
THE UNIVERSITY OF CHICAGO

ENERGY DISSIPATION CONTROLS EMERGENT ORDER IN MODEL DRIVEN

LIQUIDS AND BIOCHEMICAL CLOCKS

A DISSERTATION SUBMITTED TO

THE FACULTY OF THE DIVISION OF THE PHYSICAL SCIENCES

IN CANDIDACY FOR THE DEGREE OF

DOCTOR OF PHILOSOPHY

DEPARTMENT OF CHEMISTRY

BY

CLARA ELISABETH DEL JUNCO

CHICAGO, ILLINOIS

AUGUST 2020



Copyright c© 2020 by Clara Elisabeth del Junco

All Rights Reserved



In memory of Andrés del Junco



[...] We are all chimeras, theorized and fabricated hybrids of machine and organism;

in short, we are cyborgs.

—Donna Haraway, A Cyborg Manifesto



Table of Contents

Table of Contents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii

List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . x

Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xi

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xiii

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

2 Effect of dissipation on density, force, and interface fluctuations in a driven liquid 6

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.2 The model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.2.1 Equations of motion and simulation parameters . . . . . . . . . . . . 10

2.2.2 Phase diagrams . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.3 Dissipation, diffusion, and phase separation . . . . . . . . . . . . . . . . . . . 15

2.3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.3.2 Number density fluctuations . . . . . . . . . . . . . . . . . . . . . . . 16

2.3.3 Definition and scaling of the work . . . . . . . . . . . . . . . . . . . . 17

2.3.4 Force fluctuations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.3.5 Diffusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.3.6 Phase separation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.3.7 Conclusions and future directions . . . . . . . . . . . . . . . . . . . . 30

2.4 Interfaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

2.4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

2.4.2 Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

v



2.4.3 Interface characterization . . . . . . . . . . . . . . . . . . . . . . . . . 37

2.4.4 Capillary wave theory and analysis of height spectra . . . . . . . . . 39

2.4.5 Understanding nonequilibrium contributions to the surface tension . . 45

2.4.6 Conclusions and future directions . . . . . . . . . . . . . . . . . . . . 49

3 Nonequilibrium driving and robustness in minimal models of biochemical oscillators 52

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3.2 Markov models of biochemical oscillators . . . . . . . . . . . . . . . . . . . . 56

3.2.1 The largest nonzero eigenvalue captures the time scales of disordered

oscillators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

3.3 Single-cycle oscillator models . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

3.3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

3.3.2 Perturbation theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

3.3.3 Comparing to numerical simulations . . . . . . . . . . . . . . . . . . 72

3.3.4 Conclusions and future directions . . . . . . . . . . . . . . . . . . . . 75

3.4 Multi-cycle oscillator models . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

3.4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

3.4.2 Coarse-graining via first passage time statistics . . . . . . . . . . . . 81

3.4.3 Comparing to numerical results . . . . . . . . . . . . . . . . . . . . . 89

3.4.4 Period compensation . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

3.4.5 Conclusions and future directions . . . . . . . . . . . . . . . . . . . . 98

3.5 Conclusions and future directions . . . . . . . . . . . . . . . . . . . . . . . . 99

3.5.1 Dimensional reduction for generating realistic minimal models of bio-

chemical oscillators . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

Appendices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

A1 Proofs and calculations for analytical results in Section 2.3 . . . . . . . . . . 104

A1.1 Proof that 〈F2〉 = 〈F2〉0 for a liquid in equilibrium . . . . . . . . . . 104

vi



A1.2 Expression for diffusion from perturbation theory . . . . . . . . . . . 106

A2 Composition-dependent diffusion can lead to phase separation . . . . . . . . 113

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

vii



List of Figures

2.1 Order parameter Ω and ∂Ω/∂Pe . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.2 Phase diagram of the driven particle model . . . . . . . . . . . . . . . . . . . . 13

2.3 Number density statistics for the driven particle . . . . . . . . . . . . . . . . . 16

2.4 Scaling of work done on the driven particle model as a function of Pe and τ . . 19

2.5 Work versus deviation from fluctuation-dissipation theorem given by 〈F2〉−〈F2〉0 24

2.6 Scaling of the diffusion with Pe and τ . . . . . . . . . . . . . . . . . . . . . . . 26

2.7 Diffusion as a function of Pe from theory and simulation of a minimal model . 29

2.8 Phase diagram with transitions predicted by the work . . . . . . . . . . . . . . 31

2.9 Work versus quadratic part of the diffusion coefficient . . . . . . . . . . . . . . 31

2.10 Snapshots of driven particle systems with system-spanning interfaces in slab

geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

2.11 Particle current tangential to the interface . . . . . . . . . . . . . . . . . . . . 40

2.12 Scaling of interface fluctuations in the WCA model . . . . . . . . . . . . . . . 42

2.13 Scaling of interface fluctuations in the LJ model and surface tension . . . . . . 43

2.14 Schematic of force argument for increased surface tension due to driving . . . . 47

2.15 Rate of work on the interface . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

2.16 Density profile near the interface in the LJ system . . . . . . . . . . . . . . . . 49

3.1 Outline of the oscillator models . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.2 Eigenvalues and time scales of a circulant transition rate matrix . . . . . . . . 60

3.3 Approximating the period of the oscillator from the first nonzero eigenvalue . . 61

3.4 R and T as a function of the percent of defect rates: varying affinity . . . . . . 73

3.5 R and T as a function of the percent of defect rates: constant affinity . . . . . 74

3.6 R and T as a function of the variance of rate magnitudes . . . . . . . . . . . . 76

3.7 Scatter plots comparing analytical and numerical values ofR and T in individual

networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

viii



3.8 Effective rates in coarse-grained decorations . . . . . . . . . . . . . . . . . . . 86

3.9 R and T in networks with symmetrically arranged decorations . . . . . . . . . 90

3.10 Scatter plots comparing analytical and numerical values of R and T in networks

with decorations with random sizes and locations and their coarse-grained coun-

terparts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

3.11 Scatter plots comparing analytical and numerical values of R and T in net-

works with decorations with random sizes, locations, and rates and their coarse-

grained counterparts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

3.12 Period compensation for changes in affinity using decorations . . . . . . . . . . 95

A2.1 Schematic of the setup for calculating phase separation due to composition-

dependent diffusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

ix



List of Tables

3.1 Effective rates from coarse-graining decorations . . . . . . . . . . . . . . . . . 86

x



Acknowledgments

Thanks to Suri for being an unfailingly encouraging advisor, for always overestimating me,

for accepting if not understanding my need for schedules and structure and space. For

allowing me to be a full person, politics, frustrations, emotions, etc. I am inspired by your

creativity and generosity.

Thanks to Vaikuntanathan lab members and alumni, for creating a positive and sympa-

thetic group culture and for patiently listening to me talk about why capitalism is bad for

so many hours of group lunches. I hope I’ve convinced you.

Thanks to my committee, Aaron and Margaret, for your support and for your inspiring

research. Thanks to postdocs of the James Franck Institute past and present, Sofia, Kinjal,

and Kabir, for kind help and stimulating discussions. Merci à André et aux membres du
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À Mathilde: tu me connais mieux que personne à Chicago et je n’aurais jamais pu
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Abstract

Thermodynamic equilibrium is a strong constraint on the statistics of physical systems that

has led to a correspondingly powerful theory, equilibrium statistical mechanics, that connects

microscopic forces to macroscopic properties. Experiments now confirm the longstanding

speculation that living systems can be fruitfully modeled using physical principles, and the

challenge is to develop statistical mechanics for such systems, which violate thermodynamic

equilibrium. Progress in nonequilibrium statistical mechanics has been made by focusing on

energy dissipation, the amount of energy consumed via currents of work and heat. In this

dissertation I look at energy dissipation in two systems displaying fundamentally nonequi-

librium collective behavior in order to understand, quantitatively and qualitatively, how

nonequilibrium driving produces this behavior.

First, I explore the relation between dissipation and changes in the structure and trans-

port properties of a minimal, chiral driven liquid that undergoes nonequilibrium phase sepa-

ration. The model mimics recent experiments that use an external magnetic field to reversibly

break symmetry and phase separate liquids of colloidal particles. These and other similar

experiments are in turn broadly inspired by biological “active matter” systems such as bac-

terial swarms. Using concepts from stochastic thermodynamics and liquid state theories, I

show how the work performed on the system by various nonconservative, time-dependent

forces—which represents the nontrivial contribution to the energy dissipation—modifies the

force fluctuations and diffusion of the liquid, leading to phase separation. I then characterize

interfaces in the phase-separated state, showing that they exhibit fluctuations unlike those

seen in equilibrium systems.

Second, I explore how energy dissipation enables precise timing in minimal Markov state

models of biological clocks known generically as biochemical oscillators. These oscillators are

ubiquitous in biology and allow organisms to properly time their biological functions. Using

a transfer matrix perturbation theory, I obtain analytical expressions for the coherence and

period of oscillations in single-cycle Markov models that reveal that higher energy dissipation

xiii



enables higher precision of both quantities among a population of oscillators with randomly

distributed rates. I then develop a mapping based on first passage time distribution between

models with multiple small cycles and single-cycle models. The mapping allows the analytical

theory to be extended to multi-cycle oscillators, revealing that energy dissipation also enables

robust timing among a population of oscillators with different topologies.

The case studies presented here demonstrate how energy dissipation enables precise and

adaptive collective behavior in nonequilibrium systems.
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Chapter 1

Introduction

The power of statistical mechanics as an approach lies in the idea that the macroscopic prop-

erties of equilibrium systems are determined by a competition between enthalpy and entropy,

and that we can in principle derive these properties from the microscopic interactions be-

tween particles. By extension, we should be able to design materials by designing microscopic

interactions. Yet the vast majority of systems of interest consume energy and are out of equi-

librium, and for this broad class of systems no such principle exists. In particular, evolution

has produced a whole host of incredible machines and materials, from self-healing materials

like muscles and skin to the artificial intelligence of the adaptive immune system [80, 109].

In order to fully appreciate the remarkable properties of these naturally occurring systems,

and perhaps reproduce them in engineered systems, we need a rigorous physical understand-

ing of how they convert energy input to function. In this dissertation, I contribute to that

understanding by describing how energy consumption controls the properties of two model

systems inspired by contemporary experiments.

Two classes of systems that illustrate the desirable features of nonequilibrium systems are

active matter and biochemical oscillators. Active matter refers to systems composed of active

or driven individual components, so that constant energy input is necessary. Active matter

shows up at all scales in biology: flocks of starlings [3], swarms of bacteria [37], and the

molecular motors that make up the cell cytoskeleton [45] are popular examples. These sys-

tems are self-organized and adaptive—they can respond to changes in their environments to

either maintain a steady state in the presence of perturbations or reconfigure [4]. Biochemical

oscillators are built-in biological clocks that allow organisms to precisely time development

and metabolic changes in order to optimize fitness [151]. Underlying these clocks are series of

stochastically timed processes, mainly chemical reactions, yet they maintain precise timing

under many conditions [63]: biochemical oscillators can perform stochastic tasks in a highly

reproducible manner.
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Many other examples in biology and, now, experiments, have similar properties. For

instance, experimentalists can now design colloidal particles that phase separate, assemble,

and reconfigure when exposed to different stimuli [99, 130], and DNA copying has built-in

error correction to ensure fast and precise replication [57, 94, 88]. How adaptation and

precision are achieved depends on the details of the system in question. What they all

require, however, is dissipation: the process of constantly consuming energy via currents of

work and heat. Because it is so general, dissipation seems to be a good starting point to

develop general theories for nonequilibrium systems ranging from active and driven liquids

to circadian oscillators. Moreover, dissipation has historically been a central concept in

established branches of nonequilibrium physics that have proven successful in describing

macroscopic and microscopic systems.

At a macroscopic scale, dissipation shows up in a framework known as linear irreversible

thermodynamics, which provides the theoretical basis for the linear constitutive equations,

an essential ingredient of hydrodynamic theories. We begin with the balance equation for

the entropy, which expresses that the entropy of a volume element can change by flowing

into or out of the volume element, or via dissipative processes occurring inside it [61]. The

entropy produced per unit time per unit volume, σ, by these dissipative processes is always

a sum of thermodynamic fluxes Ji (such as a flow of mass) and conjugate thermodynamic

forces Xi (such as a pressure gradient) [25]:

σ =
∑
i

Ji ·Xi. (1.1)

An important postulate is then that the forces and fluxes are linearly related [61]:

Ji =
∑
j

LijXi. (1.2)

The Lij objects are transport coefficients such as the diffusion constant. When combined

with the appropriate conservation equations for energy, mass, momentum, and angular mo-
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mentum, these linear constitutive relations give the Navier-Stokes equations [25, 61], a closed

set of hydrodynamic equations characterizing the nonequilibrium system at long time and

length scales. These descriptions have proven remarkably successful at characterizing not

only relatively “simple” liquids such as water [61] but also more complex systems. For

instance, increased interest and experimental studies of the cell cytoskeleton have led to

efforts to theoretically model systems of filamentous proteins and motors [78, 66], which

are anisotropic and dissipate energy on the single-particle level. Linear irreversible thermo-

dynamics has allowed hydrodynamic theories that successfully describe the large scale flows

in these “active nematic gels” [78, 66].

At the microscopic scale, where thermal noise is important, stochastic thermodynamics

has used master equation descriptions of Markovian processes to show how dissipation en-

codes the irreversibility of a process. A simple and powerful result due to Crooks [23] relates

the relative probabilities of a forward and a reverse trajectory of a stochastic driven system

to the entropy production along that trajectory,

PF (+σ)

PR(−σ)
= eσ, (1.3)

where σ is the entropy production of the system over some time interval, PF (+σ) is the

probability of observing entropy production σ, and PR(−σ) is the probability of observing

entropy production −σ with the dynamics reversed in time. One important implication of

this fluctuation theorem is the Jarzynski equality [62],

〈exp(−βW )〉 = exp(−β∆F ), (1.4)

where ∆F = FB − FA is the free-energy difference between equilibrated states of a system

with parameter values A and B (such as the volume or strength of an external electric field),

W is the work done along a trajectory going from state A to state B, and angle brackets

denote an average over an ensemble of trajectories. Equation 1.4 shows that equilibrium free-
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energy differences can be calculated from nonequilibrium trajectories. Practically, among

many other applications and extensions, the Jarzynski equality gives a route to experimental

measurement of free-energy profiles of protein folding [60].

Motivated by and drawing on these approaches, this dissertation explores how energy

dissipation and other closely related quantities such as work, entropy production, and driving

forces control the properties of models of a driven liquid and biochemical oscillator.

Chapter 2 describes my research on the driven liquid. I present a model of a system

of particles inspired by recent quasi-2D experiments in which colloids are controlled by a

rotating magnetic field that causes them to orbit in the plane [49]. In equilibrium, these

particles act as a fluid of hard spheres, a well-characterized system that exists in one state

at a fixed density. When exposed to the magnetic field, however, they spontaneously break

symmetry and sort themselves according to the chirality of their orbit—a simple example of

self-assembly. A whole phase diagram thus emerges from a single point in the equilibrium

phase space. If we can understand how driving the system out of equilibrium modifies the

collective properties of the particles, this phenomenon could be exploited to, for example,

achieve completely reversible self-assembly without having to modify the chemistry of the

system.

Chapter 3 describes my research on a model of a biochemical oscillator. A biochemical os-

cillator is a series of chemical reactions and physical processes that result in cyclical changes

in the levels of certain molecules that underlie biological clocks such as circadian rhythms.

It can be easily demonstrated that such cyclical processes cannot occur in equilibrium—like

most of life, oscillations require energy. Biochemical oscillators are known to be remarkably

robust to fluctuations in the chemical counts, changes in the inputs to the system such as

light levels and temperatures, and other sources of noise [63]. How does energy dissipation

enable this robustness? In the past decade, experiments have been developed that allow

measurement of the response of the KaiC oscillator—the circadian clock of the photosyn-

thetic cyanobacterium Synechococcus elongatus—to changes in ATP levels, light cues, gene
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knockdowns, and other inputs, both in vivo at the population and single-cell levels as well as

in vitro [89, 138, 117, 118]. These quantitative measurements relating energy consumption

and other inputs to the timekeeping abilities of the oscillator allow comparison of physical

predictions to experiments.

The unifying theme of the research presented here is the focus on dissipation as both

a quantification of the distance of the system from equilibrium and a knob that tunes the

properties of interest. In the details, however, the two case studies explored here (a driven

liquid and a biochemical oscillator) have little in common: one exists in continuous space,

the other in discrete space; one is a many-body problem, the other is a process that is effec-

tively treated as a one-body problem. In order to arrive at connections between dissipation,

structure, and dynamics, we have needed to choose different numerical and theoretical tools

based the details of each system. The approaches and the results of the work in this dis-

sertation thus illustrate the scope of the challenges posed—and opportunities afforded—by

the forefront of biological and chemical experiments, and how they can be addressed us-

ing nonequilibrium statistical mechanics. Through a detailed study of these two specific

systems, we draw general lessons about the relationship between organization and energy

consumption in chemical and biological systems.
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Chapter 2

Effect of dissipation on density, force, and interface fluctuations in

a driven liquid

The material in this chapter is adapted with permission from the following publications:

[29] del Junco, C.; Tociu, L.; Vaikuntanathan, S. Energy dissipation and fluctuations

in a driven liquid. Proc. Natl. Acad. Sci. U. S. A., 115(14):3569–3574, 2018.

[30] del Junco, C.; Vaikuntanathan, S. Interface height fluctuations and surface tension

of driven liquids with time-dependent dynamics. J. Chem. Phys., 150(9):094708, 2019.

2.1 Introduction

The first system that we study belongs to the category of active or driven matter. Minimal

models of active matter have provided an analytically and computationally tractable test

bed to study nonequilibrium systems. Inspired by naturally occurring collections of active

units that exhibit collective phenomena such as flocks of birds [3] and swarming bacteria [37],

physicists have begun to build models to ask what the minimal ingredients for observing these

behaviors are and how they can be described theoretically within our existing languages for

collective phenomena. Of particular interest are phase transitions and the properties that

characterize them, like mechanical equilibria and interfaces. These minimal models can be

computational or experimental, with the latter often consisting of colloidal particles (where

thermal motion is still important) functionalized in a range of clever ways to self-propel [17]

and/or respond to outside stimulus from light [99] or magnetic fields [49, 130]. (A distinction

can be made between “active” particles that are self-propelled and “driven” particles that

are enslaved to an external driving field; here we will use “active” as a generic term to refer

to both of these categories and “driven” to refer to the latter case).

Examples of nonequilibrium phase separation include motility-induced phase separation
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(MIPS), undergone by Brownian particles when they are given the ability to self-propel [40,

110, 11, 20, 132, 148], lane or stripe formation of shaken granular matter [87, 106] or of

charged particles in an electric field [38, 152, 146, 145, 67], and the separation of particles

with rotational dynamics based on phase synchronization [75] or chirality [93, 49, 154].

Some aspects of these phase transitions, especially MIPS, are beginning to be characterized

theoretically [133, 131, 134]: recent work has studied nucleation phenomena [114, 111] and

obtained expressions for pressure and other mechanical properties of active media [129, 12].

However, in many cases energy consumption causes traditional definitions to break down—

for instance, pressure is not generically a state function in active particles and depends on the

shape of the particles and the system boundary [129]. In the case of MIPS, both negative and

positive surface tensions have been measured in a phase-separated system [12, 55], defying

both intuition and internal consistency. Clearly, in spite of recent advances, understanding

how energy consumption induces phase separation and modifies the structure of active and

driven systems remains a challenging open problem [8].

Another approach is to focus on entropy production. As in discrete systems whose

dynamics are described by master equations, the entropy production can be formally defined

based on the microscopic dynamics of active particles in terms of the ratio of forward to

reverse trajectories [77, 43, 126]. The path probabilities must now be calculated using path

integrals, making this a more challenging problem than for master equation dynamics but

one that has been successfully addressed in the literature [77, 43, 126], showing that entropy

production is of practical use in quantifying the nonequilibrium nature of minimal models

of active matter.

The remaining step is to connect entropy production to material properties such as vis-

cosity and surface tension in active matter. An important contribution to the entropy pro-

duction is the work [126, 91], defined as the system-averaged inner product of the driving

force on a particle with the particle displacement. In this chapter, we study the relation be-

tween the work and the structure and dynamics of a model nonequilibrium liquid driven by
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time-periodic forces. The rotational dynamics that result from the time-periodic forces have

similarities with a range of systems, including colloids in a periodically changing magnetic or

electric field [153, 49, 152, 145], shaken plastic particles and chiral wires [47, 139], and chemi-

cal and biological microswimmers with active rotational degrees of freedom [69, 103]. Despite

their relevance to a wide range of experimental and biological systems, model systems with

rotational dynamics have only recently begun to be studied [144, 93, 24].

First, in Section 2.2 we introduce the model in detail. It consists of particles with

diffusive dynamics and purely repulsive interactions, a system that is well understood at

equilibrium and does not exhibit any kind of phase separation. To half of the particles, we

apply a rotating force characterized by its amplitude and frequency. Holding the density

fixed, we explore the phase space of the system along the dimensions of amplitude and

frequency. Initially mixed, driven and undriven particles phase separate as the driving is

increased and then remix with very strong driving. In the phase-separated state, particle

currents that flow tangential to the interface decay rapidly into the bulk, and the statistics

of interface height fluctuations disagree with expectations for equilibrium interfaces. An

intuitive picture of the phase separation is that it occurs because driving forces induce

collisions between unlike particles, which effectively increases the diffusion coefficient in

regions that are mixed compared to regions that are pure. This imbalance causes particles

to diffuse from mixed regions to pure regions, resulting in phase separation. Motivated

by this rough understanding, we sought to thoroughly characterize how the driving forces

increase diffusion, causing phase separation, and how they determine the properties of the

resulting interfaces.

In Section 2.3 we study the region of the phase diagram up to and including the phase

transition from a mixed state to an unmixed state. We develop a series of theoretical de-

scriptions for the energy dissipation and diffusion in this system that rely on the observation

that in this region, even for values of energy dissipation that are many kBT per cycle of

the driving, the system remains in many ways near equilibrium in terms of its theoretical
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description. We are thus able to understand the location of the phase boundary in the space

of the driving force parameters.

In Section 2.4 we study the interfaces in the phase-separated region. We introduce a

variation on the driven liquid model in which some particles have attractive interactions that

does display phase separation at equilibrium. This provides a reference state that allows us to

better understand how the interfaces are modified by the driving forces. We define the surface

tension of the interface using capillary wave theory, which does not depend on definitions of

pressure but rather uses the spectrum of interface fluctuations, which can be unambiguously

measured regardless of the underlying dynamics. We find that the surface tension can be

dramatically increased by turning on driving forces, demonstrating the possibility of using

external driving to stabilize self-assembled structures.

In this chapter we take several important steps toward understanding chiral driven sys-

tems. Yet despite the rather general conclusion that energy dissipation renormalizes static

and dynamic properties of driven particle systems in a way that can be quantitatively un-

derstood, it remains unclear how our specific understanding of this system connects to the

proliferating body of research about other minimal active and driven matter systems. Luck-

ily, as the field of active matter research reaches 25 years of age, general principles are

beginning to emerge that seem poised to encapsulate many of these discoveries. In Sec-

tions 2.3.7 and 2.4.6, we discuss future directions and recent theoretical advances that tie

our work to other systems of chiral and nonchiral active and driven systems. These advances

validate the generality of some aspects of the work in this chapter and show the insufficiency

of others to capture the full nonequilibrium nature of our model. In particular, it has been

found that dissipation is generically connected to changes in diffusion and effective inter-

particle potentials [137]. The authors of Ref. 137 also show that the driven system studied

here can be mapped to an active system, so that this connection also holds in active particle

systems. More broadly, the mapping suggests that the distinction often made in the litera-

ture between active and driven particles may not be that important for many purposes. In

9



the case of interfaces, a recently developed hydrodynamic theory for chiral liquids [130] may

provide a framework for explaining the currents, increases in surface tension, and anomalous

interface height statistics that we observed.

2.2 The model

2.2.1 Equations of motion and simulation parameters

Our model system is composed of 2D disks whose positions ṙi(t) evolve in time according to

driven Brownian dynamics due to

ṙi(t) = D0β
(
Fc,i(t) + Fd(t)

)
+ ηi(t), (2.1)

where D0 is the bare, single-particle diffusion constant and ηi(t) = (ηi,x(t), ηi,y(t)) are

Gaussian-distributed random variables with 〈ηi(t)〉 = 0 and
〈
ηi,µ(t)ηj,ν(t′)

〉
= 2D0δi,jδµ,νδ(t−

t′). In all of our simulations and calculations, we set β = 1/kBT = 1. Fc,i is the conserva-

tive force on particle i. We begin, in Section 2.3, by considering a conservative force that is

purely repulsive, the Weeks-Chandler-Andersen interaction potential [147],

u(rij) =


4ε

[(
r0
rij

)12
−
(
r0
rij

)6
]

+ ε, r ≤ 21/6r0

0, r > 21/6r0

, (2.2)

where r0 is the particle size and ε is the interaction strength. In Section 2.4 we additionally

use an attractive Lennard-Jones potential in some simulations [65]:

u(rij) =


4εLJ

[(
r0
rij

)12
−
(
r0
rij

)6
]
, r ≤ 2.5r0

0, r > 2.5r0

, (2.3)

with εLJ = 2.25.

The time scale is set by t0 = r2
0/D0. The friction coefficient (γ), D0, and r0 are all set to
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1 in our simulations. LAMMPS [105] was used to integrate the equations of motion. Unless

otherwise indicated, results are reported for a number density ρ = N/L2 = 0.45, where N

is the number of particles in the simulation box of dimensions L × L. In addition to the

conservative forces, a fraction f (typically 0.5) of the particles are driven by an external

force acting on the center of mass of the particle whose direction changes periodically in

time according to

Fd = A(sin θêx + cos θêy) (2.4)

θ = 2πt/τ, (2.5)

where A is an amplitude with units of force and τ is the period. For the other N(1 − f)

particles, Fd = 0. Thus, in the zero-temperature limit, a single driven particle will trace a

circle in the plane. Fd is the same for all driven particles, so that if we move to a frame of

reference that is rotating with Fd, a pure system of driven particles will look the same as

the equilibrium system. This model was motivated in part by a recent experimental active

matter system developed by Han, Yan, Granick, and Luijten [49]. To verify our results, we

also ran some simulations where the dissipative forces acting on the active particles were not

in phase (Section 2.3); for these simulations, the angle of the dissipative force was updated

using

θ = 2πt/τ + θ0, (2.6)

where θ0 was a random number uniformly distributed between 0 and 2π.

2.2.2 Phase diagrams

The amplitude of the driving force in Eq. 2.4 is quantified by the Péclet number, a dimen-

sionless measure of the ratio of advective to diffusive velocity in the system. Here we define

it as Pe =
A/γ
D0/r0

. We constructed the phase diagram of the system as a function of Pe and

τ at number densities ρ = N/L2 = 0.45 and ρ = 0.5. For ρ = 0.45 (ρ = 0.5) we filled square
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Figure 2.1: A representative plot of Ω and ∂Ω/∂Pe near the location of the lower phase
transition in a system with ρ = 0.45, taken at a cross-section of the phase diagram where
τ = 0.1 with a probe volume with r = 1.75r0. The value of Ω changes rapidly near the
location of the transition, resulting in a sharp peak in ∂Ω/∂Pe. Finite-size scaling analysis
would be required to determine whether the value of Ω changes smoothly or jumps in the
limit of a large simulation size. Dashed lines are guides for the eye.

simulation boxes of size 50r0 × 50r0 with periodic boundary conditions with 1,125 (1,250)

particles with random initial positions. We scanned values of Pe from 10 to 160 and τ from

0.05t0 to 0.3t0. Simulations were run with timestep ∆t = 10−6t0 up to t = 1, 000t0. In Sec-

tion 2.3 all results are for systems with ρ = 0.45 unless otherwise indicated; in Section 2.4

all results are for systems with ρ = 0.5 unless otherwise indicated.

To identify different phases in the system, we defined an order parameter Ω that measures

the degree of segregation of driven and passive particles. To compute Ω, we randomly selected

a number of small probe areas with radius 1.75r0 in the steady-state system. In each probe

volume, we measured |NR − NB |/N , where NR and NB are the number of red and blue

particles, respectively, and N is the total number of particles, to give a value between 0 and

1. We then averaged over probe areas and many frames. For a completely mixed system

Ω is 0; for a completely separated system Ω is slightly lower than 1 due to the presence of

interfaces. We chose a probe volume of radius 1.75r0, which is large enough for Ω to take

on a range of values, but small enough that inhomogeneities are not all washed out. Since

the value of Ω is sensitive to the size of the probe volume, we defined the location of the

transition to be where ∂Ω/∂Pe at constant τ peaks (Fig. 2.1).
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Figure 2.2: (a) Schematic of driven and undriven particles in the model. The particles inter-
act via a repulsive Weeks-Chandler-Andersen potential (except in some cases in Section 2.4).
Driven particles (red) additionally feel an external driving force that causes them to orbit
in phase. (b–d) Snapshots of the final frame of a simulation in different regions of the phase
diagram at ρ = 0.45 and (b) Pe = 15, τ = 0.1; (c) Pe = 70, τ = 0.15; and (d) Pe = 150,
τ = 0.2. (e–f) Phase diagrams of the system described by Eq. 2.1–2.5 at (e) ρ = 0.45 and
(f) ρ = 0.5. At low Pe, the system is mixed (region b; plus signs). As Pe is increased,
the system undergoes a transition to a phase-separated state (region c; points). As Pe is
increased further, there is a transition to a mixed state characterized by large variations in
local density (region d; crosses). Letters refer to representative snapshots in panels (b–d).
The locations of the transitions are defined as the maxima of ∂Ω/∂Pe (black lines).
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We found 3 distinct regimes in the part of Pe, τ space that we studied here (Fig. 2.2).

At low Pe, driven and passive particles remain mixed and the system is homogeneous. As

Pe is increased, they segregate into regions of purely driven or passive particles; the change

is characterized by a very steep increase in Ω (Fig. 2.1). Similarly to other strongly damped

active systems with rotating dynamics, the interfaces in the phase-separated system have no

particular orientation, and there is a particle current along the interface that decays rapidly

into the bulk [119, 130]; the interfaces in this system and a closely related one are the focus

of Section 2.4. The steady state is time periodic with a period τ . As Pe is increased further,

the system undergoes a transition to a mixed phase characterized by large variations in the

local particle number density. As τ is increased, the segregated state persists over a smaller

range of Pe.

We did not determine the order of this phase transition, but we note that interfaces in

the phase-separated system (pictured in Fig. 2.2c) seem to possess a finite surface tension

and merge to form a single stable system-spanning interface in the steady state. This result,

together with the behavior of the order parameter shown in Fig. 2.1, suggests a first-order

phase transition separating regions a and b. In Ref. 49 the authors describe a phase transition

from a mixed state to an unmixed state in an equivalent system when the value of τ is

decreased while the driving force on the particles is held constant, corresponding to passing

from region c to region b in our phase diagram. They demonstrate that it is a bona fide

first-order phase transition. The system in Ref. 49 has no random noise and so would not

mix again at finite Pe; here, as a result of the finite temperature, we observe the second

change from region b to a.
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2.3 Dissipation, diffusion, and phase separation

2.3.1 Introduction

In this section, we investigate how the nonequilibrium forces modify the structural and

transport properties of the liquid leading up to the lower transition from region a to b.

Specifically, we are interested in the connection between the amount of energy the system

receives as an input and the resultant steady state. As a first step, in Section 2.3.2 we show

that the density fluctuations in our nonequilibrium system are surprisingly well described

by Gaussian statistics [21]. Within this effective description, in Section 2.3.3 we are able to

write down simple scaling relations for the amount of work performed on the system due to

the nonequilibrium driving forces. These analytical predictions are validated by simulation

data from many-particle systems. Then, in Section 2.3.4 we derive a relation that shows

how the rate of work done on the system changes the fluctuations in the conservative forces

experienced by the particles. In other words, our relation describes how energy dissipation

changes the structural properties of the nonequilibrium material. This relation between work

and force fluctuations can be viewed as an instantiation of the Harada-Sasa relation that

connects work performed in a nonequilibrium system to a breakdown of the fluctuation-

dissipation relation [52, 53]. We demonstrate this relation numerically for a variety of driven

systems to firmly establish its general nature. In Section 2.3.5 we use a minimal model to

demonstrate how a breakdown of the fluctuation-dissipation relation can change the diffusion

constant of a system. While our driven liquid is substantially more complex than the minimal

model, the model provides intuition for the interplay between dissipation and transport. In

particular, it shows how a violation of the fluctuation-dissipation relation can lead to an

increase in the diffusion constant. Finally, in Section 2.3.6 we show that such an enhancement

of the diffusion constant can drive phase transitions in the liquid. Taken together, these

results elucidate how a violation of time-reversal symmetry can be used to alter the structural,

transport, and phase transition properties of a liquid.
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Figure 2.3: (a) Number density statistics for a system with Pe = 20, τ = 0.05, where the
order parameter Ω is close to zero. Points are the measured probability of finding N particles
in a randomly selected probe volume of radius 1.75r0. Black points are the total number of
particles, red squares are the number of driven particles, and blue plus signs are the number
of inactive particles. Curves are Gaussian fits to data of the corresponding color. Yellow,
orange, and red vertical lines are located at ±1, 2, 3 standard deviations, respectively, of the
Gaussian fit from the mean. Error bars are smaller than the symbols. The density statistics
are Gaussian to approximately ±3σ from the mean. (b–c) Number density statistics for
points near the top of the lower mixed region (region a in Fig. 2.2) and (d–e) in the high-
drive mixed region (region c). Panels (b–c) demonstrate that the number density statistics
remain Gaussian for values of Pe and τ that are closer to the transition from mixed to
separated than the values of Pe and τ at which the work, force correlations, and diffusion
are computed in this section.

2.3.2 Number density fluctuations

In many equilibrium liquids ranging from simple hard spheres to water, the statistics of

fluctuations in the number of particles inside a small probe volume are surprisingly Gaus-

sian [21, 59]. This property has enabled the development of quantitatively accurate theories

for certain thermodynamic properties such as solvation energies [140, 142, 59]. A Gaussian

description for density fluctuations also implies that changes in density due to external forces

can be effectively captured within a linear response theory. In our context, linear response

theory could help obtain relations between the driving forces and the energy supplied to the

system.

To determine whether a Gaussian theory can describe the fluctuations out of equilibrium,
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we measured the statistics of number density fluctuations in the driven liquid in a small probe

volume [21, 59]. The number of particles N in a randomly selected probe volume of radius

1.75r0 was measured in 20 probe volumes per frame in the last 200 frames of each simulation,

after the system had reached a steady state. The 4,000 resulting data points were binned to

construct a histogram from which probabilities were computed.

We find that the probabilities are indeed Gaussian in the mixed regime below the line

where the system first phase separates. Example histograms are shown in Fig. 2.3, demon-

strating that the statistics remain Gaussian even for points that come close to the phase

transition line and for points above the second phase transition. This finding is unexpected,

since intuition and experience give us little reason to expect that the statistics would remain

Gaussian out of equilibrium—for example, “giant” (i.e., non-Gaussian) number fluctuations

have been observed in some active matter systems [90, 81, 99]. Yet we find Gaussian fluctu-

ations for systems where on the order of 4kT of work is done per particle per cycle.

2.3.3 Definition and scaling of the work

The Gaussian nature of density fluctuations allows us to predict how the work performed

on the nonequilibrium liquid scales with Pe and τ . Here, and in the rest of Section 2, we

use the term work to denote the change in the energy of the system due to the action of

nonconservative forces. This definition of work differs from commonly used conventions [52].

Specifically, we define the rate at which work is done on the system by the nonconservative

forces as

〈ẇ〉 = − 1

N

N∑
i=1

1

τ

∫ 〈Fc,i(t)〉 · Fd,i(t)

γ
. (2.7)

As we will show in the subsequent sections, this definition of work is convenient to quantify

the influence of the driving forces on the structural and transport properties of the system.

We calculated the work from the same simulations used to construct the phase diagram by

measuring 〈ẇ〉 = −
〈
Fc,i · ṙd,i

〉
, where ṙd,i is the rate of displacement of particle i due only
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to the nonconservative forces in one timestep ∆t = 10−5t0 and Fc,i is the conservative force.

The average is over particles. The values of 〈ẇ〉 reported below are means of the integral

of −
〈
Fc,i · ṙd,i

〉
over a cycle divided by τ , giving an average rate. After the system reached

its steady state, error bars were estimated using the standard deviation of the work values

obtained over 100τ .

Given the Gaussian nature of density fluctuations, it is reasonable to speculate that the

average restoring force, 〈Fc,i(t)〉 in Eq. 2.7 above, exerted by the system in response to the

driving forces is a linear function of Pe. In the context of equilibrium liquids, Gaussian

density fluctuations imply, within certain approximations [116, 27, 21, 68], that the coarse-

grained field δρ(r, t) = ρ(r, t) − ρ̄, where ρ̄ is the bulk density of the liquid, satisfies the

following Gaussian equation of motion:

δ̇ρ(r, t) = −KG
γG

δρ(r, t) + ηG(r, t). (2.8)

Here KG is an effective spring constant, γG is an effective friction, and ηG is an effective

noise with statistics 〈ηG(t)〉 = 0 and
〈
ηG(t)ηG(t′)

〉
= 2δ(t − t′)δ(r − r′)DG, with DG an

effective diffusion. Note that Eq. 2.8 does not conserve the density as it strictly should. The

equivalent density-conserving equations of motion are available elsewhere [68]; as we will

demonstrate, Eq. 2.8 is adequate for our purposes. Eq. 2.8 can be driven out of equilibrium

by adding an extra driving term PeFG,d(t) to it as follows:

δ̇ρ(r, t) = −KG
γG

δρ(r, t) +
PeFG,d(t)

γG
+ ηG(r, t) . (2.9)

Such a driving force has the effect of changing the local density and can mimic events

where an active particle is driven into surrounding passive particles. The response of the

system to this driving, 〈δρ〉, scales linearly with Pe [58]. In this way, due to the Gaussian

density fluctuations, we anticipate that the work performed on the system will be a quadratic

function of Pe.
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a b

Figure 2.4: Rate of work done per particle as a function of (a) Pe and (b) τ by the driving
forces in the full many-particle simulation, for values of Pe ranging from 2.5 to 15 and τ
ranging from 0.025 to 0.3. Lines are fits to Eq. 2.10. Colors of points and lines serve only to
allow easier differentiation between them. The parameter τG was fit separately to each line;
there is a 5% variation in its value between fits. Error bars are smaller than the points.

The scaling of 〈ẇ〉 with τ can be similarly inferred by assuming that collision events are

exponentially decorrelated with a characteristic time scale. Specifically, for values of τ much

larger than the decorrelation time for fluctuations in the system, we simply anticipate that

the work performed per cycle grows linearly with τ . For values of τ much smaller than the

correlation time, the work done per cycle can be a nonlinear function of τ .

These scaling trends can be combined into an expression for 〈ẇ〉 in terms of Pe and τ .

〈ẇ〉 ∝ Pe2
[
1− τG

τ

[
1− e−τ/τG

]]
. (2.10)

The scaling of the work performed in Eq. 2.10 with Pe and τ follows the expected trends

outlined above, with γG/KG ≡ τG acting as a correlation time. In Fig. 2.4, we show that 〈ẇ〉

in the atomistic simulations does indeed scale as predicted in Eq. 2.10, with τG as a fitting

parameter. We checked that the scaling also holds for different driving protocols, including

cases where the particles are not phase locked or have random phases, and in systems with

unequal number fractions of driven and undriven particles.
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2.3.3.1 Expression for the effective spring constant KG

We posited Eq. 2.8, but we note that the constants therein are formally related to properties

of the system. For instance, using the Gaussian number density approximation, we can show

how the effective spring constant KG is a function of the two-point correlation functions and

particle potentials. We begin by writing down a Hamiltonian appropriate for Gaussian

density fluctuations in a liquid [21]:

βH =
β

2

∫
dr

∫
dr′δρ(r)χ−1(r, r′)δρ(r′). (2.11)

χ−1 is the inverse of the variance, given by

χ(|r− r′|) =
〈
δρ(r)δρ(r′)

〉
= ρ̄δ(r− r′) + ρ̄2[g(|r− r′|)− 1], (2.12)

where g(r) is the pair correlation function and ρ̄ is the density of the fluid. We approximate

the inverse as follows [140, 21]: ∫ ∫
χ−1 ≈ 1∫ ∫

χ
. (2.13)

To do so, we need to compute

∫
dr

∫
dr′χ(|r− r′|) =

∫
dr

∫
dr′(ρ̄δ(r− r′) + ρ̄2[g(|r− r′|)− 1]). (2.14)

The first term is ∫
dr

∫
dr′ρ̄δ(r− r′) =

∫
drρ̄ = V ρ̄, (2.15)
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where V is the system volume. To find the second term, we first perform a change of variable.

The correlation depends only on the magnitude |r− r′|. Let r′′ = r− r′, then:

∫
dr

∫
dr′ρ̄2[g(|r− r′|)− 1] =

∫
dr′
∫
dr′′ρ̄2[g(r′′)− 1] (2.16)

= V ρ

∫
drρ̄[g(r)− 1]. (2.17)

From the zero frequency limit of the Ornstein-Zernicke equation [82], we have that

1 + ρ̄

∫
dr[g(r)− 1] =

1

1− ρ̄
∫
drc(r)

, (2.18)

where c(r) is the direct pair correlation function. Using this, Eq. 2.18 becomes:

∫
dr

∫
dr′χ(|r− r′|) =

V ρ̄

1− ρ̄
∫
drc(r)

. (2.19)

We can now compute the inverse,
∫ ∫

χ−1, as follows:

∫ ∫
χ−1 =

1− ρ̄
∫
drc(r)

V ρ̄
(2.20)

=
1

V ρ̄

∫
dr
[
δ(r− r′)− ρ̄c(r)

]
(2.21)

=

∫
dr

∫
dr′
[
δ(r− r′)

ρ̄
− c(r, r′)

]
. (2.22)

Substituting this back into the Hamiltonian and taking the functional derivative with respect

to δρ(r) gives the effective force on δρ(r),

δH

δ(δρ)
= β

[
δρ(r)

ρ̄
−
∫
dr′c(r, r′)δρ(r′)

]
. (2.23)

Assuming that δρ is not spatially dependent, this looks like a linear restoring force,

δH

βδ(δρ)
≈ δρ

[
1

ρ̄
−
∫
drc(r)

]
≡ KGδρ = FG, (2.24)
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where KG is the effective spring constant of the Gaussian density fluctuations. Further

simplification can be achieved by using the Percus-Yevick closure [21] to write down an

approximate expression for c(r),

KG =

[
1

ρ̄
−
∫
drc(r)

]
=

[
1

ρ̄
+

∫
drg(r)(eβV (r) − 1)

]
, (2.25)

where V (r) denotes the pairwise potential between particles. The 1/ρ̄ term in Eq. 2.25 is an

ideal gas contribution.

2.3.4 Force fluctuations

We now demonstrate how the work done on the system by the nonequilibrium forces affects

the statistics of the force fluctuations that the particles experience. We begin by noting that

according to Floquet theory [51], the nonequilibrium steady state induced by time-periodic

driving forces is also time periodic. For the system to achieve such a time-periodic steady

state, the increase in the internal energy of the system due to the total work, w, over each

cycle has to be dissipated as heat. The average rate of heat emitted by the driven system

(per particle) 〈q̇〉 can be conveniently expressed in terms of the following stochastic integral,

interpreted in the Stratonovich sense [125]:

〈q̇〉 = − 1

N

N∑
i=1

1

τ

∫
〈Fc,i · ṙc,i〉, (2.26)

where Fc,i denotes the conservative force vector for particle i, ṙc,i is the rate of displacement

of particle i due only to the conservative and random forces (in contrast to ṙd,i), the sum is

over all of the particles in the system, and τ is the period of the driving force. 〈q̇〉 should

equal the negative of the average rate at which work is performed on the system, −〈ẇ〉,

given by Eq. 2.7.
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Indeed, by adding together Eqs. 2.7 and 2.26, we obtain an energy balance expression,

1

τ

∫ 〈
dU

dt

〉
= − 1

N

N∑
i=1

1

τ

∫
〈Fc,i · ṙi〉 = 〈q̇〉+ 〈ẇ〉 = 0, (2.27)

where ṙi is the total rate of change of the position vector of particle i due to all forces (defined

in Eq. 2.1) and U is the internal energy of the system. Expanding this energy balance

equation, we find that 〈ẇ〉 can be expressed in terms of the statistics of force fluctuations as

〈ẇ〉 ∝ 〈F2〉 − 〈F2〉0, (2.28)

where

〈F2〉 =
1

N

N∑
i=1

〈F2
c,i〉 (2.29)

and

〈F2〉0 = − 1

N

N∑
i=1

lim
t→0
〈Fc,i(t) · ηi(0)〉. (2.30)

This equation does not depend on which convention (Itô or Stratonovich) is used to interpret

the stochastic integral.
〈
F2
〉

0 captures the response of the nonequilibrium liquid following

a random perturbation, while
〈
F2
〉

describes the force fluctuations on a tagged particle in

its nonequilibrium steady state. In equilibrium, the two terms in Eq. 2.28 are equal as a

consequence of fluctuation-dissipation theorem, as demonstrated in Appendix A1.1. Out

of equilibrium, the work performed is positive and the relation between fluctuations and

response breaks down. In this case, the difference between fluctuations and response is

predicted exactly by flux of heat, or alternately, the rate at which work is performed, as

illustrated in Eq. 2.28. We note that this expression is completely insensitive to the choice

of nonconservative driving forces in Eq. 2.1. We also note that Eq. 2.28 is an instantiation of
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Figure 2.5: Deviation from fluctuation-dissipation theorem as a function of the rate of work
done per particle. Colors indicate values of τ . The data collapse onto the line predicted by
Eq. 2.28. Error bars are smaller than the points.

the Harada-Sasa relation [52, 53]. Here, we have obtained it for our nonequilibrium system

following simple thermodynamic arguments.

We find numerically that the work performed in the many-particle system is indeed

related to the breakdown of the equilibrium relation between fluctuations and response

(Fig. 2.5). We verified Eq. 2.28 for a wide range of amplitudes and time periods of the

driving force in the homogeneous part of the phase diagram. We also verified that this result

holds for driving forces in which the particles are not phase locked or have random phases

and in systems with unequal number fractions of driven and undriven particles. The relation

also holds when applied separately to driven and undriven particles in all of these cases—in

other words, the work performed on average due to the driven particles predicts the change

in the force fluctuations of the undriven particles. In the following section, we study the

implications of this result for the diffusion constant of the nonequilibrium system.
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2.3.5 Diffusion

2.3.5.1 Diffusion increases with driving in simulations

In Brownian dynamics, the diffusion can be written in terms of force autocorrelation functions

as follows:

D −D0 =
1

d

∫ ∞
0

[〈
F(0) · F(t)

γ2

〉
+

〈
η(0) · F(t)

γ

〉]
dt , (2.31)

where d denotes the dimensionality of the system. It is reasonable to expect that the change

in the force correlations that accompanies a breakdown of the fluctuation-dissipation relation,

Eq. 2.28, affects the diffusion coefficient of the driven liquid.

To check this expectation, we measured the diffusion in simulations. Square simulation

boxes of size 200r0×200r0 with periodic boundary conditions (PBC) were filled with 18,000

particles. Trajectories were run for at least 1,000τ with a timestep of ∆t = 10−5t0. The

mean squared displacement (MSD)
〈
x2(t)

〉
of each particle in the simulations was measured

at intervals of τ , so that there was no net displacement due to the driving forces. The

diffusion coefficient was extracted by fitting the linear part of the MSD as a function of time

according to
〈
x2(t)

〉
= 4Dt.

We confirmed that the diffusion constant gets renormalized due to the driving forces and

increases with the amplitude of the driving force after a transient region. In Fig. 2.6 we show

that the renormalization of the diffusion constant is very well described by the functional

form

D −Deq = −a(τ)Pe + b(τ)Pe2, (2.32)

where Deq is the density-dependent equilibrium diffusion coefficient of particles in the system

(not to be confused with D0, which is the diffusion of a single particle). Understanding the

basis for the renormalization of D due to the nonconservative forces is important [16, 50]—as

we will show, in the present context it can help explain how the energy input due to the

nonconservative forces can drive phase separation.
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Deq

Figure 2.6: Scaling of the diffusion coefficient of a tagged particle in the liquid, D, with the
amplitude of the driving force, Pe. The fit is to Eq 2.32. The intersection of the fits with the
dotted line indicating Deq shifts to the left with increasing τ , indicating that as τ increases,
D is a quadratic function of Pe over a larger range. Colors indicate values of τ . Error bars
are smaller than the points.

2.3.5.2 A minimal model predicts scaling of diffusion with Pe

In order to qualitatively understand the observed dependence of D on the nonconservative

forces, we consider a minimal model of a tracer particle diffusing in a fluid according to the

equation of motion

ṙ = hF̃(r) + η̃(t), (2.33)

where F̃(r) is a spatially dependent force that can be designed to model the forces acting

on a tagged particle in the liquid, h is a parameter that tunes the coupling between the

fluid and the tracer particle, and η̃(t) is a Gaussian δ-correlated white noise. In order to

ensure no net drift, we constrain
∫

F̃(r)dr = 0. We imagine sampling over many realizations

of the force F̃(r) from a distribution in order to model the forces exerted by the fluid on

a tracer particle. In the liquid considered in the previous sections, the statistics of force

fluctuations on a tagged particle satisfy 〈F2〉 = 〈F2〉0 when the system is in equilibrium.
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Equilibrium dynamics in Eq. 2.33 are achieved whenever F̃(r) can be expressed as a gradient

of a potential, F̃(r) = −∇Ũ(r). In such cases, it can be demonstrated that the equivalent

relation 〈F̃2〉 = 〈F̃2〉0 holds, where the averages 〈. . . 〉 are taken both over the statistics of

the random noise η̃(t) and over many realizations of the force. The system can be driven

out of equilibrium by ensuring that the force in Eq. 2.33 has a nonconservative component,

F̃(r) = F̃c(r)+PeF̃d(r), where F̃c(r) = −∇Ũ(r) and F̃d(r) = ∇×Ã(r). Like in the previous

sections, Pe tunes the magnitude of the nonconservative force.

A rough qualitative mapping between the forces in the minimal model and the forces

in the atomistic liquid can be obtained using the following reasoning. The nonequilibrium

driving in the atomistic liquid alters the pair correlation function between a driven and an

undriven particle in two ways. First, the scaling of 〈w〉 with Pe2 reveals that due to the

driving forces, the pair correlation function develops an anisotropic, time-dependent compo-

nent that is also proportional to Pe. The nonconservative force introduced in the minimal

model, PeF̃d, is meant to qualitatively simulate the effect of the anisotropic component of

the atomistic pair correlation function. Second, the isotropic component of the pair corre-

lation function can also be affected by the driving forces. The potential Ũ in the minimal

model is meant to simulate the effects of the isotropic component of the steady-state pair

correlation function.

In the presence of the nonconservative forces in the minimal model, as in the many-

particle driven liquid, a breakdown of the fluctuation-dissipation relation is predicted by the

total amount of entropy dissipated by the system [53]. Using a perturbation theory [33, 41],

we can show (Appendix A1.2) that to O(h2),

〈σ̇〉 = 〈F̃2〉 − 〈F̃2〉0 =
Pe2h2

V

∫
〈F̃d(q) · F̃d(−q)〉dq, (2.34)

where 〈σ̇〉 denotes the average rate of entropy dissipation, analogous to 〈ẇ〉 in the many-body

liquid. On the right-hand side, q is the Fourier-transformed spatial variable and f̃ indicates
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the Fourier transform of a function f .

For this minimal model, Tociu (Appendix A1.2) also obtained an expression for the

diffusion constant in Eq. 2.33 that is to quadratic order in the parameters h and hPe,

D −D0 =α
h2

V

(
Pe2

∫
〈F̃d(q) · F̃d(−q)〉

|q|2
dq−

∫
〈Ũ2(r)〉dr

)
, (2.35)

where α = D0/(d(kBT )2), d is the dimension, and we set 〈Ũ〉 = 0 without loss of generality

so that 〈Ũ2〉 is simply the variance of energy fluctuations.

To test our expression for the diffusion, we simulated a particle in a 2D periodic force

landscape with a nonconservative component. The conservative force felt by the particle

is Fc = −h cos(x)~ex − h cos(y)~ey, and the nonconservative force is Fd = hPe cos(y)~ex −

hPe cos(x)~ey. We estimated Deq in such a system by running five simulations with Pe = 0

and averaging the resulting diffusion constants. Then we varied Pe between 0.2 and 0.45 and

computed the diffusion constant and the error in each case by averaging over five simulations.

Here, we report how the deviation of the diffusion constant from Deq in our simulations

compares to the expected correction due to Pe, which is h2Pe2/2 (Fig. 2.7). We see a clear

quadratic increase in diffusion with Pe and reasonable quantitative agreement.

We note that in these simulations, we had to use a value of h that is on the same order of

magnitude as Pe. Running the simulations at a small value of h yields very small corrections

to the bare diffusion that are hard to resolve due to errors. Our perturbation theory is

therefore not expected to hold perfectly, as there will be higher order terms that scale like

h3Pe that are important when h is large but that we do not include in our perturbation theory

(see Section A1.2.2). Despite these shortcomings, we see reasonable agreement at h = 0.45

and small deviations at h = 0.5, suggesting the quadratic term is the major contribution.

In instances where the spectrum of force fluctuations is strongly peaked at a particular

wave vector q∗, the diffusion constant can be simply related to the average entropy dissipation
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h = 0.45 h = 0.5

Figure 2.7: The correction to the diffusion constant due to the nonconservative force as a
function of Pe for a single particle in a periodic force landscape. Deq is the average diffusion
constant for the system with Pe = 0. Error bars represent ± one standard deviation over
5 simulations. The data points are reasonably within error bars for h = 0.45 (left), while
there is some systematic deviation at h = 0.5 (right).

rate as follows:

D −D0 = α
〈σ̇〉
|q∗|2

− αh2〈Ũ2〉. (2.36)

The dynamics of our driven liquid, specified by Eq. 2.1, are substantially more complicated

than the minimal model considered. Nonetheless, the expressions in Eq. 2.35 and 2.36 provide

useful insight. By using the variance 〈Ũ2〉 as a measure of the microscopic environment

around a tagged particle in the many-body driven liquid, and by associating the average

dissipation rate 〈σ̇〉 with the rate of work performed 〈ẇ〉 in the many-body liquid, Eq. 2.36

demonstrates how the nonconservative forces can modify the diffusion properties of a particle

in the fluid. In particular, the minimal model predicts that the diffusion constant can increase

as Pe2 due to the energy dissipation from nonconservative forces.

2.3.6 Phase separation

Finally, we show that the increase of the diffusion constant due to the nonconservative

forces renders the diffusion constant composition dependent. Specifically, unmixed regions,

in which particles are either all driven or all undriven, effectively have equilibrium dynamics
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and diffusion properties since the nonconservative forces do not induce any collisions in such

regions. The diffusion constant in regions with mixed compositions can be enhanced (as

described above) due to collisions induced by the nonconservative forces. As demonstrated

in Appendix A2, such a composition-dependent diffusion constant can drive a transition from

the low-drive mixed phase (region b in Fig. 2.2) to the phase-separated region (region c in

Fig. 2.2) when

λ =
b(τ)Pe2

Deq + b(τ)Pe2
, (2.37)

where b(τ) is defined in Eq. 2.32 and λ is a constant defined in Appendix A2. Eq. 2.37

provides us with a lower bound on the value of Pe where phase separation first occurs.

In Fig. 2.8 we replot the phase diagram in Fig. 2.2e with lines representing our theoretical

predictions for the location of the phase transition. We find that the phase transition curve

is well described by b(τ)Pe2 = c ≈ Deq, where c is a constant, in accordance with Eq. 2.37

(green line in Fig. 2.8). Our numerical simulations show that b(τ)Pe2 ∝ 〈w〉 to a very good

approximation (Fig. 2.9), and we also find that the shape of the phase transition curve is well

described by 〈w〉 ∝ c (purple line in Fig. 2.8). The results in Eqs. 2.35, 2.36, and 2.37 show

how the increase in diffusion due to energy dissipation can control the phase properties of

our nonequilibrium liquid. The phase transition properties of our driven liquid are effectively

controlled by 〈w〉, the energy injected into it per cycle by the nonequilibrium driving forces.

2.3.7 Conclusions and future directions

From the rich physics of nonequilibrium materials, and in particular of active particles with

rotating dynamics, it is clear that dissipation plays an important role in modifying the

structural and dynamical properties of the steady states of these systems. Here, in the

context of a class of systems with rotating dynamics, we have identified how the rate of work

done by the external forces renormalizes force fluctuations. Using simplified descriptions of

density fluctuations based on our observation of Gaussian density statistics, we were also able
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Figure 2.8: Phase diagram of the driven system at ρ = 0.45 shown in Fig. 2.2e with theoretical
predictions for the location of the phase transition. The green line is proportional to Pe2b(τ)
(b(τ) is defined in Eq. 2.32). The purple line is proportional to the work done per cycle given
by Eq. 2.10 using the fitting parameter τG extracted from the fits in Fig. 2.4.
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Figure 2.9: The last term in D = Deq − a(τ)Pe + b(τ)Pe2 is approximately proportional to
the average amount of work done per cycle on the system. Colors indicate values of τ . Data
points are for the same values of Pe and τ included in Fig. 2.6. Error bars are smaller than
the points.
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to model how the work performed in this many-body system depends on the nonequilibrium

forces. Finally, using a minimal model, we explained the observed enhancement of the

diffusion due to the nonequilibrium driving forces and proposed a relation between diffusion

and dissipation. The renormalization of the diffusion due to dissipation also helped explain

the observed dependence of the phase behavior on the magnitude of the driving force, Pe.

Our results demonstrate how the material properties of nonequilibrium liquids can be tuned

simply by violating time-reversal symmetry and controlling the amount of energy put into

the system.

2.3.7.1 Tuning the structure of active and driven particle systems using

dissipation

Current and future avenues of investigation involve building on the work in this chapter to

establish and exploit the general nature of the relations between work, diffusion, and force

fluctuations. Tociu et al. [137] have derived several relations between the dynamics and

structure of driven liquids and the rate of work done. Specifically, without resorting to min-

imal models as we have done in this section, they derived an expression for the diffusion of a

driven tracer as a function of the rate of work done within a Gaussian density approximation.

They also obtained expressions that relate the two- and three-point correlation functions of

driven liquids to the rate of work, which are valid beyond the Gaussian regime but in prac-

tice do require either a small fraction of driven tracers in a bath or a system of all active

particles to be useful. Moreover, by explicitly showing the connection between systems of

active particles with random internal driving and driven particles subject to a deterministic

external driving force, they demonstrate that their relations are valid for both classes of

systems. The authors then use these relations to motivate biasing functions that are used

to generate ensembles of trajectories from equilibrium dynamics that exchange a nonzero

amount of energy with the bath on average. These biased ensembles are shown to be equiv-

alent to systems with a renormalized interparticle potential. They thus show analytically
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and using simulations how injecting energy into a system of particles can be used to tune

the effective interactions or any other observable that depends on the particle separation. In

a related study, Nemoto et al. [91] showed that trajectories of a liquid of active Brownian

disks biased toward low work always form clusters with dynamically arrested particles, while

trajectories with high work exhibit flocking, with all particles aligned.

These results can also be used to solve the inverse problem, that is, to deduce the rate

of work done based on static snapshots of an active matter system. Seif et al. [123] have

demonstrated that a convolutional neural network (CNN) can deduce the arrow of time in

a simple Ising model with time-dependent interaction energies. This is possible because

the CNN is set up in such a way that it has access to the correlations in time and space

that allow it to learn the path probabilities associated with average positive (forward in

time) or negative (back in time) trajectories. Motivated by their work and by the results in

this section and in Ref. 137 indicating that dissipation is in fact related to static structural

properties of nonequilibrium systems, it is natural to ask whether the rate of work done

can be learned by CNNs from static snapshots of nonequilibrium liquids. This is akin to

asking whether a machine-learning algorithm can learn the empirical relations presented in

this thesis, or the analytical results of Ref. 137—or potentially suggest other relations not

yet discovered.

2.4 Interfaces

2.4.1 Introduction

In Section 2.3 we characterized and sought to explain theoretically how dissipation modifies

the material properties of the liquid up to and near the phase transition. In this section

we turn to the properties of the interfaces of the phase-separated liquid. Understanding

how nonequilibrium driving modifies interfacial fluctuations in these cases is an important

and open question. For instance, surface fluctuations play a central role in microscale ap-
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plications [120], and understanding how to control them can contribute to our ability to

exploit the engineering promise of nonequilibrium particle systems [149, 47, 48]. Here, we

combine simulations with an analysis based on capillary wave theory (CWT) [9] to study

the effect of the time-dependent forces on the interfacial properties of (1) the liquid with

repulsive interactions studied in Section 2.3 and (2) a closely related liquid with attractive

interactions between the driven particles and repulsive passive-passive and driven-passive

interactions. To distinguish these systems, we will refer to the purely repulsive model as the

Weeks-Chandler-Andersen (WCA) model, and to the new, partly attractive, model as the

Lennard-Jones (LJ) model.

The main result of CWT predicts that the power spectrum of height fluctuations of an

interface parallel to a prescribed horizontal axis satisfies 〈|h(k)|2〉 ∝ 1/(σk2), where k denotes

the wavevector, h(k) denotes the Fourier transform of height fluctuations, and σ is the surface

tension. This 1/k2 scaling—also known as capillary scaling—is found in systems ranging from

the 2D Ising model to water [42, 127, 122]. CWT has also been used to study interfaces in

nonequilibrium liquids and extract effective surface tensions [12, 100, 34, 102, 71].

It has been shown that phase separation in the WCA model belongs to the Ising univer-

sality class [49], which would lead us to expect capillary scaling of the interface modes [42].

Our first finding is that the time-dependent driving forces result in persistent particle cur-

rents along the interface of the WCA model. This brings the expectation of capillary scaling

into question, because currents can affect the statistics of interface fluctuations. For instance,

the currents present in a nonequilibrium Ising model with an applied electric field can cause

the scaling to decrease to 1/k0.67 [73].

The fluctuations of active interfaces have recently been studied in systems of the MIPS

type [12, 100, 71, 102], where there can be local tangential flows [102] but not system-

spanning currents at the interface. In our system, and in others with rotational dynamics,

we observe system-spanning currents qualitatively similar to those in the nonequilibrium

driven Ising model [73]. The presence of these currents makes it important to examine the
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full spectrum of capillary fluctuations. This examination will allow us to assess whether the

system obeys capillary scaling and for what range of wavenumbers, to check the convergence

of interface statistics, and to accurately measure the surface tension.

In the WCA model, we find that the scaling of interface fluctuations depends on the

amplitude of the driving forces. For one amplitude that we studied, we find close to 1/k2

scaling, while for all others we find that 〈|h(k)|2〉 is inversely correlated with k but decreases

less rapidly than predicted by CWT (Fig. 2.12). The effect of the driving forces on the sta-

bility of interfaces in the WCA model is nonmonotonic, because the forces cause the system

to phase separate at low amplitudes but to become mixed again at large amplitudes [29].

Moreover, since the system is mixed at equilibrium, there is no reference value for the sur-

face tension in the absence of driving. For these reasons, the WCA model is not ideal for

systematically investigating the effect of driving forces on surface tension.

For this purpose, we introduce the LJ model, which is phase separated with a well-defined

surface tension at equilibrium [100]. We find that the LJ model exhibits capillary fluctuations

over a wide range of k even in the presence of driving. Over an order of magnitude in the

driving forces, the effect of driving in the LJ model is a linear increase in σ. We discuss

two ways that the driving forces can increase the force imbalance at the interface, thereby

causing the observed increase in σ: first, by inducing a restoring force on the interface that

is proportional to the curvature, and second, by changing the density of the liquid and gas

phases of LJ particles. We show that both of these effects can contribute to the increase in

the surface tension, but we leave a full account of the linear trend to future work.

2.4.2 Simulations

In this section we present simulations of two types of binary driven liquids, both with equa-

tions of motion given by Eq. 2.1. In the first, which was studied in Section 2.3, all particles

have repulsive WCA interactions (Eq. 2.2) and they do not phase separate at equilibrium. In

the second, there is an attractive Lennard-Jones potential (Eq. 2.3) between driven particles
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and repulsive WCA interactions between undriven particles and driven/undriven particle

pairs, causing phase separation and stable interfaces at equilibrium.

Molecular dynamics simulations of both models were performed using a custom Brownian

dynamics integrator in LAMMPS [105]. Results reported here are for square simulation boxes

with sides of length L = 100r0 and number density ρ = 0.5, unless otherwise indicated, and

periodic boundary conditions. We initiated the simulations by placing a slab 50r0 wide of

driven particles in the middle of the box, spanning the system in the y-direction, so that

there were two interfaces of length L along the y-direction.

For the WCA model, we chose parameters of the driving force in the phase-separated

region of the phase diagram at ρ = 0.5 (Fig. 2.2e). At τ = 0.1, the system phase separates

into regions of driven and undriven particles when Pe ≈ 50 and becomes mixed again at

large values of Pe (Pe > 150). To ensure that we were looking at systems that were in the

bulk of the phase-separated region of the phase diagram, where interfaces would be stable,

we chose to simulate interfaces at τ = 0.1, ρ = 0.5, and Pe = 60, 80, 100 and 120. In Fig. 2.10

we show a snapshot of the slab geometry system with Pe = 100 in the steady state.

For the LJ model, the initial density of the slab of LJ particles, ρLJ = 0.85, was chosen

such that the particles would exhibit liquid-vapor coexistence in the absence of driving

forces [128]. We then chose the density of passive WCA particles that would bring the total

density of the system to 0.5. At equilibrium, this results in a liquid phase of LJ particles

with a density of ∼0.72 in coexistence with a gas of driven and undriven particles (Fig. 2.10).

We fixed τ = 0.1 and varied Pe from 0 to 80. Examples of steady-state configurations of

both models are shown in Fig. 2.10.

The expected relaxation time of the longest-wavelength interface mode was approximated

as τr = L2/D, where D is the diffusion constant of the WCA model in the absence of

driving [29]. In the WCA system, we ran each simulation for 10τr, discarded the first τr of

the trajectory, and performed the CWT analysis on the remaining 9τr. In the LJ system, we

ran each simulation for 20τr, discarded the first 10τr of the trajectory, and performed the
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a b c

Figure 2.10: Two models of driven liquids exhibit stable, system-spanning interfaces. (a)
Snapshot of the WCA model with Pe = 100. (b,c) Snapshots of the LJ model (b) at
equilibrium and (c) with Pe = 40. These snapshots show the slab geometry used in our
simulations. Active particles are colored red, and passive particles are colored blue. In the
driven cases (a,c), a gap is visible at the right interface, which is particularly noticeable in
the WCA system (a). The gap switches from one interface to the other with a period τ .

CWT analysis on the remaining 10τr. The center of mass was adjusted in the simulation at

intervals of t0 to compensate for drift, and as an extra precaution we also subtracted any

center-of-mass motion before analyzing the trajectories. The box dimension perpendicular

to the interfaces, Lx, was wide enough that the interfaces were stable along the y-direction,

and that the width of the interfaces was unrestricted.

2.4.3 Interface characterization

2.4.3.1 Comments on phase separation

We begin by briefly recapitulating the mechanism of phase separation in the WCA model

and how it relates to other studies of nonequilibrium interfaces. In Section 2.3 we found that

the driving forces do work on the system by inducing collisions between particles. These

collisions result in an increased diffusion coefficient that scales roughly proportionally to w,

the amount of work done per period of driving, which in turn scales as Pe2. Because the

driven particles are always in phase, in a region with only driven particles or only undriven

particles, the nonequilibrium forces do not induce any collisions. The work done and therefore
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the diffusion coefficient thus depend on the local composition, and particles diffuse faster out

of regions with mixed configurations than back into them. If the gradient of the diffusion

with respect to composition is sufficiently high, this results in phase separation of driven and

undriven particles.

This mechanism is similar to what has been proposed for systems that undergo laning

(separation of two types of particles moving in opposite directions into lanes parallel to

their velocity vectors) [67] and stripe formation (separation into stripes perpendicular to the

direction of periodic forcing) [87, 106, 152]. In both cases, the differential mobility of the

particles in the presence of the other particle type leads to separation. We note that this

mechanism of phase separation depends on a high degree of synchronization between the

displacement vectors of the driven particles of each type—in our case, the driving force on

all driven particles is the same (Eq. 2.4), so that all the driven particles are in phase. If

the directions of the driven particles were not correlated (for instance, if we were to assign

random phases to each driven particle as we did to verify the generality of our results in

Section 2.3), phase separation of the kind seen here would not occur. Instead, for sufficiently

high Pe and slowly changing particle direction, we would expect motility-induced phase

separation [75, 20]. Thus, whereas the results of Section 2.3 are generalizable to systems with

out-of-phase driving forces such as active Brownian particles and active Ornstein-Uhlenbeck

particles, the results of this section are specific to the model with in-phase forces.

Similarly to Refs. 87, 106, 152, and 145, in the WCA system there is a gap at one of the

interfaces between the red and blue particles (Fig. 2.10a). The location of the gap switches

periodically from one interface to the other. This is because due to their motion, the red

(driven) particles effectively occupy a larger volume than the blue particles, such that the red

particles are able to push the blue particles out of the way when the driving force pushes the

two types of particles into one another. When the force changes directions, the red particles

move en masse away from the blue particles, but diffusion is not fast enough for the blue

particles to fill the space left by the retreating red particles, so a gap opens up.
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2.4.3.2 Interface currents

Driven liquids with rotational dynamics can exhibit currents along boundaries and inter-

faces [93, 144]. Because of the slab geometry of the present system, any currents would have

to be in the y-direction. To calculate the particle current, the simulation box was divided

into slices of width r0. For all particles in a given slice of the box at time t + t0, the dis-

placement ∆y = y(t+ t0)− y(t) was calculated. Although there is no velocity in Brownian

equations of motion, we report vy = ∆y/t0 as an analog of the velocity. The average vy as a

function of x was then calculated by averaging over all of the particles in the slice between

x and x + r0 over an interval τr = 20, 000t0, after the system has reached a steady state.

The average vy in the bulk phase of driven particles was subtracted to obtain the interface

vy reported in Fig. 2.11.

In the WCA model, we find particle currents along the interface. In Fig. 2.11 we show

that the direction of the flow is chiral, by which we mean that it moves in only one direction

along the interface as determined by the direction of orbit of the driven particles, and that its

maximum value is roughly linear in Pe. This feature has often been seen in chiral liquids [130,

93, 49, 154], and distinguishes interfaces in this and other chiral systems from ones previously

studied in MIPS-type systems with WCA [12, 71, 102] or LJ [100] interactions, in which no

flows exist in the steady state due to the random orientation of the active forces.

2.4.4 Capillary wave theory and analysis of height spectra

Our analysis of interfacial fluctuations is motivated by CWT [9]. For a flat, system-spanning

interface of length L, CWT posits that fluctuations in the height of the interface are described

by the effective Hamiltonian,

H =
σ

2

∫
L
dx

∣∣∣∣dhdx
∣∣∣∣2 , (2.38)

where h(x) is the height of a 1D interface. Using Parseval’s identity to take the Fourier

transform yields a quadratic Hamiltonian in Fourier space, so we can apply the equipartition
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Figure 2.11: There is a net particle current along the interface in the driven WCA system. vy
quantifies the current along the interface in the y-direction. The maximum value of vy scales
roughly linearly with Pe. Dashed lines indicate the peak values of vy for each simulation.
Since the average position of the interface varies between simulations, the curves have been
shifted in the x-direction to facilitate comparison.

theorem and obtain an expression for the average height fluctuations of the interface [9],

〈|h(k)|2〉 =
kBT

Lσk2
. (2.39)

Here k is a scalar since we are considering straight, 1D interfaces in this work, but Eqs. 2.38

and 2.39 are easily generalized to higher dimensions [9]. In equilibrium, the σ appearing

in Eq. 2.39 should match the surface tension obtained by any other means [116]. Out of

equilibrium that may or may not be the case [12, 102]—nonetheless, if we find that the

height fluctuations of the interface scale as 1/k2, we can use Eq. 2.39 to extract σ, which we

may call an effective surface tension [12, 100, 34]. We note that in systems where capillary

scaling is not obeyed, deviations from 1/k2 scaling have been connected to the violation of

fluctuation-dissipation theorem—in other words, height fluctuations can still provide insight

into how energy input affects correlations in the system [157].

To clearly define the location of the interface, we performed a coarse-graining of snapshots

of the system at intervals of t0 by dividing the simulation box up into a grid with cells

2r0 × 2r0 in dimension, yielding a lattice of dimensions n × n with n = L/2. We assigned

a value of 1 to a grid site if it contained at least one driven particle, and a value of 0
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otherwise. For the subsequent analysis, we only considered one of the two interfaces. We

used an image processing algorithm on each frame to extract two contiguous clusters of grid

sites, one with value 1 and the other with value 0, separated by an interface. The interface

height at j = y/2 is the number of sites with value 1 in column j. To obtain |h(k)|2, we

took the discrete Fourier transform of h′(j) = h(j) − 〈h(j)〉. We averaged over all of the

snapshots in an interval τr to obtain 〈|h(k)|2〉, and checked that the statistics did not change

systematically between segments of τr. We took the segments to be statistically independent,

and we averaged over them to get a second average 〈〈|h(k)|2〉〉—this double average is the

value reported in Figs. 2.12 and 2.13. The error was estimated as the standard deviation of

〈|h(k)|2〉 between the analyzed segments. The code used for the analysis is available upon

request.

In the WCA system, where the scaling of 〈|h(k)|2〉 was not 1/k2, we extracted the scaling

exponent by fitting the linear part of a log-log plot of 〈|h(k)|2〉L versus 1/k2 (which part

was linear was judged by eye from the data in Fig. 2.12). Where applicable, the surface

tension was extracted by fitting 〈|h(k)|2〉 according to Eq. 2.39 over a range from kmin to

kmax, where kmax was defined as the largest value of k for which 〈|h(k)|2〉 was greater than

the coarse-graining length of the system and kmin was defined as the smallest value of k for

which 1/k2 was a good fit to 〈|h(k)|2〉, judged by eye from the data in Fig. 2.13.

2.4.4.1 Scaling of interface fluctuations and surface tension

Based on studies of driven lattice gases [72, 73], we might expect currents parallel to the

interface in the WCA model to cause deviations of the interface height fluctuations from

capillary scaling. Indeed, most of the parameters that we studied do not exhibit capillary

scaling. However, for Pe = 120, the spectrum of interface fluctuations has an exponent close

to −2, as expected from capillary scaling per Eq. 2.39, but only over roughly an order of

magnitude of wavenumbers (Fig. 2.12). For this value of Pe, we calculated an effective surface

tension of σ/kBT = 0.9. For lower values of Pe, 〈|h(k)|2〉 decreases less rapidly with k than
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Figure 2.12: The WCA model exhibits capillary scaling for Pe = 120. Scaling of interface
modes (〈|h(k)|2〉) multiplied by interface length (L) in the WCA model as a function of k,
for interfaces of length 100r0 (solid colored lines). The legend indicates values of Pe and of
the scaling exponent α, as in 〈|h(k)|2〉 ∝ k−α, obtained by fitting over the region indicated
by dashed black lines (directly on top of the colored lines), in the format (Pe : α). The
fluctuations for Pe = 60 and 120 are larger than for Pe = 80 and 100. In this system,
Pe = 60 is close to the point where the system first phase separates, while Pe = 120 is close
to the point where the system becomes mixed again. Pe = 80 and 100 are further inside
the bulk of the phase-separated region of the phase diagram. For Pe = 120, the scaling of
fluctuations is close to the 1/k2 signature of capillary wave theory over roughly an order
of magnitude in k, so for this case we also fit a line (solid black line) ∝ 1/k2 to calculate
an effective surface tension σ/kBT = 0.9. The error bars are negligibly small except for at
k < 0.3.
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Figure 2.13: Driving increases the surface tension linearly and modifies the scaling of interface
fluctuations of LJ particles. (a) Scaling of interface modes (〈|h(k)|2〉) in the LJ model as a
function of k, for interfaces of length 100r0. The curves for Pe = 0–70 have been offset to
make it easier to see that the range of k for which 〈|h(k)|2〉 scales as 1/k2 is largest close to
equilibrium and becomes smaller as Pe increases; the Pe = 80 curve is not offset to show that
the magnitude of fluctuations is comparable to the WCA system. Black lines are ∝ 1/k2 and
show the range of the fits used to extract σ; in this range, the error bars are very small. (b)
Surface tension (measured from the fits of 〈|h(k)|2〉) as a function of Pe, with a fit showing
the linear correlation between σ and Pe.

predicted by CWT. The scaling exponents extracted from fits are shown in Fig. 2.12; however,

we emphasize that these should not be interpreted as analytical exponents resulting from

some underlying physics. We note that the system undergoes a reentrant mixing transition

as the value of Pe is increased [29]. In particular, the point Pe = 120 is close to the reentrant

transition. Due to this, we were unable to systematically probe the effects of increasing the

driving force amplitude on the interfacial fluctuations.

At all values of Pe, fluctuations for the smallest (k < 0.4 in Fig. 2.12) and largest (k > 2)

wavevectors do not follow the same trend as the rest of the data. At large wavevectors,

〈|h(k)|2〉 flattens out as a result of the lower limit on fluctuations set by our coarse-graining

of the system. To test whether the flattening at small wavevectors was a real feature or

an artefact of the finite simulation time, we simulated a trajectory with Pe = 120 and

L = 200r0 for 8× longer than the L = 100r0 simulations. There, 1/k2 scaling persists to

longer wavelengths, suggesting that the falloff is indeed due to the simulation time.

The results in Fig. 2.12, as well as previous results on interfaces in active systems [100],
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suggest that driving can change the effective surface tension and modify the statistics of in-

terfaces in nonequilibrium liquids. Studying these effects in a systematic way is complicated

in the WCA model by the fact that the driving has a nonmonotonic effect on the interface

statistics over a relatively narrow range of values of Pe but a linear effect on the magnitude

of the particle flow along the interface. In addition, since this system cannot phase separate

in the absence of driving, there is no reference equilibrium interface to compare the driven

interfaces to. To address this issue, we use the LJ model, which exhibits liquid-vapor co-

existence at equilibrium. Interfaces in LJ liquids have been well studied and are known to

exhibit capillary scaling [127, 116], so the LJ model provides a clear reference point that is

lacking in the WCA model, and moreover, we can study the effect of driving forces starting

well below Pe = 60.

We first verified that the LJ model produced the expected behavior at equilibrium. We

show in Fig. 2.13 that at Pe = 0, the LJ system exhibits capillary fluctuations with a value

of the surface tension that is in reasonable agreement with literature values [121]. The range

of capillary scaling in k is again limited from above by the coarse-graining length and from

below by the simulation time. We then measured the effect of driving the system with

values of Pe ranging from 5 to 80. We find that the surface tension increases linearly over

the whole range of Pe (Fig. 2.13). Based on both the results of Section 2.3 showing that

driving can stabilize interfaces in this system and other studies of surface tension in driven

systems [100], we expected an increase in surface tension. However, neither our results nor

Ref. 100 indicates that the increase should be linear and persist over the entire range of Pe

investigated here, which is an order of magnitude larger than that investigated in Ref. 100.

In the following section, we present phenomenological arguments and simulation data that

partially account for this observation.
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2.4.5 Understanding nonequilibrium contributions to the surface tension

Despite our heuristic understanding (summarized at the beginning of Section 2.4.3) of how

the driving forces in our model cause phase separation and therefore can create interfaces (in

the WCA model) or stabilize them (in the LJ model) by increasing the surface tension, it is

not clear why that increase should be linear in Pe. Surface tension arises due to an imbalance

in the forces on particles near the interface. We now consider two ways that time-dependent

driving forces of the kind studied here can magnify this force imbalance, and whether these

magnifications can explain the observed increase in the surface tension (Fig. 2.13).

2.4.5.1 Work

First, we propose that the driving forces can cause the undriven WCA particles to exert a

restoring force on regions of the interface with high curvature. To see why, consider a section

of the interface like the one shown in Fig. 2.14. All LJ particles at the interface experience

a force Fd ∝ Pe that pushes them into undriven WCA particles. In the linear response

regime, WCA particles will push back with a conservative force also proportional to Pe [29].

A driven particle at the interface will therefore feel a downward force proportional to Pe and

to the number of undriven particles in its neighborhood.1 As we illustrate in Fig. 2.14, if

the driven particle is at a point with negative curvature, it is surrounded by more undriven

particles than if it were at a point with positive curvature. Thus, the excess downward

force on the interface is proportional to the curvature: 〈Fc〉int ∝ Pe∇2h. Combining this

argument with the CWT Hamiltonian in Eq. 2.38, we can write down a phenomenological

1. Although the force exerted by the driven particle is not always pointed straight in to the undriven
phase as illustrated in Fig. 2.14—it rotates according to Eq. 2.4—when the driven particles are moving away
from the undriven particles they exert no force on the latter, since the driven-undriven particle interactions
are purely repulsive. This results in the gaps that we observe at the interface in the WCA system. To a first
approximation, we therefore assume that the most important contribution to Fd points outward normal to
the interface and restoring force Fc points back down.

45



equation of motion for h(x),

δh

δt
=
σ

2
∇2h(x) + Pe∇2h(x) + η(x, t), (2.40)

where η is a white noise with statistics 〈η(x, t)〉 = 0 and
〈
η(x, t)η(x′, t′)

〉
= 2kBTδ(x −

x′)δ(t− t′). We immediately see that this will result in an apparent surface tension ∝ Pe.

For this picture to correctly explain our observations, 〈Fc〉 must scale with Pe, which

implies that the work done on the system at the interface by the driving forces (defined in

Eq. 2.7) should scale as Pe2, since the work is proportional to Fc · Fd. Motivated by our

finding in Section 2.3 that work in a region of mixed driven and undriven particles scales

as Pe2, we hypothesized that this could also be the case at the interface. To check this

hypothesis, we measured the work in simulations by summing Fc,i · Fd∆t/γ over all driven

particles at each timestep. This quantity was summed over intervals of τ and divided by τ

to get ẇ, which is shown as a function of Pe in Fig. 2.15. The averaged 〈ẇ〉 and errors shown

in Fig. 2.15 are the average and standard deviation of ẇ over 300 periods of τ , starting after

the system has reached a steady state.

Work can only be done where there are driven and undriven particles in contact, so

although we measured the work in the whole system, the small number of LJ particles in

the WCA bulk and vice versa (Fig. 2.10) ensures that the interfacial region provides the

important contribution to the total work. Contrary to our hypothesis, we show in Fig. 2.15

that in the LJ system the work is only quadratic in Pe for Pe < 15 and then follows a linear

trend up to Pe = 80. This means that 〈Fc〉int ∝ Pe∇2h can only partially explain the linear

scaling of σ with Pe.

2.4.5.2 Density profile

Another way that the driving forces can modify the force imbalance is by increasing the

density of the LJ liquid phase and thus magnifying the imbalance in attractive forces. We
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Figure 2.14: WCA particles exert a force proportional to Pe∇2h on LJ particles near the
interface. At the moment of the snapshot, all red LJ particles are pushing up on the blue
WCA particles with a force Fd ∝ Pe. In the box labeled 1, where the curvature is positive,
LJ particles experience an opposing conservative force from one WCA particle. In the box
labeled 2, where the curvature is positive, LJ particles experience an opposing conservative
force from three WCA particles. On average, this leads to a force on the interface ∝ Pe∇2h.

Figure 2.15: The rate of work done on the system by driving forces scales linearly with Pe
for Pe > 15. In the inset we show that for values of Pe ≤ 15 the work scales as Pe2, in
agreement with the results of Section 2.3. Error bars are smaller than the points except for
at Pe = 80.
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measured the density of the driven LJ particles as a function of position to see if there was a

significant change. The density profile of driven particles was measured by dividing the box

into slices of width r0 and calculating ρ(x) = N/(L× r0) in each slice of the box at intervals

of t0, where N is the number of particles located in the slice between x and x + r0. The

average density profile was obtained by averaging ρ(x) over an interval τr = 20, 000t0 in the

steady state.

Indeed, as Pe is increased, the density of LJ particles in the liquid phase increases, and

the density of LJ particles in the gas phase decreases. To quantify the change, we fit the

density of the left interface to a hyperbolic tangent function of the form

ρ(x) = C tanh(x− x0) + b, (2.41)

where C, b and x0 are fitting parameters. When assuming this form for the density, the force

imbalance on a particle located at the interface is proportional to C, so C should predict

the increase in surface tension due to the change in density. In Fig. 2.16 we show that C

increases roughly linearly with Pe. However, the change in C is only on the order of 15%

and cannot explain the full increase in the surface tension that we observed.

The driving forces must therefore have further effects on the interface in addition to a

force proportional to Pe∇2h and an increase in density; what these effects might be remains

an open question. Importantly, in both of these arguments we ignored the time dependence

of the driving forces. The time dependence is what causes currents at the interface, which

are expected to affect fluctuations [73]. We therefore expect that it will be necessary to

take into consideration time-dependent effects such as coupling between interface modes to

account for our results.
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Figure 2.16: The density gradient near the interface scales linearly with Pe. The slope of the
density near the interface, given by C as defined in Eq. 2.41, as a function of Pe. Error bars
are the standard deviations of the values of C obtained from fitting density profiles of four
independent segments of the simulation of length τr. Inset: An example of the fits of the
density of LJ particles to Eq. 2.41 for Pe = 0, 40, and 80 shows the liquid density increasing
and the gas density decreasing with increasing Pe.

2.4.6 Conclusions and future directions

In this simulation study, we presented results regarding the surface tension and the statistics

of interfacial fluctuations in two closely related systems of driven particles: one where all

particles have repulsive WCA interactions and half are driven, and a second where those

driven particles have attractive LJ interactions. The WCA system is phase separated for

Pe ≈ 50–150. Over this range the interfaces exhibit chiral particle currents parallel to the

interface whose velocity is proportional to Pe. At one value of Pe near to the reentrant phase

transition, height fluctuations of the interface exhibit the 1/k2 scaling that is a signature

of capillary wave theory. For other values of Pe, the spectra of height fluctuations are

inversely proportional to k but less steep than 1/k2. In the system with LJ interactions,

stable interfaces with capillary scaling already exist at equilibrium. Upon driving, we found

that capillary scaling persists and that surface tension increases linearly over two orders of

magnitude in Pe, from small values in the linear response regime to well above the value of

Pe required for phase separation in the WCA system.
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2.4.6.1 Theories for active interfaces and chiral liquids

The driving force in our system can be reproduced in an experiment using rotating magnetic

fields [49]. Our findings therefore suggest a way of controlling the surface tension of assem-

blies of particles from a distance, without the need to change any properties of the particles.

We discussed two possible explanations for the excess force imbalance at the interface that

causes the increase in the surface tension with Pe (a force proportional to the curvature of

the interface induced by the driving forces, and the increased density gradient of the LJ

particles), but neither captures the scaling or extent of the increase in surface tension that

we observed. We also do not have an explanation for the way the scaling of 〈|h(k)|2〉 with k

in these nonequilibrium systems is modified with respect to capillary wave scaling. However,

recent work in the field of active chiral fluids and active interfaces provides several promising

avenues to a more rigorous understanding of these phenomena.

First, in a recent paper, Soni and coworkers [130] developed a hydrodynamic theory for

chiral fluids in an effort to understand experiments on a liquid of colloidal hematite cubes

rotated by an external magnetic field. In addition to the usual hallmarks of surface tension

such as droplet coalescence, this liquid exhibits properties not observed in equilibrium liquids,

such as localized edge flows similar to those observed in our simulations and an instability

that breaks a thin strip of the fluid into droplets. (Despite being visually similar, this is

not a Rayleigh-Plateau instability, as the latter only appears in systems with three or more

dimensions.) The key to understanding these features is recognizing that the breaking of

time-reversal symmetry at the level of the chiral rotation (or, from our perspective, the

energy dissipation required to achieve that breaking) means that new terms can show up in

the hydrodynamic equations of the fluid that are disallowed by symmetry considerations at

equilibrium. Although our simulated system is quite different at the macroscopic scale from

the particle system in Ref. 130, it shares the conservation laws and symmetries of that system

and the hydrodynamic theory should therefore be applicable. Reanalyzing our simulations

with this theory in mind would allow us to rigorously measure the surface tension without
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restricting ourselves to regimes where the power spectrum of interface height fluctuations

appears to follow capillary wave theory. Specifically, we would first examine which terms in

the chiral hydrodynamic equations are important given the details of our simulated system.

We would then measure and Fourier transform the interface height as a function of time as

well as space (in this work, we averaged over the time dimension, which may be the source of

the lack of clear scaling of 〈|h(k)|2〉 in the WCA, and some LJ, simulations). Based on this

measurement and others used by the authors of Ref. 130, we could estimate the parameters

of the model, including the surface tension.

Further, the theory of active and growing interfaces has received much attention recently

both from the perspective of minimal models of active matter [55, 12, 100, 28] and because

of the importance of such interfaces in biology [18, 135]—for instance, fluctuations in cell

membranes are affected by energy-consuming transport processes through the membrane

and inside the cell, and the edge of a growing bacterial colony is an active interface. This

growing body of work may shed light on our results and elucidate the connections between

the interfaces in the system studied in this chapter and those in closely related active matter

models as well as in more complex systems.
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Chapter 3

Nonequilibrium driving and robustness in minimal models of

biochemical oscillators

The material in this chapter is adapted with permission from the following publications:

[31] del Junco, C.; Vaikuntanathan, S. High chemical affinity increases the robustness of

biochemical oscillations. Phys. Rev. E, 101:012410, 2020. Copyright 2020 American

Physical Society.

[32] del Junco, C.; Vaikuntanathan, S. Robust oscillations in multi-cyclic Markov state

models of biochemical clocks. J. Chem. Phys., 152(5):055101, 2020.

3.1 Introduction

Many organisms use internal biochemical clocks to synchronize their metabolisms to day-

night cycles, a tactic that confers fitness because it allows them to anticipate periodic envi-

ronmental changes [151]. These clocks are implemented through a combination of chemical

reactions, advection, and diffusion—stochastic processes that lead to a stochastic period

of oscillations. In addition to this intrinsic noise, the heterogeneous environment inside a

cell can increase the uncertainty in the clock’s period [104]. How biological organisms can

robustly maintain the time scales of their circadian rhythms in the presence of these fluctu-

ations, maintaining consistent periods over different copies of the oscillator (e.g., in different

cells) and over time, is hence a central question [7, 6, 5, 46, 86]. In this chapter we address

it from the perspective of energy dissipation, asking what the energetic cost of accurate

oscillations is.

Our question falls in a long lineage of work, since biological processes are generically

noisy, yet typically require high accuracy and reproducibility. This is often achieved by

energy-consuming mechanisms, as we know from research on energy cost/function trade-offs
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in biology, beginning in the 1970s with Hopfield and Ninio’s “kinetic proofreading” model

for DNA replication [57, 94]. They showed independently that the expected error rate for

DNA copying is alarmingly high if we assume it is an equilibrium process and used a simple

model to demonstrate how the error rate can be dramatically reduced by driving the process

out of equilibrium. Since then, a range of examples, such as the energetic costs of accurate

sensing of ligand concentrations by a cell and other cellular “computations,” have been

studied [83, 70].

Biochemical clocks are a recent candidate for this area of study, largely thanks to the

large body of experimental work that has thoroughly characterized the KaiABC clock, the

circadian oscillator of the cyanobacterium S. elongatus. The oscillator can be reconstituted in

vitro from a mixture of appropriate ratios of just three proteins (KaiA, B, and C) with ATP,

which can sustain oscillations in the phosphorylation level of KaiC with a 24-hour period

over many days even in constant light or dark conditions (Fig. 3.1a–b) [89, 138, 117]. On one

hand, the period of the KaiC oscillator is very robust to changes in ambient conditions, so

that it oscillates with an approximately 24-hour period over a wide range of temperatures,

light levels, and fuel supply levels (in the form of ATP/ADP ratios) [63]. Yet these oscillators

are also very flexible in the sense that they can be phase-entrained to periodic changes in

these same variables [118, 155, 74]. It is likely that all of these remarkable properties require

some amount of energy consumption [156, 39, 54]; here we focus only on the ability of

a stochastic oscillator to maintain a constant period in the presence of fluctuating rates,

without considering mechanisms such as entrainment to external cycles.

The models (depicted schematically in Fig. 3.1) that we use to derive our results are

motivated by the fact that in a general sense oscillators undergo (noisy) limit cycles. The

simplest model consists of N states connected in a ring that represents a projection of an

oscillator’s average limit cycle. For instance, in the KaiABC oscillator, each of these states

would represent a vector of counts of the different phosphorylation states of a population of

KaiC proteins [89, 117, 143, 79]. The system can hop between states with rates k±i , which
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could represent (de)phosphorylation rates. The source of oscillations is that the forward

reaction rates in the KaiABC cycle are larger than the reverse rates. The rates in our

model reproduce this asymmetry, creating a nonequilibrium steady state with a net clockwise

current [124]. The asymmetry cannot be due to a potential difference between the states,

because in a closed circuit this would require an energy increase at some point in the cycle.

Therefore, the system must consume energy to cycle. The chemical driving force responsible

for the current can be quantified by the “affinity” of the network, A ≡ log
∏N
i=1 k

+
i /k

−
i [124].

In the case of KaiC, which is an ATPase, the affinity is provided by the highly exergonic

hydrolysis of ATP [136]. If the system is initialized on a state i0 in a network with a nonzero

affinity, the probability associated with finding the system in any state will exhibit damped

oscillations. The period of the oscillations reflects the average time taken by the system to

traverse the ring and return to the state i0. The damping in the oscillations is an unavoidable

consequence of the stochastic nature of the transitions. The ratio R of the damping time

to the oscillation time provides a figure of merit for the coherence of oscillations in the

network [108, 19, 86, 19, 92], since it is proportional to the number of coherent oscillations

that the network can complete before losing memory of its initial state. We refer to R

interchangeably as the “number of coherent oscillations” or “coherence” throughout this

chapter.

In principle, R depends on all the details of the rates k±i in the network. However,

in line with work showing that energy dissipation constrains the accuracy of biophysical

processes [57, 10, 107, 70, 83, 88], it has been suggested that irrespective of these details the

affinity constrains the coherence of biochemical oscillations [19, 6, 150, 92]. In particular,

Barato and Seifert recently conjectured an upper bound on R as a function of the number

of states N and the affinity A of the biochemical network [6]. The bound is saturated

when the network is uniform; that is, when all of the counterclockwise (CCW) rates in the

network are equal and all of the clockwise (CW) rates are equal. However, the structure

of even simple models of biochemical oscillators constrains them to operate far from these
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bounds [79], which raises two questions: First, what role does energy dissipation play in

cases where it only weakly constrains the accuracy of oscillations? Second, which variables

control the time scales of the oscillator in the presence of rate fluctuations? If the time scales

depend sensitively on all of the rates in the network, then they will vary dramatically with

any fluctuations in the rates. Conversely, if the time scales depend on only a small subset

of the variables, then they will be robust to any fluctuations that do not affect this subset.

In this chapter, we probe these questions by obtaining analytical expressions for the time

scales of Markov state models with nonuniform rates, for which calculating the period T

and coherence R is an eigenvalue problem. In Section 3.2 we define these models and their

dynamics. In Section 3.3 we derive an analytical expression for an eigenvalue of the transition

rate matrices of models with a single cycle that gives the period T and number of coherent

oscillations R. In general, these quantities depend on the magnitudes and locations of all of

the entries in the transition rate matrix, yet our results reveal that they depend only on the

single-site distribution of the rates. While the result is formally exact in the limit that the

exp(−A/N) → 0, in practice our numerical results in Section 3.3.3 show that it works for

surprisingly low values of the affinity. In Section 3.4 we extend our results to models with

multiple cycles. By mapping cycles in these networks to edges in a single-cycle model, we

show that R and T can also be insensitive to the location of these cycles—that is, dissipation

can render the time scales of the networks robust to random fluctuations in the rates and

connectivity of the model.

Despite the utility of the minimal models used here and elsewhere in understanding the

thermodynamics of oscillating stochastic systems, it remains unclear to what extent these

results are relevant to the much more complex networks underlying real circadian oscilla-

tors such as KaiC. We conclude the chapter by discussing a possible route to making the

connection between the minimal, analytically tractable models used here and a more de-

tailed computational model of the KaiC oscillator [79, 97] that is actually able to reproduce

experimental results. Specifically, we introduce a nonequilibrium dimensional reduction al-
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gorithm recently described in the literature called generalized Perron cluster-cluster analysis

(G-PCCA) [113, 112] and discuss how we can apply it to simulations of KaiC in order to

directly extract the reduced Markov state models that underlie them. In doing so we hope to

eventually clarify the connection between (1) the large body of experimental and simulation

work that has qualitatively and quantitatively described the phenomenology of the KaiC os-

cillator, including its compensation and plasticity, and (2) the understanding from statistical

thermodynamics of the topological and energetic requirements for networks to display these

phenomena.

3.2 Markov models of biochemical oscillators

In this chapter we consider Markov models such as the ones in Fig. 3.1d,f as simple models

that capture the cycling and stochasticity of biochemical oscillators [6]. In these models, each

vertex represents a collective state of the system. For instance, in the KaiABC oscillator,

it could be a vector of the counts of KaiC monomers in each phosphorylation state and

the concentrations of other species in solution (Fig. 3.1a,b) [117]. The rates along each of

the edges represent the rates of elementary processes such as a phosphorylation event. We

emphasize that this picture is thus not a representation of the underlying chemical reaction

network, which must contain, at a minimum, a negative feedback loop, and may also have

other motifs [95]. Rather, it is an emergent picture that captures the oscillations that can

arise from such a network, and the feedback as well as the mass action kinetics are encoded

in the rates along each edge, which depend on the collective state of the system represented

by the connected vertices. It is not expected that a real oscillator will always follow the

same path through its state space on each cycle. The single-cycle model in Fig. 3.1d is a

caricature that captures the average limit cycle of the oscillator. The multi-cycle model in

Fig. 3.1f is a caricature intended to reflect small fluctuations about this average path.
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Figure 3.1: Markov models for biochemical oscillators studied in this chapter. (a) Schematic
of the phosphorylation cycle of a single KaiC hexamer (reused with permission from Ref. 104).
(b) Biochemical oscillators trace a limit cycle in a high-dimensional state space of chemical
concentrations. In this example, a population of KaiC hexamers traces a limit cycle in the
space of the fraction of monomers phosphorylated at each of two sites, S431 and T431 (reused
with permission from Ref. 74). (c) We approximate these limit cycles by projecting them
down onto a single cycle of states. Each node represents a state of the system. The system
hops between states with rates k± and is driven out of equilibrium by an affinity A. This
creates a net clockwise current, resulting in damped oscillations in the probability of finding
the system in a particular state. To develop our theory, we start with a uniform network
where the network is fully translationally symmetric, for which the time scales are known.
(d) In Section 3.3 we probe the dependence of the oscillation time scales on the rates of
the network by adding “defect rates” h±j to the uniform network and obtaining expressions

for the coherence and period of oscillations in the disordered network. Our theory works in
disordered networks where no two rates are equal. (e,f) In Section 3.4 we extend our results
to networks where the main cycle is decorated with many small cycles. (g) We design these
“decorations” so that the rates going into them are modulated by a small parameter µ that
governs the probability that the system will enter the decoration. (h) To apply our theory
to these multi-cycle networks, we map the multicyclic network onto a unicyclic network by
matching moments of the first passage time distribution for a random walk beginning CCW
from the decoration (green circle in panel (f)) and ending CW from it (red circle in panel
(f)) onto a line of states with two unknown hopping rates. This procedure gives a set of
effective hopping rates η±i . When each of the decorations in the network is coarse-grained in
this manner, we obtain a single-cycle network whose period T and coherence R approximate
those of the full, multi-cycle network. The effective hopping rates η±i play the role of defect
rates.
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The dynamics of these models are governed by the master equation

Ṗ(t) = WP(t), (3.1)

where W is the matrix of transition rates for hopping between states and P is the vector of

the probabilities Pi of finding the system in a state i. We can define the correlation function

C11(t) as the conditional probability of the system being in state 1 at time t given that it

began in state 1 at time 0. The correlation function is given by the solution of the master

equation

C11(t) ≡ [exp(Wt)P(0)]1 (3.2)

=
N−1∑
j=0

P ssj eφjt (3.3)

=
N−1∑
j=0

P ssj eRe[φj ]t(cos[Im[φj ]t] + i sin[Im[φj ]t]), (3.4)

where φj are the N eigenvalues of the N × N matrix W, P ssj is the steady-state (t → ∞)

probability of finding the system in state j, and [...]1 is the first element of the vector. C11(t)

will be a damped periodic function as illustrated in Fig. 3.2. The two quantities we wish

to study are the period of the oscillator, which is the distance between subsequent peaks in

C11(t), and the rate at which the oscillations are damped, given by the ratio of the time scale

of the exponential decay to the period. From Eq. 3.4, we see that these quantities depend on

the full spectrum of eigenvalues of the matrix. However, in this chapter we follow Ref. 6 in

approximating the average period of oscillations T and the number of coherent oscillations

R as

T = 2π/| Im[φ1]| and R = −| Im[φ1]|/Re[φ1], (3.5)

where φ1 is the eigenvalue of the transition rate matrix of the network that yields the largest
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value of R. We will drop the subscript for simplicity, so that in the following sections φ

without a subscript denotes φ1. A higher value of R corresponds to smaller fluctuations in

the period. In Ref. 6 it was postulated that R is maximized in a uniform oscillator, that is,

when all of the CW rates k+
i are equal to one another and related to the CCW rates k−i by

k+ = exp(A/N)k−, as in the model depicted in Fig. 3.1c. However, since the rates along

each edge of the network depend on the collective state of the system represented by the

connected vertices, a network that sustains oscillations cannot be uniform [79]. Moreover,

both the rates and, in the case of the multi-cyclic network depicted in Fig.3.1f, the locations

and sizes of the small secondary cycles can fluctuate over time and between copies of the

oscillator. Thus, although the value of R is one measure of the quality of timekeeping and

therefore “robustness” in a biochemical clock, the definition of robustness that we consider

in this paper is how predictable the period of oscillations T and the coherence R are with

limited knowledge about the specific details of the arrangement of rates and decorations in

the network, and by extension, how insensitive these quantities are to fluctuations in these

details. In other words, rather than asking how dissipation can maximize the value of R

in a single oscillator, we consider how dissipation can reduce the variance in both T and R

within an ensemble of oscillators characterized by randomness in the rates and topology of

the underlying network.

3.2.1 The largest nonzero eigenvalue captures the time scales of disordered

oscillators

To see why a single eigenvalue φ is sufficient to approximate T and R, we first consider a

uniform network in which k+
i = k+∀i, k−i = k−∀i. In that case, Eq. 3.3 simplifies to

C11(t) =
1

N

N−1∑
j=0

eφjt. (3.6)

As illustrated in Fig. 3.2, the transition rate matrix W0 for this system is a circulant
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Figure 3.2: (a) Eigenvalues of a circulant matrix representing a network of size N = 100 with
uniform rates k+ = e2 and k− = 1. (b) The corresponding correlation function C11(t) (blue)
and the contribution from only the zero eigenvalue and the dominant eigenvalue φ (yellow).
Vertical grid lines are at intervals of 2π/ Im[φ], showing that the period of a uniform system
is very well approximated by φ.

matrix whose eigenvalues lie in an ellipse in the complex plane with semimajor axis a =

k+ +k− and semiminor axis b = k+−k− centered on the point (−a, 0). When the affinity is

large and k+/k− � 1, this effectively becomes a circle of radius r = k+ centered at (−r, 0).

The first eigenvalue is φ0 = 0, so the first term of the sum in Eq. 3.3 gives a constant

contribution of 1/N . The angle from the real axis to the jth eigenvalue φj is 2πj/N . The

imaginary part of φj is given by r sin(2πj/N), and the period of oscillations of the mth term

in Eq. 3.4 is Tj = 2π/(r sin(2πj/N)). The ratio of T1 from the first nonzero eigenvalue to

Tj from any subsequent eigenvalue is

Tj
T1

=
sin(2π/N)

sin(2πj/N)
≈ 2π/N

2πj/N
=

1

j
(3.7)

for N � j. The total period of the oscillations is therefore always T1. Since Re[φ1] < Re[φj ]

for all j > 1, the number of oscillations of the correlation function is given exactly by

| Im[φ1]|/(−2πRe[φ1]) = R/2π.

In the following sections, we will consider networks where the rates are not uniform.

In that case, the eigenvalues will no longer lie on a perfect ellipse in the plane, and the

arguments above will no longer hold exactly. Tj/T1 may no longer be an integer, so that the

total period of oscillations T 6= T1, and moreover, the period of the oscillations at short times
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T (1) and the period of oscillations at long times T (τ), may not be the same. In Fig. 3.3

we show histograms of the relative difference (T (1) − T1)/T (1) for different realizations of

matrices of size N = 100 with reverse rates all equal to 1, random forward rates h+
i chosen

from a Gaussian distribution with mean µ = exp(A/N) and variance σ2 = 0.25 exp(A/N),

and uniform forward rates k+ set to maintain a constant A. We find that for small amounts

of disorder and high affinity, the first eigenvalue still gives a good approximation of the

period of the oscillator.
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Figure 3.3: Histograms of the relative difference between the first period of oscillations of the
correlation function C11(t) (T (1)) and the period of oscillations due to the first eigenvalue
T1 = 2π/ Im[φ]. T (1) is the location of the first peak of C11(t) obtained by exponentiating
the full transition rate matrix. T1 was calculated from the first eigenvalue, which was also
obtained numerically. The data for each set of parameters were obtained from 100 randomly
generated matrices. (a) At constant A/N = 2, the agreement between T (1) and T1 gets
worse as the percent of defects is increased from 10 to 50%. (b) With the percent of defects
held constant at 20%, the agreement between T (1) and T1 improves with increasing A/N .

3.3 Single-cycle oscillator models

3.3.1 Introduction

We begin by studying Markov models consisting of a single cycle of states, as depicted in

Fig. 3.1c,d. In Section 3.3.2 we use a perturbation theory about a model with uniform rates

to derive our main result: an analytical expression for the dominant eigenvalue φ of the

transition rate matrices of models with arbitrary rates. In general, these quantities depend

on the magnitudes and locations of all of the entries in the transition rate matrix, yet our

result depends only on the single-site distribution of the rates. While the result is formally
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exact only in the limit that the exp(−A/N) → 0 (or when all of the rates are uniform), in

practice our numerical results in Section 3.3.3 show that it works for surprisingly low values

of the affinity. First, we demonstrate the success of the theory at predicting φ in networks

with increasing numbers of rates not equal to the uniform value, which we call “defect rates”

by analogy to the solid-state results that our analytical theory is inspired by. Second, we test

the theory on networks where all of the rates are drawn from a random distribution. From a

technical perspective, our results allow us to analytically compute values of the coherence and

period in disordered regimes where R is significantly smaller than the upper bound. From

a biological perspective, our results suggest that as well as minimizing inherent fluctuations

arising from the stochasticity of the underlying processes [19, 6, 5, 46] a large energy budget

has the additional, as-yet-unexplored advantage of reducing uncertainty in the presence of

the additional level of disorder in reaction rates. We finish by summarizing and noting the

connections between our results and the literature on random walks in random potentials

and Lyapunov exponents of products of random matrices [36, 13, 35].

3.3.2 Perturbation theory

3.3.2.1 Eigenvalues of uniform networks

As in Ref. 6, we compute R from the ratio of the imaginary to real parts of the first nonzero

eigenvalue (φ) of the transition rate matrix associated with the Markov state network. We

approximate the period of oscillations by T ≈ 2π/| Im[φ]| and the correlation time by τ ≈

−1/Re[φ] and R = | Im[φ]|/−Re[φ]. Formally, T and τ depend on all the eigenvalues of the

transition rate matrix, but the following arguments suggest that φ captures the important

features of T and τ .

Reference 6 states that for a fixed affinity A and number of states N , R is bounded by

R ≤ cot(π/N) tanh[A/(2N)] ≡ R0 (3.8)
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and that the bound is saturated in a uniform network, that is, when k+
i = k+ = exp(A/N)k−

and k−i = k− for all i. The transition rate matrix W(0) for the uniform network is given by

W
(0)
ji = k+δi,j−1 + k−δi,j+1 − (k− + k+)δi,j . (3.9)

W(0) is a circulant matrix whose ith row is the top row shifted to the right by i columns [1].

Its eigenvalues are the discrete Fourier transform of the first row, giving φ(0) = −(k+ +

k−) + k+e2πi/N + k−e−2πi/N , from which R0 is immediately recovered. We begin from

this known result in order to find how the addition of disorder changes φ. We perturb

the uniform network by adding some number m ≤ N − 1 of defect rates denoted h±j as

illustrated in Fig. 3.1d; these could be due to some inherent asymmetry in the network (i.e.,

if not all of the reactions making up the cycle are the same), and/or to local fluctuations

in variables that affect reaction rates, such as concentration. The essential insight that our

derivation provides is as follows: whereas in general the new eigenvalue φ, and therefore R

and T , depend on all the details of the perturbed transition rate matrix, when the value

of exp(−A/N) is large, significant simplifications are possible, leading to expressions that

depend only on the values of the defect rates and not their relative locations.

3.3.2.2 Transfer matrix formulation

Rather than directly perturbing W(0), which would restrict the defect rates to be close

to the uniform rates, we recast the eigenvalue problem in terms of transfer matrices [141].

The transfer matrix formulation is useful for studying the properties of systems with high

degrees of translational symmetry and rapidly decaying spatial interactions and has been

used to study localization in tight binding models [22] and neural networks [2], as well as

dynamic [141] and structural phase transitions [96].

63



Consider the eigenvalue equation for the circulant matrix W(0),

W(0) ~f = φ(0) ~f. (3.10)

We can then write

−(k− + k+)f1 + k−f2 + k+fN = φ(0)f1, (3.11)

−(k− + k+)f2 + k−f3 + k+f1 = φ(0)f2, (3.12)

and so forth. Solving for f1 in Eq. 3.12 gives

f1 =
φ(0) + k− + k+

k+ f2 −
k−

k+f3, (3.13)

which we can also write asf1

f2

 =

φ(0)+k−+k+

k+ −k
−

k+

1 0


f2

f3

 ≡ B0

f2

f3

 . (3.14)

Thus, B0 maps the eigenvector magnitudes (fi−1, fi) to (fi, fi+1). Because the matrix B0

is the same for each link in the unicyclic network with uniform rates, we have

f1

f2

 = BN
0

f1

f2

 , (3.15)

so that BN must have an eigenvalue of 1. Solving for the eigenvalues of BN
0 will give a

polynomial of order (φ(0))N , the N roots of which are the N eigenvalues of the transition

matrix W0. This gives us an alternative to Eq. 3.10 for finding φ(0).
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3.3.2.3 One-defect rate

We first consider how adding one set of defect rates h± shifts φ. To do so, we replace one of

the B0 matrices in the product in Eq. 3.15 by

A ≡

φ+h−+h+

h+ −h
−

h+

1 0

 , (3.16)

which maps the eigenvector elements on either side of the link with the defect rates, so

that now the eigenvalue of ABN−1 is equal to 1. Now the B matrix has changed, because

modifying the rates changes the value of φ. We write φ in the most general way, as

φ = φ(0) + Cγ, (3.17)

where C is a constant to be determined and γ is an unknown to be calculated. This implies

B = B0 +

Cγ/(k+) 0

0 0

 ≡ B0 + B1. (3.18)

We now proceed with the matrix perturbation of B. First, we compute the eigenvalues

(βi) and normalized eigenvectors of B0. Note that since B0 is non-Hermitian, its right and

left eigenvectors (〈i| and |i〉) are not the same. We obtain

β0
1 = e2πi/N β0

2 = (k−/k+)e−2πi/N (3.19)

|10〉 =
1

c1
(β0

1 , 1) |20〉 =
1

c2
(β0

2 , 1) (3.20)

〈10| =
1

c1
(−1/β0

2 , 1) 〈20| =
1

c2
(−1/β0

1 , 1) (3.21)

c21 = 1− β0
1/β

0
2 c22 = 1− β0

2/β
0
1 . (3.22)
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Now we compute the first-order correction to the eigenvalues,

β
(1)
1 = 〈10|B1|10〉 = −e

4πi/N

c21

Cγ

k−
. (3.23)

We choose

C = −c21k
−e−2πi/N (3.24)

so that

β1 = e2πi/N (1 + γ). (3.25)

Similarly,

β2 =
k−

k+ e
−2πi/N (1 + γ) = e−A/Ne−2πi/N (1 + γ). (3.26)

Since B is a two-by-two matrix, we can compute its exact eigenvalues and check how the

error in our perturbative approximations of β1 and β2 scales. The exact eigenvalues of B

are

β±exact =
e−2πi/N

2

(
e−A/N (1− γ) + e4πi/N (1 + γ)

±
[
−4e4πi/Ne−A/N +

(
e−A/N (1− γ) + e4πi/N (1 + γ)

)2
]1/2

)
. (3.27)

If we ignore terms of order e−A/N compared to terms of order 1, the expressions above

simplify to

lim
exp(−A/N)→0

β±exact =
e2πi/N

2
((1 + γ)± (1 + γ)) , (3.28)

giving

lim
exp(−A/N)→0

β+
exact = β1, lim

exp(−A/N)→0
β−exact = 0. (3.29)

66



We can now compute BN−1 using

BN−1 =
∑
i

βN−1
i X0

i , (3.30)

where X0
i ≡ |i0〉 〈i0|.

Since β
(1)
2 ∝ e−A/N < 1, if A/N is sufficiently large, all of the terms containing β2 will

vanish. Then the product ABN−1 becomes

ABN−1 = βN−1
1 AX

(0)
1 ≡ βN−1

1 Z. (3.31)

We now compute this product and set its eigenvalue equal to 1 in order to solve for φ.

We find

Z =
1

c21

da db

a b

 , (3.32)

where

d(h±) =
γ + e−2iπ/N (k− − h−) + k+e2iπ/N + h− + h+ − k− − k+

h+ , (3.33)

a = −e4πi/Nk+/k−, and (3.34)

b = e2πi/N . (3.35)

Since the two rows of Z are related by a constant, Z has a zero eigenvalue. The nontrivial

eigenvalue ζ of Z is

ζ =
e2πi/N

(
k+e2πi/N (−Cγ − h− − h+ + k− + k+) + h−k+ + h+k− − k−k+ − e4πi/Nk+2

)
c21h

+k−
.

(3.36)
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We can now solve for γ using

1 = βN−1
1 ζ (3.37)

= e−2πi/N (1 + γ)N−1ζ. (3.38)

For notational simplicity, we absorb the e−2πi/N term into ζ, letting

ζ ′ = e−2πi/N ζ. (3.39)

Rearranging, we have

(1 + γ) = ζ ′1/(1−N). (3.40)

We now rewrite ζ ′1/(1−N) as exp
(

log
(
ζ ′1/(1−N)

))
= exp

((
1

1−N

)
log
(
ζ ′
))

and expand to

second order, giving

γ ≈ 1

1−N
log
(
ζ ′
)

+
1

2(1−N)2
(log

(
ζ ′
)
)2. (3.41)

This gives a self-consistent equation for γ (since ζ ′ is a function of γ). To obtain the

numerical results presented in Section 3.3.3 below, we solved Eq. 3.41 numerically by search-

ing for roots of the equation in the neighborhood of an explicit approximation for γ that

we obtain by expanding the logarithm in Eq. 3.41 to linear order. We rewrite ζ ′ (defined in

Eq. 3.39) as

ζ ′ = ζ ′0 − γ
k+e2πi/NC

c21h
+k−

= ζ ′0 − γ
k+

h+ , (3.42)

where ζ ′0 is independent of γ. We then expand the logarithm as

log
(
ζ ′
)

= log

(
ζ ′0 − γ

k+

h+

)
(3.43)

= log

(
ζ ′0

(
1− γ k+

h+ζ ′0

))
(3.44)

≈ log
(
ζ ′0
)
− γ k+

h+ζ ′0
, (3.45)
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where in the last line we have used log(1 + x) ≈ x for x � 1. Plugging this back into

Eq. 3.41 and keeping only the term linear in 1/(1−N) gives

γ ≈ 1

1−N

[
log
(
ζ ′0
)
− γ k+

h+ζ ′0

]
. (3.46)

3.3.2.4 Many-defect rates

We can extend Eq. 3.41 to the case where many (m) of the rates are defects. The product

of transfer matrices in this case isf1

f2

 = A1BL1 · · ·AjB
Lj · · ·AmBLm

f1

f2

 , (3.47)

where Lj is the distance (the number of uniform rates) between neighboring defect rates.

Generally, Eq. 3.47 has 2m terms. However, if e−LjA/N is sufficiently large, we can ignore

β2 as we did in the case of one defect above. Then Eq. 3.47 reduces to a single term from

which we can factorize β1, giving

f1

f2

 = βN−m1 A1X
(0)
1 · · ·AjX

(0)
1 · · ·AmX

(0)
1

f1

f2

 . (3.48)

The affinity thus sets a correlation length for the defects; if the affinity per site (A/N) is

sufficiently large, the spacing between them does not matter. In principle, the order of

the matrices in the matrix product in Eq. 3.48 is still important, and hence the value of

φ depends on the order of the defects. However, our calculations are simplified due to the

special symmetry of Zj ≡ AjX
(0)
1 (given by Eq. 3.32, with the defect rates h± now indexed

h±j , etc.). We find that the nontrivial eigenvalue of the product ZiZj is the product of the

nontrivial eigenvalues of Zi and Zj . As a result, the expression for φ is simply determined by

the product of the nontrivial eigenvalues of the Zj matrices. Therefore, as long as Lj ≥ 1∀j,
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the order in which the defects are placed and the spacing between them becomes irrelevant

as far as φ is concerned. We can thus simply extend our results for one defect to write

φ = φ(0) + Cγ (3.49)

γ ≈ 1

m−N

m∑
j=1

log
(
ζ ′j
)

+
1

2(m−N)2

 m∑
j=1

log
(
ζ ′j
)2

, (3.50)

where ζ ′j is a function of k+, k−, h+
j , h

−
j , and N given by Eq. 3.36 and 3.39 but is independent

of any of the other defect rates. The linear expansion about which we search for numerical

roots solutions of Eq. 3.50 is

γ ≈ 1

m−N

 m∑
j=1

log
(
ζ ′0,j
)
− γ k+∑m

j=1 h
+
j ζ
′
0,j

 . (3.51)

Our derivation of Eq. 3.50 requires Lj ≥ 1 because the nontrivial eigenvalue of the

product ZiZj , where Zj ≡ AjX
(0)
1 , is the product of the nontrivial eigenvalues of Zi and

Zj . However, the eigenvalue of the product of AiAj is not the product of their eigenvalues.

Therefore, Eq. 3.50 should not be valid if there are defect rates on either side of the same

node in the network (Lj = 0). Nonetheless, our numerical results in the main text show

that these expressions accurately predict the eigenvalues of the oscillator even when Lj = 0

for nearly all of the defects. To understand how our theory is able to correctly predict the

eigenvalue of systems with adjacent defects, we write the defect transfer matrix Aj as

Aj =

xj −yj
1 0

 , (3.52)
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where

xj =
φ+ h−j + h+

j

h+
j

=
h−j e

−2πi/N + h+
j e
−2πi/N + Cγ/N

h+
j

(3.53)

yj =
h−j
h+
j

. (3.54)

In the limit of large N , we have

lim
N→∞

xj =
h−j + h+

j

h+
j

= 1 +
h−j
h+
j

yj =
h−j
h+
j

. (3.55)

The eigenvalues of the product AjAi are

α
ij
± =

1

2

(
±
√

(xixj + yi + yj)2 − 4yiyj + xixj + yi + yj

)
. (3.56)

If we can ignore the y terms compared to the x terms, then these reduce to

lim
y/x→0

α
ij
1 = 0 (3.57)

lim
y/x→0

α
ij
2 = xixj , (3.58)

and the eigenvalues of Ai become α
j
1 = xj , α

j
2 = 0. Clearly, in this limit the eigenvalue of

the product of transfer matrices is equal to the product of eigenvalues, as required, and the

order of the defects will no longer matter even if they are adjacent. The limit is fulfilled when

the affinity is high not only on average but additionally along every edge in the network, so

that h−/h+ ∼ exp(−A/N).

Following the derivation above using xj as the eigenvalue for the defect transfer matrices,

we obtain the same result as in Eqs. 3.50 and 3.51, with ζ replaced by x. Indeed, we see

that in the limit that h−/h+ → 0 and k−/k+ → 0, ζ reduces to x. This explains how our

theory can handle many adjacent defects.
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While Eqs. 3.49 and 3.50 are only formally correct in the limit of high affinity, in practice,

as we show in Figs. 3.4 and 3.6, they predict φ well even for rather small values of A.

Specifically, N/A sets a length scale for correlations between defect rates, so that if N/A �

1 the relative positions of defect rates do not affect φ. Generally, φ depends on O(N)

parameters, including the values and locations of the uniform and defect rates in the model.

Eqs. 3.49 and 3.50 predict that in the limit N/A � 1, φ depends only on the values of

the rates. As such, changes in the remaining, irrelevant parameters will not affect oscillator

time scales—in other words, the oscillator is robust to these changes. As we demonstrate

below, this implies that the period and coherence of oscillations can be maintained even in

the presence of disorder in the rates.

3.3.3 Comparing to numerical simulations

3.3.3.1 As a function of the number of defect rates

To test the limits of Eq. 3.49, we compared it to the result of numerical diagonalization for

networks of size N = 100 with up to 99 defect rates placed at random locations in the net-

work. We considered networks with quenched disorder: we set all CCW rates to k− = h−j = 1

and randomly selected the CW defect rates h+
j from a Gaussian probability distribution

PG(σ̃,A0, N) with mean k+ = exp(A0/N) and standard deviation σ = σ̃ exp(A0/N) and

with a lower cutoff at 0.1 so that we do not select rates that are very close to zero or negative.

This prescription naturally allows the affinity to vary between networks. Fig. 3.4 shows the

importance of a high affinity (A0/N , the value of the affinity in the uniform network) for

controlling R and T . Our prediction from Eq. 3.49 improves with increasing A0/N . For

A0/N = 2, Fig. 3.4 shows that Eq. 3.50 is accurate even when all but one of the rates in the

network are random and 〈R〉 is 40% less than the bound R0. (For comparison, the cycle

of the KaiC hexamer has A/N & 10 [117, 136, 85].) In Fig. 3.5 we show similar results for

networks with fixed affinity, which confirm the bound in Eq. 3.8.
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Figure 3.4: Coherence R (a,b) and period T (d,e) of an oscillator as a function of the
percent of defect rates, and scatter plots of numerical and theory results for R (c) and T (f)
in individual networks. The values of R and T are more robust (spread of values decreases)
and predictable at the higher affinity A0/N = 2 (b,e) than at A0/N = 0.5 (a,d). Results
are for networks with N = 100 states. All CCW rates are set to 1. CW defect rates h+

j are

drawn from a Gaussian distribution with mean k+ = exp(A0/N) and standard deviation
0.4k+. Because the distributions of R and T are asymmetric, we plot the median (solid
line) ± one quartile (shaded region) of the numerical values for 500 samples of defect rates.
The dashed lines are the median theoretical predictions for 500 samples of defect rates. For
A0/N = 2 (blue, panels (b) and (e)), our theory is accurate even when % defects ≈ 100. On
the right, we compare the values of (c) R/R0 and (f) T0/T for individual realizations of the
random networks with 50% defects (parameters for panel (c) indicated by stars in panels
(a,b); for panel (f), in panels (d,e)).

While minimizing phase diffusion and thereby maximizing R is crucial for a biochemical

clock to keep time accurately, it is additionally important that T , the period of oscillations,

be robust and tunable (for example, in order to match with an external signal [151]). Our

theory (Eq. 3.50) shows that T can be reliably controlled in the high affinity limit even in

the presence of substantial disorder, and we also find that the spread of T values decreases

significantly with increasing affinity.

3.3.3.2 As a function of the spread of rates

The “number of defect rates” is a convenient measure of disorder to use in the context of

our theory, but is not clearly related to a biological scenario. In general, we would expect
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Figure 3.5: Coherence R (a,b) and period T (c,d) of an oscillator with N = 100 states
as a function of the percent of defect rates. All counterclockwise rates are set to 1. We
restrict ourselves to even numbers of defect rates. Half of the clockwise defect rates {h+

j }
are drawn from the same distribution as in Fig. 3.4. We set the other half of the defect rates
to {exp(A0/N)2/h+

j }, ensuring that the affinity remains constant and equal to A0. Colors

and lines have the same meaning as in Fig. 3.4.

all rates to be different from one another, even in the case where the underlying reaction

network is relatively simple, as in the KaiC oscillator. This is because the rates of the

oscillator depend on the collective state of the system, which is always changing [79], and

in addition can be affected by local fluctuations in, for instance, the concentration of ATP.

In Fig. 3.4 we showed that our perturbation theory can handle networks where no two rates

are the same. In Fig. 3.6 we further investigate these fully disordered networks by showing

how R and T vary as a function of the spread of rates σ in a network with all CCW rates

set to 1 and all CW rates drawn from the distribution PG(σ̃,A0, N) (defined in the previous

section). All of our findings still hold: the prediction becomes more accurate (Fig. 3.6a,b)

and the spread of T and R values decreases (Fig. 3.6d) as the affinity A0 increases. In these

networks the affinity naturally varies, and the average time scales are robust to these small

variations. In Fig. 3.7 we show scatter plots comparing numerical values of the period with

our analytical guess in specific realizations of the network. This data shows that we are not
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restricted to predicting the median values shown in Fig. 3.6. Rather, our accurate prediction

of the statistics of R and T for an ensemble of oscillators is due to the success of our theory

at accurately predicting the time scales for individual oscillators.

Finally, we consider changes in the uniform rate, or A0/N . The bound in Eq. 3.8 implies

that in a uniform network, the coherence R becomes insensitive to changes in the affinity at

high A0/N (Fig. 3.6c). However, it is not clear whether this will be the case in a disordered

network. In Fig. 3.6 we show that even in a disordered network where R < R0, the depen-

dence of R on A0/N vanishes smoothly for values of A0/N greater than ∼5. In this regime,

our analytical results demonstrate how—due to nonequilibrium driving—the coherence is

insensitive to large global fluctuations in the affinity that change the average rate k+ as well

as to small local fluctuations that cause the rates to fluctuate about k+.

3.3.4 Conclusions and future directions

Biochemical oscillators, which can function as internal clocks, operate in noisy environments

that can affect the ability of the clock to tell time accurately; yet somehow these oscillations

continue with a well-defined period over long times. Here, we present analytical calculations

supported by numerical results that show how a biochemical oscillator modeled as a Markov

jump process on a ring of states (Fig. 3.1) can use high chemical affinity (for instance, in

the form of ATP) to robustly maintain and tune its time scales even in the presence of a

substantial amount of disorder. While previous work has postulated an upper bound on

the number of coherent oscillations that such a model can support in terms of the chemical

affinity, the bound can be loose, and does not elucidate the dependence on the details of the

rates in the network [6]. We close this gap by showing how affinity can dramatically decrease

the number of relevant variables controlling the coherence and period of oscillations.

Specifically, we consider Markov state networks such as those in Fig. 3.1d and sample

the rates from a probability distribution in order to mimic disorder in biological systems.

We consider networks with quenched disorder in order to probe the synchronization between
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Figure 3.6: (a) R and (b) T for totally disordered networks of size N = 100 as a function
of the standard deviation of the distribution of defect rates. All CCW rates are set to 1.
CW defect rates h+
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and standard deviation σ = σ̃k+. Black dashed lines are theoretical predictions. (c,d) The
absolute value of R as a function of A0/N (d) plateaus in a totally disordered network (here
we show results for σ̃ = 0.3) as well as in uniform networks (given by the bound in Eq. 3.8).
As a result, dR/d(A0/N) (c) goes smoothly to zero in the disordered and uniform networks,
even though R is far from the bound. (e) The “spread”, defined as the distance between
the median ± 1 quartile of the data, as a function of the affinity. As predicted, it decreases
with increasing affinity.
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Figure 3.7: Comparing the values of (a) R/R0 and (b) T/T0 for individual realizations of
random networks. Each point represents the period of a network with randomly generated
rates with parameters indicated by a star in Fig. 3.6a,b. (c) Open circles in the zoomed-
out T/T0 scatter plot represent the approximation in the limit where reverse steps can be
neglected (T =

∑
i 1/k+

i ). At A0/N = 0.5, where neglecting reverse steps underestimates
the period by more than 50% (open red circles), our theory provides an accurate estimate
(filled red circles). Note that in Fig. 3.6 we plotted (T/T0)−1; here we plot (T/T0) as it
results in a more compact plot.

multiple noninteracting oscillators (e.g., in different cells [84]), and as a proxy for the varia-

tion in a single oscillator’s period when the rates are fluctuating over time. Our analytical

theory in Eqs. 3.49 and 3.50 reveals that in the limit of high affinity the arrangement of

the rates becomes irrelevant, and the period of oscillations T and the number of coherent

oscillations R depend only on the magnitude of the rates. As a result, in the limit of high

affinity, we can accurately predict R and T for individual realizations of the rate disorder

knowing only the values of the rates. We note that while our analytical results are formally

valid only when exp(−A/N) → 0, they do not completely neglect the possibility of reverse

transitions on the network, where the period of the oscillator is simply T =
∑
i 1/k+

i . In

Fig. 3.7c we compare our theory to this trivial approximation and show that our prediction

is quite accurate at small values of A/N where the trivial approximation underestimates the

period by over 50%.

A consequence of our prediction is that for a given probability distribution of the rates,

the possible values of R and T for different realizations of the rates are more narrowly
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distributed about their average values because different arrangements of the rates no longer

affect the time scales. Taken together, this means that when the affinity is high R and

T can be well approximated from a small, fixed number of parameters (namely, enough to

specify the single-site probability distribution of the rates), a number that does not scale

with system size, as opposed to the O(N) parameters required to specify the values and

locations of all the rates that are generally expected to determine R and T . Our results give

further insight into why biochemical oscillators might evolve to consume large amounts of

energy in the form of ATP [136]: in addition to the previously known function of suppressing

uncertainty in the period of the oscillator for a system with uniform rates [19, 6], this energy

consumption also makes the time scales of the oscillator more robust to fluctuations in the

rates caused by the noisy environment of the cell by decoupling those rates.

Finally, we note that although we used the example of KaiABC in this work, the Markov

cycle representation is not limited to post-translational oscillators with conserved protein

copy numbers, and the more common transcription-translation oscillators can also be studied

in this paradigm.

3.3.4.1 Connections to localization in random environments

We can contrast our results with expressions for the velocity and diffusion coefficients for

periodic, disordered, one-dimensional Markov networks that have been derived previously in

the literature [36]. First, the quantity we formally calculate in this chapter is different: it is

an eigenvalue, as opposed to a first passage time. Second, the expressions in Ref. 36 include

positional correlations between rates, which can modify the transport properties; simplified

expressions require an assumption that the rates are uncorrelated. Our work shows how

nonequilibrium driving can make these correlations irrelevant.

Despite these distinctions, the body of work on random walks in random environments

and the closely related work on electron localization in random potentials suggest several

possible connections and interesting directions for our work. Apart from expressions for the
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first passage time, much of the work on random walks has focused on anomalous transport

in random environments; that is, understanding the scaling of the mean 〈x〉 and the mean-

squared-displacement 〈x2〉 with time. In particular, it is known that “normal” transport,

that is, where 〈x〉, 〈x2〉 ∝ t, can break down when there are large fluctuations in the hopping

rates [13]. In the context of oscillators, these results imply that there is a transition between

a network that supports nonzero current, and therefore oscillations, and one that does not,

and that if there is a large variance in the rates a finite affinity is a necessary but not sufficient

condition to observe oscillations. Because we study eigenvalues rather than the closely related

statistics of displacement, this transition will manifest as the condensation of eigenvalues of

the transition rate matrix onto the real line. To study when this happens, we would need a

theory in terms of the statistics of the rate matrices instead of the number of defect rates. In

order to derive such a theory, we could turn to results that study large products of transfer

matrices with random perturbations [35]. Since these results were derived with Andersen

localization problems in mind, the transfer matrices are Hamiltonian; in our case, the broken

symmetries related to the breaking of detailed balance would be a challenge. If successful,

a theory in terms of the statistics of rates would allow us to characterize the dynamics of

Markov models that support oscillations both as a function of the affinity and as a function

of the disorder in the rates. In contrast, our current theory requires us to specify all of the

rates of the model, which is useful in investigating a specific network but only allows us to

investigate the effect of disorder indirectly, as rate statistics (〈k±〉, 〈k±2〉, etc.) do not show

up explicitly in our theoretical expressions for the eigenvalue.

3.4 Multi-cycle oscillator models

3.4.1 Introduction

In Section 3.3 we explored the connection between dissipation and robustness using single-

cycle Markov models of biochemical oscillators such as the one pictured in Fig. 3.1d. By
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deriving an analytical expression for the period and coherence of oscillations that reveals

their detailed dependence on all of the rates in the network, we showed that nonequilibrium

driving allows the period of oscillators to become insensitive to many of the parameters of

the models—specifically, the arrangement of the transition rates on the ring. Driving thus

allows the period of a wide class of oscillators, even those operating far from the bound,

to be robustly maintained in the presence of changes in these parameters. In this section

we further explore this role of energy dissipation by extending our results to networks with

multiple cycles. We show that, at high driving, the period of the oscillator is more robust to

changes in the topology of the network as well as changes in the rates.

Our multi-cycle models are generated by “decorating” a main cycle with N states and

affinity A with small cycles with n � N states, as illustrated in Fig. 3.1f. The rates

entering these decorations are modulated by a small parameter µ which allows us to tune

the probability of leaving the main cycle and ensures that we recover a single-cycle model in

the limit µ→ 0.

Our theory for oscillator eigenvalues depends on the single-cycle topology of the networks

studied in Section 3.3, so to apply it to these new networks, in Section 3.4.2 we show how

to coarse-grain decorations onto single links, yielding an effective single-cycle network whose

period and coherence are meant to approximate those of the full multi-cyclic network. Our

perturbation theory requires a minor modification to be applied to the resulting coarse-

grained networks, which can have very large bottlenecks. We describe the modification in

Section 3.4.2.2. In Section 3.4.3 we compare these observables calculated numerically in

multi-cycle networks to the corresponding coarse-grained networks and analytical approxi-

mations, and show that at high affinity our analytical approximation, which takes as input

only a small subset of the parameters required to specify the multi-cycle network, accurately

reproduces the period and coherence of these networks. We demonstrate the ability of our

theory to predict time scales when the rates and topology in the network are randomly gen-

erated. Finally, in Section 3.4.4, we discuss the implications of our results for biochemical
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oscillators and show one example of how the multi-cycle networks studied here can be used

to achieve input compensation, which is the ability to maintain a constant period when the

affinity changes.

3.4.2 Coarse-graining via first passage time statistics

We now wish to apply Eqs. 3.49 and 3.50 to the networks with multiple cycles depicted

in Fig. 3.1f in order to understand how our conclusions extend to these higher-dimensional

cases. The derivation of Eqs. 3.49 and 3.50 used a transfer matrix technique that depended

on the single-ring topology of the network. Rather than trying to extend this approach to

networks with decorations of the kind we wish to consider here, we took a different approach

and chose instead to map multi-cycle networks onto single-cycle networks so that Eqs. 3.49

and 3.50 can then be applied directly to the mapped network. Because we want a mapping

that preserves time scales, our approach is to build a single-cycle network with rates such

that the mean and variance of the first passage time from a site upstream (in the sense of

the probability current) of a decoration to a site downstream of the decoration is preserved

(denoted by the green and red circles in Fig. 3.1f). For each decoration, we replace the rates

along the edge shared by the large and small cycles with an effective CW rate η+ and an

effective CCW rate η−.

3.4.2.1 Calculating the first passage time distribution

In order to do this, we first calculate the first passage time distribution across the decoration

(from the green circle to the red circle in Fig. 3.1f) in Laplace space [88, 15]. The method

for calculating the first passage time between two states is to sum over all of the paths of all

lengths connecting the two states. First, we write down the first passage time distribution

between two connected states 1 and 2. If the system enters state 1 at time t0, the probability

that it hops to state j at time t1 = t0 + µt is
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Q12(µt) = P12(µt)
∏
i6=1,2

(
1−

∫ µt

0
dtP1i(t)

)
, (3.59)

where P12(t) = k12 exp(−k12t) is the waiting time distribution for hopping from state 1 to 2.

The first term is the probability of hopping at exactly time t1, while the term in parentheses

is the probability that the system has not hopped to any other state in the meantime. The

net waiting time distribution out of state 1 is just the sum over connected states:
∑
j Q1j .

The probability of observing a particular trajectory with transitions {1→ 2, 2→ 3, · · · ,

n− 1→ n} occurring at times {t1, t2, t3, · · · , tn−1} is

Q12(t1)Q23(t2 − t1) · · ·Qn−1,n(tn−1 − tn−2). (3.60)

Note that state 1 is the first state that the system visits; it is not necessarily a state with a

fixed label. For example, state 1 and state 3 could both be the same state i, if the system’s

trajectory is i → j → i. State n is the only state that can be visited only once, since it is

an absorbing state.

To obtain the first passage time distribution F (n, tn−1|1, 0), we sum over all trajectories

that start at state 1 at time t0 and arrive, for the first time, at state n at time tn−1. We

integrate over all possible combinations of transition times {t1, · · · tn−2}, constrained such

that tn−1 is fixed, and sum over all paths that the system can take:

F (n, tn−1|1, 0) = (3.61)∑
paths

∫
dt1 · · · dtn−2Q12(t1) · · ·Qn−1,n(tn−1 − tn−2).

We can turn this convolution into a product by taking the Laplace transform,

Q̂ij =

∫ ∞
0

dte−stPij(t)
∏
k 6=i,j

(
1−

∫ t

0
dt′Pik(t′)

)
, (3.62)
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so that we have

F̂ (n, tn−1|1, 0) =
∑
paths

Q̂12 × Q̂13 × · · · × Q̂n−1,n. (3.63)

Since each transition in our Markov model is a Poisson process, we plug in an exponential

form for P , giving

Q̂ij(s) = (3.64)

kij

∫ ∞
0

dte−ste−kijt
∏
k 6=i,j

(
1− kik

∫ t

0
dt′e−kikt

′
)

(3.65)

=
kij

s+
∑
k 6=i kik

. (3.66)

To sum over paths, we will construct a matrix K with elements

Kij =

Q̂ij(s) if states i and j are connected

0 otherwise
(3.67)

K1n then gives us the waiting time distributions for all paths of length 1 from state 1 to n.

[K2]1n gives us paths of length 2, and [Km]1n gives all paths of length m. Summing,

F̂ (n, tn−1|1, 0) = 1 +K1n + [K2]1n + · · · (3.68)

=
∞∑
m=0

[Km]1n (3.69)

= [(1−K)−1]1n. (3.70)

All elements of the matrix K are strictly less than 1 since s is always positive, so the Frobenius

norm of the matrix limm→∞Km < 1 and the series converges. We could then invert the

Laplace transform to obtain the first passage time distribution F (t), but since that is often

not tractable, here instead we use the fact that F̂ (s) is a moment-generating function for
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F (t), with the nth moment 〈τn〉 given by

(−1)n

(
∂nF̂

∂sn

)
s=0

= 〈τn〉. (3.71)

Moments of the first passage time distribution can thus be computed even when it is not

easy to invert F̂ (s) to obtain the real-time distribution F (t). For the decoration in Fig. 3.1g,

F̂dec(s) is a function of µ, a, b, k+, and k−. For the line of states in Fig. 3.1h, F̂line(s) is a

function of k+, k−, and two unknown rates η+ and η−. By setting the mean and variance

of Fdec and Fline equal to one another, we obtain analytical expressions for η+ and η− in

terms of µ, a, b, k+, and k−. These expressions are algebraically complicated, so we give just

one example of the full rates for the smallest motif considered—a triangle, as depicted in

Fig. 3.1g:

λη+ = (k− + k+)2
(
a2µ+ k+(a+ b)

)2
(3.72)

λη− = µ3a3bk+2

+ µ2ab
[
ab(k− + k+)2 + ak+

(
−k−2 − 2k−k+ + k+2

)
+ k+3

(b+ k− + k+)
]

+ µ
[
a3k−(k− + k+)2 − a2(k− + k+)2(k+(k− + k+)− bk−)

+ ak+
(
b2(k− + k+)2 − bk−k+(k− + 2k+) + k+2

(k− + k+)2
)

+ bk+
(
b2(k− + k+)2 + bk+3

+ k+3
(k− + k+)

)]
+ k−k+(a+ b)2(k− + k+)2 (3.73)

λ = µ3a3bk−

+ aµ2
[
a2(k− + k+)2 + ab

(
k−

2
+ 4k−k+ + k+2

)
+ bk+(bk− − k+(k− + k+))

]
+ µ
[
a3(k− + k+)2 + a2(k− + k+)2(b+ k− + 2k+)

− ak+
(
k+(k− + k+)2 − b(2k− + k+)(k− + 2k+)

)
+ bk+2

(bk− − k+(k− + k+))
]

+ k+(a+ b)2(k− + k+)2. (3.74)
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By calculating effective rates for all of the decorations in a network, we construct a single-

cycle network that we expect to have a similar period T and coherence R (roughly captured

by the first and second moments of the first passage time distribution, respectively) as the

decorated network.

We note that this procedure does not always produce reasonable coarse-grained rates.

The effective rates diverge at a value of µ that decreases as the size of the decoration increases

(Table 3.1). As the size of the decoration becomes larger, it will eventually be able to support

coherent oscillations of its own, leading to a system with multiple interacting periods of

oscillation; in that case, one cycle is no longer dominant in terms of the dynamics of the

system and we do not expect to be able to simply coarse-grain out these competing cycles.

The effective rates can also become negative if the rates in the main cycle (k+/−) and the

decoration (a/b) are very different (as in different by orders of magnitude). We therefore

restrict our study to small cycles with six or fewer sides, where the effective rates are positive

for values of µ of at least µ = 0.05, and to cases where a = k− and b = k+, which we call “cis”

because the rates in the main cycle and decoration favor current in the same direction through

their shared edge, or where a = k+ and b = k−, which we call “trans” because the rates

in the main cycle and decoration favor current in opposite directions through their shared

edge. The probability of entering the decorations is tuned by changing µ. Compared to the

trans configuration, the cis configuration favors cycling in the small decoration, as shown

schematically in Fig. 3.8. In Table 3.1 we show the effective rates in the cis configuration

in the limit where k−/k+ → 0 (for the trans configuration this simple limit gives η+ = k+

and η− = 0). In Fig. 3.8 we show η± as a function of µ for both configurations. The cis

configuration leads to much more dramatic changes in the effective rates than does the trans

configuration (Fig. 3.8), and R and T change by only a small fraction as µ is turned on

in networks with trans-configured decorations. For the results in the following sections, we

therefore focus on decorations with cis rates.
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Figure 3.8: Effective rates resulting from the coarse-graining procedure as a function of µ,
which controls the probability of entering the triangle. We consider the cases where a = k+

and b = k− (trans, (a,b)) and where b = k+ and a = k− (cis, (c–f)), for two values of log k
+

k− ,

2 (a,c,e) and 10 (b,d,f). (a–d) Relative values of the effective rates η±/k± compared to the
µ = 0 values. The rates change much more dramatically in the cis case, because an extra,
likely path for hopping CCW through the decoration is added. (e,f) Absolute values of the
effective rates η± for the cis case. The black dashed lines are from the expressions for η± in
the limit of k−/k+ → 0, given in Table 3.1.

Shape Exclusive Vertices η+ η−

triangle 1 k+/(1− µ) 3k+µ/(1− µ)

square 2 k+/(1− 3µ) 6k+µ/(1− 3µ)

pentagon 3 k+/(1− 6µ) 10k+µ/(1− 6µ)

hexagon 4 k+/(1− 10µ) 15k+µ/(1− 10µ)

general x 2k+

2−x(x+1)µ
k+(x+1)(1+x/2)

2−x(x+1)µ

Table 3.1: Effective rates across decorations with increasing numbers of sides, in the limit of
k−/k+ → 0. We deduce by inspection that the effective rates for a decoration with x vertices
that do not belong to the large cycle are η+ = k+/(1− αµ), η− = (x+ 1 + α)k+/(1− αµ)
where α =

∑x
i=1 i = x(x+ 1)/2.
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3.4.2.2 Extending the perturbation theory

In the coarse-grained networks with cis rate configurations in the decorations, we end up

with η− � η+ along the coarse-grained links. We did not consider such cases in Section 3.3,

and we need to modify our perturbation theory to handle them. Specifically, in Section 3.3

we approximated the product of transfer matrices as

ABN−1 ≈ A

[(
β

(1)
1

)N−1
X

(0)
1 +

(
β

(1)
2

)N−1
X

(0)
2

]
(3.75)

≈
(
β

(1)
1

)N−1
AX

(0)
1 , (3.76)

where β
(1)
1 = exp(2πi/N)(1 + γ) = β

(0)
1 (1 + γ) and β

(1)
2 = (k−/k+) exp(2πi/N)(1 + γ) =

β
(0)
2 (1 + γ) are first-order perturbed eigenvalues of B and X

(0)
i = |i(0)〉〈i(0)| is the outer

product of the ith unperturbed eigenvectors. In the second line, we have assumed high

affinity : k−/k+ � 1. The ith left and right eigenvectors of B are given by

〈i| = {−1/βj , 1}/c2i |i〉 = {βi, 1}/c2i , (3.77)

where ci is a normalization constant. Therefore, by using X
(0)
1 , our theory ignored important

terms containing γ. In cases where k−/k+ � 1 and h−/h+ � 1, we find that these terms

cancel and our theory works with X
(0)
1 , explaining the success of our theory in predicting

time scales in Section 3.3. However, in the coarse-grained networks studied in this section

(specifically for decorations with the cis configuration), we often have h−/h+ > 1. We

therefore replace

X
(0)
1 =

1

c21


−β(0)

1 /β
(0)
2 β

(0)
1

−1/β
(0)
2 1

 (3.78)
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with

X
(1)
1 =

1

c21


−β(1)

1 /β
(1)
2 β

(1)
1

−1/β
(1)
2 1

 (3.79)

in Eq. 3.76, and proceed with the calculation (as described in Section 3.3.2) to obtain

Eqs. 3.49 and 3.50, where

ζj =
h−j k

+ + h+j k
− − k−k+ + 2γh+j k

− + γ2
(
h+j k

− + k−k+
)

(γ + 1)h+j

(
k− − k+e 4iπ

N

)
+

(γ + 1)k+e
2iπ
N (−h−j − h

+
j + k− + k+)−

(
(γ + 1)k+e

2iπ
N

)2
(γ + 1)h+j

(
k− − k+e 4iπ

N

) , (3.80)

C =c21k
−e−2πi/N , and (3.81)

c21 =1− (k+/k−)e4πi/N . (3.82)

To reiterate the conclusions of Section 3.3, the essential feature of these equations is that

Eq. 3.50 depends independently on each rate h±j and does not contain any information about

the relative positions of the rates in the network. As a result, in the limit of moderately high

affinity, spatial correlations vanish and the rates only contribute additively to the time scales,

so we find that R and T are insensitive to the arrangement of the rates in the network. From

a biological perspective, this means that the farther an oscillator operates from equilibrium,

the more robust it will be to changes in the relative positions of the rates. In a large enough

network, these rearrangements are akin to a scenario in which the values of the rates change

but the distribution from which they are drawn stays the same (i.e., the rates fluctuate),

and hence the oscillator is also more robust to fluctuations in the rates.

Since Eq. 3.50 is a self-consistent equation for γ, as in Section 3.3 the theoretical predic-

tions in Section 3.4.3 are obtained numerically by searching for solutions to Eq. 3.50 near to

a linear approximation of Eq. 3.50.
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3.4.3 Comparing to numerical results

We can now compare T and R for our coarse-grained networks to the full networks. We

calculate T andR in three ways: first, by numerically diagonalizing the transition rate matrix

of a network with explicit decorations (R/Texact); second, by numerically diagonalizing the

transition rate matrix of the corresponding coarse-grained network (R/TCG); and third,

using the theoretical expressions in Eqs. 3.49 and 3.50 with the rates in the coarse-grained

network as input (R/Tth).

In the following sections, we test the ability of our coarse-graining scheme combined with

our analytical theory to predict T andR in networks with increasing amounts of randomness.

Since our theory does not contain information about the locations of the effective rates in the

network, if we are able to predict these observables it means that they are insensitive to the

locations of decorations on the network and will be robust to any changes in the locations

of the decorations.

3.4.3.1 Fixed cycles

First, we test the accuracy of the coarse-grained and theoretical approximations for a fixed

network topology. In Fig. 3.9 we show results for two types of networks: one with a large

cycle of size N = 100 with a single triangle decoration, where we calculate R and T as a

function of µ, and a second with µ fixed and m evenly spaced triangle decorations, where

we calculate R and T as a function of m. All of the rates in the large cycle are set to

k− = 1 and k+ = exp(A0/N), where A0 is the affinity in a network with no decorations,

and the rates in the decorations are a = k− and b = k+. When m = 1, T/RCG approaches

T/Rexact as the affinity increases, with perfect agreement in the limit of very high affinity

(k−/k+ = exp(−10) ≈ 0). Note that in this limit the effective reverse hopping rates along

edges representing coarse-grained decorations are not suppressed; rather, they are enhanced

(Fig. 3.8), and η−/η+ > 1 (Fig. 3.8f), so that even in the limit k−/k+ → 0 it is nontrivial

to predict the period. The agreement between T/Rth and T/RCG is also excellent. The
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Figure 3.9: Period T and number of coherent oscillations R in networks with N = 100 states
in the main cycle and triangle decorations with the cis configuration of rates (a = k−, b =
k+). We set k− = 1 and set k+ = exp(A0/N). A0, R0, and T0 are the values in a network
with no decorations. “Exact” results are calculated from numerical diagonalization of the
full network. “CG” results are calculated from numerical diagonalization of a single cycle
with N = 100 states with effective rates through the links where decorations are located in
the full network. “Theory” results are calculated from the theoretical expression in Eqs. 3.49
and 3.82 with the rates {h±j } given by the effective rates. Note that as affinity increases,

first the theory and CG lines and then all three lines overlap. On the left, we show results
for networks with one triangle decoration as a function of µ, which governs the probability
of entering the decoration (see Fig. 3.1). On the right, we show results for networks with µ
fixed at 0.2 and with m triangle decorations separated by bN/mc edges. This value jumps
when N mod m is 0, resulting in the observed discontinuous changes at these values when
A0/N = 0.5.

90



net effect is convergence between exact values and theoretical predictions for T and R with

increasing affinity.

The distance between decorations is given by bN/mc. At low affinity, this results in

discontinuous jumps in the values of T/Rexact and T/RCG (blue lines in the right column of

Fig. 3.9) at values of m where N is an integer multiple of m, because the distance between

the decorations is important. At high affinity the distance no longer matters, as predicted

by our theory, and the CG and exact lines become smooth and ultimately match the theory

prediction.

3.4.3.2 Random decorations

The success of our theory in predicting time scales in Fig. 3.9 suggests that networks with

many different arrangements of the same set of decorations (or of similar sets drawn from a

common distribution) can have the same values of T and R. We now introduce disorder by

fixing the number of decorations m to 25 and the value of µ to 0.05 and selecting the shapes

and locations of decorations in the network randomly, with all other parameters the same as

in Fig. 3.9. Because our coarse-graining scheme takes into account the edges CW and CCW

from the decoration, we do not expect it to work well when two decorations are connected to

the same vertex, and we constrain the random locations so that this does not happen (i.e.,

so that decorations are separated by at least one edge). The decorations have three to six

sides. Scatter plots in which each point represents one realization of the quenched shape and

location disorder are shown in Fig. 3.10. The results show that in these disordered networks,

the exact, CG, and theory results converge at high affinity, confirming that the arrangement

of decorations is unimportant at high affinity.

There are two features of Fig. 3.9 that highlight the limitations of our coarse-graining.

First, while the spread of T values in the coarse-grained networks and our theoretical approx-

imations decreases with increasing affinity, it increases slightly in the full networks. Second,

we note that the coarse-grained networks systematically overestimate the period of the full
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Figure 3.10: Period T and number of coherent oscillations R in networks with N = 100
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plot.
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networks, with the values converging at high affinity. Both are a consequence of our coarse-

graining, which is based on the first passage time from the green node to the red vertex in

Fig. 3.1f. Since the red state is an absorbing state, this calculation does not take into account

cases where the system arrives at the red vertex and then goes back into the decoration, or

reenters the decoration from a state downstream in the large cycle. When the system enters

the decoration, if both µ and the affinity are small, it may only explore one or two links of the

decoration rather than completing the full cycle. In that case, different decorations will be

indistinguishable as far as the dynamics are concerned. In the coarse-grained network, this

microscopic detail is ignored; the rates of backward hops in the decorations, if they occur,

are always different for different cycle sizes. This explains why networks with different sets

of decorations are equivalent at low affinity in the full network but not in the coarse-grained

network. At high affinity, these reentry events are very unlikely, so the CG time scales match

the full network. Moreover, since any reverse hops across decorations in the CG network

correspond to a full cycle, while in the full network the cycle may be only partially explored,

the time spent in the decorations is always overestimated by the coarse-graining.

3.4.3.3 Random decorations and random rates

Finally, we test how our theory performs when disorder in the rates, explored in Section 3.3,

is combined with random network topology (Fig. 3.11). We now generate networks with

large cycles of size N = 500 and m = 50 decorations with random shapes and random

locations. The locations are again constrained so that no two decorations are connected to

the same vertex. The CCW rates in the large cycle are set to k− = 1, and the CW rates that

are not part of the coarse-grained motif (i.e., are not connected to a vertex that is part of a

decoration) are then chosen randomly from a Gaussian distribution with mean k+
0 = A0/N ,

standard deviation 0.4k+
0 , and a lower cutoff at 0.1k+

0 . We set the rates in the motifs to the

cis configuration (a = 1, b = k+
0 ), and we introduced disorder in the probability of entering

the decorations by choosing µ randomly from a uniform distribution [0, 0.95µmax], where
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Figure 3.11: Period T and number of coherent oscillationsR in networks with N = 500 states
in the main cycle and m = 50 decorations. Here, disorder in the rates of the main cycle as
well as disorder in the topology of the network are considered. The shapes and locations
of the decorations as well as many of the rates are randomly generated as described in the
text. Each point in the scatter plots represents a specific realization of quenched disorder of
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scatter plot so that data for different affinities can be shown on the same plot.
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Figure 3.12: Compensating for changes in period by tuning the parameter µ as a function
of ∆A in a network with a large cycle of N = 100 states with m = 20 triangle decorations
symmetrically distributed on the network, with the cis configuration (a = k− = 1, b = k+ =
exp(A/N) = exp((A0 + ∆A)/N)). T0 is the period at A0/N and µ0 = 0.5. Solid lines show
the period as the affinity is changed with µ = µ0; dashed lines show the period when µ
is changed as a function of the affinity: µ = µ0 + ∆µ with ∆µ = κcomp∆A, as described
in the text. This linear compensation mechanism is effective over a wide range of affinities
A0, compensating for changes in the period of ∼50%. Compensation occurs because by
increasing (decreasing) µ the system is encouraged to spend more (less) time in the triangle
decorations as the affinity is increased (decreased). Inset: The integrated deviation from
perfect compensation (T/T0 = 1) over the range ∆A ∈ [−0.3, 0.3] as a function of the
affinity in the unperturbed network. The mechanism is most effective when A0/N ≈ 2 or
greater.

µmax is the value of µ at which the effective rates in Table 3.1 diverge and depends on the

size of the decoration. Once again, the agreement between both levels of approximation and

exact results for T and R is excellent in the limit of high affinity (A0/N = exp(10)), with

very good agreement already at moderate values of the affinity (A0/N = exp(2)).

3.4.4 Period compensation

The results of Fig. 3.11 show that the time scales of an oscillator with multiple cycles and

randomly distributed rates do not depend on the arrangement of these rates and cycles. As a

result, these time scales can be accurately predicted from our theory with information about

the probability distributions of the rates and decorations, and, notably, without information

about the spatial arrangement of the specific network. This extends the conclusions of
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Section 3.3 to the case of network topology. The motivation for studying multiple cycles is

that the small cycles can represent deviations from, or noise in, the oscillator’s average limit

cycle [104, 79]. The quenched disorder in Figs. 3.10 and 3.11 is meant to represent different

realizations of the pathways sampled by the oscillator either over time or by multiple copies

of the same oscillator (e.g., in different cells). In this context, our results show how an

oscillator whose sampled paths and rates are fluctuating over time can use a high chemical

affinity to maintain a predictable and robust period.

So far, we have considered disorder that kept the average value of the rates and affinity

constant. We now briefly turn our attention to global fluctuations in the rates that result in

a change in the affinity; for example, this could be due to a shift in the overall ATP to ADP

ratio in a cell caused by a change in light levels or a change in temperature. Biochemical

oscillators often have the ability to maintain a constant period in the presence of these

changes, a feature known as input compensation [64, 44, 98]. For a given network topology

and arrangement of relative rate magnitudes, changing the affinity effectively multiplies all

of the rates by a constant, since k+/k− ∝ exp(A/N) = exp(A0/N) exp(∆A/N), where

now A0 refers to the reference or unperturbed value of the affinity in the main cycle of a

decorated network. Any change in the affinity therefore results in a change in the period.

However, if the rates or the decorations in the network are allowed to vary in a manner

that is coupled to the change in affinity, the oscillator may be able to keep a constant

period. Specifically, if the current increases on the network in response to an increase in the

affinity, the system can increase the path length by increasing the probability of entering

and remaining in decorations. This mechanism for compensation is a stochastic version

of one that has previously been explored in deterministic limit cycles by several authors

(e.g., [44, 54]): if an input changes the angular velocity of the limit cycle, the radius of the

limit cycle must also change in response to the input in order to maintain a constant period.

We illustrate this compensation mechanism in Fig. 3.12. We choose the rates in the

network as in Fig. 3.9: a = k− = 1, b = k+ = exp(A/N). First, we hold µ fixed and
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vary the affinity so that the rates become b = k+ = exp((A0 + ∆A)/N) and show that the

period changes significantly with small changes in the affinity (solid lines in Fig. 3.12)—for

instance, changing the affinity from A0/N = 5 to A/N = 5.3 shortens the period by 25%.

Then we allow the value of µ to be appropriately coupled to the affinity and show that these

changes in the period can be compensated for, reducing the change to less than 5%. The

parameter µ controls the probability of accessing the smaller secondary cycles. Hence, it

effectively controls the size of sampled orbits in our networks.

In order to choose how µ should depend on the affinity, we consider the Taylor expansion

of the period as a function of A and µ,

T (A, µ) =T (A0, µ0) (3.83)

+

(
∂T (A0, µ0)

∂µ

)
∆µ+

(
∂T (A0, µ0)

∂A

)
∆A

+O((∆µ)2, (∆A)2,∆µ∆A) + · · · .

Perfect compensation then requires T (A, µ) = T (A0, µ0), or

0 =

(
∂T (A0, µ0)

∂µ

)
∆µ+

(
∂T (A0, µ0)

∂A

)
∆A+ · · · (3.84)

for all ∆A,∆µ. In general, this leads to a very complicated ∆µ that is a function of ∆A

with as many parameters as the Taylor expansion has terms. However, we find numerically

in Fig. 3.12 that over large changes in the period, T is in fact a linear function of ∆A and

∆µ, so that we can achieve compensation just by setting

∆µ = −
[(

∂T (A0, µ0)

∂A

)/(
∂T (A0, µ0)

∂µ

)]
∆A (3.85)

≡ κcomp∆A. (3.86)

In the inset in Fig. 3.12, we see that this “linear compensation” mechanism works best
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above a minimum value of the affinity around A0/N = 2, indicating that a high chemical

affinity can support simple mechanisms for compensation. Indeed, using a linear approxi-

mation of our theory in Eqs. 3.49 and 3.50, we find that as long as the effective rates in

the coarse-grained link are proportional to k+ (as they are in our case; see Table 3.1), all

second-order and higher terms in Eq. 3.84 vanish at high affinity and for large main cycle

size N . High affinity therefore makes it easy to design (or, in the context of a biochemical

oscillator, to evolve) a network of this kind with compensation, since only one parameter

needs to be tuned, which is easily computed from the unperturbed (µ0,A0) network.

Here we have illustrated compensation using µ for simplicity since it is a continuous

variable. However, the number and size of the decorations could also be used to adjust the

period, since these all affect either the path length of an oscillation or the amount of time

the system spends effectuating futile cycles in decorations.

3.4.5 Conclusions and future directions

In this section we presented an analytical theory for computing the period of oscillations

in Markov models consisting of one large cycle of size N decorated with smaller secondary

cycles that are driven out of equilibrium by an affinity A (Fig. 3.1). First, we mapped the

decorations onto single links that retain the mean and variance of the first passage time across

the decoration. Performing this procedure for all of the decorations in the network yields

a single-cycle network, for which we have previously derived analytical expressions for the

period and coherence of oscillations. Importantly, these analytical expressions take as inputs

the rates along each edge in the network but do not know about their relative placement.

Numerical calculations of the period at high affinity agree well with this analytical prediction

(Figs. 3.9–3.11). Our main result is that the ability of our theory to accurately predict the

period and coherence implies that high energy dissipation makes these observables insensitive

to many parameters—specifically, the arrangement of the cycles and rates in the network.

As a result, oscillators represented by the models studied here can have time scales that are
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robust to fluctuations in rates and topology. Finally, we showed how multi-cycle network

topologies can also be exploited to achieve compensation to changes in affinity by tuning the

amount of time that the system spends in the decorations. It will be interesting to further

characterize networks that have compensation. For instance, it is intuitively clear that

systems must contain some futile cycles or other alternate pathways to be able to compensate

for changes in the current, suggesting that compensation over a broader parameter regime

has costs in terms of both energy and network complexity. Understanding this cost-function

trade-off of period compensation in biochemical oscillators would add to our understanding

of these trade-offs in biology, where they have been studied in the context of many areas,

from sensing [83] to DNA copying [57].

3.5 Conclusions and future directions

In this chapter, we explored how the dynamics of minimal cyclic Markov models with disorder

in the hopping rates and connectivity can be robust to this disorder. These models are

intended to represent biochemical oscillators such as the KaiC oscillator, which underlies

the circadian rhythm of the cyanobacterium S. elongatus, insofar as the models capture the

two basic features of the oscillators: cycling and stochasticity. We derived an analytical

expression for the largest nonzero eigenvalues of the transition rate matrices that govern the

dynamics of these oscillators. We showed that while in general the eigenvalue depends on all

of the rates in the matrices and on their positions and any correlations between them, these

correlations vanish in the limit of a large ratio of forward to reverse rates, or high affinity.

Our result is in line with results on random walks in disordered environments, but whereas

analytical expressions in those cases require the assumption that rates are uncorrelated,

here we show how a high affinity can be used to make the rates uncorrelated. Because the

eigenvalue that we computed encodes the period of global oscillations and the uncertainty

in the period of these models, these results show that the period of a network that has a

high chemical affinity is also more robust to fluctuations that affect the rates in the network.
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Insofar as our model is a good representation of a biochemical oscillator, this implies that

oscillators can consume more ATP in order to achieve more precise timing in fluctuating

environments.

However, our results also show that a fairly moderate affinity—A/N on the order of 1—is

sufficient to achieve this benefit. Other results from stochastic thermodynamics also show

decreasing returns in terms of precision above a certain rate of energy consumption in sim-

ple models of biochemical oscillators [6, 92]. Comparatively, KaiC burns a lot of energy per

cycle—on the order of A/N = 10 [136]. There are many functions of KaiC that require en-

ergy and that these models leave out or incorporate in an ad hoc manner. For example, other

mechanisms for achieving time precision (such as synchronization of a population of KaiC

oscillators [156, 56]) that are seen in vitro in reconstituted Kai systems or in vivo functions

like communicating temporal information downstream to regulate gene expression. While

the results from minimal models are useful insofar as they provide physical, and therefore

typically universal, energy-function trade-offs, it would be useful to understand how they

are connected to detailed simulation models of KaiC that quantitatively reproduce experi-

mental results [97, 56]. Although these are kinetic Monte Carlo simulations and therefore

are themselves Markov models, the number of unique states of the system is in the millions

and therefore the transition rate matrices are not easy to interpret or even write down.

3.5.1 Dimensional reduction for generating realistic minimal models of

biochemical oscillators

In order to better understand what kinds of network topologies and rates can support the

various features such as compensation, synchronization, etc. that we see in KaiC, and there-

fore what kind of minimal networks we should focus analytical efforts on, we would like to

exploit the detailed and realistic numerical models of KaiC that have been developed over

the past decade to take a data-centered approach to writing down Markov models that rep-

resent the full dynamics of this oscillator. By coming up with a systematic way to do this, we
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could understand how different conditions (such as the energy available via ATP consump-

tion [118]) affect the underlying network. Since there are many complex cyclic processes in

biology (such as cell cycles) that we might wish to represent as Markov models in order to

identify human-interpretable universal features, a framework for mapping high-dimensional

continuous or nearly continuous simulations to discrete networks with a relatively small num-

ber of states would be broadly useful in biophysics and other areas dealing with complex

systems.

One possible approach would be similar in spirit to Markov state modeling (MSM),

which is typically used as a dimensional reduction technique for simulations of proteins

and other large molecules [101]. It is assumed that proteins exist in some small number of

metastable states—for instance, folded and unfolded—with slow transitions between these

states, while within the metastable states fluctuations are very fast and are assumed not to

be important for the purposes of the study. MSM is a collection of techniques used to exploit

this separation of time scales to build coarse-grained models that represent the system as a

series of these discrete metastable states, with hopping rates between them that preserve the

long-time dynamics of the protein. The basic method is to discretize the high-dimensional

space of the simulation (the dimensions are atom coordinates, dihedral angles, etc., not

spatial dimensions) build a matrix of transition rates between the N resulting microstates,

diagonalize the matrix, and then build a matrix of dimension n� N that approximates as

closely as possible the top n eigenvalues of the original matrix, which represent the slowest

relaxation time scales and therefore the transitions between metastable states.

The popularity of KaiC as an experimental model system has led to the development of a

very detailed kinetic Monte Carlo simulation model of the system [97]. This model represents,

at a detailed level, the states of each KaiC monomer and hexamer in a population of KaiA, B,

and C, and it is able to quantitatively reproduce many of the experimental observations from

in vitro studies of the clock. This numerical model of KaiC provides us with the starting

material to develop a coarse-grained Markov model representation of the system. While
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conceptually similar to MSM for proteins, there are two important differences: first, rather

than developing a coarse-grained model of a physical object such as a protein, we would like

a model of the collective oscillations of a population of objects, and second, the oscillator is

a nonequilibrium system.

Despite the wide popularity of MSM, with very few exceptions MSM techniques are de-

signed for equilibrium systems and specifically take advantage of detailed balance and the

real eigenvalues and eigenvectors of the transition rate matrices of these systems. Out of

equilibrium, detailed balance is broken, and in systems with oscillations, the eigenvalues

are complex. One technique recently proposed in the literature for MSM of nonequilibrium

systems is the generalized Perron cluster-cluster algorithm (G-PCCA) [113, 112]. This al-

gorithm uses an alternative matrix decomposition called the real Schur decomposition in

place of eigendecomposition, and then uses an algorithm called PCCA+ [14] to perform the

coarse-graining. The method has been demonstrated on molecular dynamics simulations of a

peptide in an oscillating magnetic field [113] and on simulations of a system of ODEs called

the repressilator [112], which is a simple model of protein expression oscillations. In the

former case, the system was only sampled stroboscopically, so that there are no global oscil-

lations in the reduced model. In the latter, the system has three fairly distinct macrostates

with a high concentration of protein A, B, or C and a low concentration of the two others.

Systems such as KaiC present a different challenge, since a population of KaiC oscillators

“ticks” between nearly continuous phosphorylation levels. It is therefore unclear whether

this system has the separation of time scales and near-block-diagonal form of the transition

rate matrix that are the mathematical basis of MSM techniques, including G-PCCA [115].

In these cases the optimal number of macrostates is ambiguous, and the G-PCCA algorithm

may not converge to a physically reasonable answer (for instance, the coarse-grained matrix

can have negative rates). In order to overcome these challenges, a detailed study of the

behavior of the G-PCCA algorithm on several minimal models with these same features is

necessary. To this end, we have begun to look at how the algorithm performs as a function
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of the separation of time scales in the full dynamics and of the amount of sampling used

to build the transition rate matrix between macrostates. Once thoroughly characterized,

G-PCCA could provide a framework for creating analytically tractable and interpretable

models of cyclic processes in biology and elsewhere.
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Appendices

The derivations in this section are adapted from the derivations by Laura Tociu in our

coauthored paper, Ref. 29.

A1 Proofs and calculations for analytical results in Section 2.3

A1.1 Proof that 〈F2〉 = 〈F2〉0 for a liquid in equilibrium

Assuming we have fixed a particle with position r1 at the origin, by Taylor expanding the

total force F1 acting on this particle term-by-term we get the equation below in the x

direction and an analogous equation in the other directions:

F1,x(t+ ∆t) = F1,x(t) +
N∑
i=1

∂F1,x(t)

∂xi
ẋi(t)∆t+

1

2

N∑
i=1

N∑
j=1

∂2F1,x(t)

∂xi∂xj
ẋi(t)ẋj(t)(∆t)

2 +O(∆t3)

(87)

Taking the dot product with the noise (in 2D to exemplify, but easily generalizable to other

dimensions) we obtain:

lim
∆t→0

〈η1(t) · F1(t+ ∆t)〉 = lim
∆t→0

〈
(η1,x(t), η1,y(t)) · (F1,x(t+ ∆t), F1,y(t+ ∆t))

〉
(88)

= lim
∆t→0

( 〈η1,x(t)F1,x(t) + η1,y(t)F1,y(t)
〉

+

N∑
i=1

〈
η1,x(t)

∂F1,x(t)

∂xi
ẋi(t) + η1,y(t)

∂F1,y(t)

∂yi
ẏi(t)

〉
∆t+O(∆t2)).

(89)
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Terms of order (∆t)2 or higher in Eq. 89 vanish as ∆t goes to 0. Using the Langevin equation

ẋi(t) = 1
γFi,x(t) + ηi,x(t) and averaging over particles, it follows that:

〈F2〉0 ≡ −
γ

2
lim

∆t→0
〈η(t) · F(t+ ∆t)〉

= −γ
2

lim
∆t→0

〈
∂F1,x(t)

∂x1
η2

1,x(t) +
∂F1,y(t)

∂y1
η2

1,y(t)

〉
∆t (90)

=
γ

2
lim

∆t→0

(〈
∂2U

∂x2
1

〉 〈
dW 2

x

〉
∆t

+

〈
∂2U

∂y2
1

〉 〈
dW 2

y

〉
∆t

)
(91)

= KBT
〈
∇2

1U
〉

(92)

= KBTρ

∫
∇2u(r)g(r)dr (93)

where we have defined 〈dW 2
x 〉 ≡ 〈(ηx∆t)2〉 = 2D0∆t = 2KBT

γ ∆t.

Let us now expand the term
〈
F2
〉
. Again by focusing on a single particle with position

r1 fixed at the origin and doing similar manipulations we obtain:

〈
F2
〉

=
〈

(∇1U(r))2
〉

= ρ

∫
(∇u(r))2g(r)dr

+ ρ2
∫ ∫

∇u(r) ·∇u(r′)g3(r, r′)drdr′ (94)

To aid us in evaluating Eq. 94, we assume the system is in equilibrium with a Boltzmann

distributed steady state, and use the Yvon-Born-Green hierarchy [116]:

g(r)∇u(r) = −KBT∇g(r)− ρ
∫
dr′∇u(r′)g3(r, r′). (95)

Plugging this expression into Eq. 94 cancels the term containing the three-point correlation

function, yielding:

〈
F2
〉

= −KBTρ
∫
∇u(r) ·∇g(r)dr. (96)
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Integrating by parts and setting boundary terms to zero gives the final expression for 〈F2〉:

〈
F2
〉

= KBTρ

∫
∇2u(r)g(r)dr. (97)

The expression is equal to Eq. 93, proving that 〈F2〉 = 〈F2〉0 at equilibrium.

A1.2 Expression for diffusion from perturbation theory

The diffusion can be expressed in terms of force-force and noise-force correlations as:

D −D0 =
1

d

∫ ∞
0

[〈
F(0) · F(t)

γ2

〉
+

〈
η(0) · F(t)

γ

〉]
dt. (98)

In order to compute the integrals over the force-force and noise-force correlations, we will

fix the initial positions of the particle at some position r, and consider a trajectory due to

one realization of the noise. We will then integrate over all possible initial positions and

all possible realizations of the noise. For instance, for the force-force correlation, this is

expressed mathematically as:

∫ ∞
0
〈F̃(0) · F̃(t)〉dt = h2

∫ ∞
0
〈F̃(0) · F̃(t)〉dt = h2

∫ ∞
0

dt

∫
dr
P (r)

Z

∫
dq

(2π)d

∫
dq′

(2π)d
. (99)

In order to compute this integral, we need an expression for P (r), the distribution of initial

positions. To calculate it, we start from the overdamped Langevin equation:

ṙ =
h

γ
F̃(r) + η̃(t) =

h

γ

(
F̃c(r) + PeF̃d(r)

)
+ η̃(t) (100)

where F̃c(r) = −∇Ũ(r) is the conservative force and F̃d(r) = ∇×Ã(r) the dissipative force.

Ũ(r) obeys
∫
Ũ(r)dr = 0, and we also require

∫
F̃(r)dr = 0. In this section we will consider

only averages of the various force correlations over the noise. The final averaging over the

distribution from which we sample the forces is implied. We will be working in the limit
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h� Pe� 1 and we will keep only terms of order ε21, ε
2
2 and ε1ε2, where ε1 = h and ε2 = hPe.

The probability distribution for this system obeys the following Fokker-Planck equation:

∂P

∂t
= −h~∇ ·

[
F̃cP

]
+D∇2P − hPe~∇ ·

[
F̃dP

]
≡ W0P − hPe~∇ ·

[
F̃dP

]
. (101)

When Pe = 0, the system is in equilibrium and Eq. 101 is solved by the Boltzmann dis-

tribution P0 =
e−βhŨ(r)

Z
, where Z is the partition function. We construct a perturbation

theory in Pe by considering the latter term in Eq. 101 as a perturbation to the equilibrium

distribution. Following standard perturbation theory, the first correction to the equilibrium

distribution is then given by:

P1 = Pe
∑
i

|ui〉〈vi|F̃d · ∇|P0〉
λi

(102)

where the vectors |ui〉 and 〈vi| are the right and left eigenvectors of W0, respectively, and λi

are the eigenvalues. The total probability for our system is then given by:

P (r) =
e−βhŨ(r)

Z
+ hPe

∑
i

|ui〉〈vi|F̃d · ∇|P0〉
λi

. (103)

To proceed with evaluating the expression for the diffusion coefficient perturbatively, we will

consider terms of order up to ε21,2. We note that the correction to the Boltzmann factor in

Eq. 103 scales like h2Pe, and can hence be ignored in the remainder of our theory since it

will only appear in contexts where it is multiplied by a conservative force, leading to h3Pe

scaling. In other words, we will only need at most the equilibrium term P0 in the following

calculations. We are now in a position to compute Eq. 99:

h2
∫ ∞

0
〈F̃(0) · F̃(t)〉dt = h2

∫ ∞
0

dt

∫
dr
P (r)

Z

∫
dq

(2π)d

∫
dq′

(2π)d
(104)(

F̃(q) · F̃(q′)ei(q+q′)·r〈e
∫ t

0 iq
′·η̃(t′)dt′+h/γ

∫ t
0 iq
′·F̃(t′)dt′〉

)
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Keeping terms to order ε21,2 we have:

h2
∫ ∞

0
〈F̃(0) · F̃(t)〉dt ≈ h2 1

V

∫
dq

(2π)d

∫
dq′

(2π)d
F̃(q) · F̃(q′)δ(q + q′)

∫ ∞
0
〈e
∫ t

0 iq
′·η̃(t′)dt′〉dt

= h2 1

V

∫
dq

(2π)d
F̃(q) · F̃(−q)

∫ ∞
0

e−|q|
2D0tdt

= h2 1

D0V

∫
dq

(2π)d
1

|q|2
F̃(q) · F̃(−q)

= h2 1

D0V

∫
dq

(2π)d
1

|q|2
(105)(

F̃c(q) · F̃c(−q) + 2PeF̃c(q) · F̃d(−q) + Pe2F̃d(q) · F̃d(−q)
)

The noise-force correlation term is given by:

h

∫ ∞
0

dt〈η̃(0) · F̃(t)〉 = h

∫ ∞
0

dt

∫
dr
P (r)

Z

∫
dq

(2π)d(
〈η̃(0) · F̃(q)eiq·re

∫ t
0 iq·η̃(t′)dt′+h/γ

∫ t
0 iq·F̃(t′)dt′〉

)
(106)

The first term of order ε21,2, which we call T1, comes from P (r), which we expand in terms

of h:

T1 =
h2

V

∫
dr(−βŨ(r))

∫
dq

(2π)d
eiq·r

∫ ∞
0
〈η̃(0) · F̃(q)e

∫ t
0 iq·η̃(t′)dt′〉dt

=
−βh2

V

∫
dq

(2π)d

∫
dq′

(2π)d
Ũ(q′)δ(q + q′)

∫ ∞
0
〈η̃(0) · F̃(q)e

∫∆t
0 iq·η̃(t′)dt′e

∫ t
∆t iq·η̃(t′)dt′〉dt

=
−2D0βh

2

V

∫
dq

(2π)d
Ũ(−q)iq · F̃(q)

∫ ∞
0

e−|q|
2D0tdt

=
−2βh

V

∫
dq

(2π)d
1

|q|2
F̃c(−q) · F̃(q)

= −2βh2

V

∫
dq

(2π)d
1

|q|2
(
F̃c(−q) · F̃c(q) + PeF̃c(−q) · F̃d(q)

)
(107)
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The second term quadratic in ε1,2, T2, comes from the force present in the exponential in

Eq. 106. Ignoring constants, this term can be written as:

T2 ∝h2
∫
dr

∫
dq

(2π)d

∫
dq′

(2π)d
ei(q+q′)·riq · F̃(q′)(∫ ∞

0
dt

∫ t

0
dt′〈F̃(q) · η̃(0)e

∫ t
0 iq·η̃(τ)dτe

∫ t′
0 iq′·η̃(τ)dτ 〉

)
=h2

∫
dq

(2π)d
iq · F̃(−q)

∫ ∞
0

dt

∫ t

0
dt′〈F̃(q) · η̃(0)e

∫ t
t′ iq·η̃(τ)dτ 〉

=h2 lim
∆t→0

∫
dq

(2π)d
iq · F̃(−q)

∫ ∞
0

dt

∫ ∆t

0
dt′〈F̃(q) · η̃(0)e

∫ t
t′ iq·η̃(τ)dτ 〉

=h2 lim
∆t→0

∫
dq

(2π)d
iq · F̃(−q)

∫ ∞
0

dt〈F̃(q) · η̃(0)e
∫ t

0 iq·η̃(τ)dτ 〉∆t

=2h2 lim
∆t→0

∫
dq

(2π)d
iq · F̃(−q)iq · F̃(q)

1

|q|2
∆t

=0 (108)

The term linear in ε1,2, T3, can be computed in a similar way:

T3 ∝ h

∫ ∞
0

dt

∫
dr

∫
dq

(2π)d
〈η̃(0) · F̃(q)eiq·re

∫ t
0 iq·η̃(t′)dt′〉

∝ h

∫
dr

∫
dq

(2π)d
1

|q|2
eiq·riq ·

(
F̃c(q) + PeF̃d(q)

)
= h

(∫
Ũ(r)dr + Pe

∫
dq

(2π)d
1

|q|2
iq · F̃d(q)

)
= h

(∫
Ũ(r)dr + Pe

∫
dq

(2π)d
1

|q|2
iq · iq× Ã(q)

)
= h

(∫
Ũ(r)dr + Pe

∫
dq

(2π)d
1

|q|2
iq× iq · Ã(q)

)
= 0 (109)
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Plugging Eq. 105 and Eq. 107 into Eq. 98, and using the fact that F̃c(q) = −iqŨ(q) yields

the desired the expression for diffusion:

D −D0 =
D0h

2

(KBT )2dV

(
Pe2

∫
F̃d(q) · F̃d(−q)

|q|2
dq−

∫
Ũ2(r)dr

)
. (110)

We can also use this perturbation theory to obtain expressions for the quantities 〈F̃2〉

and 〈F̃2〉0:

〈F̃2〉 =
h2

V

∫
dr

∫
dq

(2π)d

∫
dq′

(2π)d
F̃(q) · F̃(q′)ei(q+q′)·r

=
h2

V

∫
dq

(2π)d

(
F̃c(q) · F̃c(−q) + 2PeF̃d(q) · F̃c(−q) + Pe2F̃d(q) · F̃d(−q)

)
(111)

〈F̃2〉0 =
h2

V

βγ

2

∫
drŨ(r)

∫
dq

(2π)d
eiq·r〈eiq·η̃(0)∆tη̃(0) · F̃(q)〉

=
h2

V
βγD0

∫
dq

(2π)d

∫
dq′

(2π)d
ei(q+q′)·riq̃ · F̃(q)Ũ(q′)

=
h2

V

∫
dq

(2π)d
F̃(q) · F̃c(−q)

=
h2

V

∫
dq

(2π)d

(
F̃c(q) · F̃c(−q) + PeF̃d(q) · F̃c(−q)

)
(112)

Subtracting Eq. 112 from Eq. 111 and using the fact that
∫ dq

(2π)d
F̃c(q) · F̃d(−q) can be

rewritten as
∫
drF̃c(r) ·∇× Ã(r) = −

∫
drÃ(r) ·∇× F̃c(r) = 0 yields the relationship for

entropy dissipation:

〈F̃2〉 − 〈F̃2〉0 =
h2

V

∫
dq

(2π)d

(
PeF̃c(q) · F̃d(−q) + Pe2F̃d(q) · F̃d(−q)

)
(113)

=
h2

V
Pe2

∫
dq

(2π)d
F̃d(q) · F̃d(−q). (114)

When Pe = 0, entropy production is zero and 〈F̃2〉 = 〈F̃2〉0.
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A1.2.1 Comparing with expressions for the equilibrium diffusion from the

literature

At equilibrium, our prediction for the diffusion coefficient is given by:

D/D0 = 1− h2

(KBT )2dV

∫
U2(r)dr (115)

where d is the dimension. Here, we compare our prediction to existing ones in the literature.

In 1D the analytical expression for the diffusion of a tagged particle in a periodic potential

is due to Lifson and Jackson and reads: D/D0 = 1/
(
〈e−βU 〉〈eβU 〉

)
, where the expecta-

tion value is taken to mean 〈f(x)〉 = 1/L
∫ L

0 f(x)dx [76]. In our perturbation theory, this

expression becomes, to order h2:

D

D0
=

1∫ L
0 e−βhU(x)dx

∫ L
0 eβhU(x′)dx′

(116)

= L2×(
L− hβ

∫ L

0
U(x)dx+ (h2β2/2)

∫ L

0
U2(x)dx+ . . .

)−1

(
L+ hβ

∫ L

0
U(x′)dx′ + (h2β2/2)

∫ L

0
U2(x′)dx′ + . . .

)−1

(117)

≈ 1

1 + h2β2

L

∫ L
0 U2(x)dx

(118)

≈ 1− h2β2

L

∫ L

0
U2(x)dx (119)

which is in agreement with our results. In 2D the corresponding formula D/D0 = 1/〈eβU 〉

is due to Dean et al. [26]. Expanding this expression to order h2 and recognizing that
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∫ L
0

∫ L
0 U(x, y)dxdy = 0, we have:

D

D0
=

L2∫ L
0

∫ L
0 eβhU(x,y)dxdy

(120)

=
L2∫ L

0

∫ L
0

(
1 + hβU(x, y) + (h2β2/2)U2(x, y) + . . .

)
dxdy

(121)

≈ 1

1 + h2β2

2L2

∫ L
0

∫ L
0 U2(x, y)dxdy

(122)

≈ 1− h2β2

2L2

∫ L

0

∫ L

0
U2(x, y)dxdy. (123)

This result is also in agreement with our prediction.

A1.2.2 Higher Order Terms in Expression for Diffusion

We now show that higher order terms in h do not diverge. Higher order terms of
∫∞

0 F̃(0) ·

F̃(t)dt not involving the corrections to the Boltzmann distribution (P1, P2, etc) can be

expressed generally as:

Hnm ∝
hn

(D0)m−1(2π)d(n−1)
× (124)∫

dq2 . . .

∫
dqnF̃

(
−

n∑
i=2

qi

)
· F̃(q2)

iq2 · F̃(q3) . . . iqm−1 · F̃(qm)Ũ(qm+1) . . . Ũ(qn)

|q2|2(|q2|2 + |q3|2) . . . (|q2|2 + |q3|2 + . . .+ |qm|2)

where n ≥ 3 is the power of h, and for each n terms with m n ≥ m ≥ 2 will show up from dif-

ferent parts of the expansion. This quantity scales with system size as L(1−n)d+(2−m)+2(m−1).

The maximum scaling with system size is L(1−n)d+n, occurring when m = n. For d = 1,

higher order terms in n can diverge with system size. For d = 2, the scaling is L2−n, which

can diverge only for terms of order less than or equal to 2. (Therefore, as long as 〈F 〉 = 0

holds, then the quadratic terms are well-behaved as described in Sec.A1.2). For d=3, the

scaling is L3−2n, which can not diverge since n ≥ 2.

The higher order terms in
∫∞

0 η(0)·F̃(t)dt not involving the corrections to the Boltzmann
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distribution (P1, P2, etc) can also be conveniently expressed as:

Hnm ∝
2hn

(D0)m−1(2π)d(n−1)
×

∫
dq1 . . .

∫
dqn−1iq1 · F̃(q1)

iq1 · F̃(q2) . . . iqm−1 · F̃(qm)Ũ(qm+1) . . . Ũ

(
−
n−1∑
i=1

qi

)
|q1|2 (|q1|2 + |q2|2) . . . (|q1|2 + |q2|2 + . . .+ |qm|2)

(125)

where n ≥ 3 and n− 1 ≥ m ≥ 1. Terms with m = n in this case are zero.

This quantity scales with system size as L(1−n)d+(−m)+2m. When m = n− 1, we obtain

the maximum scaling with system size as L(1−n)d+n−1 and thus the higher order terms

cannot diverge.

There are also other higher order terms that are of the form HnmP1, HnmP2 and so

on, where P1,2,... are the corrections to the Bolztmann distribution. These terms do not

diverge. Since the Pi will not introduce any terms with positive powers of L, these will also

not diverge.

A2 Composition-dependent diffusion can lead to phase

separation

We will start by showing that a simple coarse-graining of our many body system with 1/2

driven and 1/2 undriven particles can lead to phase separation. Namely, let us track a probe

volume V0 and define an order parameter f =
NR −NB

N0
, where NR and NB are the numbers

of red and blue particles, respectively, and N0 = ρV0 is the average number of particles in the

probe volume. We can coarse-grain the system by positing that the particles in this probe

volume do not interact with each other in any way, but diffuse with a diffusion constant

D(f) which depends on the instantaneous composition f. Since the only time scale relevant

to the system is related to this diffusion, we can expect that, for small deviations around
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f = 0, the composition f obeys an equation of motion of the form:

df

dt
= −αD(f)f +

√
βD(f)η (126)

where α and β are phenomenological constants, η is a white noise with unit variance and the

expression is interpreted in the Itô sense. First, we will demonstrate how such an equation

of motion can lead to instabilities, and second we will provide a framework for predicting

the form of the parameters α and β.

By ignoring the linear part of the diffusion coefficient in the many-body system as a

function of Pe, we can write D(f) ≡ Deq+(1−f2)b(τ)Pe2, to second order in the parameter

f . This form satisfies the constraints that the diffusion increases quadratically with the

driving forces, and decreases as we shift away from a mixed composition to a demixed

composition of either just red or just blue particles. Plugging this form of D(f) in Eq. 126

and solving the associated Fokker-Planck equation yields the solution:

P (f) = C0
e
− α

2β f
2

Deq + (1− f2)b(τ)Pe2
(127)

where C0 is the normalization constant. Taylor expanding this expression, we obtain that

P (f) stops being peaked at f = 0 (and hence instabilities appear) whenever

α

2β
<

b(τ)Pe2

Deq + b(τ)Pe2
. (128)

This framework demonstrates that a composition-dependent diffusion can lead to phase

separation.

We will now try to find the conditions for phase separation in our system by formally

deriving an equation of motion for the variable f =
NR −NB

N0
. We will compute the statistics

of the variable ∆f , the change of the composition in a small amount of time, given that the

composition is f at t = 0 and the number of particles in the probe volume is fixed at
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Figure A2.1: The setup of our composition calculations involves a small square probe volume
of dimension L0 with demixed composition (f 6= 0) in a mixed particle bath (f=0).

N0 = ρL2
0. We imagine the probe volume exchanges particles with a bath that has a mixed

composition (f = 0) (Fig. A2.1). We first compute ∆f by separating it into two parts, a

part due to particles diffusing out of the box, ∆fout and a part from bath particles diffusing

in, ∆fin:

〈∆fout〉 =
〈−∆NR,out + ∆NB,out〉

N0
(129)

=

〈
−∆Nout

1 + f

2
+ ∆Nout

1− f
2

〉
〈N〉

(130)

= −f 〈∆Nout〉
N0

(131)

〈∆fin〉 =
〈∆NR,in −∆NB,in〉

N0
(132)

=

〈
∆Nin

1

2
−∆Nin

1

2

〉
N0

(133)

= 0 (134)
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Putting these two together, we obtain:

〈∆f〉 = −f 〈∆Nout〉
N0

(135)

Similarly, we can compute the variance of ∆f as:

〈∆f2〉 =
〈∆N2

out〉
N2

0

+
〈∆N2

in〉
N2

0

(136)

In the derivations of 〈∆f〉 and 〈∆f2〉 we assumed that the timestep is small enough that

essentially only on the order of unit changes occur in the number of particles. In this limit

the probability that the particles leaving a box with composition f are all red/blue is
1± f

2
.

To compute the quantity 〈∆Nout〉 we imagine a box surrounded by vacuum. At time

t=0, the probability for a particle to be located inside the box is uniform, and is equal to

P (x, 0) =
1

L2
0

. We imagine at the boundaries the probability decays to zero over a distance

σ on the order of particle size. The particles can diffuse out of the box with a diffusion

coefficient equal to D, the effective diffusion of particles in the many body liquid. After a

timestep ∆t, the change in the number of particles can be computed as:

〈∆Nout〉 = N0

∫
vol

dP (x, 0)

dt
dV∆t (137)

= N0

∫
vol
∇ ·D∇P (x, 0)dV∆t (138)

= N0

∫
bdd

D∇P (x, 0) · ~ndS∆t (139)

= N0D∆t
1

L2
0σ

4L0 (140)

= 4
√
N0ρD∆t

1

σ
(141)

To compute the variance 〈∆N2
out〉, we consider flux of particles in and out of the probe
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volume and obtain:

〈∆N2
out〉 = 2ρ

√
N0D∆t (142)

〈∆N2
in〉 = 2ρ

√
N0D(f = 0)∆t (143)

Combining Eqs. 135, 136, 141, 142 and 143, and allowing the diffusion of the liquid to change

as a function of composition, we write the final equation of motion for the composition as:

df

dt
= −4

√
ρ

N0

fD(f)

σ
+

√
2ρ(D(f) +D(0))√

N3
0

η (144)

where η is a Gaussian noise of zero mean and unit variance. The Fokker-Planck equation

resulting from Eq. 144, which we interpret in the Itô sense, is:

dP

dt
=

4

σ

√
ρ

N0

d(D(f)fP )

df
+

2ρ√
N3

0

d2((D(f) +D(0))P )

df2
. (145)

In order to derive the condition for phase separation, we again ignore the linear part of the

diffusion coefficient as a function of Pe, and write D(f) ≡ Deq + (1 − f2)b(τ)Pe2. Setting

dP/dt = 0 in Eq. 145, we obtain the solution:

P (f) = C0 exp

[
− N0√

ρσ
f2
](

2D(0)− f2b(τ)Pe2
)−γ

(146)

=
C0

(2D(0))β

(
1 +

(
γb(τ)Pe2

2D(0)
− N0√

ρσ

)
f2 +O(f4)

)
(147)

where C0 is the normalization, γ =
D(0) N0√

ρσ

b(τ)Pe2
+ 1, and in going from the first line to the

second line we Taylor expanded.

We define
N0√
ρσ

= λ, the constant in Eq. 2.37. When λ >
b(τ)Pe2

Deq + b(τ)Pe2
, the steady

state solution is peaked at f = 0, meaning the system will be mixed. However, when
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λ <
b(τ)Pe2

Deq + b(τ)Pe2
, the steady state solution has a minimum at f = 0, and the system will

phase-separate. λ is thus the value of α/2β in Eq. 128 for our system.

In our simulations, we obtained that the condition for phase separation is roughly

b(τ)Pe2

Deq + b(τ)Pe2
> 0.5. In other words, Pe2b(τ) > Deq for a phase transition. By com-

parison, since σ = 1 and ρ = 0.45, by setting L0 = σ our predicted condition for a phase

transition is
b(τ)Pe2

Deq + b(τ)Pe2
> 0.67. In other words, our simple estimates for the phe-

nomenological constants in the composition fluctuation equation predict a phase transition

when Pe2b(τ) > 0.67Deq/0.33. Given how simplistic our phenomenological composition fluc-

tuation equation is, this prediction is reasonable. For a choice of L0 = 0.9σ, the prediction

from our theory matches numerical results.
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[69] Kümmel, F.; ten Hagen, B.; Wittkowski, R.; Buttinoni, I.; Eichhorn, R.; Volpe, G.;
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