergers that may occupy

the pair-instability mass gap. This has implications for whether black holes are formed in

isolation (where second-generation mergers would be impossible) or in dense clusters.

Another way to learn about the formation history of black hole mergers is by examining

when and where in the universe they merged, i.e. their redshifts. In Chapter 4, we perform

the first measurement of the black hole merger rate as a function of redshift. The redshift

distribution of black hole mergers depends on a combination of the progenitor formation

rate (e.g. the star formation rate) and the delay times between formation and merger. We

find that the time delay distribution can be constrained with a few hundred LIGO/Virgo

detections (to be expected in the next few years).

In Chapter 5, we point out another feature in the black hole mass distribution: the first

ten detected black hole binaries are all made up of equal or near-equal mass components.

Analyzing the first ten LIGO-Virgo binary black holes, we find that merging black holes are

unlikely to be randomly drawn from an underlying distribution, but rather prefer partners of

a comparable mass. We discuss what the inferred pairing function implies for binary physics.

The population analyses presented in Chapters 2-5 rely on a proper treatment of statis-

tical uncertainties and selection effects in order to avoid biased inference. In Chapter 6, we

discuss the statistical tools of population analysis in detail, including a review of hierarchical

Bayesian analysis and posterior predictive checks. We address the issue of disentangling true

population outliers from statistical fluctuations, focusing on the measurement of the maxi-

mum black hole mass. We show that statistical fluctuations often cause us to overestimate

the true mass of a binary black hole detected in gravitational waves, but that analyzing

all events jointly in a population analysis enables us to more tightly measure the masses of

individual events and assess whether there are outliers or sub-populations present.

In Chapter 7, we use gravitational-wave signals as cosmological probes. The gravitational-
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wave signal from a compact binary merger directly encodes the distance to the source, lending

them the name “standard sirens” in analogy with “standard candles.” In order to measure

the size of universe as a function of time (i.e. cosmography), one must infer both a distances

and a redshift for a collection of sources. There are several different ways of combining the

gravitational-wave distance measurement to a source with a redshift measurement, using (a)

an electromagnetic counterpart, (b) a catalog of potential host galaxies, and (c) isolating the

effects of cosmology on the population distributions of gravitational-wave sources. Chapter

7 pursues the second method, and performs the first analysis which combines gravitational-

wave data and a galaxy catalog to infer the Hubble constant.
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CHAPTER 2

ARE LIGO’S BLACK HOLES MADE FROM SMALLER

BLACK HOLES?

The first gravitational waves directly detected were produced by a pair of ∼ 30 M� black

holes, which collided and produced a black hole of roughly ∼ 60 M�. This naturally led us

to wonder whether these 30 M� black holes are themselves the merger products of smaller

black holes. When two black holes merge, the resulting black hole is bigger – roughly the

sum of the component masses, with some small fraction of the total mass radiated away in

gravitational waves. Notably, the resulting black hole is also spinning. Regardless of how

fast the initial black holes are spinning, as they inspiral together on their collision course,

the system carries orbital angular momentum that gets transferred to the final black hole

upon merger. There are several formulas in the literature that calculate the spin of the

final black hole based on the masses and spins of the initial black holes. These formulas are

based on a combination of analytic post-Newtonian considerations as well as fits to numerical

relativity; however, the basic idea is that the spin of the final black hole is a sum of the spins

of the initial black holes and the orbital angular momentum. As long as the initial black

holes are of comparable mass, the orbital angular momentum dominates the contribution to

the final spin, leading to a “universal distribution” of spins in black holes born as merger

products. Black holes that are made from smaller black holes tend to spin at around 70%

of the maximum possible black hole spin.

In this chapter, we point out that a universal spin distribution exists for hierarchically-

formed black holes (i.e. black holes produced by mergers of smaller black holes). We then

propose to use this unique spin distribution as a signature of hierarchical formation. Al-

though we can very rarely measure the spins of individual black holes accurately enough to

definitively tell whether an individual black hole is spinning at exactly 70% (implying that

it is a strong candidate for hierarchical formation), we can search for evidence of hierarchical
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formation in the population of black holes. We find that with a few hundred binary black

holes detected in gravitational waves, we can measure the distribution of spins well enough

to infer the fraction of merging black holes that formed in mergers of smaller black holes.

This chapter was written in collaboration with Daniel Holz and Ben Farr and published in

the Astrophysical Journal Letters [106]. The authors were supported by NSF CAREER grant

PHY-1151836. They were also supported in part by the Kavli Institute for Cosmological

Physics at the University of Chicago through NSF grant PHY-1125897 and an endowment

from the Kavli Foundation.

2.1 Abstract

One proposed formation channel for stellar mass black holes (BHs) is through hierarchical

mergers of smaller BHs. Repeated mergers between comparable mass BHs leave an imprint

on the spin of the resulting BH, since the final BH spin is largely determined by the orbital

angular momentum of the binary. We find that for stellar mass BHs forming hierarchically

the distribution of spin magnitudes is universal, with a peak at a ∼ 0.7 and little support

below a ∼ 0.5. We show that the spin distribution is robust against changes to the mass

ratio of the merging binaries, the initial spin distribution of the first generation of BHs, and

the number of merger generations. While we assume an isotropic distribution of initial spin

directions, spins that are preferentially aligned or antialigned do not qualitatively change

our results. We also consider a “cluster catastrophe” model for BH formation in which we

allow for mergers of arbitrary mass ratios and show that this scenario predicts a unique spin

distribution that is similar to the universal distribution derived for major majors. We explore

the ability of spin measurements from ground-based gravitational-wave (GW) detectors to

constrain hierarchical merger scenarios. We apply a hierarchical Bayesian mixture model

to mock GW data and argue that the fraction of BHs that formed through hierarchical

mergers will be constrained with O(100) LIGO binary black hole detections, while with
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O(10) detections we could falsify a model in which all component BHs form hierarchically.

2.2 Introduction

LIGO’s first detections of gravitational waves (GWs) from binary black hole (BBH) systems

allow us to probe the formation histories of stellar mass binary black holes (BHs; 2). Various

formation channels have been proposed for the component black holes in these binaries

[39, 212, 79, 48, 73, 29, 141], and these can be broadly separated into two classes: isolated

binary evolution and dynamical binary formation channels that involve first-generation BHs

(e.g., resulting from stellar collapse) and dynamical formation channels that involve BHs

built up from the mergers of earlier generations of BHs. In this work, we consider the latter

group: BH formation through hierarchical mergers wherein a BH in a BH binary is produced

by a merger of two smaller BHs from a previous generation, and the previous generation’s

BHs may themselves be merger products of an even earlier generation. Hierarchical mergers

may occur in high-density environments where some fraction of merger products do not

escape despite receiving recoil kicks [188] and may therefore undergo another merger. The

hierarchical merger scenario has been proposed in the context of dynamical formation in

nuclear star clusters [29], young stellar clusters [183], AGN disks [187], as well as in the

formation of primordial BHs [73].

In anticipation of future LIGO BBH detections, we describe a method to determine

whether or not the observed BHs formed hierarchically. In particular, the hierarchical for-

mation channel can be probed by analyzing the distribution of observed spin magnitudes of

the component BHs.

Each BH in a binary has a mass mi (i = 1, 2) and spin

Si = ai
Gm2

i

c
Ŝi, (2.1)
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where ai is the dimensionless spin magnitude and Ŝi is the unit spin vector. Because the

spins of the BHs in a binary system influence the dynamics of the inspiral and merger, a

GW detection provides a measurement of the component spins [3].

For an individual GW event, the spin measurements are often poorly constrained [249,

208], but we can combine individual spin posteriors to examine the distribution of dimen-

sionless spin magnitudes across all events. In this Letter, we show that the hierarchical

merger scenario yields a unique distribution of BH spin magnitudes a; therefore, by measur-

ing the spins of observed systems, we can constrain this formation process. Our approach

is complementary to that of [120], who study the expected distributions of mass, redshift,

and binary spin parameter χeff for populations of first- and second-generation BHs and show

how to use all three measurements to constrain the fraction of second-generation BHs in a

detected population. In contrast, we focus solely on GW measurements of spin magnitude

a and consider arbitrary generations of previous mergers.

To construct the distribution of BH spin magnitudes resulting from hierarchical mergers,

we utilize previous studies of the evolution of BH spins through binary coalescence. Due to

advancements in numerical relativity (NR) and post-Newtonian (PN) methods, a number of

groups have developed reliable formulae for the final spin following a merger of two spinning

BHs [52, 146, 242, 126, 131, 142]. Intuitively, there are two contributions to the spin following

a coalescence: the individual spins of the two progenitor BHs and the binary system’s orbital

angular momentum. As the BBHs inspiral toward each other, they lose energy and orbital

angular momentum through the emission of GWs. When the BHs finally merge, as shown

by [52], the remaining orbital angular momentum that contributes to the final BH spin

can be approximated by the orbital angular momentum of a test particle at the innermost

stable circular orbit of the final BH (where the mass of the test particle is taken to be the

reduced mass of the BBHs). The contribution from the orbital angular momentum will be

most significant for equal mass BBHs and will dominate over the contribution from the spin
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angular momentum. For example, as is well understood from NR simulations, a merger of

nonspinning BBHs of equal mass will result in a final BH with a dimensionless spin magnitude

of 0.6864 [131]. In order for the spins of the BBHs to cancel the orbital angular momentum,

resulting in a nonspinning BH, the spins must be sufficiently large and antialigned to the

orbital angular momentum, and the mass ratio q ≡ m2/m1 ≤ 1 must be sufficiently small.

In fact, using the results of [52], the antialigned contributions to the spins, a−1 , a−2 , and the

mass ratio, q, must satisfy

1

q
a−1 + qa−2 + 2

√
3 = 0 (2.2)

in order to end up with a nonspinning BH. Thus, even for maximally antialigned spins, the

mass ratio must satisfy q <
√

3 −
√

2 ≈ 0.32 in order to overwhelm the orbital angular

momentum. As we shall see, this explains why major mergers (in which q ∼ 1) result in BHs

with a relatively high spin distribution, peaked at a = 0.69, and with little support below

a ≈ 0.5.

In this work, we consider major mergers (q & 0.7) as the basis of the hierarchical merger

scenario. If the BHs of each generation interact with each other dynamically, they are more

likely to form binaries with BHs of similar mass [222, 212] and we would expect mergers of

near-equal mass BHs [211, 198]. We would similarly expect near-unity mass ratios for BBHs

of primordial origin, as PBH formation scenarios generally allow a narrow mass range for the

first generation [159], and we assume that because of dynamical considerations, such BHs

only merge with partners of the same generation.

The assumption of major mergers differs from the seminal work of [138], which considered

the spin evolution of supermassive BHs as they grow through minor mergers. In contrast to

major mergers, minor mergers tend to decrease the spin of the final BH, because the binary’s

orbital angular momentum is smallest when it augments the total BBH spins (a prograde

orbit) and largest when it counteracts it (a retrograde orbit).

We also assume that, in the absence of any aligning mechanism, the spins of each gener-
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ation of BHs in the hierarchical merger scenario are isotropically distributed on the sphere.

The effects of BBH spins that are preferentially aligned or antialigned with the orbital angu-

lar momentum are discussed in Section 2.4. However, it is important to note that spins that

are initially partially aligned (antialigned) with the orbital angular momentum can become

significantly antialigned (aligned) during the inspiral due to precession [147]. This will not

affect an isotropic distribution of spins, as a distribution of spins that is isotropic at large

distances will remain isotropic during the inspiral up to the point of plunge [147]. Further-

more, the magnitudes of the BBH spins remain nearly constant during the inspiral (up to

2PN order), which further lends confidence to our calculation of the hierarchical merger spin

distribution.

2.3 Methods

2.3.1 Hierarchical Merger Spin Distribution

We apply the formulas of [131] to predict the final BH spin from a merger of two BHs, given

the spin vectors and masses of the component BHs. This allows us to build a statistical dis-

tribution of spin magnitudes resulting from hierarchical mergers, similar to the distributions

found by [242] and [170].

Although we assume major mergers and isotropically distributed spin orientations, we

wish to remain general with respect to other aspects of the hierarchical merger scenario. In

particular, we do not at the outset specify the spin distribution of the first generation of

BHs (before any mergers have occurred) or the exact distribution of mass ratios of merging

BHs (although we limit ourselves to q ≥ 0.7). Furthermore, the desired spin distribution

presumably evolves as each generation’s BHs merge to form the next generation, but we do

not wish to restrict ourselves to a particular generation of the hierarchical merger scenario.

Fortunately, as we show below, the resulting spin distribution is relatively insensitive to the
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Figure 2.1: Probability distribution for the dimensionless spin magnitude for each
generation of BHs formed through hierarchical mergers. Unless labeled otherwise,
the first generation is nonspinning (a = 0) and all mergers take place between equal mass
BHs (q = 1). For each generation, the spin directions are assumed to be isotropically
distributed. Note the rapid convergence to a universal distribution (turquoise solid line).
The dotted orange line shows the second-generation distribution for the case where the first
generation has near-maximal (a = 0.99) spins. The initially nonspinning (a = 0) and initially
near-maximally spinning (a = 0.99) cases are indistinguishable by the fourth generation,
converging on the universal distribution.
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spin magnitudes of the first generation, the mass ratios (within the range 0.7 ≤ q ≤ 1), or

which generation we consider (starting with the second generation). We demonstrate this

explicitly by computing spin distributions under various choices of these parameters.

We compute probability density functions of dimensionless spin magnitudes as follows:

we start by taking a large (6.25 × 106) ensemble of BHs, and then randomly pick pairs of

BHs from this first generation and merge each pair, calculating the final spin from the [131]

formula. This gives us the distribution of spin magnitudes for the second generation of BHs.

In the simplest case we take the first generation of BHs to be all of the same mass and

nonspinning, in which case, the second generation’s BHs will all be of roughly double the

mass and spinning with dimensionless spin magnitude a = 0.69. If the initial generation of

BHs is equal mass but with isotropic, near-maximal (a = 0.99) spins, the second generation

of BHs will have a distribution of spin magnitudes that is similarly peaked at a ∼ 0.7 with

slightly wider support (see Fig. 1).

To calculate the spin distribution for the third generation of BHs, we randomly and

repeatedly choose pairs of BH spin magnitudes from the second generation and randomly

choose their spin directions from a spherically isotropic distribution. This yields the spin

magnitudes of the third generation of BHs, and we can iterate this procedure to calculate

the distribution of BH spins for the nth generation given the distribution of spins for the

(n − 1)th generation. In practice, we find that the spin distribution changes only slightly

between the third and the fourth generation and has fully converged by the fourth generation,

regardless of the initial spin distribution (see Fig. 2.2). Different choices of initial spin lead

to indistinguishable spin distributions by the third generation.

To explore the effect of different mass ratios, we consider a toy model in which all mergers

occur with a mass ratio of q = 0.7, instead of q = 1 as assumed above. We find that the

resulting spin distributions are very similar (see Fig. 2.3.1), suggesting that any distribution

of mass ratios in the range 0.7 ≤ q ≤ 1 (as expected for dynamically forming binaries)
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would not significantly affect the distribution of final spins. Thus, we find that regardless of

mass ratio and initial spin, the hierarchical merger scenario gives rise to a single, standard

distribution of BH dimensionless spin magnitudes sharply peaked at a ∼ 0.7 with nonzero

support over 0.4 . a . 0.9. In what follows when we refer to the hierarchical merger spin

distribution, we mean the q = 1 distribution shown in Fig. 2.3.1, calculated as the fourth

generation of equal mass mergers. An alternate choice would not significantly affect our

results.

Our findings are consistent with [47], who found that following a single merger the final

spin magnitude is a ≈ 0.7 regardless of the initial spin magnitude, assuming we average over

an isotropic distribution of spin directions (see their Fig. 2). Our results are also consistent

with [242] and [170], both of whom found that the distribution of spin magnitudes converges

after four generations of repeated mergers. However, note that by limiting ourselves to

the major mergers relevant for stellar mass BHs, our hierarchical merger spin distribution

is different from the distribution presented in Fig. 19 of [170], as they considered a wide

distribution of mass ratios appropriate for supermassive BHs. In particular, our distribution

has little support below a ∼ 0.5. Our hierarchical merger spin distribution is most similar

to the q = 1 distribution in Fig. 1 of [242] and Fig. 20 of [170]; however, we argue that this

distribution is insensitive to the initial BH spins and is an adequate description of the second

and third generation of BHs even before it fully converges in the fourth generation.

2.3.2 Mixture Model Analysis

We apply a hierarchical Bayesian framework [132, 180] to analyze a collection of BH spin

measurements, where the spin measurement from the ith GW detection takes the form of

a two-dimensional posterior for the BBH spin magnitudes p(αααi|di), where αααi = (a1,i, a2,i)

and di is the data. To understand the true population of BH spins from the observed BBHs,

we assume that the true spin distribution is parameterized in terms of some parameters, A,
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which we seek to infer. The true spin distribution, therefore, can be written as p(ααα|A), and

we want to know p(A|d), where d = {di} is the data across all GW detections. We assume

that each GW detection is independent, so that

p(A|d) =
∏
i

p(A|di). (2.3)

Furthermore, we have

p(A|di) =

∫
dαααip(A,αααi|di), (2.4)

and applying Bayes’s rule gives

p(A,αααi|di) ∝ p(di|αααi)p(αααi|A)p(A), (2.5)

where p(di|αααi) is the two-dimensional likelihood for the BBH spins, and p(A) is the prior

probability for the population parameters A. Before we have learned anything about the

population distribution of spin magnitudes p(αααi|A), in the analysis of individual events, we

assume a two-dimensional flat prior on αααi, so that the likelihood p(di|αααi) is proportional to

the posterior p(αααi|di). Putting together equations 2.3–2.5, we have

p(A|d) ∝
∏
i

[∫
dαααip(di|αααi)p(αααi|A)

]
p(A) (2.6)

where, because p(di|αααi) ∝ p(αααi|di) for a single event, we can evaluate the above integral over

αααi of p(αααi|A) weighed by the likelihood p(di|αααi) as an average over Ni posterior samples αααki :

∫
dαααip(di|αααi)p(αααi|A) = 〈p(αααi|A)〉αααi

≈ 1

Ni

Ni∑
k=1

p(αααki |A).

(2.7)

In our case, in order to investigate whether the detected BBHs favor the hierarchical
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merger scenario, we write the true spin population as a mixture model. Lacking a strong

astrophysical prior on the distribution of BH spins [191], we take some fraction fu of the

BHs to be uniformly spinning over the allowed range [0, 1], and the remaining (1 − fu) of

the BHs to come from the hierarchical merger population. It is straightforward to consider

alternate spin magnitude distributions, and the same analysis would apply if we included an

additional component in the mixture model or replaced the uniformly distributed component

with a different spin distribution. For the mixture model with parameter fu, we have

p(a|fu) =


fu + (1− fu)phm(a) 0 ≤ a ≤ 1

0 otherwise

(2.8)

where phm(a) is the hierarchical merger spin distribution. We assume the spins of the BBHs

in a single system are independent of one another, so

p(αααi|fu) = p(a1,i|fu)p(a2,i|fu). (2.9)

We also use a flat prior for the mixture parameter

p(fu) =


1 0 ≤ fu ≤ 1

0 otherwise.

(2.10)

Then for the mixture model, equation 2.6 becomes

p(fu|d) ∝ p(fu)
∏
i

∫
dαααip(di|αααi)

[
fu + (1− fu)phm(a1,i)

]
·
[
fu + (1− fu)phm(a2,i)

] (2.11)

Using equation 2.7, given Ni posterior samples for each BBH, we can approximate equation
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2.11 as

p(fu|d) ∝ p(fu)
∏
i

f2
u + fu(1− fu)

1

Ni

Ni∑
k=1

[
phm(ak1,i) + phm(ak2,i)

]

+ (1− fu)2 1

Ni

Ni∑
k=1

phm(ak1,i)phm(ak2,i).

(2.12)

The mixture model parameterization provides a convenient way to compare the hierarchical

merger model to any other model (in our case, a model that yields a flat distribution of spins).

As [252] discuss, for a mixture of two (or more) models, we can write the posterior of the

mixture parameter in terms of the Bayesian evidence for the models under consideration. In

our case, we can relate the posterior p(fu|d) to the evidence ratio, or Bayes factor, between

the hierarchical merger model Hhm and the uniform spin model Hu. The evidence for each

model given data di is defined as Zihm = p(di|Hhm) and Ziu = p(di|Hu), and, assuming GW

detections are independent, we can write

p(fu|d) ∝ p(d|fu)p(fu) (2.13)

= p(fu)
∏
i

p(di|fu) (2.14)

= p(fu)
∏
i

[p(di,Hu|fu) + p(di,Hhm|fu)] (2.15)

= p(fu)
∏
i

[p(di|Hu)p(Hu|fu) + p(di|Hhm)p(Hhm|fu)] (2.16)

= p(fu)
∏
i

[
Ziufu + Zihm(1− fu)

]
. (2.17)

We therefore have that the Bayes’s factor is

∏
i

Ziu
Zihm

=
p(fu = 0)

p(fu = 1)

p(fu = 1|d)

p(fu = 0|d)
. (2.18)
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Figure 2.3: Posterior probability density functions on the parameter fu for 3
simulated populations of BHs that have not formed hierarchically (the true fu = 1).
The populations of BHs all have spin magnitudes drawn from a uniform [0, 1] distribution,
but differ in the uncertainty on their measured spins magnitudes. We approximate spin
measurements as truncated Gaussians and vary σa1 , σa2 between populations. We note that
10 detections may be sufficient to rule out a pure hierarchical merger model.

Thus, computing p(fu|d) allows us to directly find the Bayes’s factor, which allows us to argue

(or refute) that a population of observed BHs came from the hierarchical merger formation

channel. The mixture model is also useful to constrain the fraction of the observations that

are consistent with having formed through hierarchical mergers. In the next section, we

demonstrate that this analysis will yield meaningful constraints within just a few years of

advanced LIGO operation.
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Figure 2.4: Posterior probability density functions on the parameter fu for 3
simulated populations with different values of fu (given by the dashed lines). The
simulated BH populations with fu = 0 (turquoise) and fu = 1 (sky blue) each consist of 200
BBH events, while the simulated BH population with fu = 0.5 (orange) consists of 400 BBH
events. We assume that for all events the spin magnitude measurements p(a1|di), p(a2|di)
are truncated Gaussians with standard deviations σ = 0.66. The shaded regions denote 90%
credible intervals.
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2.4 Results

For the purposes of this work, we illustrate our method on very simplified spin posterior

distributions, leaving the analysis of real data to the LIGO collaboration. We assume that

each BBH detection provides a measurement of the two component BH spin magnitudes

with some uncertainty [see, for example, Fig. 5 of 3]. We neglect correlations between the

two spin measurements, which is equivalent to setting

p(di|αααi) = p(di|a1,i)p(di|a2,i) (2.19)

in equation 2.11. Following [236], we approximate each spin magnitude posterior p(aj,i|di)

(j = {1, 2}) as a Gaussian, restricted to the range [0,1], with a standard deviation σj,i

corresponding to the measurement uncertainty. In other words, for a BH with dimensionless

spin magnitude atrue
j,i , we generate a posterior centered on adata

j,i = atrue
j,i + ej,i where ej,i is

a random measurement error chosen from N(0, σj,i). The spin magnitude posterior for a

single BH is then given by

p(aj,i|di) = N(adata
j,i , σj,i) (2.20)

truncated and normalized to our prior range [0, 1]. With these assumptions, we compute

equation 2.11 by drawing 1000 samples from each spin magnitude posterior given by equation

2.20 for a simulated population of atrue
j,i . In other words, we solve

p(fu|d) ∝ p(fu)
∏
i

∏
j=1,2

fu + (1− fu)〈phm(aj,i)〉aj,i (2.21)

where

〈phm(aj,i)〉aj,i ≈
1

1000

1000∑
k=1

phm(akj,i) (2.22)

for akj,i ∼ p(aj,i|di).
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The uncertainty σ on spin magnitude depends on various factors, including the true spin

magnitudes, the signal-to-noise ratio (SNR) of the inspiral and ringdown, the mass ratio of

the binary, and the orientation of the spin vectors. As demonstrated by [208], we expect

this uncertainty to be rather large and not particularly dependent on the SNR, especially

for events where there is little power in the ringdown, so we carry out our analysis with the

conservative choice of σ = 1.We then repeat the analysis under the assumption that all events

are like GW150914 in terms of spin magnitude uncertainty: consisting of one relatively well

measured BH spin magnitude with σ = 0.2, and one poorly measured BH spin magnitude

with σ = 1. This can be expected for events with moderately high SNR in both the inspiral

(which constrains the weighted aligned spin combination χeff) and the ringdown (which

constrains the spin of the final BH af ). Motivated by the choice of posterior uncertainties

in [236] and an examination of mass ratio uncertainties and covariances for published LIGO

events [see Table 1 and Fig. 4 of 3], we repeat our analysis for spin posteriors with σ = 0.66.

Our results are similar for all choices of spin magnitude uncertainties, suggesting that

LIGO will be able to clearly distinguish between a population of hierarchically formed BHs

and a population of uniformly spinning BHs with O(100) detections (see Fig. 2.4), although

this will be possible with as few as 10 detections if at least one spin component is relatively

well-measured (σ ≈ 0.2) as in the case of GW150914 (see Fig. 2.3.2). If the true population

of detected BHs is mixed, it requires more detections to precisely measure the fraction 1−fu
that have spin magnitudes consistent with formation through hierarchical mergers. We see

in Fig. 2.4 that the 90% confidence interval for fu is relatively wide for a mixed population

with 400 events, although if we are simply interested in ruling out fu = 0 or fu = 1, O(100)

detections is sufficient even in the most pessimistic case considered. It is straightforward to

extrapolate these results to a greater number of detections: as expected, the width of the

posterior p(fu|d) decreases with the number of detections, N , as 1/
√
N .

We have thus far analyzed the characteristic spin distribution resulting from major
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Figure 2.5: Probability density function of the spin magnitude of a final BH formed
through a “cluster catastrophe” of a fixed number of BHs, compared to the universal
hierarchical merger distribution. Initially the N BHs are of equal mass and spin magnitudes
drawn uniformly on [0, 1], and they merge with each other in randomly selected pairs (with
isotropic spin directions) until they have all merged into a single final BH.
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(q ≥ 0.7) mergers of isotropically spinning BHs. Below, we discuss the implications of

relaxing these assumptions. We might expect deviations from isotropic spins in certain as-

trophysical situations such as BBH formation in a gas-rich AGN disk, where the spins of the

component BHs can be preferentially aligned or antialigned with the orbital angular momen-

tum [187]. If the spins of BBHs are always aligned with the orbital angular momentum, it

is straightforward to see that this will result in an even narrower spin distribution, strongly

peaked at very high spin magnitudes, converging to a ∼ 0.9 by the third generation. This

situation will thus be easier to constrain with LIGO data. If both component spins are al-

ways antialigned with the orbital angular momentum and the first generation has moderately

high spins a ∼ 0.7, the future generations will have spins 0.43 < a < 0.54. Even assuming

maximal antialigned initial spins, while the second-generation products will be spinning at

0.32 < a < 0.36 for mass ratios q ≥ 0.7, the spin distribution will converge to a ∼ 0.5

starting with the third generation. If the spins are equal in magnitude but one is aligned

and the other antialigned with the orbital angular momentum, the situation is identical to

a merger of nonspinning BHs and yields a spin magnitude a ∼ 0.7 (although note that the

best-constrained spin parameter χeff for the binary will be χeff = 0). We conclude that

hierarchical major mergers of BBHs cannot produce low spin magnitudes (a . 0.4).

We can relax the assumption of major mergers by considering an alternative “cluster

catastrophe” formation scenario in which a fixed number, N , of equal mass BHs repeatedly

merge in randomly chosen pairs, irrespective of the mass ratio, until there is a single remain-

ing BH. We take the initial distribution of spin magnitudes to be uniform in [0, 1] and spin

directions to always be isotropic. We find that the spin magnitude of the single remaining

BH is insensitive to N or the initial spin magnitudes and is distributed according to the

probability distribution in Fig. 2.4. While such a scenario can lead to low mass-ratio merg-

ers in which the primary spin may cancel the orbital angular momentum and produce spin

magnitudes a < 0.4, these low spin magnitudes remain unlikely: spin magnitudes a < 0.4
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are produced less than 10% of the time.

2.5 Conclusion

We have shown that if BHs build up through hierarchical major mergers of smaller BHs, the

spin magnitudes of the resulting BHs follow a universal distribution (see Fig. 2.3.1). Because

this distribution is relatively independent of the details of the hierarchical merger scenario,

we can use it to test whether an observed population of BHs was formed through hierarchical

mergers. Although a GW observation of a single coalescing BBH does not strongly constrain

individual BH spins [3], we estimate that the hierarchical formation channel will be strongly

constrained with O(100) detections. Furthermore, we have shown that hierarchical mergers

rarely produce BHs with spins below a . 0.5, and even in extreme scenarios that favor

antialigned spins or result in a “cluster catastrophe,” one rarely finds BH spins below a . 0.4.

If BHs do not form through hierarchical mergers and the spin distribution is uniform on [0,1],

we have shown that it will be possible to rule out the hierarchical formation channel with a

sample of O(10) detections (see Fig. 2.3.2). If instead we select between a hierarchical model

and one that favors low spins (instead of uniform as done above), even fewer detections

would be sufficient to falsify either model. We note that the spin constraints of the primary

component BHs of GW150914 and LVT151012 appear to favor spins a . 0.5 over spins

a ∼ 0.7 (see Figs. 5 of 6, 3), suggesting that they are unlikely to have formed through

hierarchical major mergers. We leave a quantitative analysis of these events for future work.
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CHAPTER 3

WHERE ARE LIGO’S BIG BLACK HOLES?

The first few binary mergers detected by LIGO and Virgo had component black holes in the

mass range ∼ 10–30 M�. While these component black holes are massive compared to the

electromagnetically-detected stellar mass black holes (with masses in the range 5–20 M�),

they are not so massive when we consider that LIGO is sensitive to mergers involving black

holes at least as massive as 100 M�. In fact, at a fixed luminosity distance, the amplitude of

a gravitational-wave signal increases as its chirp massM5/6
c , meaning that the more massive

the binary, the farther out LIGO can detect it. LIGO’s sensitivity grows as a function of

binary mass up to total masses of roughly 200 M�; after this, the merger takes place at

frequencies too low for LIGO’s sensitive band (between ∼ 10–1000 Hz).

In this chapter, we find that the sensitive spacetime volume probed by LIGO grows with

the total mass M of the binary roughly as M2.2. Therefore, if the black holes follow a similar

power-law distribution to the Salpeter initial mass function for stars, M−2.3, we expect that

the detected distribution of black holes will be nearly flat across the entire mass range out

to component masses of ∼ 100 M�. However, there have been no detections involving black

holes in the mass range ∼ 40–100 M�, suggesting a physical dearth of black holes in this

mass range. We fit a power-law model to the black hole mass distribution, allowing both

the slope and the maximum mass of the power-law to vary, and infer a maximum mass at

∼ 40 M� (with mmax < 77 M� at 95% credibility). The evidence for a maximum mass at

∼ 40 M� is remarkably coincident with predictions from supernova theory, which predict

that the onset of pair-production in stellar cores between ∼ 40 and 120 solar masses lead

to unstable supernova explosions which prevent the formation of black holes with masses

in this range. Directly measuring the mass spectrum of black holes with gravitational wave

detections allows us to test predictions of massive star evolution and supernova explosion

physics. Additionally, by testing whether binary black holes respect the “pair-instability
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gap” starting at ∼ 40 M�, we are probing whether these systems are formed from stars,

as opposed to primordial black holes or perhaps from mergers of smaller black holes (see

Chapter 1).

This chapter was written in collaboration with Daniel Holz, and published in the Astro-

physical Journal Letters [105]. The original analysis was based on only the first four LIGO

detections. However, I later performed this analysis on the ten binary black hole detections

from LIGO-Virgo’s first and second observing runs, as part of the LVC paper [19]. With

the full dataset, we inferred even stronger constraints on the maximum mass, measuring

mmax = 42+15
−6 M�. We later realized that this feature in the mass distribution could also

be used to measure the expansion history of the universe; see [98].
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3.1 Abstract

In LIGO’s O1 and O2 observational runs, the detectors were sensitive to stellar mass binary

black hole coalescences with component masses up to 100M�, with binaries with primary

masses above 40M� representing & 90% of the total accessible sensitive volume. Nonethe-

less, of the 5.9 detections (GW150914, LVT151012, GW151226, GW170104, GW170608,

GW170814) reported by LIGO-Virgo, the most massive binary detected was GW150914

with a primary component mass of ∼ 36M�, far below the detection mass limit. Further-

more, there are theoretical arguments in favor of an upper mass gap, predicting an absence
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of black holes in the mass range 50 . M . 135M�. We argue that the absence of de-

tected binary systems with component masses heavier than ∼ 40M� may be preliminary

evidence for this upper mass gap. By allowing for the presence of a mass gap, we find

weaker constraints on the shape of the underlying mass distribution of binary black holes.

We fit a power-law distribution with an upper mass cutoff to real and simulated BBH mass

measurements, finding that the first 3.9 BBHs favor shallow power law slopes α . 3 and

an upper mass cutoff Mmax ∼ 40M�. This inferred distribution is entirely consistent with

the two recently reported detections, GW170608 and GW170814. We show that with ∼ 10

additional LIGO-Virgo BBH detections, fitting the BH mass distribution will provide strong

evidence for an upper mass gap if one exists.

3.2 Introduction

One of the most fundamental quantities in gravitational-wave astrophysics is the mass distri-

bution of stellar-mass black holes (BHs). Characterizing this distribution in merging binary

systems is crucial to understanding stellar evolution, supernova physics, and the formation

of compact binary systems. Prior to the first gravitational-wave (GW) detections of binary

black holes (BBHs), the sample of ∼ 20 BHs in X-ray binary systems was used to infer the

BH mass distribution [200, 97], providing strong evidence for the existence of a mass gap

between the heaviest neutron star (NS) (∼ 2–3M�) and the lightest BH (∼ 4–5M�) [but

see also 160]. The presence of a mass gap between NSs and BHs has critical implications for

supernova explosion theory [42], and there are several proposed methods to probe this mass

gap with gravitational-wave observations of compact binaries [168, 175, 159]. In addition

to the low-mass gap, supernova theory suggests that pulsational pair-instability supernovae

(PPISN) [127] and pair instability supernovae (PISN) [115, 209, 49] lead to a second mass gap

between ∼ 50 and 135M� for BHs formed from stellar core collapse [37, 185, 38, 254, 231].

Although studies of the lower mass gap have to wait for many more binary detections, be-
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cause LIGO’s sensitivity is almost 500 times greater for 50–50M� mergers than 3–3M�

mergers, the existing data already begins to probe the upper mass gap.

For the first four BBH detections (GW150914, LVT151012, GW151226, and GW170104),

the LIGO-Virgo collaboration fit the BBH mass distribution with a power law parametriza-

tion on the primary BBH mass, m1, [3, 11] inspired by the stellar initial mass function

(IMF) [216, 162]. Specifically, [3] use the following one-parameter power law to model the

distribution of primary component BH masses:

p (m1 | α) ∝ m−α1 , (3.1)

where Mmin < m1 < Mmax. The mass ratio between component BHs, q ≡ m2/m1 ≤ 1, is as-

sumed to be uniformly distributed in the allowed range Mmin/m1 ≤ q ≤ min(Mtot,max/m1−

1, 1). Thus, the marginal distribution of the secondary component mass, m2, is given by:

p (m2 | m1) ∝ 1

min(m1,Mtot,max −m1)−Mmin
, (3.2)

and therefore the joint mass distribution is:

p (m1,m2 | α) ∝ m−α1

min(m1,Mtot,max −m1)−Mmin
. (3.3)

The only free parameter in this assumed mass distribution is the power law slope, α. The

minimum BH mass, Mmin, is fixed at Mmin = 5M� and the maximum mass, Mmax, is fixed

at Mmax = 100M� −Mmin. Meanwhile, the total BBH mass, Mtot = m1 + m2, is also

restricted: Mtot ≤ Mtot,max = 100M�. (Enforcing Mtot,max = 100M� causes a break in

the power law at 50M�.) The choice for Mmin is motivated by the empirical lower mass gap,

while Mmax and Mtot,max are set by the stellar binary matched-filter search, which defines

stellar-mass BBHs as those with source-frame total masses m1 +m2 ≤ 100M� [57, 243, 4].
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However, LIGO is in principle sensitive to heavier BBHs [16]. BBHs with detector-frame

total masses up to 600M� can be detected via matched-filtering by the intermediate mass

black hole (IMBH) modeled search [195, 189, 77], and IMBHs of even higher mass can be

detected by the unmodeled transient search [153, 10].

We observe that a key assumption of the distribution in Eq. 3.3 is that BHs in merging

binaries follow the same mass distribution from 5M� to at least 50M�, and that there

exist BHs as heavy as 95M�. Meanwhile, LIGO is extremely sensitive to heavy BBHs. The

first-order post-Newtonian approximation predicts that for low mass BBHs and a Euclidean

universe, the spacetime volume, V T , to which LIGO can detect a BBH merger of a fixed

mass ratio increases with its primary component mass, m1, roughly as V T ∝ m
5/2
1 . In the

following section, we find that when accounting for cosmology and taking BBHs over the

entire range 10M� < Mtot < 100M�, it is still a good approximation to take V T ∝ mk
1 ,

with k ∼ 2.2. This means that if the BBH mass distribution follows a power law with slope

α as in Eq. 3.3, we expect the mass distribution among detected BHs to follow m−α+2.2
1 .

For a Salpeter IMF (α = 2.35), this implies an almost flat detected distribution of binary

black hole masses. Thus, the absence of heavy BBHs in the data quickly indicates either

that the mass distribution declines steeply towards high masses (α� 2.2), or that an upper

mass gap sharply cuts off the mass distribution.

In this Letter we show that we can start to distinguish between these two scenarios with

the first four LIGO BBH detections (including LVT151012, which has an 87% probability

of being astrophysical) [3, 11]. Using simulated BBH detections, we demonstrate that if an

existing mass gap is not accounted for, the non-detection of heavy stellar mass BHs will

quickly bias the power law fit to distributions which are erroneously too steep. However, by

including a maximum BH mass as a free parameter in the analysis, we can simultaneously

infer the shape of the mass distribution and the location of a mass gap, if present. We

carry out this analysis for the first four BBHs as well as for simulated BBH detections.

29



10 25 50 100 150 200

Mtot (M�)

10−2

10−1

100

101
V
T

(c
om

ov
in

g
G

p
c3

yr
)

V T ∝ 2.2

q = 1

q = 0.7

q = 0.5

q = 0.3

Figure 3.1: Sensitive redshifted spacetime volume, V T , of the LIGO detectors in O1
and O2 as a function of BBH total mass, Mtot, and mass ratio, q, calculated under the
semi-analytic approximation described in the text for one year of observation. We find that
V T ∝ m2.2

1 over the range 10M� ≤Mtot ≤ 100M�.

We find that there is already evidence for an upper mass cutoff at ∼ 40M� from the

first four detections, a conclusion that is further supported by the two recently reported

BBH detections (GW170608 and GW170814) [13, 12]. We show that with O(10) additional

detections, the presence and location of the bottom edge of the mass gap will be highly

constrained.
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3.3 Sensitive volume

As we noted in the previous section, for a given mass ratio, the sensitivity of the LIGO-

Virgo search scales with primary component mass roughly as m1
2.2. We characterize the

sensitivity by the redshifted spacetime volume, V T , for which a given search is sensitive

to a BBH system of given masses. If we assume that the rate of BBH coalescences is

uniform in comoving volume and source-frame time and neglect the effects of BH spin on

the detectability of a source, V T depends only on the power spectral density (PSD) curve

characterizing the detectors and the BBH component masses [8]. Under these assumptions,

V T is given by:

V T (m1,m2) = T

∫
dz
dVc
dz

1

1 + z
f(z,m1,m2), (3.4)

where T is the search time, Vc is the comoving volume, and 0 < f(z,m1,m2) < 1 is

the probability that a BBH system of masses m1, m2 at redshift z will be detected. We

adopt the cosmological parameters from [24] throughout the calculation. To calculate the

detection probability, f(z,m1,m2), we use the semi-analytic approximation from [8]. Taking

the PSD function corresponding to the early aLIGO high-sensitivity scenario in [7] (a good

approximation to the PSD during the first and second aLIGO observing runs), we calculate

the optimal matched-filter signal-to-noise ratio (SNR) of a BBH with component masses m1

and m2 and zero spins located at redshift z. The optimal SNR, ρopt, corresponds to a face-

on source that is directly overhead to a single detector. We then generate random angular

factors, 0 < w < 1, from a single-detector antenna power pattern, assuming that binaries are

distributed uniformly on the sky with isotropic inclination vectors [101, 87, 41]. The angular

factor, w, characterizes the response of a detector to a source at a given sky location and

orientation (so that w = 1 for an overhead, face-on source). From the distribution of angular

factors, w, we assign a distribution of SNRs, ρ = wρopt, for each source with parameters

(m1,m2, z). Out of this distribution of SNRs, the fraction that exceed the single-detector
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threshold ρ > 8, roughly corresponding to a network threshold ρ > 12, is taken to be the

detection probability f(z,m1,m2). This semi-analytic calculation for f(z,m1,m2) neglects

the effects of non-Gaussian noise, which tends to raise the SNR detection threshold for

binaries of very high mass. However, it remains a good approximation for stellar-mass

binaries of total masses up to at least Mtot = 100M� and possibly higher [8, 16].

The expected sensitive redshifted spacetime volume as a function of total mass is shown in

Fig. 3.2, calculated for one year of observation (T = 1 year) at the O1-O2 LIGO sensitivity.

For example, we note that in O1 and O2 the LIGO detectors probed a volume roughly

seven times larger for 75–75M� binaries as compared to 25–25M� binaries. In particular,

since m1 = Mtot/(1 + q) for a fixed mass ratio q, we can see from Fig. 3.2 that V T scales

approximately as mk
1 with k ∼ 2.2 for Mtot . 100M�.

To calculate the sensitivity to a population of BBHs, the relevant quantity is the population-

averaged spacetime volume, 〈V T 〉. If we know the distribution of masses across the pop-

ulation of BBHs, ppop(m1,m2), assuming negligible spins and a constant comoving merger

rate, we can calculate the population-averaged sensitive spacetime volume [Eq. 15 in 8]:

〈V T 〉 =

∫ ∫
V T (m1,m2)ppop(m1,m2) dm1dm2, (3.5)

where the first integral is over Mmin < m1 < Mmax and the second integral is over Mmin <

m2 < min(m1, Mmax,tot −m1). 〈V T 〉 relates the specific merger rate, R, to the expected

number, Λ, of BBH signals in a given detection period [8]:

Λ = R〈V T 〉. (3.6)

The number of BBH detections, n, follows a Poisson process with mean Λ. To explore

the existence of a high mass gap in Section 3.5.1, we compare the expected number of low

mass BBH signals, Λlow = R〈V T 〉low, to the expected number of high mass BBH signals,

32



Λhigh = R〈V T 〉high, for different power-law populations, where low (high) mass is defined

by the primary component mass m1 ≤Mcutoff (m1 > Mcutoff). We define:

1

r
≡ Λlow

Λhigh
=
〈V T 〉low

〈V T 〉high
, (3.7)

where

〈V T 〉low ≡
∫ ∫ Mcutoff

Mmin

V T (m1,m2)ppop(m1,m2) dm1dm2

〈V T 〉high ≡
∫ ∫ Mmax

Mcutoff

V T (m1,m2)ppop(m1,m2) dm1dm2.

(3.8)

The integration limits on the m2 integral in Eq. 3.8 are identical to those in Eq. 3.5 so that

the total 〈V T 〉 = 〈V T 〉low + 〈V T 〉high. We can then compute the probability of detecting

nhigh BBHs with primary component mass m1 > Mcutoff , given that we have detected

nlow BBHs with primary component mass m1 < Mcutoff . (We ignore mass measurement

uncertainties which may prevent us from definitively assigning a BBH to either the low or

high mass class.) This probability is given by:

p
(
nhigh | nlow

)
=

∫ ∞
0

∫ ∞
0

p
(
nhigh,Λhigh,Λlow | nlow

)
dΛhighdΛlow

=

∫ ∫
p
(
nhigh | Λhigh

)
p
(
Λhigh | Λlow

)
p (Λlow | nlow) dΛhighdΛlow

=

∫ ∫
p
(
nhigh | Λhigh

)
δ
(
Λhigh − rΛlow

)
p (Λlow | nlow) dΛhighdΛlow

=

∫
p
(
nhigh | rΛlow

)
p (Λlow | nlow) dΛlow

∝
∫
p
(
nhigh | rΛlow

)
p (nlow | Λlow) p0 (Λlow) dΛlow,

(3.9)

where in the third line we used the definition of r given by Eq. 3.8 and in the last line we

used Bayes’s theorem. In Eq. 3.9 terms like p (n | Λ) denote the Poisson probability of n
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with mean Λ. We take the prior p0 (Λlow) to be the Jeffrey’s prior:

p0 (Λlow) ∝ 1√
Λlow

. (3.10)

We will return to Eq. 3.9 in Section 3.5.1.

3.4 Fitting the Mass Distribution

Our goal is to jointly infer the shape of the BBH mass distribution along with the lower

edge of a potential mass gap, Mmax. We therefore follow [3] in fitting a power-law mass

distribution to gravitational-wave BBH mass measurements, but we add the maximum BH

mass, Mmax, as a free parameter. We leave the minimum BH mass, Mmin, fixed at Mmin =

5M�. Thus, we consider a two-parameter mass distribution:

p (m1,m2 | α,Mmax) ∝ m−α1 H(Mmax −m1)

min(m1,Mtot,max −m1)−Mmin
, (3.11)

where H is the Heaviside step function that enforces a cutoff in the distribution at m1 =

Mmax. For consistency with the LIGO definition of a stellar mass BH, we restrict Mmax ≤

100M� throughout. Furthermore, as in the LIGO collaboration’s analysis, we enforce m1 +

m2 ≤ Mtot,max, which provides an additional constraint for Mmax > 1
2Mtot,max. The

LIGO collaboration fixes Mtot,max = 100M� and Mmax = 100M� −Mmin, as this is the

definition of a stellar-mass BBH set by the search. This choice corresponds to one of the

following assumptions: either (a) BBHs with total source-frame masses Mtot > 100M�

do not exist as part of the population of stellar-mass BBHs or (b) LIGO is not sensitive to

BBHs with total source-frame masses Mtot > 100M�, so we cannot constrain their existence.

(In the absence of detections with Mtot,max > 100M�, setting Mtot,max ≤ 100M� in the

population model, Eq. 3.11, is equivalent to assuming that the sensitivity vanishes for binaries

with Mtot > 100M�.) Assumption (a) may not be well-motivated, as population-synthesis
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models that predict stellar BBHs with component masses Mmax ∼ 50 − 100M� tend to

allow Mtot,max ∼ 2Mmax [39, 93]. Assumption (b) can also be questioned, as LIGO is

sensitive to BBHs with detector-frame total masses up to at least 600M� in the IMBH

matched-filter search [16]. However, the sensitivity may be lower than expected for very

high mass BBHs due to non-stationary instrumental noise [226] and the absence of precessing

and higher-order mode template waveforms, which leads to worse matches between signal

and template for very high mass BBHs in the matched-filter search [59, 55, 54]. If we

had an accurate model of V T (m1,m2) across the mass range 5 < m1,m2 < 100M� (by

performing a large-scale injection campaign), we could set Mtot,max = 2Mmax ≤ 200M� in

Eq. 3.11. However, because our calculation of V T may be overestimating the sensitivity to

binaries with Mtot,max > 100M�, when fitting Eq. 3.11 in the following sections, we repeat

the analysis once under the assumption that Mtot,max = min(2Mmax, 100M�) and once

assuming that Mtot,max = 2Mmax ≤ 200M�.

To extract the parameters of our assumed mass distribution (Eq. 3.11) from data, we

use the same hierarchical Bayesian methods as Appendix D of [3], further explained in

[179]. While GW data is noisy and subject to selection effects, both the measurement

uncertainties and selection effects are well-quantified. The selection effects refer to the mass-

dependent detection efficiency. Under the assumptions of negligible BH spins and a uniform

comoving merger rate, the detection efficiency is proportional to the sensitive spacetime

volume V T (m1,m2) as described in Section 3.3 and [8].

BBH masses are measured using the LALInference parameter-estimation pipeline, which

calculates the posterior probability density function (PDF) of all parameters that govern

the waveform given the data, di, from a BBH detection [245]. For an individual system,

measurements of m1 and m2 take the form of O(10, 000) posterior samples drawn from the

posterior PDF, p (m1,m2 | di). In the following section, we perform our analysis on published

mass measurements from the first four BBHs as well as on simulated BBH measurements. We
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use the fact that the one-dimensional PDFs for the source-frame chirp mass and symmetric

mass ratio are well-approximated by independent (uncorrelated) Gaussian distributions.

For the first four BBH sources, GW150914, LVT151012, GW151226, GW170104, we

approximate the source-frame chirp mass posterior PDF as a Gaussian with a mean and

standard deviation given by the median and 90% credible intervals listed in Table 4 of [3] or

Table 1 of [11]. In the case that the 90% credible interval is slightly asymmetric about the

median, we use the average to estimate the standard deviation. We likewise approximate the

posterior PDF of the symmetric mass ratio, η = q/(1 + q)2, as a Gaussian truncated to the

allowed range [0, 0.25], with a mean and standard deviation given by the entry for q in the

same tables. Using these approximate chirp mass and symmetric mass ratio distributions, we

generate 25,000 posterior samples from the component mass posterior PDFs of each event.

For our set of simulated BBH detections, we generate a set of component masses from an

underlying mass distribution. To each BBH system, we assign a redshift from a redshift dis-

tribution that is uniform in the merger-frame comoving volume. Given the simulated masses

and redshift of each BBH, we randomly generate its single-detector SNR from the antenna

power pattern, using the PSD corresponding to the early aLIGO high-sensitivity scenario (as

described in Section 3.3). Out of this population, the set of detections are those simulated

BBHs with a single-detector SNR satisfying ρ > 8. Given the true component masses and

the SNR of each mock BBH detection, we produce realistic mass measurements by generat-

ing 5,000–10,000 posterior samples for the component masses following the prescription in

Eq. 1 of [175]. Given true values for the chirp mass, MT , symmetric mass ratio, ηT , and

SNR, ρT , we draw chirp mass posterior samples from a Gaussian distribution centered at M̄

with standard deviation σM and symmetric mass ratio posterior samples from a Gaussian

distribution centered at η̄ with standard deviation ση. We only keep posterior samples with
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0.01 . η . 0.25. The variables M̄ and η̄ are drawn from Gaussian distributions:

M̄ ∼ N(MT , σM),

η̄ ∼ N(ηT , ση),

(3.12)

where σM, ση scale inversely with the SNR, and are given in [175].

Once we have samples from the posterior PDF, p (m1,m2 | di), for each event (both real

and simulated) and we have calculated the detection efficiency, Pdet(m1,m2) ∝ V T (m1,m2),

we follow Appendix D in [3] to fit Eq. 3.11. The likelihood for a single BBH detection given

the parameters of the mass distribution, α and Mmax, is given by:

p (di | α,Mmax) ∝
∫
p (di | m1,m2) p (m1,m2 | α,Mmax) dm1dm2

β (α,Mmax)

∝ 〈p (m1,m2 | α,Mmax)〉
β (α,Mmax)

,

(3.13)

where 〈. . .〉 denotes an average over the (m1,m2) posterior samples. This is valid because

for each event, p (di | m1,m2) ∝ p (m1,m2 | di), as the prior on m1, m2 is taken to be flat.

Therefore, we can calculate the integral in the first line of Eq. 3.13 by taking the average of

p(m1,m2 | α,Mmax) over the mass posterior samples. Meanwhile, β(α,Mmax) is defined as:

β(α,Mmax) ≡
∫
p (m1,m2 | α,Mmax)V T (m1,m2) dm1dm2. (3.14)

The likelihood for the data across all events d = {di} is the product of the individual event

likelihoods given by Eq. 3.13.

Furthermore, if we fix Mmax and assume a prior p0 (α |Mmax), we can calculate the

Bayesian evidence in favor of a given Mmax:

p (di |Mmax) =

∫
p (di | α,Mmax) p0 (α |Mmax) dα. (3.15)
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We can then calculate the Bayes factor between two power-law models that differ in their

choice of Mmax. Recall that the default LIGO analysis fixes Mmax = 100M� −Mmin. For

a sample of N detected BBHs (assumed to be independent), the cumulative Bayes factor

K(Mmax, 100M�) between a power-law model that fixes Mmax = M and one that fixes

Mmax = 100M� is a product of the single-event evidence ratios:

K(M, 100M�) =
N∏
i=1

p (di |Mmax = M)

p (di |Mmax = 100M�)
. (3.16)

We calculate the cumulative Bayes factor K(M, 100M�) in Section 3.5.2.

3.5 Results

3.5.1 Non-detection of heavy BBHs

We first give an example of how the detection of only four BBHs with primary masses

m1 ≤ 40–50M� is inconsistent with certain (possibly correct) power-law mass distributions

unless a mass gap is imposed. For a given mass distribution, we can use Eq. 3.9 to calculate

the probability of not detecting any BBHs above a certain mass, nhigh = 0, given that

we have detected nlow BBHs below the cutoff mass. To do this, we must first compute

the ratio 〈V T 〉low/〈V T 〉high as defined in Eq. 3.7, and then apply Eq. 3.9. The results of

this calculation for p(nhigh = 0 | nlow = 4) and p(nhigh = 0 | nlow = 10) are displayed in

Fig. 3.5.1. We show the results for two choices of cutoff mass: Mcutoff = 41M� (green curve)

is motivated by the 95% credible upper limit on the primary mass of GW150914, the heaviest

BBH detected, and Mcutoff = 50M� (blue and orange curves) is motivated by PPISN and

PISN supernova models, which predict a mass gap starting at 40–50M� (depending also

on details of binary evolution) [38, 254]. We also vary the maximum total mass, Mtot,max,

of the ”high mass” population between 100M� (blue and green curves), which is currently
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Figure 3.2: Ratio 〈V T 〉low/〈V T 〉high of the expected number of“low” mass to “high”
mass BBH detections from an underlying population with power law slope α (solid
curves). The blue and orange curves define low mass BBHs to have m1 < 50M�, while
the green curve defines low mass as m1 < 40M�. The blue and green curves conservatively
assume that the mass distribution and detector sensitivity extend only up to a total BBH
mass of 100M�, while the orange curve assumes that the BBH population and sensitivity
extend up to total masses of 200M�. The dashed (dotted) horizontal line corresponds to
values of the ratio 〈V T 〉low/〈V T 〉high for which the probability of detecting no high mass
BBHs and ten (four) low mass BBHs is less than 5%. V T ratios below this line correspond
to values of α that lie to the left of the vertical colored dashed lines. With enough low mass
BBH detections, shallow power law slopes (small positive values of α) become inconsistent
with the existence of high mass BBHs.
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the maximum total mass that the aLIGO search includes in the definition of a stellar mass

BBH, to 200M� (orange curve). We note that a power law with slope α = 1 is the “flat in

log” population that the LIGO-Virgo collaboration uses to compute the lower limits on the

BBH merger rate, and we calculate that unless a mass gap is imposed, detecting four BBHs

with primary masses m1 < 41M� is inconsistent with this population at the 96% level if we

restrict Mtot,max = 100M�, or at the > 99.9% level if we assume that the BBH population

and the detectors’ sensitivity extends up to Mtot,max = 200M�. Furthermore, unless a

mass gap is imposed, there is already some tension (inconsistency at the 93% level) with the

α = 2.35 population that LIGO-Virgo uses to compute the upper rate limits if we assume

Mtot,max = 200M�. If the BBH mass distribution has an upper cutoff at 40–50M�, the

inferred merger rates calculated without assuming the cutoff would be 1.4–2.1 times higher

for the “flat in log” population and 1.1–1.4 times higher for the α = 2.35 population.

3.5.2 Bayesian evidence in favor of mass gap

We have seen that assuming a single power-law mass distribution over the entire mass range

5–100M� can rule out shallow power law slopes in the absence of detections with component

masses m1 > 40–50M�. The absence of high mass detections will continue to push the

inferred power law slope to steeper values unless we allow for an upper mass gap in the

analysis. To study this point further, we simulate mock BBH mass measurements from a

power-law population with slope α = 2.35 and an upper mass cutoff at Mmax = 41M�)

(Eq. 3.11, but we follow the canonical analysis used by the LVC (see Eq. 3.3) and fix Mmax =

95M� and Mtot,max = 100M� when inferring the power law slope. While the bias on the

inferred slope α may be small with O(10) detections, with O(100) detections, the canonical

analysis will rule out the correct power law slope (see Fig. 3.5.2). (Although for hundreds of

detections, a non-parametric fit to the mass distribution should be considered.) If we follow

the canonical LIGO-Virgo analysis but set Mmax = 100M� and Mtot,max = 200M� rather
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than Mtot,max = 100M�, the presence of a mass gap will bias the power law inference even

more significantly, as the true population has Mtot,max = 82M�. These results show that

failing to account for an upper mass gap may lead to incorrect conclusions about the low

mass distribution. While we demonstrated this for an assumed power law model, this caveat

applies to any parametrized fit to the BBH mass distribution.

With the first four LIGO BBH detections, varying Mmax does not drastically bias the

inference on α when fitting Eq. 3.3 (see the solid lines in Fig. 3.5.2). However, we can distin-

guish the model favored by the data by calculating the cumulative Bayes factor. Following

Eqs. 3.15–3.16, we calculate this factor between two single-parameter power law models

with different fixed values of Mmax. We choose to compare two cutoff values, 41M� (the

95% upper limit on the heaviest component BH detected) and 100M�, and take the prior

p0 (α |Mmax) in Eq. 3.15 to be a top hat over the wide range −2 < α < 7.

For the first four BBH detections, K(41M�, 100M�) = 13 if we assume the detectable

BBH population only extends to Mtot,max = 100M� (so that Mmax = 100M� is really

Mmax = 95M�). If we instead assume that the Mmax = 100M� population is fully de-

tectable up to total binary masses of Mtot,max = 200M�, the Bayes factor increases to

K(41M�, 100M�) = 90, suggesting that there is already strong support for an upper mass

cutoff at Mmax ∼ 40M� over a cutoff at Mmax ∼ 100M� within the assumed power law

model [145]. The Bayes factor also depends on the choice of prior on α. We choose to be

relatively uninformative in our prior, excluding only very steeply declining mass distribu-

tions (α > 7) and allowing for moderately upward sloping mass distributions (−2 < α < 0),

but it is clear from Fig. 3.5.1 that a prior that favors large positive values of α (steeply de-

clining power law slopes) will lower the evidence in favor of a mass cutoff Mmax < 100M�,

while placing greater prior support on low values of α (shallow or downward sloping power

laws) will raise the evidence in favor of a mass cutoff. If we enforce α > 0 in the prior

in order to agree with other astrophysical mass distributions, the Bayes factors change to
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Figure 3.3: Inferred likelihood for the power law slope of the mass distribution, α,
calculated for 120 mock observations from a Mmax = 41M�, α = 2.35 population (dashed
and dotted curves) and the first four BBH detections (solid curves). The blue and orange
curves correspond to the canonical LVC analysis in which the maximum mass of the BBH
mass distribution is set to Mmax = 95M�, while the pink and green curves correspond to a
fixed maximum mass at Mmax = 41M�. Neglecting to account for a high mass cutoff biases
the power law inference to steep slopes. The solid black line at α = 2.35 is the true slope of
the simulated population, but gets ruled out by the canonical analysis.
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K(41M�, 100M�) = 5 if we restrict Mtot,max ≤ 100M� or K(41M�, 100M�) = 21 if we

allow Mtot,max ≤ 200M�.

We anticipate that a set of ten BBH detections with primary component masses m1 ≤

41M� will yield a Bayes factor K(41M�, 100M�) > 150, providing very strong evidence

for an upper mass gap. We assume that the underlying BBH population (and aLIGO’s

sensitivity) extends to total masses of 2Mmax in either case, so Mtot,max ≤ 200M�. We take

a flat prior on α in the range [−2, 7]. With 191 events from a simulated α = 2.35, Mmax =

41M� population, the single-event evidence ratios range from K(41M�, 100M�) = 1.0 to

K(41M�, 100M�) = 16.9, with a median of K(41M�, 100M�) = 2.6. With a subset of ten

BBH detections from this population, we get K(41M�, 100M�) > 150 in more than 99%

of cases. If we detect ten BBHs with primary component masses m1 ≤ 50M�, we likewise

expect very strong evidence for a mass cutoff, with K(50M�, 100M�) > 150 more than

95% of the time. The Bayes factor only compares two values of the mass cutoff; we fit for

the value of Mmax favored by a given set of detections in the following subsection 3.5.3.

3.5.3 Joint power law–maximum mass fit

In this section we fit the two-parameter mass distribution of Eq. 3.11. We calculate the

likelihood p(d | α,Mmax) as the product of individual event likelihoods in Eq. 3.13. We

take flat priors on α and Mmax, with −2 ≤ α ≤ 7 as before and Mmax ≤ 100M�. The

minimum allowed value of Mmax for a given set of detections is set by the lower mass bound

of the heaviest detected component BH. For simplicity, we take the lower mass bound to

be the minimum posterior sample. The upper bound Mmax ≤ 100M� is motivated by the

LIGO stellar mass BBH search as well as by population synthesis studies, which usually

predict that the BH mass distribution would extend to 80–130M� were it not for a pair-

instability mass gap [93, 38, 230]. We calculate the likelihood function on a 500×100 grid of

(α,Mmax) values in the allowed prior range, and verify that increasing the resolution of the
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(α,Mmax) grid does not change our results. In fact, the resolution in the Mmax dimension is

limited by the finite number of posterior samples that are used to represent the component

mass posterior PDFs for each event. To reduce these artificial discontinuities in the Mmax

dimension of the likelihood evaluation, we apply a two-dimensional smoothing spline before

displaying the results.

The results of the joint power law–maximum mass analysis for the set of four detected

BBHs is shown in Fig. 3.4. We compute the joint likelihood twice: once fixing Mtot,max =

100M�, so that the population of stellar mass BBHs is restricted to total masses Mtot ≤

100M� regardless of Mmax (top right panel) and once fixing Mtot,max = 200M�, so that

the maximum total mass of the population is allowed to extend to Mtot,max = 2Mmax. We

calculate the marginal posterior PDFs of α and Mmax (top left and bottom right panels)

under the assumption of a uniform prior on α in the range [−2, 7] and a uniform prior on

Mmax in the range [29M�, 100M�] (29M� is the minimum posterior sample we generated

for the primary component mass of GW150914).

It is clear that properly accounting for our uncertainty on Mmax when fitting the power-

law mass distribution increases the support for shallow power law slopes which would other-

wise be ruled out under the assumption that the mass distribution extends continuously

to ∼ 100M�. Allowing for freedom in Mmax shifts the preferred values of α to shal-

lower slopes, even allowing for negative α, as compared to the canonical analysis that fixes

Mmax = 95M� (orange dot-dashed curve in Fig. 3.4). Furthermore, the first four BBH

detections already start to constrain Mmax. The marginal posterior PDF p(Mmax) peaks

strongly at Mmax ∼ 40, and the 95% upper limits on the inferred p(Mmax) are 76.6M� if

assuming Mtot,max = 200M� (or 90.7M� if we conservatively assume Mtot,max = 100M�).

Taking Mtot,max = 200M� rather than 100M� allows the detectable BBH population to

extend to 2Mmax, thereby increasing the expected sensitivity to BBHs with primary com-

ponent masses Mmax > 50M�. Thus, the non-detection of heavy BBHs yields tighter
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Figure 3.4: Joint fits for α, Mmax from the first four LIGO detections. Lower left
panel: The posterior PDF p(α,Mmax) under the conservative assumption that Mtot,max =
100M�. Upper right panel: The posterior PDF p(α,Mmax) assuming full matched-filter
sensitivity up to Mtot,max = 200M�. Upper left panel: The marginal posterior PDF for α
under each assumption of Mtot,max (green solid and dashed blue curves). The orange dash-
dotted curve shows the results of the canonical analysis (Eq. 3.3) in which Mmax is fixed at
Mmax = 95M� and Mtot,max = 100M�. Lower right panel: The marginal posterior PDF
for Mmax under each assumption of Mtot,max. The vertical dotted lines denote 95% credible
intervals. Throughout, we take a uniform prior on α in the range −2 ≤ α ≤ 7 and on Mmax

in the range Mmax < 100M�, as described in the text.
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Figure 3.5: Joint fits for (α, Mmax) using 40 simulated BBH detections from 3
populations, assuming that Mtot,max = 2Mmax and that LIGO/Virgo is sensitive up to
Mtot,max = 200M�. Each column represents a different simulated population where the
true α, Mmax values are shown by the orange star. Left column: α = 2.35, Mmax = 50M�;
middle column: α = 1, Mmax = 50M�; right column: α = 2.35, Mmax = 40M�. The top
row shows the posterior PDF p(α,Mmax) as recovered from 40 events, the second row shows
the marginal PDF of Mmax, and the bottom row shows the marginal PDF of α for each
simulated population.

constraints on the inferred Mmax when we assume Mtot,max = 200M�, but the peak of the

Mmax distribution remains unchanged.

To explore the impact of future detections on the inferred mass distribution, we repeat

this analysis for three simulated BBH populations, two with a power law slope α = 2.35 and

one with a power law slope α = 1. One of the α = 2.35 populations, as well as the α = 1

population, has a mass gap starting at Mmax = 50M�, while the other α = 2.35 population

has a mass gap starting at Mmax = 40M�.

The results of this calculation, assuming sensitivity up to Mtot,max = 200M�, are shown
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in Fig. 3.5, where each column corresponds to 40 detections from one of the three simulated

populations. We see that 40 detections yield strong constraints on both the slope and

maximum mass of the population. If the true population has a cutoff at Mmax = 40M�

(right column in Fig. 3.5) rather than 50M�, we get tighter constraints on Mmax. Similarly,

we expect better constraints on the maximum mass for shallower mass distributions, as the

non-detection of heavy BHs is more striking for shallow mass distributions (see Fig. 3.5.1).

The maximum mass is indeed better constrained for the population with power law slope

α = 1 (middle column) than for the population with the same mass cutoff Mmax = 50M�

but steeper power law slope α = 2.35 (left column). As the first four LIGO detections

currently favor Mmax < 50M� and moderately shallow power law slopes α < 3 (Fig. 3.4),

we expect that fewer than 40 detections will strongly constrain Mmax.

3.6 Discussion

3.6.1 Effect of Redshift Evolution

We have assumed that the merger rate, as measured in the source-frame, is uniform in

comoving volume (Eq. 3.4). In reality, the merger rate per comoving volume is expected

to increase with redshift until z ∼ 2 [see, for example, Extended Data Fig. 4 in 39]. This

would mean that we have underestimated the V T factors for high mass systems, because

high mass systems are detectable at higher redshifts. Thus, we have also underestimated

the terms 〈V T 〉low/〈V T 〉high displayed as a function of power law slope α in Fig. 3.5.1, and

the tension between certain power law slopes and the non-detection of heavy BHs is in fact

greater than we predicted. If we assumed a steeper redshift evolution of the merger rate,

fewer detections would resolve the mass gap at high confidence.
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3.6.2 Distribution of mass ratios

In fitting the mass distribution of BBHs (Eq. 3.11), we assumed that the distribution of

mass ratios, q, is uniform in the allowed range Mmin/m1 < q < min(Mtot,max/m1 − 1, 1).

In particular, we assumed that for a given primary component mass, m1, the marginal

distribution of m2 = qm1 is given by Eq. 3.2. However, many BBH formation models

predict a preference for equal-mass mergers [86, 211]. To explore the effects of our assumed

mass ratio distribution, we generalize Eq. 3.2:

p(m2 | m1) ∝ mk
2

min(m1,Mtot,max −m1)k+1 −Mk+1
min

, (3.17)

so that k = 0 reduces to Eq. 3.2 while k > 0 favors more equal mass ratios. We find that the

choice of k ≥ 0 does not noticeably impact our results, and we recover consistent posteriors

on (α,Mmax) if we fix k = 6 rather than k = 0. However, we note that there is currently no

evidence that the distribution of mass ratios, p(q | m1), deviates from the assumed uniform

distribution. Although all of the events so far are consistent with mass ratios close to unity,

this is not surprising given the selection effects that favor more equal-mass systems. For

a fixed primary mass, m1, assuming full matched-filter sensitivity, we would expect five

detections with q > 0.5 for every detection with q < 0.5, and two detections with q > 0.7 for

every detection with q < 0.7, even if we take q to be uniform in the range [0, 1] rather than

[Mmin/m1, 1]. We can explicitly check if the data favors k > 0 if we incorporate Eq. 3.17

into the power law mass distribution, so that Eq. 3.11 becomes:

p (m1,m2 | α,Mmax) ∝ m−α1 mk
2 H(Mmax −m1)

min(m1,Mtot,max −m1)k+1 −Mk+1
min

. (3.18)

We fit the above Eq. 3.18 for k, marginalizing over α and Mmax, and find that, for the first

four LIGO detections, the likelihood p(d | k) peaks mildly at k = 0, but is very broad. Thus,

the first four BBHs mildly favor a uniform distribution of mass ratios. Future detections will
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continue to test this assumption.

3.6.3 Extending to non-power-law mass distributions

Although a power law provides a good fit to the mass distribution of massive stars, there

are theoretical indications that the masses of BHs in merging binaries may diverge from a

power-law distribution. For example, supernova theory suggests that there is a nonlinear

relationship between the initial zero-age main sequence mass of star and its resulting BH

[39, 230]. In fact, PPISN and PISN are associated with significant mass loss and may cause

a deviation in the BH mass distribution at masses > 30M�. Additionally, several models

predict that a mass-dependent merger efficiency causes the mass distribution for merging

binaries to differ significantly from the BH mass function [198]. While we have focused

solely on power law fits to the mass distribution, an increased sample of BBH detections

will allow us to explore more complicated parametric and non-parametric models and select

a model for the mass distribution that best fits the data. Regardless of the model, it is

straightforward to include a free parameter (in our case, Mmax) that fits for the bottom

edge of the upper mass gap.

3.6.4 Are there BBHs beyond the gap?

So far we have restricted our attention to the bottom edge of the upper mass gap, but LIGO

is also probing the upper edge of the mass gap in the IMBH search, with results from the first

observing run presented in [16]. It is theoretically unclear whether BHs exist on the other

side of the mass gap (predicted at ∼ 135M�), as the frequency of sufficiently high mass

stars is unknown [39]. Before accounting for PPISN or PISN, previous population-synthesis

predictions placed the maximum BH mass at 80–135M� for zero age main sequence masses

MZAMS < 150M� [38, 93, 230]. However, stars with MZAMS & 200M� in a sufficiently

low-metallicity environment (Z ∼ 0.07Z�) are expected to directly collapse to BHs with
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masses ∼ 120–280M� [231]. We find that LIGO is approximately five times more sensitive

to a population of equal mass BBHs just above the mass gap (with total masses in the

range 270–300M�) than to equal mass BBHs with total masses in the range 10–65M�.

In the unlikely scenario that a power law continues unbroken over the entire mass range

10 ≤ Mtot ≤ 300M�, we could constrain the existence of BBHs above the mass gap by

extrapolating the power-law fit from the mass distribution below the gap. If we take a power

law with slope α = 1, the expected number of detected BBHs below the gap (5 . m1 . 40)

is ∼ 1.76 times greater than the expected number of detected binaries directly above the gap

(135 ≤ m1 ≤ 150M�). This means that within ∼ 10 BBH detections with 5 . m1 . 40, the

non-detection of BBHs above the gap would imply that the power-law extrapolation with

α = 1 breaks down or that BBHs above the gap do not exist. However, if we extrapolate

a power law with slope α = 2.35 across this mass range, the expected number of detections

below the gap is ∼ 22.9 times the expected number of detections directly above the gap, so

it would take & 60 BBH detections to invalidate the power law extrapolation to the other

side of the gap. The existing sample of BBHs is too small to place interesting constraints on

the existence of systems beyond the gap.

3.7 Conclusion

We have shown that given LIGO’s extremely high sensitivity to BBHs with component

masses 40 ≤ m1 ≤ 100M�, it is statistically significant that the first four detections have

been less massive than 40M�. We present a two-parameter model for the BBH mass dis-

tribution, consisting of a power law with slope α and a cutoff at Mmax, and find that

the first four detections already provide evidence for a cutoff to the mass distribution at

Mmax ∼ 40M�. This cutoff may be the lower edge of a PPISN/ PISN upper mass gap. Fur-

thermore, LIGO-Virgo have recently announced two more BBH detections (GW170608 and

GW170814), both of which are less massive than 40M� and only strengthen our conclusions

50



[13, 12]. We find that within O(10) BBH detections, the location of the bottom edge of the

upper mass gap will be significantly constrained. Our model assumes that all BBHs belong

to a single population described by the same power law, so that the detection of a binary

with mass in the mass “gap” would reset the lower edge of the gap beyond the mass of the

newly-detected binary. However, we expect to quickly converge on the true maximum mass

of the population within . 40 detections. At this point, the detection of a binary in the

mass gap will be statistically inconsistent with this single population, and may indicate a

subpopulation of BBHs that did not form directly from stellar-collapse (e.g. primordial BHs

or BHs formed through previous mergers). The BBH spin distribution will provide further

constraints on the existence of these subpopulations and will allow us to measure the fraction

of BBHs that formed through previous mergers [106, 120].
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CHAPTER 4

DOES THE BLACK HOLE MERGER RATE EVOLVE WITH

REDSHIFT?

The previous two chapters discussed how we can learn about the origins of binary black holes

from their masses and spins. This chapter looks at a third property of the binary black hole

population: how many black hole mergers are there, and does the merger rate change over

the history of the universe? Using the first six binary black hole mergers detected by LIGO

and Virgo, we fit the leading order redshift evolution of the merger rate, and found that the

rate was consistent with a non-evolving merger rate, as well as astrophysically-reasonable

deviations. We were able to rule out extreme deviations that would point to, for example,

strong lensing of the gravitational-wave signals or deviations from general relativity.

The redshift evolution of the merger rate contains information regarding the formation

times of binary black hole progenitors, and the time delays between formation and redshift.

For example, comparing the merger rate to the evolution of stars, galaxies, and chemical en-

richment over cosmic time will shed insight into the environments and processes that affect

black hole formation and merger. In this chapter, we find that with roughly 500 detections

by LIGO at design sensitivity, we will be able to meaningfully distnguish between different

formation channels for binary black holes by measuring the local redshift evolution. For

example, we will be able to measure whether the merger rate increases faster or slower than

the star formation rate locally. Building upon the work in this chapter, we recently collab-

orated with Tom Callister to show that combining this measurement with information from

the stochastic gravitational-wave background – which consists of all of the quiet, unresolved

mergers in the universe – will considerably improve this measurement, allowing us to con-

strain the merger rate out to redshifts beyond z > 2 and measure the location of a peak in

the rate [56].

This chapter was carried out in collaboration with Will Farr and Daniel Holz and pub-
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lished as [109]. This chapter contains the analysis on the first six binary black hole detections.

I later repeated this analysis on the full O1 and O2 sample consisting of ten binary black

holes in [19]. Analyzing the full dataset, we found a preference for merger rates that in-

creased with increasing redshift, ruling out merger rates that declined with redshift at the

93% level.
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also supported by the Kavli Institute for Cosmological Physics at the University of Chicago

through NSF grant PHY-1125897 and an endowment from the Kavli Foundation. DEH

also gratefully acknowledges support from the Marion and Stuart Rice Award. WMF is
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4.1 Abstract

We explore the ability of gravitational-wave detectors to extract the redshift distribution

of binary black hole (BBH) mergers. The evolution of the merger rate across redshifts

0 < z . 1 is directly tied to the formation and evolutionary processes, providing insight

regarding the progenitor formation rate together with the distribution of time delays between

formation and merger. Because the limiting distance to which BBHs are detected depends

on the masses of the binary, the redshift distribution of detected binaries depends on their

underlying mass distribution. We therefore consider the mass and redshift distributions

simultaneously, and fit the merger rate density, dN/dm1 dm2 dz. Our constraints on the

mass distribution agree with previously published results, including evidence for an upper

mass cutoff at ∼ 40 M�. Additionally, we show that the current set of six BBH detections

are consistent with a merger rate density that is uniform in comoving volume. Although

our constraints on the redshift distribution are not yet tight enough to distinguish between

BBH formation channels, we show that it will be possible to distinguish between different
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astrophysically motivated models of the merger rate evolution with ∼ 100–300 LIGO-Virgo

detections (to be expected within 2–5 years). Specifically, we will be able to infer whether

the formation rate peaks at higher or lower redshifts than the star formation rate, or the

typical time delay between formation and merger. Meanwhile, with ∼ 100 detections, the

inferred redshift distribution will place constraints on more exotic scenarios such as modified

gravity.

4.2 Introduction

The redshift dependence of the binary black hole (BBH) merger rate carries information

about the processes by which BBHs evolve and merge, including the environments in which

they form, the star formation rate (SFR), and the time-delay distribution. By measur-

ing the luminosity distance1 to detected sources, the current generation of ground-based

gravitational-wave (GW) detectors will be able to measure the redshift distribution of BBH

mergers up to redshifts z ∼ 1 [2, 7]. The inferred redshift distribution will provide important

clues regarding the BBH formation channel. For example, in the classical isolated binary evo-

lution channel, the redshift evolution follows the SFR convolved with a distribution of time

delays between formation and merger [91, 2, 39]. Meanwhile, in the dynamical formation

channel, the evolution of BBH mergers is tied to the evolution of globular clusters [65, 213].

If BBHs are primordial, they are expected to largely follow the dark matter distribution

[181, 157]. Furthermore, several exotic scenarios, such as gravitational leakage [92, 80, 203]

or a significant population of strongly lensed BBH systems [51, 228], would leave an imprint

on the inferred redshift distribution.

In this work we consider the BBH merger rate density as a function of the component

masses, m1 and m2, and redshift, z. The mass and redshift distributions must be fit si-

1. Throughout we fix the cosmological parameters to their Planck 2015 values [24] to convert between the
GW-measured luminosity distance and the cosmological redshift of the source. Changes to these parameters
within the current range of uncertainties will not have any qualitative impact on our conclusions.
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multaneously, because the detection efficiency of GW detectors depends on the component

masses as well as the distance to the source, as discussed in §4.3. We parametrize the mass

distribution as a power law with a variable upper mass cutoff, as in [105]. For the redshift

distribution, we consider two parametrizations. The first parametrization is motivated by

the low-redshift SFR, and assumes that the BBH merger rate follows the comoving volume to

zeroth order in redshift. This model can fit astrophysically motivated redshift distributions,

including metallicity-weighted SFRs convolved with various time-delay distributions. The

second model allows for much more extreme deviations from a uniform in comoving volume

merger rate, even at low redshifts, making it less suitable for distinguishing between differ-

ent formation channels but more sensitive to the exotic scenarios discussed above, including

modified gravity. These two models are described in §4.4.

In §4.5.1 we fit a joint mass-redshift distribution to the first six BBH detections announced

by the LIGO-Virgo Collaboration (LVC): GW150914, LVT151012, GW151226, GW170104,

GW170814, and GW170608 [21, 4, 5, 11, 13, 12]. For simplicity we treat LVT151012, which

has an 87% probability of having astrophysical origin, as a full detection [3]. Although it has

recently been suggested otherwise [51], we find that this set of detections is entirely consistent

with a redshift distribution that is uniform in comoving volume. We show how future

detections will improve the measurement of the BBH merger rate as a function of component

masses and redshift in §4.5.2. We predict that with a few hundred BBH detections by LIGO-

Virgo operating at design sensitivity, the measurement of the BBH redshift distribution will

be precise enough to distinguish between different formation channels.

4.3 Detected redshift distribution

The distribution of redshifts among detected BBHs depends on the underlying mass distri-

bution of the black holes. Assuming that the true BBH merger rate is constant in comoving

volume, the redshifts of detected BBHs follow the cumulative probability distributions shown
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in Figure 4.3, depending on their component masses. We assume detected BBHs are those

that produce a signal-to-noise ratio (SNR) ρ > 8 in a single detector (see §4.5 for more

details). Within the relevant mass range for stellar-mass BBHs, the GW signal from more

massive BBH mergers is intrinsically stronger (“louder”) and can be detected at greater

distances. This means that the average redshift among detected heavy BBHs is higher than

the average redshift among detected light BBHs. This can be seen in Figure 4.3, as the

cumulative probability curves shift to the right with increasing BBH mass. Equivalently, the

mass distribution of detected black holes is different from the true underlying mass distri-

bution, with a preference for more massive black holes over less massive ones. Furthermore,

as the sensitivity of the GW detector improves, the average redshift of the detected BBHs

will increase. This is seen in the difference between the dashed curves, which assume a noise

level appropriate to advanced LIGO’s (aLIGO’s) second observing run, and the solid curves,

which assume the noise level for aLIGO at design sensitivity [respectively, the “Early High

Sensitivity” scenario and “Design Sensitivity” noise curves from 7].

It is clear from Figure 4.3 that it is impossible to infer the underlying BBH redshift dis-

tribution independently of the BBH mass distribution. If the BBH merger rate density (rate

per comoving volume) increases with increasing redshift, all of the cumulative probability

curves in Figure 4.3 would shift to the right. However, increasing the relative number of

massive BBH mergers in the population also increases the proportion of sources detected at

high redshift. In other words, the measured redshift distribution alone cannot distinguish

between a merger rate that increases with redshift and a population with a high fraction

of massive BBHs [see also 34]. Likewise, the detected mass distribution is sensitive to the

underlying redshift distribution; a greater fraction of detected BBHs will be high mass if the

merger rate density increases with redshift, because only the high-mass BBHs are detectable

at high redshift. In the following, we jointly examine the mass and redshift distribution of

merging BBHs.
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sensitivity. If the merger rate evolves positively (negatively) with redshift, these curves would
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4.4 Joint Mass-redshift Model

We consider the differential mass-redshift distribution of BBHs:

dN

dm1dm2dz
≡ Rp(m1,m2, z), (4.1)

where R is the total number of BBHs across all masses and redshifts, so that:

∫
dN

dm1dm2dz
dm1dm2dz = R, (4.2)

and p(m1,m2, z) integrates to unity.

Given dN
dm1dm2dz

, we can solve for the usual merger rate density, dN
dVcdtm

, where tm is the

source-frame time. The merger rate density as a function of redshift is given by:

dN

dVcdtm
(z) =

dN

dz
(z)

[
dVc
dz

(z)

]−1 1 + z

Tobs
, (4.3)

where:

dN

dz
=

∫
dN

dm1dm2dz
dm1dm2, (4.4)

Tobs is the total observing time of the GW detector network as measured in the detector

frame, and the (1 + z) factor converts detector-frame time to source-frame time.

As a first step, we assume that the underlying mass distribution does not vary across

cosmic time, so that we can factor the joint mass-redshift distribution as:

p(m1,m2, z) = p(m1,m2)p(z). (4.5)

This assumption may break down over a large range of redshifts, as many formation scenarios

predict some dependence of the mass distribution on the merger redshift. However, aLIGO

is only sensitive to redshifts z . 1.5 (see Figure 4.3), where Equation 4.5 is likely a good
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approximation, particularly if the distribution of delay times is broad [see, for example,

Figure 3 in 184, 65]. For the mass distribution, we use the two-parameter model from [105],

which is an extension to the power-law model employed by the LVC to fit the BBH mass

distribution to the first four detections [3, 11] incorporating the possibility of a mass gap

above & 40M� due to pair-instability supernovae [115, 127, 38]. We assume that the mass

distribution takes the form:

p(m1,m2 | α,Mmax) ∝ m−α1

m1 − 5 M�
H(Mmax −m1), (4.6)

where H is the Heaviside step function. We fix the distribution of secondary masses, m2,

to be uniform between the minimum BH mass and m1, and fix the minimum BH mass,

Mmin = 5 M�.

4.4.1 Redshift Model A

For our first redshift model, we choose the following parametrization:

p(z | λ) ∝ dVc
dz

1

1 + z
(1 + z)λ, (4.7)

so that λ = 0 reduces to a merger rate density that is uniform in comoving volume and

source-frame time. The extra factor of (1 + z)−1 converts from detector-frame to source-

frame time. Note that for very small z, Equation 4.7 reduces to a constant in comoving

volume and source-frame time merger rate regardless of the value of λ.

If the rate density follows the specific SFR, we would expect:

p(z) ∝ dVc
dz

1

1 + z
ψ(z), (4.8)
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where ψ(z) is the specific SFR [173]:

ψ(z) = 0.015
(1 + z)2.7

1 + [(1 + z)/2.9]5.6
M� yr−1 Mpc−3. (4.9)

Other models for the SFR, such as [244] or [239], agree with the Madau-Dickinson SFR at

the low redshifts relevant to aLIGO, z < 1.5. We note that Equation 4.7 with λ = 2.7

approximates Equation 4.8 for z � 1, whereas λ = 2.4 provides a very good approximation

to Equation 4.8 for 0.1 . z . 1. Alternatively, because BBH formation is more efficient

at low metallicities, we might expect that the rate density follows the low-metallicity SFR,

ψ(z)fZ(z), where fZ(z) is the fraction of star formation occurring at metallicity ≤ Z at

redshift z [43, 182, 232, 2, 174]. For example, [166] give the fit:

fZ(z) = Γ̂

(
0.84,

Z

Z�

2
100.3z

)
, (4.10)

where Γ̂ is the incomplete gamma function [see also 174]. As the average metallicity decreases

with increasing redshift, the low-metallicity SFR rises more steeply with increasing redshift,

and peaks at higher redshift. We find that a rate density that follows the low-metallicity

(Z ≤ 0.3Z�) SFR:

p(z) ∝ dVc
dz

1

1 + z
ψ(z)fZ=0.3Z�(z), (4.11)

leads to a redshift distribution, p(z), that is well approximated by Equation 4.7 with λ = 3.3.

It has also been proposed that the progenitors of BBHs are Population III stars formed at

zero metallicity, in which case we might expect an even steeper increase of the merger rate

with increasing redshift [36, 150].

More realistically, the rate density follows the SFR convolved with a time-delay distribu-

tion. Different formation channels predict different time-delay distributions. If typical time

delays are very long (∼4–11 Gyr), as in the chemically homogeneous formation channel, the

rate density will peak at very low redshifts (z ∼ 0.4) well within the aLIGO horizon [174].
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Under the parametrization of Equation 4.7, this corresponds to λ < 0; in the range z ≤ 1,

the best fits to such redshift distributions are given by −6 ≤ λ ≤ −4. In the classical field

formation scenario, typical time delays are much shorter (∼10–300 Myr) [88, 89]. In this

field formation channel, the time delay is expected to follow a distribution:

τ ∝ τ−1 τmin < τ < τmax, (4.12)

where typically τmin ∼ 50 Myr and τmax is a Hubble time. In the redshift range of interest to

aLIGO, this corresponds to a merger density that increases with increasing redshift (λ > 0),

but is less steep than the SFR. For example, if the formation rate of BBHs follows the Madau-

Dickinson SFR, and the time-delay between formation and merger follows Equation 4.12,

the merger rate at z . 1 can be described by Equation 4.7 with λ ∼ 1.3. A measurement

of λ > 1.3 for the merger rate would indicate that the BBH formation rate density peaks at

higher redshift than the SFR (possibly because of metallicity evolution), or that there is a

stronger preference for very short time delays.

If the time-delay distribution is in fact restricted to very short time delays (for example,

a flat distribution between τmin = 50 Myr and τmax = 1 Gyr), the BBH merger rate density

will be nearly identical to their formation rate density at z . 1. This may be the case

for mergers that take place inside globular clusters. On the other hand, binaries that form

dynamically inside clusters but are ejected prior to merger tend to have much longer time

delays, on the order of ∼ 10 Gyr [211], corresponding to λ ∼ −10.

4.4.2 Redshift Model B

For our second redshift model, we assume that the merger rate distribution is uniform in

V
γ/3
c = D

γ
c and source-frame time, so that γ = 3 implies that the distribution is uniform in
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comoving volume. In other words, the redshift distribution takes the form:

p(z | γ) ∝ 1

1 + z

D
γ−1
c

E(z)
, (4.13)

where Dc is the comoving distance and dDc ∝ dz
E(z)

[133]. This redshift model is more

flexible than Model A in the local universe, as it allows for large deviations from a constant

in volume merger rate at low redshifts, whereas Model A always reduces to a constant

in volume merger rate in the limit z → 0. Model B can constrain scenarios that would

cause extreme variations in the slope of the redshift distribution locally, such as a significant

population of strongly lensed sources that appear closer than they are [51], leading us to

infer γ < 3, or GW leakage causing sources to appear farther than they are, leading us to

infer γ > 3 [80]. Previous studies have explored such scenarios through their effects on the

SNR distribution [67, 118, 53] or GW standard siren measurements [203]. However, such

effects on the redshift distribution (and likewise, the SNR distribution) will most likely be

difficult to disentangle from the astrophysical processes that control the redshift and mass

distributions. For example, in Figure 4.4.2, the dotted pink curve, corresponding to Redshift

Model B, γ = 4, and the solid green curve, corresponding to Redshift Model A, λ = 3, are

very similar.

Figure 4.4.2 shows the expected redshift probability density function (PDF) for sources

detected by aLIGO at design sensitivity, assuming that the true mass-redshift distribution

is described by the models discussed in this section. The solid, dashed, and dashed-dotted

blue curves assume the same underlying redshift distribution (corresponding to a constant

merger rate density), but different mass distributions. Meanwhile, the solid blue, orange, and

green curves show how the detected redshift PDF varies with different underlying redshift

distributions parametrized by λ, for a fixed mass distribution. The dotted pink curve assumes

the same mass distribution, but takes the underlying redshift distribution to follow Model B

with γ = 4. If the merger rate increases with redshift (for example, the solid green compared
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Figure 4.2: Expected redshift distributions among the detected BBHs for LIGO-
Virgo operating at design sensitivity, for different choices of the underlying redshift
distribution parametrized by λ (Model A) or γ (Model B). The detected redshift distributions
depend on the underlying mass distribution, which we parametrize with a power-law slope,
α, and an upper mass cutoff, Mmax.
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to the solid blue curve), the detected distribution will skew to high redshifts. However, the

effects of changing the mass distribution can be equally, if not more, significant (for example,

the difference between the dashed, dashed-dotted and solid blue curves). As we shall see in

the following section when we infer the parameters of the mass-redshift model, this leads to

a degeneracy between the mass parameters and the redshift evolution parameter.

4.5 Fitting the Mass-redshift Distribution

In this section, we fit our parametrized model for the differential mass-redshift distribution,

dN
dm1dm2dz

, to real and simulated LIGO-Virgo detections. Our goal is to extract the four

population parameters of the model from GW measurements of the masses and luminosity

distances of detected sources. We assume a fixed ΛCDM cosmology determined by the 2015

Planck cosmological parameters [24], so that the measured luminosity distance is a direct

measurement of the redshift. The shape of the mass-redshift distribution is governed by

three parameters, θ. For Model A of the redshift evolution, θ = {α,Mmax, λ} and for Model

B, θ = {α,Mmax, γ}. The fourth parameter, R, corresponds to the total number of detected

BBH systems and gives the overall normalization according to Equation 4.2, allowing us to

solve for the physical merger rate of BBHs (Equation 4.3).

We model the rate density dN
dm1dm2dz

as a Poisson point process [169, 96, 255]. The

likelihood for the GW data {di}Nobs
i=1 from Nobs observations, given population parameters
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{θ, R} is given by:

p({di} | θ, R) =

Nobs∏
i=1

∫
p(di | m1,m2, z)

dN

dm1dm2dz
(m1,m2, z | θ, R) dm1dm2dz

 e−β(θ,R)

(4.14)

=

Nobs∏
i=1

〈
1

π(zi,mi
1,m

i
2)

dN

dm1dm2dz

(
mi

1,m
i
2, z

i | θ, R
)〉
{zi,mi

1,m
i
2}

 e−β(θ,R),

(4.15)

where 〈· · · 〉 denotes an average over {zi,mi
1,m

i
2} posterior samples from the ith event and

π(zi,mi
1,m

i
2) denotes the interim prior used in the analysis of individual events. The stan-

dard priors used in the LIGO analysis of individual events are uniform in component masses

and “volumetric” in distance [245]:

π(z,m1,m2) ∝ dL(z)2. (4.16)

It is interesting to note that the redshift distribution described by Equation 4.16 matches

Model A with λ = 3 (as opposed to λ = 0, which corresponds to a constant rate density),

and so the simplifying assumption that the universe follows a Euclidean geometry implies a

redshift distribution that mimics the SFR. Meanwhile, β(θ, R) is given by:

β(θ, R) =

∫
dN

dm1dm2dz
(m1,m2, z | θ, R)Pdet(m1,m2, z)dm1dm2dz (4.17)

where Pdet(z,m1,m2) is the fraction of binary sources at a given redshift and of given

component masses that are detectable by the GW detector network. We assume that sources

are isotropically distributed on the sky, and the binary inclination is uniformly distributed

on the sphere (i.e., uniform in cos(inclination)). We also fix all BH spins to zero in our
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analysis. Alternatively, we could allow the spins to vary and marginalize over the spin

distribution when measuring the mass-redshift distribution [255]. However, incorporating

the spin distribution will not affect our analysis significantly, considering that BBHs seem

to have small aligned-spin components [99, 95].

Given the component masses and spins, sky position, inclination, and distance (or equiv-

alently, redshift) of the BBH source relative to a GW detector, together with a power

spectral density (PSD) that characterizes the noise of the detector, we can calculate the

single-detector SNR [103, 91]. We consider a single-detector SNR threshold ρth = 8 for

detection (corresponding to a network SNR threshold of 12), and assume that for O1 and

O2, the noise follows the PSD given by the aLIGO “Early High Sensitivity” scenario [7].

For this calculation we ignore the distinction between the true and measured SNR, which,

with only six events, does not significantly impact our results. The probability of detection,

Pdet(z,m1,m2), is therefore the fraction of sources that produce a true SNR of ρ = 8 in a

single detector.

We are interested in the posterior probability of the population parameters {θ, R}, which

is related to the likelihood in Equation 4.14 by a prior:

p(θ, R | {di}) ∝ p({di} | θ, R)p(θ, R). (4.18)

We choose broad, uninformative priors. We take a flat prior for the parameters that make up

θ (the power-law slope, maximum component mass, and redshift evolution parameter). Our

default prior ranges are α ∈ [−4, 5], Mmax ∈ [31 M�, 100 M�], λ ∈ [−50, 30] and γ ∈ [0, 8].

For the rate parameter R, we take a flat-in-log prior over the range R ∈ [10, 1012]. Recall

that R is the total number of mergers between redshift z = 0 and the maximum redshift at

which the detectors are sensitive—roughly z = 0.6 for O1 and O2 [2, 151]. The combined

prior is then:

p(θ, R) ∝ 1

R
. (4.19)
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With this prior choice, the posterior marginalized over R reduces to:

p(θ | {di}) ∝
Nobs∏
i=1

∫
p(di | m1,m2, z)p (m1,m2, z | θ) dm1dm2dz

ξ (θ)
p(θ), (4.20)

where:

ξ (θ) =

∫
p (m1,m2, z | θ)Pdet(m1,m2, z)dm1dm2dz (4.21)

= β(θ, R)/R, (4.22)

and p (m1,m2, z | θ) is related to dN
dm1dm2dz

(m1,m2, z, | θ, R) by Equation 4.1. Equation 4.20

follows because Equation 4.18 can be written as:

p(θ, R | {di}) ∝ p (θ | {di}) [ξ (θ)]Nobs RNobs−1e−Rξ(θ), (4.23)

which when marginalized over R, yields (Nobs−1)! p (θ | {di}). Equation 4.20 is identical to

the form of the posterior derived in [179] and used in previous population analyses of GW

events [8, 105].

4.5.1 LIGO-Virgo detections

We fit our mass-redshift model to the first six announced BBH detections. We caution that

at the time of writing, the analysis of LIGO’s second observing run is still ongoing, and the

sample of detections is not guaranteed to be complete. In order to avoid introducing any

unmodeled selection biases, proper analysis should wait until the release of the final sample;

nevertheless, our analysis illustrates the types of constraints we expect from six BBHs.

From each of these six events, we approximate the mass and redshift posterior PDFs

using the published central values and 90% credible bounds. Specifically, we approximate

the detector -frame chirp mass posterior PDFs by Gaussian distributions with a mean and
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Figure 4.3: Posterior PDF of the the power-law slope, α, and the redshift evolution
parameter from Model A (λ) and Model B (γ) from the first six announced BBH detections.
The top right (bottom left) panel shows the two-dimensional posterior on α and λ (γ),
calculated from the full posterior p(θ, R | d) marginalized over Mmax and R. The contours
show increasing probability in 10% steps. The top left panel shows the posterior on α
marginalized over all other parameters, for both Model A (dashed blue curve) and Model
B (solid green curve) of the redshift evolution. The bottom right panel shows the posterior
PDF for the redshift evolution parameters for the two models. The first six announced
LIGO-Virgo detections are consistent with a uniform rate density (λ = 0 or γ = 3; dotted
black line in bottom right panel) within the 68% credible interval, at the 56% (34%) credible
level enclosing the maximum a posteriori value for Model A (Model B).
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Figure 4.4: Merger rate density as a function of redshift for Model A (left) and Model
B (right) of the redshift evolution, assuming that the six published LIGO-Virgo detections
form a complete sample, and were detected during a 94-day observing period. The solid
line shows the median rate density as a function of redshift, and the light and dark shaded
regions show equal-tail 68% and 95% credible levels, respectively. Our inferred merger rate
is consistent (at the 68% credible level) with being uniform in comoving volume and source
frame time, tm, which corresponds to a flat horizontal line on this plot (dashed black line).
Our analysis shows a preference for a merger rate density that decreases with increasing
redshift; however, this may be due to a false assumption that the six published BBHs form
a complete sample from O1 and O2, as discussed in the text. Proper analysis, using the
final sample and correct observing time, should wait for the analysis of O2 data to officially
conclude.
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standard deviation that match the published medians and 90% credible widths [3, 11, 13, 12].

The detector-frame masses differ from the source-frame masses by a factor of (1+z) [161, 135].

Similarly, we use the published medians and 90% credible bounds on the mass ratio, q = m2
m1

,

to find the median and 90% credible bounds on the symmetric mass ratio:

η ≡ q

(1 + q)2
. (4.24)

We then approximate the symmetric mass-ratio posteriors by Gaussian distributions with

means and standard deviations that match these medians and 90% credible intervals. We

use these approximate posteriors on chirp mass and symmetric mass ratio to approximate

the detector-frame component mass posterior distributions for each event. Lastly, we ap-

proximate the redshift posterior for each event by a Gaussian distribution matching the

published median and 90% credible intervals. We therefore generate posterior samples for

the detector-frame masses and redshifts following these approximate distributions. To get

posterior samples for the source-frame masses, m1 and m2, we divide the posterior samples

for the detector-frame masses by (1 + z), where the redshifts, z, are drawn from the red-

shift posterior distribution. This captures the correlations between redshift and source-frame

masses in the posterior PDF for an individual event, p(m1,m2, z | di).

Figure 4.5.1 shows the resulting posterior PDF on the power-law slope, α, and the redshift

evolution parameter, λ or γ, marginalized over Mmax and R:

p(λ, α | {di}) =

∫
p(λ, α,Mmax, R | {di})dMmaxdR. (4.25)

Under Model A, we infer λ = −10+15
−21, α = 0.7 ± 2.0, and under Model B, we infer

γ = 2.7+1.8
−1.3, α = 1.1+2.1

−2.5. All credible intervals are quoted as the median and symmetric

(equal-tailed) 90% range. Meanwhile, from the marginal posterior PDF on Mmax, we infer

that the maximum component BH mass is 39+30
−6 M� (Model A) or 39+28

−6 M� (Model B);
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the 95% upper limit of ∼ 69 M� is tighter than the 95% upper limit of ∼ 77 M� found

in [105] with the additional two detections analyzed here.

There is a positive correlation between the mass power-law slope and the redshift evolu-

tion parameter in the two-dimensional posterior, because a mass distribution that favors low

masses (large α) is compatible with the data only if the merger rate increases with redshift

(large λ or γ) and vice versa; otherwise, more high-redshift and more low-mass objects would

have been detected. The inferred rate parameter, R, is also positively correlated with these

parameters, large α and/or λ (equivalently, γ) imply that there are many more high-redshift

low-mass sources that contribute to the total number of mergers R, but not to the detected

number, Nobs [see also 255].

It has recently been suggested that there are statistically too many nearby BBH detec-

tions (or equivalently, too many high-SNR detections) compared to the expected constant

in comoving volume distribution [51]. Although our analysis shows a slight preference for a

merger rate density that declines with increasing redshift, we find that for both models A

and B of the redshift evolution, the current data is consistent with a uniform in comoving

volume rate density (λ = 0 or γ = 3) within 1σ (68% credibility). Furthermore, it is possible

that the set of published LIGO-Virgo detections is incomplete at this time. If loud events

are published first, it is possible that an incomplete set would be biased toward low-redshift

events, and our analysis would be artificially biased to small values of λ and γ. A more

complete analysis can take place once the results from LIGO’s second observing run are

finalized.

Finally, we can calculate a posterior PDF on the merger rate density as a function of

redshift according to Equation 4.3. As an illustration of the method, we assume that the total

observing time from aLIGO’s first and second observing runs is 94 days. This assumption is

not based on the true observing time, which is not yet known as analysis on O2 is ongoing.

Instead, it is chosen to match the most recently published merger rate estimate from LIGO

71



in [11], which is in the range [12, 213] Gpc−3 yr−1 for a BBH population with a uniform in

comoving volume merger rate and a mass distribution with power-law slope 1 ≤ α ≤ 2.35.

With six published detections, an observing time of 94 days yields a mean merger rate of

100 Gpc−3 yr−1 for the “power-law” (α = 2.35) population considered in [11]. (Note that

this “power-law” mass distribution from [11] fixes the maximum component BH mass to

Mmax = 95 M�, the minimum component BH mass to Mmin = 5 M�, and the maximum

total binary mass to Mtot,max = 100 M�.) With this assumption of the observing time,

Figure 4.5.1 shows the inferred rate density (marginalized over all population parameters)

as a function of redshift for Model A (left panel) and Model B (right panel) of the redshift

evolution. While previously published merger rate estimates are valid only for a fixed redshift

distribution, this method allows us to infer the merger rate simultaneously with the mass and

redshift distributions. Once again, we see that our results are consistent with a non-evolving

merger rate, which would correspond to a flat horizontal line in Figure 4.5.1.

From Figure 4.5.1, we see that the merger rate is well-constrained at redshifts 0.05 . z .

0.15. Meanwhile, there is too little volume at z . 0.05 to constrain the merger rate well, and

the detectors are not sensitive enough at high redshifts. The uncertainties on the merger

rate become especially large at high redshifts for Model A, because the parameter for this

model, λ, is hard to constrain with low-redshift observations (where the merger rate always

approaches a constant in comoving volume rate) but has a significant effect on the high-

redshift rate. Meanwhile, varying the parameter, γ, in Model B causes a large variation in

the low-redshift rate. This means that γ is easier to measure with low-redshift observations

than λ, and so assuming Model B, the merger rate is relatively well constrained at high

redshifts where the sensitivity of the GW detectors approaches zero.
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4.5.2 Future detections

In this section, we simulate detections from a mock population of BBHs and apply our

method to infer the underlying mass and redshift distribution parameters. Our goal is to

estimate how many LIGO-Virgo detections will be required to correctly infer a deviation from

a uniform in comoving volume merger rate, or alternatively, how many detections will be

required to confidently rule out strong deviations from a uniform in comoving volume merger

rate. We consider two simulated populations. Both populations follow the same distribution

for the BBH masses (Equation 4.6), with a minimum component mass of 5 M�, a maximum

component mass of 40 M�, and a power-law slope α = 1. We assume that the mass

distribution for both populations is independent of the redshift distribution (Equation 4.5).

The redshift distribution of the first population follows Model A (Equation 4.7) with λ = 3,

as might be expected if the merger rate followed the low-metallicity SFR convolved with a

time-delay distribution that favored short time delays. Meanwhile, the second population

has a uniform in comoving volume merger rate, corresponding to λ = 0 in Model A or γ = 3

in Model B.

For each mock population we generate BBHs with component masses and redshifts fol-

lowing the assigned underlying distribution. Only a subset of BBHs are detected, and their

measured masses and redshifts take the form of (marginalized) posterior PDFs. In order to

generate realistic mass and redshift measurements, we construct a synthetic detection model.

The synthetic detection model enables us to self-consistently and realistically capture the

correlations between the measured SNR, which determines the detectability of an event and

its measured redshift. We verify that the model closely approximates the detectability of a

BBH with given masses and redshift by aLIGO at design sensitivity.

Synthetic BBHs are generated as follows. Each BBH system is characterized by four

parameters: the source-frame chirp mass M, the symmetric mass ratio η, the luminosity

distance dL, and an angular factor Θ. Each system also has an associated true SNR, ρ,
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Figure 4.5: Projected constraints on the mass power-law slope and the redshift
evolution parameter for a set of simulated BBH detections from two populations.
The top panels show the joint posterior PDF on the power-law slope and redshift evolution
parameter, marginalized over the rate and maximum mass parameters. The bottom panels
show the marginalized posterior on the redshift evolution parameter. Both populations
follow the same mass distribution described by α = 1, Mmax = 40 M�, but differ in their
redshift distribution. Left panels: This population is described by a redshift distribution
that roughly follows the SFR, or λ = 3 in Model A. After 100 detections by LIGO-Virgo
at design sensitivity (solid green line, bottom left panel), the constraints on λ are tight
enough to exclude a uniform in comoving volume merger rate, λ = 0 (black solid line), at
99% credibility. Right panels: This population has a uniform in comoving volume merger
rate (γ = 3 in Model B). We fit detections from this population with Model B of the
redshift evolution, and the parameter γ is sufficiently well-constrained after 100 detections
to constrain γ to a 90% credible interval of . 1.
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which depends on these four parameters. Note that M and η allow us to directly infer m1

and m2, and dL allows us to infer z. Here, Θ plays the combined role of the sky location,

inclination, and polarization on the measured GW amplitude. We tune the width of the

Θ distribution to control the uncertainty of the measured signal strength, which in turn

controls the uncertainty on the measured luminosity distance. This allows us to capture

the correlations between the measured signal strength and the measured redshift, which is

necessary in order to model the selection effects consistently between the detection model

and the calculation of Pdet (Equation 4.17).

We set the “typical” SNR, ρ0, of a BBH system with parameters M and dL to:

ρ0 ≡ 8

(M (1 + z)

M8

)5/6 dL,8
dL

, (4.26)

where we fix M8 = 10 M� and dL,8 = 1 Gpc. This scaling approximates the amplitude of

an inspiral GW signal to first order, and we choseM8 and dL,8 to roughly match the typical

distances of detected sources by aLIGO at design sensitivity [71].2 The true SNR, ρ, in our

model depends on the angular factor Θ, and is given by:

ρ = ρ0Θ, (4.27)

similar to relationship between the true SNR and the “optimal SNR” via the projection

factor Θ [103] or w [91, 71], although Θ in our case is simply a random variable with a

log-normal distribution. As the uncertainty on Θ controls the uncertainty on dL, we pick

the variability of Θ in order to get realistic measurement uncertainties on dL. We find that

realistic measurement uncertainties on dL are achieved when Θ has a typical width of 15%,

2. It should be noted that this scaling breaks down for high-mass sources, where a significant fraction of
the SNR comes from the merger and ringdown components of the signal, rather than the inspiral. However,
the heaviest BBHs in our simulated population are 40–40 M� in the source frame, and so our synthetic
model provides a good approximation to their detectability.
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and so we pick:

log Θ ∼ N

(
0,

0.3

1 + ρ0
8

)
. (4.28)

From the true parameters M, η, dL and Θ, we assume that the measurement process

measures three parameters: the observed SNR, ρobs, the observed chirp mass, Mobs, and

the observed symmetric mass ratio, ηobs. These are given by:

ρobs = ρ+N(0, 1), (4.29)

logMobs = log (M(1 + z)) +N

(
0, 8

σM
ρobs

)
, (4.30)

ηobs = η +N

(
0, 8

ση
ρobs

)
, (4.31)

where we assume that the observed SNR is normally distributed about the true SNR, ρ,

with a standard deviation of 1 (due to different realizations of Gaussian noise), and the

uncertainties on the mass parameters scale inversely with the observed SNR [246]. We fix

a threshold of ρobs ≥ 8 for detection. To match the expected measurement uncertainties,

we fix σM = 0.04 and ση = 0.03, so that the relative 90% credible interval uncertainty for

the recovered detector-frame primary (secondary) mass is typically 40% (50%) [121, 251].

Meanwhile, the luminosity distance is measured from ρobs via Equations 4.26–4.28. The

typical relative 90% confidence interval uncertainty for the recovered luminosity distance is

∼ 50%, which is also a realistic expectation [251]. As discussed earlier in this section, this

process of recovering the measured luminosity distance from the measured signal strength

is necessary in order to incorporate selection effects consistently, and ensure that we gen-

erate single-event posteriors, p(m1,m2, z) that are compatible with the assumed detection

probability, Pdet(m1,m2, z).

Under this synthetic (yet realistic) detection model, we generate 500 detected BBH sys-

tems for each of the two populations. The projected constraints on the power-law slope

and redshift evolution parameter are shown in Figure 4.5.2. Note that the maximum mass
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parameter will be already tightly measured with a few tens of detections [105]. We find that

after 100 detections by LIGO-Virgo (which may happen as early as the next observing run,

starting in late 2018) it may be possible to detect deviations from a uniform in comoving

volume merger rate if the true redshift distribution evolves as steeply as the low-metallicity

SFR (λ ∼ 3). (This is expected from formation channels where the typical time delay be-

tween formation and merger is short.) Additionally, we expect to distinguish between a

merger rate density that increases with increasing redshift and a merger rate density that

decreases with redshift (as expected from formation channels with very long time delays).

If the true deviation from a uniform merger rate density is small (0 < λ < 1, where λ = 0

implies a uniform merger rate density), it may take ∼ 500 detections to confidently exclude

λ = 0. This will require a few years of aLIGO operating at design sensitivity [starting in

2020+ 7]. Meanwhile, extreme deviations from a constant merger rate density (γ 6= 3 in

Redshift Model B) can be ruled out in 100 detections, as γ will be constrained to a 90%

credible interval width of . 1.

In summary, we expect that with N detections by LIGO-Virgo operating at design sen-

sitivity, we will be able to constrain λ from Model A to a 90% credible interval of width

∼ 31/
√
N and γ from Model B to a 90% credible interval of width ∼ 8.5/

√
N , although

the exact rate of convergence depends on the true values of these parameters. If the lo-

cal BBH merger rate is 100 Gpc−3 yr−1, the mass distribution follows a power law with

α = 1 and Mmax = 40 M�, and the redshift distribution is constant in comoving volume

in source-frame time, we expect ∼ 300 detections in one year of LIGO/Virgo operating at

design sensitivity (assuming that each detector has a duty cycle of 80%, and that a confident

detection requires at least two detectors in observing mode). Fixing this mass distribution,

but assuming instead that the redshift distribution follows the Madau-Dickinson SFR, the

expected number of detections increases to ∼ 680. On the other hand, if the overall merger

rate is the same, but the BBH mass distribution follows a steeper power law with α = 2.35
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(fixing Mmax = 40 M�), we expect ∼ 140 detections in a year of LIGO/Virgo operating

at design sensitivity if the merger rate density is independent of redshift, and ∼ 280 detec-

tions if the merger rate density follows the SFR. (For O3 sensitivity, the expected number

of detections is smaller by a factor of 4–5.) With 100–700 detections per year, we expect to

detect deviations from a constant merger rate density, or severely constrain such deviations,

within the first 1–3 years of LIGO/Virgo operating at design sensitivity (starting ∼ 2020).

4.6 Discussion

We have explored the ability of the LIGO-Virgo network to measure the redshift evolution of

the BBH population. We have applied a simple four-parameter model to constrain the BBH

merger rate density, dN
dm1dm2dz

, as a function of component masses and redshift. Our model

allows us to simultaneously constrain the slope and maximum mass of the distribution of

primary BH masses, the slope of the redshift distribution, and the merger rate. We note that

our method can also be applied to the binary neutron star (BNS) population, although such

sources will only be detectable up to redshifts z < 0.1 with the current generation of GW

detectors. However, the mass distribution of such sources may already be well constrained

from the galactic population [201]. If we adopt this mass distribution as a prior, the analysis

on BNS would simplify to a one-parameter redshift evolution model.

Recall that a measurement of the merger redshift distribution constrains a combination

of the formation rate as a function of redshift and the time-delay distribution. If we can

constrain the redshift evolution parameter to λ & 2.4, we may infer that the BBH formation

rate density peaks at higher redshift than the SFR, regardless of the time-delay distribution.

If we assume that the time-delay distribution follows Equation 4.12 with τmin = 50 Myr

and τmax = 14 Gyr, a measurement of λ & 1.3 implies that the BBH formation rate density

peaks at higher redshift than the SFR. Alternatively, if we assume that the formation rate

density follows the low-metallicity SFR in Equation 4.11, measuring λ & 1.9 (λ . 1.9) would
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allow us to infer that the time-delay distribution is more skewed towards short (long) time

delays than Equation 4.12.

Because our focus is on extracting the redshift evolution of the merger rate, we have sim-

plified our treatment of the mass distribution. For example, our parametrization assumes

that the BBH mass distribution does not evolve with redshift, and does not allow the dis-

tribution of mass-ratios or the minimum BH mass to vary. We have verified that adding

two free parameters, β and Mmin, to describe the mass-ratio distribution and the minimum

mass according to:

p(m1,m2 | α, β,Mmax,Mmin) ∝ mα
1m

β
2

m1 −Mmin
H (Mmax −m1) , (4.32)

does not significantly affect our results for the six BBH detections. Taking uniform priors

on these additional parameters, −4 < β < 4, 3 < Mmin < 9 M� 3, causes the posteriors

on the remaining four parameters to widen only slightly. Furthermore, the constraints on

the additional two parameters, β and Mmin, are not informative with only six detections,

and are consistent with our default values, β = 0, Mmin = 5 M�, although we find a slight

preference for equal mass ratios (β > 0 at ∼ 70% credibility; consistent with the results

of [215]) and a larger minimum mass (Mmin > 3.9 M� at 95% credibility). These results

hold for both Models A and B of the redshift evolution. It will likely take O(100) detections

to measure Mmin sufficiently well and resolve the putative gap between the neutron star and

BH mass spectrum [168, 175, 159].

With sufficient detections, our four-parameter model will likely break down, and we

should include more degrees of freedom in the mass-redshift (and possibly also spin) dis-

tribution to avoid introducing systematic biases in the inferred parameters [240, 255]. For

example, if the mass distribution varies with redshift, possibly favoring larger masses at high

3. The minimum BH mass is constrained to be no larger than ∼ 9 M�, the 95% upper bound on the
secondary mass of GW170608 [12].
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redshifts due to the lower average metallicity, our simple model will misinterpret this as an

evolution in the merger rate. Therefore, a more complicated model should allow for correla-

tions between the mass and redshift distribution, either through the addition of one to two

parameters (e.g. a copula model), or a many-parameter model that fits the mass distribution

separately in different redshift bins. It may also be possible to introduce a multi-component

mixture model to determine whether there are multiple populations of BBHs following dif-

ferent mass-redshift distributions. Furthermore, a more sophisticated model would include

at least two additional parameters to fit the peak, zpeak, and the high-redshift slope of the

merger rate density. For example, we can consider the following parametrization of the

merger rate density inspired by the Madau-Dickinson SFR:

p(z | a, b, zpeak) ∝ 1

1 + z

dVc
dz

(1 + z)a

1 +
(

a
b−a
) [

1+z
1+zpeak

]b . (4.33)

This parametrization provides an excellent fit to all of the astrophysical redshift distribu-

tions discussed in Section 4.4 up to redshifts z ∼ 4, whereas our one-parameter model of

Equation 4.7 starts to break down at z ∼ 1. However, it is unlikely that we will have tight

constraints on zpeak and b with second-generation GW detectors, because zpeak will likely

lie beyond the sensitivity of these detectors, unless the time delays between formation and

merger are typically extremely long (greater than a few Gyr). For example, if the BBH forma-

tion rate follows the Madau-Dickinson SFR and the time-delay distribution in Equation 4.12,

the peak of the merger rate density would be at zpeak = 1.4, where we expect to have very

few detections (see Figures 4.3 and 4.4.2). If the BBH formation rate peaks later than the

Madau-Dickinson SFR, following the low-metallicity SFR in Equation 4.11 for example, the

peak of the merger rate density would be even farther out of reach, at zpeak = 2.1, assuming

the same time-delay distribution. However, by the time we have O(1000) detections, it may

be possible to get some measurement of zpeak, which would allow us to infer the peak of
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the formation rate density for an assumed time-delay distribution (this peak would be at

z = 1.8 if BBH formation followed the Madau-Dickinson SFR, and z = 2.7 if the formation

followed the low-metallicity SFR of Equation 4.11). We look forward to a time where our

single redshift-evolution parameter is sufficiently well measured that we must include these

additional parameters in our model; we anticipate that this will take over 500 detections.

We note that with third-generation GW detectors, it will be possible to accurately infer the

entire formation rate history of BBHs together with the time-delay distribution from the

observed redshift evolution of the merger rate [250].

In addition to the limitations of our parametrized model, another much less significant

source of systematic uncertainty in our analysis comes from GW measurements of the lumi-

nosity distance (and therefore, the redshift) to a source. Extracting the luminosity distance

from a GW signal depends on measuring its amplitude, which is affected by detector cal-

ibration uncertainties. The calibration uncertainty is only a few percent [144], which is

negligible compared to the expected uncertainty on the redshift evolution parameter. An-

other subdominant source of uncertainty comes from the effect of weak lensing on the GW

amplitude, which contributes at the sub-percent level and is therefore negligible for our

analysis [137, 136].

4.7 Conclusion

By fitting a four-parameter mass-redshift distribution to the first six announced BBH merg-

ers, we have placed the first constraints on the redshift evolution of the BBH merger rate. We

show that because of strong correlations between the masses and redshifts of detected BBHs,

the mass and redshift distribution must be fit simultaneously. We consider two parametriza-

tions of the redshift evolution: Model A fixes the slope of the redshift distribution to match

the differential comoving volume locally (as z → 0), as is expected from most astrophysical

formation channels, while Model B allows for large deviations, even at low redshift. Our
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constraints from six events are too weak to distinguish between any astrophysical formation

scenarios: for example, we measure −31 < λ < 5 at 90% credibility for Model A, whereas

typical formation channels predict between −4 . λ . 3). However, we can already constrain

extreme deviations from a uniform in comoving volume merger rate, finding γ = 2.7+1.8
−1.3 for

Model B (γ = 3 corresponds to a uniform merger rate). Furthermore, while previous analyses

have calculated the BBH merger rate under the assumption of a uniform in comoving volume

redshift distribution, we demonstrate how to infer the merger rate density as a function of

redshift.

We project that with 100–500 detections by LIGO-Virgo, the inferred redshift evolution

of the BBH merger rate will allow us to distinguish between proposed formation channels (for

example, those that favor long versus short time delays between progenitor formation and

BBH merger). Meanwhile, the overall merger rate and mass distribution will also provide

important clues regarding the formation channel [91, 237, 256, 35]. In 5–10 years, the

constraints on the redshift evolution parameter alone will allow us to infer the peak of the

formation rate of BBH progenitors and/or the typical time delay between formation and

merger.

82



CHAPTER 5

PICKY PARTNERS: THE PAIRING OF COMPONENT

MASSES IN BINARY BLACK HOLE MERGERS

As we saw in Chapter 3, the masses of individual black holes contain astrophysical clues to

their formation histories. The absence of component black holes with masses greater than

40 M�, for example, is significant for learning about supernovae physics and for distinguish-

ing black holes with stellar progenitors from those formed from previous mergers. In this

chapter, we focus on the two masses that make up a merging binary black hole system, and

examine the relationship between them.

Different formation scenarios for binary black hole formation generally predict some re-

lationship between the component masses. For example, the chemically homogeneous for-

mation channel can only produce symmetric systems in which the two components have the

same mass to within ∼ 90%, and certain dynamical formation channels predict that the

probability of two black holes in a globular cluster finding each other and merging scales

with the total mass of the system. Motivated by theoretical predictions, we consider a sim-

ple phenomenological model of the two-dimensional mass distribution, parameterized as a

product of the single black hole mass function and the pairing function. We allow the pairing

function to depend on the mass ratio between the two components and on the total mass

of the binary system. If the pairing function is independent of the masses, we say that the

pairing between the component black holes is random.

Fitting the pairing function to the ten binary black holes from LIGO and Virgo’s first

two observing runs, we find that the pairing between component masses is unlikely to be

random. Rather, we infer a statistical preference for mergers between equal-mass compo-

nents, suggesting that black holes are picky about their partners. While the mass ratio likely

affects the pairing probability, we do not find evidence that the pairing function depends on

total mass. Comparing the inferred pairing function to theoretical predictions, we can start
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to probe the physics of binary interactions.

This work was carried out in collaboration with Daniel Holz, and published in the As-
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5.1 Abstract

We examine the relationship between individual black hole (BH) masses in merging binary

black hole (BBH) systems. Analyzing the ten BBH detections from LIGO/Virgo’s first two

observing runs, we find that the masses of the component BHs comprising each binary are

unlikely to be randomly drawn from the same underlying distribution. Instead, the two BHs

of a given binary prefer to be of comparable mass. We show that it is ∼ 5 times more likely

that the component BHs in a given binary are always equal (to within 5%) than that they

are randomly paired. If we assume that the probability of a merger between two BHs scales

with the mass ratio q as qβ , so that β = 0 corresponds to random pairings, we find β > 0

is favored at credibility 0.987. By modeling the mass distribution, we find that the median

mass ratio is q50% = 0.91+0.05
−0.17 at 90% credibility. While the pairing between BHs depends

on their mass ratio, we find no evidence that it depends on the total mass of the system:
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it is ∼ 6 times more likely that the pairing depends purely on the mass ratio than on the

total mass. We predict that 99% of BBHs detected by LIGO/Virgo will have mass ratios

q > 0.5. We conclude that merging black holes do not form random pairings; instead they

are selective about their partners, preferring to mate with black holes of a similar mass. The

details of these selective pairings provide insight into the underlying formation channels of

merging binaries.

5.2 Introduction

Following the first two observing runs (O1 and O2) of advanced LIGO [1] and Virgo [23],

the LIGO/Virgo Collaboration (LVC) reported ten detections of merging binary black holes

(BBH) [17], with tens more detections expected from the third observing run (O3), and

hundreds of expected detections per year once the gravitational-wave (GW) detector net-

work reaches design sensitivity [7]. In addition to the LVC-published detections of [17], new

BBH detections in the O1 and O2 data have been reported by [248], [247], and [196]. The

formation and history of these BBHs remains a fundamental question in GW astrophysics.

The proposed formation channels include isolated [91, 39, 253, 94, 45, 238, 165, 233], dynam-

ical [183, 139, 212, 32, 65, 210, 218, 257, 83], and primordial [48, 117], with many variants

within each model. Different formation channels are expected to leave an imprint on the

properties of the BBH population [35, 241, 30], including the mass distribution [237, 256],

spin distribution [214, 100, 252, 95], and redshift evolution [109, 250, 213]. It is therefore

possible to learn about the astrophysics of BBH formation by fitting for these population

distributions using GW data. In [19], the LVC carried out such an analysis on the first

ten BBH detections, fitting the mass, spin and redshift distributions with simple parame-

terized models. For example, the mass distribution was fit to a model in which the primary

mass (the more massive component of a binary) follows a power-law between some minimum

and maximum mass, while the secondary mass is distributed with a power-law between the
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minimum mass and its primary mass partner. [19] additionally considered a slightly more

complex model, which replaces the minimum mass cutoff with tapering at the low-mass end

and allows for an additional Gaussian component at the high mass end of the primary-mass

power-law. In this work, we restrict the population analysis to the ten [17] BBH detections,

as the detection efficiency has been previously studied for this sample and is well-understood.

The detection efficiency between the LVC detections and the [247] detections is significantly

different; see e.g. Figure 5 of [247]. Using the wrong detection efficiency leads to selec-

tion biases in population inference. In future work we will extend our analysis to include

overlapping samples with differing selection effects.

In this work we extend the analysis of [19] by focusing on a particular aspect of the

BBH mass distribution: the pairing between the two component BHs in the binary. We ask

whether the universe makes merging binary black hole systems by randomly pairing up black

holes, or whether the mass of each black hole in a pair influences the mass of its companion.

This differs from the analysis of [19], in which the parameterization for the mass distribution

does not separate the underlying BH mass distribution and the pairing function. Under

the models considered by [19], it is not possible to fit for an underlying mass distribution

that is common to both component BHs or quantify the deviation from the random-pairing

scenario, as we do in this work.

We expect that the pairing function carries an imprint of the physics by which component

BHs find their partners. Various formation models predict that the mass ratio and/or total

mass of the two components may determine their probability of merging. Despite the dif-

ferent physical processes involved, many formation channels predict a preference for similar

component masses [177]. Binaries formed via homogeneous chemical evolution are expected

to strongly prefer equal mass components due to the progenitor stars exchanging mass during

an early overcontact phase [174, 186]. The traditional isolated evolution channel is also ex-

pected to favor comparable mass components, because the common envelope phase is unsuc-
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cessful at producing close binaries for extreme mass ratio systems [91]. However, the common

envelope phase remains poorly understood, and this channel can produce mergers between

fairly unequal component masses, especially at lower metallicities [90, 238, 152, 122, 234].

Some studies have suggested that dynamical evolution also tends to produce more mergers

with equal mass components due to the fact that comparable mass binaries have a higher

binding energy and form tighter binaries [211, 27]. However, other dynamical channels may

mildly prefer unequal mass components [190]. Alternatively, it has been suggested that in

dynamical channels, the merger probability depends on the total mass, rather than the mass

ratio, as mass segregation and dynamical interactions may favor binaries with larger total

masses [198, 204]. [154] proposed measuring the pairing function’s dependence on the to-

tal mass to discriminate between formation channels, as the pairing function is expected to

scale as Mα
tot with α = 4 in the dynamical channel modeled by [198] and α ∼ 1 for merging

primordial BHs. Constraining the BBH pairing function with GW observations allows us to

test these different predictions.

The pairing function has been previously studied in the context of the initial mass func-

tion for binary stars, where the degree of correlation between component stars (and the

dependence on the orbital separation) remains an open question [207, 158, 163, 192, 164].

It is possible that studying the pairing function for merging BBHs may shed light on the

masses of their stellar progenitors, although the relationship between a BH’s mass and its

progenitor star’s zero-age main-sequence (ZAMS) mass is complicated by the many stages

of evolution undergone by BBHs.

In the stellar context, it has been pointed out that different pairing functions affect the

1-dimensional distribution of mass ratios as well as the 1-dimensional distributions of pri-

mary and secondary masses [158]. Because the primary (secondary) mass is defined to be

the more (less) massive component in the binary, even randomly drawing two components

from the same underlying distribution results in the primary and secondary masses having
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different distributions. Random draws can also result in very different mass ratio distribu-

tions, depending on the shape of the underlying mass distribution. We emphasize that the

pairing mechanism cannot be determined by examining any one of these one-dimensional

distributions independently. For example, a mass ratio distribution that favors near-unity

mass ratios may simply indicate that the underlying BH mass distribution peaks in a nar-

row mass range, rather than that similar component masses are more likely to partner and

merge. It is therefore important to examine the two-dimensional mass distribution in order

to analyze whether or not there is a preference for similar-mass components.

This paper explores the BBH pairing function by analyzing the first ten LIGO/Virgo

BBHs according to the mass models described in Section 5.3. The results of the analysis and

implications for future detections are found in Section 5.5. In Section 5.6.2 we demonstrate

the analysis on mock GW data and forecast the constraints that will be possible with ∼ 50–

100 more BBH detections (to be expected at the end of O3 or shortly after the start of O4).

We conclude in Section 5.7. Section 5.4 describes the details of the hierarchical Bayesian

analysis.

5.3 Mass Distribution Models

In the simplest case, we consider a model in which the component masses in a BBH system

are independently drawn from the same underlying power-law distribution:

p(m) ∝ mγ , mmin < m < mmax, (5.1)

where γ is the power-law slope, and mmin and mmax are the minimum and maximum mass.

We refer to this as the “random pairing” mass distribution [158]. We note that in this case,

the marginal distributions of the primary and secondary masses are not identical, because

the primary (secondary) is defined as the more massive (less massive) component. Defining
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m1 as the primary mass and m2 as the secondary mass, the random pairing power-law

distribution takes the form:

p(m1,m2 | γ,mmin,mmax) =


2(γ+1)2(

m
γ+1
max−mγ+1

min

)2m
γ
1m

γ
2 if mmin < m2 < m1 < mmax

0 else.

(5.2)

This implies that the primary masses follow the distribution:

p(m1 | γ,mmin,mmax) =
2 (γ + 1)m

γ
1

(
m
γ+1
1 −mγ+1

min

)
(
m
γ+1
max −mγ+1

min

)2
, (5.3)

while the secondaries follow:

p(m2 | γ,mmin,mmax) =
2 (γ + 1)m

γ
2

(
m
γ+1
max −mγ+1

2

)
(
m
γ+1
max −mγ+1

min

)2
. (5.4)

We reiterate that the distributions in Eqs. 5.3 and 5.4 are not the same as the underlying

distribution (Eq. 5.1), even though both masses are separately drawn from this distribution.

In particular, the primary mass distribution will tend to favor larger masses compared to

the secondary mass distribution. Furthermore, different choices of the underlying power-

law parameters (γ, mmin, and mmax) will lead to different distributions in the mass ratio

q ≡ m2/m1 ≤ 1. If the underlying power-law is steep enough in either direction, mass ratios

close to unity will be favored even if the two components are randomly paired.

In order to explore the pairing of two component BHs, we consider mass distributions

that contain the random pairing distribution as a sub-model, but allow for deviations param-

eterized by a pairing function, fp. Motivated by population synthesis models, we consider

two pairing functions: one that depends on the mass ratio, q, where q = m2/m1 ≤ 1, and

one that depends on the total mass, Mtot = m1 +m2. We also consider the possibility that
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the probability of two BHs forming a binary and merging depends on both q and Mtot.

If each BH mass is drawn from an underlying power-law distribution with slope γ, and

the probability of two masses belonging to a merging binary is given by fp(q,Mtot | ~β),

where ~β denotes the hyper-parameter(s) of the pairing function, the mass distribution of

merging BHs follows:

p(m1,m2 | γ,mmin,mmax, ~β) ∝


m
γ
1m

γ
2fp(

m2
m1
,m1 +m2 | ~β) if mmin < m2 < m1 < mmax

0 else.

(5.5)

We first consider pairing functions, fp, that depend purely on the mass ratio. As a simple

model, we assume that the pairing function follows a power-law in mass ratio with slope βq,

with a minimum mass ratio threshold required for merger, qmin. The parameter qmin allows

us to explore the scenario in which mergers only take place between equal component masses

(qmin → 1). In this model:

fp(q,Mtot | ~β = {βq, qmin}) ∝


qβq if q > qmin

0 else.

(5.6)

This model reduces to the random pairing model for
(
βq, qmin

)
=
(

0, mmin
mmax

)
.

Second, we consider pairing functions fp that depend on the total mass of the system.

A simple model in this case, motivated by the predictions of the dynamical channel of [198]

and the primordial BH channel of [154], is a simple power-law in Mtot:

fp(q,Mtot | ~β = {βM}) ∝M
βM
tot . (5.7)

More generally, we may consider a pairing function that depends on both the mass ratio and
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the total mass:

fp(q,Mtot | ~β = {βq, qmin, βM}) ∝


qβqM

βM
tot if q > qmin

0 else.

(5.8)

We highlight that because we consider models that reduce to random pairing under some

choice of parameters, our assumed parameterization differs from the mass distribution models

analyzed in [19]. The basic power-law model in [19] is defined such that the marginal p(m1)

distribution follows a power-law, so that the joint mass distribution takes the form [note we

have redefined α from 19, as −α]:

p(m1,m2 | α, β,mminmmax) =

(α + 1)(β + 1)
mα

1

mα+1
max −mα+1

min

m
β
2

m
β+1
1 −mβ+1

min

.
(5.9)

On the other hand, for the parameterizations we consider in this work, the marginal distribu-

tion of primary masses does not follow an exact power-law; instead, these parameterizations

allow for the possibility that both masses in a binary are drawn from the same underlying

power-law distribution.

Following the methods laid out in Section 5.4, we fit the pairing models discussed above to

the first ten BBH detections in Section 5.5. As part of our results, we quantify the evidence

against the random pairing and the total-mass dependent pairing models, and find that the

mass-ratio dependent pairing model provides the best fit to the data.

5.4 Methods

We carry out a hierarchical Bayesian analysis to fit the hyper-parameters for each of the mass

models discussed in Section 5.3. We fit only for the distribution of primary and secondary
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masses, and fix the distributions of all other BBH intrinsic and extrinsic source parameters.

We fix the underlying redshift distribution to follow a merger rate that is uniform in comoving

volume and source-frame time. We assume that the underlying population is isotropic on the

sky, with isotropic inclination angles. For definiteness we fix the spin distribution of both

binary components to be uniform in spin magnitude and isotropic in spin tilt. Although

this distribution is not necessarily favored by the data, the correlation between the inferred

spin distribution and the inferred mass distribution is negligible, as shown in [19], which fit

simultaneously for the mass and spin distribution. In particular, despite using a different

spin model, we recover the results of [19] under the same mass model.

The likelihood is given by the inhomogeneous Poisson process likelihood [169, 179, 19].

For Nobs independent events, the likelihood of the data d given hyper-parameters θ is:

p(d | θ) ∝ e−µ(θ)
Nobs∏
i=1

∫
p(di|m1,m2)

dR
dm1m2

(θ) dm1m2, (5.10)

where p(di | m1,m2) denotes the likelihood of an individual event’s data given its component

masses, dR
dm1m2

(θ) is the differential merger rate density, which integrates to the total merger

rate density R and is given by Rp(m1,m2 | θ), and µ(θ) = R〈V T 〉θ denotes the expected

number of detections given R and the sensitive spacetime volume 〈V T 〉θ of the detector

network to a given population of BBHs with hyper-parameters θ.

We assume that the merger rate density is uniform in comoving volume and source-frame

time, and calculate 〈V T 〉θ according to a semi-analytic prescription [103, 102]. Follow-

ing [19], we assume that a single-detector signal-to-noise (SNR) threshold of 8 is necessary

and sufficient for detection, and that the detector’s noise curve is described by the Early High

Sensitivity power spectral density (PSD) for advanced LIGO [7]. The validity of these as-

sumptions is discussed in [19]. Unlike in [19], in this work we do not calibrate the V T (m1,m2)

to the results of injection campaigns into the detection pipelines. As we demonstrate by ex-
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plicitly comparing our results to those of [19] in Section 5.5, using the uncalibrated V T

calculation leads to a slight bias in our inference of the overall-merger rate, with the median

shifting by a factor of ∼ 1.7, as expected from Fig. 9 in [19]. However, this does not affect the

inferred shape of the mass distribution, which is our primary interest in this work. We also

neglect the effect of non-zero spins in the estimation of V T , as spins have a sub-dominant

effect on the sensitivity [19], especially given that existing detections disfavor a significant

population of highly spinning systems.

Note that if we marginalize over the rate density R with a flat-in-log prior, the likelihood

takes the form [109, 179]:

p(d | θ) ∝
Nobs∏
i=1

∫
p(di | m1,m2)p(m1,m2 | θ) dm1dm2∫
V T (m1,m2)p(m1,m2 | θ) dm1dm2

. (5.11)

To get the individual-event likelihood term p(di | m1,m2) that appears in Eq. 5.10, we

use the publicly available IMRPhenomPv2 posterior samples for the ten BBH detections in

O1 and O2 [123]. There is a negligible difference between the mass posteriors derived with

the IMRPhenomPv2 waveform [140, 148] and the SEOBNRv3 waveform [202]. The individual-

event posteriors were calculated under priors that are flat in detector -frame masses, and

“volumetric” in luminosity distance, dL. In terms of source-frame masses and cosmological

redshift z, the default event-level prior is therefore [19]:

p(m1,m2, z) ∝ dL(z)2(1 + z)2
(
dC(z) +

(1 + z)dH
E(z)

)
, (5.12)

where dC is the comoving distance and dH = c/H0 is the Hubble distance, and E(z) =

H(z)/H0 [133]. We divide out by these priors in our analysis to get a term that is proportional

to the likelihood rather than the posterior. We fix the cosmological parameters to the best-fit

Planck 2015 values [24] throughout for consistency with [19] and [17].

We sample from the overall likelihood of Eq. 5.10 using PyMC3 [217]. In all models
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considered, we choose priors that are flat over mmin, mmax and the power-law slope γ

within the ranges 3 M� < mmin < 10 M�, 35 M� < mmax < 100 M� and −4 < γ < 2.

We take a flat-in-log prior on the rate p(R) ∝ 1/R. Unless they are fixed to some value,

we take a flat prior on βq in the range −4 < βq < 12 and a flat prior on βM in the range

0 < βM < 12. Because the prior range of the minimum mass ratio qmin depends on two

other free parameters, mmin and mmax, we introduce another parameter qscale, defined so

that:

qmin = mmin/mmax + qscale(0.95−mmin/mmax), (5.13)

and, unless it is fixed, we sample over qscale with a flat prior from 0 to 1, so thatmmin/mmax <

qmin < 0.95. We restrict the upper limit of qmin to slightly below 1 in order to avoid sampling

issues, as the mass ratio of any individual GW event is measured with a finite resolution,

and this prevents qmin from being resolved arbitrarily close to qmin = 1. When using Model

B from [19], we use their same priors, with the exception of lower prior boundary for mmin,

which we take to be 3 M� rather than 5 M�.

For those models which contain random-pairing as a subset, we quantify the evidence

for the random-pairing hypothesis versus the full model by calculating the Savage-Dickey

density ratio (SDDR), which is defined as the ratio of the posterior probability to the prior

probability at the given point in parameter space [84]. We calculate the evidence between

the pure mass-ratio dependent pairing function of Eq. 5.6 and the pure total-mass dependent

pairing function of Eq. 5.7 by introducing a more general model that contains both models

of interest as nested models. This general model contains a mixture parameter x, where

x denotes the amplitude of the mass-ratio dependent component and (1 − x) denotes the

amplitude of the total-mass dependent component. By sampling from this mixture model,

the recovered likelihood at x = 1 compared to x = 0 denotes the evidence in favor of a pure

mass-ratio dependent pairing function.
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5.5 Results

5.5.1 LVC Model

We begin by recovering the results of [19] under the same mass model given by Eq. 5.9,

equivalent to Model B of [19], in order to demonstrate consistency between our methods.

Although we use slightly different assumptions regarding the spin distribution and the selec-

tion effects calculation (see Section 5.4), we recover nearly-identical posterior distributions

on the population hyper-parameters: α = −1.7+1.8
−1.5, β = 6.1+5.4

−5.7, mmin = 7.3+1.7
−3.7 M�,

and mmax = 41.8+18.6
−5.5 M�. This is to be compared with α = −1.6+1.7

−1.5, β = 6.7+4.8
−5.9,

mmin = 7.9+1.2
−2.5 M�, and mmax = 42.0+15.0

−5.7 M� found by [19]. As described in Section 5.4,

our prior on mmin starts at 3 M� rather than 5 M�. Furthermore, recall that our convention

for the power-law slope α has a sign flip compared to the convention in [19].

With the current set of events, the data cannot distinguish between the mass model

of [19] (Eq. 5.9) and the models we consider in this work, and they all give consistent results

for the inferred mass distribution p(m1,m2). However, the parameters of our models have

a different interpretation from the mass model of [19]. While the power-law slope α of

Eq. 5.9 refers to the power-law of the primary mass distribution, the power-law slope γ of

this work refers to the underlying mass distribution power-law from which both primary and

secondary BHs are drawn. The additional parameters βq, qmin and βM in our models allow

us to explore whether the pairing between the two component masses is random or whether

(and how) it depends on the mass ratio or total mass of the system, according to Eq. 5.8).

5.5.2 Random Pairing

Figure 5.1 shows the results of fitting the random-pairing model (Eq. 5.2 with free parameters

γ, mmin, mmax), the mass ratio power-law model (Eq. 5.6 with free parameters γ, mmin,

mmax, βq) and the total mass power-law (Eq. 5.7 with free parameters γ, mmin, mmax, βM )
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Figure 5.1: Top row: Joint m1–m2 distribution as inferred from the ten BBHs
assuming a mass distribution given by Eq. 5.8 with free parameters γ, mmin, mmax (left
column), γ, mmin, mmax and βq (middle column), and γ, mmin, mmax and βM (right
column). In each case, those parameters that are not free are fixed to βq = βM = 0 and
qmin = mmin/mmax. The color scale indicates the median log10 of the merger rate density
as a function of the two masses. Middle row: Marginal distributions of single BH masses
(green), along with the primary masses (blue) and secondary masses (yellow) of component
BHs in binary systems. These distributions are inferred by fitting the ten BBH detections to
the model of the corresponding column. The line shows the median merger rate density as
a function of mass, while the shaded bands show symmetric 90% credible intervals. Bottom
row: Marginal distribution of the mass ratio implied by the fits to the three models. The
solid line and dark (light) bands denote median and 50% (90%) credible intervals on the
merger rate as a function of mass ratio.
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to the ten BBHs from the first two observing runs. We use flat priors on all free parameters,

with uninformative prior bounds listed in Section 5.4. In each case, the parameters of Eq. 5.8

that are not left free are fixed to the default values βq = βM = 0, qmin = mmin/mmax.

If we fix the pairing to be random, we find γ = −1.1+1.0
−0.9. However, as shown in the

left-hand, middle panel in Figure 5.1, and explained in Section 5.3, this does not imply that

the one-dimensional marginal distributions of the primary and secondary masses follow this

common power-law; the primary masses follow a flatter distribution while the secondary

masses follow a steeper distribution. Note that the inferred mass ratio distribution (bottom

row, left-hand panel) in this case is inferred to be nearly flat across the range ∼ 0.15–1. This

is a consequence of this particular fit to the random-pairing model; in general the marginal

mass ratio distribution can slope significantly upwards depending on the value of γ. The

lower-limit on the mass ratio in the random-pairing model is given by the ratio mmin/mmax,

and is constrained to ∼ 0.15 in this case due to the measurements mmin ∼ 7 M� and

mmax ∼ 40 M�.

5.5.3 Mass Ratio Dependent Pairing

The effect of introducing βq as a free parameter, while still fixing qmin = mmin/mmax and

βM = 0, is shown the middle column of Figure 5.1. Under this model extension, the data

display a clear preference for mass ratios close to unity (bottom row, middle column), which

implies more overlap between the primary and secondary mass distributions (middle row,

central panel). We infer βq = 7.0+4.5
−5.5, and find that βq ≤ 0 is ruled out with probability

0.987. This suggests that the random pairing model (βq = 0) is strongly disfavored by the

data. Meanwhile, the underlying mass distribution power-law slope is inferred to be a bit

steeper than in the random-pairing case, with γ = −1.3+0.9
−0.8 compared to γ = −1.1+1.0

−0.9

for the random-pairing model. All models essentially agree on mmin ∼ 6.7+1.9
−3.2 M� and

mmax ∼ 41.9+18.2
−5.7 M�.
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We fit the model with both βq and qmin left free in Figure 5.2, which displays the

posterior distributions on the five hyper-parameters (three parameters to characterize the 1-

dimensional mass distribution, and two – βq and qmin – to characterize the pairing function)

as a corner plot [111]. We find a strong preference for near-equal mass ratios, inferring that

99% of merging BBHs have mass ratios between q1% = 0.66+0.25
−0.28 and unity. For reference,

under Model B from [19], we find q1% = 0.59+0.13
−0.33. Meanwhile, we find that the median

mass ratio is q50% = 0.91+0.05
−0.17. This agrees very closely with the findings of [215], who find a

preference for population distributions with an average mass ratio q̄ = 0.89+0.08
−0.18. In fact, the

current set of detections is consistent with all binaries consisting of equal component masses

(to within 5%, with qmin = 0.95; the maximum value permitted by our prior). We find that

qmin = 0.95 is five times more likely than (βq, qmin) = (0,mmin/mmax), meaning that it is

five times more likely that all binaries consist of equal component masses than that they are

randomly paired. Although we do not include the events of [248, 247] or [196] in our analysis

(in order to avoid assuming an incorrect selection function and biasing our results), we note

that all of their detections are also consistent with mass ratios of unity. This suggests an

even stronger preference for near-equal component masses in the underlying population.

A strong preference for near-equal component masses with qmin & 0.9 is consistent with

the chemically homogeneous/massive overcontact binary evolutionary channel [186]. How-

ever, our results are also consistent with a milder preference for near-unity mass ratios, which

may be expected from classical isolated binary evolution or dynamical formation [177].

5.5.4 Total Mass Dependent Pairing

The effect of introducing βM as a free parameter, while fixing qmin = mmin/mmax and

βq = 0, is shown in the right-hand column of Figure 5.1. We note that these results are

similar to the random pairing case, as there is a strong degeneracy between the isolated BH

mass power-law slope γ and the pairing function power-law slope βM . We do not recover
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significant constraints beyond the linear combination 2γ + βM ≈ −1.1+1.0
−0.9 (matching the

constraints reported in Section 5.5.2 for the case βM = 0). The degeneracy between βM and

γ causes the constraints on the isolated BH mass function (shown in green in the left-hand

column, middle row of Figure 5.1) to be degraded. In addition to the degraded constraints

on γ, the constraints on mmin are also less informative, as there is a significant correlation

between mmin and γ, with shallow (less negative) power-law slopes corresponding to smaller

allowed values of mmin. However, mmax remains very well-measured at mmax ∼ 41.9.

It is interesting to note the inferred value of the power-law slope γ for the cases βM = 4

(predicted by some globular cluster simulations) and βM = 1 (predicted by primordial BH

channel). For βM = 4, we find γ ∼ −2.5, which is close to the Salpeter initial mass function

for massive stars. The interpretation in this case is that BHs in globular clusters, where the

merger probability roughly follows M4
tot [199], are distributed according to a power-law mass

distribution with slope γ ∼ −2.5. This agrees with the findings of [204], who forward-model

dynamical mergers for various initial BH mass functions and compare the model predictions

to the LIGO/Virgo data to infer an initial BH mass function with slope −2.35+0.36
−0.55 (68%

credibility). Meanwhile, βM = 1 implies a shallower underlying mass distribution for single

BHs, with γ ∼ −1.

If we leave all three parameters of the pairing function, qmin, βq, and βM , free, we recover

identical constraints on qmin and βq as we do in the βM = 0 case. The additional freedom

in βM is fully absorbed by the degeneracy with γ, and we recover the prior on βM . This

is expected, because the data prefers equal mass systems with m1 = m2, and in this limit,

Eq. 5.8 reduces to:

p(m1,m2) ∝ m
2γ−βM
1 , for m1 = m2 (5.14)

yielding a complete degeneracy along 2γ − βM = const.
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5.5.5 Comparison of Pairing Functions

The data strongly prefers a mass-ratio dependent pairing function that favors mergers be-

tween similar-mass components over random pairing, as discussed in Section 5.5.3. However,

unless one has a strong prior on the single BH mass distribution that would push βM

away from zero (e.g. a prior belief that γ < −2 favors βM > 0), there is no evidence

that the total mass plays a role in the pairing function. This is apparent by the fact that

when we fit Eq. 5.8 to the data with all six hyper-parameters free, we recover the prior

on βM . Computing the evidence ratio in favor of a model in which βM = 0 to one in

which (βq, qmin) = (0,mmin/mmax), we find that it is ∼ 6 times more likely that the pairing

function depends on the mass ratio than on the total mass.

5.5.6 Posterior predictive distributions

In the following, because there is no evidence that the data prefers nonzero βM , we fix βM = 0

in the population model of Eq. 5.8 (reducing to the model of Eq. 5.6). Using the recovered

posteriors on the population hyper-parameters, shown as a corner plot in Figure 5.2, we

calculate the posterior population distribution p(m1,m2 | data), shown in Figure 5.3. We

define the posterior population distribution as in [19]; this refers to the distribution of true

mass values marginalized over the hyper-parameter posteriors for a given population model:

p(m1,m2 | d) =

∫
p(m1,m2 | θ)p(θ | d)dθ. (5.15)

Here, p(θ | d) refers to the posterior distribution on the population model’s hyper-parameters

inferred from the ten BBH events. Figure 5.3 shows draws from the posterior population

distribution on the true masses of the underlying BBH population (blue) as well as the true

masses of detected systems (orange), found by applying selection effects to the underlying

mass distribution. For comparison, the mass measurements of the O1 and O2 detections are
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Figure 5.2: Posterior on the hyper-parameters of the power-law model with the
mass-ratio dependent pairing (Eq. 5.6) fit to the ten BBH detections from O1 and O2.
In the two-dimensional plots, the contours denote 50% and 90% posterior credible regions.
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shown in black.

Using the posterior population distribution on the masses m1 and m2, we calculate

the corresponding distribution on the mass ratio q in Figure 5.4. The dashed blue line in

Figure 5.4 shows the mass ratio distribution in the underlying population, corresponding

to the blue m1–m2 distribution of Figure 5.3, while the orange line shows the mass ratio

distribution among detected systems, corresponding to the orange m1–m2 distribution of

Figure 5.3. While selection effects have a significant effect on the two-dimensional m1–m2

distribution, the 1-dimensional mass ratio distribution among detected systems is nearly

identical to the mass ratio distribution in the underlying population.

We expect 90% of detected events to have their true masses fall within the orange credible

region of Figure 5.3. In terms of the mass ratio distribution, we expect that 90% of detected

events will have mass ratios q > 0.73, and 99% of detected events will have mass ratios

q > 0.51. We can take these predictions one step further by simulating the measured mass

ratio values for detected events, which accounts for measurement uncertainty in addition to

the selection effects. Given the true masses of a detected event, we generate a mock posterior

to represent how those masses would be measured in LIGO/Virgo data. The mock posteriors

are generated according to the prescription described in Appendix 5.6.1. We summarize the

expected mass ratio posteriors from anticipated detections as the green dashed line (median)

and shaded band (symmetric 90% interval) in Figure 5.4. We refer to this green band as

the “posterior predictive process.” Based on the first ten detections, and assuming that all

detections are described by the same population model assumed here, we expect that 90% of

future detections will have recovered mass ratio posteriors that lie within the shaded band.

We see that measurement uncertainty plays a significant role in shifting the observed mass

ratio posteriors (with the default flat-in-component-mass priors) away from 1 relative to

qtrue.
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population (dashed blue line), the mass ratio qdet among detected systems (dashed orange
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distributions are inferred by fitting the ten BBHs from O1 and O2 to the mass distribution
model described by Eq. 5.6. If all BBHs belong to this population, we expect that 90% of
the recovered posteriors from detected BBHs will fall within the shaded green region. The
grayscale lines show the posterior probability distributions of the ten observed BBHs. Note
that measurement uncertainty shifts the posteriors on the mass ratio for individual systems
to smaller values relative to the true mass ratio.
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5.6 Simulations

We expect to have tens more BBH detections by the end of LIGO/Virgo’s third observing

run in mid-2020, and hundreds of detections within a few more years [7]. In this section,

we explore the expected mass distribution constraints from tens to hundreds of detections

under the models considered here. We perform our analysis on mock GW detections that we

generate from known underlying distributions. We follow a simplified yet realistic method

for generating mock measurements from the underlying population and ensure that the

mock primary and secondary masses are measured with uncertainties typical to second-

generation GW detectors [251]. The method for generating mock detections is described in

subsection 5.6.1 and the results are described in subsetction 5.6.2.

5.6.1 Method for Simulating Detections

In generating mock detections, we assume that the underlying population follows a uniform

in comoving volume and source-frame time merger rate, with isotropic sky positions and

inclinations, and zero spins. The true component masses are drawn from the given popula-

tion distribution. We note that the assumptions of fixed redshift and spin distributions are

unlikely to affect the inference of the pairing function (mass ratios are measured indepen-

dently of redshift, and excluding spins did not make a difference in the O1 and O2 analysis);

however, these distributions can be fit jointly with the mass distribution and marginalized

over [19].

Given the true parameters of the binary, we calculate the SNR of the signal in a single

detector, assuming that the noise is described by the Mid-High Sensitivity PSD as expected

for O3 for the LIGO detectors [7]. We assume that the binary is then detected if it passes a

single-detector SNR threshold of 8. In order to assign measured component masses to each

detected binary, we assume that the fractional uncertainty on the source-frame chirp mass
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follows σM
M = 8

ρ

(
0.01 +

(
0.2z
1+z

)2
)1/2

, where z is the true redshift, while the uncertainty on

the symmetric mass ratio η ≡ m1m2
(m1+m2)2 follows ση = 0.038

ρ , where ρ is the single-detector

SNR of the source. Given a true value of M and η for each binary, we randomly draw

Mobs from a log-normal distribution centered onM with standard deviation σM, and ηobs

from a normal distribution centered on η with standard deviation ση. With these values of

Mobs and ηobs and their assumed known distributions about the true chirp mass M and

symmetric mass ratio η, we generate mock posterior samples for the component masses m1

and m2 under flat priors using the Monte-Carlo sampler PyStan [60]. These uncertainties

are typical of the O2 detections, and result in typical 90% measurement uncertainties on the

source-frame component masses of ≈ 50%, with a distribution of uncertainties that matches

the one in [251].

5.6.2 Simulation Results

The expected constraints from 60 detections [similar to what we expect by the end of O3; 7]

are shown in Figure 5.5 for a simulated population described by Eq. 5.6 with mmin = 7 M�,

mmax = 40 M�, γ = −1, βq = 6, and qmin = mmin/mmax= 0.175. We find with 60 events

from this simulated population, we can typically rule out random-pairing with Bayes factors

& 1000. These projections are conservative because the deviations from random-pairing in

the chosen mock population are not very large compared to the values of qmin and βq that

are favored by the first ten events. The parameters that govern the pairing mechanism will

become increasingly well-constrained, although with large correlations between them. The

simulated 60 events shown here yield βq = 3.4+4.6
−5.9 and qscale = 0.5+0.4

−0.4 (qmin = 0.5+0.3
−0.3).

Meanwhile, the parameters of the underlying power-law mass distribution will also become

well-constrained. With 50 more events, we expect to constrain mmax to a couple of solar

masses (this particular realization yields mmax = 40.6+2.4
−1.7) and the power-law slope γ to

a 90% credible interval of < 1 (γ = −1.1+0.4
−0.3). Note that if βM is left free in the pair-
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Figure 5.5: Constraints on the population hyper-parameters for a simulated pop-
ulation of 60 BBH detections that follow Eq. 5.6 with mmin = 7 M�, mmax = 40 M�,
γ = −1, βq = 6, and qmin = mmin/mmax = 0.175. These injected hyper-parameter values
are shown in orange lines. In the two-dimensional plots, the contours show 50% and 90%
posterior credible regions.
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ing function, the measurement of γ will become less informative, as we constrain a linear

combination of βM and γ (see Section 5.5). With 100 events, these constraints will im-

prove roughly as 1/N and 1/
√
N for mmax and γ, respectively1: 100 simulated events gives

mmax = 38.9+1.4
−0.9 M� and γ = −0.8+0.3

−0.3. It may take more events for the constraints on

mmin to become interesting, because the detector sensitivity is a steep function of BH mass,

and most detections are at the high end of the mass function [105], or beyond [107]. For a

flat prior starting at 3M�, 60 mock events give mmin = 6.5+1.3
−2.4. However, the constraints

on mmin, like the constraints on γ, are less informative if βM is allowed to vary.

5.7 Conclusion

We have fit the mass distribution of merging BBHs with a simple model that parameterizes

the pairing function between the two components in a binary. We highlight the importance

of comparing the full two-dimensional mass distribution of BBHs, because it is impossible

to disentangle the overall BH mass distribution from the pairing function when considering

only one-dimensional distributions of the primary/ secondary mass or the mass ratio.

Based on the first ten LIGO/Virgo BBH detections, we conclude that component BHs are

not randomly paired in a binary; rather, the pairing likely favors components of comparable

masses. We find that it is five times more likely that mergers only take place between

equal (to within 5%) mass BHs than that component BHs are randomly drawn from the

same underlying distribution. Our fits imply that 99% of mass ratios among the population

of merging BBHs are greater (closer to equal mass) than q1% = 0.66+0.25
−0.28. This is to be

compared with an expected value of q1% = 0.15+0.07
−0.06 for the random pairing scenario. We

predict that among detected BBHs, 90% will have mass ratios q > 0.73, and 99% will have

mass ratios q > 0.51. Meanwhile, we find no evidence that the pairing function depends on

1. Because mmax is a sharp feature, its measurement converges faster than the typical 1/
√
N [see e.g.

64, 143]. This makes it particularly useful as a feature to constrain cosmology [98].

108



the total mass of the system, contrary to the predictions of some dynamical and primordial

BH formation channels [199, 154, 204].

The current constraints on the pairing function remain compatible with a range of for-

mation channels, with the exception of those that favor random pairing or a preference for

unequal mass ratios [190]. All binaries detected so far are consistent with equal mass compo-

nents, which is compatible with predictions from the massive overcontact binary/chemically

homogeneous formation channel, in which mass transfer may lead to very nearly equal mass

components with minimum mass ratios qmin ∼ 0.9 [186]. However, the current constraints

on the pairing function are also compatible with scenarios that more mildly prefer equal mass

components, such as common envelope binary evolution, which tends to result in mergers

with q & 0.5 [177], or dynamical interactions in globular clusters, which tend to result

in mergers with median mass ratios q50% = 0.9 [257], consistent with our measurement

q50% = 0.91+0.05
−0.17. On the other hand, some dynamical channels predict that the pairing

function should scale with the total mass of the system. While we cannot rule this out

with ten detections, it is 6 times more likely that the pairing function has some mass-ratio

dependence rather than depending on total mass alone.

Although the data does not call for a total-mass dependence, it remains possible that

the pairing probability depends on the total mass in addition to the mass ratio. If the

merger probability scales with total mass as M
βM
tot , the implied power-law slope of the mass

distribution among single BHs is roughly γ ∼ −1+βM
2 . Thus, prior belief that the BH mass

spectrum is steep (with γ . −2.2) would suggest that the pairing function depends on the

total mass with βM > 0.

By the end of O3, the details of the pairing function will be better constrained (compare

the joint posterior on qmin and βq in Figure 5.2—the current constraints—with Figure 5.5—

the constraints we expect by the end of O3). We hope that these results will enable detailed

comparisons with the predictions of the full 2-dimensional merger rate R(m1,m2) from

109



population synthesis simulations.

As usual, our results rely on the assumption that there is a single population of BBHs

that is adequately described by our simple parameterized model [see e.g. 85]. One way to

test the validity of this assumption with future detections is to compare them against the

posterior predictive distribution (for example, Figures 5.3 and 5.4) inferred from the model.

We conclude that the universe does not assemble its black-hole binaries at random, and

future constraints of the pairing function we have introduced above will yield important

insights into these formation processes.
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CHAPTER 6

THE MOST MASSIVE BINARY BLACK HOLE DETECTIONS

AND THE IDENTIFICATION OF POPULATION OUTLIERS

One of the most significant population features that we discovered from LIGO-Virgo’s first

two observing runs is a drop-off in the black hole mass spectrum at ∼ 45 M� (see Chapter 2).

However, we realized that interpreting this population result in the context of the individual

detections required some subtlety. In particular, one of the black holes we analyzed had a

measured mass of ∼ 50 M�; can this event be consistent with a population that claims a

maximum mass of 45 M�? In this chapter, we explain how to re-interpret the properties

of individual events in the context of the global population under a hierarchical Bayesian

statistical framework. Noise fluctuations will frequently cause us to overestimate the masses

of individual black hole events, but we can reduce this uncertainty by jointly fitting the

masses of individual events as well as the overall mass distribution to all events. Additionally,

we show how to check for consistency between the individual detections and the population

inference by carrying out several posterior predictive checks to quantify the “goodness-of-fit”

of a model to the data. Finally, we describe techniques to quantify the presence of outliers

in the population. In particular, we find that the most massive detection from the first two

observing runs is consistent with the ∼ 45 M� mass cutoff, and is a fairly typical member

of the black hole population as opposed to a population outlier.

This chapter was written in collaboration with Will Farr and Daniel Holz, and published

in the Astrophysical Journal Letters [107]. We later applied some of the outlier tests de-

veloped in this work to other potential outliers in the population, including the asymmetric

binary black hole system GW190412 (see Chapter 5).
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6.1 Abstract

Advanced LIGO and Virgo detected ten binary black holes (BBHs) in their first two observ-

ing runs (O1 and O2). Analysis of these events found evidence for a dearth of BBHs with

component masses greater than ∼ 45 M�, as would be expected from pair-instability super-

novae. Meanwhile, a standalone analysis of the merger GW170729 found its primary mass

m1 = 51.2+16.2
−11.0 M�, which appears to be in contradiction with the existence of a limit at

∼ 45 M�. In this work, we argue that the masses of individual events can only be evaluated

with reference to the full population. When GW170729 is analyzed jointly with the remain-

ing detections, its inferred primary mass tightens considerably, to m1 = 38.9+7.3
−4.5 M�. In the

presence of noise, apparent outliers in the detected distribution are inevitable. We discuss

methods of distinguishing between statistical fluctuations and true population outliers using

posterior predictive tests. Applying these tests to O1 and O2, we find that the ten detections

are consistent with even the simplest power-law plus maximum-mass model considered by

the LVC, supporting the claim that GW170729 is not a population outlier. We also provide

non-parametric constraints on the rate of high-mass mergers and conservatively bound the

rate of mergers with m1 > 45 M� at 2.8+5.4
−2.0% of the total merger rate. After 100 detections

like those of O1 and O2 from a population with a maximum primary mass of 45M�, it

would be common for the most massive system to have an observed maximum-likelihood

mass m1 & 70M�.
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6.2 Introduction

A major goal of gravitational-wave (GW) astronomy is to learn about the formation and

evolutionary mechanisms of binary black hole (BBH) mergers, such as those detected by

Advanced LIGO [1] and Virgo [23]. There are many proposed formation channels for BBHs,

including isolated evolution [91, 39, 253, 94, 45, 238, 165, 233], dynamical formation [183,

139, 212, 32, 65, 210, 218, 257, 83], and primordial origin [48, 117], and if several formation

channels are active at once, the population of merging BBHs may consist of distinct sub-

populations. These sub-populations may differ in their shape of the mass distribution and

spin distribution, as well as the merger rate (and its evolution with redshift).

Previous studies have explored methods of distinguishing between different formation

channels using GW observations of BBHs, including fitting for the mixture fraction (or

branching ratio) between various sub-populations [237, 214, 256, 252, 236, 50]. One proposed

sub-population includes second-generation mergers, which occur when at least one of the

component BHs in a binary is itself the product of a previous merger. Second-generation

BHs are expected to have a characteristic distribution of dimensionless spin magnitudes that

peaks at a ∼ 0.7 and a mass distribution that extends into the “pair-instability” mass gap

starting at ∼ 40–70 M� [106, 120, 210]. On the other hand, “first-generation” BHs that form

directly from stellar collapse are expected to avoid the mass range between ∼ 50–120 M�.

When a stellar core lies in this mass range, it is predicted to explode as a (pulsational) pair-

instability supernova, and either leave behind no remnant, or lose mass sufficiently so that

the BH remnant lies below the gap [115, 209, 127]. The spins of BHs formed from stellar

collapse are less certain [191, 40, 116].

Second-generation mergers are possible (and generally expected to occur) exclusively in

dense stellar environments such as globular clusters; therefore, the existence of this popula-

tion is an important discriminator between dynamical and isolated formation. An additional

proposed sub-population consists of gravitationally-lensed GW signals, for which the lensing
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magnification causes a bias in the inferred luminosity distance and the unredshifted, source-

frame masses if not properly accounted for [58]. Therefore, gravitationally-lensed events,

even if they originate from the same formation channel as the unlensed events, would appear

as a sub-population of erroneously high-mass, low-distance events [76, 194, 197, 51, 125].

The LVC detected ten BBHs in its first two observing runs [17]. With these ten detections,

[19] fit simple parameterized models to the mass, spin, and redshift distribution of the BBH

population, assuming that all detections belong to the same population1. The assumption

of a single population was justified by a leave-one-out analysis, which shows explicitly that

excluding GW170729, the most “unusual” event (in terms of having the highest mass, spin,

and distance), from the analysis does not significantly impact the inferred mass, spin, and

redshift distributions at a level beyond the statistical uncertainties. [149] and [66] also found

that there is insufficient evidence to claim GW170729 as a population outlier by specifically

comparing the hypothesis that it belongs to a population of second-generation, as opposed

to first-generation, mergers based on the expected mass and spin distributions under the two

scenarios.

In this paper we examine in more detail whether the assumed single-population mass

distribution is a good fit to the data from the first ten detections, with a focus on the inferred

“maximum mass,” or lower edge of the pair-instability mass gap. We argue that there are

no convincing outliers among the O1 and O2 detections, implying that a single-component

population model is sufficient to fit the data. As the number of detections increases, we

expect standard statistical fluctuations to produce individual events with significant posterior

support inside the so-called upper mass gap; GW170729 may be an example of such a

fluctuation. Additionally, we forecast the masses of future detections based on the population

of BBHs from O1 and O2, and explore the masses that would be required to identify a

BBH detection as a true population outlier. Such an outlier may belong to an alternate

1. We note that in addition to the LVC-published detections of [17], new BBH detections in the O1 and
O2 data have been reported by [248], [247] and [196]
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population consisting of, e.g., second-generation mergers, or otherwise indicate that the

assumed population model provides an insufficient description of the data. The methods

discussed here can be extended to classify any outliers, including in the spin, mass-ratio, or

redshift distribution.

The parametric models discussed above and used in [19] are designed to incorporate a

high-mass feature inspired by the predicted pair-instability mass-gap, whether it is a sharp

cut-off to the power-law [Models A and B of 19] or a Gaussian component (Model C). To

constrain the rate of high-mass BBH mergers in a model-agnostic way, we apply the non-

parametric method of [178] to the ten BBHs from O1 and O2. This method models the

mass distribution as a binned histogram in the m1–m2 plane, with a smoothing prior on the

bin heights. In contrast to the parametric models, the non-parametric fit a priori prefers

smoothness over sharp features, providing a conservative upper limit on the rate of high-mass

mergers.

The remainder of the paper is organized as follows. In Section 6.3, we demonstrate how

a population analysis provides updated inference on the event-level parameters, yielding

a tighter measurement on the masses of GW170729 in particular. In Section 6.4, we use

posterior predictive distributions to evaluate the goodness-of-fit of a model to observations,

focusing on high-mass outliers. In Section 6.5, we apply the non-parametric histogram

model of [178] to the ten LVC events and compare the inferred mass distribution to the

parametric inference. We conclude in Section 6.6. Additional analysis details are provided

in the Appendix.

6.3 Population Prior on Individual Events

A population analysis is concerned with fitting features that are common across the popula-

tion members; in this case, BBH merger events. We assume that the event-level parameters

{θi} (e.g. the component masses of the BBH event i) follow a probability distribution func-
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tion ppop (θi | Λ), where Λ are the population-level hyperparameters (e.g. the power-law

slope of the primary mass distribution). A hierarchical Bayesian analysis simultaneously

fits for the event-level parameters θi and the population-level hyperparameters Λ from the

data [134, 176, 180]. In the presence of selection effects and measurement uncertainty, the

joint posterior probability distribution of the event-level parameters {θi} and the population

parameters Λ given the data {di} from N independent events is given by [169, 179]:

p({θi},Λ | {di}) ∝ π(Λ)
N∏
i=1

L(di | θi)ppop(θi | Λ)∫
Pdet(θ)ppop(θ | Λ)dθ

, (6.1)

where π(Λ) is the prior on the population hyperparameters, L(di | θi) is the event-level

likelihood, and Pdet(θ) is the probability of detecting a piece of data from a merger with

true parameters θ, as discussed in detail below.

In a population analysis, we usually marginalize Eq. 6.1 over the event-level parameters

θi to recover the posterior of the population parameters Λ. Meanwhile, when analyzing data

from an individual event (“parameter estimation,” or PE), the posterior on the event-level

parameters,

p(θi | di) ∝ L(di | θi)π(θi), (6.2)

is typically calculated using a default uninformative prior π(θi), rather than a population

prior ppop(θi | Λ). The mass estimates in [17], for instance, are obtained using priors that

are flat in detector-frame component masses. Alternatively, one can marginalize Eq. 6.1 over

the population-level parameters Λ, and get a new posterior on the event-level parameters

for each detection. Therefore, by calculating a joint posterior on the population-level and

event-level parameters simultaneously, a hierarchical Bayesian analysis in effect replaces the

default uninformative priors from PE with a population prior, yielding an informed posterior

on the event-level parameters.

Since the first BBH detections, a variety of hierarchical analyses have been carried out to
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fit the BBH mass, spin, and redshift distributions to phenomenological parametric models [3,

159, 105, 240, 215, 109, 255]. In this work, we focus on the population analysis of [19];

specifically the mass distribution, which [19] fit according to three power-law based models:

Models A, B, and C. Model A has two free parameters: the power-law slope for the primary

mass distribution and the maximum mass, and fixes the minimum mass to 5 M� and the

conditional distribution for the secondary mass to be flat between the minimum mass and

m1. Model B is a generalization of Model A with two additional parameters: the minimum

mass and the power-law slope of the secondary mass (or equivalently, mass ratio) distribution

as conditioned on the primary mass. Model C generalizes Model B by tapering the low- and

high-mass ends of the mass function (as opposed to the sharp cutoffs of Models A and B)

and allowing a high-mass Gaussian component on top of the power-law in primary mass. For

each model, one can use the posterior samples for the population parameters Λ to recover

the population-informed posteriors for individual event parameters θi according to Eq. 6.1.2

In certain cases, the population analysis returns a noticeably different posterior for single-

event parameters compared to the posterior returned from PE. For example, for the most

massive event of O1 and O2, GW170729, the population analysis implies a much tighter

prior on the masses compared to the uninformative priors of PE. The population-informed

posteriors on m1 and q for GW170729 under Model B are shown in Figure 6.1.3 The Model

B population analysis implies that the primary mass is m1 = 38.9+7.3
−4.5 M� and the mass

ratio is q = 0.95+0.05
−0.18 compared to m1 = 51.2+16.2

−11.0 M� and q = 0.63+0.32
−0.26 under the default

uninformative priors. Even under Model C, which has a high-mass Gaussian component

instead of the sharp cutoff of Model B, we find that the population-informed primary mass

2. The posterior samples on the population hyper-parameters from [19] are publicly available
at https://dcc.ligo.org/LIGO-P1800324/public and the PE samples for individual events from [17] are avail-
able at https://dcc.ligo.org/LIGO-P1800370/public.

3. We use the parameter estimation results derived using the IMRPhenomPv2 [148] waveform approximant
throughout. PE posteriors and population results with the SEOBNRv3 [202] approximant are available as well,
and there are no significant differences between the two.
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Figure 6.1: Primary mass (left panel) and mass ratio (right panel) of the BBH
event GW170729 under the default (flat in detector-frame masses) prior (orange) [although
i think i would prefer green] versus the prior implied by the Model B population analysis of
[19]. The population analysis strongly constrains the maximum mass of the population to
. 50 M�, and favors near-unity mass ratios, which implies that, if we believe the parametric
model is a reasonable description of the population, the primary mass and mass ratio of
GW170729 are relatively well-constrained. Alternatively, the analysis with the default prior,
which ignores the rest of the detected population, ascribes a high probability for an outlier
value to the mass.

of GW170729 is m1 = 37.9+7.5
−6.4 M�. Under either model, the population analysis implies

that the primary mass of GW170729 is less than 50 M� at 99% credibility, in contrast to

the results with uninformative priors.

6.4 Evaluating tension between model and data

The above section assumes that the full set of observations can be adequately described by

a given model, and it therefore makes sense to impose population priors and recalculate

the posteriors on the parameters of each event. However, we often want to explicitly check

whether the model fits the data sufficiently and whether the observations are consistent

with one another under the model. In this section, we detail various methods of carrying out

goodness-of-fit and outlier identification tests, and apply them to the BBH mass distribution
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fits from [19].

6.4.1 Definitions and assumptions

In a hierarchical population analysis, there are three levels at which we can perform a model

goodness-of-fit/consistency test. The highest level consists of the population parameters Λ

and their inferred values from the data. If fitting the population model separately on differ-

ent subsets of events yields posteriors on the population parameters that are in significant

tension with one another, one can conclude that the model does not fit all events as a single

population. An example of this test was carried out for Model A of [19] with a leave-one-out

analysis, in which the population hyper-parameters were fit with and without GW170729.

Comparing the posteriors on the hyper-parameters with and without GW170729 show that

excluding GW170729 from the fit results in statistically consistent posteriors, leading to the

conclusion that GW170729 is not a population outlier.

The second level of a hierarchical analysis consists of the (true) event-level parameters

{θi}. Following [19], we define the posterior population distribution as a probability density

function (pdf) on the true parameters θ of an (unobserved, and potentially unobservable)

system that belongs to the population, given the data we have already observed:

p(θ | {di}) =

∫
ppop(θ | Λ)p(Λ | {di})dΛ, (6.3)

where the posterior p(Λ | {di}) is given by marginalizing Eq. 6.1 over the event-level pa-

rameters {θi}Ni=1 of the N detected events. The pdf on the true parameters θ of a detection

must take into account selection effects by weighting each θ by the detectability of the data

d̃ that it would produce in our detectors:

p(θ, det | {di}) = p(θ | {di})Pdet(θ)

= p(θ | {di})
∫
Pdet(d̃)p(d̃ | θ)dd̃.

(6.4)
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Note that the first term outside of the integral above is the posterior population distribution

given by Eq. 6.3. The term p(d̃ | θ) takes into account the measurement uncertainty in

going from the true parameters of the system θ to the data d̃, and the term Pdet(d̃) accounts

for the fact that only some pieces of data are detectable. Throughout, we assume that

the detectability of a piece of data, Pdet(d̃), is deterministic, meaning it is always 0 or

1, depending on whether the data pass a (known) detection threshold; this is discussed

in more detail in Appendix 6.7.1. The term Pdet(θ) also appears in Eq. 6.1. Sometimes

V T (θ), the sensitive spacetime volume to a system with parameters θ, appears in place of

Pdet(θ), as these terms are proportional to each other assuming the merger rate is constant

in comoving volume and source-frame time. Given a collection of events with data {di}

and a population model, we can calculate the above pdf for the true parameters of detected

events (Eq. 6.4). Comparing the true parameters {θi} of the detected events (as inferred

jointly with the population hyperparameters via Eq. 6.1) against the posterior predictive pdf

p(θ, det | {di}) provides another measurement of the consistency of the population model

with the observations.

The third and final level of a hierarchical analysis consists of the data; this is the level

on which we will evaluate the population fits for the remainder of this work. By folding

in measurement uncertainty as well as the detection efficiency, we arrive at a probability

distribution on the data d̃ from a future detection, rather than on the true parameters. We

refer to this as the posterior predictive distribution:

p(d̃, det | {di}) =

∫
Pdet(d̃)p(d̃ | θ)p(θ | {di})dθ. (6.5)

A detected piece of data d from a BBH merger is a timeseries consisting of the GW signal

h(t), which, assuming GR, is fully described by the source parameters θ and detector noise

n(t). Therefore, we shall identify the data d with the set of observed (maximum-likelihood)

source parameters θobs, by which we mean the true source parameters offset by some mea-
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surement noise: d = {m1
obs,m2

obs, zobs, . . .} = θobs. Once an event is detected, the PE

analysis returns a posterior pdf on the source parameters p(θ | d̃) [245]. In referring to the

observed parameters θobs in this work, we mean the maximum likelihood point-values as

returned by PE.4 The details of how we simulate mock GW datasets with realistic measure-

ment uncertainty in order to compute Pdet(d̃) and p(d̃ | θ) are found in Appendix 6.7.1.

We stress that noise fluctuations will generally cause us to estimate erroneously large

source-frame masses. A notable consequence of the detection threshold is that near-threshold

sources are detectable only if a favorable noise fluctuation pulls the observed SNR above the

detection threshold. Because the distance measurement correlates with the observed SNR,

the systematic shift to larger SNR caused by the detection threshold implies that the observed

redshift (as inferred from the distance) tends to be systematically shifted towards smaller

values. This in turn implies that the observed source-frame masses, which are inferred by

un-redshifting the detector-frame masses, are preferentially shifted towards larger values.

Although extreme noise fluctuations are intrinsically rare, they are statistically guaran-

teed to affect some fraction of detections. The larger the sample of detections, the larger the

fluctuation it contains.

6.4.2 Application to the O1+O2 population

Posterior Predictive Goodness-of-Fit

In this subsection, we calculate the posterior predictive mass distribution for the BBH pop-

ulation from O1 and O2 and explore whether the population models provide an adequate fit

to the ten BBH observations. We focus on their primary masses, and more specifically, the

primary mass of GW170729.

4. The maximum-likelihood values do not correspond to the peak of the posteriors shown for event
parameters in [17] because a nonflat prior π(m1,m2, z) is used. The default prior in the event-level analysis
is proportional to the square of the luminosity distance, which places more weight at high z than a flat prior,
so the maximum-likelihood source-frame mass values are larger than the maximum a posteriori values.
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Figure 6.2: Left panel: The posterior predictive distribution for the number of
detections per observed primary mass bin during O1 and O2, based on the fits
to Model A and Model B using all ten BBHs (blue and green lines) and the nine BBHs
excluding GW170729 (yellow). The gray error bars show the maximum-likelihood points and
90% credible intervals on the masses of each of the ten BBHs; the vertical placement of these
error bars is arbitrary. The observed mass is defined as the maximum likelihood estimate of
m1, and is predicted according to the synthetic detection and PE process described in the
text. Right panel: The cumulative posterior predictive distribution, or the probability that
an observed mass is less than mobs

1 , inferred from the detections and the given population
model, compared to the empirical distribution function from the ten detections in gray (with
the gray points denoting the maximum likelihood m1 estimates). The agreement between
the observations and each model can be quantified by the distances between the gray points
and the colored curve of interest, as calculated in the text. The predictions of the population
model match the observations fairly well, and GW170729 does not appear to be an outlier
even when excluding it from the calculation of the posterior predictive distribution (yellow
curve).
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The posterior predictive distribution (Eq. 6.5) for mobs
1 , given the events from O1 and

O2 and the assumed mass Models A and B from [19], is shown in Figure 6.2. We focus on

Models A and B, the simple power-law models, because they have fewer free parameters than

Model C, and we wish to check whether these few parameters sufficiently fit the data. We

show the posterior predictive distributions as inferred from all ten BBHs, as well as under

Model A excluding GW170729. The left panel in Figure 6.2 shows the expected number

of detections per mobs
1 bin during O1 and O2 according to the model; this is based on the

inferred merger rate together with the shape of the mass distribution.

We note that although Model A (B) predicts a sharp cutoff at mmax = 41.6+9.6
−4.3 M�

(mmax = 40.8+11.8
−4.4 M�), and all three models considered in [19] predict that 99% of BBHs

have m1 < 45 M�, Model A (B) predicts that 18% (20%) of detected systems have an

observed primary mass mobs
1 > 45 M�. This is because out of the underlying population

of BBHs, more massive systems are more likely to be detected, and out of those that are

detected, statistical fluctuations can push the observed (maximum likelihood) mobs
1 to values

that are oftentimes significantly larger than the true m1. Recall that among detected sources,

statistical fluctuations are more likely to push the observed source-frame masses to larger

values than smaller values, because sources near threshold are only detectable if a fluctuation

increases their observed SNR, leading to a smaller inferred redshift and a larger inferred

source-frame mass. The full likelihood distribution should still have nonzero support at the

true value, but for very large statistical fluctuations, the support at the true value may be

very small and difficult to resolve.

From Figure 6.2, one can visually compare the number and observed masses of the O1

and O2 detections (gray errorbars) to the model predictions; this serves as a posterior pre-

dictive check that the model fits the data sensibly. The gray points at the center of the

errorbars denote the maximum likelihood mobs
1 for each event; these points are the values

that, according to the model, should be representative draws from the posterior predictive
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distributions. (The errorbars denote the 90% symmetric credible intervals from the full m1

posteriors and are shown only for reference).

The right panel of Figure 6.2 shows the cumulative, normalized versions of the posterior

predictive distributions in the right panel (the colored curves) compared to the empirical dis-

tribution function (edf; the gray points). The edf is a cumulative histogram of the maximum

likelihood m1, m̂obs
1,i , for each event i, defined as:

F̂n(mobs
1 ) =

1

n

n∑
i

I[m̂obs
1,i < mobs

1 ], (6.6)

where n is the number of events and I is the indicator function which evaluates to 1 if its

argument is True and zero otherwise.

As seen in the right panel of Figure 6.2, the edf appears to follow the posterior predictive

cdfs for Models A and B, with perhaps slightly more low-mass and high-mass detections

than predicted under the simple power-law models. The relative lack of intermediate-mass

detections (and comparable abundance of detections at the low- and high-mass ends of the

mmin-mmax range) can also be seen in the fit to Model C (the tapered power-law with a

high-mass Gaussian) of [19]. Under Model C, the only model that allows for deviations from

a pure power-law in m1, [19] find that the data mildly prefers a merger rate that decreases

at intermediate m1 and then rises again at m1 ∼ 30 M� (see the top panel of their Figure

2). [19] conclude that this preference for a power-law deviation is not statistically significant

because all three models A, B, and C predict distributions of m1 that overlap within the

90% statistical uncertainties. [19] also report Bayes’ factors between all three models and

find that a deviation from a power-law is preferred by a factor of e1.92 ≈ 7, although as

usual, the values of Bayes’ factors are sensitive to the priors chosen for the model hyper-

parameters. Our posterior predictive checks for the pure power-law Models A and B do not

rely on an explicit comparison to an alternate model, but our conclusions agree with [19]
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that the observed m1 distribution is consistent with these power-law models well within the

90% level.

More quantitatively, the distance between the edf and the cumulative probability distri-

butions (cdf) predicted from the models as fit to the data is a measure of “goodness-of-fit,”

or how well each model explains the data. This is the basis of the well-known Kolmogorov-

Smirnov (KS) [155, 227] and Anderson-Darling (AD) statistics [28].5 Restricting ourselves

only to the m1 distribution, we compute the KS and AD statistics as follows. We first

construct a null distribution by repeatedly drawing sets of ten observations from the poste-

rior predictive distribution of interest and calculating the KS and AD statistic for each set.

Comparing the KS and AD statistics for our set of ten observations against the statistics

of the null distribution, we find that the KS statistic between the edf and the Model B

posterior predictive cdf lies at 84% of the null distribution, while the AD statistic lies at

79% of its null distribution. For Model A, the KS (AD) statistic is at 87% (82%) of its null

distribution. We also compute these statistics between the edf for all ten events and the

Model A posterior predictive cdf as inferred without GW170729. This does not affect the

statistics significantly, with the KS statistic corresponding to 69% of the null distribution

and the AD statistic at 71% in this case, which indicates that the observed primary mass

of GW170729 is consistent with the m1 distribution as inferred without it.6 In summary,

Models A and B are all found to be consistent with the observed population.

Note that the edf is not uniquely defined in two or more dimensions, and Figure 6.2 shows

5. The KS statistic is the maximum distance between the cdf of the model and the edf derived from the
data (or two edfs for two different datasets) while the AD statistic is a weighted average of the distance
between each point in the sample and the cdf. The KS statistic is mainly sensitive to differences between
the centers of the two distributions while the AD statistic is more sensitive to differences in the tails of the
distribution [235].

6. Counterintuitively, the shift towards smaller KS and AD statistics seems to indicate that the m1

posterior predictive distribution as inferred from only nine events actually provides a slightly better fit to
the observed primary masses of all ten events; however, the shift in these statistics is not significant, and
illustrates that this is a simplified one-dimensional test that is only meant to check consistency between data
and model and not to properly fit a model.
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only how the model fits the observed m1 distribution, ignoring all other parameters of BBH

systems including the mass ratio, spin, and redshift. However, the edf-based test described

above can be extended (non-uniquely) to an arbitrary number of dimensions as long as the

algorithm for ordering the observations is fixed in advanced. The null distribution can still

be calculated according to this fixed ordering algorithm, and, if desired, a p-value can be

calculated to evaluate goodness-of-fit.

Quantifying Outliers

We now turn to the more specific issue of quantifying whether a particular observation is

an outlier with respect to other events that make up the population. For example, in order

to investigate the degree of tension between a particularly massive observation, such as

GW170729, and the maximum mass inferred from the population analysis, it is useful to

consider the posterior predictive distribution of the maximum observed primary mass out of

N detections, max
(
{mj

1,obs}Nj=1

)
, based on the data from the remaining N − 1 detections,

{di}N−1
i=1 :

p
(

max
(
{mj

1,obs}
N
j=1

)∣∣∣ {di}N−1
i=1

)
(6.7)

=
d

dm

([∫ m

0
p(m1,obs

∣∣∣{di}N−1
i=1 )dm1,obs

]N−1
)∣∣∣∣∣

m=max
(
{mj

1,obs}Nj=1

) ,

where the pdf in the integral is simply the posterior predictive distribution. Equation 6.7

follows from the fact that given N random draws Xi from a fixed pdf p(x) with corresponding

cdf P (Xi < x), the maximum draw Y will follow a cdf:

P (Y < x) = P (Xi < x)∀i∈[1,N ] = P (Xi < x)N . (6.8)
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Figure 6.3: Posterior predictive distribution of the maximum observed mass out of
ten detections as inferred from the detections and the population model of interest (bold,
solid colored curves). The observed mass refers to the maximum likelihood m1 value of a
detected event as predicted according to a synthetic detection and PE process (see text).
The thin orange curves show mock PE posteriors for 50 random events drawn from the
bold orange curve, representing 50 examples of posteriors for the most massive m1 that we
expect to detect based on the fit to Model A from the nine detections excluding GW170729.
For comparison, the posterior for the primary mass of GW170729 is shown (dashed black
curve) with the maximum-likelihood value (vertical dashed line). Visually, the GW170729
m1 posterior appears consistent with the thin orange curves. Quantitatively, comparing
its maximum-likelihood value to the bold orange curve shows that the primary mass of
GW170729 is consistent with the population as inferred from the other nine events at the
86% level.
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The posterior predictive distributions for the maximum observed mass out of ten detec-

tions is shown in Figure 6.3. The maximum likelihood primary mass mobs
1 for GW170729

(vertical dashed line) is consistent at the 86% level with the posterior predictive distribution

on the maximum of ten primary mass observations, as inferred from Model A and the remain-

ing nine observations (orange solid curve). The light orange curves show mock posteriors on

m1 for fifty events drawn from the solid orange curve, and we can see that the m1 posterior

for GW170729 (dashed black curve) looks like a typical observation. When using GW170729

itself in calculating this posterior predictive distribution, its primary mass is consistent with

being the maximum of ten observations at 69% under Model A (blue curve) and 59% under

Model B (green curve). Based on this analysis, we conclude that there is no evidence for

tension between the primary mass of GW170729 and the remaining nine observations under

Models A and B, in agreement with the leave-one-out analysis of [19].

As the sample of BBH detections grow, we expect to see more extreme statistical fluctua-

tions, so that we observe primary masses mobs
1 that are much higher than the true maximum

BH mass. In Figure 6.4, we show, as a function of the number of detections, the most

massive mobs
1 that we expect in the sample, based on the fit to Model B with the ten

O1/O2 detections. We find that our predictions for the maximum observed mass after N

detections matches expectations from analytic Gaussian scaling. Assuming Gaussian ob-

servational uncertainties of width σ, with N detections, some fraction fN of systems will

have masses within 1-σ of the true maximum mass, where f depends on the shape of the

mass distribution convolved with selection effects. The largest observed mass will following

a scaling maxmobs
1 ∼ maxm1 + σ

√
2 log(fN); this scaling is observed empirically in Figure

4. In other words, the most extreme noise fluctuation in a sample of size N is typically

observed at
√

2 logN standard deviations above its true value. It would be common that

by the time we have 100 detections, even if they are all described by Model B with a sharp

cutoff at mmax = 40.8+11.8
−4.4 M�, that we will observe a system with an apparent mass of

128



20 40 60 80 100

number of detections

40

60

80

100

m
ax

im
um

m
ob

s
1

(M
�

) true mmax

Figure 6.4: Maximum mass we expect to observe as a function of number of detec-
tions (blue), as inferred from the Model B fit to the ten O1/O2 detections (which predicts
the true mmax = 40.8+11.8

−4.4 M�, shown in orange). The observed mass mobs
1 represents

the maximum likelihood value that would be inferred for the detected system, taking into
account measurement uncertainty and selection effects. The solid line denotes the median
and dark and light bands denote the 68% and 95% credible intervals of the posterior pre-
dictive distribution. As the number of detections increases, the largest noise fluctuation in
the sample will become more extreme. Furthermore, because of the SNR threshold, these
noise fluctuations statistically lead to larger inferred masses. The blue curves are well fit by
maxmobs

1 ' maxm1 + σ
√

2 log(fN) with σ ∼ 17 M� (see text); this fit is shown by the
black dashed line.
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mobs
1 ∼ 70M�.

6.5 Non-parametric Constraints on the Rate of Mass-Gap

Mergers

To explore the rate of high-mass mergers in a less parametric way, we follow the binned-

histogram analyses of [112] and [178]. We model the rate of BBH mergers on the two-

dimensional m1–m2 plane, R(m1,m2) = dN
dm1dm2dVcdt

as piecewise constant in 9× 9

logarithmically-spaced mass bins between 3 and 150 M�. The height of each mass bin Rij
represents the merger rate in that bin. We take the prior on the bin heights to be a squared-

exponential Gaussian process (GP) where the relative means µij of the bin heights follow

a fixed shape p(m1,i,m2,j) and the length scales in log(m1) and log(m2) are fit from the

data (see Appendix 6.7.2 for more details). We consider two different shapes for the mean

merger rate per bin in the GP prior: a “power-law” shape prior and “flat-in-log” shape prior.

These are motivated by the two fixed-parameter models that the LVC used to calculate BBH

merger rates in O1 and O2 [3, 17]. In the power-law shape prior, we have:

p(m1,m2) ∝ m−2.35
1

m1 −Mmin
, (6.9)

where mmin = 3 M�. The flat-in-log shape prior is simply:

p(m1,m2) ∝ 1

m1m2
(6.10)

Figure 6.5 shows the merger rate R(m1) as inferred under the two different priors, where:

R(m1) =

∫ m1

3
R(m1,m2)dm2. (6.11)

For comparison we also show the results from the parametrized Model B fit. We note that
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Figure 6.5: The non-parametric constraints on the merger rate distribution for m1
from the binned histogram model under the two shape priors (flat-in-log prior in blue and
power-law prior in orange). The solid lines denote the median rate and the dark and light
shaded bands denote 68% and 95% symmetric credible intervals. In green we show the merger
rate as a function of m1 for the parametric mass distribution Model B; this model includes
a maximum mass cutoff as one of the parameters. In the low-mass region m1 . 45 M�, the
non-parametric model under both priors agrees with the parametric model. Because of the
lack of detections at high masses, the parametric Model B infers a tight constraint on mmax

and the merger rate falls to zero, while the nonparametric model attempts to extrapolate
smoothly to high masses under strong influence of the prior.
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in the range m1 . 45 M�, the inferred merger rates R(m1) agree between all three models:

the two shape priors in the nonparametric model as well as the parametric power-law model.

(The difference for m1 < 5 M� is due to the prior on mmin > 5 M� for Model B, while the

lowest mass bin in the nonparametric model starts at 3 M�.) Beyond ∼ 45 M�, the merger

rate inferred under Model B drops sharply due to the mmax parameter, whose inferred value

closely follows the mass of the most massive observed system [105]. The binned model, on

the other, does not have a mmax parameter that lets the rate fall to zero, and instead has a

prior that strongly favors smooth variations of the merger rate from mass bin to mass bin.

In the mass bins with m1 & 45 M�, where there are no detections, the posterior on the

merger rate smoothly transitions to following the prior on the bin heights. This is visible in

Figure 6.5 as the merger rate R(m1) inferred under the two different priors (blue and orange

bands) start to diverge from one another at m1 & 45 M�, and the uncertainty for each one

grows as well. This is a consequence of the GP smoothing prior. After enough detections,

if the absence of high-mass events continues, the likelihood will overcome the smoothing

prior and the posterior will reveal a sharp drop-off in the merger rate in the binned analysis,

independently of the prior on the bin heights. This was demonstrated by [178] with simulated

data in the context of the putative low mass gap between the binary neutron star (BNS)

and BBH population. With only ten detections, the binned model provides a conservative

upper limit on the rate of mergers with 45 M� < m1 < 150 M� under the prior that the

merger rate should not vary sharply between neighboring mass bins.

Under the flat-in-log prior, we infer the merger rate in the mass range 45 M� < m1 <

150 M� to be 3.02+12.97
−2.28 Gpc−3 yr−1 (90% equal-tailed credible interval), or 1.79+2.30

−1.23

Gpc−3 yr−1 under the power-law prior. We infer the total merger rate over the 3 M� <

m1 < 150 M� range to be 42.50+68.12
−24.89 Gpc−3 yr−1 with the flat-in-log shape prior or

65.58+102.34
−41.82 Gpc−3 yr−1 with the power-law shape prior, implying that the rate of mergers

with m1 > 45M� makes up 7.6%+23.8
−6.0 (flat-in-log prior) or 2.8%+5.4

−2.0 (power-law prior) of

132



the total merger rate. This is to be compared to the parametric models of [19], which all

predict that less than 1% of mergers have m1 > 45 M�. Unlike the parametric models

with a maximum mass parameter, the binned-histogram model does not allow the high-mass

merger rate to drop all the way to zero. The advantage of the nonparametric constraints

is that, if there were a secondary population of BBH mergers that does not respect the

maximum mass feature of the parametrized mass models (consisting, for example, of second-

generation mergers that occupy the pair-instability mass gap), we still expect their merger

rate to respect these nonparametric limits.

6.6 Conclusion

Focusing on the BBH mass distribution as inferred by [19], we have explored how individual

events fit into a population analysis, especially in the presence of measurement uncertainty

and selection effects. We have presented simple posterior predictive/goodness-of-fit checks

to show consistency between the O1/O2 events and the power-law mass distribution models

of [19]. In particular, GW170729, the most massive event of O1/O2, is not an outlier

with respect to even the simplest power-law model with a sharp high-mass cutoff. When

folding in the full information about the population, the primary mass of GW170729 is

inferred to be m1 = 38.9+7.3
−4.5 M� as compared to the inferred value under the uninformative

PE priors, m1 = 51.2+16.2
−11.0 M�. We argue that as the number of detections increases,

the sample will contain statistical fluctuations even more extreme than the one that likely

gave rise to the observed mass of GW170729. These statistical fluctuations will lead us to

preferentially overestimate the masses of individual events, unless we infer the individual

events’ masses jointly with the full population. In doing so, it will also be necessary to

verify that the chosen population model fits the data sufficiently well. Although the simple

parametrized models provide adequate fits to the BBH detections so far, we have presented

nonparametric fits to the mass distribution based on the GP-regularized binned-histogram
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model of [178]. Under this model, we place conservative upper limits on the rate of mergers

with 45 M� < m1 < 150 M�, and find that these high-mass mergers make up at most

7.6%+23.8
−6.0 of the total merger rate in the range 3 M� < m1 < 150 M� for a flat-in-log shape

prior on the mass distribution, or 2.8%+5.4
−2.0 of the total merger rate for a power-law shape

prior.

6.7 Additional Analysis Details

6.7.1 Mock observations

This section explains in greater detail how we calculate selection effects and simulate mea-

surement uncertainty for mock observations. For a BBH with true parameters θ, we follow

the simple prescription of [109] and [98] to assign realistic measurement uncertainty and

compute θobs. Given the BBH’s source-frame masses, spins, and redshift together with a

PSD describing the noise of the detector, we can calculate the optimal SNR ρopt of the

source, which is the SNR that it would have if it were optimally oriented face-on and di-

rectly overhead of the detector [71]. We assume a fixed cosmology described by the best-fit

Planck 2015 parameters [24] to interchange between redshift and luminosity distance [33].

We fix the PSD to the “aLIGO Early High Sensitivity” noise curve from [18], which is rep-

resentative for O1 and O2. We also fix BBH spins to zero in this calculation, since they

have a negligible effect on the SNR calculation for population studies [19]. An isotropic

distribution of sky positions and inclinations relative to a detector yields a distribution of

true SNRs ρ in that detector; this distribution can be summarized by the angular projection

term 0 ≤ Θ = ρ
ρopt
≤ 1. The angular term Θ has a known distribution [103]. Therefore,

for a BBH with intrinsic parameters {m1,m2, z}, we assign a single extrinsic parameter Θ

drawn from this distribution. These four parameters together correspond to a true SNR ρ

for the source.
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Given {m1,m2, z,Θ, ρ} for a source, we assign measurement uncertainty as follows. We

expect that in stationary, Gaussian noise, the matched-filter SNR ρ has unit variance [26].

We first draw an observed SNR ρobs from a normal distribution centered at the true SNR ρ:

ρobs = ρ+N(0, 1) (6.12)

where N(µ, σ) is a random number drawn from a normal distribution with mean µ and

standard deviation σ. We assume that sources are only detected if they pass an SNR thresh-

old (in a single detector) ρobs > 8; this would be identical to the semi-analytic selection

effects calculation of [8, 3, 19] were it not for the inclusion of the noise term N(0, 1). To

best approximate the mass measurement, we work with the detector-frame (redshifted) chirp

mass:

Mz = (1 + z)
(m1m2)3/5

(m1 +m2)1/5
, (6.13)

and symmetric mass ratio:

η =
m1m2

(m1 +m2)2
. (6.14)

The detector-frame chirp mass drives the leading-order GW frequency evolution during

the inspiral and is thus the best-measured mass parameter for stellar-mass compact binary

sources. We assume that the uncertainties {σM, ση, σΘ} on the measured parameters scale

inversely with ρobs, so that:

logMobs
z = log [Mz +N(0, σM/ρobs)] , (6.15)

ηobs = NT [0,0.25](η, ση/ρobs), (6.16)

Θobs = NT [0,1](Θ, σΘ/ρobs). (6.17)

In the above expressions, NT [a,b](µ, σ) denotes a random number drawn from the trun-

cated normal distribution. FromMobs
z and ηobs, we calculate the detector-frame component
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masses mobs
1,z and mobs

2,z :

mobs
1/2,z =

M ±
√
M2 − 4ηM2

2
(6.18)

for M =Mobs
z /η

3/5
obs . The observed redshift is inferred directly from the remaining parame-

ters, via the observed luminosity distance dobs:

dobs =
dfidρopt((1 + z)mobs

1 , (1 + z)mobs
2 , dfid)Θobs

ρobs
, (6.19)

where dfid is an arbitrary fiducial luminosity distance (for given detector-frame masses, the

SNR of a source scales inversely with its luminosity distance). The observed redshift zobs is

derived from dobs by the cosmological redshift-luminosity distance relation, and once this is

known, we infer the source-frame masses:

mobs
1/2 =

mobs
1/2,z

1 + zobs
. (6.20)

The observed values mobs
1 ,mobs

2 , zobs denote the maximum likelihood values of the pa-

rameters as extracted from the GW signal. To simulate full posterior distributions on these

parameters, we use Eq. 6.12-6.19 as the likelihood for the observed parameters given true

values ρ, Mz, η, and Θ. We take samples on ρ, Mz, η, and Θ from this likelihood and

convert the samples to the space m1,z,m2,z, dL,Θ, on which we wish to set a prior:

πPE(m1,z,m2,z, dL,Θ) ∝ p(Θ)d2
L. (6.21)

This matches the default PE prior used by LIGO/Virgo in the O1 and O2 event analy-

sis [17], where p(Θ) is the true distribution from which the Θ values are drawn, representing

an isotropic distribution on the sky and source inclination. The change of variables from

ρ,Mz, η,Θ to m1,z,m2,z, dL,Θ means we also have to divide out by the induced prior, given
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by the Jacobian:

∣∣∣∣ dρ

ddL

d(Mz, η)

d(m1,z,m2,z)

∣∣∣∣ =
Θρopt(m1,z,m2,z, dfid)dfid

d2
L

(m1,z −m2,z)η(m1,z,m2,z)
3/5

(m1,z +m2,z)2
(6.22)

Once we reweight the m1,z,m2,z, dL,Θ samples by Eq. 6.21 divided by Eq. 6.22, we can get

posterior samples for the source-frame parameters by converting to m1,m2, z,Θ space.

We tune the σ parameters above to match the measurement uncertainties on masses

and redshifts found by [251] when simulating full PE on injected signals. [251] found that

for BBHs detected by Advanced LIGO/ Virgo at design sensitivity, the relative uncertainty

(at the 90% credible interval) on the detector-frame masses is typically ∼ 40% and the

relative uncertainty on redshift is typically ∼ 50%. However, for the majority of O1 and

O2, only the two (co-aligned) LIGO detectors were operational, implying a reduced ability

for the network to constrain the polarization of a source and break the distance-inclination

degeneracy, and worsened redshift constraints. We find that for the O1 and O2 events, a more

typical relative redshift uncertainty is 70% (for a 90% credible interval relative to the median

value). We find that choosing σM = 0.08ρthresh, ση = 0.022ρthresh and σΘ = 0.21ρthresh

yields measurement uncertainties that match the widths of the O1 and O2 credible intervals

and the expectations from [251]. We use ρthresh = 8 throughout, as discussed above. The

measurement uncertainty on Θ controls the measurement uncertainty on z according to

Eq. 6.19. For simulating events for a 3-detector network at design sensitivity, we would

use σΘ = 0.15 to reflect the improved distance constraints of a 3-detector network with

relative uncertainties of 50% rather than 70%. We note that the measurement uncertainty

on the source-frame masses is a combination of the detector-frame mass uncertainty and the

absolute redshift uncertainty, which is largest for sources at high redshift. Therefore, our

predictions for distributions of mobs
1 based on distributions of m1 are sensitive to assumptions

regarding the underlying redshift distribution and the network sensitivity, which together

determine the detected redshifts of the sources. The uncertainty in these assumptions is
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subdominant to uncertainties in the population model.

6.7.2 Binned histogram likelihood

In this section, we provide additional analysis details regarding the binned-histogram fit to

the mass distribution (Section 6.5). The total posterior for the rate Rij in each mass bin, the

parameters Γ governing the Gaussian process prior on the bin heights, and the true masses

of the detected events is given by the inhomogeneous Poisson process likelihood:

p
(
Rij ,Γ, {m1,m2} | d

)
∝

Nevents∏
k=1

p
(
d(k) | m(k)

1 ,m
(k)
2

)
R(m

(i)
1 ,m

(i)
2 )


× exp

−∑
ij

λij

 p (Rij |Γ) p (Γ) , (6.23)

where p
(
d(k) | m(k)

1 ,m
(k)
2

)
denotes the likelihood of the data for event k given component

masses, marginalized over all other parameters of the system, p
(
Rij |Γ

)
represents the GP

prior on the bin heights and λij denotes the expected number of detections in bin ij, folding

in selection effects.

The GP prior on the (log) of the bin heights takes the form:

p(logRij | Γ) = N(logRij | log(µ+ µij),Σ). (6.24)

where N(x | µ̂, Σ̂) denotes the multivariate normal probability distribution function on

x with mean µ̂ and covariance Σ̂. Meanwhile, µ is an overall scale factor and µij =

log p(logm1,i, logm2,j) is fixed to either the power-law or flat-in-log shape discussed in Sec-

tion 6.5. Note that the point (logm1,i, logm2,j) denotes the center of the ijth bin. Finally,

Σ is a covariance matrix. We use a squared exponential kernel for the covariance matrix,
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and parameterize Σ as:

Σijkl = (1− f)σ2 exp

[
− 1

2τ2
∆2logmijkl

]
+ fσ2δijkl. (6.25)

For numerical stability, the covariance Σ includes some fraction f � 1 that is white and

uncorrelated; the precise value of f does not affect the results and is fixed to f = 0.01

throughout the analysis. The square of the Euclidean distance between the centers of the

bins (logm1,i, logm2,j) and (logm1,k, logm2,l) is denoted ∆2logmijkl. At zero separation,

the variance is σ2. The correlation length scale is set by the parameter τ . Lastly, δijkl is the

Kroniker delta function.

In summary, the GP parameter set Γ consists of the free parameters µ, σ, and τ , and

the fixed parameters µij and f . For the prior on these hyper-parameters (written p(Γ) in

Eq. 6.23), we take a broad Gaussian prior for µ with mean 0 and standard deviation 10 and

a half-Gaussian prior on σ > 0 with mean 0 and standard deviation 1.

We take a Gaussian prior for log τ . The mean and standard deviation of the Gaussian

are chosen to place the width of the smallest mass bin 2-σ below the mean and the width of

the mass range considered (3M� to 150M�) 2-σ above the mean. Thus the prior constrains

the correlation length of the rate in log-mass to be typically longer than one bin, but shorter

than the entire mass range. The correlation length τ is poorly constrained by the data with

only ten detections, and the recovered posterior is very similar to the prior. We stress that

in the limit of a large number of detections, the likelihood will dominate the GP prior and

the posterior on the bin heights will become independent of these prior choices.

To evaluate the posterior of Eq. 6.23 we also need the expected number of detections λij

in bin ij. To do this we evaluate the sensitive spacetime volume in the ij-th bin, 〈V T 〉ij , so

that:

λij = Rij〈V T 〉ij , (6.26)
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The sensitive volume was introduced in Section 6.4, and is calculated from the detection

probability Pdet by [19]:

V T (m1,m2) = Tobs

∫
Pdet(m1,m2, z)

1

1 + z

dVc
dz

dz, (6.27)

where Tobs is the observing time. This assumes that the merger rate is constant (non-evolving

with redshift) in comoving volume and source-frame time, and that the detector sensitivity

is constant in time. The average sensitive volume in bin ij is:

〈V T 〉ij =

∫ mi+1/2

mi−1/2

∫ mj+1/2

mj−1/2

V T (m1,m2)
dm1

m1

dm2

m2
, (6.28)

where the integral boundaries are the edges of the bin.

Consistent with the other analyses in this work, we calculate Pdet(m1,m2, z) under the

assumption of a single-detector SNR threshold. [19] found this approximation to V T (m1,m2)

to overestimate the sensitive volume by a factor of ∼ 1.6 relative to the volume calculated

by injections into the detection pipeline. This factor of ∼ 1.6 between the semi-analytic

sensitive volume and the injection-estimated volume is fairly constant across the mass space.

We therefore divide our value of 〈V T 〉ij by 1.6 to match the results of injections. We further

assume that the total 〈V T 〉 has a (Gaussian) 1-σ error of 18% (arising from an amplitude

calibration error of ∼ 6%) and marginalize over this uncertainty, split evenly between the

mass bins [3].
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CHAPTER 7

A STANDARD SIREN MEASUREMENT OF THE HUBBLE

CONSTANT FROM GW170817 WITHOUT THE

ELECTROMAGNETIC COUNTERPART

The previous chapters focused on analyzing the masses, spins, and distances of binary black

holes in order to learn about the astrophysical processes by which they form and merge.

In this chapter, we turn to another type of measurement enabled by gravitational-wave

detections: the cosmological expansion of the universe.

Gravitational waves from a compact binary merger provide a direct measurement of

the distance to the source, lending them the name “standard sirens.” The basic reason for

this is as follows. The amplitude of a gravitational-wave signal decays inversely with the

luminosity distance from the source. Meanwhile, the intrinsic “loudness” of the gravitational-

wave signal is set by the binary’s chirp mass; this same chirp mass sets the leading-order

frequency evolution of the waveform. This means that by measuring the frequency evolution,

we can extract the intrinsic loudness of the source, and thereby work out the distance to the

source.

In order to measure the expansion of the universe and infer cosmological parameters, we

need to measure the redshift-distance relationship. For a given source, the gravitational-

wave signal provides its luminosity distance, but we need an independent measurement of

redshift. The most straightforward approach is to observe the same source with gravita-

tional waves and light, inferring distance from the gravitational-waves and redshift from the

electromagnetic emission. An electromagnetic counterpart to a gravitational-wave source

has so far been observed only once, with the first binary neutron star merger GW170817.

In practice, we cannot measure the redshift of the electromagnetic counterpart directly, but

we use the electromagnetic counterpart to identify a unique host galaxy, from which we can
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easily obtain a redshift. Combining the gravitational-wave measurement of the distance to

GW170817 with the redshift of its host galaxy, NGC 4993, yielded the first standard siren

measurement of the Hubble constant [9]. However, most gravitational-wave sources do not

have electromagnetic counterparts. In fact, Bernie Schutz’s original proposal to measure the

Hubble constant with gravitational waves did not rely on an electromagnetic counterpart

and unique host galaxy, but rather a catalog of potential host galaxies. The galaxy catalog

provides a statistical distribution of possible redshifts, and by stacking the measurement

from multiple gravitational-wave observations, we expect to converge to the correct Hubble

constant value.

In this work, as a proof of concept, we apply the galaxy-catalog based method to measure

the Hubble constant with GW170817. This represents the first application of the galaxy-

catalog standard siren method to real data. Because GW170817 was a relatively nearby and

well-localized gravitational-wave source, using a full galaxy catalog yields a Hubble constant

measurement that is only ∼ 2 times less informative than the measurement we obtained from

the electromagnetic counterpart. Our simulations suggest that in most cases, the galaxy-

catalog approach will provide a measurement of the Hubble constant that is ∼ 3 times less

informative than the result provided by a unique host galaxy. This work was carried out in

collaboration with Daniel Holz and other members of the LIGO and Virgo collaborations,

and published in the Astrophysical Journal Letters [104].
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7.1 Abstract

We perform a statistical standard siren analysis of GW170817. Our analysis does not utilize

knowledge of NGC 4993 as the unique host galaxy of the optical counterpart to GW170817.

Instead, we consider each galaxy within the GW170817 localization region as a potential

host; combining the redshift from each galaxy with the distance estimate from GW170817

provides an estimate of the Hubble constant, H0. We then combine the H0 values from

all the galaxies to provide a final measurement of H0. We explore the dependence of our

results on the thresholds by which galaxies are included in our sample, as well as the impact

of weighting the galaxies by stellar mass and star-formation rate. Considering all galaxies

brighter than 0.01L?B as equally likely to host a BNS merger, we find H0 = 76+48
−23 km s−1

Mpc−1 (maximum a posteriori and 68.3% highest density posterior interval; assuming a flat

H0 prior in the range [10, 220] km s−1 Mpc−1). Restricting only to galaxies brighter than

0.626L?B tightens the measurement to H0 = 77+37
−18 km s−1 Mpc−1. We show that weighting

the host galaxies by stellar mass or star-formation rate provides entirely consistent results
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with potentially tighter constraints. While these statistical estimates are inferior to the value

from the counterpart standard siren measurement utilizing NGC 4993 as the unique host,

H0 = 76+19
−13 km s−1 Mpc−1 (determined from the same publicly available data), our analysis

is a proof-of-principle demonstration of the statistical approach first proposed by Bernard

Schutz over 30 years ago.

7.2 Introduction

The first multi-messenger detection of a binary neutron star (BNS) merger, GW170817,

by LIGO [1] and Virgo [23] enabled the first standard siren measurement of the Hubble

constant, H0, ushering in the era of gravitational-wave (GW) cosmology [9, 14, 15]. This

H0 measurement combined the luminosity distance to the source, as measured from the GW

signal [219], with the known redshift of the host galaxy, NGC 4993. NGC 4993 was identified

as the unique host galaxy following the discovery of an optical transient located only ∼ 10

arcsec from NGC 4993 [74, 229, 15]. The probability of a chance coincidence between the

GW signal and the optical transient was estimated to be . 0.5% [229], and the probability

of a chance association between the optical transient and NGC 4993 is . 0.004% [9].

The original proposal by [219] to measure the Hubble constant with GW detections

of compact binary mergers did not involve electromagnetic counterparts. Instead, Schutz

considered bright galaxies in the GW localization region as potential hosts to the merger.

Each galaxy provides a redshift that, when combined with the GW-measured luminosity

distance, gives a separate estimate of H0. The final H0 measurement from a single event is

the sum of all contributions from the individual galaxies. The first detailed exploration of

this method on simulated data, and with the first use of a galaxy catalog [25], was by [81].

An up-to-date forecast incorporating realistic detection rates, galaxy peculiar velocities,

large-scale structure, and additional considerations can be found in [70]. We refer to this

approach of measuring H0 as the “statistical” method [219, 172, 205, 70], compared with
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the “counterpart” method in which an electromagnetic (EM) counterpart provides a unique

host galaxy association. In the limit where the GW event is so well-localized that there is

only one potential host galaxy in the GW localization error box [68], the statistical method

reduces to the counterpart method. In the opposite limit, where the GW event is poorly

localized, there are so many potential host galaxies that the distinct peaks from individual

galaxies are washed out, and the H0 measurement is uninformative [70].

The statistical approach may be the only way to do standard siren science with binary

black holes, since they are not expected to have EM counterparts. We emphasize that

although the statistical measurements for a given event are inferior to the counterpart case,

combining many of these measurements leads to increasingly precise constraints [219, 81, 70,

193]. In ground-based gravitational wave detector networks, the rate of detection of binary

black holes is significantly higher than that for neutron stars [3, 11, 14],although the higher

rate is not expected to compensate for the inferior constraints [70]. Nonetheless, the black

hole systems can be observed to much higher redshifts, potentially providing constraints on

the evolution history of the Universe out past the turnover between dark matter and dark

energy domination [81, 91, 44, 109]. Because these systems are farther away, however, it will

be a greater challenge to supply a sufficiently complete galaxy catalog.

In this paper we carry out a measurement of H0 using the GW data from GW170817

and a catalog of potential host galaxies within the GW localization region. In other words,

we explore how tight the H0 measurement from GW170817 would have been if an EM

counterpart had not been detected or if a unique host galaxy had not been identified. We

present our methods in §7.3, a discussion of the galaxy selection in §7.4, a discussion of the

gravitational-wave constraints in §7.5, results in §7.6, and conclude in §7.7.
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7.3 Methods

We follow the statistical framework presented in [70] [see also 81, 124]. We include the role

of GW selection effects, galaxy catalog incompleteness, galaxy luminosities, and redshift

uncertainties in our analysis. The posterior on H0 given the GW and EM data, xGW and

xEM, is:

p(H0 | xGW, xEM) =
p0(H0)

β(H0)

∫
p(xGW|D̂L(z,H0),Ω)p(xEM|z,Ω)p0(z,Ω)dΩdz, (7.1)

where D̂L(z,H0) is the luminosity distance of a source at redshift z for a given H0 [fixing

other cosmological parameters to the Planck values; 24]1, Ω is the sky position, and β(H0) is

a normalization term to ensure that the likelihood normalizes to 1 when integrated over all

detectable GW and EM datasets [179]. The term p0(H0) represents the prior on the Hubble

constant. A detailed derivation of Equation 7.1, including the role of the normalization term

β(H0), is provided in the Appendix.

As first emphasized by [219], the GW signal from a compact binary coalescence allows

for a direct measurement of the distance to the source, as well as its sky location. This

measurement is represented in the GW likelihood term, p(xGW|DL,Ω), which is the proba-

bility of the GW data in the presence of signal from a compact binary with parameters DL

and Ω marginalized over the other parameters of the signal (including the inclination angle,

component masses, spins and/or tides). The corresponding posterior p(DL,Ω | xGW) ∝

p(xGW|DL,Ω)p0(DL,Ω) is summarized in the 3-dimensional sky map, which provides a

fit to the posterior samples provided by the GW parameter estimation pipeline LALInfer-

ence [245, 223, 224]. For this analysis, we use the publicly released 3-dimensional sky map

from [20] (see §7.5 and §7.6). To get the likelihood from the posterior probability, we must

first divide out the default “volumetric” distance prior, p0(DL,Ω) ∝ D2
L.

1. For the redshifts considered here, z . 0.05, other cosmological parameters affect the distance-redshift
relation at the sub-percent level, and so our analysis is insensitive to their precise values.
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Meanwhile, the EM likelihood term p(xEM | z,Ω) is the probability of the electromagnetic

data in the presence of signal from a compact binary with parameters z and Ω. In the absence

of an EM counterpart and/or a host galaxy identification, we assume the measurement

p(xEM|z,Ω) is completely uninformative, and set:

p(xEM|z,Ω) ∝ 1. (7.2)

In this case, the redshift information enters only through the prior term, p0(z,Ω), which we

take to be a galaxy catalog. The detection of an electromagnetic counterpart typically results

in p(xEM | z,Ω) being strongly peaked around some Ω̂ allowing the identification of a host

galaxy. We note that in some cases an optical transient may be identified, but it may not be

possible to uniquely identify the associated host galaxy. In these circumstances one could

perform a pencil-beam survey of the region surrounding the transient (e.g., at distances of

. 100 kpc from the line-of-sight to the transient), and sharply reduce the relevant localization

volume [70]. This reduces the number of potential host galaxies, and thereby improves the

measurement.

The galaxy catalog term p0(z,Ω) is given by:

p0(z,Ω) = fpcat(z,Ω) + (1− f)pmiss(z,Ω), (7.3)

where pcat is a catalog of known galaxies, pmiss represents the distribution of missing galaxies,

and f denotes the overall completeness fraction of the catalog. The contribution from the

known galaxies is:

pcat(z,Ω) =

Ngal∑
i

wiN(z̄i, σz; z)N(Ω̄i, σΩ; Ω), (7.4)

where z̄i, Ω̄i denotes the (peculiar velocity-corrected) “Hubble” redshifts and sky coordinates

of all galaxies in the catalog, and N(µ, σ;x) denotes the normal probability density function
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with mean µ and standard deviation σ evaluated at x. To account for peculiar velocity

uncertainties, which can be significant for nearby sources, we assume that the true Hubble

velocity is normally distributed about the measured Hubble velocity with an uncertainty

of cσz [220]. On the other hand, the uncertainty on the sky coordinates of galaxies in the

catalog is negligible for our purposes, so we always approximate N(Ω̄, σΩ; Ω) by δ(Ω̄− Ω).

The weights wi can be chosen to reflect the a priori belief that a galaxy could host a

gravitational-wave source. For example, setting all weights to wi = 1
Ngal

corresponds to

equal probability for each galaxy to host a gravitational wave source. In general, since we

might expect that the BNS rate is traced by some combination of stellar mass and/or star

formation rate [206, 167, 110, 72], we may assign unequal weights to galaxies based on these

(or any other relevant observable) quantities, ensuring that the weights sum to unity. In

the following, we use a galaxy’s B-band luminosity as a proxy for its star formation rate,

and its K-band luminosity as a proxy for its total stellar mass [46, 223]; these are very

rough estimates, but serve to demonstrate the method. In these cases, we apply weights

proportional to B-band or K-band luminosity, wi ∝ LiB or wi ∝ LiK , and explore the

dependence of the result on these of weightings. We should probably have a discussion

somewhere about bias due to GRBs/KN somehow preferentially selecting face-on galaxies?

To calculate the term pmiss in Equation 7.3, we assume that on large scales, the distribu-

tion of galaxies, p0(z,Ω) is uniform in comoving volume. Let pvol(z,Ω) denote the cosmolog-

ically homogeneous and isotropic distribution normalized over the volume contained in the

range zmin < z < zmax considered in our analysis. (The result does not depend on the choice

of zmin or zmax provided that the interval encompasses all possible redshifts of the source

for all allowed values of H0.) Assuming all galaxies are weighted equally, the distribution of

missing galaxies is written as:

pmiss(z,Ω) =

[
1− Pcomplete(z)

]
pvol(z,Ω)

(1− f)
, (7.5)
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where Pcomplete(z) is the probability that a galaxy at redshift z is in the catalog, and the

completeness fraction f is given by:

f =

∫ zmax

zmin

Pcomplete(z)pvol(z,Ω) dz dΩ. (7.6)

We can similarly add galaxy weightings to an incomplete catalog by computing the

luminosity distribution of the “missing galaxies” as a function of redshift, p(L | z,missing).

We calculate this distribution by assuming that the luminosities of the missing galaxies

together with those in the catalog are distributed according to the Schechter function. Then,

the weights of the missing galaxies are given by:

w(z) ∝
∫
Lp(L | z,missing) dL, (7.7)

and, weighting each missing galaxy by its luminosity, Equation 7.5 becomes:

pmiss(z,Ω) ∝ w(z)pmiss(z,Ω). (7.8)

Note that we have assumed that the coverage of the catalog is uniform over the sky and

so Pcomplete is independent of Ω. (This is true over the relevant sky area for the present

analysis, but the method can be easily generalized to add an Ω-dependence.) Alternate

approaches of taking into account the incompleteness of galaxy catalogs are being explored

in [124]. However, in the present case of a single nearby source where the catalog is largely

complete, the differences in results from the various approaches are small, and in particular,

well within the statistical uncertainties. In section 7.4, the completeness function Pcomplete

is estimated for the galaxy catalog used in the analysis.

To demonstrate the statistical method, we apply the analysis described above to 249

simulated BNS GW detections from the First Two Years (F2Y) catalog [225] and the MICE
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Figure 7.1: Projected H0 constraints using the statistical method on a sample of 249
simulated BNS detections and the MICE mock galaxy catalog. The thin colored lines show
the H0 posteriors from individual events, while the solid black curve shows the combined
posterior. The prior is assumed to be flat in all cases. The dashed black line shows the
injected value, H0 = 70 km s−1 Mpc−1.
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simulated galaxy catalog [113, 75, 114, 61, 130, 62]. We assign each BNS detection from

the F2Y 2016 scenario (roughly corresponding to O2) to a galaxy in the MICE catalog

with a redshift that matches the injected distance and assumed H0 value (H0 = 70 km s−1

Mpc−1). For each event, we rotate the sky coordinates of the galaxies in the catalog so that

the sky position of the host galaxy matches the true sky position of the BNS injection. We

then carry out the statistical method using the 3-dimensional sky map for each mock BNS

and the galaxies in MICE, assuming no peculiar velocities or incompleteness, and assigning

weights to the galaxies in MICE so that the redshift distribution matches the injected redshift

distribution of the F2Y dataset, p(z) ∝ z2. This last step is necessary in order to ensure that

the selection effects are incorporated consistently between the injections and the likelihood.

The results are shown in Fig. 7.1. Even in the best-case scenario of perfectly-known galaxy

redshifts and a complete catalog, the H0 posteriors from most individual events are nearly

flat over the prior range. Combining the 249 individual events, the final H0 posterior is

H0 = 70.1+1.9
−1.9 km s−1 Mpc−1 (68.3% credible interval), corresponding to a convergence rate

of ∼ 40%/
√
N , consistent with [70]. As is visible in the Figure, we confirm that the method

is unbiased, with the result for large numbers of detections approaching the true value of

H0. We note that most of the simulated detections in the F2Y dataset have much larger

localization volumes than GW170817, which was an unusually loud, nearby source that was

detected while all three detectors were operational. Therefore, we expect the statistical H0

measurement from GW170817 to be unusually informative compared to an average event.

We quantify this expectation in Section 7.6.

7.4 Galaxy catalogs

To measure H0 statistically with GW170817, we use version 2.3 of the GLADE galaxy catalog

to construct our redshift prior in Equation 7.3 [78]. GLADE provides galaxy redshifts in

the heliocentric frame, corrected for peculiar motions using the peculiar velocity catalog
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Figure 7.2: Completeness of the GLADE catalog as a function of redshift for galax-
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0.626L?B , GLADE is complete across the entire redshift range shown.
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of [63]. For galaxies which are also listed in the group catalog of [156], as identified by a

common Principal Galaxy Catalog (PGC) identifier, we apply an additional correction to

correct their velocities to the radial velocity of the group. We assume the group velocity is

given by the unweighted mean of the velocities of all member galaxies, although we note that

for the dominant group containing NGC 4993, careful group modeling has been done [129].

Finally, we correct all heliocentric velocities to the reference frame of the cosmic microwave

background [128] and assign a 200 km/s Gaussian uncertainty to the “Hubble velocity” of

each galaxy in the catalog [corrected by all peculiar motions; 63, 220].

GLADE also provides luminosity information for galaxies, listing apparent magnitudes

in the B-, J-, H-, and K-bands. We use the reported B-band luminosities to characterize

the completeness of the catalog (a small fraction of galaxies do not have B-band apparent

magnitudes reported in the catalog; we remove these galaxies from our analysis, assuming

that their magnitudes are below our adopted luminosity cutoff). Following [119] and [31],

we adopt B-band Schechter function parameters φ∗ = 5.5 × 10−3 h3
0.7 Mpc3, αB = −1.07,

L∗B = 2.45 × 1010 h2
0.7LB,� throughout. The corresponding characteristic absolute magni-

tude is M∗B = −20.47 + 5 log10 h0.7. We will also consider the K-band magnitudes reported

in GLADE when applying galaxy weights, and we use the K-band Schechter function pa-

rameters of αK = −1.02, M∗K = −23.55 + 5 log10 h0.7 [171].

Figure 7.2 summarizes the completeness of GLADE as a function of redshift. We find

that GLADE is complete up to redshifts z ∼ 0.06 for galaxies brighter than ∼ 0.626h−2
0.7 L

?
B ,

corresponding to about 0.66 of the Milky Way luminosity for h0.7 = 1. Galaxies brighter than

∼ 0.626L?B make up half of the total luminosity for the given Schechter function parameters.

We find that for z . 0.03, GLADE is complete for galaxies down to 2.5 times dimmer, or

∼ 0.25L?B , corresponding to MB = −18.96 + 5 log10 h0.7 [see also Figure 2 of 31]. Such

galaxies make up 75% of the total B-band luminosity. If we consider galaxies down to

∼ 0.05L?B (MB = −17.22 + 5 log10 h0.7), GLADE is ∼ 70% complete at z ∼ 0.03, and
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Figure 7.3: Two-dimensional localization region of GW170817 (blue contours) with
the sky coordinates of the 408 GLADE galaxies (green crosses) within the 99% localization
area and the redshift range 0 < z . 0.046 (for an H0 prior range of H0 ∈ [10, 220] km s−1

Mpc−1). The light and dark blue contours enclose the 50% and 90% probability regions,
respectively, and the shading of the galaxy markers denotes their redshifts, corrected for
peculiar and virial motions as described in the text.
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even if we consider galaxies down to ∼ 0.01L?B (MB = −15.47 + 5 log10 h0.7), including

99% of the total B-band luminosity, GLADE is & 80% complete for z . 0.01, and ∼ 40%

complete at z ∼ 0.03. In the K-band, we find that with our assumed K-band Schechter

function parameters, GLADE is complete up to z ∼ 0.045 for galaxies with LK > 0.36L?K ,

which contain 70% of the total K-band luminosity, and up to z ∼ 0.03 for galaxies with

LK > 0.1L?K , which contain 90% of the total luminosity. For galaxies brighter than LK =

0.005L?K , which make up more than 99% of the total K-band luminosity, GLADE is ∼ 70%

complete at z = 0.01.

7.5 Source Localization and Distance

From the GW data alone, GW170817 is the best-localized GW event to date. The original

analysis by the LIGO-Virgo collaboration [14] reported a 90% localization area of 28 deg2

and a 90% localization volume of 380 Mpc3 [assuming Planck cosmology; 24], while the most

recent analysis [20] improves the 90% localization area to 16 deg2 and the 90% volume to

215 Mpc3. We use this updated 3-dimensional sky map [223, 224] from [20] throughout.2

Figure 7.3 shows the 2-dimensional sky map together with the galaxies in the GLADE

catalog within the localization region. Figure 7.4 shows that, although there are a total of

408 galaxies within the 99% localization area (see Figure 7.3), most of the galaxies with high

sky-map probability come in a few distinct groups: a dominant group at z ∼ 0.01 regardless

of the assumed luminosity threshold, followed by a secondary group at z ∼ 0.006 containing

only moderately faint galaxies. Therefore, there are only a few distinct redshifts that can

possibly correspond to the measured distance of GW170817, and we expect that combining

the galaxy catalog with the GW localization will yield an informative measurement of the

Hubble constant.

2. With the data release accompanying [20], the LIGO-Virgo collaboration has made
the 3-dimensional data behind this sky map publicly available at the following url:
https://dcc.ligo.org/DocDB/0150/P1800061/009/figure 3.tar.gz
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Figure 7.4: Probability distribution of the redshifts of potential hosts to
GW170817 weighted by the GW sky map probability, p(z) =

∫
p(xGW | Ω)p0(z,Ω)dΩ,

compared to a uniform in comoving volume distribution of galaxies, pvol(z). For the or-
ange histogram, we include all galaxies in the catalog brighter than 0.626L?B . For galaxies
brighter than 0.626L?B , the catalog is complete over the redshift range. However, when we
lower the luminosity cutoff to 0.25L?B (yellow histogram) or 0.005L?K (green and blue), we
must account for catalog incompleteness at higher redshifts by considering the redshift and
luminosity distributions of the missing galaxies (see §7.3). The yellow (green) histogram ad-
ditionally weights each galaxy by its B-band (K-band) luminosity. If the ratio p(z)/ pvol (z)
were completely flat, we would expect an uninformative H0 measurement in which our pos-
terior recovers our prior. However, in all instances there is a dominant peak at z ∼ 0.01,
suggesting that the resulting H0 measurement will be informative. Adding in luminosity
weights, especially in the K-band, makes the peak more dominant.
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Figure 7.5: Posterior probability of H0 under various assumptions regarding the potential
host galaxy. We adopt a flat H0 prior in the range H0 ∈ [10, 220] km s−1 Mpc−1. For the
dashed orange curve, we assume that only galaxies brighter than 0.626L?B (containing 50%
of the total luminosity) can host BNS events, meaning that the galaxy catalog is complete
over the relevant redshift range. The solid green curve lowers the luminosity cutoff to 0.25L?B
(containing 75% of the total luminosity), and accounts for the mild incompleteness of the
catalog above redshifts z ∼ 0.03. The dotted blue curves incorporate all galaxies brighter
than 0.01L? (containing 99% of the total luminosity), accounting for the incompleteness of
faint galaxies at redshifts z & 0.01. The dot-dashed pink curve shows the H0 measurement
assuming the host galaxy is known to be NGC 4993.
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Figure 7.6: Posterior probability of H0, weighting all galaxies in the volume by
their B-band luminosities, corresponding roughly to weighting by star-formation rate
(left), or K-band luminosities, corresponding roughly to weighting by stellar mass (right).
We have applied the necessary completeness correction (see §7.3). The blue dashed-dot curve
shows all galaxies brighter than 0.01L?B in B-band (left) or 0.005L?K in K-band (right) with
equal weights for comparison. Weighting galaxies by their K-band luminosities brings all
the curves into very close agreement, because many galaxies in the group at z ∼ 0.01 have
brighter than average K-band luminosities (brighter than 1.5L?K) and thus dominate the
K-band weighted population and contain the majority of the stellar mass.

The 3-dimensional sky map also provides an approximation to the luminosity distance

posterior along each line-of-sight. As usual, the distance to GW170817 is determined directly

from the gravitational waves, and is calibrated by general relativity [219]. No distance ladder

is required.

7.6 Results

We combine the GW distance posterior for GW170817 with the redshift for each potential

host galaxy within the localization region. As detailed in §7.3, each galaxy produces a

posterior probability for H0, and we combine these estimates among all the galaxies in the

localization region to arrive at a final estimate for H0. We adopt a flat prior in H0 over the

range 10–220 km s−1 Mpc−1. The results are presented in Figure 7.5. Because the galaxies

are predominantly found in one galaxy group at z ∼ 0.01, the H0 posterior shows a clear peak
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at H0 ≈ 76 km s−1 Mpc−1. And because NGC 4993, the true galaxy host of GW170817, is a

member of the group at z ∼ 0.01, we should not be surprised to learn that the peak in H0 is

consistent with the H0 estimate from the GW170817 standard siren measurement including

the counterpart [9]. Because this analysis has been performed on a 3-dimensional sky map

using an approximation to the distance posteriors, rather than using the full 3-dimensional

LIGO/Virgo posteriors, the results do not agree precisely with those of [9], and in particular,

the position of the peak in Figure 7.5 is at H0 = 76 km s−1 Mpc−1 instead of H0 = 70 km

s−1 Mpc−1. This is because our 3-dimensional sky map approximates the distance posterior

along each line-of-sight by a simple 2-parameter Gaussian fit [see Eq. 1 of 223], which is an

imperfect approximation to the true, asymmetric distance posterior [69, 82]. On the other

hand, the analysis in [9] utilizes the full distance posterior along the line-of-sight to NGC

4993 rather than the Gaussian approximation.

Figure 7.5 shows four different posterior probability distributions, each using a different

threshold for the galaxy catalog. In the “assuming counterpart” case, NGC 4993 (which is

assumed to be the true host galaxy to GW170817) is given a weight of 1, and all the other

galaxies in the localization volume are given a weight of 0. We find H0 = 76+19
−13 km s−1

Mpc−1 (maximum a posteriori and 68.3% highest density posterior interval) for our default

flat prior, or H0 = 74+18
−12 km s−1 Mpc−1 for a flat-in-log prior (the prior choice in [9]). This

peak is slightly shifted compared to the result presented in [9], H0 = 70+12
−8 km s−1 Mpc−1,

due to the usage of the Gaussian fit to the distance posterior found in the 3-dimensional sky

map as discussed above.

The other curves in Figure 7.5 assume different limiting thresholds for what constitutes

a potential host galaxy. For a luminosity threshold of L > 0.626L?B , we find H0 = 77+37
−18 km

s−1 Mpc−1 3. As the threshold is lowered, additional galaxies fall into the sample, and the

H0 posterior is broadened. For a limiting B-band magnitude of 0.25L?B , we need to account

3. The upper limits of the 68.3% highest density posterior intervals that we report here are especially
sensitive to the upper limit we consider for the H0 prior, 220 km s−1 Mpc−1
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for the incompleteness of the galaxy catalog at redshifts z & 0.03, and for 0.01L∗B , we need

to account for the incompleteness at z & 0.01, as described in §7.3. The incompleteness

correction leads to a slight additional broadening of the H0 posterior, but the clear peak

at H0 ≈ 76 km s−1 Mpc−1 remains: we find H0 = 74+45
−24 km s−1 Mpc−1 for a luminosity

threshold of L > 0.25L?B H0 = 76+48
−23 km s−1 Mpc−1 for a luminosity threshold of L >

0.01L?B . This peak is the result of the galaxy group at z ∼ 0.01, of which NGC 4993 is a

member.

The curves in Figure 7.6 weight each galaxy by its B-band luminosity (a proxy for its

recent star formation history; right) or its K-band luminosity (a proxy for its stellar mass;

left). The peak at H0 ≈ 76 km s−1 Mpc−1 becomes more pronounced when galaxies are

weighted by their luminosity, as the group containing NGC 4993 consists of many bright,

mostly red galaxies. If we assume that the probability of hosting a BNS merger is propor-

tional to a galaxy’s B-band luminosity, the posterior on H0 tightens from H0 ∈ [53, 124]

km s−1 Mpc−1 (68.3% highest density posterior interval) when applying equal weights to

all galaxies brighter than 0.01 L?B to H0 ∈ [54, 120] km s−1 Mpc−1. Applying K-band lu-

minosity weights to galaxies brighter than 0.005 L?K , the 68.3% posterior interval tightens

from H0 ∈ [61, 137] km s−1 Mpc−1 to H0 ∈ [57, 118] km s−1 Mpc−1. Although these re-

sults are suggestive that weighting by stellar-mass or star-formation rate may lead to faster

convergence, the properties of BNS host galaxies are still uncertain, and it is impossible to

establish this definitively with a single event. As the source sample increases it is expected

to relate to some combination of these quantities, and incorporating these trends will lead

to improvements in the statistical H0 analysis.

In order to quantify the degree of information in the GW170817 H0 posterior compared

to an “average” event as expected from the F2Y dataset, we consider the difference in the

Shannon entropy between the flat prior and the posterior [see Appendix; 221]. We compare

this measure of information for the statistical GW170817 H0 posterior to the individual

160



statistical H0 posteriors from each of the simulated BNS events in Section 7.3. We find that

for a flat prior in the (relatively narrow) range H0 ∈ [40, 100] km s−1 Mpc−1, the informa-

tion gained by applying the statistical method to GW170817 is 0.34 bits. Meanwhile, the

median information in an individual posterior shown in Figure 7.1 is only 0.047 bits, so that

GW170817 is in the top ∼ 90% of informative events, even under optimistic assumptions for

the simulated detections (i.e. complete galaxy catalogs and perfect redshift measurements).

As expected, GW170817 provides an unusually good statistical H0 constraint.

For the purposes of this calculation, we use the K-band luminosity-weighted LK > 0.1L?K

posterior shown in the right panel of Figure 7.6 as a representative posterior for the statistical

GW170817 H0 measurement. Over the wider prior H0 ∈ [10, 220] km s−1 Mpc−1 shown,

the information difference between the posterior and the prior is 0.67 bits. The counterpart

GW170817 H0 measurement (dot-dashed pink curve in Figure 7.5) has an information gain

of 1.55 bits with respect to the wide prior.

7.7 Conclusion

We perform a statistical standard siren measurement of the Hubble constant with GW170817.

This analysis is the first application of the measurement originally proposed over 30 years ago

by [219]. We find that the excellent localization of GW170817, together with the large scale

structure causing galaxies to cluster into distinct groups, enables an informative measurement

of H0 even in the absence of a unique host galaxy identification. Including generic and flexible

assumptions regarding the luminosities of BNS host galaxies, we find a peak at H0 ≈ 76

km s−1 Mpc−1 at ∼ 2.4–3.7 times the prior probability density. We find the possibility of

improved constraints when weighting the potential host galaxies by stellar mass and star-

formation rate. Including all galaxies brighter than 0.01 L?B (including 99% of the total

blue luminosity) we find H0 = 76+48
−23 km s−1 Mpc−1, or H0 = 76+45

−21 km s−1 Mpc−1

when applying B-band luminosity weights (a proxy for star-formation rate). Weighting all
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galaxies brighter than 0.005 L?K by their K-band luminosity (a proxy for stellar mass), we

find H0 = 76+41
−19 km s−1 Mpc−1.

Although this statistical standard siren measurement of H0 is less precise than the coun-

terpart measurement of H0 = 76+19
−13 km s−1 Mpc−1 (for a flat prior and utilizing the

distance ansatz in the 3-dimensional sky map; see §7.6), it nonetheless shows that inter-

esting constraints on cosmological parameters are possible from gravitational-wave sources

even in the absence of an optical counterpart and an identification of the unique host galaxy

[219, 81, 70, 124]. Although detailed studies find that the measurement of cosmological pa-

rameters from the counterpart approach is likely to surpass the statistical approach [70], the

statistical approach offers an important cross-validation of the counterpart standard siren

measurements. Furthermore, the statistical approach holds particular promise for binary

black hole sources, which are detected at higher rates than binary neutron star systems and

are expected to lack electromagnetic counterparts. The inferior quality of the individual H0

measurements for binary black holes (because of the larger localization volumes) may be

compensated for by the improved quantity due to the higher detection rates. The binary

black holes will also be detected at much greater distances, and in addition to measuring H0

may constrain additional cosmological parameters such as the equation of state of the dark

energy.

7.8 Additional Analysis Details

7.8.1 Statistical H0 likelihood

In this appendix we derive the H0 posterior probability distribution function from Equa-

tion 7.1. We write the likelihood for GW and EM data, xGW and xEM, given a value of H0

as:

p(xGW, xEM|H0) =

∫
p(xGW, xEM, DL,Ω, z|H0) dDL dΩ dz

β(H0)
, (7.9)
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and factor the numerator as:∫
p(xGW, xEM, DL,Ω, z|H0) dDL dΩ dz

=

∫
p(xGW|DL,Ω)p(xEM|z,Ω)p(DL|z,H0)p0(z,Ω) dDL dΩ dz

=

∫
p(xGW|DL,Ω)p(xEM|z,Ω)δ(DL − D̂L(z,H0))p0(z,Ω) dDL dΩ dz

=

∫
p(xGW|D̂L(z,H0),Ω)p(xEM|z,Ω)p0(z,Ω) dΩ dz.

(7.10)

The H0 posterior is related to the likelihood in Equation 7.10 by a prior:

p(H0 | xGW, xEM) = p0(H0)p(xGW, xEM|H0). (7.11)

This equation is identical to Equation 7.1 in the main text. The normalization term β(H0)

is given by [see 179, 70]:

β(H0) =

∫
xGW>thresh

∫
xEM>thresh

∫
p(xGW, xEM, DL,Ω, z|H0) dDL dz dΩ dxGW dxEM

=

∫
PGW

det (D̂L(z,H0),Ω, z)PEM
det (z,Ω)p0(z,Ω) dΩ dz

=

∫ zh

0

∫ ∫
PGW

det (D̂L(z,H0),Ω, z)p0(z,Ω) dΩ dz,

(7.12)

where we assume that only data that is above some threshold is detected, and we define:

PGW
det (DL,Ω, z) ≡

∫
dGW>thresh

p(dGW|DL,Ω, z) ddGW, (7.13)

and similarly:

PEM
det (z,Ω) ≡

∫
dEM>thresh

p(dEM|z,Ω)ddEM

= H(zh − z),

(7.14)
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where H is the Heaviside step function. We assume that the EM likelihood is constant

with redshift up to a maximum (horizon) redshift, beyond which we assume there are no

detectable host galaxies. In the statistical analysis in which the EM likelihood is assumed to

be uninformative, zh is equivalent to the maximum redshift of our galaxy catalog, or zmax

defined before Equation 7.5. We calculate PGW
det by assuming a network signal-to-noise ratio

threshold of 12 for detection, a monochromatic BNS mass distribution of 1.4–1.4 M�, zero

spins, and isotropic inclination angles.

In practice, for nearby BNS sources, the term β(H0) is insensitive to the precise details

of this calculation or to the choice of zh & 0.2, and is essentially β(H0) ∼ H3
0 . This can

be seen as follows. In LIGO-Virgo’s second observing run, detectable BNS sources were

within ∼ 100 Mpc [7]. For H0 values within our prior range, this corresponds to redshifts

z . 0.07, which is much smaller than the maximum detectable galaxy redshift, and so we

can work in the limit zh → ∞. We furthermore assume that the large-scale distribution of

galaxies is uniform in comoving volume and we use the low-redshift, linear approximation

H0 = cz/ DL. At the low redshifts of detected BNS events, the redshifting of the GW signal

in the detectors is negligible, and so we assume that PGW
det depends only on DL and Ω, and

is independent of z. With these approximations, we apply a different chain rule factorization

to Equation 7.10 and write:

p(xGW, dxEM|H0)α(H0) =

∫
p(xGW |DL,Ω)p0(DL,Ω)p(xEM |ẑ(DL, H0),Ω) dDL dΩ,

(7.15)

where α(H0) is a normalization term analogous to β(H0). With this factorization, we can

follow the steps in Equation 7.12 to write α(H0) as:

α(H0) =

∫
PGW

det (DL,Ω)p0(DL,Ω)PEM
det (ẑ(DL, H0),Ω) dΩ dDL, (7.16)

but this is now a constant (independent of H0) because PEM
det (z,Ω) = 1. We can then do a
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change of variables dDL = c/H0 dz, and if we assume that p0(DL,Ω) ∝ D2
L, we get:

p(xGW, xEM|H0) ∝ 1

H3
0

∫
p(xGW|D̂L(z,H0),Ω)p(xEM|z,Ω)p0(z,Ω) dΩ dz. (7.17)

(Here we have dropped α(H0) because it is a constant.) This is equivalent to Equation 7.10

if we set β(H0) ∝ H3
0 .

7.8.2 GW170817-like events

In order to explore whether the large-scale structure in the GW170817 localization volume,

and the resulting statistical H0 posterior, is typical for galaxies at z ∼ 0.01, we rotate the

true GW170817 sky map to different galaxies in the the MICE simulated catalog and repeat

the statistical H0 measurement. We assume that unlike for real galaxies in the GW170817

localization volume, no detailed observations have been carried out to measure the peculiar

velocity field and apply group corrections. We therefore use the un-corrected redshifts given

in the MICE catalog, which include a peculiar velocity contribution. The distribution of

peculiar velocities is approximately described by a Gaussian of width 400 km/s, and we

incorporate this uncertainty in the simulated H0 measurements. Figure 7.7 shows the results

for 20 realizations of the GW170817 localization volume centered on different galaxies in the

MICE catalog. We see that the true GW170817 statistical H0 measurement (we once again

use the K-band luminosity-weighted LK > 0.1L?K posterior shown in the right panel of

Figure 7.6 as a representative posterior) is fairly typical among the different realizations.

Over 50 different realizations, the information, given by the difference in Shannon entropy

between prior and posterior, is 0.43+0.43
−0.19 bits (median and symmetric 90% intervals), whereas

the information for the true GW170817 measurement is 0.67 bits. If we lower the peculiar

velocity uncertainty in the simulations from 400 km/s to 200 km/s, the GW1708170-like

posteriors become slightly more informative on average, with a typical information gain of
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Figure 7.7: H0 posteriors for 20 realizations of the GW170817 3-dimensional sky map
centered on different galaxies in the MICE simulated galaxy catalog, assuming H0 = 70 km
s−1 Mpc−1, and incorporating realistic (uncorrected) peculiar velocities with 1-σ uncertain-
ties of 400 km/s. The real H0 posterior using the GLADE galaxy catalog is shown in black.
It is a typical result for a source with such a small localization volume, as such sources tend
to produce a single major peak in the H0 posterior.

0.57+0.42
−0.27 bits.
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Simon Stevenson, Christopher P. L. Berry, Will M. Farr, and Ilya Mandel. Accuracy
of inference on the physics of binary evolution from gravitational-wave observations.
MNRAS, 477(4):4685–4695, Jul 2018.

[36] K. Belczynski, T. Bulik, and B. Rudak. The First Stellar Binary Black Holes: The
Strongest Gravitational Wave Burst Sources. ApJL, 608:L45–L48, June 2004.

[37] K. Belczynski, A. Buonanno, M. Cantiello, C. L. Fryer, D. E. Holz, I. Mandel, M. C.
Miller, and M. Walczak. The Formation and Gravitational-wave Detection of Massive
Stellar Black Hole Binaries. ApJ, 789:120, July 2014.

[38] K. Belczynski, A. Heger, W. Gladysz, A. J. Ruiter, S. Woosley, G. Wiktorowicz, H.-Y.
Chen, T. Bulik, R. O’Shaughnessy, D. E. Holz, C. L. Fryer, and E. Berti. The effect
of pair-instability mass loss on black-hole mergers. A&A, 594:A97, October 2016.

[39] K. Belczynski, D. E. Holz, T. Bulik, and R. O’Shaughnessy. The first gravitational-
wave source from the isolated evolution of two stars in the 40-100 solar mass range.
Nature, 534:512–515, June 2016.

[40] K. Belczynski, J. Klencki, C. E. Fields, A. Olejak, E. Berti, G. Meynet, C. L. Fryer,
D. E. Holz, R. O’Shaughnessy, D. A. Brown, T. Bulik, S. C. Leung, K. Nomoto,
P. Madau, R. Hirschi, S. Jones, S. Mondal, M. Chruslinska, P. Drozda, D. Gerosa,
Z. Doctor, M. Giersz, S. Ekstrom, C. Georgy, A. Askar, D. Wysocki, T. Natan, W. M.

170



Farr, G. Wiktorowicz, M. Coleman Miller, B. Farr, and J. P. Lasota. The evolution-
ary roads leading to low effective spins, high black hole masses, and O1/O2 rates of
LIGO/Virgo binary black holes. arXiv e-prints, page arXiv:1706.07053, Jun 2017.

[41] K. Belczynski, S. Repetto, D. E. Holz, R. O’Shaughnessy, T. Bulik, E. Berti, C. Fryer,
and M. Dominik. Compact Binary Merger Rates: Comparison with LIGO/Virgo Upper
Limits. ApJ, 819:108, March 2016.

[42] K. Belczynski, G. Wiktorowicz, C. L. Fryer, D. E. Holz, and V. Kalogera. Missing Black
Holes Unveil the Supernova Explosion Mechanism. ApJ, 757:91, September 2012.

[43] Krzysztof Belczynski, Michal Dominik, Tomasz Bulik, Richard O’Shaughnessy, Chris
Fryer, and Daniel E. Holz. The effect of metallicity on the detection prospects for
gravitational waves. The Astrophysical Journal Letters, 715(2):L138, 2010.

[44] Krzysztof Belczynski, Daniel E. Holz, Tomasz Bulik, and Richard O’Shaughnessy. The
first gravitational-wave source from the isolated evolution of two stars in the 40-100
solar mass range. Nature, 534:512–515, June 2016.

[45] Krzysztof Belczynski, Serena Repetto, Daniel E. Holz, Richard O’Shaughnessy,
Tomasz Bulik, Emanuele Berti, Christopher Fryer, and Michal Dominik. Compact
Binary Merger Rates: Comparison with LIGO/Virgo Upper Limits. ApJ, 819(2):108,
Mar 2016.

[46] E. F. Bell, D. H. McIntosh, N. Katz, and M. D. Weinberg. The Optical and Near-
Infrared Properties of Galaxies. I. Luminosity and Stellar Mass Functions. apjs,
149:289–312, December 2003.

[47] E. Berti and M. Volonteri. Cosmological Black Hole Spin Evolution by Mergers and
Accretion. ApJ, 684:822–828, September 2008.

[48] Simeon Bird, Ilias Cholis, Julian B. Muñoz, Yacine Ali-Häımoud, Marc Kamionkowski,
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[130] K. Hoffmann, J. Bel, E. Gaztañaga, M. Crocce, P. Fosalba, and F. J. Castander. Mea-
suring the growth of matter fluctuations with third-order galaxy correlations. MNRAS,
447:1724–1745, February 2015.

[131] F. Hofmann, E. Barausse, and L. Rezzolla. The Final Spin from Binary Black Holes
in Quasi-circular Orbits. ApJL, 825:L19, July 2016.

[132] D. W. Hogg, A. D. Myers, and J. Bovy. Inferring the Eccentricity Distribution. ApJ,
725:2166–2175, December 2010.

[133] David W. Hogg. Distance measures in cosmology. arXiv e-prints, pages astro–
ph/9905116, May 1999.

[134] David W. Hogg, Adam D. Myers, and Jo Bovy. Inferring the Eccentricity Distribution.
ApJ, 725(2):2166–2175, Dec 2010.

[135] Daniel E. Holz and Scott A. Hughes. Using Gravitational-Wave Standard Sirens. ApJ,
629(1):15–22, August 2005.

[136] Daniel E. Holz and Eric V. Linder. Safety in Numbers: Gravitational Lensing Degra-
dation of the Luminosity Distance-Redshift Relation. ApJ, 631(2):678–688, October
2005.

178



[137] Daniel E. Holz and Robert M. Wald. New method for determining cumulative gravita-
tional lensing effects in inhomogeneous universes. Phys. Rev. D, 58(6):063501, Septem-
ber 1998.

[138] S. A. Hughes and R. D. Blandford. Black Hole Mass and Spin Coevolution by Mergers.
ApJL, 585:L101–L104, March 2003.

[139] Jarrod R. Hurley, Anna C. Sippel, Christopher A. Tout, and Sverre J. Aarseth. A
Dynamical Gravitational Wave Source in a Dense Cluster. pasa, 33:e036, Aug 2016.

[140] Sascha Husa, Sebastian Khan, Mark Hannam, Michael Pürrer, Frank Ohme,
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