
THE UNIVERSITY OF CHICAGO

RANDOM WALK AMONG BERNOULLI OBSTACLES

A DISSERTATION SUBMITTED TO

THE FACULTY OF THE DIVISION OF THE PHYSICAL SCIENCES

IN CANDIDACY FOR THE DEGREE OF

DOCTOR OF PHILOSOPHY

DEPARTMENT OF STATISTICS

BY

CHANGJI XU

CHICAGO, ILLINOIS

JUNE 2020



Copyright c© 2020 by Changji Xu

All Rights Reserved



TABLE OF CONTENTS

LIST OF FIGURES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vi

ACKNOWLEDGMENTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii

ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ix

1 INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Random walk among Bernoulli obstacles and related models . . . . . . . . . 1
1.2 Background and related works . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.3 Structure of the Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2 PATH PROPERTIES AND POLY-LOGARITHMIC LOCALIZATION UNDER THE
QUENCHED LAW . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.1.1 Model and main results . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.1.2 A word on proof strategy . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.1.3 Notation convention . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.2 Tail behavior of survival probabilities . . . . . . . . . . . . . . . . . . . . . . 11
2.2.1 Support of local times . . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.2.2 Environment changing argument . . . . . . . . . . . . . . . . . . . . 19

2.3 Candidate regions for localization . . . . . . . . . . . . . . . . . . . . . . . . 24
2.3.1 Proof of Lemmas 2.3.2, 2.3.3, 2.3.4, 2.3.5 and 2.3.6 . . . . . . . . . . 28

2.4 Endpoint localization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
2.4.1 Upper bounds on survival probability . . . . . . . . . . . . . . . . . . 33
2.4.2 Proof of Lemma 2.4.2 and Proposition 2.4.3 . . . . . . . . . . . . . . 37

2.5 Path localization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
2.A Index of notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3 SINGLE BALL LOCALIZATION UNDER THE QUENCHED LAW . . . . . . . 54
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3.1.1 Model and main results . . . . . . . . . . . . . . . . . . . . . . . . . . 54
3.1.2 From poly-logarithmic localization to sharp localization . . . . . . . . 55
3.1.3 Two important proof ingredients . . . . . . . . . . . . . . . . . . . . 57
3.1.4 Organization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
3.1.5 Notation convention . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

3.2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
3.3 One city theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

3.3.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
3.3.2 Proof of Lemmas 3.3.2, 3.3.5 and Theorem 3.1.2 . . . . . . . . . . . . 67

3.4 Approximation and concentration for ϕ?-function . . . . . . . . . . . . . . . 70
3.4.1 Percolation process avoiding high survival probability regions . . . . . 72
3.4.2 Approximations of LWGF . . . . . . . . . . . . . . . . . . . . . . . . 78
3.4.3 Concentration and Sub-additivity of LWGF . . . . . . . . . . . . . . 87

iii



3.4.4 Rate of convergence for LWGF to linear functions . . . . . . . . . . . 98
3.4.5 Proof of Proposition 3.3.3 . . . . . . . . . . . . . . . . . . . . . . . . 110

3.5 Asymptotic ball . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112
3.5.1 Intermittent island . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
3.5.2 Asymptotic ball . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

3.6 Localization on the intermittent island . . . . . . . . . . . . . . . . . . . . . 120
3.6.1 Survival probability estimates . . . . . . . . . . . . . . . . . . . . . . 121
3.6.2 Proof of localization . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

3.A Index of notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

4 RANDOM WALK DISTRIBUTION UNDER THE QUENCHED LAW . . . . . . 131
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

4.1.1 Model and main results . . . . . . . . . . . . . . . . . . . . . . . . . . 131
4.1.2 Organization and notation . . . . . . . . . . . . . . . . . . . . . . . . 134

4.2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135
4.3 Proof Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

4.3.1 Ball Clearing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140
4.3.2 Random Walk Localization . . . . . . . . . . . . . . . . . . . . . . . . 143

4.4 Ball Clearing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148
4.4.1 Proof of Lemma 4.3.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . 148
4.4.2 Proof of Lemma 4.3.4 . . . . . . . . . . . . . . . . . . . . . . . . . . . 163
4.4.3 Proof of Proposition 4.3.1 . . . . . . . . . . . . . . . . . . . . . . . . 167

4.5 Random Walk Localization . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169
4.5.1 Survival probability estimates . . . . . . . . . . . . . . . . . . . . . . 169
4.5.2 Upper and lower bounds on transition probabilities . . . . . . . . . . 170
4.5.3 Distribution of the random walk . . . . . . . . . . . . . . . . . . . . . 178

4.A Estimates for eigenvalues and eigenfunctions . . . . . . . . . . . . . . . . . . 181
4.B Comparison of eigenvalues on nested domains . . . . . . . . . . . . . . . . . 185
4.C An isoperimetric inequality . . . . . . . . . . . . . . . . . . . . . . . . . . . . 191

5 GEOMETRY OF THE RANDOM WALK RANGE UNDER THE ANNEALED LAW194
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 194
5.2 Proof Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197

5.2.1 Path and Environment Switching . . . . . . . . . . . . . . . . . . . . 198
5.2.2 Proof Outline for the Weaker Version of Ball Covering Theorem . . . 199
5.2.3 Reduction to the Cluster of “Truly”-Open Sites . . . . . . . . . . . . 200
5.2.4 Proof Outline for the Cluster of “Truly”-Open Sites . . . . . . . . . . 202

5.3 Proof of the Weaker Version of Ball Covering Theorem . . . . . . . . . . . . 204
5.3.1 Proof of Proposition 5.2.2 and the Extension of (5.1.8) . . . . . . . . 204
5.3.2 Proof Outline for Lemma 5.2.1 . . . . . . . . . . . . . . . . . . . . . 206
5.3.3 Proof of Lemma 5.2.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . 211
5.3.4 Random walk estimates . . . . . . . . . . . . . . . . . . . . . . . . . 223

5.4 Random Walk Range and “Truly”-Open Sites . . . . . . . . . . . . . . . . . 230
5.4.1 Proof of Lemma 5.2.5 . . . . . . . . . . . . . . . . . . . . . . . . . . . 231
5.4.2 Proof of Lemma 5.2.6, Proposition 5.2.9 and Theorem 5.2.8 . . . . . . 232

iv



5.4.3 Path decomposition . . . . . . . . . . . . . . . . . . . . . . . . . . . . 235
5.4.4 Proof of Lemma 5.4.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . 239
5.4.5 Random walk estimates II . . . . . . . . . . . . . . . . . . . . . . . . 245

5.5 Proof of the Refined Version of Ball Covering Theorem . . . . . . . . . . . . 253
5.A Estimates for eigenvalues and eigenfunctions . . . . . . . . . . . . . . . . . . 257
5.B On the proof of Theorem E . . . . . . . . . . . . . . . . . . . . . . . . . . . 262
5.C Index of notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 265

6 BIASED RANDOM WALK IN THE SUBCRITICAL PHASE . . . . . . . . . . . 266
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 266

6.1.1 Model and main results . . . . . . . . . . . . . . . . . . . . . . . . . . 266
6.1.2 Related works . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 270

6.2 Outline of proofs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 272
6.3 Notation and preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . 275
6.4 Proof of the lower bound in Theorem 6.1.4 . . . . . . . . . . . . . . . . . . . 277
6.5 Existence of a vacant ball . . . . . . . . . . . . . . . . . . . . . . . . . . . . 281

6.5.1 Proofs of Lemmas 6.5.2 and 6.5.4 . . . . . . . . . . . . . . . . . . . . 283
6.5.2 Sketch proof of Lemma 5.2.1 . . . . . . . . . . . . . . . . . . . . . . . 294

6.6 Time spent outside the vacant ball . . . . . . . . . . . . . . . . . . . . . . . 295
6.6.1 First and last visits to the vacant ball . . . . . . . . . . . . . . . . . . 296
6.6.2 Confinement between the first and last visits to the vacant ball . . . . 299

6.7 Cost for the first and last pieces . . . . . . . . . . . . . . . . . . . . . . . . . 302
6.8 Proof of the upper bound in Theorem 6.1.4 . . . . . . . . . . . . . . . . . . . 308
6.9 Proof of Theorem 6.1.5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 311

REFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 316

v



LIST OF FIGURES

2.1 A schematic figure for (2.2.17). The gray ball is B(x, b) which is open. The black
curve is the random walk path ω, which visits x three times in this picture. . . 21

2.2 The shaded regions are islands in D∗. The site v∗ is the representative of the best
island that the random walk ever visits. . . . . . . . . . . . . . . . . . . . . . . 32

2.3 The shaded region is Uα2 . Two balls are of radius R. The left ball is centered at
Sb1 and the right one is centered at Sb0 . Random walk stays in B(Sbj , R) during

time [bj , aj+1 − 1] and stays in Ucα2
during time [aj , bj − 1]. . . . . . . . . . . . 36

2.4 The big ball is B(v∗, (log n)ιkn) and the small ball is B(v∗, (log n)ι). If the random
walk ever escapes the big ball (solid curve), then it must go through the annulus
B(v∗, (log n)ιkn) \ B(v∗, 3R) during time [ta, tb]. But since survival probability
in such annulus is very low, the random walk would prefer to stay in the ball
(dotted curve). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

2.5 The random walk would prefer staying in the neighborhood of x (dotted curve)
to going ahead to v∗ (solid curve), since survival probability during [b, b+nk−15d

n ]
is very low. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.1 Two dotted circles centered at x, with radius r and 2r accordingly. Shaded area
represents Λ(x, r). Solid curves represent CΛ(x,r). . . . . . . . . . . . . . . . . . 76

3.2 From left to right: Case 1(i), Case 1(ii), Case 2 in Lemma 3.4.19. The gray areas
represent KΛ(w,r)’s. The solid curve are the original paths. We replace a segment
of it by the dotted curve. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

3.3 Case 1 (left) and Case 2 (right) in Lemma 3.4.21. The gray areas represent KΛ’s.
The solid curve are the original paths. We use dotted curves to connect two paths
or change the starting/ending points. . . . . . . . . . . . . . . . . . . . . . . . . 95

4.1 The centers v∗ and xU in Theorem D. Little dots are obstacles. Lemma 4.2.4
asserts that xU is the center of an almost vacant ball. . . . . . . . . . . . . . . . 136

4.2 The balls Bδ,k and Bδ,J as defined in (4.3.6) and (4.3.7). Little dots are obstacles.143

5.1 A schematic figure of the switching configuration from (a) to (b) in Case (3).
The balls are B(x, l/4), B(x, l/2) and B(x, l) from inside. There are 4 crossings
from B(x, l/2) to B(x, l)c, including the last incomplete crossing. Both S0 = 0
and SN are in B(x, l/4) in (a). The paths from • to ◦ are crossings and are
lengthened. Observe that we cannot make the second crossing avoid B(x, l/4)
without lengthening it as illustrated in (b). The paths from ◦ to • are unchanged.
The first polygonal segment of the path in (b) represents π(x; l). . . . . . . . . . 223

5.2 The sequence (zj)
J
j=1 constructed in the proof of (RW7). The balls around zj

have geometrically growing radii and the construction terminates at J = 4 in this
picture. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 249

5.3 The sequence (wj)
J
j=1 constructed in the proof of (RW9). The balls around wj

have geometrically growing radii and the construction terminates at J = 4 in this
picture. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 251

vi



6.1 The strategy to achieve the large deviation lower bound in Proposition 6.4.1.
Since limN→∞N/n = 1 for n defined in (6.4.3), the large ball has radius almost
%N . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 278

6.2 The convex shapes around 0 and x are the balls with respect to the Lyapunov
norm with radius r(0, z) and r(x, z), respectively. The Euclidean ball centered at z

is B+(z) that has radius (1+δ
c6.5.4/2
N,x (logN)3)%N . In the left picture, B (x; r(x, z))

touches B+(z) while in the right picture it touches B (0; r(z)). . . . . . . . . . . 304
6.3 The balls and hyperplane appearing in the proof of (6.1.13). . . . . . . . . . . . 312

vii



ACKNOWLEDGMENTS

I would like to thank my advisor, Jian Ding, for his guidance, his unwavering support,

and the enormous amount of time and energy he spent on me. Also, thanks to Steven

Lalley and Gregory Lawler, for the courses, conversations, and valuable advices they offered.

Additionally, thanks to Ryoki Fukushima and Rongfeng Sun, for our collaborations and

every thing they taught me.

Thanks also to our probability group: Lucas Benigni, Ahmed Bou-Rabee, Subhajit

Goswami, Vivian Olsiewski Healey, Xinyi Li, Petr Panov, and Jin Woo Sung. I have benefited

tremendously from them.

Thanks to Xialiang Dou, Haoyang Liu, Zhipeng Lou, Jianfei Shen, Minzhe Wang, Feng-

shuo Zhang, and Bumeng Zhuo, thanks to 172, Cathey, Dorchester, East, Hutchinson, Jones,

Regents, and Tangchao, for the old days that I will always cherish.

Finally, thanks to my parents Min Wang and Linrong Xu, and my girl friend Likai Chen,

for their support and love, as always.

viii



ABSTRACT

The random walk among Bernoulli obstacles model describes a system in which particles

move randomly in a space containing random traps. More precisely, obstacles are placed

independently at sites in Zd (d ≥ 2) with probability p ∈ (0, 1), and the random walk is

killed if it hits one of these obstacles. Of interest to this study is the random walk’s behavior,

conditional on the event that it survives for a long time.

The most prominent feature of the model is a strong localization effect: the conditioned

random walk will be localized in a tiny region. This is closely related to the so-called

Anderson localization studied in condensed matter physics.

The past 40 years have seen many important contributions to explicating the localization

phenomenon, notably Donsker and Varadhan’s large deviation results [27] and Sznitman’s

method of enlargement of obstacles (see e.g. his monograph [75]). However, the understand-

ing of the random walk’s path behavior remains incomplete. This is because, in part, the

required analysis usually has to reach a level far beyond the large deviation results.

This thesis investigates the behavior of the random walk path in the obstacle model. The

contents are based on joint works [24, 25, 23, 21, 22] with Jian Ding, Ryoki Fukushima, and

Rongfeng Sun.

Under the quenched law, we will show that the random walk conditional on survival up

to time N will first rush to a small ball that is free of obstacles and of volume asymptotically

d log1/pN , and then be localized there until time N .

Under the annealed law, it was known that [66, 12, 63] for any d ≥ 2, the random

walk range is contained in a ball of radius CN
1
d+2 , and for d = 2 it also contains a ball of

asymptotically the same radius. We will show that the latter is also true for d ≥ 3, and we

give a bound for the boundary size of the random walk range.

Under the annealed law with bias, the model undergoes a phase transition from the

sub-ballistic regime to the ballistic regime, depending on the size of the bias. We show the

following description of the behavior of the random walk in the sub-ballistic regime: the

ix



random walk is contained in a ball of radius CN
1
d+2 , and the endpoint lies near a fixed point

on the boundary of this ball.

x



CHAPTER 1

INTRODUCTION

1.1 Random walk among Bernoulli obstacles and related models

Independently for each x ∈ Zd, an obstacle is placed at x with probability p ∈ (0, 1). This

generates the so-called Bernoulli obstacle configuration and serves as the role of a random

environment. Then, we let S := (Sn)n≥0 be a discrete time simple symmetric random walk

on Zd. The random walk is killed at the moment it hits an obstacle (called hard obstacles),

namely, at the stopping time τO := min{n ≥ 0 : Sn ∈ O} where O denotes the set of sites

occupied by the obstacles.

The most prominent phenomenon in this model is the random walk’s strong localization

effect; that is, the random walk will be localized in a tiny region, conditional on survival for

a long time.

The precise meaning of “conditional” here depends on the measure being considered.

There are two types of measures for this model; the localization effect occurs in both of the

settings. We denote by P and P the probabilities for the random walk and the obstacles,

respectively. The first type is the quenched law P(S ∈ · | τO > N), where we first fix an ob-

stacle configuration, and then consider the conditional law for the random walk. The second

type is the annealed law µN := P ⊗ P((S,O) ∈ · | τO > N), where we consider the condi-

tional law in the product measure; this is equivalent to the average over all environments, in

the sense that the marginal probability weight for each environment is proportional to the

survival probability in that environment.

Several related models should also be mentioned. There is a general framework contain-

ing our setting called the parabolic Anderson model, where the obstacles are replaced by

independent and identically distributed random potential {ω(x)}x∈Zd . One is interested in

1



what happens under the measures

E⊗ E
[
exp

{∑N
k=1 ω(Sk)

}
: (S, ω) ∈ ·

]

E⊗ E
[
exp

{∑N
k=1 ω(Sk)

}] or
E
[
exp

{∑N
k=1 ω(Sk)

}
: S ∈ ·

]

E
[
exp

{∑N
k=1 ω(Sk)

}] . (1.1.1)

Formally, our model corresponds to the case where ω takes value 0 or −∞. More generally,

if ω is non-positive, the above weighted measures can be interpreted as the law of random

walk killed with probability 1− eω(x) when it visits x, conditioned to survive until time N .

Thus ω plays the role of repulsive impurities. On the other hand, positive ω corresponds to

attractive impurities. There are various localization results depending on the distribution

of ω. See, for example, the recent monograph by König [48] for an up-to-date review. The

first measure in (1.1.1) is the annealed law, while the second measure is conditioned on the

random potential and is the quenched law.

1.2 Background and related works

The first result dates back to Donsker–Varadhan’s work [27] which determined the leading

exponential order asymptotic of the annealed survival probability, which can be regarded as

the “partition function” of a self-attracting polymer model. The main result of [27] reads:

P⊗P(τO > N) = exp

{
−cN

d
d+2 (1 + o(1))

}
, (1.2.1)

where c is a constant depending only on (d, p).

In fact, Donsker–Varadhan studied this problem in the continuum setting first in [26] as

the asymptotics of the moment generating function of the Wiener sausage. This corresponds

to a space-time continuum analogue of a random walk among Bernoulli obstacles, known

as a Brownian motion among Poissonian obstacles, where each obstacle takes a fixed shape

(e.g., a ball) and the centers of the obstacles follow a homogeneous Poisson point proces

on Rd. This model has been studied extensively and most of the results can be found in

2



Sznitman’s celebrated monograph [75]. The core of the method of Sznitman, called the

method of enlargement of obstacles, is translated to the discrete setting in [6, 9]. Therefore,

most of the results in the continuum setting can be converted to the discrete setting. For

this reason, in this section we will not explicate in which setting a result has been proved.

The argument of Donsker–Varadhan indicates that the dominant contribution to the

partition function comes from the strategy of finding a ball of optimal radius

%ann,N :=
( 2λ1

d log(1/p)

) 1
d+2

N
1
d+2 , (1.2.2)

which is free of obstacles and the random walk is confined in that ball up to time N . It was

later proved that this is what happens under the annealed measure [67, 12, 63].

Theorem A. For any d ≥ 2, there exists ε1 ∈ (0, 1) and xN ∈ Zd depending only on the

obstacle configuration O, such that xN ∈ B(0, %ann,N ), the ball of radius %ann,N centered at

0, and

lim
N→∞

µN
(
S[0,N ] ⊂ B(xN , %ann,N + %ε1ann,N )

)
= 1. (1.2.3)

Furthermore, for d = 2 and for any ε ∈ (0, 1),

lim
N→∞

µN
(
B(xN , (1− ε)%ann,N ) ⊂ S[0,N ]

)
= 1. (1.2.4)

These formulations of confinement are in fact far more precise than what Donsker–

Varadhan’s argument suggests. Their argument is based on the large deviation principle

for the empirical measure, and thus it only indicates that the random walk spends most of

the time in the ball. An explanation can be found in [13, Section 2.5].

The same problem in the quenched setting was far more challenging; it was studied first

in [68, 74] and the leading exponential order asymptotics for the survival probability was

3



first derived in [68], which says P-a.s. as n→∞

P(τ > n) = exp{−cn(log n)−2/d(1 + o(1))} , (1.2.5)

where c is a constant depending only on (d, p).

The behavior of the random walk under the quenched law is different from that under

the annealed law. This is because in a typical environment the random walk will need to

search for an “island” on which to remain. In fact, one strategy for obtaining the lower

bound in (1.2.5) is to let the random walk travel the minimal possible steps to the largest

ball in [−n1+o(1), n1+o(1)]d which is free of obstacles and connected to the origin, and then

stay in this ball until time n. By a straightforward computation, the radius of such a ball

should be asymptotic to

%que,n := (ω−1
d d log1/p n)1/d .

This suggests that under the quenched law, the random walk will be localized in a ball of

radius asymptotically %que,n. To explicate the random walk behavior under the quenched law

rigorously, Sznitman [71] proved the so-called “pinning effect” in 1996: There are no(1) small

balls (called islands) of radii at most exp{(log n)χ} with χ ∈ (0, 1) such that the Brownian

motion will visit one of the islands randomly, and then remain in that island until time n.

Theorem B. For any d ≥ 2, there exists Ln ⊂ Rd with |Ln| = no(1) depending only on the

obstacle configuration O such that

lim
n→∞P

( ⋃

x∈Ln

{
H(x) ≤ n, sup

s∈[H(x),n]
|Zs − x| ≤ e(log n)χ

} ∣∣∣ τO > n
)

= 1 P-a.s., (1.2.6)

where Z. is the Brownian motion and H(x) is the hitting time of {y ∈ Rd : |x− y| ≤ 1}.

The balls centered at sites in Ln are “wonderlands” for the random walk. In fact, they

are defined as the good local regions where the probability cost for the random walk to

be localized in such regions are near the minimum. For this to happen, a delicate balance
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between the Dirichlet eigenvalue of the island and the cost of reaching it (before being killed)

must occur. Further investigation of these islands, especially the so-called one city theorem

that with high probability the random walk is actually only localized in the best island, has

been intriguing, but challenging. This is because the probability costs of localizing in these

islands are similar – they have the same first exponential order.

1.3 Structure of the Thesis

This thesis is divided into three parts:

Quenched law

The main results we will prove under the quenched measure is that, roughly speaking, the

conditional random walk will be localized in a single ball of radius asymptotically %que,n, and

free of obstacles. This will be provided in Chapters 2-4, which are based on [24, 25, 23]. In

Chapter 2, we will prove several path properties of the random walk related to localization

and show that the random walk will be localized in a region of volume poly-logarithmic in n.

In Chapter 3, we establish the so-called one city theorem, which says that the random walk

will be localized in a single ball of radius asymptotically %que,n. In Chapter 4, we further

show that such a ball is free of obstacles, and we derive the limiting distributions of the

random walk at any fixed time conditional on survival.

Annealed law

We will study the annealed law in Chapter 5. Under the annealed measure, the confinement

property [66, 12, 63] says that for d ≥ 2, the random walk range is contained in a ball of

radius %ann,N + %aann,N for some a ∈ (0, 1) conditional on survival up to time N . On the

other hand, the random walk also visits each site of such a ball (except a thin layer near

the boundary) for d = 2. In fact, Bolthausen used the latter statement in his proof of the
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localization and he conjectured that this remains true for d ≥ 3.

In Chapter 5, we show that for any d ≥ 2, the random walk range asymptotically contains

a ball of radius %ann,N − %aann,N for some a ∈ (0, 1). Thus, the boundary of the random

walk range fluctuates on a scale of at most %aann,N for a ∈ (0, 1) around a sphere of radius

%ann,N . Identifying the precise scale of fluctuation is an extremely interesting, but also

challenging question. As a step in this direction, we show that its boundary is of size at

most %d−1
ann,N (log %ann,N )b for some b > 0. These results are based on [23].

Annealed law with bias

We will study the biased random walk under the annealed measure in Chapter 6. This model

has been known to undergo a phase transition: for a large bias, the walk is ballistic whereas,

for a small bias, it is sub-ballistic. In 1995, Sznitman [69, 70] proved large deviation results

for the endpoint distribution of the unbiased random walk at scales larger than Nd/(d+2),

indicating that the random walk is contained in a ball of radius O(Nd/(d+2)) in the sub-

ballistic phase. Beyond this scale, the probability cost of the endpoint being far away from

the starting point is much smaller than the cost for the random walk to survive. Hence, a

more delicate analysis is needed.

In this chapter, we have improved Sznitman’s results by providing such large deviation

principles at scales between N1/(d+2) and o(Nd/(d+2)). Furthermore, we give a detailed

description of the behavior of the random walk in the sub-ballistic regime: the random walk

is contained in a ball of radius CN1/(d+2), and the endpoint lies near the unique point on

the boundary of this ball, parallel to the bias. These results are based on [21].
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CHAPTER 2

PATH PROPERTIES AND POLY-LOGARITHMIC

LOCALIZATION UNDER THE QUENCHED LAW

2.1 Introduction

2.1.1 Model and main results

For d ≥ 2, we consider a random environment where each vertex of Zd is occupied by an

obstacle independently with probability 1− p ∈ (0, 1). Given this random environment, we

then consider a discrete time simple random walk (St)t∈N started at the origin and killed at

the first time τ when it hits an obstacle. In this chapter, we study the quenched behavior

of the random walk conditioned on survival for a large time, and we prove the following

localization result. For convenience of notation, we use P (and E) for the probability measure

with respect to the random environment, and use P (and E) for the probability measure

with respect to the random walk. We will assume p > pc(Zd), the critical threshold for site

percolation, and let P̂ be the conditional measure for the environment given that the origin

is in an infinite open cluster. Our main result in this chapter is the following.

Theorem 2.1.1. For any fixed d ≥ 2 and p > pc(Zd), there exists a constant c = c(d, p) and

a collection of P-measurable subsets Dn ⊂ Zd of cardinality at most (log n)c and of distance

at least n(log n)−100d2
from the origin, such that the following holds.

There exists a random time T ∈ [0, cn(log n)−2/d] such that

P
(
T ≤ c|ST |,

{
St : t ∈ [T, n]

}
⊂ Dn | τ > n

)
→ 1 in P̂-probability . (2.1.1)

2.1.2 A word on proof strategy

We will consider small regions whose volume is poly-logarithmic in n, and consider their

principal eigenvalues (formally, the principal eigenvalue for a region is the largest eigenvalue
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for the transition kernel of the random walk killed upon hitting an obstacle or exiting the

region). The starting point of our proof is the crucial intuition that localization more or

less amounts to the phenomenon that the order statistics for principal eigenvalues in small

regions which are within distance n from the origin have non-small spacings near the edge

(i.e., near the extremum). Non-small spacings for principal eigenvalues near the edge plays an

important role in controlling the number of (which turns out to be at most poly-logarithmic

in n) small regions where the random walk will be localized in: Since the spacings are non-

small near the edge, this roughly speaking implies that any small region which is not one

of the best poly-logarithmic in n regions, is strictly suboptimal compared to the best small

region. That is to say, the random walk would prefer to stay in the best small region instead

of the union of all the suboptimal regions. In other words, the best poly-logarithmic in n

regions are the only possible regions for which the random walk would spend a substantial

amount of time. This implies the poly-logarithmic localization as desired. Next, we describe

our proof strategy in more detail.

Since principal eigenvalues in small regions are more or less i.i.d., such spacings near the

edge are determined by the tail behavior of principal eigenvalues: the heavier the tail is, the

larger the spacing is near the edge. To implement this intuition, we consider the survival

probability after a poly-logarithmic number of steps starting from each vertex in the box of

size n — such survival probabilities are closely related to principal eigenvalues in a region of

poly-logarithmic diameter (see Lemma 2.3.2). Here we have to choose the number of steps

kn at least logarithmic in n, otherwise we will have too many starting points with survival

probability 1. What is important to us, is the fact that by choosing kn poly-logarithmic in

n, we already get a tail on such survival probabilities which is heavy enough for our purpose.

In light of the above discussions, a key task is to prove that the survival probability, viewed

as a random variable measurable with respect to the random environment, has non-light tails.

This is incorporated in Section 2.2. Note that there are many balls of radius 10−3(log1/p n)1/d

which are free of obstacles and thus have atypically high survival probabilities for random

8



walks started inside. Thus, in light of our interest in spacings only near the edge of the

order statistics, it suffices to control the right tail of the survival probability that is far

away from its typical value. For vertices started from which the survival probabilities in kn

steps are high, we can then a priori prove that the random walk spends at least a positive

fraction of steps in a set of cardinality O(log n) near this vertex (see Proposition 2.2.5). This

implies that there exists at least one vertex with large local times conditioned on survival

in kn steps. Therefore, by removing the closest obstacle near this vertex we will be able to

add a significant fraction of paths and thus significantly improve the survival probability.

Finally, by controlling the cardinality of the preimage of this operation of removing an

obstacle, we obtain the desired tail behavior on survival probability, as shown in the proof

of Proposition 2.2.3.

With Proposition 2.2.3 at hand, we can then show in Lemma 2.3.3 that there are poly-

logarithmic many local regions that are candidates for localization, and any other regions

have significantly lower survival probabilities compared to the best candidate regions. Com-

bined with well-known tools from percolation theory, a positive fraction of the candidate

regions are connected to the origin by open paths of lengths which are linear in their Eu-

clidean distances from the origin. This is the content of Section 2.3.

Using ingredients from Section 2.3, we prove in Lemma 2.4.2 that conditioned on survival

the random walk with probability close to 1 visits one of the candidate regions, for the reason

that moving to the best reachable candidate region quickly and staying there afterwards

yields a much larger survival probability than never visiting any of the candidate regions.

Next, we prove in Proposition 2.4.3 that once the random walk reaches a candidate region

it is not efficient to move far away without entering another candidate region. Up to this

point, we have derived the poly-logarithmic localization as desired.

Finally, it remains to show that the amount of time for the random walk to reach the

region in which it is localized afterwards is at most linear in the Euclidean distance of this

region from the origin. To this end, we employ the notion of loop erasure for the random
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walk, and show that the size of the loop erasure is at most linear and that the total size of

(erased) loops is also at most linear. This is the content of Section 2.5.

2.1.3 Notation convention

For notation convenience, we denote by O the collection of all obstacles (sometimes referred

to as closed vertices) and C(v) the open cluster containing v.

For A ⊂ Zd, write ∂A = {x ∈ Ac : y ∼ x for some y ∈ A}, where x ∼ y means

that x is a neighbor of y and ∂iA = {x ∈ A : y ∼ x for some y ∈ Ac}. We denote by

ξA = inf{t ≥ 0 : St 6∈ A} the first time for the random walk to exit from A, and by

τA = inf{t ≥ 0 : St ∈ A} the hitting time to A. As having appeared earlier, we write τ = τO

for the survival time of the random walk.

For m ∈ N∗ = {1, 2, 3, . . .}, we denote by S[0,m] = {S0, . . . , Sm} the range of the first m

steps of the random walk. A path is a sequence of vertices ω = [ω0, ω1, ..., ω|ω|] where |ω| is

its length and ωi, ωi+1 are adjacent for 0 ≤ i ≤ |ω| − 1. We say a path is open if all of its

vertices are open. For u, v ∈ Zd, we say u↔ v if there exists an open path that connects u

and v. We define the chemical distance by

D(u, v) = inf{|ω| : ω0 = u, ω|ω| = v, ω is open} . (2.1.2)

We denote the `2-distance by |u− v| =
(∑d

i=1(ui − vi)2
)1/2

. We denote discrete `2-ball by

B(v, r) = {x ∈ Zd : |x− v| ≤ r}.

We write An . Bn if there exits a constant C > 0 depending only on (d, p) such that

An ≤ CBn for all n, and An & Bn if Bn . An. If An & Bn and An . Bn, we write

An � Bn. A list of frequently used notation is compiled in Appendix 2.A.
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2.2 Tail behavior of survival probabilities

The main goal of this section is to prove right tail bounds on the survival probability, as

incorporated in Proposition 2.2.3 below (see also the discussions below Proposition 2.2.3 for

its proof strategy). To this end, for each vertex v ∈ Zd, we let

Xv = Pv(τ > kn) (2.2.1)

be the probability that the random walk started at v survives for at least kn steps, where

kn is set as (we denote by bxc the greatest integer less than or equal to x for x ∈ R)

kn =





b(log n)3(log log n)2c if d = 2;

b(log n)4−2/dc if d ≥ 3.

(2.2.2)

We remark that there is no fundamental reason for our choice of kn: it has to be poly-

logarithmic in n so that it is “small”, and it has to be at least substantially larger than

(log n)2/d so that maxv∈B(0,n)Xv = o(1). We made our particular choice of kn for conve-

nience of analysis. Note that Xv is a P-measurable random variable. As mentioned in the

introduction, it suffices to consider the right tail of Xv far away from its typical value. For

reasons that will become clear soon, it is convenient to set the threshold as

βχ = χkn/(log n)2/d
,

where χ is a positive constant to be selected.

Lemma 2.2.1. There exists χ = χ(d, p) > 0 such that

P(Xv ≥ βχ) & n−d+1 . (2.2.3)
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Proof. Since |B(v, r)| � rd, there exists cd,p depending only on (d, p) such that

P(B(cd,p(log n)1/d, v) ⊂ Oc) & n−d+1. (2.2.4)

When all vertices in B(cd,p(log n)1/d, v) are open, the random walk with initial point v will

survive in kn steps if it stays in B(cd,p(log n)1/d, v). Next, we estimate the probability for

the random walk to stay in a ball. This is a fairly simple and standard argument, which we

give only for completeness. It is clear that there exists c = c(d) > 0 such that

min
x∈B(v,r)

P(St ∈ B(v, 2r) for 0 ≤ t < r2, Sr2 ∈ B(v, r)) ≥ c

for all r ≥ 1. Now, set r = b2−1cd,p(log n)1/dc. By having the random walk to stay within

B(v, 2r) and to end in B(v, r) for every block of r2 steps, we obtain

Pv(St ∈ B(v, 2r), t = 0, 1, ..., kn) ≥ ckn/(r
2)+1 . (2.2.5)

Now, we can choose χ = χ(d, p) > 0 small enough so that ckn/(r
2)+1 ≥ βχ. Combining

(2.2.4) and (2.2.5), we complete the proof of the lemma.

Remark 2.2.2. A sharp version of (2.2.5) with the exact large deviation rate was derived

in [27], but we do not need such sharp estimate here.

Lemma 2.2.1 justifies our choice of considering the right tail of Xv only above the thresh-

old βχ for some small χ > 0, since there is at least one site v ∈ B(0, n) with Xv ≥ βχ and

thus the extremal level set is above βχ. In what follows, we always choose χ > 0 such that

(2.2.3) holds (and it will become clear that eventually we will choose a χ > 0 depending only

on (d, p)).

Proposition 2.2.3. For all χ > 0 and β ≥ βχ, we have

P(Xv ≥ β) ≤ c2,1k
d
nP(Xv ≥ c2,2β log n) + n−(2d+1) . (2.2.6)
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where c2,1, c2,2 are positive constants only depends on (d, p, χ).

The proof of Proposition 2.2.3 consists of two main ingredients:

(a) The random walk spends a positive fraction of steps in a subset of size O(log n) condi-

tioned on survival (in the case when the survival probability is at least βχ). Thus, there

exists at least one vertex x which is visited for many times on average conditioned on

survival.

(b) If we change the environment by removing the closest obstacle around x we will increase

the survival probability substantially, and this will lead to the desired tail estimate

(2.2.6).

We now describe how we prove (a), i.e., to control the support of the local times for the

random walk.

• We first show in Proposition 2.2.5 that conditioned on survival (in the case when the

survival probability is at least βχ), the random walk spends at least kn/2 steps on

c-good vertices (c.f. Definition 2.2.4).

• Next we show in Lemma 2.2.8 that each c-good vertex has to be contained in a “con-

nected” component of ε-fair boxes (c.f. Definition 2.2.6) of volume at least Ω(log n).

• Since ε-fair only occurs with small probability by Lemma 2.2.7, we use a percolation

type of argument in Lemma 2.2.9 to show that c-good occurs very rarely, and then in

Lemma 2.2.10 that the number of c-good vertices is O(log n).

The “environment changing” argument as in (b) is carried out in the Proof of Propo-

sition 2.2.3, which itself is divided into three steps. One can see the discussions at the

beginning of Proof of Proposition 2.2.3 for an outline of its implementation.
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2.2.1 Support of local times

This subsection is devoted to proving (a), following the three steps outlined above.

Definition 2.2.4. A site v in Zd is called c-good if

Pv(τ > b(log n)2/dc) ≥ c . (2.2.7)

We first show that the random walk tends to spend many steps on c-good vertices.

Proposition 2.2.5. For any χ > 0, there exists c = c(χ) > 0 such that for all environments:

P(τ > kn, |{t ≤ kn : St is a c-good site}| ≤ kn/2) ≤ βχ/2 .

Proof. Let ζ0 = −1 and for m ≥ 1 recursively define

ζm = inf{t ≥ ζm−1 + (log n)2/d;St is not c-good site} .

Write jn = bkn/(2(log n)2/d)c. By strong Markov property, we get that

P(ζjn ≤ kn < τ) ≤ P(S[ζm,ζm+b(log n)2/dc] is open ∀1 ≤ m ≤ jn − 1) ≤ cjn−1 .

Note that on the event E = {τ > kn, |{t ≤ kn : St is a c-good site}| ≤ kn/2}, we have

ζjn ≤ kn < τ . Thus, we have P(E) ≤ cjn−1. Choosing an appropriate c = c(χ) completes

the proof of the proposition.

Next we control the size of c-good vertices. For this purpose, we consider disjoint boxes

Kr(x) := {y ∈ Z2 : ‖x− y‖∞ ≤ r} (2.2.8)

for x ∈ (v + (2r + 1)Zd) and r > 0 to be selected.
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Definition 2.2.6. A box Kr(x) is called ε-fair if there exist u ∈ Kr(x) such that

Pu(τ ≥ r2 or τ > ξK2r(x)) ≥ ε . (2.2.9)

In what follows, we carry out the last two steps in the outline of proving (a): we show

in Lemma 2.2.7 that the ε-fair boxes are rare provided r = r(ε) large enough, and in

Lemma 2.2.8 we show that a c-good point has to be in a cluster consisting of Ω(log n)

many ε-fair boxes. Combining these two lemmas, we can then bound the probability for a

vertex to be c-good as in Lemma 2.2.9, which leads to Lemma 2.2.10 on the O(log n) bound

for the number of c-good vertices in a box of radius kn.

Lemma 2.2.7. For any ε > 0, there exists r = r(ε, d, p) such that

P(Kr(x) is ε-fair) ≤ ε . (2.2.10)

Proof. Let y be an arbitrary vertex in Kr(x). By the independence of the environment and

random walk, we have

E
[
Py(|S[0,r2]| > r1/2, τ > r2)

]
= P⊗Py(|S[0,r2]| > r1/2, τ > r2) ≤ pr

1/2−1 . (2.2.11)

and

E
[
Py(τ > ξK2r(x))

]
= P⊗Py(τ > ξK2r(x)) ≤ pr . (2.2.12)

In addition, note that in every r steps the random walk has a positive probability to visit

at least r1/2 distinct sites. Thus, there exists a constant c > 0 such that

Py(|S[0,r2]| ≤ r1/2) ≤ e−cr .
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Combined with (2.2.11) and (2.2.12) it implies that

∑

y∈Kr(x)

P
(
Py(τ ≥ r2 or τ > ξK2r(x)) ≥ ε

)
≤ (2r + 1)dε−1(pr

1/2−1 + pr + e−cr) .

Choosing r = r(ε, d, p) large enough completes the proof of the lemma.

We will always choose

ε = min(c/2, (2d)−3d+1
) and r = r(d, ε, p) (2.2.13)

such that (2.2.10) holds. We fix v ∈ Zd and define the adjacency relation for ε-fair boxes

{Kr(x), x ∈ (v + (2r + 1)Zd) to be the following:

Kr(x) ∼ Kr(y) ⇐⇒ ∃x′ ∈ Kr(x), y′ ∈ Kr(y) s.t. x′ ∼ y′. (2.2.14)

We next show that in order for a vertex v to be c-good, it requires v to be in a cluster

consisting of Ω(log n) many ε-fair boxes — here a cluster is a connected component where

each “vertex” corresponds to an ε-fair box and the neighboring relation is given by (2.2.14).

Thus, c-good is a rare event. To this end, let Lv be the subset of (v+ (2r+ 1)Zd) such that

{Kr(x), x ∈ Lv} is the cluster of ε-fair boxes in B(v, h(log n)1/d) which contains v.

Lemma 2.2.8. For any c > 0 and ε satisfying (2.2.13), there exist l = l(d, c, ε) and h =

h(d, c, ε) such that v is not a c-good vertex if |Lv| ≤ l log n.

Proof. For any d ≥ 2, there exists a constant θ = θ(d) such that

sup
x∈Zd

Pv(St = x) ≤ θt−d/2 for all t ≥ 1.

Let m = b(log n)2/dc − r2. For all 0 < ∆ < 1, there exists a constant h = h(∆) such that

Pv(S[0,m] ⊂ B(v, 2−1h(log n)1/d)) ≥ 1−∆ . (2.2.15)
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In addition, if |Lv| ≤ l log n we have

Ev

[
m∑

i=1

1{Si∈∪x∈LvKr(x)}

]
=

m∑

i=1

Pv(Si ∈ ∪x∈LvKr(x))

≤ b∆mc+
m∑

i=b∆mc+1

| ∪x∈Lv Kr(x)|θi−d/2

≤ ∆m+ θ(m− b∆mc)(2r + 1)d|Lv|b∆m+ 1c−d/2

≤ ∆m+ θ∆−d/2(2r + 1)d2d/2ml ,

where the last inequality holds when log n ≥ (2r)d. Setting

0 < ∆ < (c− ε)/(3− 3ε) and l = 2−d/2∆1+d/2θ−1(2r + 1)−d ,

we get that

Ev

[
m∑

i=1

1{Si∈∪x∈LvKr(x)}

]
≤ 2∆m.

This implies that Pv(ξ′ > m) ≤ 2∆, where ξ′ = inf{t ≥ 0 : St 6∈ ∪x∈LvKr(x)}. Com-

bined with (2.2.15), it yields that with probability at least 1 − 3∆ the event {S[0,m] ⊂

B(v, 2−1h(log n)1/d), ξ′ ≤ m} occurs. Further, on this event, we have that Sξ′ is not in an

ε-fair box, and thus P
Sξ′ (τ > r2) ≤ ε. Therefore,

Pv(τ > b(log n)2/dc) ≤ 1− (1− 3∆)(1− ε) < c .

Lemma 2.2.9. There exists δ = δ(c, d, p) > 0 such that

P(|Lv| > l log n) ≤ n−δ.

Proof. For all x ∈ Lv, the number of points y ∈ Lv such that K2r(x) ∩ K2r(y) 6= ∅ is

at most 3d. Therefore, there exists a subset I of Lv, such that |I| ≥ |Lv|/3d and that
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K2r(x) ∩ K2r(y) = ∅ for different x, y ∈ Lv. Hence events {Kr(x) is ε-fair} for x ∈ I are

independent of each other. In addition, the number of connected components of |Lv| boxes

is no more than (2d)2|Lv| — this is a fairly standard combinatorial computation and one

could see, e.g., [80] for a reference. Therefore,

P(|Lv| > l log n) ≤
∑

j≥l log n

(2d)2j · εj/3d ≤ 2nl log(4d2ε1/3
d
) .

Combined with Lemma 2.2.8 and (2.2.13), it completes the proof of the lemma.

Lemma 2.2.10. For all v ∈ Zd and κ > 0,

P(Kkn(v) contains more than κ log n c-good points) ≤ n−κδ/(4h)d .

Proof. Write q = 2dh(log n)1/d + 2re. Let Ki = Kkn(v) ∩ (i + qZd) for i ∈ {1, . . . , q}d. For

any fixed i, the events {|Lv| ≥ l log n} for v ∈ Ki are independent. Thus, for large n

P(Kkn(v) contains more than κ log n c-good points)

≤
∑

i∈{1,...,q}d
P(|{v ∈ Ki : |Lv| ≥ l log n}| ≥ κ/(3h)d)

≤qdP(Bin(kdn, n
−δ) ≥ κ/(3h)d) ,

where the last inequality follows from Lemma 2.2.9 and Bin(kdn, n
−δ) is a binomial random

variable with probability n−δ and kdn trials. At this point, the desired bound follows from a

standard large deviation estimate for Binomial random variables.

Lemma 2.2.11. For v ∈ Zd, let Gv = Gv(α, κ) be the event that

(1) For every u ∈ Kkn(v), there exists a closed site within distance α(log n)1/d.

(2) The number of c-good points in Kkn(v) is at most κ log n.
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Then there exist κ, α > 0 depending only on (c, d, p) such that

P(Gv) ≥ 1− n−(2d+1) .

Proof. Since |B(x, α(log n)1/d)| ≥ (α/d)d log n, we have that

P(There exists x ∈ Kkn(v) such that B(x, α(log n)1/d) ∩ O = ∅)

≤ (2kn + 1)dp(α/d)d log n .

This addresses the first requirement for the event Gv. The second requirement for Gv is

addressed in Lemma 2.2.10. Altogether, we conclude that P(Gv) ≥ 1 − n−(2d+1) with

appropriate choices of α and κ, as desired.

2.2.2 Environment changing argument

We now prove Proposition 2.2.3.

Proof of Proposition 2.2.3. We choose c = c(χ) as in Proposition 2.2.5. The proof of

Proposition 2.2.3 consists of three steps as follows:

1. For each c-good point x, removing its closest obstacle would enlarge the survival prob-

ability by a factor at least `x(log n)2/d−2(log log n)−1 (where the log log n terms only

appears when d = 2). Here we denote by `x = E
[∑kn

t=0 1{St=x} | τ > kn

]
the expected

number of visits to x conditioned on survival.

2. Combining Step 1 with Proposition 2.2.5, we show that there exists at least one c-good

point x such that removing the closest obstacle near x enlarge the survival probability

by a factor of order log n.

3. The operation of removing the closest obstacle has preimage with multiplicity bounded

by O(kdn), which leads to the term of c2,1k
d
n in (2.2.6).
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We now carry out the proof steps outlined as above.

Step 1. For each c-good site x ∈ Kkn(v), let x′ be one of the closed sites nearest to x

(with respect to the Euclidean distance) and let x∗ be one of the neighbors of x′ such that

|x − x∗| < |x − x′| (so x∗ is open). Let b = |x − x∗|, B̊b(x) = B(x, b) \ {x}. For u, v ∈ Zd,

A ⊂ Zd and r ≥ 1, we define

KA,r(u, v) = {ω = [ω0, . . . , ωr] : ω0 = u, ωr = v, ωi ∈ A for 1 ≤ i ≤ r − 1} ,

KA(u, v) = ∪∞r=1KA,r(u, v), KA,r(u) = ∪v∈ZdKA,r(u, v) .

(2.2.16)

The key in Step 1 is to construct a collection of paths which does not hit any obstacle

except x′, such that the collection is large in comparison with the number of paths which

does not hit any obstacle. To this end, we let Wx be the collection of paths of form ω1 ⊕

π1 ⊕ [x∗, x′, x∗] ⊕ π2 ⊕ ω2 (here ⊕ denotes for the natural concatenation for paths), where

ω1, π1, π2, ω2 are ranging over all choices satisfying

• ω1 ∈ KOc(v, x), ω2 ∈ ∪y∈OcKOc(x, y), |ω1|+ |ω2| = kn;

• π1 ∈ K
B̊b(x)

(x, x∗), π2 ∈ K
B̊b(x)

(x∗, x).

In order to complete Step 1, we need to verify the following two ingredients (which we

check below).

(a) We prove that if γ ∈ Wx, then the above decomposition into four concatenated parts is

unique, and there exists no γ̃ ∈ Wx which is a continuation of γ (meaning, that can be

written in the form γ ⊕ π for a non trivial π).

(b) We use this observation to obtain a lower bound on the probability of observing a path

in Wx in the first steps of the random walk.

Step 1 (a). As x′ is visited only once, the separation between π1 and ω1 and that between

π2 and ω2 must correspond respectively to the last visit of x before visiting x and the first
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Figure 2.1: A schematic figure for (2.2.17). The gray ball is B(x, b) which is open. The black
curve is the random walk path ω, which visits x three times in this picture.

visit of x after visiting x′. This yields uniqueness of the decomposition. The condition

|ω1|+ |ω2| = kn implies that the continuation of a path in Wx cannot belong to Wx.

Step 1 (b). We will abuse the notation by writing

Pv(W ) = Pv([S0, S1, ..., S|ω|] = ω for some ω ∈ W )

where W is a collection of paths. Then

Pv(Wx) =
∑

ω∈KOc,kn(v)

(2d)−kn−2Pv(K
B̊b(x)

(x, x∗)) ·Pv(K
B̊b(x)

(x∗, x)) ·
kn∑

i≥0

1x(ωi) , (2.2.17)

where we have the factor
∑kn
i≥0 1x(ωi) because we can insert an π1⊕ [x∗, x′, x∗]⊕π2 at each

visit to x along the random walk path (see Figure 2.1). In light of Lemma 2.2.11, we choose

α, κ so that P(Gv) ≥ 1 − n−2d−1. And we suppose Gv occurs, hence b ≤ α(log n)1/d. By

[53, Lemma 6.3.7], we get that

Pv(K
B̊b(x)

(x, x∗)) = Pv(K
B̊b(x)

(x∗, x)) ≥





C(log n)−1/2(log log n)−1 if d = 2;

C(log n)1/d−1 if d ≥ 3 .
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where C > 0 only depends on p and d. In fact, [53, Lemma 6.3.7] gives an estimate on

the harmonic measure when the random walk exits a discrete `2-ball. Combined with the

observation that such harmonic measure is unchanged conditioned on the random walk not

returning to the starting point, this yields the preceding inequality. Thus, we have

P(K
B̊b(x)

(x, x∗)) ≥ 2−1Ck
−1/2
n log n .

Therefore, (recall that `x = E[
∑kn
t=0 1{St=x} | τ > kn]) we obtain that

P(Wx) ≥ (2d)−3C2k−1
n (log n)2`xXv . (2.2.18)

The preceding inequality can be immediately translated into a bound on the survival prob-

ability after removing the obstacle at x′.

Step 2. Recall Proposition 2.2.5 and recall that Xv = Pv(τ > kn). We see that on the

event {Xv ≥ βχ}
∑

x∈Kkn(v):x is c-good

`x ≥ kn/4 .

At the same time, on the event Gv∩{Xv ≥ βχ} there are no more than κ log n c-good points

in Kkn(v). Altogether, it follows that there exists a c-good point x in Kkn(v) such that

`x ≥ kn/(4κ log n). Combined with (2.2.18), it yields that there exists x′ ∈ Kkn(v) such

that for c2,2 = c2,2(p, d) > 0

Pv(τ ′ > kn) ≥ c2,2Xv log n , where τ ′ = τO\{x′} = inf{t : St ∈ O \ {x′}} . (2.2.19)

Step 3. Now, for β ≥ βχ, let Ev be the event that {there exists a closed site x′ ∈ Kkn(v) such

that Pv(τ ′ > kn) ≥ c2,2β log n}. We have shown that Gv ∩ {Xv ≥ β} ⊂ Ev, as in (2.2.19).

Furthermore, note that x′ ∈ Kkn(v) provided Wx 6= ∅. Thus, all environments where Ev

occurs can be obtained by closing one open site in Kkn(v) in one of the environments where
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Xv ≥ c2,2β log n. Write On = O∩B(v, kn) — we restrict the consideration of O into a finite

set B(v, kn) so that each realization of On has positive probability. Let A,B be collections

of subsets of B(v, kn) such that Ev = {On ∈ A}, and {Xv ≥ c2,2β log n} = {On ∈ B}. Let

S = {(x,O) ∈ Kkn(v)×B : x 6∈ O}.

We define the map ϕ : S → 2B(v,n) by

ϕ(x,O) = O ∪ {x}.

Then for any (x,O) ∈ S, P(On = ϕ(x,O)) = 1−p
p P(On = O). Thus,

P(On ∈ ϕ(S)) ≤ 1− p
p

∑

(x,O)∈S
P(On = O) ≤ 1− p

p
|Kkn(v)|P(On ∈ B).

By definition, we have A ⊂ ϕ(S). Hence,

P(Ev) = P{On ∈ A} ≤ (2kn + 1)d
1− p
p

P{Xv ≥ c2,2β log n} .

Therefore,

P(Xv ≥ β) ≤ P(Gv ∩ {Xv ≥ β}) + P(Gcv)

≤ P(Ev) + P(Gcv)

≤ (2kn + 1)d
1− p
p

P{Xv ≥ c2,2β log n}+ n−2d−1

≤ c2,1k
d
nP{Xv ≥ c2,2β log n}+ n−2d−1 ,

where c2,1 > 0 is a constant depending only on (d, p).
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2.3 Candidate regions for localization

Recalling our discussion on proof strategy in Section 2.1.2, in order to show localization it is

important to show that all except poly-logarithmic many small regions will be suboptimal

compared to some “best” small region. Here, to measure the level of “goodness” for small

regions, we will use principal eigenvalues, which in turn is closely related to survival prob-

abilities for random walk as we show in Lemma 2.3.1. Thus, it is natural to introduce the

following quantiles which measure goodness from the perspective of survival probabilities (in

kn steps):

p0 := sup{β ≥ 0,P(Xv ≥ β) ≥ n−dk2d
n log n},

pα := p0/(c2,2 log n)α for α ≥ 0,

(2.3.1)

where c2,2 is chosen such that (2.2.6) holds. Denote

Uα := {v ∈ Zd : Xv ≥ pα} . (2.3.2)

Thus, we have that U0 = {v ∈ Zd : Xv ≥ p0}. Heuristically, the hope is that if α is large

enough, all regions outside Uα will be suboptimal compared to U0. In order to make this

intuition rigorous, it turns out more convenient to consider principal eigenvalues for small

regions. To this end, we introduce the following definition.

Definition 2.3.1. For any site v ∈ Zd, we let CR(v) be the connected component in B(v,R)\O

that contains v for R = kn(log n)2, and let λ(v) be the principal eigenvalue of P |CR(v) where

P |CR(v) is the transition matrix of simple random walk on Zd restricted to CR(v).

In the next lemma, (as announced earlier) we will relate the survival probability Xv to

the principal eigenvalue λ(v), and thus relating the survival probability in kn steps (i.e., Xv)

to the survival probability to arbitrary number of steps.
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Lemma 2.3.2. For any m ≥ 1,

λ(v)m ≤ max
x

Px(ξCR(v) > m) ≤ (2R)d/2λ(v)m . (2.3.3)

In particular,
(
Xv/(2R)d/2

)1/kn ≤ λ(v) ≤ max
x∈CR(v)

(Xx)1/kn . (2.3.4)

We set α1 = 3d and α2 = 4d. By definition there is a clear separation on the level of

goodness (in terms of survival probabilities in kn steps) for typical regions in U0, Uα1 and

Uα2 where U0 contains the “most desirable” regions. The level pα1 will be the threshold of

candidate regions, while the spacing between p0 and pα1 is used in Lemma 2.4.2 and the

spacing between pα2 and pα1 is used in Lemma 2.4.5. By Lemma 2.3.2, such separation

can be translated to that in terms of principal eigenvalues (which then controls survival

probabilities for arbitrary number of steps). This motivates the following definition:

Dλ := {v ∈ Zd : λ(v) > λ} and D∗ := {v ∈ Zd : λ(v) ≥ p
1/kn
α1 } . (2.3.5)

With preceding definitions, D∗ represents candidate regions for localization: indeed, we will

show in Section 2.4 that random walk will eventually be localized in neighborhoods that

are close to D∗ (see (2.3.11) for a formal definition for the union of islands for localization).

The remaining section is devoted to proving a number of structural properties for D∗ (via

structure properties of U·), as listed below.

• We prove Lemma 2.3.3 by a crucial application of Proposition 2.2.3, which in turn

guarantees that the number of islands in Uα are at most poly-logarithmic in n — this

is important for bounding |Dn|.

• We show in Lemma 2.3.4 that vertices in Uα is either close or far away from each other

— this implies that it is costly for the random walk to travel from one good region to

another (this is important in the proof of Lemma 2.4.5 later).
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• We show in Lemmas 2.3.5 and 2.3.6 (whose proof uses results in percolation theory)

that there exists vertices in U0 which are connected to the origin by open paths with

lengths which are linear in their Euclidean distances from the origin — this implies a

lower bound on P(τ > n) by letting the random walk travel to one vertex in U0 quickly

and stays around it afterwards (see (2.4.10)).

• We use Lemma 2.3.2 to deduce structural properties on D· from U· — these are incor-

porated in Corollary 2.3.7 and Lemma 2.3.8.

The proofs of Lemma 2.3.2 and the following four lemmas are postponed to Section 2.3.1.

Lemma 2.3.3. We have

n−dk2d
n log n ≤ P(Xv ≥ p0) ≤ n−dk4d

n ,

and P(Xv ≥ pα) ≤ n−dk(α+4)d
n .

Lemma 2.3.4. For any α ∈ N∗, with P-probability tending to one there exist no u, v ∈

Uα ∩B(0, 2n) such that 2kn ≤ |u− v| ≤ nk
−2(α+5)
n .

Lemma 2.3.5. Conditioned on the origin being in an infinite cluster, with P-probability

approaching one

U0 ∩ C(0) ∩B(0, n/kn) 6= ∅ . (2.3.6)

Lemma 2.3.6. Let D(u, v) be defined as in (2.1.2). For p > pc(Zd), there exists a constant

ρ > 0 which only depends on (d, p) such that the following holds with P-probability tending

to one. For all u, v ∈ B(0, 2n)

either C(u) = C(0) or |C(u)| ≤ (log n)3 , (2.3.7)

D(u, v)1{u↔v} ≤ ρmax(|u− v|, (log n)3) . (2.3.8)

Corollary 2.3.7. We have that
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(1) With P-probability tending to one, for any v ∈ B(0, 2n) ∩ (Uα2 ∪ Dp1/kn
α2

),

(
B(v, nk−14d

n ) \B(v, 3R)
)
∩
(
Uα2 ∪ Dp1/kn

α2

)
= ∅ .

(2) k2d
n n
−d ≤ P(v ∈ D∗) ≤ kα+6

n n−d.

(3) p
1/kn
α2 ≥ 1− χ/(log n)2/d for some constant χ depending only on (d, p).

Proof. It follows from (2.3.4) that

{v ∈ D
p

1/kn
α2

} ⊂ ∪u∈B(v,R){u ∈ Uα2} ,

{v ∈ U0} ⊂ {v ∈ D∗} ⊂ ∪u∈B(v,R){u ∈ Uα1} .
(2.3.9)

Combining with Lemmas 2.3.4 and 2.3.3 yields (1) and (2). Combining Lemma 2.3.3 and

Lemma 2.2.1 gives (3).

The following structural property for D∗ will be useful.

Lemma 2.3.8. With P-probability tending to one, there exists a subset V ⊂ D∗ ∩ C(0) ∩

B(0, 2n) such that

λ(v) = max{λ(u) : u ∈ B(v, 3R)} ∀ v ∈ V ;

D∗ ∩ C(0) ∩B(0, 2n) ⊂ ∪v∈VB(v, 3R) ;

B(v, nk−14d
n ), v ∈ V ∪ {0} are disjoint .

(2.3.10)

Proof of Lemma 2.3.8. Combining (2.3.9) and Lemmas 2.3.4, 2.3.3 yields the desired re-

sult.

We will prove in Section 2.4 that random walk will eventually be localized in the union

of the following islands for some constant ι > 0 to be selected:

Dn =
⋃

v∈V
B(v, (log n)ιkn) . (2.3.11)
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Proof of Theorem 2.1.1: volume of the islands. Combining Corollary 2.3.7 (2) and the

Markov inequality implies that with P-probability tending to one, |D∗∩B(0, 2n)|≤(log n)100d.

Then by Lemma 2.3.8,

|Dn| ≤ (2(log n)ιkn)d|D∗ ∩B(0, 2n)| ≤ (log n)ι+200d ,

and Dn ∩B(0, n(log n)−100d2
) = ∅.

2.3.1 Proof of Lemmas 2.3.2, 2.3.3, 2.3.4, 2.3.5 and 2.3.6

Proof of Lemma 2.3.2. Recall that P |CR(v) is the transition matrix restricted to CR(v).

Let 1x = (0, . . . , 0, 1, 0, . . . , 0) ∈ RCR(v) be the vector which takes value 1 only in the

coordinate corresponding to the site x, and let 1 = (1, 1, . . . , 1) ∈ RCR(v). We have

Px(ξCR(v) > m) = 1
T
x (P |CR(v))

m1 ≤ λ(v)m
√
|CR(v)| ≤ (2R)d/2λ(v)m.

Let µ be the eigenvector of P |CR(v) corresponding to λ(v), then

∑

x∈CR(v)

µ(x)Px(ξCR(v) > m) = µT(P |CR(v))
m1 = λ(v)m

∑

x∈CR(v)

µ(x) .

Hence there exists x ∈ CR(v) such that Px(ξCR(v) > m) ≥ λ(v)m.

Proof of Lemma 2.3.3. By Lemma 2.2.1, since βχ ≤ nβχ/2 we can choose χ = χ(d, p)

such that for large n

P(Xv ≥ nβχ) ≥ n−d+1 . (2.3.12)

Thus, by definition of p0 we see that for any fixed α and sufficiently large n,

p0 ≥ nβχ and hence pα ≥ βχ . (2.3.13)
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This allows us to apply Proposition 2.2.3 with β = p0, yielding that

P(Xv ≥ p0) ≤ c2,1k
d
nn
−dk2d

n log n+ n−2d−1 ≤ n−dk4d
n .

The left continuity of P(Xv ≥ x) gives

P(Xv ≥ p0) ≥ n−dk2d
n log n.

Therefore, for β ∈ (βχ, p0) and sufficiently large n, (2.2.6) implies

P(Xv ≥ β) ≤ 2c2,1k
d
nP(Xv ≥ c2,2β log n) .

Since p0 = (c2,2 log n)αpα, applying the above inequality α times yields

P(Xv ≥ pα) ≤ n−dk(α+4)d
n .

Proof of Lemma 2.3.4. For any u, v ∈ B(0, 2n) such that |u − v| ≥ 2kn, the events

{Xv ≥ pα} and {Xu ≥ pα} are independent (since in kn steps, the random walk will not

exit the ball of radius kn). Hence Lemma 2.3.3 yields

P(Xv ≥ pα, Xu ≥ pα) ≤ n−2dk
2(α+4)d
n .

Then we complete the proof by enumerating all possible (u, v) ∈ B(0, 2n) × B(0, 2n) such

that 2kn ≤ |u− v| ≤ nk
−2(α+5)
n .

Proof of Lemma 2.3.6. By [17, Theorem 3] and [38] (see also [46, Corollary 3]) there

29



exists C > 0 which only depends on p such that for all m ≥ 1

P(|C(v)| = m) ≤ e−Cm
1/2
.

Then for any v ∈ Zd

P((log n)3 ≤ |C(v)| <∞) ≤
∑

m≥(log n)3

e−Cm
1/2

= o(n−d). (2.3.14)

This proves (2.3.7).

By [7, Theorem 1], we know that for u, v with |u − v| ≥ (log n)3 (the main arguments

in [7] were written for bond percolation, but as the authors suggest one can verify that the

proof adapts to site percolation with minimal changes)

P(u↔ v,D(u, v) > ρ|u− v|) ≤ e−C|u−v| ≤ n−C(log n)2
,

Hence the event En that D(u, v)1{u↔v} ≤ ρ|u − v| for all u, v ∈ B(0, 3n) with |u − v| ≥

(log n)3 has probability tending to one.

On the event En, we consider any u, v ∈ B(0, 2n) such that u↔ v with |u−v| < (log n)3.

In the case C(u) = C(0), we see from the connectivity that there exists w ∈ C(0) such that

min(|w− v|, |w− u|) ∈ [(log n)3, (log n)3 + 2]. Then by triangle inequality max(|w− v|, |w−

u|) ≤ 4(log n)3. Hence

D(u, v) ≤ D(u,w) +D(v, w) ≤ 5ρ(log n)3.

In the case that C(u) 6= C(0), It follows from (2.3.7) that with P-probability tending to one

D(u, v) ≤ |C(u)| ≤ (log n)3.

The proof is completed by adjusting the value of ρ.
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Remark 2.3.9. The work [7] improves earlier results of [35, 38], where the main objective

of [35] is to understand certain parabolic problems for the Anderson model with heavy

potential.

Proof of Lemma 2.3.5. We say a site v ∈ Zd is reachable if the connected component in

B(v, kn)\O that contains v is of size at least kn. Then by (2.3.7), conditioned on origin being

in an infinite cluster, with P-probability approaching one all reachable sites are in C(0). Let

U∗0 = {v ∈ U0 : v is reachable}, it suffices to prove

P(U∗0 ∩B(0, n/kn) = ∅)→ 0 .

To verify this, we first observe that for each site v ∈ Zd in an infinite cluster, it connects

to ∂B(v, kn) by an open path. Hence the connected component in B(v, kn)\O that contains

v has at least kn vertices. As a result,

P(v is reachable) ≥ θ(p) .

Now by FKG inequality and Lemma 2.3.3,

P(v ∈ U∗0 ) ≥ P(v ∈ U0) · P(v is reachable) ≥ θ(p)n−dk2d
n log n.

Since events {v ∈ U∗0} for v ∈ (2kn + 1)Zd are independent of each other, we have

P(U∗0 ∩B(0, n/kn) = ∅) ≤
(
1− θ(p)n−dk2d

n log n
)(2d−1bn/knc(2kn+1)−1−1)d

≤ n−c

for some constant c = c(d, p). This completes the proof of the lemma.
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v∗b

ST (v∗)

b

Figure 2.2: The shaded regions are islands in D∗. The site v∗ is the representative of the
best island that the random walk ever visits.

2.4 Endpoint localization

In this section, we prove that conditioned on survival for a long time the random walk will be

localized in an island (which we refer to as target island below) in Dn, where the target island

is chosen randomly (from all the poly-logarithmic many islands in Dn) with respect to the

random walk. In addition, the target island will be a neighborhood of v∗ (see Definition 2.4.1

below and Figure 2.2 for an illustration), which is the best island that the random walk ever

visits.

Definition 2.4.1. On event {S[0,n] ∩D∗ 6= ∅}, we let v∗ be the unique site in V (defined in

Lemma 2.3.8) such that

St∗ ∈ B(v∗, 3R) with t∗ := min{0 ≤ t ≤ n : λ(St) = max
0≤i≤n

λ(Si)} .

Otherwise, we set v∗ := 0, as in such case the random walk never visits any candidate regions.

For v ∈ V and constant ι > 0 to be selected, we define the hitting time of a neighborhood

of v by

T(v) = min{0 ≤ t ≤ n : |St − v| ≤ (log n)ι} . (2.4.1)

The endpoint localization is proved by combining the following two ingredients: the

random walk will visit D∗ with high probability (as shown in Lemma 2.4.2); the random
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walk will stay in a neighborhood of v∗ after getting close to v∗ (as shown in Proposition 2.4.3).

Lemma 2.4.2. Conditioned on the event that the origin is in an infinite open cluster,

P(τD∗ ≤ n | τ > n)→ 1 in P-probability. .

Proposition 2.4.3. For ι sufficiently large, conditioned on the event that the origin is in

an infinite open cluster, we have that

P(S[T(v∗),n] ⊂ B(v∗, (log n)ιkn) | τ > n)→ 1 in P-probability. (2.4.2)

Proof of Theorem 2.1.1: endpoint localization. Set ι to be a sufficiently large con-

stant as in Proposition 2.4.3. Combining Lemma 2.4.2 and Proposition 2.4.3 gives

P
(
Sn ∈ Dn | τ > n

)
→ 1 .

In order to prove Lemma 2.4.2 and Proposition 2.4.3, we first provide upper bound on

the probability for the random walk to survive and also avoid Uα (or respectively Dλ) as in

Lemmas 2.4.4 (respectively Lemma 2.4.5). Provided with Lemma 2.4.5, Lemma 2.4.2 follows

from a lower bound on P(τ > n), which is substantially larger than (the upper bound on)

P(τO∪D∗ > n). The proof of Proposition 2.4.3 is yet more complicated, which will employ

a careful application of Lemmas 2.4.4 and 2.4.5 together with Lemma 2.3.4.

2.4.1 Upper bounds on survival probability

Lemma 2.4.4. For all α ≥ 0 and m ≥ 1, we have that for all v ∈ Zd

Pv(τUα∪O > m) ≤ (2R)d/2p
m/kn
α .
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Proof. Write m = jkn + i where 0 ≤ i < kn and j ∈ N∗. By the strong Markov property,

we see that for all v ∈ Zd

Pv(τUα∪O > m) =
∑

x∈(Uα∪O)c

Pv(τUα∪O > m,Sm−kn = x)

≤
∑

x∈(Uα∪O)c

Pv(τUα∪O > m− kn, Sm−kn = x)Px(τUα∪O > kn)

≤ Pv(τUα∪O > m− kn) · pα.

Applying the preceding inequality repeatedly, we get that

Pv(τUα∪O > m) ≤ p
j
α max
x∈(Uα∪O)c

Px(τUα∪O > i) . (2.4.3)

Write Cα,R(x) = CR(x) \ Uα and let λα,x be the principal eigenvalue of P |Cα,R(x). Then,

by the same arguments as for Lemma 2.3.2, we deduce that λα,x ≤ (maxxPx(τCα,R(x) >

kn))1/kn ≤ p
1/kn
α and then

Px(τUα∪O > i) ≤ (2R)d/2p
i/kn
α .

Combined with (2.4.3), this completes the proof of the lemma.

Lemma 2.4.5. With P-probability tending to 1 as n → ∞ the following holds. For any

v ∈ B(0, n) and λ > (pα1/ log n)1/kn and for all 1 ≤ m ≤ n, we have

Pv(τO∪Dλ > m) ≤ R3dλm. (2.4.4)

Here we recall that Dλ = {u ∈ Zd : λ(u) > λ} and kn ≥ (log n)2.

Proof. We consider two scenarios for the random walk. In the first scenario, the random

walk never enter the region Uα2 . In this case, since for any u ∈ Ucα2
we have Xu ≤ pα2 , this

yields an efficient upper bound. In the second scenario, the random walk enters Uα2 and
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possibly exits an enlarged neighborhood around Uα2 and re-enters for multiple times. In this

case, we are fighting with the following two factors.

• The enumeration on the possible times for exiting and re-entering is large (see (2.4.5)).

• When we estimate the survival probability, we repeatedly use the relation between Xv

the principal eigenvalues λ(v) as in Lemma 2.3.2, and each time we use such a relation

we accumulate a certain error factor. As a result, such error factors will grow in the

number of times for the random walk to exit an enlarged neighborhood around Uα2

and then re-enter Uα2 .

In order to beat the preceding two factors, we note that every time the random walk exits an

enlarged neighborhood of Uα2 and re-enters Uα2 , it has to travel for a fair amount of steps

outside of Uα2 , due to Lemma 2.3.4. This leads to a decrement on the survival probability.

Such probability decrement, also growing in the number of “exiting and re-entering”, is

sufficient to beat the enumeration factor as well as the error factors accumulated when

switching between Xv and λ(v).

In what follows, we carry out the proof in details following preceding discussions. We

define stopping times

a0 = 0 and aj = inf{t ≥ bj−1 : St 6∈ B(Sbj−1
, R) or t = m} for j ≥ 1 ,

bj = inf{t ≥ aj : St ∈ Uα2 or t = m} for j ≥ 0 .

For all j ≥ 0 we have St ∈ CR(Sbj ) for t ∈ [bj , aj+1− 1] and St 6∈ Uα2 for t ∈ [aj , bj − 1] (see

Figure 2.3). By Lemma 2.3.4, we see that with P-probability approaching 1 we have that

aj − bj−1 ≥ R and bj − aj ≥ R− 2kn for 1 ≤ j ≤ L− 1,

where L = inf{j ≥ 0 : bj ≥ m}. We have L ≤ m/R + 1. We denote Θ0 = {(0,m)} and for
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Figure 2.3: The shaded region is Uα2 . Two balls are of radius R. The left ball is centered
at Sb1 and the right one is centered at Sb0 . Random walk stays in B(Sbj , R) during time

[bj , aj+1 − 1] and stays in Ucα2
during time [aj , bj − 1].

1 ≤ l ≤ m/R + 1 define

Θl = {(x, y) ∈ Z(l+1) × Z(l+1) : x0 = 0, xl ≤ yl = m,

xj < yj < xj+1, yj − xj ≥ R− 2kn for j = 0, 1, ..., l − 1}.

Here Θl is the collection of all possible entrance times (to Uα2) and exit times (from a ball of

radius R centered at the entrance point). Then a straightforward combinatorial computation

gives that

|Θl| ≤
(
m

2l

)
≤ m2l . (2.4.5)

For any m, l ≥ 1 and (x, y) ∈ Θl, we get from (2.3.3) and Lemma 2.4.4 that

Pv(τO∪Dλ > m,L = l, aj = xj , bj = yj for 1 ≤ j ≤ l)

≤
l∏

j=0

(2R)d(pα2)(yj−xj−1)/knλ(xj−yj−1−1)

≤λm
l∏

j=0

(pα2)−2/kn(2R)d
( log n · pα2

pα1

)(yj−xj)/kn
.

Note that yj − xj ≥ R − 2kn ≥ kn log n for j = 1, 2, ..., l − 1. Hence for large n (recalling
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R = kn(log n)2 and pα2 ≥ χkn/(log n)2/d
as in (2.3.13))

( pα1

log n · pα2

)(yj−xj)/kn ≥ n10 for 1 ≤ j ≤ l − 1 .

Therefore for l ≥ 2 and sufficiently large n

Pv(τO∪Dλ > m,L = l, aj = xj , bj = yj for 0 ≤ j ≤ l) ≤ λmn−7(l−1).

Summing over l = 2, 3, . . . , bm/Rc+ 1 and applying (2.4.5), we obtain that for m ≤ n

Pv(τO∪Dλ > m,L ≥ 2) ≤ λmn−4 . (2.4.6)

In addition, for l = 1 we have

Pv(τO∪Dλ > m,L = 1) ≤ λm((pα2)−2/kn(2R)d)2 ≤ 2(2R)2dλm , (2.4.7)

and by Lemma 2.4.4 we have

Pv(τO∪Dλ > m,L = 0) ≤ Pv(τO∪Uα2
> m) ≤ (2R)d/2λm . (2.4.8)

Combining (2.4.6), (2.4.7) and (2.4.8) we completes the proof of the lemma.

2.4.2 Proof of Lemma 2.4.2 and Proposition 2.4.3

Lemma 2.4.6. The following holds with P-probability tending to 1. For all u, v, w ∈ B(0, 2n)

such that u↔ v, v ↔ w and for any positive number t such that t−|u−w|1 is even, we have

Pu(St = w, τ > t) ≥ (2d)−ρ(|u−v|+|v−w|+R)λ(v)t . (2.4.9)

Proof. This is an immediate consequence of Lemma 2.3.6 and (2.3.3).
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Proof of Lemma 2.4.2. We first see that reaching U0 quickly and staying there afterwards

gives a lower bound on P(τ > n). By Lemmas 2.3.5 and (2.3.8), there exists a site vf ∈ U0

such that D(0, vf ) ≤ ρn/kn. It follows from (2.3.4) that

λ(vf ) ≥ (Xvf /(2R)d/2)1/kn ≥ (p0/(2R)d/2)1/kn .

Then Lemma 2.4.6 implies

P(τ > n) ≥ (2d)−ρ(n/kn+1+R)λ(vf )n/kn ≥ ((2d)−2ρp0/(2R)d/2)n/kn . (2.4.10)

By Lemma 2.4.5, we get that P(τD∗∪O > n) ≤ R3dp
n/kn
α1 . Altogether, we conclude that

P(τD∗ > n | τ > n) =
P(τD∗∪O > n)

P(τ > n)
≤ R3dp

n/kn
α1

((2d)−2ρp0(2Rn)−d/2)n/kn
= o(1).

Proof of Proposition 2.4.3. Note that

P(S[T(v∗),n] 6⊂ B(v∗, (log n)ιkn), τ > n)

=
∑

v∈V
P(v∗ = v, S[T (v),n] 6⊂ B(v, (log n)ιkn), τ > n) .

(2.4.11)

Consider v ∈ V ∩ B(0, n). Since T (v) is a stopping time for any fixed v, by strong Markov

property, we have that

P(v∗ = v, S[T (v),n] 6⊂ B(v, (log n)ιkn), τ > n)

≤E[1{τ>n−T (v)}P
ST (v)(ξB(v,(log n)ιkn) ≤ m, τO∪Dλ(v)

> m)|m=n−T (v)] . (2.4.12)

We now bound the second term on the right hand side of (2.4.12). Suppose that the random

walk escapes the ball B(v∗, (log n)ιkn) during time [T(v), n], then there exists a time interval
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Figure 2.4: The big ball is B(v∗, (log n)ιkn) and the small ball is B(v∗, (log n)ι). If the
random walk ever escapes the big ball (solid curve), then it must go through the annu-
lus B(v∗, (log n)ιkn) \ B(v∗, 3R) during time [ta, tb]. But since survival probability in such
annulus is very low, the random walk would prefer to stay in the ball (dotted curve).

[ta, tb] ⊂ [T(v), n], such that

tb − ta = d(log n)ιkn/2e and St ∈ B(v∗, (log n)ιkn) \B(v∗, 3R) for t ∈ [ta, tb]

(see Figure 2.4). Since Corollary 2.3.7 (1) implies that (B(v∗, (log n)ιkn)\B(v∗, 3R))∩Uα2 =

∅, we get

St ∈ (O ∪ Uα2)c for t ∈ [ta, tb] .

Therefore, for all v ∈ V, u ∈ ∂iB(v, (log n)ι) ∩ C(0) and m ∈ N∗,

Pu(ξB(v,(log n)ιkn) ≤ m, τO∪Dλ(v)
> m)

≤
m−d(log n)ιkn/2e∑

ta=0

Pu(τO∪Dλ(v)
> m,S[ta,tb]

⊂ (O ∪ Uα2)c) .
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Then we get from Lemmas 2.4.4 and 2.4.5 that

Pu(τO∪Dλ(v)
> m,S[ta,tb]

⊂ (O ∪ Uα2)c) ≤ (2R)10dλ(v)m−2−(tb−ta)p
(tb−ta)/kn
α2

≤ (2R)10dλ(v)m−2(log n)−(log n)ι/2 .

Therefore, we deduce that

Pu(ξB(v,(log n)ιkn) ≤ m, τO∪Dλ(v)
> m)

≤ (log n)−(log n)ι/4(2d)−4ρ(log n)ιλ(v)m ≤ (log n)−(log n)ι/4Pu(τ > m) ,

where we have used the fact which follows from Lemma 2.4.6 that

Pu(τ > m) ≥ (2d)−4ρ(log n)ιλ(v)m, ∀ u ∈ ∂iB(v, (log n)ι) ∩ C(0) .

Together with (2.4.12), we get

P(v∗ = v, S[T (v),n] 6⊂ B(v, (log n)ιkn), τ > n) ≤ (log n)−(log n)ι/4P(τ > n) .

Combined with (2.4.11), this completes the proof of the proposition by summing over all

v ∈ V ∩B(0, n) .

2.5 Path localization

This section is devoted to the proof of path localization. More precisely, we will show that

conditioned on survival the amount of time the random walk spends before getting close to

the island in which it is eventually localized, is at most linear in the Euclidean distance from

that island to the origin.

To this end, we consider the loop erasure for the random walk path, i.e., we consider the
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following unique decomposition for each path ω ∈ KZd(0, u):

ω = l0 ⊕ [η0, η1]⊕ l1 ⊕ [η1, η2]⊕ ...⊕ [η|η|−1, η|η|]⊕ l|η| (2.5.1)

where li ∈ KZd\{η0,...,ηi−1}(ηi, ηi) (recall (2.2.16)) are the loops erased in chronological order

and η = [η0, .., η|η|] is the loop-erasure of ω denoted by η = η(ω) (see [53, Chapter 9.5] for

more details on loop erasure). We first show in Lemma 2.5.4 that in a typical environment

the survival probability for the random walk decays exponentially in the length of its loop

erasure, which then implies that the loop erasure of the random walk path upon reaching

the target island has at most a linear number of steps.

In light of the preceding discussion, it remains to control the lengths of the erased loops

which we consider in the following two cases.

• For loops of lengths at most k50d
n : we will first show that for a typical environment

for majority of the vertices on any self-avoiding path, the survival probability for the

random walk started at those vertices up to time t ≤ k50d
n decays quickly in t (Lemma

2.5.3); as a consequence we then show in Lemma 2.5.5 that it is too costly for the small

loops to have a total length super-linear in the length of the loop erasure |η|.

• For loops of lengths at least k50d
n : we will first show in Lemma 2.5.6 that except near

the target island the random walk does not encounter any other vertex around which

the principal eigenvalue is close to that of the target island; as a result we then show

in Lemma 2.5.8 that it is too costly to have any big loop.

In the rest of the section, we carry out the details as outlined above.

Definition 2.5.1. Let M(t) be the collection of sites v such that

Pv(τ > t) ≥ e−t/(log t)2
. (2.5.2)
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In addition, we define

At(ω) = {0 ≤ i ≤ |η| : |li| = t, ηi 6∈ M(t)} . (2.5.3)

Lemma 2.5.2. There exist positive constants c2,1, c2,2 depending only on (d, p) such that

for all t ∈ N∗

P(v ∈M(t)) ≤ c2,1e
−c2,2(log t)d . (2.5.4)

Proof. By Lemmas 2.2.8 and 2.2.9, for n ≥ 2

P(Pv(τ > b(log n)2/dc) ≥ c) ≤ n−δ(c) .

By a change of variable, there exist constants c2,1, c2,2 depending only on (d, p) such that

for all t ∈ N∗

P(Pv(τ > b(log t)2c) ≥ 1/10) ≤ c2,1e
−c2,2(log t)d .

Therefore, by a simple union bound we get that

P(∃u ∈ Kt(v) s.t. Pu(τ > b(log t)2c) ≥ 1/10) ≤ c2,3 exp(−c2,4(log t)d) ,

where c2,3, c2,4 are constants only depends on (d, p).

On the event {Pu(τ > b(log t)2c) ≤ 1/10 for all u ∈ Kt(v)} (recall the definition in

(2.2.8)), for every b(log t)2c steps the random walk has at most 1/10 probability to survive.

Thus,

Pv(τ > t) ≤ 10−t/(2(log t)2) .

This completes the proof of the lemma.

Lemma 2.5.3. There exists a costant t∗1 = t∗1(d, p) such that the following holds with prob-

ability tending to one. For all self-avoiding path γ started at origin with length |γ| ≥
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n(log n)−100d2
and t ≥ t∗1,

|γ ∩M(t)| ≤ e−(log t)3/2|γ| . (2.5.5)

Proof. If m > n(log n)−100d2
and log t ≥ (logm)5/9, Lemma 2.5.2 yieds

P(M(t) ∩B(0,m) 6= ∅) ≤ c2,1e
−c2,2(log t)d+d log(2m) ≤ e−2−1c2,2(log t)d .

Hence, it suffices to prove that for large t and m such that log t ≤ (logm)5/9, we have

P( max
γ∈WZd,m(0)

|γ ∩M(t)| ≥ e−(log t)3/2
m) ≤ exp

(
− exp(−(log t)7/4)m

)
, (2.5.6)

where WZd,m(0) is the collection of self-avoiding path in Zd of length m.

To this end, we denote Vi = i + (2t + 1)Zd for i ∈ {1, 2, ..., (2t + 1)}d, where Vi inherits

the graph structure from the natural bijection which maps v ∈ Zd to i + (2t + 1)v ∈ Vi.

Then events {x ∈M(t)} for x ∈ Vi are independent. For any self-avoiding path γ, we know

that {x ∈ Vi : γ ∩Kt(x) 6= ∅} is a lattice animal (i.e., a connected subset) in Vi of size at

most 3d|γ|/t. Combined with Lemma 2.5.2 and a result on greedy lattice animals proved in

[54, Page 281] (see also [57]), this implies

P( max
γ∈WZd,m(0)

|γ ∩ Vi ∩M(t)| ≥ exp(−(log t)5/3)m)

≤P( max
γ∈WZd,m(0)

|{x ∈ Vi ∩M(t) : γ ∩Kt(x) 6= ∅}| ≥ exp(−(log t)5/3)m)

≤ exp
(
−2−1 exp(−(log t)5/3)m

)
.

We complete the proof of (2.5.6) by summing over i ∈ {1, 2, ..., (2t+ 1)}d.

Lemma 2.5.4. There exist constants c ∈ (0, 1), c′, r0 > 0 depending only on (d, p) such that

for any r1 > r0, the following holds for with P-probability at least 1− e−c′r1. For all r > r1
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and m ∈ N∗,

P(|η(S[0,m])| ≥ r, τ > m) ≤ cr . (2.5.7)

Proof. By (2.5.6), we see that there exist constants C > e10 and c′, r0 > 0 depending only on

(d, p) such that for all r1 > r0, with P-probability at least 1−exp
(
−c′r1

)
, for all self-avoiding

path γ of length at least r1,

|γ ∩M(C)| ≤ e−(logC)3/2|γ| . (2.5.8)

We recursively define stopping times ζ0 = 0,

ζi = inf{t > ζi−1 + C : St 6∈ M(C)} .

On the event {|η(S[0,m])| ≥ r}, since we assumed r > r1, we know from (2.5.8) that

|S[0,m] ∩M(C)c| ≥ |η(S[0,m]) ∩M(C)c| ≥ |η(S[0,m])|(1− e−(logC)3/2
) .

Let j = br/(2C)c. By definition of ζi’s and C > e10,

|S[0,ζj ]
∩M(C)c| ≤ (C + 1)j + 1 ≤ rC+1

2C + 1 < |η(S[0,m])|(1− e−(logC)3/2
) .

Therefore, we get ζj ≤ m . Then by strong Markov property,

P(|η(S[0,m])| ≥ r, τ > m) ≤ P(S[ζm,ζm+C] is open ∀1 ≤ m ≤ j − 1)

≤
[
exp(−C/(logC)2)

]r/(2C)−2
,

completing the proof of the lemma.

Lemma 2.5.5. Recall definitions in (2.2.16) and (2.3.5). There exists a constant t∗2 =

t∗2(d, p) such that the following holds with P-probability tending to one. For all t∗2 ≤ t ≤ k50d
n ,
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u ∈ ⋃v∈V (∂iB(v, (log n)ι) ∩ C(v)) and m ≤ n,

P({ω ∈ KOc,m(0, u) : l|η| = ∅, |At(ω)| ≥ |η|t−10}) ≤ e−n
1/2

P(KOc,m(0, u)) . (2.5.9)

Proof. For any ω, we denote

φ(ω) = l̃0 ⊕ [η0, η1]⊕ l̃1 ⊕ [η1, η2]⊕ ...⊕ [η|η|−1, η|η|]⊕ l̃|η| (2.5.10)

where l̃i = li if i /∈ At(ω) and l̃i = ∅ otherwise. Note that for any ω ∈ KOc,m(0, u) such

that |At(ω)| ≥ |η|t−10,

m− |φ(ω)| = t|At(ω)| ≥ |η|t−9 .

We consider every γ ∈ φ(KOc,m(0, u)) such that m−|γ| ≥ |η|t−9. For large t, since ηi 6∈ M(t)

for i ∈ At(ω) and |{i : l̃i = ∅}| ≤ |η|, we have

P({ω ∈ KOc,m(0, u) : φ(ω) = γ, l|η| = ∅}) ≤ P(γ)

( |η|
m−|γ|
t

)
e−t(log t)−2m−|γ|

t

≤ P(γ)e−(m−|γ|)(log t)−3
.

In the last inequality, we used the fact that

(
m−|γ|
t )! ≥ (

m−|γ|
et )

m−|γ|
t ≥ (|η|t−10e−1)

m−|γ|
t .

In addition, it follows from Lemma 2.4.6 and Corollary 2.3.7(3) that

P(KOc,m−|γ|(u, u)) ≥ (2d)−7ρ(log n)ιe−χ(m−|γ|)(log n)−2/d
. (2.5.11)

Note that (log t)3 ≤ (log k50d
n ) . (log log n)3 = o((log n)2/d) and by Lemma 2.3.8 we have
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m− |γ| ≥ |η|t−9 ≥ n(log n)−2000d2
. Therefore

P({ω ∈ KOc,m(0, u) : φ(ω) = γ, l|η| = ∅}) ≤ P(γ ⊕KOc,m−|γ|(u, u))e−2−1|η|t−10
.

We complete the proof of the lemma by summing over all such γ’s (where the pre-factor of

e−
√
n is a crude bound with room to spare).

Lemma 2.5.6. Recall the definition of v∗ and T(v∗) as in (2.4.1). For constant q > 0, let

U(t) = ∪ti=0B(Si, (log n)q)∩ C(0). Conditioned on the event that the origin is in an infinite

open cluster, we have that

P(U(n) \B(v∗, 3R) ⊂ Dc
(1−k−20d

n )λ(v∗)
| τ > n)→ 1 in P-probability. (2.5.12)

Remark 2.5.7. For purpose of the present article, it suffices to take U(t) = ∪ti=0Si; we

strengthened the lemma as it may be useful for future application.

Proof of Lemma 2.5.6. We start with a brief description on the intuition behind (2.5.12).

If the random walk hits some local region with the principal eigenvalue close to that near

v∗ (which is the presumed target island) before time T(v∗), then the random walk tends to

stay around this local region as opposed to travel all the way to the presumed target island

— since by Lemma 2.3.4 the regions with large principal eigenvalues are far away from each

other and thus it is costly for the random walk to travel from one to the other.

Let a = inf{t ≥ 0 : maxu∈U(t)\B(v∗,3R) λ(u) > (1 − k−20d
n )λ(v∗)}. Then there exists

x ∈
(
B(Sa, 2(log n)q)∩C(0)

)
\B(v∗, 3R) such that and λ(x) ≥ (1−k−20d

n )λ(v∗). We restrict

to the event {τD∗ < n, S[T(v∗),n] ⊂ B(v∗, (log n)ιkn), a < n}. Hence, we have

λ(x) ≥ (1− k−20d
n )λ(v∗) ≥ (1− k−20d

n )p
1/kn
α1 ≥ p

1/kn
α2 .
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Figure 2.5: The random walk would prefer staying in the neighborhood of x (dotted curve)
to going ahead to v∗ (solid curve), since survival probability during [b, b + nk−15d

n ] is very
low.

Since |x− v∗| ≥ 3R, Corollary 2.3.7 (1) yields

|x− v∗| ≥ nk−14d
n and (B(x, nk−14d

n ) \B(x, 3R)) ∩ Uα2 = ∅ .

Let b = sup{t ≤ n : St ∈ B(x, 2(log n)q)}. Then b+ nk−15d
n ≤ n and

S
[b,b+nk−15d

n ]
6∈ Uα2 , and S[b+nk−15d

n ,n]
6∈ Dλ(v∗) .

For any v ∈ V and x such that λ(x) ≥ (1−k−20d
n )λ(v), we deduce from the Markov property

and Lemmas 2.4.4, 2.4.5 that

P(b = m, v∗ = v, Sa ∈ B(x, 2(log n)q), τ > n, a ≤ n, S[T(v∗),n] ⊂ B(v∗, (log n)ιkn))

≤P(Sm ∈ ∂iB(x, 2(log n)q), τ > m)(2R)4dp
bnk−15d

n c/kn
α2 λ(v)n−m−bnk

−15d
n c

≤P(Sm ∈ ∂iB(x, 2(log n)q), τ > m)(2R)4d(log n)−bnk
−15d
n cλ(v)n−m . (2.5.13)

Next, we give a lower bound on survival probability. By Lemma 2.4.6, Pu(τ > n−m) ≥
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(2d)−10ρ(log n)qλ(x)n−m. Hence

P(τ > n) ≥ P(Sm ∈ ∂iB(x, 2(log n)q), τ > n)

≥ P(Sm ∈ ∂iB(x, 2(log n)q), τ > m)(2d)−10ρ(log n)qλ(x)n−m .

Combined with (2.5.13) and λ(x) ≥ (1− k−20d
n )λ(v), since

(λ(v)/λ(x))n−m ≤ (λ(v)/λ(x))n ≤ exp(−nk−20d
n ) ,

it yields that

P(b = m, v∗ = v, Sa ∈ B(x, 2(log n)q), a ≤ n, S[T(v∗),n] ⊂ B(v∗, (log n)ιkn), τ > n)

≤ e−nk
−16d
n P(τ > n) .

Summing over 0 ≤ m ≤ n, v ∈ V and x ∈ B(0, n) such that λ(x) ≥ (1 − k−20d
n )λ(v), we

complete the proof by Lemma 2.4.2 and Proposition 2.4.3.

Lemma 2.5.8. For u ∈ ∂iB(v, (log n)ι)∩C(v) and λ = (1− k−20d
n )λ(v) for some v ∈ V, we

have that for all m ≤ n

P({ω ∈ K(Dλ∪O)c,m(0, u) : l|η| = ∅,max
i
|li| ≥ k50d

n }) ≤ e−k
20d
n P(KOc,m(0, u)) . (2.5.14)

Proof. For any ω, we denote

φ(ω) = l̃0 ⊕ [η0, η1]⊕ l̃1 ⊕ [η1, η2]⊕ ...⊕ [η|η|−1, η|η|]⊕ l̃|η| (2.5.15)

where l̃i = li if |li| ≤ k50d
n and l̃i = ∅ otherwise. Then for any γ ∈ φ(K(Dλ∪O)c,m(0, u)) with
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|γ| 6= m, we deduce from Lemma 2.4.5 that

P({ω ∈ K(Dλ∪O)c,m(0, u) : φ(ω) = γ, l|η| = ∅, |{i : |li| > k50d
n }| = j})

≤P(γ)

(|{i : l̃i = ∅}|
j

)
(m− |γ|))jR3jdλm−|γ| .

Summing over j ≤ (m− |γ|)/k50d
n , we get

P({ω ∈ K(Dλ∪O)c,m(0, u) : φ(ω) = γ, l|η| = ∅})

≤
b(m−|γ|)/k50d

n c∑

j=1

P(γ)(|η|(m− |γ|))jR3jdλm−|γ|

≤P(γ)n3(m−|γ|)/k50d
n +2e−(m−|γ|)/k20d

n λ(v)m−|γ| .

Note that λ ≤ (1− k−20d
n )λ(v) and that by Lemma 2.4.6

P(KOc,m−|γ|(u, u)) ≥ R−3ρ(log n)ιλ(v)m−|γ| .

We then get that

P({ω ∈ K(Dλ∪O)c,m(0, u) : φ(ω) = γ, l|η| = ∅} ≤ P(γ ⊕KOc,m−|γ|(u, u))e−k
20d
n .

We complete the proof of the lemma by summing over all such γ’s.

Corollary 2.5.9. There exists a constant c = c(d, p) such that the following holds with P-

probability tending to one. If u ∈ ∂iB(v, (log n)ι) ∩ C(v) and λ ≤ (1− k−20d
n )λ(v) for some

v ∈ V, then for all m ∈ N∗,

P({ω ∈ K(Dλ∪O)c,m(0, u) : l|η| = ∅,m > c|η|}) ≤ e−k
10d
n P(KOc,m(0, u)) . (2.5.16)

Proof. By Lemma 2.3.8, with P-probability tending to one, we have |u| ≥ n(log n)−100d2
.
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Then by Lemma 2.5.3, there exists t∗1 = t∗1(d, p) such that for all self-avoiding path γ from 0

to u and t∗1 ≤ t ≤ k50d
n , we have

|γ ∩M(t)| ≤ t−10d|γ| .

Now, we consider any ω ∈ K(Dλ∪O)c,m(0, u) such that l|η| = ∅. If

|At(ω)| ≤ |η|t−10 for t∗2 ≤ t ≤ k50d
n and max

0≤i≤|η|
|li| ≤ k50d

n ,

for some t∗2 = t∗2(d, p), then for t∗ = max(t∗1, t
∗
2)

m = |η|+
∑

0≤i≤|η|
|li|

≤ |η|+
t∗−1∑

t=1

t|η|+
k50d
n∑

t=t∗
t (|At(ω)|+ |η ∩M(t)|)

≤


1 +

t∗−1∑

t=1

t+
∞∑

t=t∗
t−9 +

∞∑

t=t∗
te−(log t)3/2


 |η| .

Combining Lemmas 2.5.5 and 2.5.8, we complete the proof of the corollary.

Proof of Theorem 2.1.1: path localization. We will prove that

P
(
T (v∗) ≤ cmin(|ST (v∗)|, n(log n)−2/d), S[T (v∗),n] ⊂ Dn | τ > n

)
→ 1 .

To this end, applying Lemma 2.5.4 with r1 = c2,0n(log n)−2/d and combining with (2.4.10),

we get that there exists c2,0 = c2,0(d, p) such that

P(|η(S[0,n])| > c2,0n(log n)−2/d | τ > n)→ 0 , (2.5.17)

which implies P(|ST(v∗)| ≤ c2,0n(log n)−2/d | τ > n) → 1. In light of Proposition 2.4.3, it
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remains to prove that there exists c = c(d, p) such that

P(T(v∗) ≤ c|ST(v∗)| | τ > n)→ 1. (2.5.18)

By Lemma 2.5.6, it suffices to show (we write λ′v = (1− k−20d
n )λ(v) below)

∑

v

∑

u

∑

m

P(T(v) = m,Sm = u, v∗ = v, τDλ′v
> m | τ > n)→ 0 , (2.5.19)

where the summation is over v ∈ V, u ∈ ∂iB(v, (log n)ι) ∩ C(v) and c|u| ≤ m ≤ n. To this

end, we first notice that

P(T(v) = m,Sm = u, v∗ = v, τDλ′v
> m, τ > n)

≤P(Sm = u, u 6∈ S[0,m−1], τO∪Dλ′v
> m)Pu(τ > n−m) . (2.5.20)

At the same time, by Corollary 2.5.9 and Lemma 2.5.4 (applied with r1 = m/c′2,1), there

exist positive constants c′1, c
′
2 depending only on (d, p) such that for any v ∈ D∗ and u ∈

∂iB(v, (log n)ι) ∩ C(v)

P(Sm = u, u 6∈ S[0,m−1],m > c′1|η(S[0,m])|, τO∪Dλ′v > m)

≤ e−k
10
n P(Sm = u, τ > m), (2.5.21)

and P(m ≤ c′1|η(S[0,m])|, τ > m) ≤ c′2,2
m
. (2.5.22)

Then by Lemma 2.4.6 and Corollary 2.3.7 (3), we have

P(Sm = u, τ > m) ≥ (2d)−2ρ(log n)ι−ρ|u|e−χm/(log n)2/d
.
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Thus, there exists c = c(d, p), such that for all m > c|u|

P(Sm = u, τ > m) ≥ c′2,2
m/2

.

Combined with (2.5.21) and (2.5.22), this gives that

P(Sm = u, u 6∈ S[0,m−1], τO∪Dλ′v
> m)

≤P(Sm = u, u 6∈ S[0,m−1],m > c′1|η(S[0,m])|, τO∪Dλ′v > m)

+ P(m ≤ c′1|η(S[0,m])|, τ > m)

≤e−2−1k10
n P(Sm = u, τ > m) .

Combined with (2.5.20), this implies

P(T(v) = m,Sm = u, v∗ = v, τDλ′v
> m, τ > n)

≤e−2−1k10
n P(Sm = u, τ > m)Pu(τ > n−m)

=e−2−1k10
n P(Sm = u, τ > n) .

Summing over u, v and m ≥ c|u|, we complete the verification of (2.5.19).
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2.A Index of notation

Xv (2.2.1)

kn (2.2.2)

c-good Definition 2.2.4

ε-fair Definition 2.2.6

K(·, ·) (2.2.16)

pα’s (2.3.1)

Uα’s (2.3.2)

CR(v) Definition 2.3.1

λ(v), R Definition 2.3.1

D∗, D’s (2.3.5)

V (2.3.10)

Dn (2.3.11)

v∗ Definition 2.4.1

T (·) (2.4.1)

η (2.5.1)

M(t) Definition 2.5.1

At(ω) Definition 2.5.1
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CHAPTER 3

SINGLE BALL LOCALIZATION UNDER THE QUENCHED

LAW

3.1 Introduction

3.1.1 Model and main results

In this chapter, we continue studying the quenched behavior of the random walk conditioned

on survival for a large time. For d ≥ 2, we consider a random environment where each vertex

of Zd is placed with an obstacle independently with probability 1 − p. On this random

environment, we then consider a discrete-time simple random walk (St)t∈N started at the

origin and killed at time τ when the random walk hits an obstacle for the first time. For

convenience of notation, we use P (and E) for the probability measure with respect to the

random environment, and use P (and E) for the probability measure with respect to the

random walk. We will assume p > pc(Zd), the critical threshold for site percolation, and let

P̂ be the conditional measure for the environment given that the origin is in an infinite open

cluster. Our main result in this chapter is the following.

Theorem 3.1.1. For any fixed d ≥ 2, there exists a constant C = C(d, p) and a P̂-measurable

discrete ball Bn ⊆ Zd of cardinality at most (1+εn)d log1/p n (where εn tends to 0 as n→∞)

such that the following holds: for any t ∈ [Cn(log n)−2/d, n]

P(St ∈ Bn | τ > n)→ 1 in P̂-probability as n→∞ . (3.1.1)

Here a discrete ball (in Zd) is the set that contains all the lattice points of some Euclidean

ball (in Rd).
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3.1.2 From poly-logarithmic localization to sharp localization

The main result in our previous work [24] is that the random walk is confined in at most

poly-logarithmic in n many islands (where an island is a connected subset in Zd) during

time [εnn, n] (for some εn →n→∞ 0) and each island has diameter at most poly-logarithmic

in n — we will refer to these islands as pocket islands. The present article is closely related to

[24]: we rely both on the results and techniques in [24] (we note that our proof is otherwise

self-contained and in particular does not rely on results in [75]). Provided with [24], our

proof of Theorem 3.1.1 is naturally divided into two essentially separate parts as follows.

One-city theorem. The first step toward proving Theorem 3.1.1 is to show that conditioned

on survival the random walk is localized in a single pocket island.

Theorem 3.1.2. Let v∗ be the maximizer of the variational problem (3.3.5) (in Section 3.3),

which is measurable with respect to the environment. Then there exist constants κ,C depend-

ing only on (d, p) such that the following holds: Let T be the first time that the random walk

visits B(v∗, (log n)κ/2) (i.e., a ball centered at v∗ of radius (log n)κ/2). Then as n→∞

P
(
T ≤ C|v∗|, {St : t ∈ [T, n]} ⊆ B(v∗, (log n)κ/2) | τ > n

)
→ 1 in P̂-probability . (3.1.2)

We now explain the variational problem (3.3.5) and our intuition behind the proof of

Theorem 3.1.2. The probability of localizing in a pocket island is a product of the searching

probability (i.e., the probability for the random walk to travel from the origin to a certain

island) and the confinement probability (i.e., the probability for the random walk to staying

in this island for n − o(n) steps). In essence, this is the variational problem (3.3.5) which

optimizes the sum of two quantities corresponding to the approximation of the logarithms

of the confinement probability and the searching probability.

The major challenge here comes from the fact that the confinement probability is much

smaller than the searching probability; in fact, the leading exponential terms of the confine-

ment probabilities in all pocket islands are the same and the second order exponential terms
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of the confinement probabilities would be comparable to the searching probabilities. The

optimal island is the maximizer which strikes a balance between the searching probability

and the confinement probability. Our goal is to prove that the maximizer of the product

of these two probabilities is much larger than the sum of the rest products. One possible

approach to attack this is to obtain refined estimates on the confinement probabilities. How-

ever, this seems quite challenging. In order to circumvent this difficulty, we note that the

searching probability and the confinement probability are roughly independent. Hence it

suffices to prove that either of these two probabilities has large fluctuation across different

islands, which then implies that the maximizer has a product which is much larger than the

sum of the rest products of these two probabilities.

Due to the difficulty of controlling the confinement probability, we instead choose to work

with searching probability and show that the logarithm of the searching probability grows

(roughly speaking) linearly in the distance from the origin to the island provided that the

angle is fixed. Thus, searching probabilities have a large fluctuation since pocket islands

occur more or less uniformly in the box under consideration. Due to the fluctuation, the

best pocket island will substantially dominate all the others.

The difficulty of implementing such an analysis is that the decomposition (into searching

probability and confinement probabilities) must be done in a way that would not introduce

an error larger than the fluctuation. This is the reason why we consider the variational

problem (3.3.5), which is different from that in [71]. In fact, the optimal island will attain a

value close to the minima of the corresponding variational problem in [71], but it may not be

the actual optimizer. A major ingredient in proving Theorem 3.1.2 is the proof of a refined

version of “logarithm of the searching probability grows linearly in distance” incorporated

in Proposition 3.3.3 (and carried out in Sections 3.3 and 3.4).

Intermittent island. While the random walk is confined in a pocket island during time

[o(n), n], we will show that at each given time t ∈ [o(n), n] it is in a much smaller region (called

intermittent island) inside the pocket island with high probability. In addition, we will show
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that the intermittent island is asymptotically a ball. These are covered in Sections 3.5 and

3.6. An important observation here is that the total volume for regions with low obstacle

density in any pocket island is at most d log1/p n(1 + o(1)). This observation, combined

with the celebrated Faber–Krahn inequality (see Section 3.1.3 below), then implies that the

asymptotic shape of the intermittent island is a ball.

We would like to add a remark that in this chapter, we use the term intermittent island

in a manner that is not completely precise. For instance, we have referred to E in Definition

3.5.1, Ωε in Definition 3.5.3, Bε in Lemma 3.5.9, B̂n in (3.6.1) as intermittent island in

informal discussions. The abuse of the terminology is justified by the fact that all of these sets

have negligible pair-wise symmetric differences (and of course our mathematical statements

are always precisely formulated).

3.1.3 Two important proof ingredients

In Section 3.1.2 we described the high-level structure of our proof in two essentially separate

steps; in this subsection, we will discuss two important proof ingredients, which provides a

glance at some highlights of our proof. Discussions on more detailed proof ideas can be found

at the beginning of Sections 3.3, 3.4, 3.5, 3.6.

Convergence rates for sub-additive functions. Rate of convergence for sub-additive

functionals has received much attention in the past. See [3, 45, 4, 5, 8] for progress on

bounds for rate of convergence for sub-additive functionals with prominent application in

first-passage percolation. In particular, a general theory was given in [4] via the ingenious

convex hull approximation property which applies to several processes on lattices including

first-passage percolation. For instance, it was shown that in first-passage percolation the

expected length of the shortest path connecting 0 and x can be approximated by a function

of x that is convex and homogeneous of order 1, with approximation error at most O(|x|ν)

for ν < 1. Our proof in Section 3.4.4 follows the framework developed in [4] and is dedicated

to verifying the convexity hull condition in [4] for our log-weighted Green’s functions defined
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as in (3.4.1) — an incorrect but heuristically useful interpretation of log-weighted Green’s

function is the logarithm of the probability for the random walk to travel from one point

to another point without hitting an obstacle (in fact, this is simply the logarithm of the

Green’s function without reweighting, which converge to Lyapunov exponents [75]). While

this resembles the first-passage percolation problem (as already noted in [75]), our context is

more complicated since our function in a vague sense takes average over many (not necessarily

self-avoiding) paths rather than takes the length of the single shortest path as in first-passage

percolation. Furthermore, the real definition of log-weighted Green’s function is even more

complicated: for instance, it has to take into account the travel time for the random walk

as well as to incorporate the requirement that the random walk has to avoid certain regions.

These incur substantial challenges in implementing the proof framework in [4].

Faber–Krahn inequality. A classic result, known as the celebrated Faber–Krahn inequal-

ity, states that among sets with given volume balls are the only sets which minimize the

first eigenvalue (we remark that Faber–Krahn inequality is the fundamental reason behind

the phenomenon that the localization occurs in a ball). Various versions of quantitative

Faber–Krahn inequality have been proved in the past [41, 58, 11, 34, 15]. In particular,

the following sharp quantitative Faber–Krahn inequality was proved in [15, Main Theorem]

(here “sharp” means that the lower bound is achievable (up to constant) for some choice of

Ω)

|Ω|2/dµΩ − |B|2/dµB ≥ σd(A(Ω))2 for a constant σd > 0 depending only on d , (3.1.3)

where B is a Euclidean ball, |Ω| denotes the volume of Ω, A(Ω) is the Fraenkel asymmetry

defined as (below 4 denotes the symmetric difference)

A(Ω) = inf

{ |Ω4B|
|B| : B is a ball such that |B| = |Ω|

}
, (3.1.4)
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and

µΩ =
1

2d
min

u∈W 1,2
0 (Ω)

{∫

Ω
|∇u|2 dx : ‖u‖L2(Ω)=1

}
. (3.1.5)

Our proof that the localization region is asymptotically a ball uses (3.1.3). In fact, for the

purpose of our proof, we do not need the full power of the sharp inequality (3.1.3) — the

inequalities in [11, 34] would suffice.

We remark that ours is not the first application of Faber–Krahn type of inequality in

the study of localization of random walks. For instance: in [12] a key ingredient was a

inequality of this type in two dimensions which was proved in the same paper; in [74] another

quantitative version of Faber–Krahn was proved independently; in [63] a quantitative version

of isoperimetric inequality (related to Faber–Krahn inequality) from [40] was a key ingredient

in the proof.

3.1.4 Organization

The remaining sections of the chapter are organized as follows. In Section 3.2 we review

results from [24] and also record a few useful lemmas. In Section 3.3, we give a proof of

Theorem 3.1.2 assuming a major ingredient as incorporated in Proposition 3.3.3. Section 3.4

is devoted to the proof of Proposition 3.3.3. In Section 3.5, we prove that there is a ball in

the pocket island of cardinality asymptotically d log1/p n such that the principal eigenvalue

of this ball is close to that of the pocket island. Finally, we prove in Section 3.6 that the

random walk will be localized in the intermittent island and hence complete the proof of

Theorem 3.1.1.

3.1.5 Notation convention

For v ∈ Zd, we recall that v is open if there is no obstacle placed at v. We define the `2-norm

| · | by |v| = (
∑d
i=1 v

2
i )1/2, the `1-norm | · |1 by |v|1 =

∑d
i=1 |vi|, and the `∞-norm | · |∞

by |v|∞ = max1≤i≤d |vi| . For r > 0, v ∈ Zd, we define B(v, r) = {x ∈ Zd : |x − v| ≤ r}
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and Kr(v) = {x ∈ Zd : |x − v|∞ ≤ r}. For A ⊆ Zd, |A| denotes the cardinality of A.

Write ∂A = {x ∈ Ac : y ∼ x for some y ∈ A}, where x ∼ y means that x is a neighbor of

y (i.e. |x − y|1 = 1) and ∂iA = {x ∈ A : y ∼ x for some y ∈ Ac}. We let λA denote the

principal eigenvalue (i.e., the largest eigenvalue) of P |A, which is the transition matrix of

simple random walk on Zd killed upon exiting A. For Lebesgue measurable set A in Rd, we

use |A| to denote the Lebesgue measure of A. For x, y ∈ A ⊆ Zd, we define DA(x, y) to be

the length of the shortest path which stays within A and joins x and y.

We denote by O the collection of all obstacles (some times referred as closed vertices).

For v ∈ Zd, we denote by C(v) the open cluster containing v and by C(∞) the infinite open

cluster. If v is closed, then C(v) = ∅. We denote by ξA = inf{t ≥ 0 : St 6∈ A} the first time

for the random walk to exit from A, and by τA = inf{t ≥ 0 : St ∈ A} the hitting time to A.

In particular, we denote τx = τ{x} for x ∈ Zd. As having appeared earlier, we let τ = τO

be the survival time of the random walk. For a subset of non-negative integers I, we denote

SI = {St : t ∈ I}.

Throughout the rest of the chapter, C, c denote positive constants depending only on

(d, p) whose numerical values may vary from line to line (and we do not introduce them

anymore). We have in mind that C is a large constant while c is a small constant. For

constants with decorations such as c∗, C3,1 or κ (which also depend only (d, p)), their values

will stay the same in the whole chapter. A list of frequently used notation is compiled in

Appendix 3.A.

3.2 Preliminaries

As described in Section 3.1.2, it was proved in [24] that the random walk will be localized in

poly-logarithmic in n many balls of radius (log n)κ (see Theorem 3.2.3), which we refer to as

pocket islands (see Lemma 3.2.1 and the discussions that follow for a more formal definition

for pocket islands). In this subsection, we will describe the main result of [24] in more detail

and record a number of useful lemmas.
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Pocket Islands. Let us first recall some notations and definitions from [24]. Let kn =

(log n)4−2/d(log log n)21d=2 . Write R = kn(log n)2 and denote by CR(v) the connected com-

ponent in B(v,R)\O that contains v. Let λ(v) = λCR(v) be the principal eigenvalue of the

transition matrix P |CR(v)— we note that (1− λ(v)) is the discrete analogue the first eigen-

value of Dirichlet-Laplacian on CR(v) defined in (3.1.5). We call for the attention of the

reader that the notation of λ(v) and λ{v} have completely different meanings.

Set

λ∗ = p
1/kn
α1 (3.2.1)

where pα1 (defined in [24, (3.1)]) is appropriately chosen according to some large quantile of

the distribution of survival probability up to kn steps. Denote D∗ = {v ∈ C(0) : λ(v) ≥ λ∗}.

We have that ([24, Corollary 3.7])

k2d
n n
−d ≤ P(v ∈ D∗) ≤ k8d

n n
−d . (3.2.2)

Note that the events {v ∈ D∗} for v ∈ Zd are rare (c.f. (3.2.2)) and are only locally dependent.

Thus, the setD∗ can be divided into many isolated islands as incorporated in the next lemma.

Lemma 3.2.1. ([24, Lemma 3.8]) For every constant C3,0 > 0, with P̂-probability tending

to one, there exists a skeletal set V ⊆ D∗ ∩ C(0) ∩B(0, C3,0n(log n)−2/d) such that

λ(v) = max{λ(u) :u ∈ B(v, 3R)}, D∗ ∩ C(0) ∩B(0, C3,0n(log n)−2/d) ⊆
⋃

v∈V
B(v, 3R),

and B(v, nk−100d
n ) for v ∈ V ∪ {0} are disjoint.

(3.2.3)

We will fix the values of κ,C3,0 in Theorem 3.2.3. The balls B(v, (log n)κ) for v ∈ V will

be referred to as pocket islands.

Path Localization. The following path localization result has been proved in [24]. Con-

ditioned on survival, the random walk will travel to one of the pocket islands (which we
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refer to as the target island) and then it will be confined in the target island afterwards. In

addition, the random walk will avoid getting close to any region that is better than or almost

as good as (i.e., has larger or nearly the same principal eigenvalue) the target island, and the

random walk will reach the target island at a time at most linear in the distance between

the target island and the origin. We next give a more formal statement (see Theorem 3.2.3)

on the path localization.

Definition 3.2.2. For constant κ,C3,1 > 0 to be determined and each v ∈ Zd, we define the

hitting time of B(v, (log n)κ/2)

Tv = τB(v,(log n)κ/2) ,

and the event

Ev =
{
τDλ(v)

> Tv, S[Tv,n] ⊆ B(v, (log n)κ), τ > n
}
,

where Dλ = {v ∈ Zd : Pv(τ > (log n)C3,1) > [(1− k−21d
n )λ](log n)

C3,1}.

Theorem 3.2.3 ([24]). For constants κ,C3,0, C3,1 sufficiently large (C3,0 and C3,1 are de-

fined in Lemma 3.2.1 and Definition 3.2.2, respectively) and c ∈ (0, 1) sufficiently small,

with P̂-probability tending to one,

P(
⋃

v∈V
(Ev ∩ {Tv ≤ C|STv |}) | τ > n) ≥ 1− e−(log n)c . (3.2.4)

Proof. It can be found in the proof of [24, Proposition 4.3 and (5.19)] that for sufficiently

large κ,C3,0, there is a random site xn ∈ V (depending on O and potentially also depending

on (St)
n
t=0) such that the following hold accordingly with P̂-probability tending to one,

P(S[Txn ,n] ⊆ B(xn, (log n)κ) | τ > n) ≤ e−(log n)c ,

P(Txn ≤ C|STxn | | τ > n) ≤ e−(log n)c .
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For the same xn, [24, Lemma 5.6] states that for any constant q,

P(λ(x) ≤ (1− k−20d
n )λ(xn),∀x ∈

⋃

0≤t≤Txn
B(St, (log n)q) | τ > n) ≤ e−n/(log n)C .

At the same time, [24, Lemma 4.5] yields if λ(x) ≤ (1− k−20d
n )λ,∀x ∈ B(y, (log n)q), then

Py(τ > (log n)C3,1) ≤ (log n)C [(1− k−20d
n )λ](log n)

C3,1 ≤ [(1− k−21d
n )λ](log n)

C3,1
,

where the last inequality holds if C3,1 is sufficiently large. Combining above three results

gives (3.2.4).

We will choose κ,C3,0, C3,1 sufficiently large as in this theorem and will assume κ ≥

10C3,2 + C3,1 + 10 where C3,2 is a constant to be selected in Lemma 3.4.10.

A few useful lemmas. We next record a few lemmas for later use.

Lemma 3.2.4. ([17, Theorem 3] and [38] (see also [46, Corollary 3])) For standard (Bernoulli)

site percolation on Zd with parameter p > pc(Zd),

P(|C(0)| = m) ≤ e−cm
(d−1)/d

. (3.2.5)

Lemma 3.2.5. For n sufficiently large, λ∗ ≥ 1− c∗(log n)−2/d − C(log n)−3/d.

Proof. Recall that %n = b(ω−1
d d log1/p n)1/dc as defined in (4.1.2). Let r = %n − q. By [51,

(24)] and scaling we see that for any fixed q > 0,

1− λB(0,r) ≤ c∗(log n)−2/d +O((log n)−3/d) .

In addition, |B(v, r)| ≤ d logp(n
−1)− %d−1

n for sufficently large q, hence for all v ∈ Zd,

P(λ(v) ≥ λB(v,r)) ≥ P(B(v, r) is open) ≥ n−dec%
d−1
n .
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Fix a large q and compare it with (3.2.2). We get λ∗ ≥ 1−c∗(log n)−2/d−C(log n)−3/d.

Lemma 3.2.6. For n sufficiently large, λ ≥ λ∗, and any v ∈ Zd, t > 0

P(v ∈ Dλ) ≤ (log n)Cn−d , (3.2.6)

Pv(τDλ∪O > t) ≤ (log n)C(1− (log n)−100d)tλt . (3.2.7)

Proof. If x ∈ Dλ, then there exists y ∈ B(x, (log n)C3,1) such that Py(τ > kn) ≥ [(1 −

k−21d
n )λ∗]kn+1 ≥ λkn∗ /2. Hence [24, Lemma 3.3] gives (3.2.6). The bound (3.2.7) is an

analogue of [24, Lemma 4.4]. The adaption of the proof is straightforward: we can adapt

the proof by just changing all occurrences of kn, R,Uα, pα to (log n)C3,1 , (log n)C3,1 , Dλ,

λ(log n)
C3,1

, respectively and noting that k−21d
n > (log n)−100d.

3.3 One city theorem

3.3.1 Overview

In this section, we will give the proof of Theorem 3.1.2. We first give a heuristic description.

There are poly-logarithmic many pocket islands (see (3.2.3),(3.2.4)). For each of them, the

probability for localizing in that island is roughly speaking the product of the probability

of reaching the island (which we refer to as searching probability) and the probability of

staying in that island afterwards. Since these two probabilities are roughly independent, the

fluctuation of the product across different islands is greater than the fluctuation of either of

these two probabilities. We will work on the fluctuation of the searching probability and use

it to show that one of the pocket islands will be dominating. Below are the key ingredients

for demonstrating that the fluctuation of searching probability is large:

• We expect that the searching probability to a far away vertex v (this is close to the

searching probability to a neighborhood around v) is exponentially small in |v|, where

the rate of decay may depend on the direction v
|v| .
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• The locations of these pocket islands are roughly independent and uniform in B(0, n).

In fact, we can have a quantitative version for the first ingredient which controls the rate

of convergence for the logarithmic of the searching probability. To prove this, we can adapt

methods discussed in Section 3.1.3 on the rate of convergence in first-passage percolation (in

particular the method in [4]).

However, our situation is more complicated as we have to keep track of the time spent on

reaching an island. This is because, when we require the random walk to stay in the island

after reaching it, the remaining amount of time is not fixed but depends on how much time

the random walk has already spent on reaching the island. This motivates the following

definition.

Definition 3.3.1. Recall that Tv = τB(v,(log n)κ/2). For λ > 0 we define

ϕ?(0, v;λ) = − log E
[
λ−Tv1n∧τDλ∪O≥Tv

]
. (3.3.1)

We wish to make a couple of remarks on our definition of ϕ?.

• We have a term of λ−Ty in the definition. This is because after reaching the island,

every step of survival costs roughly a probability of λ (assuming the principal eigenvalue

of the target island is λ), and thus for every step spent on reaching the island we give

a reward of λ−1 > 1 to account for the saving on future probability cost. (3.6)

• We do not allow the random walk to enter Dλ. Otherwise, the random walk may stay

in a region of eigenvalue greater than λ for excessively large amount of time and lead

to an excessively small value of ϕ?(x, y;λ) (since for every step the random walk gains

a prize of λ−1), and thus fails to serve its intended purpose.

Next, we list three ingredients for the proof of Theorem 3.1.2: Lemma 3.3.2 expresses

P(Ev) as a combination of λ(v) and ϕ?(0, v;λ(v)); in Proposition 3.3.3 we approximate ϕ?
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by a linear function g; Lemma 3.3.5 encapsulates our basic intuition that the fluctuation of

g(v;λ(v)) should be large since sites in V are roughly uniformly distributed in B(0, n).

Lemma 3.3.2. With P̂-probability tending to one, uniformly for all v ∈ V

log P(Ev) = n log λ(v)− ϕ?(0, v;λ(v)) +O((log n)C) . (3.3.2)

Proposition 3.3.3. There exists a deterministic nonnegative function g such that for some

constants c, C̄ depending only on (d, p) and all λ ∈ [λ∗, 1],

g( · ;λ) is convex, homogeneous of order 1 and c|x| ≤ g(x;λ) ≤ C̄|x| . (3.3.3)

Also, with P̂-probability tending to one, uniformly for all v ∈ V

ϕ?(0, v;λ(v)) = g(v;λ(v)) +O(n5/6) . (3.3.4)

Remark 3.3.4. For our purpose, we are interested in the case when λ < 1 since λ will be

the principal eigenvalue of a transition matrix of random walk with killing. Similar results

has been proved when λ ≥ 1 in [72], where one considers Brownian motion with Poissonian

obstacles and the corresponding g( · ;λ) will be proportional to Euclidean distance. We note

that our case when λ < 1 is substantially more challenging to analyze (since for instance, we

have to forbid the random walk to enter Dλ which incurs a number of complications in the

proof).

Lemma 3.3.5. With P-probability tending to one, for any distinct u, v ∈ V there exists a

large constant C > 0 depending only on (d, p) such that

|(n log λ(v)− g(v;λ(v)))− (n log λ(u)− g(u;λ(u)))| ≥ n(log n)−C .
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Let v∗ be the maximizer of the following variational problem

max
v∈V

n log λ(v)− g(v;λ(v)) . (3.3.5)

Combining preceding three results, we will show in Proof of Theorem 3.1.2 that conditioned

on survival, with P̂-probability tending to one the random walk travels to the pocket island

around v∗ and stays there afterwards. We will call the pocket island around v∗ the optimal

pocket island.

Remark 3.3.6. By Theorem 3.1.2, for a typical environment, with P-probability tending

to 1 the target island as described in Section 3.2 coincides with the optimal pocket island.

Furthermore,

log P(τ > n) = n log λ(v∗)− g(v∗;λ(v∗)) +O(n5/6) . (3.3.6)

3.3.2 Proof of Lemmas 3.3.2, 3.3.5 and Theorem 3.1.2

In this subsection, we prove Lemmas 3.3.2, 3.3.5 and then prove Theorem 3.1.2 by combining

Lemmas 3.3.2, 3.3.5 and Proposition 3.3.3. The proof of Proposition 3.3.3 is postponed to

Section 3.4 and occupies the entire section.

Proof of Lemma 3.3.2. By the strong Markov Property, we get that

P(Ev) = E

[
1τDλ(v)∪O>Tv

PSt(ξB(v,(log n)κ)\O > n− t)|t=Tv

]
. (3.3.7)

Note that for m ∈ (0, n), by (3.2.3) and [24, Lemma 4.5],

PSTv (ξB(v,(log n)κ)\O > m) ≤ PSTv (λ(x) ≤ λ(v) for x ∈ S[0,m], τ > m) ≤ (log n)Cλ(v)m .

At the same time, since v, STv ∈ C(0) and |STv−v| ≤ (log n)κ/2, by [7, Theorem 1.1] (or [24,

(3.8)]) we see that any point in CR(v) (defined in Section 3.2) and STv can be connected by
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an open path of length at most C(log n)κ/2 (Thus the open path is also inside B(v, (log n)κ)).

Combined with maxxPx(ξA > t) ≥ λtA (see [24, Lemma 3.2]), it gives that for m ∈ (0, n)

PSTv (ξB(v,(log n)κ)\O > m) ≥ e−(log n)Cλ(v)m . (3.3.8)

Combining preceding three displays completes the proof of the lemma.

Proof of Lemma 3.3.5. It suffices to prove the following: with P-probability tending to

one, for any u, v ∈ D∗ such that |u− v| ≥ (log n)6,

|(n log λ(v)− g(v;λ(v)))− (n log λ(u)− g(u;λ(u)))| ≥ n(log n)−C .

Now we verify this statement. Let A be the set of all the possible values for the random

variable log λ(v) that are greater than or equal to log λ∗ and C ′ > 0 be a large constant to

be selected. We have

∑

u,v∈B(0,n)

|u−v|≥(log n)6

P
(
|(n log λ(v) + g(v;λ(v)))− (n log λ(u) + g(u;λ(u)))| ≤ n

(log n)C
′ , u, v ∈ D∗

)

=
∑

u,v∈B(0,n),|u−v|≥(log n)6

∑

a1,a2∈A
P(log λ(v) = a1, log λ(u) = a2)Ia1,a2 ,

where Ia1,a2 = 1|(na1+g(v;ea1))−(na2+g(u;ea2))|≤n(log n)−C′ . Noting that (3.3.3) holds for all

λ ∈ [λ∗, 1], we let

H = {h : Rd → R+ : c ≤ h(v)/|v| ≤ C̄ for all v ∈ Zd, h convex, homogeneous of degree 1}.

(3.3.9)
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Then for all h ∈ H, x > 0, h−1({x}) is a convex set in B(0, x/c) and

sup
a1∈A

sup
x∈R
|{v ∈ B(0, n) : |g(v; ea1)− x| ≤ n(log n)−C

′}|

≤ sup
h∈H

sup
x∈R
|{v ∈ B(0, n) : |h(v)− x| ≤ n(log n)−C

′}|

= sup
h∈H

sup
x∈R
|{y ∈ Rd : ∃ v ∈ B(0, n) such that |h(v)− x| ≤ n(log n)−C

′
, |v − y|∞ ≤ 1/2}| ,

where in the last expression the outmost | · | stands for Lebesgue measure instead of cardinal-

ity. Note that |v− y|∞ ≤ 1/2 implies |h(v)− h(y)| ≤ C̄d1/2 and h(v) ≤ C̄n for v ∈ B(0, n).

We thus obtain that

sup
a1∈A

sup
x∈R
|{v ∈ B(0, n) : |g(v; ea1)− x| ≤ n(log n)−C

′}|

≤ sup
h∈H

sup
x≤2C̄n

∣∣∣h−1([x− n(log n)−C
′ − C̄d1/2, x+ n(log n)−C

′
+ C̄d1/2])

∣∣∣

≤ Cc−1(2C̄n)d−1 · (c−1n(log n)−C
′
+ c−12C̄d1/2) ≤ Cnd(log n)−C

′
,

where the second inequality follows from the fact that the surface area of any convex set

contained in a ball is less than the surface area of that ball (see, e.g., [39, Page 48–50]).

Since λ(v) and λ(u) are independent if |u− v| ≥ (log n)6, we conclude that

∑

u,v∈B(0,n)

|u−v|≥(log n)6

∑

a1,a2∈A
P(log λ(v) = a1, log λ(u) = a2) · Ia1,a2 ≤ 2dn2d(log n)−C

′
(P(v ∈ D∗))2 .

Now, the results follow from (3.2.2) and choosing C ′ such that (log n)C
′ ≥ k20d

n .

Proof of Theorem 3.1.2. Recall that v∗ is the maximizer of the function v 7→ n log λ(v)−

g(v;λ(v)) (c.f. (3.3.5)). Then combining Lemmas 3.3.2, 3.3.5 and Proposition 3.3.3, we get
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that with P̂-probability tending to one

log P(Ev∗)− log P(Eu) ≥ 2−1n(log n)−C ∀u ∈ V \ {v∗} .

Hence, on the preceding event P(Ev∗)/
∑
u∈V P(Eu) ≥ 1 − e−n(log n)−C . Combined with

(3.2.4), it follows that P(Ev∗ | τ > n) ≥ 1− e−(log n)c . Define

U :=the connected component in B(v∗, (log n)κ) that contains v∗. (3.3.10)

And recall that T = Tv∗ . On event Ev∗ , the random walk stays in B(v∗, (log n)κ) during

[T, n]. The discussion before (3.3.8) yields ST ∈ U . Hence

P
(
T ≤ C|v∗|, {St : t ∈ [T, n]} ⊆ U | τ > n

)
≤ e−(log n)c . (3.3.11)

This completes the proof of the theorem.

3.4 Approximation and concentration for ϕ?-function

This entire section is devoted to the proof of Proposition 3.3.3. To this end, we first introduce

a couple of definitions.

Definition 3.4.1. For λ > 0, A ⊆ Zd and x, y ∈ Zd,we define

GA(x, y;λ) =
∞∑

n=0

λ−nPx(Sn = y, S[1,n−1] ⊆ A) .

Note that in the preceding definition, we have chosen λ−n as opposed to the more con-

ventional λn so that it will be consistent with the definition below.

Definition 3.4.2. We set r(x, y) = (log |x − y|)2κ+10d,Vλ = (Dλ ∪ O)c and define log-
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weighted Green’s functions (LWGF)

ϕ(x, y;λ) = − log
(
Ex
[
λ−τy1τDλ∪O>τy

])

ϕ∗(x, y;λ) = min
x′∈B(x,r(x,y))

min
y′∈B(y,r(x,y))

ϕ(x′, y′;λ) .
(3.4.1)

Note that the name of log-weighted Green’s functions came from the factor of λ−τy in

the preceding definition. Also,

ϕ(x, y;λ) = − logGVλ\{y}(x, y;λ) = − log
(
GVλ(x, y;λ)/GVλ(y, y;λ)

)
. (3.4.2)

The next result justifies the approximation of ϕ? by the log-weighted Green’s functions,

whose proof can be found in Section 3.4.2.

Lemma 3.4.3. For n sufficiently large and all v ∈ Zd with |v| ∈ (n2/3, C3,0n(log n)−2/d),

P
(

max
λ∈[λ∗,1]

|ϕ∗(0, v;λ)− ϕ?(0, v;λ)| ≤ (log n)C | G0

)
≥ 1− e−c(log n)2

.

where

G0 := {C(0) ∩Bc
n1/2(0) 6= ∅,Dλ∗ ∩B(0, n1/2) = ∅} . (3.4.3)

Here the event G0 is used as an approximation of {0 ∈ C(∞)} (see Lemma 3.2.4, (3.2.6)),

and in Proof of Proposition 3.3.3 we will take advantage of the fact that G0 only depends on

the local environment of 0. We also wish to make a couple of remarks on Definition 3.4.2:

• We first approximate ϕ? by ϕ where we replace Ty by τy — this is useful since later we

will apply sub-additive arguments and it would be convenient to get rid of reference

to n in the definition (recall that Ty = τB(y,(log n)κ/2)). In addition, we do not restrict

τy < n, which will be justified in Lemma 3.4.16.

• We further approximate ϕ by ϕ∗ by allowing to minimize over the starting and end-

ing points in some local ball around x and y, for the purpose of getting around the
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complication when x and y are disconnected by obstacles (which occurs with positive

P-probability).

In addition, we note that in later subsections we will introduce more approximations of

LWGFs to facilitate our analysis.

The rest of this section is organized as follows: In Section 3.4.1 we apply renormaliza-

tion techniques to control the chemical distances on the cluster (Dλ ∪ O)c as well as some

refined geometric properties (c.f. Lemma 3.4.9) for later use. In Section 3.4.2, we justify

the approximation of ϕ∗ by the LWGF and prove a few technical lemmas about LWGF. In

Section 3.4.3, we prove a concentration inequality for ϕ∗ and sub-additivity of Eϕ∗. Then

in Section 3.4.4, we follow the framework developed in [4] for first-passage percolation to

prove that Eϕ∗ is approximated by g with approximation error bounded by O(|v|α) for some

α < 1. In this step, we have to address a number of challenges that are not seen in the

first-passage percolation setup, due to the complication in the definition of our log-weighted

Green’s function ϕ∗. Finally, in Section 3.4.5 we prove Proposition 3.3.3, by combining the

ingredients in previous subsections.

3.4.1 Percolation process avoiding high survival probability regions

In this subsection, we study connectivity properties for the percolation process on Oc ∩

Dcλ∗ where λ∗ is defined in (3.2.1) — this will be useful later when analyzing LWGFs. In

order to analyze this percolation process with (short-range) correlations, we employ the

standard renormalization technique in percolation theory, and reduce it to the analysis of

a certain independent percolation process (see Lemmas 3.4.7 and 3.4.8, and discussions

following Lemma 3.4.8).

Definition 3.4.4. Recall that Kr(v) = {x ∈ Zd : |x − v|∞ ≤ r}. Let L = blog nc2d and

consider disjoint boxes

Ki := KL((2L+ 1)i) for i ∈ Zd . (3.4.4)
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We define the renormalized lattice {Ki : i ∈ Zd} which inherits the graph structure from the

bijection Ki 7→ i.

Definition 3.4.5. Let CD be a positive constant to be selected in Lemma 3.4.7. We say Ki

(or i) is white (otherwise black), if the following hold:

1. There exists a unique open connected component Ci in KCDL((2L+ 1)i), such that

|Ci ∩ (
⋃

j:‖j−i‖∞≤1

Kj)| ≥ L/10 . (3.4.5)

2. For all u, v ∈ Ci ∩ (
⋃

j:‖j−i‖∞≤1 Kj) (recalling definition of D·(·, ·) in Section 3.1.5),

DCi
(u, v) ≤ CDL . (3.4.6)

3. KCDL((2L+ 1)i) ∩ Dλ∗ = ∅. In addition, for all j satisfying ‖j− i‖∞ ≤ 1, one has

|Ci ∩Kj| ≥ L/10 . (3.4.7)

Remark 3.4.6. The requirements in (3.4.5) and (3.4.7) look somewhat odd and repetitive

at first glance. We present the conditions in this way since we wish that the component

satisfying (3.4.5) is unique, and in addition this component satisfies (3.4.7). This is stronger

than the claim that there is a unique connected component satisfying (3.4.7).

The collection of white vertices gives a dependent site percolation process on the renor-

malized lattice. In the next two lemmas, we will show that the white vertices dominate a

supercritical Bernoulli percolation for an appropriate choice of CD and n ≥ n0 where n0 is

a fixed large constant.

Lemma 3.4.7. There exists a constant CD ≥ 4 such that for n sufficiently large and all

i ∈ Zd
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(1) The event {Ki is white} is independent of σ( {Kj is white} for j s.t. |j− i| ≥ 4CD).

(2) P(Ki is white) ≥ 1− n−1 .

Proof. The first item is a direct consequence of the definition. Now, we verify the second

item. We first claim that Ki is white if all of the following hold:

(a) For all u, v ∈ ⋃j:‖j−i‖∞≤1 Kj such that u, v are in the same open connected component,

DOc(u, v) ≤ CDL . (3.4.8)

(b) For any v ∈ ⋃j:‖j−i‖∞≤1 Kj, either C(v) = C(∞) or |C(v)| < L/10.

(c) For all ‖j− i‖∞ ≤ 1,

|C(∞) ∩Kj| ≥ L/10 . (3.4.9)

(d) KCDL((2L+ 1)i) ∩ Dλ∗ = ∅.

To verify this, we observe that (a) implies that

all vertices in C(∞)∩ (
⋃

j:‖j−i‖∞≤1

Kj) are connected in KCDL((2L+1)i)∩C(∞) . (3.4.10)

Combining with (b) and (c), we get Property 1 in Definition 3.4.5 where Ci is the connected

component of C(∞) ∩KCDL((2L + 1)i) which has non-empty intersection with Ki — such

a connected component is unique by (3.4.10). Combining this with (d) gives Property 3.

Property 2 follows from (a).

Now, [7, Theorems 1.1] yields

P((a) holds) ≥ 1− (6L+ 3)2de−cL
1/d
.

By Lemma 3.2.4

P((b) holds) ≥ 1− (6L+ 3)2de−cL
1/2
.
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Combined with [59, Theorem 5], this implies

P((b) and (c) holds) ≥ 1− (6L+ 4)2de−cL
1/2
.

Finally, by (3.2.6)

P((d) holds) ≥ 1− (2CDL+ 1)d(log n)Cn−d .

Altogether, this completes the proof of the lemma.

Lemma 3.4.8. For any ε > 0 the white vertices stochastically dominates (with respect

to subset inclusion) the open vertices in a supercritical independent site percolation with

parameter 1− ε as long as n is greater than a large constant depending on (d, ε).

Proof. The lemma follows from Lemma 3.4.7 and [55, Theorem 0.0].

In what follows, we will call vertices that are open in this Bernoulli(1 − ε) percolation

tilde-white. Thus, there is a coupling such that a tilde-white vertex is always white, and

tilde-white vertices form a Bernoulli percolation with parameter 1 − ε. In what follows, we

will work with tilde-white vertices as opposed to white vertices. We will call the tilde-white

percolation the macroscopic process and call the original site percolation (where open means

free of obstacles) microscopic process. For instance, we will refer to a microscopic path as a

path that consists of vertices in the original lattice and a macroscopic path as a path that

consists of vertices in the renormalized lattice. For any x ∈ Zd, we denote ix be such that

Kix is the unique macroscopic box that contains x. For A ⊆ Zd, define

KA :=
⋃

i∈A

Ki and CA :=
⋃

i∈A

Ci , (3.4.11)

where Ci is defined as in Definition 3.4.5 if i is tilde-white and an empty set otherwise. For

i ∈ Zd, we denote by CK(i) the tilde-white cluster containing Ki. If i is tilde-black (i.e., not

tilde-white), then CK(i) = ∅.
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Figure 3.1: Two dot-

ted circles centered at

x, with radius r and

2r accordingly. Shaded

area represents Λ(x, r).

Solid curves represent

CΛ(x,r).

For A1, A2, A3 ⊆ Zd, we say A1 is a vertex cut that separates

A2 and A3 if any path joining A2 and A3 has nonempty intersec-

tion with A1.

Lemma 3.4.9. For any x ∈ Zd and r > (log n)3d, let Λ(x, r)

be an arbitrary (macroscopic) tilde-white connected set such that

KΛ(x,r) is a vertex cut that separates B(x, r) and (B(x, 2r))c (See

Figure 3.1). If such cut does not exist, let Λ(x, r) = ∅. Then for

n sufficiently large,

(1) P(Λ(x, r) = ∅) ≤ e−rL
−1

.

(2) For any u ∈ KΛ(x,r) such that |C(u)| ≥ L/10, we have

u ∈ CΛ(x,r). Any u, v ∈ CΛ(x,r) can be join by a path in

CΛ(x,r)(thus in (O ∪ Dλ∗)
c) of length at most r2d.

Proof. (1) It suffices to prove that in the macroscopic lattice there

exists a tilde-white connected set Λ that separates B(ix, R) and

(B(ix, 3R/2))c for R = r(2L)−1 + 2, since each microscopic path not intersecting with KΛ

corresponds to a macroscopic path not intersecting with Λ. (Here, B(ix, R) is the discrete

ball in the macroscopic lattice.)

For q > 0, we say a subset of Zd is ]q-connected, if it is connected with respect to the

adjacency relation

x
]q∼ y ⇐⇒ |x− y|1 ≤ q, .

In addition, we say a subset of Zd is ∗-connected, if it is connected with respect to the

adjacency relation

x
∗∼ y ⇐⇒ |x− y|∞ ≤ 1.

Now, let A be the union of B(ix, R) and all tilde-black ]3d-connected components that

have nonempty intersection with
⋃

j∈B(ix,R){k : |k − j|1 ≤ 3d}. If A 6⊆ B(ix, 3R/2 − 10d),
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then there exists a ]3d-connected tilde-black path connecting B(ix, R+3d) and (B(ix, 3R/2−

10d))c. By definition of tilde-white process, we get from a simple union bound over all ]3d-

connected tilde-black path connecting B(ix, R + 3d) and B(ix, 3R/2− 10d)c that

P(A 6⊆ B(ix, 3R/2− 10d)) ≤ (2R + 6d)d(6d+ 1)d(3R/2−10d)ε3R/2−10d ≤ e−2R ,

for sufficiently large n (and thus ε is sufficiently small). On the event {A ⊆ B(ix, 3R/2 −

10d)}, we let A′ =
⋃

j∈A{k : |k − j|1 ≤ d} and A0 be the connected component in A′

containing B(ix, R). Then by [20, Lemma 2.1] (which states that the external outer boundary

of a ∗-connected set is ∗-connected), there is a subset of ∂A0 which is ∗-connected and

contains A0 in its interior. We denote this subset by Λ0 and let Λ =
⋃

j∈Λ0
{k : |k−j|∞ ≤ 1}.

Then, the set Λ is connected and is contained in B(ix, 3R/2). It remains to prove that Λ is

tilde-white and contains A = B(ix, R) in its interior.

Note that for any j ∈ Λ0, the `1-distance between j and A is d + 1. Hence, the set Λ

contains A = B(ix, R) in its interior. By the ]3d-connectivity, the `1-distance between j and

any tilde-black point in Ac is at least 3d− (d + 1) ≥ d + 1. Hence, the set Λ is also free of

tilde-black points.

(2) By Property 1 in Definition 3.4.5, |C(u)| ≥ L/10 implies that u ∈ CΛ(x,r). Also, since

Λ(x, r) is connected, by Properties 1 and 3 in Definition 3.4.5, CΛ(w,r) is connected. Then

the last statement follows from |CΛ(x,r)| ≤ r2d.

Lemma 3.4.10. Recall Vλ = (Dλ ∪ O)c and let C3,2 = 6d2. Suppose that λ ≥ λ∗ where λ∗

is defined in (3.2.1). For n sufficiently large and any x, y ∈ Zd such that |x − y| ≥ n1/10,

with P-probability at least 1− e−(log |x−y|)3
we have

(1) There is a unique connected component in Vλ of diameter no less than (log |x− y|)C3,2

that intersect with B(x, |x− y|2) .

(2) For any u, v in this component, there exists a path in Vλ that connects u, v and which

has length at most max(C|u− v|, (log |x− y|)C).
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Proof. Suppose B1, B2 ⊆ Vλ are two connected set and both B1 and B2 have diameter at

least (log |x−y|)C3,2 and have nonempty intersection with B(x, |x−y|2). We will prove that

with P-probability at least 1− e−(log |x−y|)3
for any v1 ∈ B1, v2 ∈ B2, there exists a path in

Vλ that connects v1, v2 and is of length less than max(C|v1 − v2|, (log |x− y|)C). Provided

with this claim, the lemma follows immediately. Next we verify the claim.

Without loss of generality, we suppose |B1|, |B2| ≤ (2 log |x − y|)C3,2d. We suppose

Λ(v, r) exists for r = (log |x − y|)5d and all v ∈ B(x, 2|x − y|2), which has probability

at least 1 − e−(log |x−y|)4
according to Lemma 3.4.9. Since C3,2 = 6d2, it follows that

Bi ∩ KΛ(vi,r)
6= ∅. By Property 1 in Definition 3.4.5 and that Bi is open, it follows that

Bi ∩ CΛ(vi,r)
6= ∅.

Since tilde-white percolation is a supercritical independent site percolation, with prob-

ability 1 there exists a unique infinite (macroscopic) tilde-white cluster (c.f. [1]), which we

denote as CK(∞). Then the following holds with probability at least 1 − e−(log |x−y|)4
(by

[7, Theorems 1.1] (or [24, (3.8)]) and Lemma 3.2.4)

(a) For all i, j ∈ CK(∞) ∩B(ix, |x− y|2), DCK(∞)(i, j) ≤ max(C|i− j|, (log |x− y|)5).

(b) For all i ∈ Zd ∩B(ix, |x− y|2), either CK(i) = CK(∞) or |CK(i)| ≤ (log |x− y|)9.

Then it follows from (b) that Λ(vi, r) ⊆ CK(∞) for i = 1, 2. Combined with (a) and the

Property 2 in Definition 3.4.5, it yields the claim we described at the beginning of the proof

and thus complete the proof of the lemma.

3.4.2 Approximations of LWGF

In order to prove concentration inequality for ϕ∗ and sub-additivity for Eϕ∗ in Section 3.4.3,

we shall introduce ϕ̄∗, and ϕ◦ as follows. For notation convenience, we will omit λ in ϕ∗

(recalling that λ ≥ λ∗).
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Definition 3.4.11. Recall (3.4.1). We define ϕ̄, the truncation of ϕ, as

ϕ̄∗(x, y) = c|x− y| ∨ (ϕ∗(x, y) ∧ C̄|x− y|) , (3.4.12)

and define ϕ◦’s as

ϕ◦(x, y) = − log
(
Ex
[
λ−τy ; τDλ∪O > τy, ξB(x,R◦) > τy

])
,

ϕ◦∗(x, y) = min
x′∈B(x,r(x,y))

min
y′∈B(y,r(x,y))

ϕ◦(x′, y′) , (3.4.13)

ϕ̄◦∗(x, y) = c|x− y| ∨ (ϕ◦∗(x, y) ∧ C̄|x− y|) ,

where c, C̄ > 0 are two constants to be selected, R◦ = |x− y|(log |x− y|)C◦, C◦ = C3,1 + 3.

(Recall r(x, y) = (log |x− y|)2κ+10d).

We remark that ϕ◦ is ϕ with an additional restriction that the random walk does not exit

a big ball centered at x (the superscript ◦ stands for restriction to a “ball”, and the underline

and bar decorations of C in the notation correspond to lower and upper truncations.)

It follows directly from definition that

ϕ◦(x, y) ≥ ϕ(x, y) . (3.4.14)

Some remarks are in order for Definition 3.4.11.

• As we will show in Lemma 3.4.12 ϕ∗(x, y) is linear in |x − y|. Then we can (and we

will) choose c, C̄ such that ϕ∗ and ϕ◦∗ (also ϕ̄∗ and ϕ̄◦∗) are close. Such truncations are

useful as they allow us to work with functions that are deterministically bounded from

below and above.

• We will show in Lemma 3.4.13 that ϕ and ϕ◦ are close to each other and show in

Lemma 3.4.14 that concentration of ϕ̄◦∗(x, y) around its expectation is sufficient to

guarantee the concentration of ϕ̄∗(x, y). This is useful since it is more convenient to
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prove concentration for ϕ̄◦∗(x, y) for the reason that it only depends on a finite number

of random variables.

Lemma 3.4.12. There exist constants c, C̄ > 0 depending only on (d, p) such that for n

sufficenlty large and all x, y ∈ Zd with |x − y| > n1/10, the following holds with probability

at least 1− e−(log |x−y|)2
: for all λ ∈ [λ∗, 1]

ϕ◦∗(x, y) ≤ 1
4C̄|x− y| , (3.4.15)

ϕ∗(x, y) ≥ 4c|x− y| . (3.4.16)

As a result, for the same (x, y), we have for all λ ∈ [λ∗, 1]

ϕ∗(x, y) = ϕ̄∗(x, y), ϕ◦∗(x, y) = ϕ̄◦∗(x, y) (3.4.17)

Lemma 3.4.13. The following holds for all environments. For n sufficenlty large and all

x, y ∈ Zd such that |x− y| > n1/10. If ϕ(x, y) ≤ 2C̄|x− y|, then

ϕ(x, y) ≥ ϕ◦(x, y)− e−|x−y| , (3.4.18)

Ex
[
τyλ
−τy ;τDλ∪O > τy

]
/Ex

[
λ−τy ; τDλ∪O > τy

]
≤ |x− y|(log |x− y|)C◦ . (3.4.19)

Lemma 3.4.14. The following holds for all environments. For n sufficenlty large and all

x, y ∈ Zd such that |x− y| > n1/10,

{E [ϕ̄∗(x, y)]− ϕ̄∗(x, y) ≤ 2−1|x− y|2/3, 4c|x− y| ≤ ϕ̄∗(x, y) ≤ 4−1C̄|x− y|}

⊆ {E [ϕ̄◦∗(x, y)]− ϕ̄◦∗(x, y) ≤ |x− y|2/3, 2c|x− y| ≤ ϕ̄◦∗(x, y) ≤ 2−1C̄|x− y|}

⊆ {E [ϕ̄∗(x, y)]− ϕ̄∗(x, y) ≤ 2|x− y|2/3, c|x− y| < ϕ̄∗(x, y) < C̄|x− y|} .

Now, we prove the aforementioned results as well as Lemma 3.4.3. We first record the

following corollary, which is an immediate consequence of (3.2.7).
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Corollary 3.4.15. There exists C3,3 = C3,3(d, p) such that for n sufficenlty large, all x, y ∈

Zd, and 0 < λ < 1

GVλ(x, y;λ) ≤ (log n)C3,3 . (3.4.20)

Proof of (3.4.15) in Lemma 3.4.12. We will work on the event that both Λ(x, r(x, y)/2)

and Λ(y, r(x, y)/2) are non-empty and the properties described in Lemma 3.4.10 hold for

(x, y, λ∗). By Lemmas 3.4.9 and 3.4.10, this event has probability at least 1− 2e(log |x−y|)3
.

We note that this event does not depend on λ.

On such a event, since CΛ(x,r(x,y)/2) and CΛ(y,r(x,y)/2) are in (Dλ∗∪O)c and of diameter

at least (log |x− y|)C3,2 , Lemma 3.4.10 (2) implies there is a path in Vλ∗ of length at most

C|x−y| that connects B(x, r(x, y)) and B(y, r(x, y)). Therefore, by forcing the random walk

to go along such a path we get

max
λ∈[λ∗,1]

ϕ◦∗(x, y;λ) ≤ C log(2d)|x− y| .

The next result will be useful in proving (3.4.16).

Lemma 3.4.16. For n sufficiently large and all u ∈ C(0) with |u| ≥ n1/2, with P̂-probability

at least 1− 2e−(log |u|)2d
, for all λ ∈ [λ∗, 1]

E
[
λ−τu1τDλ∪O>τu1τu<C|u|

]
≥ E

[
λ−τu1τDλ∪O>τu

]
(1− e−|u|1/101

) .

Proof. By setting λ = 1 and u ∈ B(0, n), this lemma reduces to the path localization result

Tu ≤ C|STu | (see (3.2.4), [24, (5.18)]). The proof of the lemma is a straightforward adaption

of arguments in [24], and here we only describe how to implement such an adaption.

For u, v ∈ Zd, A ⊆ Zd and r ≥ 1, we define KA,r(u, v) as in [24, Equation (2.16)]. For

a random walk path ω, we define its unique loop erasure decomposition as in [24, Equation

(5.1)] where η = η(ω) is the loop erasure and we define φ(ω) as in [24, Equation (5.10)]. For

t ≥ 1, as in [24], we let M(t) be the collection of sites v such that Pv(τ > t) ≥ e−t/(log t)2
.
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We also define

At(ω) = {0 ≤ i ≤ |η| : |li| = t, ηi 6∈ M(t)} .

We will work on the following event (which does not depend on λ)

{
|γ ∩M(t)| ≤ e−(log t)3/2 |γ|, ∀γ ∈

⋃

m≥|u|
Wm(0), t ≥ t1

}
(3.4.21)

where Wm(0) is the set of self-avoiding paths in Zd of length m with initial point 0 and t1

is a constant depending only on (d, p). By [24, Lemma 5.3], the event described in (3.4.21)

has P-probability at least 1− e−(log |u|)2d
. (Note that we should replace “n(log n)−100d2

” in

the proof of [24, Lemma 5.3] by “|u|”.) By λ ≥ λ∗ and (3.2.7) we could see that

max
u6∈M(t)

Pu(τDλ∪O > t) ≤





λte−2−1t/(log t)2
, t ≤ k50d

n ,

λte−2−1tk−21d
n , t ≥ k50d

n .

As in the proof of [24, Lemma 5.5], there exists a constant t2 = t2(d, p) such that for m ≥ 1,

t ≥ t2, γ ∈ φ(K(Dλ∪O)c\{u},m(0, u)) with m− |γ| ≥ |η|t−9 we have

P({ω ∈ K(Dλ∪O)c\{u},m(0, u) : φ(ω) = γ}) ≤ P(γ)

( |η|
m−|γ|
t

)(
max

u6∈M(t)
Pu(τDλ∪O > t)

)m−|γ|
t .

Substituting the bound on maxu 6∈M(t) Pu(τDλ∪O > t) and using
(M
N

)
≤ (eM/N)N gives

P({ω ∈ K(Dλ∪O)c\{u},m(0, u) : φ(ω) = γ}) ≤
(
P(γ)λm−|γ|

)
· e−3−1(m−|γ|)k−21d

n .

For t ≤ |u|1/20, since |η| ≥ |u| ≥ n1/2, we have (m− |γ|)k−21d
n ≥ |η|t−9k−21d

n ≥ |u|1/2. For

t ≥ |u|1/20, since m− |γ| is a multiple of t, (m− |γ|)k−21d
n ≥ t · k−21d

n ≥ |u|1/50t1/2. Then
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summing over all m, γ such that m− |γ| ≥ |η|t−9 and t ≥ t2 we get

∑

t≥t2

∑

m≥0

λ−mP({ω ∈ K(O∪Dλ)c\{u},m(0, u) : |At(ω)| ≥ |η|t−10})

≤ E
[
λ−τu1τDλ∪O>τu

]
e−|u|

1/100
. (3.4.22)

Next, as it was treated in [24, Corollary 5.9], we combine (3.4.22) and (3.4.21) to deduce

that on event (3.4.21), we have

E
[
λ−τu1τDλ∪O>τu1τu≥C ′·η(S[0,τu])

]
≤ E

[
λ−τu1τDλ∪O>τu

]
e−|u|

1/100

where C ′ is an appropriately chosen constant. Finally, by [24, Lemma 5.4], we see that

E
[
λ−τu1τDλ∪O>τu1τu<C ′·η(S[0,τu])

1η(S[0,τu])≥C ′′|u|
]
≤

∑

j≥C ′′|u|
(c′λ−C

′
∗ )j ,

for some constant c′ = c(d, p) ∈ (0, 1) and sufficiently large C ′′. Combining the preceding

two inequalities and (3.4.15) completes the proof of the lemma.

Proof of (3.4.16) and (3.4.17) in Lemma 3.4.12. Lemma 3.4.16 implies that for any u ∈

B(x, r(x, y)), v ∈ B(y, r(x, y)) with P-probability at least 1 − 2e−(log |u−v|)2d
, we have that

for all λ ∈ [λ∗, 1]

ϕ(u, v) = − log Eu
[
λ−τv1τDλ∪O>τv

]
≥ − log Eu

[
λ−τv1τDλ∪O>τv1τv<C|u−v|

]
− 1

≥ − log Pu(τ > τv)− (1 + C|u− v| log λ) .

At the same time, since any path connecting u and v has a loop erasure of length at least

|u− v|, [24, Lemma 5.4] implies that there exists c′ = c′(d, p) ∈ (0, 1) such that

P(Pu(τ > τv) ≥ (c′)|v−u|) ≤ e−c|v−u| .
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We complete the proof of (3.4.16) by combining preceding two inequalities and using a union

bound over all u ∈ B(x, r(x, y)), v ∈ B(y, r(x, y)).

Since (3.4.17) is an immediate consequence of (3.4.16) and (3.4.15), we have completed

the proof of the lemma.

Proof of Lemma 3.4.13. We denote j∗ = |x− y|(log |x− y|)C◦−1. By (3.2.7), we have for

any x, y ∈ Zd,

Ex
[
τyλ
−τy ; τDλ∪O > τy, τy ≥ j∗

]
≤
∑

j≥j∗
jλ−jPx(τDλ∪O > j)

≤
∑

j≥j∗
j(log n)C(1− (log n)−100d)j ≤ e−|x−y| log |x−y| .

(3.4.23)

Since λ−τy ≤ τyλ
−τy , we have that e−ϕ(x,y) − e−ϕ◦(x,y) equals to

Ex[λ−τy ; τDλ∪O > τy ≥ ξB(x,j∗)] ≤ Ex[λ−τy ; τDλ∪O > τy ≥ j∗] ≤ e−|x−y| log |x−y| .

Combined with ϕ(x, y) ≤ 2C̄|x− y|, it yields

ϕ◦(x, y)− ϕ(x, y) ≤ − log(1− e−|x−y| log |x−y|+2C̄|x−y|) ≤ e−|x−y| ,

verifying (3.4.18). Next, we prove (3.4.19). To this end, we observe

Ex
[
τyλ
−τy ; τDλ∪O > τy, τy ≤ j∗

]
≤ j∗Ex

[
λ−τy ; τDλ∪O > τy

]
= j∗e−ϕ(x,y) .

Combined with (3.4.23) and ϕ(x, y) ≤ 2C̄|x− y|, it yields that

Ex
[
τyλ
−τy ; τDλ∪O > τy

]
≤ j∗e−ϕ(x,y) + e−|x−y| log |x−y| ≤ |x− y|(log |x− y|)C◦e−ϕ(x,y) ,

which gives (3.4.19) as desired and thus completes the proof of the lemma.
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Proof of Lemma 3.4.14. Combining (3.4.18) and Definition 3.4.2, we get that

ϕ∗(x, y) ≤ 2C̄|x− y| =⇒ ϕ∗(x, y) ≥ ϕ◦∗(x, y)− e−|x−y|/2 .

Since ϕ∗(x, y) ≤ ϕ◦∗(x, y), it suffices to prove E [ϕ̄◦∗(x, y)] ≤ E [ϕ̄∗(x, y)] + e−(log |x−y|)2/2.

Now, denote event E = {ϕ̄∗(x, y) = ϕ∗(x, y) and ϕ̄◦∗(x, y) = ϕ◦∗(x, y)}. Then by (3.4.17), we

have

E [ϕ̄∗(x, y)]− E [ϕ∗(x, y)1E ] ≤ C̄|x− y|e−(log |x−y|)2
,

E [ϕ̄◦∗(x, y)]− E [ϕ◦∗(x, y)1E ] ≤ C̄|x− y|e−(log |x−y|)2
.

Suppose ϕ∗(x, y) = ϕ(u, v), for u ∈ B(x, r(x, y)) and v ∈ B(y, r(x, y)). By (3.4.18), we have

ϕ∗(x, y)1E = ϕ(u, v)1E ≥ ϕ◦(u, v)1E − e−|u−v| ≥ ϕ◦∗(x, y)1E − e−|x−y|/2 .

We complete the proof by combining preceding three inequalities.

Proof of Lemma 3.4.3. We first note that combining Lemma 3.2.4 and (3.2.6) gives

P(G04 {0 ∈ C(∞)})→ 0 . (3.4.24)

So P(G0) is bounded away from 0 for large n. Let A = B(v, (log n)κ/2) where κ is chosen in

Theorem 3.2.3. Since ϕ(0, z) ≥ ϕ∗(0, v) for all z ∈ ∂iA, we have the upper bound

E
[
λ−Tv1τDλ∪O>Tv

]
≤
∑

z∈∂iA
e−ϕ(0,z) ≤ 2d(log n)dκ/2e−ϕ∗(0,v) . (3.4.25)

For the lower bound, we will work on the event such that the following holds (which does

not depend on λ).

• Λ(v, (log n)C3,2) 6= ∅,

• Properties described in Lemma 3.4.10 hold for (0, ne1, λ∗),
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• For all x ∈ B(0, r(0, v)), y ∈ B(v, r(0, v)) and λ ∈ [λ∗, 1],

Ex
[
λ−τy1τDλ∪O>τy1τy<C|y|

]
≥ Ex

[
λ−τy1τDλ∪O>τy

]
(1− e−|y|1/101

) . (3.4.26)

Combining Lemmas 3.4.9, 3.4.10 and Lemma 3.4.16 (since |v| ≥ n2/3 ensures |y| ≥ n1/2),

this event has probability at least 1− e−c(log n)2
.

Now, we choose x ∈ B(0, r(0, v)) and y ∈ B(v, r(0, v)) such that ϕ∗(0, v) = ϕ(x, y) and

we claim that

DVλ∗ (0, x) ≤ (log n)C and there exists z0 ∈ A such that DVλ∗ (y, z0) ≤ (log n)C . (3.4.27)

Provided with this, by forcing random walk to travel from 0 to x at the beginning and travel

from y to z0 at the end (both along the geodesics), we have that for i ≥ 0,

P(Si+DVλ∗ (0,x)+DVλ∗ (y,z0) = z0, S[1,i+DVλ∗ (0,x)+DVλ∗ (y,z0)−1] ⊆ Vλ)

is bounded below by (2d)−2(log n)CPx(Si = y, S[1,i−1] ⊆ Vλ). Hence,

Ex
[
λ−τy1τDλ∪O>τy1τy<C|y|

]
≤
C|y|∑

i=0

λ−iPx(Si = y, S[1,i−1] ⊆ Vλ)

≤ (2d)2(log n)C
C|y|∑

i=0

λ−iP(Si = z0, S[1,i−1] ⊆ Vλ) , (3.4.28)

where in the last step, we have changed the index using i + DVλ∗ (0, x) + DVλ∗ (y, z0) 7→ i.

Decomposing the random walk path depending on the entrance point in A and using the

86



strong Markov property, we get that

(3.4.28) ≤ (2d)2(log n)C
∑

z∈∂iA

C|y|∑

i=0

λ−iP(Si = z, S[1,i−1] ⊆ Vλ \ A) ·GVλ(z, z0;λ)

≤ (2d)2(log n)C (log n)C3,3E
[
λ−Tv1n∧τDλ∪O≥Tv

]
,

where in the last step, we used Corollary 3.4.15 and |y| ≤ 2C3,0n(log n)−2/d (since |v| ≤

C3,0n(log n)−2/d)). Combining it with (3.4.26) gives the lower bound

E
[
λ−Tv1n∧τDλ∪O≥Tv

]
≥ e−(log n)CEx

[
λ−τy1τDλ∪O>τy

]
.

Combined with (3.4.25) and (3.4.24), this yields the result of the lemma.

It remains to prove (3.4.27). Since x is connected to y in Vλ and (by (3.4.3)) 0 is connected

to Bc
n1/2(0) in Vλ, Lemma 3.4.10 (2) yields the first part of (3.4.27). The second part also

follows directly if y ∈ A. If y 6∈ A, since we assumed Λ(v, (log n)C3,2) 6= ∅, applying Lemma

3.4.10 to C
Λ(v,(log n)

C3,2)
yields that the vertex y is connected to C

Λ(v,(log n)
C3,2)

in Vλ∗ .

Since A ⊇ B(v, 3(log n)C3,2), we get from Lemma 3.4.10 (2) that y is connected to some

z0 ∈ ∂iA in Vλ∗ by a path of length at most (log n)C .

3.4.3 Concentration and Sub-additivity of LWGF

In this subsection, we will prove two key properties of LWGF: concentration as incorporated

in Lemma 3.4.17 and sub-additivity as incorporated in Lemma 3.4.21.

Lemma 3.4.17. For any q ≥ 2, |x− y| > n1/10 and sufficiently large n

Var [ϕ̄∗(x, y)] ≤ (log |x− y|)C · |x− y| , (3.4.29)

E
[
(Eϕ̄∗(x, y)− ϕ̄∗(x, y))

q
+

]
≤ (log |x− y|)qC · |x− y|q/2 , (3.4.30)
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where we used the notation a+ = a1a≥0.

We will use the Efron-Stein inequality to bound the second and higher moments (see

[14, Theorem 2]). To this end, we will control the increment of ϕ̄∗(x, y) when resampling

obstacles in (B(x, 2R◦))c and resampling the obstacle at each w ∈ B(x, 2R◦). We see that

Lemma 3.4.13 implies resampling obstacles in (B(x, 2R◦))c only has a very small effect on

LWGFs (see (3.4.32) below). It is a more complicated issue to control the influence from

resampling w ∈ B(x, 2R◦). To this end, we will employ the following two types of bounds.

• We show in Lemma 3.4.19 that on a typical environment, the increment of ϕ̄∗(x, y)

due to the resampling at w is at most poly-logarithmic in |x− y|. The proof is divided

into two cases as follows.

– For w near x (or y), (recalling that in defining ϕ̄∗(x, y) we have optimized over

starting and ending points that are near x and y respectively) we will choose a

different starting point (or end point) and consider the set of paths that do not

get close to w. See Lemma 3.4.19 Case 1 below.

– For w away from x and y, we note that the random walk can take a detour using

CΛ(w,(log |x−y|)C) for some constant C > 0 (recall C as in Definition 3.4.5 and Λ

as in Lemma 3.4.9) to avoid getting close to w. See Lemma 3.4.19 Case 2 below.

• We prove in Lemma 3.4.20 a bound on the increment by a direct computation which

takes into account how likely the random walk will get close to w.

Remark 3.4.18. Due to the requirement of avoiding Dλ in the definition of LWGFs, by

resampling the obstacle at w, it is possible to change the accessibility for more than just the

vertex w. However, by (3.4.33) below the change on accessibility is confined in a local ball

around w.

In order to implement the preceding outline in detail, we first introduce a few definitions.
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For w ∈ B(x, 2R◦), we denote

Ow = (O \ {w}) ∪ (O′ ∩ {w}), O◦ = (O \ (B(x, 2R◦))c) ∪ (O′ ∩ (B(x, 2R◦))c)

where O′ is an independent copy of O (that is, Ow is obtained from O by re-sampling the

environment at w). Write ϕ(x, y;O) to emphasize its dependence on the environment. Let

Ex,y be the event such that the following hold:

• For any v ∈ B(x, |x− y|2), either C(v) = C(∞) or |C(v)| ≤ (log |x− y|)5.

• For all w ∈ B(x, |x− y|2), Λ(w, r) 6= ∅ for r := (log |x− y|)C3,1+C3,2+6d.

• ϕ̄∗(x, y;O) = ϕ∗(x, y;O), and for all w ∈ B(x, |x− y|2), ϕ̄∗(x, y;Ow) = ϕ∗(x, y;Ow).

Then by Lemmas 3.2.4, 3.4.9, (3.4.17) and (3.4.14),

P(Ecx,y) ≤(2|x− y|2)de−c(log |x−y|)5/2
+ (2|x− y|2)de−r(log n)−2d

+ 3(2|x− y|2)de−(log |x−y|)2 ≤ e−(log |x−y|)3/2
.

On the event Ex,y, by (3.4.1) we can choose u ∈ B(x, r(x, y)) and v ∈ B(y, r(x, y)) such that

ϕ̄∗(x, y;O) = ϕ∗(x, y;O) = ϕ(u, v;O) . (3.4.31)

Let

Vλ,w = (Dλ(Ow) ∪ Ow)c .

Then

ϕ(x, y,Ow) = − log
(
Ex
[
λ−τy ; ξVλ,w > τy

])
.

Now, we claim that on the event Ex,y,

ϕ(u, v;O) ≥ ϕ∗(x, y;O◦)− e−|x−y|/2 . (3.4.32)
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We first see that (3.4.13) implies ϕ(u, v;O◦) ≤ ϕ◦(u, v;O) and Lemma 3.4.13 yields

ϕ◦(u, v;O) ≤ ϕ(u, v;O) + e−|u−v|. Then (3.4.32) follows from (3.4.1).

Further, for all w ∈ B(x, |x − y|2) let Aw denote the union of KΛ(w,r) and its interior

region; i.e. Aw is the complement of the infinite connected component in (KΛ(w,r))
c. Since

Vλ4Vλ,w ⊆ B(w, (log n)C3,1) and Aw ⊇ B(w, r) ⊇ B(w, (log n)C3,1),

Vλ \ Aw = Vλ,w \ Aw . (3.4.33)

That is, removing or adding obstacle at w can only change the accessibility of the sites in

Aw (actually, only in B(w, r)) for the random walk.

Lemma 3.4.19. For n sufficiently large and x, y with |x− y| > n1/10, let u, v be chosen as

in (3.4.31). On the event Ex,y we have

ϕ(u, v;O) ≥ ϕ∗(x, y;Ow)− log(2d)r3d ∀w ∈ B(x, 2R◦) . (3.4.34)

Proof. We divide the proof into two cases as follows.

Case 1: u ∈ Aw ∪ CΛ(w,r) or v ∈ Aw ∪ CΛ(w,r).

We assume that v ∈ Aw ∪CΛ(w,r) (the case u ∈ Aw ∪CΛ(w,r) can be treated similarly).

We first claim that there exists v0 ∈ CΛ(w,r) ∩ B(y, r(x, y)). To see this, we consider the

following two scenarios.
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(i) v ∈ Aw \KΛ(w,r): In this scenario, since r(x, y) ≥ 100r, we know that B(y, r(x, y))∩Ki

is non-empty for some i ∈ Λ(w, r). Then we choose an arbitrary v0 in Ki ∩ CΛ(w,r).

Then Property 1 in Definition 3.4.5 gives C(v0) ≥ L/10 and the claim follows from

Lemma 3.4.9 (2).

(ii) v ∈ KΛ(w,r) ∪ CΛ(w,r): In this scenario, choose v0 = v and we only need to prove

v ∈ CΛ(w,r) when v ∈ KΛ(w,r). Since v is connected to u in Oc, by the first requirement

of the event Ex,y we see that C(v) = C(∞) and the desired claim follows from Lemma

3.4.9 (2).

Also, for the same reason as in (ii) above, we know that for any z ∈ ∂i(Aw ∪ CΛ(w,r)) with

GVλ\((Aw∪CΛ(w,r))∪{v})(u, z;λ) > 0, we have C(z) = C(∞) and thus by Lemma 3.4.9 (2), we

get z ∈ CΛ(w,r) (since z ∈ ∂i(Aw ∪ CΛ(w,r))).

Next, we will verify (3.4.34) in this case by combining the preceding discussions with the

following decomposition of ϕ:

ϕ(u, v;O) = − log
( ∑

z∈∂i(Aw∪CΛ(w,r))

GVλ\((Aw∪CΛ(w,r))∪{v})(u, z, λ)GVλ\{v}(z, v;λ)
)
.

(3.4.35)

By Corollary 3.4.15, GVλ\{v}(z, v;λ) ≤ (log n)C3,3 . Let v0 be chosen as above and consider

any z ∈ ∂i(Aw ∪ CΛ(w,r)) with GVλ\((Aw∪CΛ(w,r))∪{v})(u, z;λ) > 0. In light of scenario

(i),(ii) and the discussion after (ii), we see that v0, z ∈ CΛ(w,r) and thus by Lemma 3.4.9 (2)

we get that GVλ,w\{v}(v0, z;λ) ≥ (2d)−r
2d

. Therefore, combined with (3.4.35) it yields that

ϕ(u, v;O) is bounded below by

− log
(

(2d)r
2d

(log n)C3,3 ·
∑

z∈∂i(Aw∪CΛ(w,r))

GVλ\((Aw∪CΛ(w,r))∪{v0})(u, z;λ)GVλ\{v0}(z, v0;λ)
)

= ϕ(u, v0;Ow)− log(2d)r2d − C3,3 log log n ≥ ϕ∗(x, y;Ow)− log(2d)r3d ,
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where we have used Aw ∪ CΛ(w,r) ∪ {v0} = Aw ∪ CΛ(w,r).

Case 2: Neither u nor v is in Aw ∪ CΛ(w,r).

Let Iz,z′ = GVλ\(Aw∪{v})(u, z;λ)GVλ\(Aw∪{v})(z
′, v;λ), we have

GVλ\{v}(u, v;λ) =
∑

z,z′∈∂iAw
Iz,z′ ·GVλ\{v}(z, z

′;λ) +GVλ\(Aw∪{v})(u, v;λ) ,

GVλ,w\{v}(u, v;λ) =
∑

z,z′∈∂iAw
Iz,z′ ·GVλ,w\{v}(z, z

′;λ) +GVλ\(Aw∪{v})(u, v;λ) .

Wen claim that that for z, z′ ∈ ∂iAw with Iz,z′ > 0,

GVλ\{v}(z, z
′;λ)/GVλ,w\{v}(z, z

′;λ) ≤ (2d)r
3d
. (3.4.36)

Provided with (3.4.36), we see that GVλ\{v}(u, v;λ)/GVλ,w\{v}(u, v;λ) ≤ (2d)r
3d

, which then

yields (3.4.34). It remains to prove (3.4.36). We first note that GVλ(z, z′;λ) ≤ (log n)C3,3 due

to Corollary 3.4.15. At the same time, for the same reason as in Case 1, we know Iz,z′ > 0

implies C(z) = C(z′) = C(∞). Combining this with z, z′ ∈ ∂iAw and Lemma 3.4.9 (2) gives

z, z′ ∈ CΛ(w,r). Then Lemma 3.4.9 (2) implies GCΛ(w,r)
(z, z′;λ) ≥ (2d)−r

2d
. Thus (3.4.36)

would follow once we prove CΛ(w,r) ⊆ Vλ,w \ {v}. To this end, note that CΛ(w,r) ⊆ Vλ \ {v}

(by Definition 3.4.5 and the assumption of this case) and that CΛ(w,r)∩B(w, r−100L) = ∅

(by the definition of CΛ(w,r) in Lemma 3.4.9). Since Vλ4Vλ,w ⊆ B(w, (log n)4) ⊆ B(w, r−

100L), it yields that CΛ(w,r) ⊆ Vλ,w \ {v}. At this point, we complete the verification of

(3.4.36).

Combining the two cases above completes the proof of the lemma.

We remark that (3.4.34) holds for general w provided that the event Ex,y occurs, but it

is suboptimal for typical w. For a typical w, the influence of resampling the environment at

w is much smaller than the bound given in (3.4.34), as incorporated in the next lemma.

Lemma 3.4.20. For n sufficiently large and x, y with |x− y| > n1/10, let u, v be chosen as
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in (3.4.31). For w ∈ B(x, 2R◦), we have

Eu
[
λ−τv ; ξVλ > τv, τAw ≤ τv

]

Eu
[
λ−τv ; ξVλ > τv

] ≥ 1

2
min(1, ϕ(u, v;Ow)− ϕ(u, v;O)) . (3.4.37)

Proof. We note that

ϕ(u, v;Ow) = − log
(
Eu
[
λ−τv ; ξVλw > τv, τAw ≤ τv

]
+ Eu

[
λ−τv ; ξVλ > τv, τAw > τv

])

≤ − log
(
Eu
[
λ−τv ; ξVλ > τv, τAw > τv

])
.

Thus, we have

ϕ(u, v;Ow)− ϕ(u, v;O) ≤ − log

(
Eu
[
λ−τv ; ξVλ > τv, τAw > τv

]

Eu
[
λ−τv ; ξVλ > τv

]
)
.

Therefore, using − log t ≤ (1− t) for 1/2 ≤ t ≤ 1 gives (3.4.37).

Proof of Lemma 3.4.17. It follows from (3.4.31), (3.4.1) and the third requirement of

Ex,y that

((
ϕ̄∗(x, y;Ow)− ϕ̄∗(x, y;O)

)
+

)2 ≤
(
(ϕ(u, v;Ow)− ϕ(u, v;O))+

)2

≤ (log(2d))2r6d ×
2Eu

[
λ−τv ; ξVλ > τv, τAw ≤ τv

]

Eu
[
λ−τv ; ξVλ > τv

]

≤ Cr6d
∑

z∈B(w,2r)

Eu
[
λ−τv ; ξVλ > τv, τz ≤ τv

]

Eu
[
λ−τv ; ξVλ > τv

] , (3.4.38)

where in the second inequality, we used Lemmas 3.4.19 and 3.4.20. Now, we define

V+ =
((
ϕ̄∗(x, y;O◦)− ϕ̄∗(x, y;O)

)
+

)2
+

∑

w∈B(x,2R◦)

((
ϕ̄∗(x, y;Ow)− ϕ̄∗(x, y;O)

)
+

)2
.

(3.4.39)
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Combining (3.4.32) and (3.4.38), we have that on event Ex,y

V+ ≤
∑

w∈B(x,2R◦)

Cr6d
∑

z∈B(w,2r)

Eu
[
λ−τv ; ξVλ > τv, τz ≤ τv

]

Eu
[
λ−τv ; ξVλ > τv

] + 1

≤ Cr7d
∑

z∈Zd

Eu
[
λ−τv ; ξVλ > τv, τz ≤ τv

]

Eu
[
λ−τv ; ξVλ > τv

] + 1 ≤ Cr7dEu
[
τvλ
−τv ; ξVλ > τv

]

Eu
[
λ−τv ; ξVλ > τv

] .

Combining with (3.4.19), we get that on the event Ex,y

V+ ≤ (log |x− y|)C |x− y| .

Combined with (3.4.31) and |ϕ̄∗(x, y)| ≤ C̄|x−y|, this yields for any q ≥ 2, and |x−y| ≥ n1/10

E
[
V
q/2
+

]
≤
(

(log |x− y|)C |x− y|
)q/2

.

In light of the preceding estimate, we complete the proof of the lemma by applying Efron-

Stein inequality and [14, Theorem 2].

Next, we prove the sub-additivity of our LWGF. Note that the sub-additivity for the

logarithm of unweighted Green’s function (i.e., when λ = 1) was proved in [75, Chapter 5,

Lemma 2.1]. The proof for our LWGF shares the same spirit but is a bit more complicated.

Lemma 3.4.21. For n sufficiently large, any x, y, z ∈ Zd with |x − y| ≥ n1/10, and all

λ ∈ [λ∗, 1]

Eϕ̄∗(x, y) ≤ Eϕ̄∗(x, z) + Eϕ̄∗(z, y) + e(log |x−y|)2/3
. (3.4.40)

Proof. For any u, v, w ∈ Zd, by the strong Markov property at τv, we have

GVλ\{w}(u,w;λ) ≥ GVλ\{v,w}(u, v;λ)GVλ\{w}(v, w;λ) .
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Then (3.4.2) and Lemma 3.4.15 implies

ϕ(u,w) ≤ ϕ(u, v) + ϕ(v, w) + C3,3 log log n . (3.4.41)

To prove (3.4.40), we have the complication that ϕ∗(x, y) is the minimum over a neigh-

borhood of x to a neighborhood of y (see (3.4.1)) and the size of the neighborhood depends

on |x− y|. This requires more careful treatment in the proof.

Without lose of generality, we assume |x−z| ≥ |y−z|. By the definition of ϕ̄∗, it suffices

to consider the case when |x − y| ≥ cC̄−1|x − z|. The proof divides into the following two

cases.

Case 1: |y − z| ≥ e(log |x−y|)1/2
.

In this case, we let Ex,y,z be the event such that the following holds:

• For any v ∈ B(x, |x− y|2), either C(v) = C(∞) or |C(v)| ≤ (log |x− y|)5.

• ϕ̄∗(x, y) = ϕ∗(x, y), ϕ̄∗(x, z) = ϕ∗(x, z) and ϕ̄∗(y, z) = ϕ∗(y, z),

• Λ(x, r(x, y)/2),Λ(y, r(x, y)/2),Λ(z, 2r(x, z)) are not empty.

• Properties described in Lemma 3.4.10.
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By Lemmas 3.2.4, 3.4.9, (3.4.17) and 3.4.10,

P(Ecx,y,z) ≤ (2|x− y|)de−c(log |x−y|5/2) + 3e−(log |x−y|)2
+ e−(log |x−z|)3

+ e−(log |z−y|)3

+ e−2−1r(x,y)(log n)−2d
+ e−2r(x,z)(log n)−2d ≤ 2e−(log |x−y|)3/2

. (3.4.42)

On event Ex,y,z, by (3.4.1) we choose x1 ∈ B(x, r(x, z)) and z1 ∈ B(z, r(x, z)), z2 ∈

B(z, r(z, y)) and y1 ∈ B(y, r(z, y)) such that

ϕ̄∗(x, z) = ϕ∗(x, z) = ϕ(x1, z1) and ϕ̄∗(z, y) = ϕ∗(z, y) = ϕ(z2, y1).

Noting that Λ(z, 2r(x, z)) is not empty, we denote by A the union of KΛ(z,2r(x,z)) and its

interior region; i.e., A is the complement of the infinite connected component in Kc
Λ(z,2r(x,z))

.

By decomposition of random walk paths, we have

GVλ(x1, y1;λ) ≥
∑

w1,w2∈∂iA
GVλ\A(x1, w1;λ)GVλ(w1, w2;λ)GVλ\A(w2, y1;λ) .

Also, for w1, w2 such that GVλ\A(x1, w1;λ)GVλ\A(w2, z1;λ) > 0, by the first requirement of

Ex,y,z, we have C(w1) = C(w2) = C(∞). Applying Lemma 3.4.9 (2), we get

GVλ(w1, w2;λ) ≥ (2d)−(2r(x,z))2d
.

Therefore, combining the preceding two displayed inequalities gives

GVλ(x1, y1;λ) ≥ (2d)−(2r(x,z))2d ·
∑

w1,w2∈∂iA
GVλ\A(x1, w1;λ)GVλ\A(w2, y1;λ) .

Also, by Corollary 3.4.15,

GVλ(x1, z1;λ) =
∑

w∈∂iA
GVλ\A(x1, w;λ)GVλ(w, z1;λ) ≤ (log n)C3,3

∑

w∈∂iA
GVλ\A(x1, w;λ) ,
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and similarly GVλ(z2, y1;λ) ≤ (log n)C3,3
∑
w∈∂iAGVλ\A(w, z1;λ). Combining preceding

three inequalities and that r(x, z) ≥ log(|x− y|/2) ≥ c log n gives

GVλ(x1, y1;λ) ≥ e−C(r(x,z))2d
GVλ(x1, z1;λ)GVλ(z2, y1;λ) .

Then by (3.4.2) and Corollary 3.4.15, we deduce that

ϕ(x1, y1) ≤ ϕ̄∗(x, z) + ϕ̄∗(z, y) + C(r(x, z))2d .

Since Λ(x, r(x, y)/2),Λ(y, r(x, y)/2) 6= ∅ and r(x, y)/2 > (log |x − y|)C3,2 , we choose x2 ∈

CΛ(x,r(x,y)/2) and y2 ∈ CΛ(y,r(x,y)/2) arbitrarily. Then by Lemma 3.4.10, x1 and x2 is

connected by path in Vλ of length at most (log |x− y|)C . Then ϕ(x1, x2) ≤ log(2d)(log |x−

y|)C (and the same holds for y1 and y2). Therefore, on the event Ex,y,z, (3.4.41) gives

ϕ∗(x, y) ≤ ϕ(x2, y2) ≤ ϕ(x1, y1)+2 log(2d)(log |x−y|)C ≤ ϕ̄∗(x, z)+ϕ̄∗(z, y)+(log |x−y|)C .

Combined with (3.4.42) and ϕ̄∗(x, y) ≤ C̄|x− y|, this implies

Eϕ̄∗(x, y) ≤ Eϕ̄∗(x, z) + Eϕ̄∗(z, y) + (log |x− y|)C .

Case 2: |y − z| ≤ e(log |x−y|)1/2
.

In this case, |x− z| ≥ |x− y|/2. We let Ex,y,z be the event such that the following hold:

• For any v ∈ B(x, |x− y|2), either C(v) = C(∞) or |C(v)| ≤ (log |x− y|)5.

• ϕ̄∗(x, y) = ϕ∗(x, y) and ϕ̄∗(x, z) = ϕ∗(x, z),

• Λ(x, r(x, y)/2),Λ(y, r(x, y)/2) are not empty.

• Properties described in Lemma 3.4.10.
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By Lemmas 3.2.4, 3.4.9, (3.4.17) and 3.4.10,

P(Ecx,y,z) ≤ (2|x− y|)de−c(log |x−y|5/2) + 3e−(log |x−y|)2

+ 2e−(log |x−z|)2
+ 2e−2−1r(x,y)(log n)−2d ≤ e−(log |x−y|)3/2

. (3.4.43)

On the event Ex,y,z, by (3.4.1) we let x1 ∈ B(x, r(x, z)) and z1 ∈ B(z, r(x, z)) such that

ϕ̄∗(x, z) = ϕ∗(x, z) = ϕ(x1, z1) .

Since Λ(x, r(x, y)/2),Λ(y, r(x, y)/2) are not empty, by Lemma 3.4.10, there exists x2 ∈

B(x, r(x, y)) and y2 ∈ B(y, r(x, y)) such that x1 is connected to x2 by path in Vλ of length at

most (log |x−y|)C and z1 is connected to y2 by path in Vλ of length at most Ce−(log |x−y|)1/2
.

Then ϕ(x2, x1) ≤ log(2d)(log |x − y|)C , ϕ(z1, y2) ≤ C log(2d)e−(log |x−y|)1/2
. Therefore, on

the event Ex,y,z, (3.4.41) gives

ϕ∗(x, y) ≤ ϕ(x2, y2) ≤ ϕ(x1, z1) + Ce(log |x−y|)1/2
log(2d)

= ϕ∗(x, z) + Ce(log |x−y|)1/2
log(2d) .

Combined with (3.4.43) and ϕ̄∗(x, y) ≤ C̄|x− y|, this implies

Eϕ̄∗(x, y) ≤ Eϕ̄∗(x, z) + Eϕ̄∗(z, y) + e2(log |x−y|)1/2
.

3.4.4 Rate of convergence for LWGF to linear functions

Let

h(x) = E [ϕ̄∗(0, x)] for all x ∈ Zd . (3.4.44)
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It has been proved in Lemma 3.4.21 that {h(mx)}m≥1 is sub-additive (with some error

term). Hence, one can prove that (see [18, Theorem 23]) for all x ∈ Zd the limit

g(x) := lim
m→∞h(mx)/m (3.4.45)

exists. Furthermore, g could first extends to Qd by restricting m to such that mx ∈ Zd, and

then extends to Rd by continuity (see [4, Lemma 1.5]). Moreover, it follows directly from

definition and Lemma 3.4.21 that g is homogeneous of order 1 and sub-additive, i.e.,

g(αx) = αg(x) for x ∈ Rd, α > 0 , and g(x+ y) ≤ g(x) + g(y) for x, y ∈ Rd . (3.4.46)

Thus, g is convex (these properties will be useful, e.g., in the proof of Lemma 3.3.5). Now,

we can state the main conclusion of this subsection.

Lemma 3.4.22. For n sufficiently large and |x| ≥ n1/2, we have that

h(x) ≤ g(x) + |x|4/5 . (3.4.47)

The proof of Lemma 3.4.22 is a combination of the concentration results proved in Sec-

tion 3.4.3 and a nontrivial adaption of arguments in [4]. We first record some straightforward

properties of h. By Lemma 3.4.21 and [18, Theorem 23], for all |x| ≥ n1/10

g(x) ≤ h(x) + |x|1/10 , (3.4.48)

c|x| ≤ g(x) ≤ C̄|x| , (3.4.49)

where c, C̄ are two constants as in (3.4.12) In addition, g is continuous (see [4, Lemma 1.5]).

One of the main results in [4] is that CHAP (as described in Lemma 3.4.24) implies

approximation property of the form (3.4.47). Hence, it suffices to verify the CHAP condition.

We will adapt the arguments in [4] in order to verify CHAP (Lemma 3.4.25). However, in our
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case h is not the length of the shortest path (as in the case for the first-passage percolation),

but in a vague sense h is the “average” length of all open paths (which are not necessarily

self-avoiding). This incurs some nontrivial challenges, whose treatment requires some new

technical ingredients including Lemma 3.4.27 and some concentration results in our case

(Lemmas 3.4.29, 3.4.30).

We point out that Lemmas 3.4.24, 3.4.26 and the arguments in the proof of Lemma

3.4.22 are from [4]. We omit the proof the Lemma 3.4.24 but present the proof the other

two, as there is an error term in the sub-additivity of h and hence a few (straightforward)

modifications are required there. Also, Lemma 3.4.25 is similar to [4, Proposition 3.4].

Now, we turn to the proof of the main result in this subsection.

Definition 3.4.23. For x ∈ Rd, let Hx denote a hyperplane tangent to ∂{y : g(y) ≤ g(x)}

at x. Let H0
x denote the hyperplane through 0 parallel to Hx. We define gx(y) by the unique

linear function such that

gx(y) = 0 for y ∈ H0
x, and gx(x) = g(x) ,

and define

Qx := {y ∈ Zd : gx(y) ≤ g(x), h(y) ≤ gx(y) + 10CQ|x|2/3} , (3.4.50)

where CQ = 2C̄c−1 + 10.

Then one can prove that (see [4, (1.9)])

|gx(y)| ≤ g(y) for all y ∈ Rd . (3.4.51)

Lemma 3.4.24. ([4, Lemma 1.6]) Let M,a > 1. Suppose that for each x ∈ Qd with |x| ≥M ,

there exists N ≥ 1, a path γ in Zd from 0 to Nx and a sequence of sites 0 = v0, v1, ..., vm =

Nx in γ such that m ≤ aN and vi − vi−1 ∈ Qx for all 1 ≤ i ≤ m. Then h satisfies the
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convex-hull approximation property (CHAP), meaning for all x ∈ Qd with |x| ≥M , we have

x/α ∈ Co(Qx) for some α ∈ [1, a] , (3.4.52)

where Co(·) denotes the convex hull.

To verify the condition in Lemma 3.4.24, we fix a large integer N such that Nx ∈ Zd

and choose vi’s depending on the environment and show that they satisfy the condition in

Lemma 3.4.24 with positive P-probability (which suffices as the existence of desired vi’s as

stated in Lemma 3.4.24 is a deterministic event).

We choose u1 ∈ B(0, r(0, Nx)) and u2 ∈ B(Nx, r(0, Nx)) such that ϕ∗(0, Nx) =

ϕ(u1, u2). Then we choose vi for i = 1, 2, ..., ζ1, ..., ζ2, ..., ζ3 as well as ζ1, ζ2, ζ3 inductively

as follows. Set v0 = 0 and for any i ≥ 1

vi = arg min
u: u−vi−1∈∂iQx

|u− u1| (3.4.53)

until u1 ∈ vi−1 +Qx, in which case we set vi = u1 and ζ1 = i. Next for i ≥ ζ1 + 1 set

vi = arg max
u: u−vi−1∈∂iQx

u6∈{vζ1 ,vζ1+1,...,vi−1}

GVλ\{vζ1 ,vζ1+1,...,vi−1}(vi−1, u;λ) ·GVλ\{vζ1 ,vζ1+1,...,u}(u, u2;λ) ,

(3.4.54)

until u2 ∈ vi−1 +Qx, in which case we set vi = u2 and ζ2 = i. Finally for i ≥ ζ2 + 1 set

vi = arg min
u: u−vi−1∈∂iQx

|u− u3| (3.4.55)

until Nx ∈ vi−1 +Qx, in which case we set vi = Nx and ζ3 = i. We remark that we do not

require either 0 or Nx is in C(∞) here.

We verify the condition in Lemma 3.4.24 for M = n1/3 and a = 4 as a consequence of

the following lemma, and then prove Lemma 3.4.22.
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Lemma 3.4.25. For n sufficiently large and any x ∈ Qd with |x| ≥ n1/3, there exists an

integer N ≥ 1 such that

P(ζ3 ≤ 4N) > 0 .

Proof of Lemma 3.4.22. We recall that the conditions in Lemma 3.4.24 are on h, which is

deterministic. By choosing vi’s depending on environment as in (3.4.53)-(3.4.55), in light of

Lemma 3.4.25, we know vi satisfies conditions in Lemma 3.4.24 for M = n1/3 and a = 4 with

positive P-probability. Hence the conditions in Lemma 3.4.24 hold, because it only requires

the existence of such vi’s. Now, choose q ∈ [|x|14/2, |x|14 ] ∩Q. Since |x/q| ≥ |x|34 ≥ n1/3, we

use Lemma 3.4.24 (with x/q in replace of x) and Carathéodory’s theorem (which states that

every points in a convex hull is a convex combination of at most d + 1 fixed points in this

convex hull. See [79, Theorem 3.10].) to conclude that

x/q = α1y1 + α2y2 + . . .+ αd+1yd+1 (3.4.56)

with αi ≥ 0,
∑d+1
i=1 αi ∈ [1, 4] and yi ∈ Qx/q. Let x∗ =

∑d+1
i=1 bqαicyi. Note that yi ∈

Qx/q, gx/q = gx (since gx only depends on x/|x|). By Lemma 3.4.21,

h(x∗) ≤
d+1∑

i=1

bqαic(h(yi) + e(log 4|x|)2/3
)

≤
d+1∑

i=1

bqαic
(
gx(yi) + 10CQ|x/q|2/3

)
+ 4(d+ 1)qe(log 4|x|)2/3

≤ gx(x∗) + 40CQq|x/q|2/3 + 4(d+ 1)qe(log 4|x|)2/3
,

where in the last step we used that gx(·) is a linear function. In addition, since |x − x∗| ≤
∑d+1
i=1 |yi| ≤ (d+ 1)CQ|x/q|, by (3.4.51) and (3.4.49),

h(x− x∗)− gx(x− x∗) ≤ 2C̄CQ(d+ 1)|x/q| .
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Combining the preceding two inequalities, we conclude that

h(x) ≤ g(x) + 40CQq|x/q|2/3 + 4(d+ 1)qe(log 4|x|)2/3
+ 2C̄CQ(d+ 1)|x/q|

≤ g(x) + C|x|3/4 .

The rest of this subsection is devoted to the proof of Lemma 3.4.25. We need a few more

definitions: For y ∈ Zd, we define

sx(y) := h(y)− gx(y),

Gx := {y ∈ Zd : gx(y) > g(x)},

∆x := {y ∈ Qx : y adjacent to Zd \Qx, y not adjacent to Gx},

Dx := {y ∈ Qx : y adjacent to Gx}.

(3.4.57)

Lemma 3.4.26. ([4, Lemma 3.3]) Recall that CQ = 2C̄c−1 + 10. For all x ∈ Qd with

|x| ≥ n1/3

(1) If y ∈ Qx, then g(y) ≤ 2g(x), |y| ≤ CQ|x| and sx(y) ≥ −|y|1/10.

(2) If y ∈ ∆x, then sx(y) ≥ 8CQ|x|2/3.

(3) If y ∈ Dx, then gx(y) ≥ 5g(x)/6.

Proof. (1) For y ∈ Qx, we have sx(y) ≤ 10CQ|x|2/3 and gx(y) ≤ g(x). Then by (3.4.48)

g(y) ≤ h(y) + |y|1/10 = gx(y) + sx(y) + |y|1/10 ≤ g(x) + 10CQ|x|2/3 + |y|1/10 .

Hence, by (3.4.49), we have g(y) ≤ 2g(x) for large x and y. Then by (3.4.49), |y| ≤

2C̄c−1|x| < CQ|x|. Also, (3.4.48) implies sx(y) ≥ −|y|1/10.

(2) If y ∈ ∆x, then y = z + e for some z ∈ Zd \ (Qx ∪ Gx) and e ∈ {±e1, ...,±ed} where

{ei}di=1 is the standard basis in Rd. Since sx(z) ≥ 10CQ|x|2/3 and |sx(e)| ≤ 2C̄, using

sub-additivity of h (Lemma 3.4.21), linearity of gx and |z| ≤ |y|+ 1 ≤ 2CQ|x| (which follows
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from y ∈ ∆x ⊆ Qx and the first item of the current lemma) we get

sx(y) = h(y)− gx(y) ≥ h(z)− h(e)− e(log |z|)2/3 − (gx(z) + gx(e))

= sx(z)− sx(e)− e(log |z|)2/3 ≥ 8CQ|x|2/3 .

(3) If y ∈ Dx, then y = z + e for some z ∈ Zd ∩Gx and e ∈ {±e1, ...,±ed}. Hence

gx(y) = gx(z) + gx(e) ≥ g(x)− C̄ ≥ 5g(x)/6.

The main goal of Lemmas 3.4.27-3.4.30 is to show that ϕ∗(0, Nx) can be well approx-

imated by
∑ζ3−1
i=0 E [ϕ̄∗(vi, vi+1)] with high probability, which is needed to prove Lemma

3.4.25. The analog of such an approximation is used in FPP setup to serve a similar purpose

in [4]. In FPP, the total length of the shortest path from 0 to Nx is simply equals to the

sum of that of non-intersecting path segments that assembles the geodesic. And the concen-

tration can be obtained by using BK’s inequality and an exponential concentration bound

for each segment. However, our case is a bit more complicated and our proof is different

from the arguments in [4]. In particular, we have applied results on lattice greedy animals

([54, 57]).

Lemma 3.4.27. The following holds for all environments. For n sufficiently large and all

x ∈ Qd with |x| ≥ n1/3,

(1) ζ2 − ζ1 ≥ N/(2CQ) and ζ1 + ζ3 − ζ2 ≤ 4|x|−1/3r(0, Nx) .

(2)
∑ζ2−1
i=ζ1

ϕ∗(vi, vi+1) ≤ ϕ∗(0, Nx) + 3d(ζ2 − ζ1) log |x| .

Proof. (1) By Lemma 3.4.26 (1), we have |vi − vi−1| ≤ CQ|x| for all ζ1 + 1 ≤ i ≤ ζ2. In

addition, we see that |vζ1 − vζ2| ≥ N |x| − 2r(0, Nx) ≥ N |x|/2. This implies that ζ2 − ζ1 ≥

|Nx|/(2CQ|x|) = N/(2CQ).

For y ∈ Zd with |y| ≤ |x|1/3. By (3.4.51), gx(y) ≤ g(y) ≤ C̄|x|1/3 ≤ g(x) and h(y) −
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gx(y) ≤ 2C̄|x|1/3 ≤ 10CQ|x|2/3. Then by (3.4.50),

B(0, |x|1/3) ⊆ Qx . (3.4.58)

Hence, by (3.4.53) we have that for i ≤ ζ1 − 1

|u1 − vi| ≤ |u1 − vi−1| − |x|1/3/2 .

Since |u1| ≤ r(0, Nx), we have ζ1 ≤ 2|x|−1/3r(0, Nx). Similarly ζ3− ζ2 ≤ 2|x|−1/3r(0, Nx).

Thus, we complete the proof of (1).

(2) By considering the last visit to vi−1 +Qx = {vi−1 + y : y ∈ Qx}, we get for ζ1 + 1 ≤ i ≤

ζ2 − 1, GVλ\{vζ1 ,vζ1+1,...,vi−1}(vi−1, u2;λ) equals to

∑

u: u−vi−1∈∂iQx
u6∈{vζ1 ,vζ1+1,...,vi−1}

GVλ\{vζ1 ,vζ1+1,...,vi−1}(vi−1, u;λ) ·GVλ\({vζ1 ,vζ1+1,...,vi−1}∪(vi−1+Qx))(u, u2;λ)

≤
∑

u: u−vi−1∈∂iQx
u6∈{vζ1 ,vζ1+1,...,vi−1}

GVλ\{vζ1 ,vζ1+1,...,vi−1}(vi−1, u;λ) ·GVλ\{vζ1 ,vζ1+1,...,vi−1,u}(u, u2;λ) .

By Lemma 3.4.26 (1), |∂iQx| ≤ (2CQ|x|)d < |x|2d. Then by (3.4.54) we get that (using the

simple fact that the sum of non-negative numbers is bounded above by the product of the

maximal term and the number of terms in the summation)

GVλ\{vζ1 ,vζ1+1,...,vi−1}(vi−1, u2;λ)

≤ GVλ\{vζ1 ,vζ1+1,...,vi−1}(vi−1, vi;λ)GVλ\{vζ1 ,vζ1+1,...,vi}(vi, u2;λ)|x|2d.

Taking logarithm for the above inequality and summing over ζ1 + 1 ≤ i ≤ ζ2 − 1, we have

ζ2−1∑

i=ζ1

ϕ(vi, vi+1) ≤ ϕ(u1, u2) + 3d(ζ2 − ζ1 − 1) log |x| ,
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where we used (3.4.2) and Corollary 3.4.15. Since ϕ∗(vi, vi+1) ≤ ϕ(vi, vi+1), combining with

ϕ∗(0, Nx) = ϕ(u1, u2), we completes the proof of (2).

Next, we prove some concentration results for LWGFs.

Definition 3.4.28. For fixed λ ∈ [λ∗, 1] and x ∈ Qd with |x| ≥ n1/3, let Gx be the collection

of sites u ∈ Zd such that for all v satisfying |x|1/3 ≤ |u− v| ≤ CQ|x|,

E [ϕ̄◦∗(u, v)]− ϕ̄◦∗(u, v) ≤ |u− v|2/3 and 2c|x− y| ≤ ϕ̄◦∗(u, v) ≤ 2−1C̄|u− v| . (3.4.59)

In the preceding definition we used ϕ̄◦∗(u, v) to take advantage of the fact that it only

depends on local environment, and the fact that the concentration of ϕ̄◦∗(u, v) around its

expectation is sufficient to guarantee the concentration of ϕ̄∗(u, v) (Lemma 3.4.14) (which

plays an important role in proving the concentration of
∑
ϕ̄∗(vi, vi+1) in Lemma 3.4.30).

Lemma 3.4.29. For all u ∈ Zd, n sufficiently large, and x ∈ Qd with |x| ≥ n1/3,

P(u 6∈ Gx) ≤ |x|−10d2
.

Proof. For any |u− v| ≥ |x|1/3, since |x|1/3 ≥ n1/10, by Lemma 3.4.17

P(E [ϕ̄∗(u, v)]− ϕ∗(u, v) ≥ 2−1|u− v|2/3) ≤ |u− v|−60d2 ≤ |x|−20d2
.

By Lemma 3.4.12, P(ϕ̄∗(u, v) ≥ 4−1C̄|u − v| or ϕ̄∗(u, v) ≤ 4c|u − v|) ≤ e−3−2(log |x|)2
.

Combined with Lemma 3.4.14, it yields that

P(u 6∈ Gx) ≤ (2CQ|x|)d(|x|−20d2
+ e−3−2(log |x|)2

) ≤ |x|−10d2
.

Lemma 3.4.30. For n sufficiently large, any m0 ≥ |x|10d and |x| ≥ n1/3, the following

holds with P-probability at least 1− e−m0|x|−5d
: For all m ≥ m0 and v0, v1, ..., vm ∈ Zd such
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that |v0| ≤ e(logm)1/d
and |x|1/3 ≤ |vi − vi−1| ≤ CQ|x| i = 1, 2, ...,m− 1, we have that

m−1∑

i=0

E [ϕ̄∗(vi, vi+1)] ≤
m−1∑

i=0

ϕ∗(vi, vi+1) + CQm|x|2/3 .

Proof. By Lemma 3.4.26 (1) and (3.4.12), ϕ̄∗(vi, vi+1) ≤ C̄CQ|x|. By Corollary 3.4.15, we

have that ϕ∗(vi, vi+1) ≥ −C3,3 log log n. Then by (3.4.59) and Lemma 3.4.14, we get the

following two inequalities:

m−1∑

i=0

ϕ̄∗(vi, vi+1) ≤
m−1∑

i=0

ϕ∗(vi, vi+1)+|{i ∈ {0, ...,m−1} : vi 6∈ Gx}|·(C̄CQ|x|+C3,3 log log n),

m−1∑

i=0

E [ϕ̄∗(vi, vi+1)]− ϕ̄∗(vi, vi+1) ≤ 2m(CQ|x|)2/3 + |{i ∈ {0, ...,m−1} : vi 6∈ Gx}| · C̄CQ|x|.

Since CQ > 10, |x| ≥ n1/3, it suffices to prove that with P-probability at least 1− e−m0|x|−5d

|{i ∈ {0, 1, ...,m− 1} : vi 6∈ Gx}| ≤ m|x|−2 . (3.4.60)

To this end, we denote Vi = i + |x|2Zd for i ∈ {1, 2, ..., |x|2}d, where Vi inherits the graph

structure from the natural bijection which maps v ∈ Zd to i + |x|2v ∈ Vi. For any integer

M > 0,

P( max
η∈WM (v0)

|η ∩ Vi ∩ Gcx| ≥M |x|−4d)

≤P( max
η∈WM (v0)

|{y ∈ Vi : η ∩K|x|2(y) 6= ∅} ∩ Gcx| ≥M |x|−4d) .

where WM (v0) is the set of connected self-avoiding paths in the original lattice of length M

with initial point v0. Since the event v ∈ Gx is independent of σ(u ∈ Gx, u ∈ Zd : |u− v| ≥

|x|2), we have that events {v ∈ Gcx} for v ∈ Vi are independent. Also, for any η ∈ WM (v0),

we know that {y ∈ Vi : η ∩K|x|2(y) 6= ∅} is a lattice animal in Vi of size at most 3dM/|x|2.
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By Lemma 3.4.29,

M |x|−4d ≥ |x| · ((3dM |x|−2) · P(v ∈ Gcx)1/d) .

Then a result on greedy lattice animals proved in [54, Page 281] (see also [57]) yields

P( max
η∈WM (v0)

|η ∩ Vi ∩ Gcx| ≥M |x|−4d) ≤ e−M |x|
−4d/2 . (3.4.61)

Note that for all v0, v1, ..., vm such that |vi−vi−1| ≤ CQ|x|, there exists a self avoiding path η

that goes through v0, v1, ..., vm and has length dCQm|x|. Thus, (3.4.60) follows by summing

(3.4.61) over i ∈ {1, 2, ..., |x|2}d, M = dCQm|x|, m ≥ m0 and v0 ∈ B(0, e(logm)1/d
).

Proof of Lemma 3.4.25. By (3.4.45) and (3.4.49) and the Markov’s inequality, we get for

sufficiently large N ,

P(ϕ̄∗(0, Nx) ≤ Ng(x) +N) ≥ 1− Eϕ̄∗(0, Nx)

Ng(x) +N
≥ 1

2C̄|x|+ 2
. (3.4.62)

At the same time, by Lemma 3.4.27 (1), we can apply Lemma 3.4.30 to vζ1 , ..., vζ2−1 and

m0 = bN/(2CQ)c − 1. Combining with (3.4.17), we get that the following two inequalities

hold with positive P-probability for sufficiently large N ,

ζ2−1∑

i=ζ1

E [ϕ̄∗(vi, vi+1)] ≤
ζ2−1∑

i=ζ1

ϕ∗(vi, vi+1) + CQ(ζ2 − ζ1)|x|2/3

ϕ∗(0, Nx) = ϕ̄∗(0, Nx) ≤ Ng(x) +N .

On this event, combining preceding two inequality and Lemma 3.4.27 (2), we get that

ζ2−1∑

i=ζ1

E [ϕ̄∗(vi, vi+1)] ≤ Ng(x) +N + 2CQ(ζ2 − ζ1)|x|2/3 . (3.4.63)

At the same time, by Lemma 3.4.26 (1), we have |vi+1 − vi| ≤ CQ|x|. Combined with
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(3.4.12) and Lemma 3.4.27 (1), this implies

ζ1−1∑

i=0

E [ϕ̄∗(vi, vi+1)] +

ζ3−1∑

i=ζ2

E [ϕ̄∗(vi, vi+1)] ≤ (ζ1 + ζ3 − ζ2)C̄CQ|x|

≤ 4C̄CQ|x|2/3r(0, Nx) . (3.4.64)

Note that Lemma 3.4.27 (1) implies

CQ(ζ2 − ζ1)|x|2/3 ≥ N |x|2/3/2 and r(0, Nx) = (log(Nx))2κ+10d .

It follows that (3.4.64) is upper bounded by CQ(ζ2 − ζ1)|x|2/3. Then by (3.4.63), we have

ζ3−1∑

i=0

E [ϕ̄∗(vi, vi+1)] ≤ Ng(x) + 3CQζ3|x|2/3 . (3.4.65)

Now, by Lemma 3.4.26 (1)(2) (recall that sx(y) := h(y)− gx(y))

ζ3−1∑

i=0

E [ϕ̄∗(vi, vi+1)] =

ζ3−1∑

i=0

gx(vi − vi+1) + sx(vi − vi+1)

≥ gx(Nx) + |{1 ≤ i ≤ ζ3 − 1 : vi ∈ ∆x}| · 8CQ|x|2/3 − ζ3|x|1/10 .

Combining this with (3.4.65) gives

|{1 ≤ i ≤ ζ3 − 1 : vi ∈ ∆x}| ≤ ζ3/2 . (3.4.66)

At the same time, by Lemma 3.4.26(3)

ζ3−1∑

i=0

E [ϕ̄∗(vi, vi+1)] =

ζ3−1∑

i=0

gx(vi − vi+1) + sx(vi − vi+1)

≥ |{1 ≤ i ≤ ζ3 − 1 : vi ∈ Dx}| · 5g(x)/6− ζ3|x|1/10 .
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Combining with the lower bound in (3.4.49) and (3.4.65), we get

|{1 ≤ i ≤ ζ3 − 1 : vi ∈ Dx}| ≤ 6N/5 + ζ3/8 . (3.4.67)

Note that vi ∈ ∆x ∪Dx for i 6= ζ1, ζ2, ζ3; that is,

|{1 ≤ i ≤ ζ3 − 1 : vi ∈ ∆x}|+ |{1 ≤ i ≤ ζ3 − 1 : vi ∈ Dx}| ≥ ζ3 − 3 . (3.4.68)

Combining (3.4.66), (3.4.67) and (3.4.68), we complete the proof of the lemma.

3.4.5 Proof of Proposition 3.3.3

In this subsection we combine the ingredients in previous subsections and provide the proof

for Proposition 3.3.3. We will consider different λ’s. Thus, we will use the notation g(v, λ)

and h(v, λ) to denote the functions g(v) and h(v), respectively (as defined at the beginning

of Subsection 3.4.4) with an explicit emphasis on the dependence of λ.

Proof of Proposition 3.3.3. Lemma 3.4.22 and (3.4.48) implies for all λ ∈ [λ∗, 1] and

v ∈ V ⊆ B(0, C3,0n(log n)−2/d) \B(0, n2/3) (c.f. (3.2.3))

g(v;λ) = h(v;λ) +O(n4/5) .

Let

Ev =
{

max
λ∈[λ∗,1]

|ϕ?(0, v;λ)− ϕ̄∗(0, v;λ)| ≤ (log n)C
}
.

Then Lemmas 3.4.3 and 3.4.12 imply that

P(
⋃

v∈B(0,C3,0n(log n)−2/d)\B(0,n2/3)

Ev | G0) ≥ 1− e−c(log n)2
.

Now by (3.4.24), it suffices to prove that conditioned on G0, with P-probability tending to
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1, for all v ∈ V

|ϕ̄∗(0, v;λ(v))− h(v;λ(v))| ≤ n2/3 . (3.4.69)

Note that this does not follow directly from Lemma 3.4.17 because Lemma 3.4.17 can provide

concentration neither uniformly on all v ∈ B(0, n) nor on all λ ∈ [λ∗, 1]. To prove (3.4.69),

we first notice that for any v ∈ B(0, C3,0n(log n)−2/d) \B(0, n2/3), {λ(v) ≥ λ∗} and G0 are

independent. Thus (3.2.2) yields

P(Ev | λ(v) ≥ λ∗, G0) ≥ 1− e−c(log n)2
.

Hence,

P(|ϕ̄∗(0, v;λ(v))− h(v;λ(v))| ≤ n2/3 | λ(v) ≥ λ∗, G0)

≥P(|ϕ?(0, v;λ(v))− h(v;λ(v))| ≤ n2/3/2, Ev | λ(v) ≥ λ∗, G0)

≥P(|ϕ?(0, v;λ(v))− h(v;λ(v))| ≤ n2/3/2 | λ(v) ≥ λ∗, G0)− e−c(log n)2
.

Since σ(G0, ϕ?(0, v;λ), λ ∈ (0, 1)) is independent of σ(λ(v)), this is

≥ min
λ∈[λ∗,1]

P(|ϕ?(0, v;λ)− h(v;λ)| ≤ n2/3/2 | G0)− e−c(log n)2

≥ min
λ∈[λ∗,1]

P(|ϕ̄∗(0, v;λ)− h(v;λ)| ≤ n2/3/3 | G0)− e−c(log n)2 − P(Ecv | G0)

≥1− n1/4 .

where in the last step, we used Lemma 3.4.17. Combined with (3.2.2), it gives that

P
(
|ϕ̄∗(0, v;λ(v))− h(v;λ(v))| > n2/3, λ(v) ≥ λ∗ | G0

)

is bounded from above by n−d−1/5. Then using a union bound over v yields that (3.4.69)

holds for all v ∈ V conditioned on G0 and thus complete the proof of the lemma.

111



3.5 Asymptotic ball

From Theorem 3.1.2, we know that conditioned on survival the random walk is localized in

the optimal pocket island of volume poly-logarithmic in n. In this section, we will show that

in fact, there is a region (which we refer to as intermittent island) contained in the optimal

pocket island such that the following holds:

• the intermittent island is asymptotically a discrete Euclidean ball of volume d log1/p n,

• the principal eigenvalues of the intermittent island and the optimal pocket island are

close to each other.

The proof consists of the following two steps.

• In Section 3.5.1, we first notice that the region with low density of obstacles (which

presumably forms the intermittent island) has low entropy, thus a sharp upper bound

on the volume of the intermittent island can be derived. Then we will show that the

principal eigenvalues of the intermittent island and the optimal pocket island are close

to each other. A key ingredient in this step is to show that the principal eigenfunction

of the optimal pocket island is supported on the intermittent island.

• In Section 3.5.2, we observe that the intermittent island achieves nearly largest eigen-

value (Lemma 3.5.7) over all set of the same volume (Lemma 4.2.3). Thus, by Faber–

Krahn inequality the intermittent island has to be a discrete ball asymptotically. The

proof is carried out in Section 3.5.2, where we use a quantitative version of Faber–Krahn

inequality as in (3.1.3). Note that (3.1.3) is in the continuous setup but our problem

is discrete. To address this, we use the relation between the continuous eigenvalue and

its discrete approximation ([51, (38)] (see also [76, §4], [77, §6] and [60]).
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3.5.1 Intermittent island

Recall that %n = b(ω−1
d d log1/p n)1/dc as defined in (4.1.2). For ι ∈ (0, 1), we consider the

following disjoint boxes that cover Zd:

Kbι%nc(x) = {y ∈ Zd : |x− y|∞ ≤ bι%nc} for x ∈ (2bι%nc+ 1)Zd . (3.5.1)

Definition 3.5.1. For ρ ∈ (0, 1), we say a box Kbι%nc(x) is (ι%n, ρ)-empty if

|O ∩Kbι%nc(x)| ≤ ρ|Kbι%nc(x)| .

Let E(ι, ρ) be the union of (ι%n, ρ)-empty boxes in (3.5.1) that intersect with B(v∗, (log n)κ).

Lemma 3.5.2. For any ι, ρ ∈ (%
−1/2
n , p2d−100)

P̂(|E(ι, ρ)| ≤ d log1/p n+ ρ1/2%dn) ≥ 1− e−%n .

Proof. For all x ∈ Zd, a straightforward computation gives that

P(Kbι%nc(x) is (ι%n, ρ)-empty) ≤
bρ|Kbι%nc(x)|c∑

m=0

(|Kbι%nc(x)|
m

)
p|Kbι%nc(x)|−m

≤ ρ|Kbι%nc(x)|ρ−ρ|Kbι%nc(x)|p|Kbι%nc(x)|(1−ρ) .

Since ρ ≤ p, we have

P(Kbι%nc(x) is (ι%n, ρ)-empty) ≤ exp{|Kbι%nc(x)|(log p− 2ρ log ρ)} . (3.5.2)

Note that B(v, (log n)κ) contains at most (log n)2κd boxes of the form (3.5.1) for each v ∈

B(0, 2n). We let q = P(Kbι%nc(x) is (ι%n, ρ)-empty). By (3.5.2) and ι−d = O((log n)1/2)
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(denoting by Bin((log n)2κd, q) a Binomial variable with parameter (log n)2κd and q),

P
(

Bin
(

(log n)2κd, q
)
≥ ωd(2ι)

−d(1 +
4ρ log ρ

log(1/p)
)

)
≤ n−d(1+ρ logp ρ) .

Therefore, by a union bound, with P-probability at least 1 − Cn−dρ logp ρ ≥ 1 − e−2%n ,

no ball in {B(v, (log n)κ) : v ∈ B(0, 2n)} contains more than ωd(2ι)
−d(1 + 4ρ log ρ

log(1/p)
) many

(ι%n, ρ)-empty boxes.

Definition 3.5.3. Recall that U is the connected component in B(v∗, (log n)κ) that contains

v∗. Let f be the principal eigenfunction of P |U corresponding to λU such that
∑
v∈U f(v) = 1.

We extend f to Zd by letting f(v) = 0 for v ∈ Uc. For ε ∈ (0, 1), denote

Ωε = {v ∈ Zd : f(v) ≥ ε%−dn } .

We will show in Lemma 3.5.6 that Ωε, the set of sites where the eigenfunction value is

high largely coincide with E(ε2, ε2) defined in Definition 3.5.1 and carries most of the weight

of f — this is due to a simple relation between f and E(ι, ρ) as in Lemma 3.5.5. Combining

with Lemma 3.5.2, we are then able to provide a lower bound of the principal eigenvalue of

P |Ωε in Lemma 3.5.7.

Lemma 3.5.4. With P̂-probability tending to one

λU ≥ e−c∗(log n)−2/d−C(log n)−3/d
. (3.5.3)

Then for any x ∈ U and t > 0,

Px(ξU > t) ≥ e−(2 log n)κde−c∗(log n)−2/dt(1−C(log n)−1/d) . (3.5.4)

Proof. By definitions of U and CR(v∗), CR(v∗) ⊆ U . Recall (3.2.3) and that v∗ ∈ V. Lemma

3.2.5 gives (3.5.3). Since U is connected, (3.5.4) follows from maxxPx(ξU > t) ≥ λtU (which
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can be found in [24, Lemma 3.2]) and |U| ≤ (2 log n)κd.

Lemma 3.5.5. For any ι, ρ ∈ (0, 1) we have
∑
v∈E(ι,ρ)c f(v) ≤ Cρ−1ι2.

Proof. By (3.5.3) and ex ≥ 1 + x,

∑

v∈U\E(ι,ρ)

f(v)Pv(ξU ≤ bι%nc2) ≤
∑

v∈U
f(v)Pv(ξU ≤ bι%nc2)

= 1− λbι%nc
2

U ≤ Cι2 . (3.5.5)

At the same time, for v ∈ U \ E(ι, ρ), there exists at least ρ(ι%n)2 obstacles in B(v, ι%n).

Hence,

Pv(τ ≤ bι%nc2) ≥ max(Pv(Sbι%nc2 ∈ O),Pv(Sbι%nc2−1 ∈ O)) ≥ cρ . (3.5.6)

Substituting this into (3.5.5) yields (noting that ξU ≤ τ)

∑

v∈U\E(ι,ρ)

f(v) ≤ (cρ)−1
∑

v∈U\E(ι,ρ)

f(v)Pv(ξU ≤ bι%nc2) ≤ c−1ρ−1Cι2 .

Lemma 3.5.6. Uniformly in all ε ∈ (%−cn , c), the following holds with P̂-probability at least

1− e−%n,

∑

v∈U\Ωε
f(v) ≤ Cε , (3.5.7)

|Ωε \ E(ε2, ε2)| ≤ Cε%dn, |Ωε ∪ E(ε2, ε2)| ≤ d log1/p n+ Cε%dn . (3.5.8)

Proof. Applying Lemmas 3.5.2 and 3.5.5 with ι = ρ = ε2, we get that with P̂-probability

tending to 1,

∑

v∈U\E(ε2,ε2)

f(v) ≤ Cε2 and |E(ε2, ε2)| − d log1/p n ≤ ε%dn . (3.5.9)
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Hence,

∑

v∈U\Ωε
f(v) ≤

∑

v∈U\E(ε2,ε2)

f(v) +
∑

v∈E(ε2,ε2)\Ωε
f(v)

≤
∑

v∈U\E(ε2,ε2)

f(v) + |E(ε2, ε2)|ε%−dn ≤ Cε ,

yielding (3.5.7). Combining (3.5.9) and the fact that f(v) ≥ ε/%dn for v ∈ Ωε gives that

|Ωε \ E(ε2, ε2)| ≤
∑

v∈U\E(ε2,ε2)

f(v)ε−1%dn ≤ Cε%dn .

Combined with (3.5.9), it immediately implies that |Ωε∪E(ε2, ε2)| ≤ d log1/p n+Cε%dn. This

completes the proof of (3.5.8) and thus the proof of the lemma.

Lemma 3.5.7. Uniformly in any fixed (sequence of) ε = ε(n) ∈ (%−cn , c), with P̂-probability

tending to one,

1− λΩε ≤ c∗(log n)−2/d(1 + Cε) .

Proof. Let f̄ = (f − ε/%dn)+. (Recall that a+ = a1a≥0.) Then f̄ is supported on Ωε and

∑

x∼y
(f̄(x)− f̄(y))2 ≤

∑

x∼y
(f(x)− f(y))2 . (3.5.10)

By Cauchy’s inequality and (3.5.7), (3.5.8),

|f |22 ≥ |Ωε|−1(
∑

x∈Ωε

f(x))2 ≥ c%−dn .

By (3.5.7),

|f̄ |22 =
∑

x∈Ωε

(f(x)− ε%−dn )2 ≥ |f |22 − 2ε%−dn |f |1 −
∑

x 6∈Ωε

f2(x) ≥ |f |22 − 2ε%−dn − ε2%−dn .
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Hence, |f̄ |22 ≥ |f |22(1− Cε). Combined with (3.5.10) and the fact that

1− λA = min
{ 1

4d

∑

x∼y
(g(x)− g(y))2 : |g|22 = 1, g(x) = 0 ∀x 6∈ A

}
∀A ⊆ Zd ,

it yields

(1− λΩε) ≤ (1− λU )(1 + Cε) .

We complete the proof of the lemma by (3.5.3).

3.5.2 Asymptotic ball

As discussed earlier, in order to apply the quantitative Faber–Krahn inequality we need to

relate the principal eigenvalue in the continuum to that in discrete setup. To this end, we

first provide Lemma 3.5.8 which gives an upper bound on the size of the boundary of Ωε —

this will be used in the proof of Lemma 3.5.9. Define

Ω+
ε = {v ∈ Zd : min

x∈Ωε
|x− v|∞ ≤ 2} . (3.5.11)

Lemma 3.5.8. Uniformly in any fixed (sequence of) ε = ε(n) ∈ (%−cn , c), with P̂-probability

tending to one, we have |Ω+
ε \ Ωε2| ≤ Cε%dn.

Proof. Let t1 = 2d and t2 = 2d + 1. By Lemma 3.5.4, for i = 1, 2 (recalling that P is the

transition kernel for the simple random walk with no killing)

∑

v∈Ωε2

((P |U )tif)(v) = λtiU
∑

v∈Ωε2

f(v) ≥ 1− 3dc∗(log n)−2/d −
∑

v 6∈Ωε2

f(v) . (3.5.12)
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At the same time, we have

∑

v∈Ωε2

(P tif)(v) =
∑

u∈Zd
(1−Pu(Sti 6∈ Ωε2))f(u)

= 1−
∑

v 6∈Ωε2

∑

u∈Zd
pti(u, v)f(u) , (3.5.13)

where pt(·, ·) is the t-step transition probability for simple random walk on Zd. Combining

(3.5.12) and (3.5.13) (noting
∑
v∈Ωε2

((P |U )tif)(v) ≤∑v∈Ωε2
(P tif)(v)), we get that

∑

v 6∈Ωε2

( ∑

u∈Zd
(pt1(u, v) + pt2(u, v))f(u)

)
≤ 2(3dc∗(log n)−2/d +

∑

v 6∈Ωε2

f(v)) ≤ Cε2 , (3.5.14)

where the second transition follows from (3.5.7). Now, if v 6∈ Ωε2 and |v− x|∞ ≤ 2 for some

x ∈ Ωε, then

pt1(x, v) + pt2(x, v) ≥ (2d)−2d and f(x) ≥ ε%−dn .

Substituting these bounds in (3.5.14) yields the desired result.

Lemma 3.5.9. Uniformly in any fixed (sequence of) ε = ε(n) ∈ (%−cn , c), with P̂-probability

tending to one, there exists a discrete ball Bε such that

|Bε ∪ E(ε2, ε2) ∪ Ωε| ≤ d log1/p n(1 + Cε1/2) ,

|Bε ∩ E(ε2, ε2) ∩ Ωε| ≥ d log1/p n(1− Cε1/2) .

(3.5.15)

Proof. The proof of the lemma crucially relies on the Faber–Krahn inequality, the application

of which requires to approximate a discrete set in Zd by a continuous set in Rd. For notation

clarity, in the proof we will use boldface to denote a subset in Rd (which typically has

non-zero Lebesgue measure). Following the notation convention, we define

Ω+
ε = {y ∈ Rd : min

x∈Ωε
|y − x|∞ ≤ 2} . (3.5.16)
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Recalling (3.5.11), we see that Ω+
ε = Ω+

ε ∩ Zd. We will consider µΩ+
ε

where µ· is defined as

in (3.1.5). By [51, (38)] (see also [76, §4],[77, §6] and [60]), if 1−λΩε is less than a sufficiently

small constant depending on d, then

µΩ+
ε
≤ (1− λΩε) + C(1− λΩε)

2 .

Combined with Lemma 3.5.7, it yields that with P̂-probability tending to 1

µΩ+
ε
≤ c∗(log n)−2/d(1 + Cε) . (3.5.17)

At the same time, by (3.1.3), we have that

µΩ+
ε
|Ω+

ε |2/d − µB|B|2/d ≥ cdA(Ω+
ε )2 , (3.5.18)

where A(Ω+
ε ) is defined as in (3.1.4), and B ⊆ Rd is an arbitrary continuous ball. Note that

|Ω+
ε | = |{y ∈ Rd : minx∈Ω+

ε
|y−x|∞ ≤ 1/2}| = |{y ∈ Rd : minx∈Ωε |y−x|∞ ≤ 2 + 1/2}| ≥

|Ω+
ε |. By Lemma 3.5.8 and (3.5.8), we have with P̂-probability tending to 1

|Ω+
ε | ≤ |Ω+

ε | ≤ |Ω+
ε \ Ωε2 |+ |Ωε2| ≤ d log1/p n(1 + Cε).

Combined with (3.5.17), (3.5.18), it gives that A(Ω+
ε )2 ≤ Cε. We denote by Bε the ball in

Rd that achieves the minimum in A(Ω+
ε ). Note that

|{y ∈ Rd : |y − x|∞ < 1/2} \Bε| ≥ c for all x 6∈ Bε .

Since {y ∈ Rd : |y − x|∞ < 1/2} \ Bε for x ∈ Ωε \ Bε are disjoint subsets of Ω+
ε \ Bε, a

volume calculation yields |Ωε \Bε| ≤ Cε1/2|Bε|. Now let Bε = Bε ∩ Zd (so Bε is a discrete

ball). We have

|Bε| ≤ d log1/p n(1 + Cε), |Ωε \Bε| ≤ Cε1/2|Bε| . (3.5.19)
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Also, combining (3.5.17) and (3.5.18) yields |Ω+
ε | ≥ (µ−1

Ω+
ε
µB)d/2|B| ≥ d log1/p n(1−Cε).

Combined with |Ω+
ε | ≤ |Ω+

ε | and Lemma 3.5.8, it yields that with P̂-probability tending to

1

|Ωε2| ≥ |Ω+
ε | − |Ω+

ε \ Ωε2 | ≥ d log1/p n(1− Cε) .

We replace ε by
√
ε in the preceding display and get that with P̂-probability tending to 1

|Ωε| ≥ d log1/p n(1− Cε1/2) . (3.5.20)

Combined with (3.5.19), (3.5.8), it yields that

|Bε \ Ωε| ≤ |Bε|+ |Ωε \Bε| − |Ωε| ≤ C ε1/2|Bε| ,

|E(ε2, ε2)4 Ωε| ≤ |E(ε2, ε2)|+ 2|Ωε \ E(ε2, ε2)| − |Ωε| ≤ C ε1/2%dn .

Combined with (3.5.19) and (3.5.20), this completes the proof of the lemma.

3.6 Localization on the intermittent island

This section is devoted to the proof for localization on the intermittent island. Denote

Ω̃ε := Bε ∩ Ωε, B̂n :=
⋃

x∈Ω̃ε

B(x, ε1/10d%n) (3.6.1)

where Bε is the ball chosen in Lemma 3.5.9. We will prove that the random walk will be in

B̂n (a neighborhood of Ω̃ε) with high probability at any given time t after hitting Ω̃ε and

thus complete the proof of Theorem 3.1.1. To this end, in Section 3.6.1 we prove a couple

of estimates on survival probabilities, building on which we provide the proof of localization

in Section 3.6.2.
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3.6.1 Survival probability estimates

The main results of this subsection are the following two survival probability estimates:

Lemma 3.6.1 says the survival probability of random walk staying outside Ω̃ε is very low,

and Lemma 3.6.3 gives a lower bound on the survival probability of the random walk staying

in U depending on its starting point (via the principal eigenfunction).

Lemma 3.6.1. Uniformly in any fixed (sequence of) ε = ε(n) ∈ (%−cn , c), with P̂-probability

tending to one, for all x ∈ Zd and t ≥ Cε−1/d%2
n,

Px(ξU\Ω̃ε > t) ≤ 2 exp(−cε−1/d%−2
n t) . (3.6.2)

Remark 3.6.2. It follows from Lemma 3.6.1 that Bε ⊆ B(v∗, (log n)κ/2). Because (3.2.2)

implies Pv∗(ξCR(v∗) > t) ≥ c(n)λt∗ � 2 exp(−cε−1/d%−2
n t) ≥ Pv∗(ξU\Ω̃ε > t) for sufficiently

large t. Hence Ω̃ε ∩ CR(v∗) 6= ∅.

Lemma 3.6.3. With P̂-probability tending to one, for any v ∈ U ,

Pv(ξU > t) ≥ c%dnf(v)λtU . (3.6.3)

Proof of Lemma 3.6.1 and Lemma 3.6.3

Lemma 3.6.1 is a direct consequence of Lemmas 3.6.4 and 3.6.5 (below): Lemma 3.6.4 states

that the random walk can not spend two much time in E(ε2, ε2) \ Ω̃ε due to its small size,

and Lemma 3.6.5 states that the random walk can not spend two much time in U \ E(ε2, ε2)

because in this region the density of the obstacles is too high.

Lemma 3.6.4. Uniformly in any fixed (sequence of) ε = ε(n) ∈ (%−cn , c), with P̂-probability

tending to one, for any v ∈ U , m > Cε1/d%2
n,

Pv(|{0 ≤ t ≤ m : St ∈ E(ε2, ε2) \ Ω̃ε}| ≥ m/3) ≤ exp(−cmε−1/d%−2
n ) . (3.6.4)
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Proof. We denote q = d|E(ε2, ε2) \ Ω̃ε|2/de. Then for sufficiently small constant δ > 0 and

any t ≥ δ−1q, x ∈ Zd

Px(St ∈ E(ε2, ε2) \ Ω̃ε) ≤ Cδd/2 ≤ δ .

Therefore for all x ∈ Zd

Ex
[
|{0 ≤ t ≤ bδ−2qc : St ∈ E(ε2, ε2) \ Ω̃ε}|

]
≤ δ−1q .

We assume m > δ−2q and δ is sufficiently small. For k = 0, 1, ..., bm/bδ−2qcc, we define

θk = 1|{kbδ−2qc≤t<(k+1)bδ−2qc:St∈E(ε2,ε2)\Ω̃ε}|≥δ−3/2q
.

Then by the strong Markov property, θk’s are dominated by i.i.d. Bernoulli random vari-

able with parameter Cδ1/2. A standard large deviation computation for Binomial random

variables gives

P(

bm/bδ−2qcc∑

k=0

θk ≥ δ1/4bm/bδ−2qcc) ≤ e−cδ
5/2m/q . (3.6.5)

Hence, with P-probability at least 1− e−cδ5/2m/q, for m > δ−2q,

|{0 ≤ t ≤ m : St ∈ E(ε2, ε2) \ Ω̃ε}| ≤ (1 +

bm/bδ−2qcc∑

k=0

θk) · δ−2q + bm/bδ−2qcc · δ−3/2q ≤ 3δ1/4m.

Since (3.5.15) yields q ≤ Cε1/d%2
n, we complete the proof of the lemma by choosing a

sufficiently small constant δ.

Lemma 3.6.5. Uniformly in any fixed (sequence of) ε = ε(n) ∈ (%−cn , c), with P̂-probability

tending to one, for any v ∈ U , m ≥ Cε2%2
n,

Pv(|{0 ≤ t ≤ m : St ∈ U \ E(ε2, ε2)}| ≥ m/3, ξU > m) ≤ exp(−cmε−2%−2
n ) . (3.6.6)
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Proof. Let ι = ρ = ε2, ζ0 = 0 and for m ≥ 1,

ζm := inf{t ≥ ξm−1 + bι%nc2 : St ∈ U \ E(ι, ρ)} .

Note that |{0 ≤ t ≤ m : St ∈ U \E(ι, ρ)}| ≥ m/3 implies ζb10−1ι−2m%−2
n c < m. By the strong

Markov property at ζ1, ζ2, ... and (3.5.6)

P(ξU > m, ζb10−1ι−2m%−2
n c < m)

≤ P(S[ζm,ζm+bι%nc2] ⊆ Oc, Sζm ∈ U \ E(ι, ρ) for m = 1, 2, ..., b10−1ι−2m%−2
n c − 1)

≤ exp{−(10−1ι−2m%−2
n − 2)cρ} .

Now we prove Lemma 3.6.3.

Lemma 3.6.6. For all v ∈ U we have f(v) ≤ C%−dn . More generally, for all l ≤ %n we have

f(v) ≤ Cl−d
∑
|u−v|≤l f(u) .

Proof. For any v ∈ U , we consider stopping time T = bl2c∧ζU , where for k ≥ 1, ζk := inf{t :

|St−v|1 ≥ k} and U is independent of both the random walk (St) and the environment, and

has a uniform distribution on {bl/2c, bl/2c+1, ..., blc−1}. Note that |ST −v| ≤ |ST −v|1 ≤ l

and that both Pv(Sbl2c = u) ≤ Cl−d and Pv(SζU = u) ≤ Cl−d hold for all u ∈ Zd. So

Pv(ST = u) ≤ Cl−d for |u− v| ≤ l . (3.6.7)

By P |Uf = λUf , we have
∑
u:u∼v(2d)−1f(u) = λUf(v). Then it follows from the Markov

property that λ−tU f(St∧ξU ) is a martingale. Then by (3.6.7) and optional sampling theorem,

f(v) = E[λ−TU f(ST∧ξU )] ≤ λ
−%2

n
U

∑

u

P(ST = u)f(u) + P(ξU ≤ T ) · 0

≤ Cλ
−%2

n
U l−d

∑

|u−v|≤l
f(u) .
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We complete the proof of the lemma by Lemma 3.5.4.

Proof of Lemma 3.6.3. Since f is the eigenfunction of eigenvalue λU ,

∑

u∈U
f(u)Pu(St = v, ξU > t) = λtUf(v) . (3.6.8)

Applying Lemma 3.6.6 with l = %n yields that f(u) ≤ C%−dn for all u ∈ U . Plugging this

bound into (3.6.8) and using reversibility yields

λtUf(v) ≤ C%−dn
∑

u∈U
Pu(St = v, ξU > t) = C%−dn Pv(ξU > t) .

3.6.2 Proof of localization

In this subsection, we first prove the localization result for the end point (Lemma 3.6.8),

which enables us to give an upper bound of the survival probability in U with a constant

error factor as in Lemma 3.6.9. Next, in Lemma 3.6.10, we prove that the random walk will

hit Ω̃ε in poly-log n steps conditioned on staying in U and prove a localization result for any

fix time point. Finally, we prove Theorem 3.1.1 by combining these ingredients in Lemma

3.6.11.

To start, we consider a random walk starting from z ∈ U conditioned on staying in U up

to time t. We assume

either z ∈ Ω̃ε, t ≥ 0 or z ∈ U , t ≥ %ιn , (3.6.9)

where ι is a large constant to be determined in the following lemma. The following lemma

guarantees that under this assumption we either starting from Ω̃ε, or the time t is long

enough so that the random walk can reach Ω̃ε.

Lemma 3.6.7. Consider ε ∈ (%−cn , c). For n sufficiently large, there exists ι > 0 such that
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for all z ∈ U and t ≥ %ιn,

Pz(S[0,t] ∩ Ω̃ε 6= ∅ | ξU > t) ≤ C exp(−cε−1/dt%−2
n ) . (3.6.10)

Proof. Lemma 3.6.1 implies Pz(S[0,t] ⊆ U \ Ω̃ε) ≤ 2 exp(−cε−1/dt%−2
n ). Comparing it with

(3.5.4) and choosing a sufficiently large ι yields the desired result.

By our convention of c, we can choose a sufficiently small constant b > 0 such that

ε := %−bn satisfies the condition for ε in all previous lemmas (from Lemma 3.5.2 to Lemma

3.6.7). We will fix ε = %−bn henceforth.

Lemma 3.6.8. Recall B̂n as in (3.6.1). We assume (3.6.9). For ε > 0 sufficiently small

and n sufficiently large,

Pz(St ∈ B̂n | ξU > t) ≥ 1− exp(−c%b/(10d)
n ) . (3.6.11)

Proof. The proof divides into two steps. In Step 1 we consider the last visit to Ω̃ε conditioned

on survival: the last excursion should be short because the survival probability (if not coming

back to Ω̃ε) decays very fast in light of Lemma 3.6.1 while Lemma 3.6.3 shows that the

survival probability starting from Ω̃ε is comparably large. Then in Step 2, we show that

the random walk can not go too far in the last few steps.

Step 1. We consider the last visit time j to Ω̃ε before time t. By Lemma 3.6.1 and the

Markov property, we get

Pz(Sj ∈ Ω̃ε, S[j+1,t] ⊂ U \ Ω̃ε, ξU > t) ≤ Pz(St ∈ Ω̃ε, ξU > j) · 2 exp(−c%−2+b/d
n (t− j − 1)) .
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In addition, we deduce from Lemma 3.6.3 and Lemma 3.5.4 that

Pz(Sj ∈ Ω̃ε, ξU > t) ≥ Pz(Sj ∈ Ω̃ε, ξU > j) · c%−bn λ
t−j
U

≥ Pz(Sj ∈ Ω̃ε, ξU > j) · c%−bn exp(−C%−2
n (t− j)) .

Combining preceding two inequalities, we see that for j ≤ t− %2−b/(2d)
n ,

Pz(Sj ∈ Ω̃ε, S[j+1,t] ⊂ U \ Ω̃ε | ξU > t) ≤ e−c%
−b/(2d)
n .

Then a union bound over 0 ≤ j ≤ t− %2−b/(2d)
n and Lemma 3.6.7 gives

Pz(S
[t−%2−b/(2d)

n ,t]
∩ Ω̃ε = ∅ | ξU > t) ≤ e−c%

−b/(2d)
n . (3.6.12)

Step 2. We define stopping time T? = inf{j ≥ t− %2−b/(2d)
n : Sj ∈ Ω̃ε}. We claim that

Pz(T? < t, max
T?≤j≤%2−b/(2d)

n +T?

|Sj − ST?| ≤ %
1−b/(5d)
n | ξU > t) ≥ 1− exp(−c%b/(10d)

n ) .

(3.6.13)

We note that the desired result is a direct consequence of (3.6.13). It remains to prove

(3.6.13). We first see that (3.6.12) implies

Pz(T? ≥ t | ξU > t) ≤ e−c%
−b/(2d)
n .

In addition, by the strong Markov property at T?, we get that

Pz
(
T? < t, max

T?≤j≤T?+%2−b/(2d)
n

|Sj − ST?| > %
1−b/(5d)
n , ξU > t

)

≤Ez
[
1T?<t,ξU>T?P

ST?
(

max
0≤j≤%2−b/(2d)

n

|Sj − ST? | > %
1−b/(5d)
n

)]

≤C exp(−c%b/(10d)
n )Pz(T? < t, ξU > T?) ≤ C exp(−c%b/(10d)

n )Pz(ξU > T?) ,
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where we used [53, Proposition 2.4.5] in the second inequality. At the same time, by the

strong Markov property at T? and Lemma 3.6.3 and (3.5.3)

Pz(ξU > t) ≥ Pz(ξU > T? + %
2−b/(2d)
n )

= Ez
[
1ξU>T?P

ST?
(
ξU > %

2−b/(2d)
n

)]
≥ cε(1− 2c∗%

−b/(2d)
n )Pz(ξU > T?) .

Combining the last three inequalities, we deduce (3.6.13) as required, and thus complete the

proof of the lemma.

Lemma 3.6.9. Recall B̂n as in (3.6.1). For any x ∈ Zd, t ≥ 0, Px(ξU > t, St ∈ B̂n) ≤ CλtU .

Proof. By (3.5.3), it suffice to consider t ≥ %2
n. By the Markov property at %2

n,

Px(ξU > t, St ∈ B̂n) ≤
∑

y

p%2
n
(x, y)Py(ξU > t− %2

n, St−%2
n
∈ B̂n)

= p%2
n
(x, ·)(P |U )t−%

2
n1

B̂n
≤ Cλ

t−%2
n

U .

where in the last inequality we used |p%2
n
(x, ·)|2 ≤ 1× |p%2

n
(x, ·)|∞ ≤ C%−dn and |B̂n| ≤ C%dn.

We complete the proof of the lemma by (3.5.3).

Lemma 3.6.10. We assume (3.6.9) and m ≥ t. Then for n sufficiently large,

Pz(τ
Ω̃ε
≤ %ιn | ξU > m) ≥ 1− exp(−%n) , (3.6.14)

Pz(St ∈ B̂n | ξU > m) ≥ 1− exp(−c%b/(10d)
n ) . (3.6.15)

Proof. We first give a lower bound on Pz(ξU > m). Define stopping time T ′? = inf{j ≥
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t− %2
n : Sj ∈ Ω̃ε}. By the strong Markov property at T ′? and Lemma 3.6.3 and (3.5.3)

Pz(ξU > m) ≥ Pz(ξU > T ′? + %2
n +m− t)

= Ez[1ξU>T ′?P
ST ′? (ξU > %2

n +m− t)]

≥ cελ
%2
n+m−t
U Pz(ξU > T ′?) ≥ cελm−tU Pz(ξU > t, T ′? ≤ t) .

Applying (3.6.12) to t gives Pz(T ′? < t | ξU > t) ≥ 1/2. Hence

Pz(ξU > m) ≥ cελm−tU Pz(ξU > t) . (3.6.16)

We are now ready to prove (3.6.14). First, by Lemma 3.6.8, Pz(Sm 6∈ B̂n | ξU > m) ≤

exp(−c%b/(10d)
n ). Second, using the Markov property at time %ιn and (3.6.9),

Pz(τ
Ω̃ε
> %ιn, Sm ∈ B̂n, ξU > m) ≤ Pz(τ

Ω̃ε
> %ιn, ξU > %ιn)Cλ

m−%ιn
U .

Then by Lemma 3.6.7, this is bounded above by

C exp(−c%b/dn %−2
n %ιn) ·Pz(ξU > %ιn)λ

m−%ιn
U .

Now (3.6.14) follows from setting t = %ιn in (3.6.16) and comparing it with this bound.

We next prove (3.6.15). The case t = m has been treated by Lemma 3.6.8. We assume

t < m. By the Markov property at time t and Lemma 3.6.9

Pz(St 6∈ B̂n, Sm ∈ B̂n, ξU > m) ≤ CPz(St 6∈ B̂n, ξU > t)λm−tU

≤ exp(−c%b/(10d)
n )Pz(ξU > t)λm−tU ,

where in the last inequality we used Lemma 3.6.8. Combining with (3.6.16), we get

Pz(St 6∈ B̂n, Sm ∈ B̂n | ξU > m) ≤ exp(−c%b/(10d)
n ) .
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We complete the proof of (3.6.15) by Lemma 3.6.8.

Theorem 3.1.1 follows from the following lemma.

Lemma 3.6.11. With P̂-probability tending to one, we have that

P(τ
Ω̃ε
≥ C|v∗| | τ > n) ≤ e−%

c
n ,

P(St∨τ
Ω̃ε
6∈ B̂n | τ > n) ≤ e−%

c
n for all t ≤ n .

Proof. Recall that T = Tv∗ = τB(v∗,(log n)κ/2) as in Theorem 3.1.2 . By Remark 3.6.2,

τ
Ω̃ε
> T . We first prove that τ

Ω̃ε
≤ T + %ιn. By the strong Markov property at T ,

P(τ > T, T ≤ C|ST |, τΩ̃ε > T + %ιn, S[T,n] ⊆ U)

= E
[
1τ>T,T≤C|ST |P

ST (τ
Ω̃ε
> %ιn, ξU > n− T )

]
.

By (3.6.14) (since n− C|ST | > %ιn), this is bounded from above by

exp(−%n)E
[
1τ>T,T≤C|ST |P

ST (ξU > n− T )
]

= exp(−%n)P(T ≤ C|ST |, S[T,n] ⊆ U , τ > n) .

Combining with (3.3.11), we have that P(τ
Ω̃ε
≤ T + %ιn, T ≤ C|ST | | τ > n) ≥ 1 − e−%cn .

Hence

P(τ
Ω̃ε
< C|v∗| | τ > n) ≥ 1− e−%cn .

Next, by the strong Markov property at τ
Ω̃ε

,

P(τ > τ
Ω̃ε
, St∨τ

Ω̃ε
6∈ B̂n, S[τ

Ω̃ε
,n] ⊆ U) = E

[
1τ>τ

Ω̃ε
P
Sτ

Ω̃ε (S(t−τ
Ω̃ε

)+
6∈ B̂n, ξU > n− τ

Ω̃ε
)
]
.

By (3.6.15) (Since Sτ
Ω̃ε
∈ Ω̃ε), this is bounded from above by

e−%
c
nE
[
1τ>τ

Ω̃ε
P
Sτ

Ω̃ε (ξU > n− τ
Ω̃ε

)
]

= e−%
c
nP(S[τ

Ω̃ε
,n] ⊆ U , τ > n) .
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We complete the proof of the lemma by (3.3.11).

3.A Index of notation

µΩ (3.1.5)

%n (4.1.2)

kn, R, CR(v) Section 3.2

D∗, λ(v), λ∗ Section 3.2

V Definition 3.2.1

Tv,Ev,Dλ Definition 3.2.2

ϕ? Definition 3.3.1

g (3.3.3)(3.4.45)

v∗ (3.3.5)

U (3.3.10)

GA(x, y;λ) Definition 3.4.1

r,Vλ, ϕ, ϕ∗ Definition 3.4.2

L,Ki Definition 3.4.4

white/black, Ci Definition 3.4.5

tilde-white/black
Around (3.4.11)

ix, CK,KA,CA

Λ(x, r) Lemma 3.4.9

ϕ̄, ϕ◦, ϕ◦∗, ϕ̄◦∗, R◦ Definition 3.4.11

gx, Qx Definition 3.4.23

h (3.4.44)

sx, Gx,∆x, Dx (3.4.57)

Gx Definition 3.4.28

(ιr, ρ)-empty, E Definition 3.5.1

f,Ωε Definition 3.5.3

Ω+
ε (3.5.11)

Bε Lemma 3.5.9

Ω̃ε, B̂n (3.6.1)
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CHAPTER 4

RANDOM WALK DISTRIBUTION UNDER THE QUENCHED

LAW

4.1 Introduction

4.1.1 Model and main results

For d ≥ 2, let (St)t≥0 be a discrete time simple symmetric random walk on Zd , with Px

and Ex denoting probability and expectation for the random walk with S0 = x ∈ Zd and the

superscript omitted when x is the origin. We place the random walk in a random environment

where an obstacle is placed independently at each point x ∈ Zd with probability 1−p ∈ (0, 1),

with P and E denoting probability and expectation for the random environment. We will

say x is closed if x is occupied by an obstacle, and x is open otherwise. Denote by O the

set of sites occupied by the obstacles. The random walk is killed at the moment it hits an

obstacle, namely at the stopping time

τ := τO = inf{t ≥ 0 : St ∈ O} . (4.1.1)

More generally, we denote by τA the first hitting time of a set A ⊂ Zd. We will assume

p > pc(Zd), the critical threshold for site percolation, and let P̂ be the conditional probability

measure for O given that the origin is in the infinite open cluster. Given an environment

under P̂, we are interested in the behavior of the random walk given that it survives for a

long time.

It has been shown in Chapter 3 that conditioned on survival up to time n, the random

walk stays in an island (determined by the environment) of diameter at most poly-logarithmic

in n during time [o(n), n]. Furthermore, at any deterministic time t ∈ [o(n), n], the random
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walk stays with high probability in a ball of radius asymptotically

%n = b(ω−1
d d log1/p n)1/dc , (4.1.2)

where ωd is the volume of the unit ball in Rd. Namely, the following was shown in Chapter

3.

Theorem C. There exist a constant C = C(d, p), xn ∈ Zd within distance C(log n)−2/dn

from the origin, and εn > 0 tends to 0 as n→∞ such that

min
C|xn|≤t≤n

P(St ∈ B(xn, (1 + εn)%n) | τ > n)→ 1 in P̂-probability , (4.1.3)

where B(x, r) denotes the Euclidean ball with center x and radius r.

The study of the random walk killed by random obstacles is partially motivated by its

relation to the so-called Anderson localization. The generator of the killed random walk can

be formally written as the random Schrödinger operator − 1
2d∆ +∞ · 1O, where ∆ is the

discrete Laplacian. For this type of operators, various localization phenomena have been

predicted and some of them have been rigorously proved; see e.g., [2, 48]. In particular, the

corresponding parabolic problem in our setting is the discrete time initial-boundary value

problem 



u(n+ 1, x)− u(n, x) = 1
2d∆u(n, x), (n, x) ∈ Z+ × (Zd \ O),

u(n, x) = 0, (n, x) ∈ Z+ ×O,

u(0, x) = 1{0}(x),

(4.1.4)

and the probability P(St = x, τ > n) represents its unique bounded solution. Since P(τ > n)

is the total mass of the solution, the conditional probability P(St = x | τ > n) is the

normalized mass distribution. Thus Theorem C implies that the dominant proportion of

mass tends to localize in a single ball of radius %n. It is an important problem to further

identify the profile of the mass distribution inside the localization region. The first step
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to tackle this problem is to understand how the environment looks like in the localization

region, which is an interesting problem itself. These two problems are listed as the main

questions in [48, Section 1.3].

The first main result in this chapter is about the behavior of environment in the local-

ization region. Intuitively, the ball where the random walk will be localized should contain

very few obstacles, or even no obstacle. It is proved in [25] that the volume proportion

of obstacles inside the localizing ball is at most o(1), but it remains open to show that it

actually contains no obstacle at all. Our first main result resolves this question.

Theorem 4.1.1. There exists a constant κ > 0 depending only on (d, p) such that with

P̂-probability tending to one as n→∞,

Bn := B(xn, %n − %1−κ
n ) is open. (4.1.5)

Remark 4.1.2. Under the annealed law P⊗P(· | τ > n), a similar ball clearing phenomenon

was proved for d = 2 in [12] and [67], while the latter work studied a continuum analogue

called Brownian motion among Poissonian obstacles. The extension to d ≥ 3, conjectured

in [12], was open for a long time but recently resolved in [23] and [10] independently.

The proof of Theorem 4.1.1 differs substantially from those of the annealed result men-

tioned in Remark 4.1.2 and requires new ideas. It is based on intricate bounds on the tail

distribution of the principal Dirichlet eigenvalue of the random walk in the island of local-

ization, and relies on environment switching arguments that add or remove obstacles. The

heart of the proof consists in making judicious choices of which obstacles to add or remove,

and estimating how such modifications change the associated principal Dirichlet eigenvalue,

which is of independent interest. See Section 4.3 for a more detailed proof outline.

Our second main result gives the limiting law of %−1
n (St − xn) for t = n or t in the bulk,

conditioned on survival up to time n. The result for t = n corresponds to the limiting profile

of the solution of (4.1.4). Thanks to Theorem 4.1.1, we are able prove the convergence at the
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level of local limit theorem. Let φ1 and φ2 be the L1 and L2-normalized first eigenfunction

of the Dirichlet-Laplacian of the unit ball in Rd, respectively, and let | · |1 and | · | denote `1

and `2 norms on Zd, respectively.

Theorem 4.1.3. There exists C > 0 depending only on (d, p) such that the following hold

with P̂-probability tending to one as n→∞:

min
C|xn|≤t≤n

P(St ∈ Bn | τ > n)→ 1 , (4.1.6)

sup
x∈Bn:|x|1+n is even

∣∣∣%dnP(Sn = x | τ > n)− 2φ1(x−xn
%n

)
∣∣∣→ 0 , (4.1.7)

sup
x∈Bn:|x|1+t is even

∣∣∣%dnP(St = x | τ > n)− 2φ2
2(x−xn

%n
)
∣∣∣→ 0 , (4.1.8)

where the convergence in (4.1.8) holds uniformly for all t ∈ [C|xn|, n− C%2
n log %n].

Remark 4.1.4. The limiting marginal distribution identified by Theorem 4.1.3 is consistent

with the behaivour of a random walk conditioned to stay inside the ball Bn (see (4.1.5)) up

to time n after reaching it, although in our case we expect the walk to make excursions of

lengths up to c log n away from Bn.

The proof of Theorem 4.1.3 is based on eigenfunction decompositions and eigenvalue and

eigenfunction estimates.

4.1.2 Organization and notation

The rest of this chapter is organized as follows. We will first collect some results from [24, 25]

in Section 4.2, which we will need later in the proof. Then in Section 4.3, we introduce some

intermediate results and use them to prove Theorems 4.1.1, 4.1.3. Results introduced in

Section 4.3 will then be proved in Section 4.4 and 4.5.

Throughout the rest of this chapter, C, c will denote positive constants depending only

on (d, p) whose numerical values may vary from line to line with C typically a large constant
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and c a small constant. For constants such as C4,1, c5,2 or κ (which also depend only on

(d, p)), their values will stay the same throughout this chapter.

4.2 Preliminaries

We recall here some basic results and tools developed in Chapter 3 that we will need in

our proof. The main result of Chapter 3 was that conditioned on quenched survival up to

time n, the random walk will be confined in an island of diameter (log n)C during the time

interval [Cn(log n)−2/d, n]. Furthermore, with high probability the random walk St is in a

ball whose radius is asymptotically equal to %n. More precisely, the following was proved in

the previous chapter, where

S[k,l] = {Si : k ≤ i ≤ l} (4.2.1)

denotes the range of the random walk during the time interval [k, l].

Theorem D ([25, Lemma 6.11 and Remark 6.2.]). There exist constants c4,1 = c4,1(d, p),

C4,1 = C4,1(d, p) > 0, v∗ = v∗(O) ∈ B(0, Cn(log n)−2/d) and

xU ∈ U := the connected component in B(v∗, (log n)C4,1) \ O that contains v∗

such that the following holds: Let

B̂n := B(xU , (1 + %
−c4,1
n )%n) \ O. (4.2.2)

Then with P̂-probability tending to one as n→∞, we have B̂n ⊂ U and

P(τ
B̂n

< C|xU |, S[τ
B̂n
,n] ⊂ U | τ > n) ≥ 1− exp(−%cn) ; (4.2.3)
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v∗

xU

U

Figure 4.1: The centers v∗ and xU in Theorem D. Little dots are obstacles. Lemma 4.2.4
asserts that xU is the center of an almost vacant ball.

furthermore, uniformly in t ∈ [C|xU |, n],

P(St ∈ B̂n | τ > n) ≥ 1− exp(−%cn) . (4.2.4)

Theorem D asserts that conditioned on survival up to time n, the walk reaches U with

linear speed and then stays confined to U till time n. Furthermore, at each t ∈ [C|xU |, n],

with high probability, the walk is localized in the ball B̂n with center xU , which is the same

as xn in Theorem 4.1.1.

Let us briefly recall how v∗, and hence U , is determined in the theorem above. Basically,

there are small number of local regions like U which have an atypically large eigenvalue for

the transition matrix (small survival cost) and are within a rather small distance from the

origin (small crossing cost). The set U is then determined as the region which minimizes the

sum of above two costs, see (3.5) in [25].

We will need the following two properties for the set U . The first one asserts that the

eigenvalue for U is atypically large, which is expected from the above definition. The second

asserts that there is a ball almost free of obstacles with radius %n in U , which essentially

follows from the first one and an quantitative isoperimetric inequality.

(a) The eigenvalue λU . For A ⊂ Zd, we let λA denote the principal (largest) eigenvalue of
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P |A, which is the transition matrix of the simple symmetric random walk on Zd killed upon

exiting A. The following result gives a deterministic lower bound λ∗ on λU and shows that

it is very close to 1. In particular, there are at most (log n)C many such islands in B(0, n)

with eigenvalues larger than λ∗.

Lemma 4.2.1. There exists

λ∗ = λ∗(n, d, p) ≥ 1− µB%−2
n − C∗%−3

n , (4.2.5)

where µB is the first Dirichlet-eigenvalue of − 1
2d∆ in the unit ball and C∗ is a constant

depending only on (d, p) such that

lim
n→∞ P̂(λU ≥ λ∗) = 1 . (4.2.6)

Furthermore, if we denote

V = B(0, (log n)C4,1) \ O , (4.2.7)

then for some constants C, c > 0 and n sufficiently large,

n−d(log n)c ≤ P(λV ≥ λ∗) ≤ n−d(log n)C . (4.2.8)

Proof. This follows from results in [24, 25]. As in [25], we choose the cutoff λ∗ := p
1/kn
α1

where kn = (log n)4−2/d(log log n)21d=2 and pα1 (defined in [24, (3.1)]) is appropriately

chosen according to some large quantile of the distribution of survival probability up to kn

steps. Then (4.2.6) can be found in [25, Lemma 2.1] and (4.2.5) can be found in [25, Lemma

2.5]. The lower bound in (4.2.8) follows from [25, (2.2)]. The upper bound in (4.2.8) can be

proved using [24, Lemma 3.3] and adapting the proof of [24, (3.4)] by changing the value of

R there to (log n)C4,1 .

(b) An almost open ball in U . We want to find an open subset of U which is very close
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to a ball. This is accomplished by a coarse graining argument that first divides U into two

types of mesoscopic boxes according to the local obstacles density. Intuitively, the random

walk tends to stay in the low obstacle density region. The key ingredient in proving (4.2.4)

is that the low obstacle density region is very close to a ball. To elaborate on this, it is

convenient to shift the center of localization to the origin and work with V defined in (4.2.7).

Roughly speaking, U is the best among all possible translates of V in [−n, n]d.

Let | · |∞ denote the `∞-norm on Zd and denote the `∞ ball of radius r (or box of side

length 2r + 1) by

K(v, r) := {x ∈ Zd : |x− v|∞ ≤ r} . (4.2.9)

For ε ∈ (0, 1), which may depend on n, we consider the following disjoint boxes that cover

Zd:

K(x, bε%nc) for x ∈ (2bε%nc+ 1)Zd .

Definition 4.2.2. For ε ∈ (0, 1), let E(ε) be the union of boxes K(x, bε%nc) that intersect V

(defined in (4.2.7)) such that |O∩K(x, bε%nc)| ≤ ε|K(x, bε%nc)|, where |K(x, bε%nc)| denotes

the cardinality of the set K(x, bε%nc).

By the same combinatorial calculation as in the proof of [25, Lemma 5.2], one can show

that typically the volume of the low obstacle density region E(ε) is at most C%dn. More

precisely, we have the following lemma.

Lemma 4.2.3. There exists a constant c ∈ (0, 1) such that for any ε ∈ (%
−1/2
n , c),

P(|E(ε)| ≥ |B(0, %n)|+ ε1/2%dn) ≤ e−%nn−d .

Also, there exists C4,2 = C4,2(d, p) > 0 such that

P(|E(ε)| ≥ C4,2%
d
n) ≤ n−100d .

The following lemma is one of the key ingredients in proving Theorem D. It says that if
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λV is grater than or equal to λ∗ (which is close to λB(0,%n), see (4.2.5)), then typically E(ε)

is very close to a ball of radius %n.

Lemma 4.2.4 ([25, Lemmas 5.2–5.9]). Let λ∗ be as in Lemma 4.2.1. There exists c4,2 > 0

sufficiently small such that if we denote

εn := %
−c4,2
n , (4.2.10)

and assume that λV ≥ λ∗ and

|E(ε)| ≤ |B(0, %n)|+ ε1/2%dn, for ε = ε
1/2
n , εn, ε

2
n , (4.2.11)

then there exists xV ∈ V such that

|B(xV , %n)4E(εn)| ≤ εn
1/4%dn , (4.2.12)

where 4 stands for the symmetric difference of two sets.

It follows immediately that the volume proportion of obstacles in B(xV , %n) is very small:

|B(xV , %n) ∩ O| ≤ |B(xV , %n)4E(εn)|+ εn|E(εn)| ≤ Cεn
1/4%dn , (4.2.13)

which is the starting point of our proof. In particular, since U ⊂ B(0, n), we can deduce from

Lemma 4.2.3 that with high probability, U satisfies the same volume control as in (4.2.11),

and hence the volume proportion of obstacles in B(xU , %n) is very small.

4.3 Proof Outline

In this section, we list the key intermediate results and prove Theorem 4.1.1 and Theo-

rem 4.1.3 assuming those results.
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4.3.1 Ball Clearing

By (4.2.8), we know that there are at most (log n)C many balls of radius (log n)C4,1 in B(0, n)

with eigenvalues at least λ∗. The fact that B(xU , %n − %1−κ
n ) is open will then follow from

the following proposition.

Proposition 4.3.1. Let V be as in (4.2.7) and let λ∗ be as in Lemma 4.2.1. Then there

exist κ ∈ (0, 1) and C > 0, such that for all n sufficiently large,

P(B(xV , %n − %1−κ
n ) ∩ O 6= ∅ | λV ≥ λ∗) ≤ Ce−%

1/3
n . (4.3.1)

Proof of Theorem 4.1.1. In view of Theorem D, it suffices to prove (4.1.5) with xn re-

placed by xU . Let us denote the translate of V by

V(x) = B(x, (log n)C4,1) \ O .

By Proposition 4.3.1 and (4.2.8),

P(λV ≥ λ∗, B(xV , %n − %1−κ
n ) is not open) ≤ Ce−%

1/3
n (log n)Cn−d = o(n−d) .

This yields that with P-probability tending to one, for all x ∈ B(0, n),

either λV(x) < λ∗ or B(xV(x), %n − %1−κ
n ) is open .

Recall that we proved in Lemma 4.2.1 that λU ≥ λ∗. Hence, B(xU , %n− %1−κ
n ) is open with

P̂-probability tending to one as n→∞.

The proof of Proposition 4.3.1 is based on the following heuristics. Suppose B(xV , %n −

%1−κ
n ) is not completely open, then we consider the operation that removes all obstacles inside

B(xV , %n − %1−κ
n ). After performing such an operation, the eigenvalue λV will increase, for
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example, from λV to λV + δ. Such an operation will yield the following inequality:

P(B(xV , %n − %1−κ
n ) ∩ O 6= ∅, λV > λ∗) ≤ C(n, δ, d, p)P(λV > λ∗ + δ) . (4.3.2)

Now if the tail of the probability distribution of λV is not very heavy in the sense that

P(λV > λ∗ + δ)

P(λV > λ∗)
� 1 , (4.3.3)

and the factor C(n, δ, d, p) in (4.3.2) is small compare to (4.3.3), then we have

P(B(xV , %n − %1−κ
n ) ∩ O 6= ∅ | λV > λ∗) ≤ C(n, δ, d, p)

P(λV > λ∗ + δ)

P(λV > λ∗)
� 1 ,

which yields Proposition 4.3.1. Therefore it suffices to establish in a more precise manner

the two ingredients (4.3.2) and (4.3.3).

Remark 4.3.2. In [23, Proposition 2.2], we have proved an analogue of Proposition 4.3.1

under the annealed polymer measure, where we used operations that modify the obstacle

configurations and the random walk paths jointly. The difficulty in the quenched setting

is that we need to identify a vacant ball in U , for which we only know λU ≥ λ∗ from

Lemma 4.2.1. This is why Proposition 4.3.1 is formulated in terms of the eigenvalue and as

a result, we can perform operations only on the obstacle configurations. Nevertheless, it is

worth mentioning that operations that modify obstacle configurations or random walk paths

play an important role both in this result and in [23].

The following result makes (4.3.3) precise and shows that the tail of the probability

distribution of λV is not too heavy.

Lemma 4.3.3. Suppose β ≥ 1− b%−2
n for some b ≥ 1. Then there exists a constant cb > 0

depending only on (b, d, p) such that for all

ε ∈
(
(log log n)4%−dn , cb

)
, (4.3.4)
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we have

P(λV ≥ β) ≤ e−ε(log(1/ε))−3%dnP(λV ≥ β − ε%−2
n ) + n−10d . (4.3.5)

One of the challenges in proving results of the type (4.3.2) is that how much λV increases

after removing the obstacles depends on the local configuration around the obstacles. For

example, if the obstacles being removed are near the boundary of B(xV , %n) where there

are a lot of unremoved obstacles, then the effect of the removal would be very small (more

discussions about this issue can be found at the beginning of Section 4.4.2). To quantify the

effect of removing certain obstacles, we suppose λV ≥ λ∗ and (4.2.11) holds. For δ ∈ (0, 1/2),

which may depend on n, and nonnegative integer k, define

Bδ,k = B(xV , (1− δ + 2−kδ)%n) . (4.3.6)

Then for all k ≥ 0, B(xV , (1 − δ)%n) ⊂ Bδ,k+1 ⊂ Bδ,k ⊂ B(xV , %n) . For any δ > 0, if

B(xV , (1 − δ)%n) is not completely open, then we define (for some constant c4,5 ∈ (0, 1) to

be chosen in Lemma 4.4.13)

J = Jδ := min{k ∈ N∗ : |O ∩Bδ,k| ≥ c4,5|O ∩Bδ,k−1|} , (4.3.7)

which must be finite due to the assumption that B(xV , %n − %1−κ
n ) is not completely open

(see Figure 4.2).

The following result makes (4.3.2) more precise and says that removing m obstacles in

Bδ,J−1 will increase the eigenvalue λV by (m/%dn)1−1/d%−2
n .

Lemma 4.3.4. Let C4,1 be defined as in Theorem D. There exist constants κ ∈ (0, 1), C > 0

such that for any 1 ≤ m ≤ %dn, β ≥ λ∗, δ = %−κn ,

P(λV ≥ β, |O ∩Bδ,J−1| = m, (4.2.11)) ≤ C%
dC4,1
n

(C%dn
m

)m
P(λV ≥ β + (m/%dn)1−1/d%−2

n ) .

(4.3.8)
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Bδ,J
Bδ,J−1

B(xU , %n)

..
..
..Bδ,k−1

Bδ,k+1

Bδ,k

Figure 4.2: The balls Bδ,k and Bδ,J as defined in (4.3.6) and (4.3.7). Little dots are obstacles.

Both Lemmas 4.3.3 and 4.3.4 are estimates on the tail distribution of λV , but in opposite

directions. The common strategy in both proofs is obstacle modification. To prove Lemma

4.3.3, we judiciously add obstacles and show that we get a large gain in probability for

the obstacle configuration but little decrease in λV . To prove Lemma 4.3.4, we judiciously

remove obstacles and show that we get a large gain in λV while the probabllity of the

obstacle configuration changes little. We will prove Proposition 4.3.1, Lemmas 4.3.3 and

4.3.4 in Section 4.4.

4.3.2 Random Walk Localization

We know from Theorem D that conditioned on survival up to time n, the random walk

stays in U during the time interval [C|xU |, n] with high probability. To give a more detailed

description for the random walk in this time window, it is convenient to consider the random

walk conditioned to stay in U for a long time.

Recall from Theorem D that B̂n := B(xU , (1 + %
−c4,1
n )%n) \ O is a ball of radius slightly

larger than %n. Knowing that B(xU , %n − %1−κ
n ) is open, it is straightforward to deduce the

following result from [25, (6.15)]. The details will be given in Section 4.5.2.

Lemma 4.3.5. There exist constants C4,3, c > 0 depending only on (d, p) such that with

P̂-probability tending to one as n→∞, for any z ∈ U and constant ε ∈ (0, 1), m ≥ t, if we
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assume

either z ∈ B(xU , (1− ε)%n) and t ≥ 0, or z ∈ U and t ≥ %
C4,3
n , (4.3.9)

then

Pz(St 6∈ B̂n | τUc > m) ≤ exp(−%cn) (4.3.10)

for all sufficiently large n.

We will strengthen this result in two steps :

(a). We will first prove that conditioned on {τUc > m}, the probability that the random

walk is at some site x at a fixed time %2
n ≤ t ≤ m is O(%−dn ) uniformly in x. Then

combining with (4.3.10), we deduce that at any fixed time, with high probability, the

random walk will be localized in a ball of radius slightly smaller than %n.

(b). We will then derive the limiting marginal distribution of the random walk at the end

point and at a deterministic time in the bulk, conditioned on {τUc > m}.

First we show that conditioned on {τUc > m}, the random walk will hit the the deep

interior of the ball B(xU , %n) within (log n)C steps. This allows us to focus on the random

walk starting from the deep interior of the ball.

Lemma 4.3.6. There exist b2 ∈ (0, 1) and C4,4, c > 0 depending only on (d, p) (C4,4 to

be defined in Lemma 4.5.5) such that with P̂-probability tending to one as n → ∞, for all

m ≥ %
C4,4
n and u ∈ U ,

Pu(τB(xU ,b2%n) ≥ %
C4,4
n | τUc > m) ≤ exp(−%cn) . (4.3.11)

The first improvement upon (4.3.10) in Lemma 4.3.5 (see (a) after Lemma 4.3.5) is the

following local limit result.
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Lemma 4.3.7. Let b2 be as in Lemma 4.3.6 and let u ∈ B(xU , b2%n), m ≥ t ≥ %2
n, and

ε ∈ (0, 1). Then with P̂-probability tending to one as n → ∞, the following holds for all

y ∈ U , x ∈ B(xU , (1− ε)%n) such that |x− u|1 + t is even:

Pu(St = y | τUc > m) ≤ C%−dn , (4.3.12)

Pu(St = x | τUc > m) ≥ cε2%−dn . (4.3.13)

Remark 4.3.8. The second assertion (4.3.13) will not be used in the proof of the main

results. We include it to complement (4.3.12) and as a precursor to Theorem 4.1.3.

Combined with Lemma 4.3.5, the preceding lemma can then be used to show that the

random walk at any fixed time t will be localized in the ball centered at xU with radius

%n
(
1− o(1)

)
. More precisely,

Corollary 4.3.9. Let κ > 0 be defined as in Proposition 4.3.1. There exists a constant

c = c(d, p) > 0 such that with P̂-probability tending to one as n→∞, for all u ∈ B(xU , b2%n),

m ≥ t ≥ 0,

Pu(St ∈ B(xU , (1− 2%−κn )%n) | τUc > m) ≥ 1− %−cn . (4.3.14)

Lastly, Theorem 4.1.3 will be proved using Corollary 4.3.9 and the following lemma,

which says that conditioned on the random walk staying in B̂n for sufficiently long time, the

distribution of the random walk at the end point (or at a deterministic time in the bulk)

will converge in total variation distance to the normalized first eigenfunction (or normalized

eigenfunction squared) on B̂n.

Lemma 4.3.10. There exist constants c, C4,5 > 0 depending only on (d, p) such that uni-

formly in v, y ∈ B(xU , (1− 2%−κn )%n) and m, t ≥ C4,5%
2
n log log n with |y− v|1 +m+ t even,
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we have

sup
x∈Bn:|x−v|1+m is even

∣∣∣%dnPv(Sm = x | τ
B̂cn

> m)− 2φ1(x−xU
%n

)
∣∣∣ ≤ %−cn , (4.3.15)

sup
x∈Bn:|x−v|1+m is even

∣∣∣%dnPv(Sm = x | Sm+t = y, τ
B̂cn

> m+ t)− 2φ2
2(x−xU

%n
)
∣∣∣ ≤ %−cn ,

(4.3.16)

where φ1 and φ2 are respectively the L1 and L2-normalized first eigenfunction of the Dirichlet-

Laplacian of the unit ball in Rd.

Let us prove Theorem 4.1.3 assuming the above lemmas.

Proof of Theorem 4.1.3. To prove (4.1.6), we first show that combining (4.2.3) with

Lemma 4.3.6 yields

P(τB(xU ,b2%n) < C|xU |, S[τ
B̂n
,n] ⊂ U | τ > n) ≥ 1− exp(−%cn) . (4.3.17)

Indeed, by the strong Markov property at time τ
B̂n

,

P(τB(xU ,b2%n) > τ
B̂n

+ d%C4,4
n e, τ

B̂n
< C|xU |, S[τ

B̂n
,n] ⊂ U , τ > n)

= E
[
1τ>τ

B̂n
,τ
B̂n
<C|xU |P

Sτ
B̂n (τB(xU ,b2%n) > d%

C4,4
n e, τUc > n− τ

B̂n
)
]
.

Since |xU | ≤ Cn(log n)−2/d implies n − τ
B̂n
≥ n/2, it follows from Lemma 4.3.6 that the

above quantity can be bounded from above by

exp(−%cn)E
[
1τ>τ

B̂n
,τ
B̂n
<C|xU |P

Sτ
B̂n (τUc > n− τ

B̂n
)
]

= exp(−%cn)P(τ > τ
B̂n
, τ
B̂n

< C|xU |, S[τ
B̂n
,n] ⊂ U) .

Combined with (4.2.3), this proves (4.3.17).

Now, let T denote the hitting time of the ball B(xU , b2%n) to lighten the notation. We
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consider deterministic time t with C|xU | ≤ t ≤ n and x ∈ B(v, (1− ε)%n) with |x|1 + t even.

By the strong Markov property,

P(S[T,n] ⊂ U , St ∈ B(xU , %n), t > T, τ > n)

= E
[
1τ∧t>TPST (St−T ∈ B(xU , %n), τUc > n− T )

]
.

By Corollary 4.3.9, this equals P(S[T,n] ⊂ U , τ > n, t > T )(1 + o(1)). Combining this with

(4.3.17) gives (4.1.6).

Next, we turn to the proof of (4.1.7) and (4.1.8). The basic idea is to restrict the walk to

a time interval [t1, t2] such that the walk does not exit B̂n during this time interval, which

then allows us to apply Lemma 4.3.10. To this end, we denote for 0 < t1 < t2,

At1,t2 := {St1 , St2 ∈ B(xU , (1− 2%−κn )%n), S[t1,t2] ⊆ B̂n, S[C|xU |,n] ⊆ U , τ > n} .

We first notice that for any [t1, t2] ⊆ [C|xU |, n] with t2 − t1 ≤ e%
c
n , combining (4.3.17),

(4.3.14), and a union bound for the event in (4.3.10) over all t ∈ [t2, t1] yields that

P(At1,t2 | τ > n) ≥ 1− %−cn . (4.3.18)

To prove (4.1.8), we choose t1 = t− %3
n, t2 = t+ %3

n, and let Iv,w be

P(St1 = v, S[C|xU |,t1] ⊆ U , τ > t1) ·Pv(St2−t1 = w, τ
B̂cn

> t2 − t1) ·Pw(τUc > n− t2) .

We have

P(St = x,At1,t2) =
∑

v,w∈B(xU ,(1−2%−κn )%n)

Iv,w ·Pv(St−t1 = x | St2−t1 = w, τ
B̂cn

> t2 − t1) .
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Therefore

∑

x:|x|1+t is even

∣∣∣P(St = x,At1,t2)− 2%−dn φ2
2(x−xU

%n
)P(At1,t2)

∣∣∣ ≤
∑

v,w∈B(xU ,(1−2%−κn )%n)

Iv,w

×
∑

x:|x|1+t is even

∣∣∣Pv(St−t1 = x | St2−t1 = w, τ
B̂cn

> t2 − t1)− 2%−dn φ2
2(x−xU

%n
)
∣∣∣

≤ %−cn P(At1,t2) .

where in the last step, we used (4.3.16). Combining this with (4.3.18) yields (4.1.8).

Finally, choose t1 = n−%3
n, t2 = n and combining (4.3.18) with (4.3.15) yields (4.1.7).

Lemmas 4.3.5, 4.3.6, and 4.3.7, Corollary 4.3.9 will be proved in Section 4.5.2, and Lemma

4.3.10 will be proved in Section 4.5.3.

4.4 Ball Clearing

In this section, we will first prove Lemmas 4.3.3 and 4.3.4 in Sections 4.4.1 and 4.4.2, respec-

tively, and then conclude the proof of Proposition 4.3.1 in Section 4.4.3.

4.4.1 Proof of Lemma 4.3.3

Proof outline

In this section, we outline the proof of Lemma 4.3.3, which shows that the tail of the

distribution of λV is not too heavy. The basic strategy is obstacle modification.

Let ` ∈ N∗ and partition Zd into disjoint boxes K(x, `) of side length 2`+ 1 (see (4.2.9))

for x ∈ (2`+ 1)Zd. Let V be as defined in (4.2.7).

Definition 4.4.1. A box K(x, `) is said to be “truly”-open if

max
u∈K(x,`)

Pu(S[0,`2] ⊂ (K(x, 4`) ∩ V)
)
≥ 1/10 . (4.4.1)
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Let C4,1 be as in Theorem D. We fix ` and let T denote the union of all “truly”-open

boxes that intersect with B(0, (log n)C4,1).

We first note that “truly”-open boxes are very rare:

Lemma 4.4.2. There exists c = c(d, p) > 0 such that for all ` sufficiently large,

P
(
K(x, `) is “truly”-open

)
≤ exp(−c`d) . (4.4.2)

Proof. To prove (4.4.2), it suffices to show that for all u ∈ K(x, `),

P
(
Pu(S[0,`2] ∩ O = ∅) ≥ 1/10

)
≤ exp(−c`d) , (4.4.3)

which can be found in [24, Definition 2.4, Lemmas 2.8 and 2.9].

In light of Lemma 4.4.2, by closing a “truly”-open box, namely, changing the obstacle

configuration in a “truly”-open box to typical configurations, we could gain much probability

for the obstacle configurations.

On the other hand, we have the following result, which says that in a typical environment,

we can find a “truly”-open box such that λV will only decrease slightly after closing this

“truly”-open box.

Lemma 4.4.3. Fix ` ≥ 1. Let C4,6 > 1 be a constant depending only on (d, p) to be chosen

in Lemma 4.4.6, and let b1 > 0, b2 ∈ (0, 1) be two arbitrary constants. Let εn, E(εn), and

C4,2 > 1 be as defined in (4.2.10), Definition 4.2.2, and Lemma 4.2.3, respectively. We

assume

min
x∈B(0,(log n)

C4,1)
|B(x,C4,6%n) \ T | ≥ %dn, |E(εn)| ≤ C4,2%

d
n , (4.4.4)

and λV ≥ 1 − b1%
−2
n . Then for each z ∈ B(0, (log n)C4,1) such that |T ∩ B(z, C4,6%n)| ≥

(b2%n)d, there exists a “truly”-open box K(x, `) with x ∈ B(z, 20%n) such that

λV\K(x,10`) ≥ λV − Cb21b
−2(d−1)
2 `2(d+2)%−d−2

n , (4.4.5)

149



where C is a constant depending only on (d, p).

Lemma 4.4.3 is the key ingredient in the proof of Lemma 4.3.3. We will use Lemma

4.4.3 repeatedly (see Lemma 4.4.9 below) to show that we can find a number of “truly”-

open boxes such that λV will not be decreased much after closing them. The operation of

changing these “truly”-open boxes to typical configurations will map the event {λV ≥ β} to

{λV ≥ β − δ}, where δ depends on ` and the number of “truly”-open boxes being closed.

Combining with Lemma 4.4.2 will then give an upper bound for P(λV ≥ β)/P(λV ≥ β − δ)

(see Lemma 4.4.10.) The proof of Lemmas 4.4.3, 4.4.9 and 4.4.10 will be provided in Section

4.4.1. In Section 4.4.1, we fix appropriate choices of ` and the number of “truly”-open box

being closed, and prove Lemma 4.3.3.

Some useful facts

Before embarking on the proof of Lemma 4.4.3, we will show in this section that with high

probability, assumption (4.4.4) holds and the choice of z in Lemma 4.4.3 exists.

Definition 4.4.4. For any U ⊂ Zd, let ΦU be the `1-normalized principal eigenfunction of

P |U , the transition matrix of the random walk restricted to U .

The following lemma will be used repeatedly, for instance, to bound ΦU (v) at sites v

close to the boundary of U , or to find sites v from where the walk cannot exit U too quickly.

Lemma 4.4.5. For t ∈ N∗,

∑

v∈U
ΦU (v) ·Pv(τUc ≤ t) = 1− λtU . (4.4.6)

Proof. Let 1 = (1, 1, . . . , 1) ∈ RU , then

∑

v∈U
ΦU (v) ·Pv(τUc ≤ t) = 1− 〈ΦU , (P |U )t1〉 = 1− λtU .
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Recall the definition of E(εn) in Definition 4.2.2 and (4.2.10). The following result says

that neither T nor E(εn) can be too large in a typical obstacle configuration, namely, (4.4.4)

holds.

Lemma 4.4.6. Let ` ∈ (C, %
1/2
n ) for some large constant C. There exists a constant C4,6 > 1

depending only on (d, p) such that (4.4.4) holds with P-probability at least 1− n−10d.

Proof. Since Lemma 4.2.3 gives the second inequality in (4.4.4), it suffices to show that the

first inequality in (4.4.4) holds with high probability. Consider boxes of the form K(v, `), v ∈

(2`+ 1)Zd. We can partition these boxes into 10d groups {K(v, `) : v ∈ (2`+ 1)(10Zd + i)},

for i ∈ {0, 1, . . . , 9}d so that the distance between any two boxes in the same group is at least

10`. Recalling the definition of “truly”-open box in (4.4.1), we have that within each group

the events that each box is “truly”-open are mutually independent, and have probability

less than e−c`
d

by Lemma 4.4.2. Note that on the event {|B(x,C4,6%n) \ T | < %dn}, there

exists a group where there are at most %dn/[10d · (2`+ 1)d] many non-“truly”-open box that

intersect B(x,C4,6%n). Also, the number of boxes that intersect B(x,C4,6%n) in each group

is at least |B(x,C4,6%n)|/[10d · (2`+ 1)d] . It follows from large deviation estimates for sums

of i.i.d. Bernoulli random variables (in each group) and a union bound over those groups

that

P
(
|T ∩B(x,C4,6%n)| ≥ |B(x,C4,6%n)| − %dn

)
≤ n−20d ,

for C4,6 and ` sufficiently large. Then a union bound over x ∈ B(0, (log n)C4,1) yields

P
(

min
x∈B(0,(log n)

C4,1)
|B(x,C4,6%n) \ T | ≥ %dn

)
≥ 1− n−15d .

This completes the proof of Lemma 4.4.6.

The following result says that under the assumptions in Lemma 4.4.3, there exits z

such that B(z, C4,6%n) contains enough “truly”-open boxes (for some b2 depending on b1 as

determined by (4.4.7)).
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Lemma 4.4.7. Let ` ∈ (C, %
1/2
n ) for some large constant C. There exists a constant

c4,3 = c4,3(d) ∈ (0, 1) such that for any b ≥ 1, if λV ≥ 1 − b%−2
n , then there exists

x ∈ B(0, (log n)C4,1) such that

|T ∩B(x,C4,6%n)| ≥ c4,3b
−d/2%dn . (4.4.7)

The following lemma is needed to prove Lemma 4.4.7.

Lemma 4.4.8. If K(x, `) is not a “truly”-open box, then for any starting point u ∈ K(x, `),

the survival probability up to `2 steps is less than 1/2, namely,

Pu(τVc > `2) ≤ 1/2 . (4.4.8)

Proof. We first note that for any u ∈ K(x, `),

Pu(τVc > `2) ≤ Pu( max
t∈[0,`2]

|St − u|∞ ≥ 3`) + Pu(S[0,`2] ⊂ (K(x, 4`) \ O)) .

If K(x, `) is not a “truly”-open box, then the definition of the “truly”-open boxes (Definition

4.4.1) implies

Pu(S[0,`2] ⊂ (K(x, 4`) \ O)) ≤ 1/10 .

In addition, the reflection principle yields

Pu( max
t∈[0,`2]

|St − u|∞ ≥ 3`) ≤ d · 2P(|S`2 · e1| ≥ 3`) ≤ 2d · `
2/d

9`2
= 2/9 .

Combining the previous three inequalities gives (4.4.8).

Proof of Lemma 4.4.7. Since by assumption λV ≥ 1− b%−2
n , (4.4.6) implies that

∑

v∈V
ΦV(v) ·Pv(τVc ≤ 10−3%2

n/b) ≤ 1− λ10−3%2
n/b

V ≤ 1− e−d10−3%2
n/beb%−2

n ≤ 1/100 .
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Hence, there exists u ∈ V such that

Pu(τVc ≤ d10−3%2
n/be) ≤ 1/100 .

On the other hand, by (4.4.8) if the random walk hit T c, then it will get killed with prob-

ability at least 1/2 in next `2 steps. Since `2 ≤ %n ≤ 10−4%2
n/b for sufficiently large n, we

get

Pu(τVc ≤ d10−3%2
n/be) ≥ Pu(Sd10−4%2

n/be ∈ T
c)/2 .

Combining the previous two inequalities gives

Pu(Sd10−4%2
n/be ∈ T

c) ≤ 1/50 .

Since we assumed b ≥ 1 and C4,6 ≥ 1 (chosen in Lemma 4.4.6), we have

Pu(Sd10−4%2
n/be 6∈ B(u,C4,6%n)) ≤ 1/50 .

Combining the previous two inequalities with the local limit theorem for the random walk

S gives

24/25 ≤ Pu(Sd10−4%2
n/be ∈ T ∩B(u,C4,6%n)) ≤ |T ∩B(u,C4,6%n)| · C(%nb

1/2)−d .

This yields (4.4.7).

Proof of Lemma 4.4.3 and its corollaries

Proof of Lemma 4.4.3. We need to show that for each for each z ∈ B(0, (log n)C4,1) such

that |T ∩ B(z, C4,6%n)| ≥ (b2%n)d, we can find a truly open box K(x, `) such that filling

K(x, 10`) with obstacles will not decrease λV too much, namely, (4.4.5) holds. We will find

such an x near the boundary of T . The change in λV can then be shown to be small because
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ΦV is small near x. (Recall that ΦV is the `1-normalized principal eigenfunction of P |V , the

transition matrix of the random walk restricted to V .)

Denote by |ΦV |2 the `2-norm of ΦV , namely |ΦV |22 =
∑
x∈Zd ΦV(x)2. By Lemma 4.B.1

in the appendix, for any x ∈ V with
∑
u∈K(x,11`) Φ2

V(u) ≤ |ΦV |22/2, we have

λV − λV\K(x,10`) ≤ 4
∑

u∈K(x,11`)

Φ2
V(u)/|ΦV |22 . (4.4.9)

To bound the right hand side of (4.4.9), we first show that the assumption (4.4.4) implies

|ΦV |22 ≥ c%−dn . (4.4.10)

To this end, let Ωεn := {v ∈ Zd : ΦV(v) ≥ εn%
−d
n }. It was shown in [25, Lemma 5.5] that

∑
v 6∈E(εn) ΦV(v) ≤ Cεn for some constant C, which implies |Ωεn \ E(εn)| ≤ C%dn. Since

|E(εn)| ≤ C4,2%
d
n, we get |Ωεn| ≤ C%dn and

∑

v∈Ωεn

ΦV(v) ≥
∑

v∈Ωεn∪E(εn)

ΦV(v)− |E(εn)| · εn%−dn ≥ 1− Cεn ≥ 1/2 .

Then (4.4.10) follows from |Ωεn | ·
∑
v∈Ωεn

Φ2
V(v) ≥

(∑
v∈Ωεn

ΦV(v)
)2

.

Now, suppose z ∈ B(0, (log n)C4,1) satisfies |T ∩B(z, C4,6%n)| ≥ (b2%n)d. By (4.4.9) and

(4.4.10), to prove (4.4.5), it suffices to find a “truly”-open K(x, `) with x ∈ B(z, 20%n) such

that for some constant C > 0,

∑

u∈K(x,11`)

Φ2
V(u) ≤ Cb21b

−2(d−1)
2 %

−2(d+1)
n `2(d+2) . (4.4.11)

Heuristically, ΦV is large on T and small on T c. So we expect that such a “truly”-open box

can be found near the boundary of T .
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We define the outer boundary for D ⊆ Zd by

∂D := {x ∈ Dc : |x− y|1 = 1 for some y ∈ D} , (4.4.12)

and denote by A the points in Zd which are close to T c:

A = {u ∈ Zd : ∃ v ∈ T c s.t. |u− v|∞ ≤ 100`} .

For any starting point in u ∈ A, since T c is a union of boxes of side length `, the probability

that the random walk hits T c within `2 steps is uniformly bounded away from 0. Recalling

(4.4.8), which says that starting from any point in T c, with probability at least 1/2, the

random walk will be killed in `2 steps, we get for some constant c′ = c′(d),

Pu(τVc ≤ 2`2) ≥ c′ .

Then (4.4.6) and the assumption λV ≥ 1− b1%−2
n implies

∑

u∈A
ΦV(u)c′ ≤ 1− λ2`2

V ≤ Cb1`
2%−2
n . (4.4.13)

We claim that A contains many truly open boxes. Indeed, the cardinality of A∩B(z, C4,6%n)

can be bounded from below in terms of the cardinality of ∂T ∩ B(z, C4,6%n). Since |T ∩

B(z, C4,6%n)| ≥ (b2%n)d, |B(z, C4,6%n) \ T | ≥ %dn, and b2 ∈ (0, 1), Lemma 4.C.1 implies that

|∂T ∩B(z, C4,6%n)| ≥ c(b2%n)d−1 .

Then we can choose c`−d(b2%n)d−1 many “truly”-open boxes such that that the boxes of side

length 22` + 1 centered at these boxes are disjoint and also in A. Combined with (4.4.13),
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it implies that there exists a “truly”-open box K(x, `) with x ∈ B(z, C4,6%n) and

∑

u∈K(x,11`)

ΦV(u) ≤ Cb1`
2%−2
n

c`−d(b2%n)d−1
≤ Cb1b

−(d−1)
2 %

−(d+1)
n `d+2 .

Hence

∑

u∈K(x,11`)

Φ2
V(u) ≤

( ∑

u∈K(x,11`)

ΦV(u)
)2
≤ Cb21b

−2(d−1)
2 %

−2(d+1)
n `2(d+2) .

Thus (4.4.11) follows and this completes the proof of Lemma 4.4.3.

In the following lemma, we apply Lemma 4.4.3 repeatedly to remove a number of “truly”-

open boxes, while λU only decreases slightly.

Lemma 4.4.9. Assume (4.4.4) holds and λV ≥ 1 − b%−2
n for some b ≥ 1. There exists a

constant C4,7 > 2 depending only on (d, p) such that the following holds. For any sufficiently

large ` with ` ≤ %
1/2
n , there exist z ∈ B(0, (log n)C4,1) and {xm}

M`,b
m=1 ⊂ B(z, C4,6%n) with

M`,b := C−1
4,7b
−d−2`−2d−2%dn (4.4.14)

such that {K(xm, `)}
M`,b
m=1 are “truly”-open, {K(xm, 5`)}

M`,b
m=1 are disjoint, and for any 1 ≤

m ≤M`,b,

λV − λV\⋃mj=1
K(xj , 10`) ≤ δ(m, `, b) , (4.4.15)

where δ(m, `, b) := C4,7mb
3−d`2(d+1)%−d−2

n .

Proof. First note that since ` is sufficiently large and ` ≤ %
1/2
n , by Lemma 4.4.7, the assump-

tion λV ≥ 1− b%−2
n implies that we can choose zV ∈ B(0, (log n)C4,1) such that

|T ∩B(zV , C4,6%n)| ≥ c4,3b
−d/2%dn . (4.4.16)

We will choose the xi’s inductively by repeatedly applying Lemma 4.4.3 such that xi ∈
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B(zV , C4,6%n) and K(xi, `) are “truly”-openfor 1 ≤ i ≤ M`,b, K(x1, 5`), . . . , K(xM`,b
, 5`)

are disjoint and for 1 ≤ i ≤M`,b,

λV\⋃ij=1K(xj ,10`)
≥ λV\⋃i−1

j=1K(xj ,10`)
− C4,7b

3−d`2(d+1)%−d−2
n . (4.4.17)

Set

(b1, b2, z) = (2b, (c4,3/2)1/db−1/2, zV) , (4.4.18)

For i = 1, we apply Lemma 4.4.3 with parameters in (4.4.18). We now verify the conditions in

Lemma 4.4.3. Firstly, (4.4.4) is satisfied by assumption. Secondly, we assumed λV ≥ 1−b%−2
n

and thus λV > 1− b1%−2
n . Lastly, (4.4.16) gives |T ∩B(z, C4,6%n)| ≥ c4,3b

−d/2%dn > (b2%n)d.

Hence Lemma 4.4.3 implies that there exists x1 ∈ B(z, C4,6%n) such that K(x1, `) is “truly”-

open and (4.4.17) holds for i = 1 and sufficiently large C4,7.

Suppose that we have chosen x1, . . . , xi for 1 ≤ i ≤M`,b−1 with the aforementioned prop-

erties. We apply Lemma 4.4.3 with the same parameters as in (4.4.18) to V\⋃ij=1K(xj , 10`)

in place of V . We now verify the conditions in Lemma 4.4.3.

Firstly, since T and E(εn) are non-increasing as we close
⋃i
j=1K(xj , 10`) in V , (4.4.4)

still holds.

Secondly, combining the hypothesis (4.4.17) and the assumption λV ≥ 1− b%−2
n yields

λV\⋃ij=1K(xj ,10`)
≥ λV − i · C4,7b

3−d`2(d+1)%−d−2
n ≥ 1− 2b%−2

n = 1− b1%−2
n ,

where in the last inequality we used i ≤M`,b and b ≥ 1.

Lastly, closing
⋃i
j=1K(xj , 10`) will at most affect whether sites in

⋃i
j=1K(xj , 20`) are

“truly”-open or not. Hence, the reduction in the volume of “truly”-open box volume is at

most i(40` + 1)d and hence (with V replaced by V \⋃ij=1K(xj , 10`)) for sufficiently large

C4,7,

|T ∩B(z, C4,6%n)| ≥ c4,3b
−d/2%dn −M`,b(40`+ 1)d ≥ c4,3b

−d/2%dn/2 = (b2%n)d .

157



Therefore Lemma 4.4.3 implies that there exists xi+1 ∈ B(z, C4,6%n) such that K(xi+1, `)

is “truly”-open in V\⋃ij=1K(xj , 10`) and (4.4.17) holds for i+1. Also, K(xi+1, `) is “truly”-

open in V \⋃ij=1K(xj , 10`) implies that K(xi+1, `) is “truly”-open in V , and it is disjoint

from
⋃i
j=1K(xj , 10`). Hence K(x1, 5`), . . . , K(xi+1, 5`) are disjoint. This completes the

proof of Lemma 4.4.9.

Next we estimate the probability gain achieved by closing the “truly”-open boxes

{K(xi, `)}
M`,b

i=1 identified in Lemma 4.4.9.

Lemma 4.4.10. Let M`,b and δ(m, `, b) be as in Lemma 4.4.9. There exists a constant

C4,8 = C4,8(d, p) such that the following holds. Suppose β ≥ 1 − b%−2
n for some constant

b ≥ 1, ` is sufficiently large with ` ≤ %
1/2
n , m ≤M`,b and

`d ≥ C4,8 log(%dn/m) . (4.4.19)

Then

P(λV ≥ β) ≤ e−cm`
d
P(λV ≥ β − δ(m, `, b)) + n−10d . (4.4.20)

Proof. We will consider an operation that changes some “truly”-open boxes to typical ob-

stacle configurations, which maps the event {λV ≥ β} to {λV ≥ β − δ(m, `, b)}, allowing us

to bound the probability ratio of these two events.

To this end, we define TUc and EUc for general U ⊂ B(0, 2(log n)C4,1) by regarding

Uc = O, and for any β > 1− b%−2
n , consider two classes of subsets of B(0, 2(log n)C4,1):

U (β) = {U ⊂ B(0, 2(log n)C4,1) : λ
U∩B(0,(log n)

C4,1)
≥ β} ,

G = {U ⊂ B(0, 2(log n)C4,1) : min
x∈B(0,(log n)

C4,1)
|B(x,C4,6%n) \ TUc| ≥ %dn, |EUc(εn)| ≤ C4,2%

d
n} .

Then, denoting V+ := B(0, 2(log n)C4,1)\O, we can rewrite the event {λV ≥ β, (4.4.4) holds}

as {V+ ∈ U (β) ∩ G }.
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For any sufficiently large ` with ` ≤ %
1/2
n and m ≤ M`,b, we define a map Ξm for all

U ∈ U (β) ∩ G by

Ξm(U) :=
m⋃

j=1

K(xj , 5`) , (4.4.21)

where x1, . . . , xm are chosen as in Lemma 4.4.9 depending on U (make arbitrary choice when

xi’s are not unique.) The idea of the proof is the following. For each U ∈ U (β) ∩ G , we

change the obstacle configuration in Ξm(U) to typical configurations. The image of U (β)∩G

has much higher probability under the law of V+ than that of U (β)∩G itself, because Ξm(U)

contains m “truly”-open boxes at a large probability cost. Combined with (4.4.15), which

yields that the image of U (β) ∩ G is a subset of U (β − δ(m, `, b)), this gives the desired

result.

We now rigorously implement this idea. We first define an equivalence relation on U (β)∩

G by

U ∼ U ′ ⇐⇒ Ξm(U) = Ξm(U ′), U \ Ξm(U) = U ′ \ Ξm(U ′) ,

and denote the equivalence class for U in U (β) ∩ G /∼ by [U ], namely

[U ] := {U ′ ⊂ B(0, 2(log n)C4,1) : U ′ ∼ U} .

Consider the map

ϕ([U ]) = {V : V \ Ξm(U) = U \ Ξm(U)} ,

which contains modifications of U by allowing arbitrary configurations on Ξm(U) as long

as the set Ξm(U) does not change. Applying Claim 4.4.11 below to two families of events

({V+ ∈ [U ]})[U ]∈U (β)∩G /∼ and {V+ ∈ ϕ([U ])}[U ]∈U (β)∩G /∼, we obtain that

P
(
V+ ∈

⋃
[U ] ϕ([U ])

)

P(V+ ∈ U (β) ∩ G )
≥ inf

[U ]

P(V+ ∈ ϕ([U ]))

P(V+ ∈ [U ])

/
sup

V⊂B(0,2(log n)
C4,1)

∑

[U ]

1V ∈ϕ([U ]) . (4.4.22)
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Claim 4.4.11. Let (Ei)1≤i≤k and (Fi)1≤i≤k be two families of events. Then we have

P(
⋃
i Fi)

P(
⋃
iEi)

≥ infi P(Fi)/P(Ei)

supω
∑
i 1ω∈Fi

.

Proof. This follows from

inf
i
P(Fi)/P(Ei) ·

∑

i

P(Ei) ≤
∑

i

P(Fi) = E
[∑

i

1ω∈Fi
]
≤ sup

ω

∑

i

1ω∈FiP
(⋃

i

Fi

)
.

Since Lemma 4.4.9 gives

⋃

[U ]

ϕ([U ]) ⊂ U (β − δ(m, `, b))

and Lemma 4.4.6 yields P(V+ ∈ G ) ≥ 1−n−10d, we can bound the left hand side of (4.4.22)

by
P
(
V+ ∈

⋃
[U ] ϕ([U ])

)

P(V+ ∈ U (β) ∩ G )
≤ P(λV ≥ β − δ(m, `, b))

P(λV ≥ β)− n−10d
.

Therefore, to prove (4.4.20), it suffices to show that for some constant c = c(d, p),

inf
[U ]

P(V+ ∈ ϕ([U ]))

P(V+ ∈ [U ])

/
sup

V⊂B(0,2(log n)
C4,1)

∑

[U ]

1V ∈ϕ([U ]) ≥ ecm`
d
. (4.4.23)

We first prove that there exists a constant c′ = c′(d, p) such that

inf
[U ]

P(V+ ∈ ϕ([U ]))

P(V+ ∈ [U ])
≥ ec

′m`d . (4.4.24)

For any fixed U ∈ (U (β)∩ G ), Ξm(U) is a union of m boxes (defined in (4.4.21)), which we

denote by K(xi, 5`) for 1 ≤ i ≤ m. Then

P(V+ ∈ [U ]) ≤ P(V+ \ Ξm(U) = U \ Ξm(U), K(xi, `) for all i ≤ m are “truly”-open) .
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Note that the events {V+ \Ξm(U) = U \Ξm(U)}, {K(xi, `) is “truly”-open)} for i ≤ m are

mutually independent as they depend on obstacle configurations on disjoint regions. Then

by Lemma 4.4.2,

P(V+ ∈ [U ]) ≤ P(V+ \ Ξm(U) = U \ Ξm(U)) · P(K(0, `) is “truly”-open)m

≤ e−cm`
d
P(V+ \ Ξm(U) = U \ Ξm(U))

= e−cm`
d
P
(
V+ ∈ ϕ([U ])

)
.

This gives (4.4.24).

Now, it only remains to prove that for the constant c′ > 0 as in (4.4.24),

sup
V⊂B(0,2(log n)

C4,1)

∑

[U ]

1V ∈ϕ([U ]) ≤ ec
′m`d/2 . (4.4.25)

To this end, note that

∑

[U ]

1V ∈ϕ([U ]) = |{[U ] : V \ Ξm(U) = U \ Ξm(U)}| ,

where the cardinality of the set of such [U ] is bounded by the number of possible choices

of Ξm(U) =
⋃m
i=1K(xi, 5`) with x1, . . . , xm in B(z, C4,6%n) for some z ∈ B(0, 2(log n)C4,1).

Therefore, we have

∑

[U ]

1V ∈ϕ([U ]) ≤ |B(0, 2(log n)C4,1)| ·
(|B(0, C4,6%n)|

m

)
≤ 2d(log n)C4,1d(e(2C4,6%n)d/m)m .

Since m ≤ M`,b (defined as in (4.4.14)) ensures %dn/m ≥ 2, we can further bound the right

hand side above by

exp(C log log n+ Cm log(%dn/m))

for some large constant C > 0. Also, by (4.1.2) and %dn/m ≥ 2, we have log log n ≤
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Cm log(%dn/m) for some large constant C > 0. Therefore, the assumption (4.4.19) implies

there exists a constant C ′ such that

C log log n+ Cm log(%dn/m) ≤ C−1
4,8C

′m`d .

For C4,8 sufficiently large, this implies (4.4.25), which completes the proof of Lemma 4.4.10.

Proof of Lemma 4.3.3

We only need to apply Lemma 4.4.10 with appropriate choices of ` and m. Recall from

(4.3.4) that ε ∈ ((log log n)4%−dn , cb) is an arbitrary number for some small constant cb to be

determined. We let

` = bΘ[log(1/ε)]1/dc ,

m = bθ · ε(log(1/ε))−3 · %dnc ,
(4.4.26)

where Θ and θ are constants depending only on (d, p, b) to be determined.

First, we verify that all the conditions in Lemma 4.4.10 hold. Since ε ≥ (log log n)4%−dn ,

(4.4.26) implies ` < %
1/2
n and m ≥ 1. On the other hand, for all ε < cb with cb =

cb(d, p, b, θ,Θ) sufficiently small, we have

ε2%dn ≤ m ≤ ε%dn · 2Θ3dθ · `−3d .

Hence m ≤M`,b (defined in Lemma 4.4.9), and `d ≥ Θd log(%dn/m)/2. Then (4.4.19) follows

by choosing Θ to be sufficiently large. We thus know that all the conditions in Lemma 4.4.10

hold and hence this lemma yields

P(λV ≥ β) ≤ e−cm`
d
P(λV ≥ β − δ(m, `, b)) + n−10d .
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Recall δ(m, `, b) from Lemma 4.4.9. Then (4.4.26) yields that for θ and cb sufficiently small,

δ(m, `, b) ≤ ε%−2
n and m`d ≥ ε(log(1/ε))−3 · %dn .

We thus complete the proof of Lemma 4.3.3.

4.4.2 Proof of Lemma 4.3.4

As we have discussed in Section 4.3, we want to understand how much the eigenvalue will

increase when we remove obstacles inside the ball B(xV , %n). The difficulty is that, for k ≥ 0,

removing obstacles in Bδ,k (defined in (4.3.6)) may hardly increase λV , especially when there

are many obstacles outside Bδ,k near its boundary and most obstacles in Bδ,k are also near

the boundary. However, if we first remove all obstacles in the annulus Bδ,k−1 \ Bδ,k and

then remove all obstacles in Bδ,k , then in the second step, the increase in the eigenvalue λV

can be bounded from below in terms of |Bδ,k ∩O| since all removed obstacles are in Bδ,k−1

with distance at least δ2−k to the boundary of B(xV , %n). The J defined in (4.3.7) ensures

that a significant proportion of obstacles are in the bulk of the ball Bδ,J−1:

Lemma 4.4.12. Let J , c4,5 be as in (4.3.7) and let λ∗ be as in (4.2.1). For any δ > 0, we

assume λV ≥ λ∗, (4.2.11) holds, and B(xV , (1−δ)%n)∩O 6= ∅. Then there exists a constant

C > 0 such that

|O ∩Bδ,J−1|
%dn

≤ Cεn
1/4cJ−1

4,5 ,
|O ∩Bδ,J |
|O ∩Bδ,J−1|

≥ c4,5 . (4.4.27)

Proof. This result follows directly from the definition (4.3.7) and (4.2.13).

The following lemma gives a lower bound on how much the eigenvalue will increase if we

remove all obstacles in Bδ,J−1.

Lemma 4.4.13. Suppose λV ≥ λ∗ and (4.2.11) holds. (Recall the definition of J in (4.3.7)

depending on c4,5.) There exist constants c4,5, κ ∈ (0, 1) depending only on (d, p) such that
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for δ = %−κn ,

λV∪Bδ,J−1
− λV∪(Bδ,J−1\Bδ,J ) ≥

( |O ∩Bδ,J−1|
%dn

)1−1/d
%−2
n . (4.4.28)

Lemma 4.4.13 is proved by applying Lemma 4.B.2 in the appendix, which requires the

following estimates.

Lemma 4.4.14. Let λ∗ and Φ be defined as in Lemma 4.2.1 and Definition 4.4.4, respec-

tively. Suppose λV ≥ λ∗ and (4.2.11) holds. Then there exists a constant b1 = b1(d, p) ∈

(0, 1) such that for all U with V ⊂ U ⊂ V ∪B(xV , %n), we have

∑

u∈B(xV ,b1%n)

ΦU (u) ≥ 1/2 . (4.4.29)

Proof. Recall the definition of E(εn) from Definition 4.2.2. Note that

B(xV , b1%n)c ⊂ A1 ∪ A2 ∪ A3 (4.4.30)

where

A1 := B(xV , (1 +
√
dεn)%n) \B(xV , b1%n) ,

A2 := E(εn) \B(xV , (1 +
√
dεn)%n) ,

A3 :=
(
E(εn) ∪B(xV , (1 +

√
dεn)%n)

)c
.

Hence
∑

u∈B(xV ,b1%n)

ΦU (u) ≥ 1−
∑

u∈A3

ΦU (u)− |ΦU |∞(|A1|+ |A2|) . (4.4.31)

We first prove that
∑

u∈A3

ΦU (u) ≤ Cεn . (4.4.32)

To this end, we notice that since U \B(xV , %n) = V \B(xV , %n), it follows from the definition
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of E(εn) (which depends on V) that that E(εn) \B(xV , (1 +
√
dεn)%n) does not change if we

change V to U . Therefore, for every u ∈ A3, there exists u′ such that u ∈ K(u′, bεn%nc) and

|Uc ∩K(u′, bεn%nc)| ≥ εn|K(u′, bεn%nc)|. Hence by the local limit theorem

Pu(τUc ≤ (εn%n)2) ≥ cεn .

Then (4.4.6) gives
∑

u∈A3

ΦU (u) ≤ Cεn
−1(1− λ(εn%n)2

U ) .

Now, since V ⊂ U , we have λU ≥ λV ≥ λ∗ and thus (4.4.32) follows.

Next, by Lemma 4.A.1, λU ≥ λ∗ implies |ΦU |∞ ≤ C%−dn . Combined with (4.4.31) and

(4.4.32), this implies

∑

u∈B(xV ,b1%n)

ΦU (u) ≥ 2

3
− C%−dn (|A1|+ |A2|) . (4.4.33)

By (4.2.12), we have

|A1|+ |A2| ≤ C(1− b1 +
√
dεn + εn

1/4)%dn . (4.4.34)

Combining (4.4.33) and (4.4.34), we see that (4.4.29) follows by letting b1 be a constant

sufficiently close to 1.

Proof of Lemma 4.4.13. We apply Lemma 4.B.2 with

B = V ∪Bδ,J−1, B◦ = V ∪ (Bδ,J−1 \Bδ,J ) ,

BR1
= Bδ,J−1, BR2

= Bδ,J (defined in (4.3.7)), and BR3
= B(xV , b1%n) where b1 is chosen

as in Lemma 4.4.14. It follows from λV ≥ λ∗ and Lemma 4.4.14 that the conditions (4.B.2)

and (4.B.3) in Lemma 4.B.2 holds. Hence, by (4.B.4) and the definition of Bδ,J−1 in (4.3.7),
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we have

λV∪Bδ,J−1
− λV∪(Bδ,J−1\Bδ,J ) ≥

c

Rd1(logR1)1d=2

(
1− R2

R1

)Cd |B \ B◦|(d−2)/d

≥ c

%dn(log %n)1d=2
(4J δ)−Cd |O ∩Bδ,J |(d−2)/d .

(4.4.35)

By Lemma 4.4.12,

%−dn |O ∩Bδ,J |(d−2)/d ≥ c
(d−2)/d
4,5 %−dn |O ∩Bδ,J−1|(d−2)/d

= c
(d−2)/d
4,5 %−2

n (|O ∩Bδ,J−1|/%dn)(d−1)/d−1/d

≥ cc4,5εn
−1/4d · c−J /d4,5 · %−2

n (|O ∩Bδ,J−1|/%dn)(d−1)/d ,

(4.4.36)

where we have used (4.2.13). Recall that we have set δ = %−κn and that εn = %
−c4,2
n as

defined in (4.2.10). Combining (4.4.35) and (4.4.36), we complete the proof of (4.4.28) by

choosing c4,5 and κ sufficiently small.

Proof of Lemma 4.3.4. In light of Lemma 4.4.13, we will bound the probability ratio in

(4.3.8) by considering the operation of removing all obstacles in Bδ,J−1. First note that the

condition (4.2.11), Bδ,k and J (defined in (4.3.6) and (4.3.7), respectively) only depend on

O ∩B(0, 2(log n)C4,1). Therefore, for β ≥ λ∗ and m ≥ 1, we define

Uβ,m :=
{
U ⊂ B(0, 2(log n)C4,1) : λ

U∩B(0,(log n)
C4,1)

≥ β, (4.2.11) holds, |Bδ,J−1\U | = m
}

where (4.2.11), Bδ,k, J should be understood as if O = Uc.

Now we consider the map φ for U ∈ Uβ,m that removes all obstacles in Bδ,J−1, namely,

φ(U) := U ∪Bδ,J−1 .
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Then by Lemma 4.4.13,

⋃

U∈Uβ,m

φ(U) ⊂
{
U ⊂ B(0, 2(log n)C4,1) : λ

U∩B(0,(log n)
C4,1)

≥ β +
(m
%dn

)1−1/d
%−2
n

}
.

(4.4.37)

Recall that V+ := B(0, 2(log n)C4,1) \ O. For every U ∈ Uβ,m, there are exactly m closed

sites in Bδ,J−1, thus

P(V+ = U) =
(1− p

p

)m
· P(V+ = φ(U)) .

Then by Claim 4.4.11, we have that

P(V+ ∈ Uβ,m) ≤
(1− p

p

)m
· max
U∈Uβ,m

|φ−1(U)| · P(V+ ∈
⋃

U∈Uβ,m

φ(U))

≤
(1− p

p

)m
· max
U∈Uβ,m

|φ−1(U)| · P(λV ≥ β +
(m
%dn

)1−1/d
%−2
n ) ,

where in the last step we used (4.4.37). The multiplicity maxU∈Uβ,m
|φ−1(U)| is bounded

above uniformly over U by the number of sets of m points contained in a ball of radius %n

centered at some point in B(0, (log n)C4,1), namely,

max
U∈Uβ,m

|φ−1(U)| ≤ |B(0, 2(log n)C4,1)| ·
(|B(0, %n)|

m

)
≤ C%

dC4,1
n

(e(2%n)d

m

)m
.

We complete the proof of (4.3.8) by combining the preceding two inequalities.

4.4.3 Proof of Proposition 4.3.1

We first note that Proposition 4.3.1 follows from the following result.

Claim 4.4.15. Let κ > 0 be defined as in Lemma 4.3.4, and λ∗ as in (4.2.5). Then for all
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β ≥ λ∗,

P(λV ≥ β,B(xV , %n − %1−κ
n ) ∩ O 6= ∅) ≤ e−%

1/3
n · P(λV ≥ β) + 4e−%nn−d . (4.4.38)

Indeed, applying Claim 4.4.15 with β = λ∗ yields

P(λV ≥ λ∗, B(xV , %n − %1−κ
n ) ∩ O 6= ∅) ≤ e−%

1/3
n P(λV ≥ λ∗) + 4e−%nn−d . (4.4.39)

Combined with (4.2.8), this yields

P(λV ≥ λ∗, B(xV , %n − %1−κ
n ) ∩ O 6= ∅) ≤ (e−%

1/3
n + 4e−%n(log n)−c)P(λV ≥ λ∗) ,

which implies (4.3.1).

Next, we prove Claim 4.4.15. We assume λV ≥ β, and by Lemma 4.2.3, we may also

assume that (4.2.11) holds. Then by Lemma 4.2.4, this implies (4.2.13). Let κ > 0 be defined

as in Lemma 4.3.4 and let δ = %−κn . Recall Bδ,J−1 as in (4.3.6), (4.3.7). Then (4.2.13) gives

|O ∩Bδ,J−1| ≤ |O ∩B(xV , %n)| ≤ Cεn
1/4%dn .

Now, for each m = |O ∩ Bδ,J−1| ∈ [1, Cεn
1/4%dn], we denote q = m/%dn. Then Lemma 4.3.4

yields

P(λV ≥ β, |O∩Bδ,J−1| = m, (4.2.11)) ≤ C%
dC4,1
n (C/q)q%

d
nP(λV ≥ β+q1−1/d%−2

n ) , (4.4.40)

while applying Lemma 4.3.3 with ε = q1−1/d gives

P(λV ≥ β + q1−1/d%−2
n ) ≤ exp

{
− (1− 1/d)−3q1−1/d(log(1/q))−3%dn

}
P(λV ≥ β) + n−10d .
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Since (1− 1/d)−3 ≥ 1 and for sufficiently large n we have

C%
dC4,1
n (C/q)q%

d
n · exp{−q1−1/d(log(1/q))−3%dn}

≤ exp{C log %n + Cm log(
%dn
m )−m(

%dn
m )1/d log−3(

%dn
m )}

≤ exp(−m1−1/d%
1/2
n ) ,

and C%
dC4,1
n (C/q)q%

d
n ≤ exp(C log %n + C%dnq log(1

q )) ≤ n, we obtain from (4.4.40) that

P(λV ≥ β, |O ∩Bδ,J−1| = m, (4.2.11)) ≤ e−%
1/2
n P(λV ≥ β) + n1−10d .

Summing it over 1 ≤ m ≤ Cεn
1/4%dn yields

P(λV ≥ β, (4.2.11)) ≤ e−%
1/2
n /2P(λV ≥ β) + n−8d .

We complete the proof of (4.4.38) by noticing that Lemma 4.2.3 yields that (4.2.11) holds

with probability at least 1− 3n−de−%n .

4.5 Random Walk Localization

In this section, we first collect a few survival probability estimates from [25] in Section 4.5.1.

Then we prove Lemmas 4.3.5, 4.3.6, and 4.3.7, Corollary 4.3.9 in Section 4.5.2, and prove

Lemma 4.3.10 in Section 4.5.3.

4.5.1 Survival probability estimates

The following lemma gives upper and lower bounds on the probability that the random walk

stays in U for t steps, which can be found in [25, Lemma 6.3, Lemma 6.9].

Lemma 4.5.1. Let B̂n and U be as in Theorem D, and let Φ be as in Definition 4.4.4.

There exist constants C, c > 0 such that the following holds with P̂-probability tending to one
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as n→∞: For any u ∈ U , t ≥ 0,

Pu(τUc > t) ≥ cΦU (u)%dnλ
t
U , (4.5.1)

Pu(τUc > t, St ∈ B̂n) ≤ CλtU . (4.5.2)

The next lemma gives upper bounds on the probability cost for the random walk to stay

in a bad region.

Lemma 4.5.2. Let µB be as in (4.2.5). There exist constants C > 0, b2 ∈ (0, 1) such that

with P̂-probability tending to one as n→∞, for all x ∈ Zd and t ≥ %2
n/2,

Px(τUc∪O∪B(xU ,b2%n) > t) ≤ Ce−100µB%
−2
n t . (4.5.3)

Proof. (4.5.3) can be proved by a straightforward adaptation of the proof of [25, Lemma

6.1], using the fact that |B(xU , %n) \ B(xU , b2%n)| ≤ C(1 − b2)%dn with b2 ∈ (0, 1) chosen

sufficiently close to 1.

4.5.2 Upper and lower bounds on transition probabilities

We will prove Lemma 4.3.5, Lemma 4.3.7, and Corollary 4.3.9 in this section. We have

proved in (4.1.5) that B(xU , (1− %−κn )%n) is open. This immediately leads to the following

lower bound on the eigenfunction ΦU in the interior of the ball B(xU , %n).

Lemma 4.5.3. There exists a constant c > 0 such that the following holds with P̂-probability

tending to one as n→∞: For all x ∈ B(xU , (1− 2%−κn )%n),

ΦU (x) ≥ c%−d−1
n · dist(x,B(xU , %n)c) . (4.5.4)
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Proof. Note that since 〈ΦU , (P |U )t1x〉 = λtUΦU (x) for all x and λU ≤ 1, we have

ΦU (x) ≥ 1

2

∑

i=%2
n,%

2
n+1

∑

y∈U
ΦU (y)Py(Si = x, τUc > i) , (4.5.5)

where we sum over two values of i because the walk has period 2. Since B(xU , %n − %1−κ
n )

is open, we know that B(xU , %n − %1−κ
n ) ⊂ U . Hence for all y ∈ B(xU , b1%n) (b1 = b1(d, p)

is chosen in Lemma 4.4.14), [53, Proposition 6.9.4] yields for any x ∈ B(xU , (1− 2%−κn )%n),

∑

i=%2
n,%

2
n+1

Py(Si = x, τUc > i) ≥ c · dist(x, ∂B(xU , (1− 2%−κn )%n))%−d−1
n , (4.5.6)

where c is a constant depending only on (d, p). Substituting (4.5.6) into (4.5.5) for y ∈

B(xU , b1%n) and then using Lemma 4.4.14 gives (4.5.4).

Proof of Lemma 4.3.5. It is proved in [25, (6.15)] that (4.3.10) holds if ΦU (z) ≥ cε%−dn for

z ∈ B(xU , (1− ε)%n) in addition to the assumption (4.3.9) in Lemma 4.3.5. This additional

assumption is verified by Lemma 4.5.3.

That the ball B(xU , (1−%−κn )%n) is open implies that if the random walk starts from the

interior ball B(xU , b2%n) (b2 defined in Lemma 4.5.2), then in the next %2
n steps, all points in

B(xU , (1− ε)%n) can be reached with comparable probability. Lemma 4.3.7 will follow from

the following lemma, which says that the random walk has a positive probability of visiting

the interior of B(xU , b2%n) in any given time interval of length C%2
n.

Lemma 4.5.4. Let m ≥ t and assume

either u ∈ B(xU , b2%n) and t ≥ 0 or u ∈ U and t ≥ %
C4,4
n . (4.5.7)
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Then there exist constants C4,9, c > 0 such that with P̂-probability tending to one as n→∞,

Pu(τUc ≥ m) ≥ cλm−tU Pu(τUc ≥ t) , (4.5.8)

Pu(S[t−C4,9%2
n,t]
∩B(xU , b2%n) 6= ∅ | τUc > m) ≥ c . (4.5.9)

The second case in (4.5.7) is harder to deal with since the random walk may start far

away from B(xU , b2%n). However, it can be reduced to the first case by using the following

lemma, which guarantees that the random walk starting in U reaches B(xU , b2%n) before

time %
C4,4
n .

Lemma 4.5.5. Let C4,3 > 0 be as in Lemma 4.3.5. There exist c > 0 and C4,4 with

C4,4 > C4,3 > 0 such that the following holds with P̂-probability tending to one as n → ∞:

For all u ∈ U and t ≥ %
C4,4
n ,

Pu(S[0,t] ∩B(xU , b2%n) = ∅ | τUc > t) ≤ e−c%
−2
n t . (4.5.10)

Proof. Lemma 4.5.2 implies Pu(S[0,t] ⊆ U \ B(xU , b2%n)) ≤ C exp(−100µBt%
−2
n ). Com-

paring it with [25, (5.4)] (which implies that Pu(τUc > t) is bounded from below by

exp(−2µB%
−2
n t − (log n)C)), and choosing a sufficiently large C4,4 yields the desired re-

sult.

Proof of Lemma 4.5.4. We first prove the lemma when t = m; more precisely, there exists

a constant C4,9 = C4,9(d, p) such that for t and u satisfying either condition in (4.5.7),

Pu(S[t−C4,9%2
n,t]
∩B(xU , b2%n) = ∅ | τUc > t) ≤ 1/100 . (4.5.11)

We will prove this by considering the last visit to B(xU , b2%n), and for the rest of the time

comparing the survival probability for the random walk outside B(xU , b2%n) to the survival

probability in the whole region U with starting point in B(xU , b2%n).
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To reduce the entropy resulting from the many possible last visit times, we chop time

into small windows of length %2
n and let

Nexit := sup{k ∈ N∗ : S[t−k%2
n+1,t] ∩B(xU , b2%n) = ∅} .

Since Nexit =∞ is equivalent to no visit to B(xU , b2%n), we always have Nexit <∞ in the

first case in (4.5.7). In the second case, we see from Lemma 4.5.5 that

Pu(Nexit =∞ | τUc > t) ≤ e−c%
−2
n t . (4.5.12)

Now, we claim that for large C4,9,

Pu(Nexit ≥ C4,9 | τUc > t) ≤ 1/100 , (4.5.13)

which then implies (4.5.11). It remains to verify (4.5.13). To this end, we define stopping

times Tk = inf{j ≥ t − (k + 1)%2
n + 1 : Sj ∈ B(xU , b2%n)} for k ≥ 0. Since on the

event {Nexit = k}, we have k%2
n ≤ t − Tk ≤ (k + 1)%2

n , by the strong Markov property,

Pu(Nexit = k, τUc > t) equals

Eu[1τUc>Tk,Tk<t−k%2
n
P
STk (τUc > t− Tk, S[t−Tk−k%2

n+1,t−Tk] ∩B(xU , b2%n) = ∅)].

(4.5.14)

Now we consider all x ∈ B(xU , b2%n) and t − (k + 1)%2
n ≤ m ≤ t − k%2

n (which include all

(x,m) such that (STk , Tk) = (x,m) occurs with non-zero probability). On one hand, Lemma

4.5.2 implies

Px(τUc > t−m,S[t−m−k%2
n+1,t−m] ∩B(xU , b2%n) = ∅) ≤ C exp(−99µBk) . (4.5.15)
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On the other hand, by (4.5.1), Lemmas 4.2.1, 4.5.3, and λU > λ∗,

Px(τUc > t−m) ≥ cλt−mU ≥ c exp{−2µBk} . (4.5.16)

Combining the preceding two inequalities and (4.5.14) yields that for sufficiently large k,

Pu(Nexit = k, τUc > t) ≤e−50µBkEu[1τUc>TkP
STk (τUc > t− Tk)] = e−50µBkPu(τUc > t) .

We complete the proof of (4.5.13) by summing over all k ≥ C4,9 chosen sufficiently large.

Next, we prove (4.5.8). If we define stopping time T? := inf{j ≥ t − C4,9%
2
n : Sj ∈

B(xU , b2%n)}, then by the strong Markov property at T?, (4.5.1) and Lemma 4.5.3,

Pu(τUc ≥ m) ≥ Pu(S[t−C4,9%2
n,t]
∩B(xU , b2%n) 6= ∅, τUc > m)

≥ Eu
[
1T?<t,τUc>T? · cλ

m−T?
U

]
.

(4.5.17)

Since m− T? ≤ m− t+C4,9%
2
n and λU > λ∗ ≥ 1− µB%−2

n −C∗%−3
n (see Lemma 4.2.1), this

is further bounded from below by

cλ
m−t+C4,9%

2
n

U Pu(T? < t, τUc > t) ≥ cλm−tU Pu(τUc > t) , (4.5.18)

where in the last inequality, we used (4.5.11). This gives (4.5.8).

Finally, we prove (4.5.9). First note that by the Markov property at time t and (4.5.2),

Pu(τUc > m,Sm ∈ B̂n) ≤ Cλm−tU Pu(τUc > t) . (4.5.19)

Then by (4.5.17) and (4.5.18), this is less than

CPu(S[t−C4,9%2
n,t]
∩B(xU , b2%n) 6= ∅, τUc > m) .
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Combining this and Lemma 4.3.5 yields (4.5.9).

Proof of Lemma 4.3.6. Set t = d%C4,4
n e. By the Markov property at time t and (4.5.2),

Pu(τB(xU ,b2%n) > t, τUc > m,Sm ∈ B̂n) ≤ CPu(τB(xU ,b2%n) > t, τUc > t)λm−tU

= Ce−ct%
−2
n ·Pu(τUc > t

)
λm−tU ,

where in the last step, we used Lemma 4.5.5. Combined with the lower bound of Pu(τUc > m)

given by (4.5.8), it yields

Pu(τB(xU ,b2%n) > t, Sm ∈ B̂n | τUc > m) ≤ Ce−c%
C4,4−2
n .

Combining it with Lemma 4.3.5 gives (4.3.11).

Proof of Lemma 4.3.7. By adjusting the constant factor c in (4.3.13), we may assume

ε < 1− b2. Let u ∈ B(xU , b2%n). We first prove that for t ≥ %2
n,

min
x∈B(xU ,(1−ε)%n)
|x−u|1+t is even

Pu(τUc > t, St = x) ≥ cεmax
y∈U

Pu(τUc > t, St = y) . (4.5.20)

To this end, we define stopping time T? = inf{j ≥ t− (C4,9 + 1)%2
n : Sj ∈ B(xU , b2%n)}(with

T? = 0 for t ≤ (C4,9 + 1)%2
n). Then by (4.5.9),

Pu(T? ≤ t− %2
n | τUc > t− %2

n) ≥ c . (4.5.21)

Then for all x ∈ B(xU , (1− ε)%n) such that |x− u|1 + t is even,

Pu(τUc > t, St = x) ≥ Eu
[
1τUc>T?,T?≤t−%2

n
PST? (τUc > t− T?, St−T? = x)

]
(4.5.22)

Since B(xU , (1 − %−κn )%n) ⊂ U by Theorem D, it follows from [53, Proposition 6.9.4] that

uniformly in x ∈ B(xU , (1 − ε)%n), y ∈ B(xU , b2%n) and %2
n ≤ k ≤ (C4,9 + 1)%2

n such that
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|x− u|1 + k is even, we have

Py(τUc > k, Sk = x) ≥ cε%−dn . (4.5.23)

Substituting this bounds into (4.5.22) yields

Pu(τUc > t, St = x) ≥ cε%−dn Pu(τUc > T?, T? ≤ t− %2
n)

≥ cε%−dn Pu(τUc > t− %2
n, T? ≤ t− %2

n)

≥ cε%−dn Pu(τUc > t− %2
n) ,

where we used (4.5.21). On the other hand, for all y ∈ U ,

Pu(τUc > t, St = y) = Eu
[
1τUc>t−%2

n
P
S
t−%2

n (τUc > %2
n, S%2

n
= y)

]

≤ C%−dn Pu(τUc > t− %2
n) .

(4.5.24)

Combining the two preceding bounds give (4.5.20).

We now prove (4.3.12) and (4.3.13). Combining Lemmas 4.5.1 and 4.5.3 gives that for

m− t ≥ 0,

min
x∈B(xU ,(1−ε)%n)

Px(τUc > m− t) ≥ cεmax
y∈U

Py(τUc > m− t, Sm−t ∈ B̂n) . (4.5.25)

Multiplying each side of (4.5.25) with that of (4.5.20) and using the Markov property at

time m− t, we obtain

min
x∈B(xU ,(1−ε)%n),
|x−u|1+t is even

Pu(St = x, τUc > m) ≥ cε2 max
y∈U

Pu(St = y, Sm ∈ B̂n, τUc > m) .
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Lemma 4.3.5 implies

Pu(Sm ∈ B̂n | τUc > m) ≥ 1− exp(−%cn) and max
y∈U

Pu(St = y | τUc > m) ≥ c%−dn .

Therefore,

min
x∈B(xU ,(1−ε)%n),
|x−u|1+t is even

Pu(St = x | τUc > m) ≥ cε2 max
y∈U

Pu(St = y | τUc > m)− exp(−%cn) ,

(4.5.26)

then (4.3.12) follows. In addition, (4.5.26) implies

1 ≥ Pu(St ∈ B(xU , %n/2) | τUc > m)

≥ c%dn max
y∈U

Pu(St = y | τUc > m)− C%dn exp(−%cn) ,
(4.5.27)

which yields (4.3.13).

Proof of Corollary 4.3.9. We first consider the case when t ≥ %2
n. Since |B̂n \B(xU , (1−

2%−κn )%n))| ≤ %d−cn for some constant c ∈ (0, 1), by (4.3.12),

Pu(St ∈ B̂n \B(xU , (1− 2%−κn )%n) | τUc > m) ≤ C%−cn . (4.5.28)

Combined with Lemma 4.3.5, it yields (4.3.14).

Now, we consider the case t ≤ %2
n. For u ∈ B(xU , b2%n) , since

dist(u, B̂n \B(xU , (1− 2%−κn )%n)) ≥ (1− b2)%n/2 ,

by a union bound and the local limit theorem, we have that for any t ≥ 0,

Pu(St ∈ B̂n \B(xU , (1− 2%−κn )%n)) ≤ C|B̂n \B(xU , (1− 2%−κn )%n)|%−dn ≤ %−cn .
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Then by the Markov property at time t and (4.5.2),

Pu(St ∈ B̂n \B(xU , (1− 2%−κn )%n), Sm ∈ B̂n, τUc > m) ≤ %−cn · λm−tU . (4.5.29)

On the other hand, combining Lemma 4.5.1 and Lemma 4.5.3 gives

Pu(τUc > m) ≥ cλmU . (4.5.30)

Since Lemma 4.2.1 yields λ−tU ≤ C for t ≤ %2
n, combining (4.5.29), (4.5.30), and Lemma 4.3.5

gives (4.3.14).

4.5.3 Distribution of the random walk

This section is devoted to the proof of Lemma 4.3.10. We will prove Lemma 4.3.10 by the

eigenfunction expansion of P |
B̂n

. Loosely speaking, if we know that the spectral gap is larger

than c%−2
n , then after time much longer than %2

n, the principal eigenfunction term should

dominate all the other terms. However, there is an issue caused by the periodicity of the

random walk, that is, there is a negative eigenvalue with the same modulus as the principal

eigenvalue. In order to circumvent this issue, we will deal with even and odd times and sites

separately. This corresponds to dealing with (P |
B̂n

)2, instead of P |
B̂n

, and we will prove

necessary estimates for the corresponding eigenvalues and eigenfunctions in Appendix 4.A.

Let λi(M) denote the i-th largest eigenvalue of the matrix M and let Φi(M) denote the

corresponding `1-normalized eigenvector. For any vector η indexed by Zd, we let ηe and ηo

be η restricted to even and odd sites in Zd, respectively. Also, for any matrix M indexed by

Zd × Zd, we let Me and Mo be M with both coordinates restricted to even and odd sites,

respectively.

Proof of Lemma 4.3.10. Denote Q = P |
B̂n

and η = Φ1(Q) to simplify the notation.
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Since B(xU , %n − %1−κ
n ) is open by (4.1.5) , we have

B(xU , %n − %1−κ
n ) ⊂ B̂n ⊂ B(xU , %n + %

1−c4,1
n ) .

Hence the assumption (4.A.9) in Lemma 4.A.4 holds. By the eigendecomposition of Q2
e and

(4.A.6), we have that for any even site v ∈ Zd and m ≥ 0,

∣∣∣∣∣1
T
v (Q2

e)m − λ1(Q2
e)m

ηe(v)

|ηe|22
ηe

∣∣∣∣∣
1

≤
∑

i≥2

λi(Q
2
e)m
〈Φi(Q)e,1v〉
|Φi(Q)e|22

|Φi(Q)e|1 (4.5.31)

Since the dimension of the matrix Q is at most |B̂n|, and (4.A.11) implies

|Φi(Q)e|22 =
1

2
|Φi(Q)|22 ≥

|Φi(Q)|21
2 dim(Q)

,

we can further bound the right hand side of (4.5.31) from above by

2
∑

i≥2

λi(Q
2
e)m|B̂n| ≤ 2λ1(Q2

e)m|B̂n|2e−c%
−2
n m = λ2m

B̂n
|B̂n|2e−c%

−2
n m , (4.5.32)

where we used (4.A.12) and λ
B̂n

= λ1(B̂n) as defined before Lemma 4.2.1. Then since

|xTQ|1 ≤ |x|1 for all x, 1Tv (Q2
e)t = 1

T
vQ

2t, Qηe = λ
B̂n
ηo, we have

∣∣∣∣∣1
T
vQ

2m+1 − λ2m+1

B̂n

ηe(v)

|ηe|22
ηo

∣∣∣∣∣
1

≤ λ2m+1

B̂n
|B̂n|2e−c%

−2
n m . (4.5.33)

Fix C ′ to be some large constant to be determined. Combining (4.5.31) and (4.5.33) with

(4.A.11), we get that for any even site v ∈ Zd, m ≥ C ′%2
n log log n and x such that |x−v|1+m

is even,

∣∣∣Pv(Sm = x, τ
B̂cn

> m)− 2|η|−2
2 λm

B̂n
η(v)η(x)

∣∣∣ ≤ λm
B̂n

(log n)−cC
′
. (4.5.34)
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Similarly, this also holds for odd site v ∈ Zd. Summing (4.5.34) over x and using (4.A.11),

we get

Pv(τ
B̂cn

> m) = |η|−2
2 λm

B̂n
η(v)(1 +O(%−2

n )) . (4.5.35)

Hence

∣∣∣Pv(Sm = x | τ
B̂cn

> m)− 2η(x)
∣∣∣ ≤ C|η|22η(v)−1(log n)−cC

′
+ Cη(x)%−2

n . (4.5.36)

Since v ∈ B(xU , (1 − 2%−κn )%n), (4.A.13) yields η(v) ≥ c%−d−κn . Also (4.A.10) yields

|η|22 ≤ C%−dn . Now, choosing a sufficiently large C ′ and applying (4.A.3) to replace η(x)

by %−dn φ1(x−xU
%n

), we get (4.3.15).

On the other hand, define for m ≥ 0, u, v ∈ Zd,

qm(u, v) := 2|η|−2
2 λm

B̂n
η(u)η(v) .

Then combining (4.5.34), (4.5.35) and (4.A.10) yields that for any v, x, y ∈ Zd and m, t ≥

C ′%2
n log log n such that both |x− v|1 +m and |y − v|1 +m+ t are even,

∣∣∣Pv(Sm = x, Sm+t = y, τ
B̂cn

> m+ t)− qm(v, x)qt(x, y)
∣∣∣

=
∣∣∣Pv(Sm = x, τ

B̂cn
> m)Px(St = y, τ

B̂cn
> t)− qm(v, x)qt(x, y)

∣∣∣

≤λm+t

B̂n
(log n)−2cC ′ + qm(v, x)λt

B̂n
(log n)−cC

′
+ qt(x, y)λm

B̂n
(log n)−cC

′

≤5λm+t

B̂n
(log n)−cC

′
.

Combined with (4.5.34), this yields

∣∣∣Pv(Sm = x | Sm+t = y, τ
B̂cn

> m+ t)− 2|η|−2
2 η(x)2

∣∣∣ ≤ (log n)−cC
′+C |η|22

η(v)η(y)
.

Since v, y ∈ B(xU , (1− 2%−κn )%n), (4.A.13) yields η(v), η(y) ≥ c%−d−κn . Also (4.A.10) yields
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|η|22 ≤ C%−dn . Now, choosing a sufficiently large C ′ and applying (4.A.2) to replace |η|−2
2 η(x)

by %
−d/2
n φ2(x−xU

%n
), we get (4.3.16).

4.A Estimates for eigenvalues and eigenfunctions

This section collects some basic estimates for eigenfunctions and eigenvalues used in the

proof. For A ⊂ Zd, we let λA denote the principal (largest) eigenvalue of P |A, which is the

transition matrix of the simple symmetric random walk on Zd killed upon exiting A, and let

ΦA be the `1-normalized principal eigenfunction of P |A. The following lemma bounds the

`∞-norm of the eigenfunction ΦD in a domain D ⊂ Zd in terms of the eigenvalue λD.

Lemma 4.A.1. There exists a constant C > 0 such that |ΦD|∞ ≤ C(1 − λD)d/2 for all

D ⊂ Zd.

Proof. By P |DΦD = λDΦD, we have
∑
u:u∼v(2d)−1ΦD(u) = λDΦD(v). Then it follows

from the Markov property that
(
λ
−t∧τDc
D ΦD(St∧τDc )

)
t≥0 is a martingale.

Let l = (1− λD)−1/2. By the optional sampling theorem and the local limit theorem,

ΦD(v) = Ev[λ
−bl2c∧τDc
D ΦD(Sbl2c∧τDc )] ≤ λ−l

2

D

∑

u

Pv(Sbl2c = u)ΦD(u) + Pv(τDc ≤ bl2c) · 0

≤ Cl−d uniformly in v ∈ D.

Let λi(M) denote the i-th largest eigenvalue of matrix M and Φi(M) denote the corre-

sponding `1-normalized eigenvector. The following lemma says that if a large domain in Zd

is close to a ball, then the first eigenvalue and eigenfunction of this domain are also close to

that of the ball.

Lemma 4.A.2. Suppose B(0, (1 − ε)t) ⊂ B ⊂ B(0, (1 + ε)t) where ε is smaller than some
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constant depending only on d. Then there exist constants C, c > 0 such that

λ1(P |B)− λ2(P |B) ≥ ct−2 , (4.A.1)

∣∣∣ Φ1(B)2

|Φ1(B)|22
− φ2

2,t

∣∣∣
1
≤ C(

√
ε+ t−1/2) , (4.A.2)

|Φ1(B)− φ1,t|1 ≤ C(
√
ε+ t−1/2) , (4.A.3)

where φ1 and φ2 are respectively the L1 and L2-normalized first eigenfunction of the Dirichlet-

Laplacian of the unit ball in Rd, and φ2,t(·) = t−d/2φ2(·/t), φ1,t(·) = t−dφ1(·/t).

Proof. First, we see that for i = 1, 2, by [77, (3.27) and (6.11)]

λi(P |B(0,t)) = 1− t−2µi(B) +O(t−3) , (4.A.4)

where µi(B) is the i-th eigenvalue of the Dirichlet-Laplacian of the unite ball B ⊂ Rd. The

min-max theorem implies that λi(B(0, (1 − ε)t)) ≤ λi(B) ≤ λi(B(0, (1 + ε)t)). Hence for

i = 1, 2

λi(P |B) = 1− t−2µi(B) +O(εt−2 + t−3) .

This implies the first assertion.

Let φ2,B be the `2-normalized first eigenvector of P |B, let φ2 be the L2-normalized first

eigenfunction of the Dirichlet-Laplacian of the unit ball in Rd, and define

φ̃2,t(x) := td/2
∫

x/t+[0,1/t]d
φ2(y) dy, x ∈ Zd .

Then by [77, (6.11)] and [78, (1.5)],

∣∣∣φ2,B −
φ̃2,(1−ε)t
|φ̃2,(1−ε)t|2

∣∣∣
2

2
≤ C

λ1(P |B)− λ1(P |B(0,(1−ε)t))
λ1(P |B)− λ2(P |B)

= O(ε+ t−1) .

182



Since φ2 is continuously differentiable (see, for example, [36, Corollary 8.11]),

|φ̃2,(1−ε)t − φ2,t|∞ = O(t−d/2−1) and |φ̃2,(1−ε)t|22 = 1 +O(t−1) .

Altogether, we have
∑
x∈Zd(φ2,B(x) − t−d/2φ2(x/t))2 = O(ε + t−1). The second and third

assertion follow by combining this with the boundedness of φ2 and Lemma 4.A.1.

The following two lemmas are needed to deal with the periodicity of the simple random

walk. In what follows, for any vector η indexed by sites in Zd, we let ηe and ηo be η restricted

to even and odd sites in Zd, respectively.

Lemma 4.A.3. Let Q = P |A for some A ⊂ Zd. We denote by Q2
e and Q2

o the transition

matrix Q2 restricted to even and odd sites in Zd,respectively. Then

rank Q2
e = rank Q2

o = rank Q/2 .

For 1 ≤ i ≤ rank Q/2, we have

λi(Q)2 = λi(Q
2
o) = λi(Q

2
e) , (4.A.5)

and

Φi(Q)e

|Φi(Q)e|1
= Φi(Q

2
e),

Φi(Q)o

|Φi(Q)o|1
= Φi(Q

2
o) . (4.A.6)

Furthermore,

|Φi(Q)e|2 = |Φi(Q)o|2 ,

|λi(Q)| ≤ |Φi(Q)e|1
|Φi(Q)o|1

≤ |λi(Q)|−1 .
(4.A.7)

Proof. Note that if λ is an eigenvalue of Q with eigenvector η, then

Qηo = ληe, Qηe = ληo , (4.A.8)
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and hence −λ is an eigenvalue of Q with eigenvector ηe − ηo. Furthermore, ηo is in the

null space of the matrix Q2
e , hence ηe is an eigenvector of Q2

e associated with eigenvalue λ.

Similarly, ηo is an eigenvector of Q2
o associated with eigenvalue λ. Therefore, we conclude

that the nonzero eigenvalues of Q2
e (or Q2

o) are exactly the square of positive eigenvalues of

Q. The corresponding eigenfunctions can be found by restricting eigenfunctions of Q to odd

(or even) sites. Hence (4.A.5) and (4.A.6) follow. (4.A.7) follows directly from (4.A.8).

Lemma 4.A.4. Let a ∈ (0, 1) and Q = P |B where B is a subset of Zd that satisfies

B(0, n− n1−a) ⊂ B ⊂ B(0, n+ n1−a) . (4.A.9)

Then there exist constants C, c > 0 depending only on (a, d) such that for sufficiently large

n,

λ1(Q) ≥ 1− Cn−2 , |Φ1(Q)|∞ ≤ Cn−d (4.A.10)

|Φ1(Q)e|2 = |Φ1(Q)o|2 , |Φ1(Q)e|1, |Φ1(Q)o|1 = 1/2 +O(n−2) (4.A.11)

λ1(Q2
e)− λ2(Q2

e) = λ1(Q2
o)− λ2(Q2

o) ≥ cn−2 . (4.A.12)

For x ∈ B(0, (1− 2n−c)n), we have

Φ1(Q)(x) ≥ cn−d−1 · dist(x,B(0, n)c) . (4.A.13)

Proof. First, (4.A.4) gives λ1(Q) ≥ 1 − Cn−2. Combining with Lemma 4.A.1, we get

(4.A.10). Also, by (4.A.1), we know that λ1(Q) − λ2(Q) ≥ cn−2 . Hence (4.A.11) follows

from (4.A.7) and (4.A.12) follows from (4.A.5).

Next, we verify (4.A.13). We first see that |Φ1(Q)|∞ ≤ Cn−d yields that for some

constant c′ > 0,
∑

x∈B(0,(1−c′)n)

Φ1(Q)(x) ≥ 1/2.

184



Then the proof of Lemma 4.5.3 also works here.

4.B Comparison of eigenvalues on nested domains

In this section, we derive upper and lower bounds on the eigenvalue decrement after we

remove a subset from the domain in Lemmas 4.B.1 and 4.B.2, respectively. In particular,

we are interested in the case when the subset being removed is very close to the boundary

as in Lemma 4.B.2. More precisely, we show the following, where

∂A := {x ∈ Ac : |x− y|1 = 1 for some y ∈ A} .

Lemma 4.B.1. Let D2 ⊂ D1 ⊂ Zd and q =
∑
x∈(D2∪∂D2) Φ2

D1
(x)/|ΦD1

|22. Then

λD1
− λD1\D2

≤ 2q

1− q . (4.B.1)

Proof. Let Φ̃D1
(v) = ΦD1

(v)1v 6∈D2
, then Φ̃D1

is supported on D1 \D2 and

|Φ̃D1
|22 ≥ |ΦD1

|22(1− q) .

For any adjacent x, y ∈ Zd such that (x, y) 6∈ (∂Dc
2 × ∂D2) ∪ (∂D2 × ∂Dc

2), we have

(Φ̃D1
(x)− Φ̃D1

(y))2 ≤ (ΦD1
(x)− ΦD1

(y))2 .

Hence,

1

4d

∑

(x,y):|x−y|1=1

[
(Φ̃D1

(x)− Φ̃D1
(y))2 − (ΦD1

(x)− ΦD1
(y))2] ≤

∑

x∈∂D2

Φ2
D1

(x) ≤ q|ΦD1
|22 .
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Recall that

1− λA = min
{ 1

4d

∑

x∼y
(g(x)− g(y))2 : |g|22 = 1, g(x) = 0 ∀x 6∈ A

}
∀A ⊆ Zd ,

where ΦA/|ΦA|2 is the minimizer. Therefore, we have

1− λD1\D2
≤

1
4d

∑
x∼y(Φ̃D1

(x)− Φ̃D1
(y))2

|Φ̃D1
|22

≤
1
4d

∑
x∼y(ΦD1

(x)− ΦD1
(y))2 + q|ΦD1

|22
|ΦD1

|22(1− q)

=
1− λD1

+ q

1− q = 1− λD1
+

2q − qλD1

1− q .

Since λD1
≥ 0, this yields the desired result.

Lemma 4.B.2. Let BR1
, BR2

, BR3
be three concentric balls whose radii R1 > R2 > R3 are

sufficiently large, and let B, B◦ be subsets of Zd. Suppose BR1
⊂ B; and suppose that B◦

can be obtained from B by removing some points in BR2
, that is,

B◦ ⊂ B and B \ B◦ ⊂ BR2
.

In addition, we assume that b1, b2 > 0 satisfy

∑

x∈BR3

ΦB(x),
∑

x∈BR3

ΦB◦(x) ≥ b1 , (4.B.2)

and λB◦ ≥ 1− b2R−2
1 . (4.B.3)

Then there exist constants cb = cb(b1, b2, d) > 0 and Cd = Cd(d) > 0 such that

λB − λB◦ ≥
cb

Rd1(logR1)1d=2

(
1− R2

R1

)Cd|B \ B◦|(d−2)/d . (4.B.4)
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Proof. We first see that by B◦ ⊂ B,

(λB − λB◦)〈ΦB,ΦB◦〉 = 〈ΦB, (P |B − P |B◦)ΦB◦〉

=
1

2d

∑

x∼y,x∈B\B◦
ΦB(x)ΦB◦(y) .

Since B \ B◦ ⊂ BR2
, it follows that

λB − λB◦ ≥
minx∈BR2

ΦB(x)

2d |ΦB|2|ΦB◦ |2
∑

y∈∂(B\B◦)
ΦB◦(y) . (4.B.5)

First we give a lower bound on ΦB on BR2
. Note that for all x ∈ BR2

and y ∈ BR3
, by [53,

Proposition 6.9.4] and taking into account the periodicity of the random walk, we have

p
BR1

R2
1

(y, x) + p
BR1

R2
1+1

(y, x) ≥ c

Rd1

(
1− R2

R1

)(
1− R3

R1

)
.

Combined with (4.B.2) and λB ≤ 1, it yields that for all x ∈ BR2

ΦB(x) =
1

2

∑

i=R2
1,R

2
1+1

λ−iB
∑

y∈B
ΦB(y)Py(Si = x, τBc > i)

≥ 1

2

∑

y∈BR3

ΦB(y) · c
Rd1

(
1− R2

R1

)(
1− R3

R1

)

≥ cb1

2Rd1

(
1− R2

R1

)2
.

(4.B.6)

On the other hand, combining (4.B.3) and Lemma 4.A.1 yields

|ΦB|22 ≤ Cb
d/2
2 R−d1 , |ΦB◦|22 ≤ Cb

d/2
2 R−d1 . (4.B.7)
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Combining (4.B.5), (4.B.6), and (4.B.7), we see that to prove (4.B.4), it suffices to prove

∑

x∈∂(B\B◦)
ΦB◦(x) ≥ cb

Rd1(logR1)1d=2

(
1− R2

R1

)Cd |B \ B◦|(d−2)/d , (4.B.8)

where cb = cb(b1, b2, d) and Cd = Cd(d) are positive constants, with Cd to be chosen later

in (4.B.15).

To verify (4.B.8), we first consider the case

∑

x∈B◦
ΦB◦(x)Px(SτBc◦

∈ B \ B◦) >
b1
2

(
1− R2

R1

)Cd
. (4.B.9)

Note that

∑

x∈B◦
ΦB◦(x)Px(SτBc◦

∈ B \ B◦) ≤
∑

i≥0

∑

x∈B◦
ΦB◦(x)Px(τBc◦ > i, Si ∈ ∂(B \ B◦))

=
∑

i≥0

λiB◦
∑

x∈∂(B\B◦)
ΦB◦(x)

=
1

1− λB◦

∑

x∈∂(B\B◦)
ΦB◦(x) .

(4.B.10)

On the other hand, (4.B.2) implies |ΦB◦ |∞ ≥ cb1R
−d
1 . Then Lemma 4.A.1 implies

λB◦ ≤ 1− cb2/d1 R−2
1 .

Substituting this into (4.B.10) and using the assumption that (4.B.9) and the fact that

|B \ B◦| ≤ (2R1)d, we obtain (4.B.8).

Now we consider the other case

∑

x∈B◦
ΦB◦(x)Px(SτBc◦

∈ B \ B◦) ≤
b1
2

(
1− R2

R1

)Cd
, (4.B.11)

in which case the probability of exiting B◦ via B \ B◦ ⊂ BR2
is small. Heuristically, this
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allows us to approximate the random walk in B◦ by the walk in B, and then we are able to

get good control on the Green’s function which relates to the eigenfunction ΦB◦ as follows.

For any x ∈ B◦, by the eigenvalue equation for the resolvent, we have

ΦB◦(x) = (1− λB◦)
∑

v

ΦB◦(v)GB◦(v, x) , (4.B.12)

where

GB◦(v, x) :=
∞∑

t=0

Pv(St = x, τBc◦ ≥ t) . (4.B.13)

We will get a lower bound on ΦB◦(x) by restricting the sum over v in (4.B.12) to the annulus

A := BR1−(R1−R2)/3 \BR1−2(R1−R2)/3 ⊂ B◦ .

For all v ∈ A and u ∈ BR3
,

GB◦(u, v) ≥ GB(u, v)−Pu(SτBc◦
∈ B \ B◦) · max

y∈B\B◦
GB(y, v) . (4.B.14)

Since the function x 7→ GB(x, v) is harmonic on BR1−2(R1−R2)/3, we can use the Harnack

inequality and a standard chaining argument as in [23, (4.62)] to obtain that for a constant

Cd depending only on d,

max
y∈BR2

GB(y, v)

GB(u, v)
≤ Cd

(
1− R2

R1

)−Cd
. (4.B.15)

By the strong Markov property at time τv and [53, Proposition 6.9.4], we get

GB(u, v) ≥ GBR1
(u, v) ≥ c

(
1− R2

R1

)(
1− R3

R1

)
R−d+2

1 . (4.B.16)

189



Combining (4.B.14), (4.B.15), and (4.B.16) yields

GB◦(u, v) ≥ c
(

1− R2

R1

)2
R−d+2

1

[
1−

(
1− R2

R1

)−Cd
Pu(τBc◦ ∈ B \ B

◦)
]
.

Combining with (4.B.2) and (4.B.11), we get for all v ∈ A and u ∈ BR3
,

∑

u∈BR3

ΦB◦(u)GB◦(u, v)

≥c
(

1− R2

R1

)2
R−d+2

1

( ∑

u∈BR3

ΦB◦(u)−
(

1− R2

R1

)−Cd ∑

u∈BR3

ΦB◦(u)Pu(τBc◦ ∈ B \ B
◦)
)

≥cb1
(

1− R2

R1

)2
R−d+2

1 .

Therefore, by (4.B.12) and (4.B.3) we get for all v ∈ A,

ΦB◦(v) ≥ (1− λB◦)
∑

u∈BR3

ΦB◦(u)GB◦(u, v) ≥ cb1b2

(
1− R2

R1

)2
R−d1 .

Then by (4.B.12) and (4.B.3) again (summing over v ∈ A), we get for x ∈ B◦,

ΦB◦(x) ≥ c(1− λB◦) · b1b2
(

1− R2

R1

)2
R−d1

∑

v∈A
GB◦(v, x)

≥ cb1b
2
2

(
1− R2

R1

)2
R−d−2

1 Ex
[
|{1 ≤ i ≤ τBc◦ : Si ∈ A}|; τB\B◦ > τBcR1

]
.

Conditioned on τB\B◦ > τBcR1
, the random walk must cross A. Uniformly in starting and

ending points, the first crossing of A has length at least c(R1−R2)2 with positive probability.

Hence, we get

ΦB◦(x) ≥ cb1b
2
2

(
1− R2

R1

)4
R−d1 Px(τB\B◦ > τBcR1

) . (4.B.17)

For d ≥ 3, summing over x ∈ ∂(B \ B◦) in (4.B.17) gives

∑

x∈∂(B\B◦)
ΦB◦(x) ≥ c

(
1− R2

R1

)4
R−d1 cap(B \ B◦) , (4.B.18)
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where for d ≥ 3,

cap(B \ B◦) :=
∑

x∈B\B◦
Px(St 6∈ B \ B◦, for all t ≥ 1) . (4.B.19)

Combining with cap(B \ B◦) ≥ c|B \ B◦|(d−2)/d (see the proof of [52, Proposition 2.5.1])

yields (4.B.8).

For d = 2, fix an arbitrary z ∈ B \ B◦. By decomposing a random walk path that starts

from z and exists BR1
before returning to z according to its last exit time from B \ B◦, we

have

Pz(τ+
z > τBcR1

) =
∑

x∈∂(B\B◦)
Px(S1 ∈ B \ B◦, τz < τBcR1

)Px(τB\B◦ > τBcR1
)

≤
∑

x∈∂(B\B◦)
Px(τB\B◦ > τBcR1

) ,

where τ+
z := inf{t ≥ 1 : St = z}. Combining with (4.B.17) and [53, Proposition 6.4.3],

which implies that for R1 sufficiently large,

Pz(τ+
z > τBcR1

) ≥ c(logR1)−1 , (4.B.20)

we get (4.B.8). We thus complete the proof of (4.B.4).

4.C An isoperimetric inequality

The following isoperimetric inequality is needed in the proof of Lemma 4.4.3. It says that if

we partition a ball in Zd into two parts, then the area of the interface between the two parts

can be bounded from below as a function of the volume of the smaller part.

Lemma 4.C.1. Fix an arbitrary R ≥ 1. Let B(0, R) = {x ∈ Rd : |x|2 ≤ R}, and let
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B := B(0, R) ∩ Zd. Suppose B = A1 ∪ A2 is a partition of B. Then

min(|∂A1 ∩ A2|, |∂A2 ∩ A1|) ≥ cmin(|A1|, |A2|)1−1/d , (4.C.1)

where c > 0 is a constant depending only on d and ∂Ai := {x ∈ Aci : |x−y|1 = 1 for some y ∈

Ai} for i = 1, 2.

Proof. For any x ∈ Zd, let x∗ := [x − 1/2, x + 1/2]d ∩ B(0, R). Then there exist constants

c, C > 0 depending only on d such that for all x ∈ B,

vol(x∗) ≥ c and suf(x∗) ≤ C ,

where vol(x∗) and suf(x∗) are volume and surface area of x∗, respectively. For any set

U ⊂ Zd, we denote U∗ :=
⋃
x∈U x

∗. If we denote

q := min{vol(A1), vol(A2)} ,

then

q∗ := min{vol(A∗1), vol(A∗2)} ≥ cq .

By the isoperimetric inequality in Rd,

suf(A∗1) + suf(A∗2) ≥ dvol(B(0, 1))1/d ·
[
vol(A∗1)1−1/d + vol(A∗2)1−1/d] .

Since for any α ∈ (0, 1), the function xα − (x+ 1)α is increasing in x ∈ (0,+∞), we have

x1−1/d + y1−1/d ≥ (x+ y)1−1/d + (2− 21−1/d)y1−1/d for all 0 ≤ y ≤ x .
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Therefore,

suf(A∗1) + suf(A∗2) ≥ dvol(B(0, 1))1/d[vol(B∗)1−1/d + (2− 21−1/d)q∗1−1/d]

≥ suf(B∗) + dvol(B(0, 1))1/d(2− 21−1/d)(cq)1−1/d .

Note that the interface between A∗1 and A∗2 is contained in both the surface of (∂A1 ∩ B)∗

and (∂A1 ∩ B)∗, and it is counted exactly twice in suf(A∗1) + suf(A∗2)− suf(B∗). It follows

that

suf(A∗1) + suf(A∗2)− suf(B∗) ≤ 2 min
{

suf
(
(∂A1 ∩B)∗

)
, suf

(
(∂A2 ∩B)∗

)}

≤ C min
(
|∂A1 ∩B|, |∂A2 ∩B|

)
.

Combining the previous two inequalities completes the proof of (4.C.1).

193



CHAPTER 5

GEOMETRY OF THE RANDOM WALK RANGE UNDER

THE ANNEALED LAW

5.1 Introduction

Let S := (Sn)n≥0 be a discrete time simple symmetric random walk on Zd. We will use Px

and Ex to denote probability and expectation for S with S0 = x ∈ Zd, and we will omit

the subscript x when x = 0. Independently for each x ∈ Zd, an obstacle is placed at x with

probability 1 − p for some fixed p ∈ (0, 1), which generates the so-called Bernoulli obstacle

configuration and plays the role of a random environment. Probability and expectation

for the obstacles will be denoted by P and E, respectively. Let O denote the set of sites

occupied by obstacles. When there is no obstacle at the site x ∈ Zd, we will say x is open.

The random walk is killed at the moment it hits an obstacle (called hard obstacles), namely,

at the stopping time

τO := min{n ≥ 0 : Sn ∈ O}. (5.1.1)

More generally, we will use τA to denote the first hitting time of a set A ⊂ Zd. We will write

E[f(S) : A] = E[f(S)1A] and E[g(O) : B] = E[g(O)1B ].

We are interested in P ⊗ P((S,O) ∈ · | τO > N), the so-called annealed law of (S,O)

conditioned on the random walk’s survival up to time N . For simplicity, we will denote

µN ((S,O) ∈ ·) := P⊗P((S,O) ∈ · | τO > N). (5.1.2)

In particular, we are interested in the law of the random walk range

S[0,N ] := {Si : 0 ≤ i ≤ N} (5.1.3)

under the conditioned measure µN . It is worth noting that the marginal law of µN for the
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random walk admits a representation in terms of the range of the random walk:

µN (S ∈ ·) =
E
[
p|S[0,N ]| : S ∈ ·

]

E
[
p|S[0,N ]|

] , (5.1.4)

where |S[0,N ]| denotes the cardinality of the set S[0,N ].

Let us review known results on this model. The first result dates back to Donsker–

Varadhan’s work [27] which determined the leading order asymptotics of the denominator

in (5.1.4), which can be regarded as the “partition function” of a self-attracting polymer

model. The main result of [27] reads as

P⊗P(τO > N) = E
[
p|S[0,N ]|

]

= exp

{
−c(d, p)N

d
d+2 (1 + o(1))

}
,

with c(d, p) : =
d+ 2

2
(log(1/p))

2
d+2

(
2λ1

d

) d
d+2

,

(5.1.5)

where λ1 is the principal Dirichlet eigenvalue of − 1
2d∆ in the ball of unit volume in Rd

centered at the origin.

The argument of Donsker–Varadhan indicates that the dominant contribution to the

partition function comes from the strategy of finding a ball of optimal radius

%N :=
( 2λ1

d log(1/p)

) 1
d+2

N
1
d+2 , (5.1.6)

which is free of obstacles and the random walk is confined in that ball up to time N . It has

been proved later that this is what happens under the annealed measure in [67] and [12] for

d = 2 and [63] for d ≥ 3:

Theorem E (Confinement). For any d ≥ 2, there exists ε1 ∈ (0, 1) and xN ∈ Zd depending

only on the obstacle configuration O, such that xN ∈ B(0, %N ), the ball of radius %N centered
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at 0, and

lim
N→∞

µN
(
S[0,N ] ⊂ B(xN , %N + %ε1N )

)
= 1. (5.1.7)

The law of %−1
N xN converges to φB(0,1)dx as N → ∞, where φB(0,1) is the L1-normalized

principal Dirichlet eigenfunction of − 1
2d∆ in B(0, 1). Furthermore, for d = 2 and for any

ε ∈ (0, 1),

lim
N→∞

µN
(
B(xN , (1− ε)%N ) ⊂ S[0,N ]

)
= 1. (5.1.8)

It remains open to show that (5.1.8) also holds for dimensions d ≥ 3, that the random

walk range covers a full ball with radius almost %N (see [12, Conjecture 1.3]). Our first main

result resolves this question.

Theorem 5.1.1 (Ball covering). Let d ≥ 2, and let %N and xN be as in (5.1.6) and Theo-

rem E, respectively. Then there exists ε2 ∈ (0, 1), such that

lim
N→∞

µN

(
B(xN , %N − %ε2N ) ⊂ S[0,N ]

)
= 1. (5.1.9)

Remark 5.1.2. This theorem extends and refines (5.1.8) for general d ≥ 2. In fact, we will

first prove the extension of (5.1.8) to d ≥ 3 as an intermediate step to the above refined result.

The interested reader may jump to Section 5.3 after reading Subsections 5.2.1 and 5.2.2.

We proceed to the second main result of this chapter, which is about the boundary of

the range of the random walk under the annealed law. For any set A ⊂ Zd, we define its

external boundary by

∂A := {y ∈ Zd \ A : ‖y − x‖ = 1 for some x ∈ A}, (5.1.10)

where ‖ · ‖ denotes the Euclidean norm. Theorem E and Theorem 5.1.1 together imply that,

conditioned on survival up to time N , the rescaled boundary of the random walk range,

%−1
N ∂S[0,N ], converges in probability to a unit sphere as N tends to infinity, and ∂S[0,N ]

fluctuates on a scale of at most %εN with ε = max{ε1, ε2} ∈ (0, 1). Identifying the precise
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scale of fluctuation is an extremely interesting, but also challenging question. The following

theorem is a step in this direction, which bounds the size of ∂S[0,N ].

Theorem 5.1.3 (Boundary size). Let d ≥ 2, and let %N be defined as in (5.1.6). Then there

exists a > 0, such that

lim
N→∞

µN
(
|∂S[0,N ]| ≤ %d−1

N (log %N )a
)

= 1. (5.1.11)

Remark 5.1.4. Our proofs of Theorems 5.1.1 and 5.1.3 assume Theorem E as an input.

Strictly speaking, Theorem E has only been proved in the continuum setting for d ≥ 3

in [63] using the method of enlargement of obstacles. We briefly explain how the argument

can be adapted to the discrete setting in Appendix 5.B. In fact, it is possible to prove

Theorems 5.1.1 and Theorem E together. In the follow-up paper [21], we present such an

argument and further derive an extension of Theorem E for a random walk with small bias

conditioned to avoid Bernoulli obstacles.

Remark 5.1.5. After our paper [23] was submitted for publication, Berestycki and Cerf

announced an independent work [10], where Theorem 5.1.1 is proved by a different method.

In addition, [10, Theorem 1.5] proves a quantitative control on the random walk local time,

which together with Theorem 5.1.1 makes it possible to prove Theorem E following the

strategy of [12]. For more detail, we refer the reader to the introduction of [10].

In what follows, we will use c, c′, C, C ′ to denote generic constants depending only on d

and p, whose values may change from line to line. For G ⊂ Rd, we write |G| for the number

of points in G ∩ Zd and vol(G) for the Euclidean volume. A list of frequently used notation

is compiled in Appendix 5.C.

5.2 Proof Outline

In this section, we list the main ingredients needed and outline the proof structure. An

overview of how the rest of the chapter is organized will be given at the end of the section.
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In what follows, many statements are supposed to hold with µN -probability tending to one

as N tends to infinity, but we often make it implicit for brevity.

5.2.1 Path and Environment Switching

An argument that will be used repeatedly in our proof is path and environment switching.

More precisely, if A1, A2 are two sets of random walk path configurations, and E1, E2 are

two sets of obstacle configurations, then we can switch from (A1, E1) to (A2, E2) and bound

µN ((S,O) ∈ (A1, E1))

≤ P⊗P(S ∈ A1,O ∈ E1, τO > N)

P⊗P(S ∈ A2,O ∈ E2, τO > N)

=
P(O ∈ E1)

P(O ∈ E2)
· E[P(S ∈ A1, τO > N) | O ∈ E1]

E[P(S ∈ A2, τO > N) | O ∈ E2]
.

(5.2.1)

The first factor determines the probability gain or cost in the environment when we switch

from obstacle configurations in E1 to E2, while the second factor determines the gain or cost

in the random walk when we switch from paths in A1 to A2. We will find suitable choices

of A2 and E2 so that the gain in one factor will beat the cost in the other.

One way to bound the second factor in (5.2.1) is to find a coupling between two obstacle

configurations (O1,O2) with marginal distributions P(· | O ∈ E1) and P(· | O ∈ E2), and

then bound P(S ∈ A1, τO1
> N)/P(S ∈ A2, τO2

> N) uniformly with respect to (O1,O2).

This is possible because typically, A2 and E2 will be constructed by local modifications of

paths in A1 and obstacle configurations in E1, respectively.

This type of comparison argument is much more useful in the study of the conditional

measure µN than a direct analysis, since we only have the crude leading order asymptotics

on the partition function in (5.1.5).
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5.2.2 Proof Outline for the Weaker Version of Ball Covering Theorem

We first prove (5.1.8) for general d ≥ 2, which will play an important role in the proof of

Theorems 5.1.1 and 5.1.3. The key step is to show that if x ∈ O, then there is a positive

fraction of closed sites in its neighborhood.

Lemma 5.2.1 (Density of obstacles). For each x ∈ Zd, l > 0, and δ > 0, let

Eδl (x) :=

{
x ∈ O and

|O ∩B(x, l)|
|B(x, l)| < δ

}
. (5.2.2)

Then there exists δ > 0, such that

µN


 ⋃

x∈B(0,2%N )

⋃

(logN)3≤l≤%N
Eδl (x)


→ 0 as N →∞ (5.2.3)

faster than any negative power of N .

The proof of Lemma 2.1 will be based on path and environment switching arguments.

Roughly speaking, if for some x ∈ O, B(x, l) contains few obstacles, then: either the walk

visits B(x, l) many times, in which case we remove all the obstacles in B(x, l) and we will

show that the gain in the random walk survival probability beats the loss from environment

switching; or the walk visits B(x, l) rarely, in which case we switch to typical obstacle

configurations in B(x, l) and force the walk to avoid B(x, l), and we will show that the gain

in environment switching beats the loss in path switching. A more precise outline and the

proof will be given in Section 5.3.

Lemma 5.2.1 implies that if there is an obstacle inside the ball B(xN , (1 − ε)%N ), then

the confinement ball B(xN , %N ) contains order %dN obstacles. This makes it too difficult for

the random walk to survive and we can then deduce that the ball B(xN , (1− ε)%N ) is free

of obstacles. More precisely, we have the following result.
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Proposition 5.2.2. Let d ≥ 2. Then for any ε > 0, we have

lim
N→∞

µN (B(xN , (1− ε)%N ) ∩ O = ∅) = 1. (5.2.4)

Once we have this proposition, the covering property (5.1.8) readily follows. Indeed, if

the random walk avoids a site x ∈ B(xN , (1− ε)%N ) with positive probability uniformly in

N , then we can close that site at little cost, which contradicts Proposition 5.2.2.

5.2.3 Reduction to the Cluster of “Truly”-Open Sites

The key idea in our proof of Theorems 5.1.1 and 5.1.3 is to approximate the range of the

random walk, S[0,N ], by a set of “truly”-open sites T that depends only on the obstacle

configuration O. Unlike sites in S[0,N ], we can easily control the environment cost of creating

a “truly”-open site, which facilitates the application of the switching argument in (5.2.1).

Definition 5.2.3 (“Truly”-open sites). Given an obstacle configuration O and N ∈ N, a

site x ∈ Zd is called “truly”-open if

Px

(
τO > (logN)5

)
≥ exp

{
−(logN)2

}
. (5.2.5)

If the origin is “truly”-open, then we let T denote the connected component of “truly”-open

sites inside B(xN , %N + %ε1N ) containing the origin, where ε1 is the constant appearing in

Theorem E. Otherwise let T = ∅.

Remark 5.2.4. A “truly”-open site is a site whose surrounding environment is atypically

favorable for the random walk survival. If the environment is typical, then the probability

in (5.2.5) would decay like exp{−c(logN)5+o(1)} (cf. [75, Theorem 5.1 on p. 196]). Note

that whether x ∈ Zd is “truly”-open or not depends only on the obstacle configuration in

the l1-ball of radius (logN)5 centered at x.
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The following two lemmas justifies the approximation of ∂S[0,N ] by the boundary of

“truly”-open sites ∂T .

Lemma 5.2.5. Let d ≥ 2. Then

lim
N→∞

µN

(
S[0,N ] ⊃

{
x ∈ T : dist(x, ∂T ) ≥ (logN)3

})
= 1 (5.2.6)

and

lim
N→∞

µN

(
T ⊂

{
x ∈ Zd : dist(x, S[0,N ]) ≤ (logN)5

})
= 1. (5.2.7)

Lemma 5.2.6. Let d ≥ 2. Then

lim
N→∞

µN
(
S[0,N ] ⊂ T ) = 1. (5.2.8)

Indeed, (5.2.6) and (5.2.8) imply that

µN


∂S[0,N ] ⊂

⋃

x∈∂T
B(x, (logN)5)


→ 1 (5.2.9)

and therefore, Theorems 5.1.1 and 5.1.3 follow immediately from their analogues for T .

Theorem 5.2.7. Let d ≥ 2. Then there exists ε2 ∈ (0, 1) such that

lim
N→∞

µN
(
B(xN , %N − %ε2N ) ⊂ T

)
= 1. (5.2.10)

Theorem 5.2.8. Let d ≥ 2. Then there exists a > 0 such that

lim
N→∞

µN
(
|∂T | ≤ %d−1

N (log %N )a
)

= 1. (5.2.11)
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5.2.4 Proof Outline for the Cluster of “Truly”-Open Sites

In this subsection, we provide an outline for the proof of Theorems 5.2.7 and 5.2.8, assuming

Lemmas 5.2.5 and 5.2.6.

Note that the random walk is confined in T by Lemma 5.2.6. The geometry of T

under µN is then determined by an entropy-energy balance, namely, the number of possible

configurations for ∂T , vs the probability that the random walk stays confined in T up to

time N (equivalently, the principal Dirichlet eigenvalue for the discrete Laplacian on T ).

By definition, T is contained in the confinement ball B(xN , %N + %ε1N ) in Theorem E. On

the other hand, Proposition 5.2.2 implies that for any ε > 0, B(xN , (1 − ε)%N ) is a ball of

“truly”-open sites. Therefore, it follows that

∂T ⊂ A(xN ; (1− ε)%N , %N + %ε1N ) := B(xN , %N + %ε1N ) \B(xN , (1− ε)%N ). (5.2.12)

We bound the entropy for ∂T by proving the following weaker version of Theorem 5.2.8:

Proposition 5.2.9. Let d ≥ 2. Then for any b > 0,

lim
N→∞

µN
(
|∂T | ≤ %d−1+b

N

)
= 1. (5.2.13)

We prove Proposition 5.2.9 by considering the expected number of visits to
⋃
x∈∂T B(x, (logN)6) by a random walk killed upon hitting O. It suffices to prove that

1. the expectation of the total number of visits to
⋃
x∈∂T B(x, (logN)6) is bounded from

above by (logN)c for some c > 0;

2. uniformly in x ∈ ∂T , the expected number of visits to B(x, (logN)6) is bounded from

below by N1−d+b for any b > 0.

Here we consider visits to (logN)6 neighborhood of x ∈ ∂T because if the walk does not visit

B(x, (logN)6), then we can switch a “truly”-open site next to x to be not “truly”-open by
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only modifying the obstacle configuration inside B(x, (logN)6). The first item above follows

from the fact that the random walk will typically be killed soon after visiting x ∈ ∂T . The

second item is proved by the path and environment switching arguments. Roughly speaking,

a site x ∈ ∂T with atypically low expected number of visits is costly for the random walk

to visit. Thanks to the confinement of ∂T to the annulus in (5.2.12), B(x, (logN)6) can be

visited only by an excursion away from B(xN , (1−ε)%N ) and we can gain a lot in the random

walk probability by switching such excursions to those that stay inside B(xN , (1 − ε)%N ).

This implies that the random walk does not visit the (logN)6 neighborhood of x. We can

then gain further in the environment probability by switching a “truly”-open site next to x

to be not “truly”-open, which shows that such x ∈ ∂T does not exist.

Proposition 5.2.9 provides a good enough bound on the entropy for ∂T to allow us to

strengthen the bound on the fluctuation of ∂T in (5.2.12) to Theorem 5.2.7. More precisely, if

T c contains a point in B(xN , %N−%ε2N ), then Lemma 5.2.1 implies that T differs significantly

in volume from the confinement ball B(xN , %N+%ε1N ). Recalling that T ⊂ B(xN , %N+%ε1N ) by

definition, we can then use the Faber–Krahn inequality to show that the principal Dirichlet

eigenvalue on T deviates so much from that of B(xN , %N + %ε1N ) that the loss in survival

probability dominates the entropy for ∂T .

Using Theorem 5.2.7 on the fluctuation of ∂T as an input in place of the weaker Proposi-

tion 5.2.2, we then repeat the proof of Proposition 5.2.9. Now that the excursions of random

walk visiting ∂T are smaller, the switching argument becomes more efficient and we obtain

2′. uniformly in x ∈ ∂T , the expected number of visits to B(x, (logN)6) is bounded from

below by N1−d(logN)−c
′

for some c′ > 0.

Combining this with the first item above, we obtain Theorem 5.2.8.

Organization of this chapter. The rest of this chapter is organized as follows. Section 5.3

is devoted to the proofs of Proposition 5.2.2 and (5.1.8) for general d ≥ 2. In Section 5.4, we

first prove Lemma 5.2.5 with an additional property for “truly”-open sites, and then prove
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Lemma 5.2.6 and derive Proposition 5.2.9 from Proposition 5.2.2. We will in fact formulate a

lemma (Lemma 5.4.3) which unifies the derivation of Proposition 5.2.9 from Proposition 5.2.2

and the derivation of Theorem 5.2.8 from Theorem 5.2.7. Lastly, in Section 5.5, we conclude

with the proof of Theorem 5.2.7. In Appendix 5.A, we prove some technical estimates on

the Dirichlet eigenvalues and eigenfunctions for the generator of the random walk, as well as

a lower bound on the survival probability slightly better than in (5.1.5). In Appendix 5.B,

we briefly explain how to prove Theorem E by adapting the argument in [63]. Appendix 5.C

provides an index of notation.

5.3 Proof of the Weaker Version of Ball Covering Theorem

5.3.1 Proof of Proposition 5.2.2 and the Extension of (5.1.8)

In this subsection, we prove Proposition 5.2.2 and then (5.1.8) for general d ≥ 2, assuming

Lemma 5.2.1, which says that under the conditioned law µN (·), obstacles cannot be too

isolated. We need another lemma which states that the size of the random walk range S[0,N ]

satisfies a weak law of large numbers under µN :

Lemma 5.3.1 (Size of random walk range). For all ε > 0, we have

µN

(∣∣∣∣∣
|S[0,N ]|
|B(0, %N )| − 1

∣∣∣∣∣ > ε

)
→ 0 as N →∞ (5.3.1)

faster than any negative power of N .

Proof of Lemma 5.3.1. For a Brownian motion among Poissonian obstacles, the corre-

sponding result is proved in [33]. It is straightforward to adapt the argument there to the

current discrete setting. Indeed, the key point of the argument therein was the following
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formula for the generating function

∫
exp

{
ξ|S[0,N ]|

}
dµN =

E
[
exp{(ξ − log(1/p))|S[0,N ]|}

]

E
[
exp{− log(1/p)|S[0,N ]|}

] . (5.3.2)

One can use (5.1.5) to derive the asymptotics of this for |ξ| < log(1/p) and then (5.3.1)

follows by standard exponential Chebyshev bounds.

Proof of Proposition 5.2.2. Thanks to Theorem E and Lemma 5.2.1, we may assume

that S[0,N ] ⊂ B(xN , %N + %ε1N ), and for any x ∈ O ∩B(0, 2%N ),

|O ∩B(x, ε%N )|
|B(x, ε%N )| ≥ δ. (5.3.3)

Suppose that there is a point x ∈ B(xN , (1− ε)%N )∩O. Then by (5.3.3), at least δ fraction

of sites in B(x, ε%N ) are closed and hence are outside S[0,N ]. Combined with S[0,N ] ⊂

B(xN , %N + %ε1N ), this implies that the ratio |S[0,%N ]|/|B(0, %N )| stays strictly less than one,

which has µN -probability tending to zero as N →∞ by Lemma 5.3.1.

Proof of (5.1.8) for general d ≥ 2. We derive (5.1.8) as a consequence of the following

lemma, which asserts that the random walk visits all x in the confinement ball such that

B(x, (logN)3) is free of obstacles.

Lemma 5.3.2.

lim
N→∞

µN


 ⋃

x∈B(0,2%N )

{
τx > N,O ∩B(x, (logN)3) = ∅

}

 = 0. (5.3.4)

Since we know from Proposition 5.2.2 that for any ε > 0, the ball B(xN , (1− ε/2)%N ) is

free of obstacles with µN -probability tending to one, Lemma 5.3.2 implies that

limµN

(
B(xN , (1− ε)%N ) ⊂ S[0,N ]

)
= 1. (5.3.5)
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Proof of Lemma 5.3.2. By the union bound,

µN


 ⋃

x∈B(0,2%N )

{τx > N,O ∩B(x, (logN)3) = ∅}




≤
∑

x∈B(0,2%N )

µN

(
τx > N,O ∩B(x, (logN)3) = ∅

)
.

(5.3.6)

Thus it suffices show that for any x ∈ B(0, 2%N ),

µN

(
τx > N,O ∩B(x, (logN)3) = ∅

)
→ 0 as N →∞ (5.3.7)

faster than any negative power of N .

To this end, observe that the probability P(τx ∧ τO > N) is independent of whether

x ∈ O or not. Therefore, we have

µN

(
τx > N,O ∩B(x, (logN)3) = ∅

)

=
p

1− pµN
(
O ∩B(x, (logN)3) = {x}

)
,

(5.3.8)

where we have switched the environment at x conditionally on the random walk event {τx >

N}. Lemma 5.2.1 then shows that the right-hand side decays faster than any negative power

of N .

The rest of this section is devoted to the proof of Lemma 5.2.1.

5.3.2 Proof Outline for Lemma 5.2.1

The proof of Lemma 5.2.1 is based on the environment and path switching argument in

(5.2.1). The rough (and not fully accurate) heuristic is as follows. Suppose that the event

Eδl (x) occurs, i.e., x ∈ O and |O ∩ B(x, l)|/|B(x, l) < δ for some δ much smaller than the

typical obstacle density 1 − p. Either the random walk spends a lot of time in B(x, l), in
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which case we remove all obstacles in B(x, l), and we expect the gain in the random walk

survival probability to beat the environment cost of removing the obstacles; or the random

walk spends little time in B(x, l), in which case we force the random walk not to visit

B(x, l/4), change to typical obstacle configurations in B(x, l/4) and remove all obstacles

in B(x, l) \ B(x, l/4), and we expect the probability gain in the environment to beat the

cost in changing the random walk. To make this heuristic rigorous, we need the following

ingredients.

Path decomposition. First, we decompose the random walk path (Sn)0≤n≤N into suc-

cessive crossings between the inner and outer shells of the annulus

A(x; l/2, l) := B(x, l) \B(x, l/2). (5.3.9)

More precisely, we define B(x, l/2) := B(x, l/2) ∪ ∂B(x, l/2) and stopping times

σ1 := min{n ≥ 0: Sn ∈ B(x, l/2)}∧N, (5.3.10)

and for k ∈ N,

τk := min{n > σk : Sn ∈ Bc(x, l)}∧N ; (5.3.11)

σk+1 := min{n > τk : Sn ∈ B(x, l/2)}∧N. (5.3.12)

We will perform path switching on the crossings from B(x, l/2) to B(x, l)c, and perform

environment switching in the ball B(x, l).

Skeletal approximation of O ∩ B(x, l). When the random walk spends a lot of time in

B(x, l), we will remove all the obstacles in B(x, l). We need to estimate the gain in the

random walk survival probability as a function of O∩B(x, l). This is not a very simple task

and one of the difficulties is that the contribution from each obstacle is highly non-uniform,

depending on others. Indeed, if an obstacle is well surrounded by others, then we gain
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little in the survival probability by removing it. In order to make the gain from an obstacle

independent from others, we will only count the gain from a skeletal set Xl(x) ⊂ O with

properties

x ∈ Xl(x) and all sites in Xl(x) are at least distance l1/2d away

from each other; (5.3.13)

each y ∈ O ∩B(x, l) is within distance l1/2d of some site in Xl(x). (5.3.14)

Such a set can be constructed iteratively. First include x ∈ Xl(x) and remove all obstacles

in B(x, l1/2d). Next pick any one of the remaining obstacles at y ∈ B(x, l) that is closest to

x and add it to Xl(x), and remove all obstacles in B(y, l1/2d). Repeat this procedure until

no obstacles remain in B(x, l). Another difficulty is that we gain little in the random walk

survival probability by removing obstacles in B(x, l) near ∂B(x, l) since we will only count

the gain from the crossings {S[σk,τk]}k∈N, that typically spend little time near ∂B(x, l).

Therefore we focus on the obstacles deeply inside B(x, l) by setting

X ◦l := X ◦l (x) := Xl(x) ∩B(x, l/2). (5.3.15)

Random walk estimates. For D ⊂ Zd, u ∈ D and v ∈ D ∪ ∂D, we denote

pDn (u, v) := Pu(Sn = v, S[1,n−1] ⊂ D). (5.3.16)

This is nothing but the discrete space-time Dirichlet heat kernel on D if v ∈ D and, while it

is not for v ∈ ∂D, it always satisfies the discrete heat equation in (n, u).

Remark 5.3.3. Since the symmetric simple random walk has period 2, we have pDn (u, v) = 0

when n + |u− v|1 is an odd number. In what follows, we adopt a convention that pDn (u, v)

is understood to be pDn+1(u, v) if n+ |u− v|1 is odd.
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Now we are ready to state the gain in the random walk survival probability when we

remove obstacles: for c5,0, c5,1 > 0 to be determined later in Lemma 5.3.6, uniformly in

m ≥ (c5,0l)
2, u ∈ B(x, l/2) and v ∈ B(x, l),

p
B(x,l)\O
m (u, v) ≤ e−c1(bm/(c5,0l)2c−1)Γ(|X ◦l |)pB(x,l)

m (u, v), (RW1)

where for k ∈ N,

Γ(k) :=





(
log

(c5,0l)
3/2

2k

)−1

∨ 0, d = 2,

l2−dk
1+l(2−d)/2dk2/d , d ≥ 3.

(5.3.17)

Roughly speaking, this estimate means that if the random walk stays in B(x, l), then in every

(c5,0l)
2 steps, it has more than c1Γ(|X ◦l |) probability of hitting an obstacle (see Lemma 5.3.7).

As mentioned at the beginning of this subsection, we force the crossing to avoid B(x, l/4)

when the random walk spends little time in B(x, l). We need another random walk estimate

to quantify the effect of this switching and also some others to deal with complementary

cases. Those random walk estimates will be tagged as (RW1)–(RW5) and restated and

proved in Lemma 5.3.6 in Subsection 5.3.4.

Obstacles deep in the interior of B(x, l). Note that in (RW1), the bound is in terms of

|X ◦l (x)|, the number of skeletal points of O ∩ B(x, l) in B(x, l/2). To ensure that the gain

in (RW1) dominates the cost of removing all obstacles in B(x, l), we need that B(x, l) has

sufficiently many obstacles deep in its interior, namely, |X ◦l (x)| ≥ ρ|Xl(x)| for some ρ > 0.

The next lemma guarantees that we can achieve this by slightly changing the radius.

Lemma 5.3.4. Suppose that x ∈ O and |O ∩ B(x, L)|/|B(x, L)| < δ for some L ∈ N.

Then we can find ρ > 0 independent of L and δ, such that there exists L5/6 ≤ l ≤ L with

|O ∩B(x, l)|/|B(x, l)| < δ and |X ◦l (x)| ≥ ρmin{|Xl(x), δld−1/2}.
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Therefore it suffices to prove Lemma 5.2.1 where we replace the event Eδl (x) by the event

E
δ,ρ
l (x) := Eδl (x) ∩

{
|X ◦l (x)| ≥ ρmin{|Xl(x)|, δld−1/2}

}
(5.3.18)

with l ∈ [(logN)5/2, %N ], which will be carried out in the next subsection.

Proof of Lemma 5.3.4. Let

j∗ := min
{
j ≥ 0: l = L/2j satisfies |X ◦l (x)| ≥ ρmin{|Xl(x)|, δld−1/2}

}
. (5.3.19)

We will show that l∗ := L/2j
∗

satisfies the desired properties if ρ > 0 is small enough.

If j∗ = 0, then l∗ = L works. Otherwise, for all l = L/2j with 0 ≤ j ≤ j∗ − 1, we have

|X ◦l (x)| < ρmin{|Xl(x), δld−1/2} ≤ ρ|Xl(x)|. (5.3.20)

We claim that for all l ≥ 1,

|Xl(x)| ≤ Cd|X ◦2l(x)| for some Cd depending only on d. (5.3.21)

Together with (5.3.20), this implies that

|X ◦2l∗(x)| < ρCd|X ◦4l∗(x)| < · · · < (ρCd)
j∗−1|X ◦L(x)| ≤ (ρCd)

j∗−1CLd. (5.3.22)

Since |X ◦L(x)|, . . . , |X ◦2l∗(x)| ≥ 1 because x ∈ O, we must have (ρCd)
−j∗+1 ≤ CLd. We can

then choose ρ > 0 small such that 2j
∗ ≤ L5/6, and hence l∗ = L/2j

∗ ∈ [L5/6, L].

To bound the volume fraction of obstacles in B(x, l∗) when j∗ ≥ 1, we can apply (5.3.20)
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at l = L/2j
∗−1 = 2l∗ to obtain

|O ∩B(x, l∗)| ≤ |X ◦2l∗(x)| · |B(0, (2l∗)1/2d)|

< ρδ(2l∗)d−1/2|B(0, (2l∗)1/2d)|

< δ|B(x, l∗)|,

(5.3.23)

where the last inequality holds if ρ > 0 is chosen small.

Lastly, we prove the claim (5.3.21). Note that by our construction of Xl(x) and X ◦2l(x),

⋃

y∈Xl(x)

B(y, l1/2d) ⊂
⋃

y∈O∩B(x,l)

B(y, l1/2d),

where O ∩B(x, l) ⊂
⋃

z∈X ◦2l(x)

B(z, (2l)1/2d).

(5.3.24)

Therefore by doubling the radii of the balls {B(z, (2l)1/2d)}z∈X ◦2l(x), we obtain

⋃

y∈Xl(x)

B(y, l1/2d) ⊂
⋃

z∈X ◦2l(x)

B(z, 2(2l)1/2d).

Since the balls {B(y, l1/2d)}y∈Xl(x) are disjoint, a volume calculation then yields (5.3.21).

5.3.3 Proof of Lemma 5.2.1

As remarked after Lemma 5.3.4, if suffices to prove Lemma 5.2.1 with the event Eδl (x)

replaced by E
δ,ρ
l (x), with l ∈ [(logN)5/2, %N ]. We will prove the following bound on

µN (E
δ,ρ
l (x)), which immediately implies Lemma 5.2.1 by a union bound over all x ∈

B(0, 2%N ) and (logN)5/2 ≤ l ≤ %N .

Lemma 5.3.5. Let E
δ,ρ
l (x) be defined as in (5.3.18). There exist c5,3 > 0 depending on d,

p and δ such that for all l ∈ [logN, %N ], we have

µN (E
δ,ρ
l (x)) ≤ exp{−c5,3l1/2}. (5.3.25)
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Proof of Lemma 5.3.5. Recall the path decomposition introduced in Section 5.3.2, where

we identified the successive crossings from B(x, l/2) = B(x, l/2) ∪ ∂B(x, l/2) to B(x, l)c dur-

ing the time intervals [σk, τk], k ∈ N. Since these stopping times are truncated by N , the

duration τk−σk can be zero. Henceforth, the word crossing refers to S[σk,τk] with τk−σk > 0.

In particular, the last crossing may be incomplete. To carry out the path and environment

switching, we distinguish between three cases and in order to describe them, we need some

more notation. We denote a sequence of numbers or vectors in bold face as a = (ak)k≥1 and

introduce the set of interlacing sequences

IN := {(s, t) : 0 ≤ sk ≤ tk ≤ sk+1 ≤ N for all k ∈ N}. (5.3.26)

For (s, t) ∈ ⋃N≥1 IN , we write

K(s, t) := sup{k ≥ 1: tk − sk > 0} (5.3.27)

which represents the number of crossings when (s, t) = (σ, τ ). Now we are ready to describe

the three cases. Recall that c5,0 > 0 has already been chosen to satisfy Lemma 5.3.6. The

constant δ > 0 is to be determined later, depending only on the dimension d and the open

probability p.

(1) There are many crossings and more than half of them are short (≤ (c5,0l)
2), that is,

(σ, τ ) belongs to

F1 :=

{
(s, t) ∈ IN :

∣∣∣{k ≥ 1: 0 < tk − sk ≤ (c5,0l)
2}
∣∣∣ > 1

2
K(s, t) ∨ δ1/dld

}
.

(5.3.28)

(2) The total time duration of the long crossings (> (c5,0l)
2) is long, that is, (σ, τ ) belongs
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to

F2 :=



(s, t) ∈ IN :

∑

k≥1

(tk − sk)1{tk−sk>(c5,0l)2} > δ1/dc25,0l
d+2



 . (5.3.29)

(3) The number of crossings as well as their total duration are small, that is, (σ, τ ) belongs

to

F3 :=



(s, t) ∈ IN : K(s, t) ≤ 2δ1/dld and

∑

k≥1

(tk − sk) ≤ 2δ1/dc25,0l
d+2



 .

(5.3.30)

These three cases exhaust all possibilities. Indeed, if (s, t) 6∈ F2, then the number of long

crossings is at most δ1/dld, and their total duration is at most δ1/dc25,0l
d+2. If in addition,

(s, t) 6∈ F1, then the number of short crossings is either less than the number of long crossings,

or less than δ1/dld; either way, it is bounded by δ1/dld, and their total duration is at most

δ1/dc25,0l
d+2. Combining the short and long crossings, one finds that (s, t) ∈ F3.

For each of the three cases above, by summing over all possible values of (σk, τk) ∈ Fi
(i ∈ {1, 2, 3}) and the position of the walk at these times, we obtain

P (τO > N and (σ, τ ) ∈ Fi)

=
∑

(s,t)∈Fi

∑

u,v

p
Zd\O
s1 (0, u1)

×
∏

k≥1

p
B(x,l)\O
tk−sk (uk, vk)p

Zd\(O∪B(x,l/2))
sk+1−tk (vk, uk+1),

(5.3.31)

where u and v range over all the possible starting and ending points of crossings with

(σ, τ ) = (s, t). In particular, uk ∈ ∂B(x, l/2) and vk ∈ ∂B(x, l) as long as sk < N and

tk < N respectively, except possibly u1 = 0 when 0 ∈ B(x, l/2). For simplicity, we assume

δ1/dld ∈ N in this proof.

Case (1): In this case, we remove all the obstacles inside B(x, l) and lengthen all the short
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crossings by l2. We formalize this as the environment and path switching (5.2.1) by setting

(A1, A2) := ({(σ, τ ) ∈ F1}, {τO > N}); (5.3.32)

(E1, E2) := (E
δ,ρ
l (x), {O ∩B(x, l) = ∅}). (5.3.33)

Since |O ∩ B(x, l)| ≤ δ|B(x, l)| on the event E
δ,ρ
l (x), the cost of environment switching can

be estimated as

P(E
δ,ρ
l )

P(O ∩B(x, l) = ∅) ≤
P (|O ∩B(x, l)| ≤ δ|B(x, l)|)

P(O ∩B(x, l) = ∅)

≤
δ|B(x,l)|∑

i=0

(|B(x, l)|
i

)(
1− p
p

)j

≤ ecδ(log 1
δ )ld

(5.3.34)

by using Stirling’s approximation. Alternatively, one can also interpret this as a consequence

of Cramer’s large deviation principle.

On the other hand, since the short crossings are unlikely to happen, we gain in the

random walk probability by lengthening them. More precisely, we will see in Lemma 5.3.6

that for tk − sk ≤ (c5,0l)
2, uk ∈ B(x, l/2) and vk ∈ ∂B(x, l),

p
B(x,l)\O
tk−sk (uk, vk) ≤ p

B(x,l)
tk−sk (uk, vk)

≤ 1

100
p
B(x,l)
tk−sk+l2

(uk, vk),
(RW2)

where l2 is to be understood as l2 + 1 when l is odd as mentioned in Remark 5.3.3. It is

easy to see that this change is harmless for the following argument and henceforth we will

not mention this parity convention again. Setting

Ik := 1{0<tk−sk≤(c5,0l)2,uk∈∂B(x,l/2),vk∈∂B(x,l)}, (5.3.35)
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we can bound the product in the right-hand side of (5.3.31) by

∏

k≥1

p
B(x,l)\O
tk−sk (uk, vk)p

Zd\(O∪B(x,l/2))
sk+1−tk (vk, uk+1)

≤ 100−
∑
k≥1 Ik

∏

k≥1

p
B(x,l)
tk+l2Ik−sk

(uk, vk)p
Zd\(O∪B(x,l/2))
sk+1−tk (vk, uk+1)

= 100−
∑
k≥1 Ik

∏

k≥1

p
B(x,l)

t̃k−s̃k
(uk, vk)p

Zd\(O∪B(x,l/2))

s̃k+1−t̃k
(vk, uk+1),

(5.3.36)

where s̃k := sk + l2
∑
m<k Im and t̃k := tk + l2

∑
m≤k Im. Let us consider the cases

(σ, τ ) ∈ F1,j :=



(s, t) ∈ F1 :

∑

k≥1

Ik = j



 , (5.3.37)

that is, exactly j crossings are lengthened, separately for j ∈ {δ1/dld, δ1/dld + 1, . . . , N}.

Summing (5.3.36) multiplied by p
B(x,l)
s1 (0, u1) over (s, t) ∈ F1,j and (u,v), we obtain

P(τO > N and (σ, τ ) ∈ F1,j)

=
∑

(s,t)∈F1,j

∑

u,v

p
B(x,l)
s1 (0, u1)

∏

k≥1

p
B(x,l)\O
tk−sk (uk, vk)p

Zd\(O∪B(x,l/2))
sk+1−tk (vk, uk+1)

≤ 100−j
∑

(s,t)∈F1,j

∑

u,v

p
B(x,l)
s̃1

(0, u1)
∏

k≥1

p
B(x,l)

t̃k−s̃k
(uk, vk)p

Zd\(O∪B(x,l/2))

s̃k+1−t̃k
(vk, uk+1).

(5.3.38)

In order to relate this last line to P(τO > N), we rewrite (5.3.38) as a summation over

(s̃, t̃) ∈ F̃1,j := {(s̃, t̃) : (s, t) ∈ F1,j}. (5.3.39)

Note that each (s̃, t̃) may come from different (s, t)’s but with the same number of crossings

K(s, t) and hence its pre-image has cardinality at most 2K(s,t) ≤ 22+2j on F1,j . Recalling
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also that j ≥ δ1/dld, it follows from (5.3.38) that

P(τO > N and (σ, τ ) ∈ F1,j)

≤ 4 · 25−δ
1/dld

∑

(s̃,t̃)∈F̃1,j

∑

u,v

p
B(x,l)
s̃1

(0, u1)

×
∏

k≥1

p
B(x,l)

t̃k−s̃k
(uk, vk)p

Zd\(O∪B(x,l/2))

s̃k+1−t̃k
(vk, uk+1).

(5.3.40)

The sum on the right-hand side is seen to be bounded by P(τO\B(x,l) > N + jl2). Indeed,

any (s̃, t̃) ∈ F̃1,j has terminal time s̃
K(s̃,t̃)+1

= N + jl2 by construction and hence the above

sum represents (a part of) the path decomposition before time N + jl2.

Taking a sum of (5.3.40) over j, we obtain

P(τO > N and (σ, τ ) ∈ F1)

≤ 4 · 25−δ
1/dld

N∑

j=δ1/dld

P
(
τO\B(x,l) > N + jl2

)

≤ 4N · 25−δ
1/dldP

(
τO\B(x,l) > N

)
.

(5.3.41)

Since τO\B(x,l) = τO on {O ∩ B(x, l) = ∅}, recalling (5.3.34) and l ≥ logN and choosing

δ > 0 small, we can use (5.2.1) to conclude that

µN

(
(S,O) ∈

(
{(σ, τ ) ∈ F1}, Eδ,ρl (x)

))
≤ e−cδ

1/dld . (5.3.42)

Case (2): In this case, we again remove all the obstacles in B(x, l) and leave the crossings

unchanged. We apply the same environment and path switching as in the previous case.

Since the long crossings have higher probability of hitting the obstacles, removing the obsta-

cles gives us a large gain in the random walk probability. In order to make it precise, note
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first that (s, t) ∈ F2 implies

∑

k≥1

⌊
tk − sk
(c5,0l)2

⌋
≥ 1

2

∑

k≥1

tk − sk
(c5,0l)2

1{tk−sk≥(c5,0l)2} >
δ1/d

2
ld. (5.3.43)

Given this, we use the aforementioned (see also Lemma 5.3.6)

p
B(x,l)\O
tk−sk (uk, vk) ≤ e−c1(b(tk−sk)/(c5,0l)

2c−1)Γ(|X ◦l |)pB(x,l)
tk−sk (uk, vk) (RW1)

repeatedly to obtain

P(τO > N and (σ, τ ) ∈ F2)

=
∑

(s,t)∈F2

∑

u,v

p
B(x,l)\O
s1 (0, u1)

∏

k≥1

p
B(x,l)\O
tk−sk (uk, vk)p

Zd\(O∪B(x,l/2))
sk+1−tk (vk, uk+1)

≤ e−cδ
1/dldΓ(X ◦l )

∑

(s,t)∈F2

∑

u,v

p
B(x,l)\O
s1 (0, u1)

×
∏

k≥1

p
B(x,l)
tk−sk (uk, vk)p

Zd\(O∪B(x,l/2))
sk+1−tk (vk, uk+1)

≤ e−cδ
1/dldΓ(|X ◦l |)P(τO\B(x,l) > N)

(5.3.44)

uniformly in O, and we can replace τO\B(x,l) by τO on {O ∩B(x, l) = ∅} as before.

We are going to show that the cost of removing the obstacles in B(x, l) is much smaller

than the above gain in the random walk probability. Recall that |X ◦l | ≥ ρmin(δld−1/2, |Xl|)

on the event E
δ,ρ
l (x) and also note that (5.3.13) implies the bound |X ◦l | ≤ Cδld−1/2 for some

C > 0 depending only on the dimension. In the case |X ◦l | ∈ [ρδld−1/2, Cδld−1/2], we have

that Γ(|X ◦l |) is bounded below by a positive constant, recalling the definition of Γ in (5.3.17).

Combining (5.3.44) with (5.3.34) and (5.2.1) and choosing δ small, we get

µN

(
(S,O) ∈

(
{(σ, τ ) ∈ F2}, (Eδ,ρl (x) ∩ {|X ◦l | ≥ ρδld−1/2})

))

≤ e−cδ
1/dld .

(5.3.45)
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In the other case |X ◦l | ∈ [ρ|Xl|, ρδld−1/2), instead, we have that for sufficiently small δ,

Γ(|X ◦l |) ≥ cδ−2/dl1/2−d|X ◦l |/| log δ| (5.3.46)

recalling (5.3.17) again. Indeed, for d ≥ 3, using |X ◦l | ≤ ρδld−1/2 in the denominator

in (5.3.17) yields the above bound without | log δ|; for d = 2, the argument of log in (5.3.17)

is large and the above bound follows from the fact that 1/ log r = r−1(r/ log r) and r/ log r

is increasing for r large. Given this lower bound on Γ(|X ◦l |), the gain from the random walk

becomes

P(τO > N and (σ, τ ) ∈ F2)

P(τO\B(x,l) > N)
≤ e−cδ

−1/dl1/2|X ◦l |/| log δ|. (5.3.47)

Note that this gain is much smaller than the bound (5.3.34) on the cost of environment

switching when |X ◦l | is small. Therefore we have to estimate the environment switching

cost more carefully and this is done by considering separately the events {|X ◦l | = k} for

k < ρδld−1/2.

In the case under consideration, |X ◦l | = k implies |Xl| ≤ ρ−1k. Recall also that all the

obstacles in B(x, l) are contained in
⋃
x∈Xl B(x, l1/2d) by (5.3.14). Therefore on each event

{|X ◦l | = k}, by counting the possible choices of Xl first and then the configurations inside
⋃
x∈Xl B(x, l1/2d), we can estimate the cost of environment switching as

P(E
δ,ρ
l ∩ {X ◦l = k})

P(O ∩B(x, l) = ∅)

≤
bρ−1kc∑

i=k

(|B(x, l)|
i

) i|B(x,l1/2d)|∑

j=0

(
i|B(x, l1/2d)|

j

)(
1− p
p

)j

≤ eCkl
1/2
.

(5.3.48)
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Combining this with (5.3.47) and choosing δ small, we obtain

µN

(
(S,O) ∈

(
{(σ, τ ) ∈ F2}, (Eδ,ρl (x) ∩ {|X ◦l | = k})

))

≤ e−cδ
−1/dl1/2k/| log δ|

(5.3.49)

for each k < ρδld−1/2. Finally we sum (5.3.45) and (5.3.49) for k ∈ {1, 2, . . . , bρδld−1/2c}

to obtain

µN

(
E
δ,ρ
l (x)× {(σ, τ ) ∈ F2}

)
≤ e−cδ

1/dl1/2 . (5.3.50)

Case (3): In this case, we remove all the obstacles in A(x; l/4, l) = B(x, l) \ B(x, l/4),

change the obstacles configuration inside B(x, l/4) to typical configurations and force all

the crossings to avoid B(x, l/4) after lengthening them by l2. Complication arises when the

origin is close to B(x, l/4) because then it costs a lot to force the first crossing to avoid

B(x, l/4). We first deal with the simpler case 0 6∈ B(x, l/2) by applying the environment

and path switching (5.2.1) with

(A1, A2) := ({(σ, τ ) ∈ F3}, {τO ∧ τB(x,l/4) > N}); (5.3.51)

(E1, E2) := (Eδ,ρ(x), {O ∩ A(x; l/4, l) = ∅}). (5.3.52)

The gain from the environment switching can be estimated as

P(E
δ,ρ
l )

P(O ∩ A(x; l/4, l) = ∅) ≤
P (|O ∩B(x, l)| ≤ δ|B(x, l)|)

P(O ∩ A(x; l/4, l) = ∅)

≤ p|B(x,l/4)|
δ|B(x,l)|∑

i=0

(|B(x, l)|
i

)(
1− p
p

)j

≤ e−cl
d

(5.3.53)

by using Stirling’s approximation (or Cramer’s large deviation principle as before).

On the other hand, if we force the random walk to stay inA(x; l/4, l) instead ofB(x, l), the
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extra cost per step should be measured by the difference of the principal Dirichlet eigenvalues

of the discrete Laplacian in A(x; l/4, l) and B(x, l), which is of order l−2. In fact, we will

see in Lemma 5.3.6 that uniformly in uk ∈ ∂B(x, l/2) and vk ∈ ∂B(x, l),

p
B(x,l)\O
tk−sk (uk, vk) ≤ p

B(x,l)
tk−sk (uk, vk)

≤ ec5,2((tk−sk)l−2+1)p
A(x;l/4,l)
tk−sk+l2

(uk, vk).
(RW3)

If sk < N and tk = N for some k ∈ N, then this (last) crossing may be incomplete and its

endpoint vk may be in B(x, l/4). In that case, the path switching should be done differently

and we change the endpoint of the last crossing to ṽk := vk + (5l/8)e1. The cost is bounded

similarly as

p
B(x,l)\O
tk−sk (uk, vk) ≤ ec5,2((tk−sk)l−2+1)p

A(x;l/4,l)
tk−sk+2l2

(uk, ṽk). (RW4)

We define (s̃k, t̃k)k≥1 as the starting and ending times of switched crossings, similarly to

Case (1), and also

(ṽk, ũk+1)

:=





(vk + (5l/8)e1, vk + (5l/8)e1), if sk < N, tk = N and vk ∈ B(x, l/4),

(vk, uk+1), otherwise.

(5.3.54)

Then using the above estimates and recalling the definition of F3, we can bound the product
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in the right-hand side of (5.3.31) by

∏

k≥1

p
B(x,l)\O
tk−sk (uk, vk)p

Zd\(O∪B(x,l/2))
sk+1−tk (vk, uk+1)

≤ exp



c5,2

∑

k≥1

tk − sk
l2

+K(s, t)





×
∏

k≥1

p
A(x;l/4,l)

t̃k−s̃k
(ũk, ṽk)p

Zd\(O∪B(x,l/2))

s̃k+1−t̃k
(ṽk, ũk+1)

= ecδ
1/dld

∏

k≥1

p
A(x;l/4,l)

t̃k−s̃k
(ũk, ṽk)p

Zd\(O∪B(x,l/2))

s̃k+1−t̃k
(ṽk, ũk+1).

(5.3.55)

Note that each (s̃, t̃) has pre-image of cardinality at most 22δ1/dld . Therefore summing (5.3.55)

over (s, t,u,v) separately according to the number of crossings as in Case (1), we can obtain

P(τO > N and (σ, τ ) ∈ F3)

=
∑

(s,t)∈F3

∑

u,v

p
B(x,l)\O
s1 (0, u1)

∏

k≥1

p
B(x,l)\O
tk−sk (uk, vk)p

Zd\(O∪B(x,l/2))
sk+1−tk (vk, uk+1)

≤ ecδ
1/dld

∑

(s̃,t̃)

∑

ũ,ṽ

p
B(x,l)\O
s̃1

(0, u1)
∏

k≥1

p
B(x,l)

t̃k−s̃k
(ũk, ṽk)p

Zd\(O∪B(x,l/2))

s̃k+1−t̃k
(ṽk, ũk+1)

≤ CNecδ
1/dldP(τO∪B(x,l/4) > N)

(5.3.56)

uniformly in O in the case 0 6∈ B(x, l/2). Recalling (5.3.53) and l ≥ logN and using (5.2.1),

we conclude that in this case

µN

(
(S,O) ∈

(
{(σ, τ ) ∈ F3}, Eδ,ρl (x)

))
≤ e−cl

d
. (5.3.57)

Finally, we deal with the case 0 ∈ B(x, l/2). In this case, the starting point of first

crossing may be close to (or even inside) B(x, l/4) and we want to ensure that the random

walk gets away from that ball quickly. To this end, we fix a path π(x; l) ⊂ B(x, l/2) of length

l from 0 to ne1 ∈ ∂B(x, l/2) (n ∈ N) and modify the environment and path switching as
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follows (see Figure 5.1):

(A1, A2) :=
(
{(σ, τ ) ∈ F3},

{
S[0,l] = π(x; l), τO ∧ (l + τB(x,l/4) ◦ θl) > N

})
; (5.3.58)

(E1, E2) := (Eδ,ρ(x), {O ∩ (A(x; l/4, l) ∪ π(x; l)) = ∅}), (5.3.59)

where l + τB(x,l/4) ◦ θl is the first hitting time to B(x, l/4) after time l. Let us explain

the difference from the previous case 0 6∈ B(x, l/2). For the environment, we need to keep

π(x; l) empty, which has a cost of e−cl, but is negligible compared with the original gain ecl
d

in (5.3.53).

For the random walk, only the first crossing, that is S[0,τ1] in this case, is switched

differently. In the present case, note that v1 ∈ ∂B(x, l) since by the total duration constraint

on F3, we have t1 ≤ 2δ1/dc25,0l
d+2 < N for small δ. We switch the paths with τ1 = t1, Sτ1 =

v1 to those go from 0 to ne1 following π(x; l) in l steps and then to go from ne1 to v1 inside

A(x; l/4, l) in t1 + 2l2 steps afterward. The probability to follow π(x; l) in the first l steps is

(2d)−l and combining this with the estimate (see Lemma 5.3.6)

p
B(x,l)
t1

(0, v1) ≤ ec5,2(bt1l−2c+1)p
A(x;l/4,l)
t1+2l2

(ne1, v1), (RW5)

we obtain the following bound on the switching cost of the first crossing:

p
B(x,l)
t1

(0, v1) ≤ (2d)lp
π(x;l)
l (0, ne1)ec5,2(bt1l−2c+1)p

A(x;l/4,l)
t1+2l2

(ne1, v1)

≤ (2d)lec5,2(bt1l−2c+1)p
A(x;l/4,l)∪π(x;l)
t1+2l2+l

(0, v1).

(5.3.60)

Note that the term c5,2bt1l−2c already appeared in (5.3.55). The extra cost of (2d)l is again

negligible compared with the ecl
d

gain from the environment.

Therefore simply by setting t̃1 := t1 + 2l2 + l and changing (s̃k, t̃k)k≥2 accordingly,

we can use (5.3.60) to follow the same argument as before to extend (5.3.57) to the case

0 ∈ B(x, l/2).
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(a) (b)

Figure 5.1: A schematic figure of the switching configuration from (a) to (b) in Case (3). The
balls are B(x, l/4), B(x, l/2) and B(x, l) from inside. There are 4 crossings from B(x, l/2)
to B(x, l)c, including the last incomplete crossing. Both S0 = 0 and SN are in B(x, l/4) in
(a). The paths from • to ◦ are crossings and are lengthened. Observe that we cannot make
the second crossing avoid B(x, l/4) without lengthening it as illustrated in (b). The paths
from ◦ to • are unchanged. The first polygonal segment of the path in (b) represents π(x; l).

5.3.4 Random walk estimates

In this subsection, we restate and prove the random walk estimates used in the proof of

Lemma 5.2.1. Recall the notation B(x, l) = B(x, l)∪∂B(x, l) and that pn(u, v) is understood

to be pn+1(u, v) if n+ |u+ v|1 is odd by the convention introduced in Remark 5.3.3.

Lemma 5.3.6. Let X ◦l (x) and Γ be defined as in (5.3.15) and (5.3.17), respectively. There

exist c5,0, c1, c5,2 > 0 such that the following hold for all sufficiently large l:

1. Uniformly in m ≥ (c5,0l)
2, u ∈ B(x, l/2), v ∈ B(x, l),

p
B(x,l)\O
m (u, v) ≤ e−c1(bm/(c5,0l)2c−1)Γ(|X ◦l |)pB(x,l)

m (u, v). (RW1)

2. Uniformly in m ≤ (c5,0l)
2 and u ∈ B(x, l/2), v ∈ ∂B(x, l),

p
B(x,l)
m (u, v) ≤ 1

100
p
B(x,l)
m+l2

(u, v). (RW2)
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3. Uniformly in m > 0 and u ∈ ∂B(x, l/2), v ∈ ∂B(x, l),

p
B(x,l)
m (u, v) ≤ ec5,2(ml−2+1)p

A(x;l/4,l)
m+l2

(u, v). (RW3)

4. Uniformly in m > 0 and u ∈ ∂B(x, l/2), v ∈ B(x, l/4),

p
B(x,l)
m (u, v) ≤ ec5,2(ml−2+1)p

A(x;l/4,l)
m+2l2

(u, v + (5l/8)e1). (RW4)

5. Suppose 0 ∈ B(x, l/2) and let n ∈ N be such that ne1 ∈ ∂B(x, l/2). Then uniformly

in m > 0, and v ∈ ∂B(x, l),

p
B(x,l)
m (0, v) ≤ ec5,2(ml−2+1)p

A(x;l/4,l)
m+2l2

(ne1, v). (RW5)

In the proof of this lemma, we will use the following estimate on the Dirichlet heat

kernel: for any c ∈ (0, 1), there exists C > 0 such that uniformly in r ∈ N, k ∈ [cr2, r2/c]

and u,w ∈ B(x, r),

C ≤
p
B(x,r)
k (u,w)

r−d−2dist(u, ∂B(x, r))dist(w, ∂B(x, r))
≤ 1

C
. (5.3.61)

This can be found for example in [53, Proposition 6.9.4], where it is stated only for the case

k = r2 but the argument therein can easily be adapted to the above uniform estimate.

The first assertion (RW1) will be a direct consequence of the following lemma.

Lemma 5.3.7. For any c5,0 ∈ (0, 1), there exists c1 > 0 independent of O such that for any

l ∈ N and u,w ∈ B(x, l),

p
B(x,l)\O
(c5,0l)2 (u,w) ≤ e−c1Γ(|X ◦l |))pB(x,l)

(c5,0l)2(u,w). (5.3.62)

Remark 5.3.8. This lemma holds for arbitrary c5,0 ∈ (0, 1). In Lemma 5.3.6, it is only
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(RW2) which imposes a restriction on c5,0.

Proof of Lemma 5.3.7. We write l0 for c5,0l in this proof to ease the notation. It suffices

to prove

min
u,w∈B(x,l)

Pu
(
τO ≤ l20

∣∣Sl20 = w, τB(x,l)c > l20
)
≥ c1Γ(|X ◦l |). (5.3.63)

for some c1 > 0, since 1− λ ≤ e−λ. The proof of this relies on the so-called second moment

method. Let us introduce

T :=
∑

m∈[l20/4,3l
2
0/4]

1{Sm∈X ◦l }. (5.3.64)

We will show the following:

Eu

[
T
∣∣∣ Sl20 = w, τB(x,l)c > l20

]
≥ c|X ◦l |l2−d0 , (5.3.65)

Eu

[
T 2
∣∣∣ Sl20 = w, τB(x,l)c > l20

]
≤ C(|X ◦l |l

2−d
0 )2

Γ(|X ◦l |)
. (5.3.66)

Given these bounds, the desired bound follows via the Paley–Zygmunnd inequality as

Pu

(
τO ≤ l20

∣∣∣ Sl20 = w, τB(x,l)c > l20

)

≥ Pu

(
T > 0

∣∣∣ Sl20 = w, τB(x,l)c > l20

)

≥
Eu

[
T
∣∣∣ Sl20 = w, τB(x,l)c > l20

]2

Eu

[
T 2
∣∣∣ Sl20 = w, τB(x,l)c > l20

] .

(5.3.67)

First moment (5.3.65): Note first that uniformly in m ∈ [l20/4, 3l
2
0/4], z ∈ B(x, l/2) and u,w

as in the statement,

Pu

(
Sm = z, Sl20

= w, τB(x,l)c > l20

)
= p

B(x,l)
m (u, z)p

B(x,l)

l20−m
(z, w)

≥ c

ld0
p
B(x,l)

l20
(u,w).

(5.3.68)
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Indeed, by (5.3.61), there exists C > 0 such that uniformly in m,u,w and z as above,

p
B(x,l)
m (u, z) ≥ C

ld+1
0

dist(u, ∂B(x, l)), (5.3.69)

p
B(x,l)

l20−m
(z, w)≥ C

ld+1
0

dist(w, ∂B(x, l)), (5.3.70)

and

p
B(x,l)

l20
(u,w) ≤ 1

Cld+2
0

dist(u, ∂B(x, l))dist(w, ∂B(x, l)). (5.3.71)

The bound (5.3.68) follows from these three bounds. Summing (5.3.68) over m ∈ [l20/4, 3l
2
0/4]

and z ∈ X ◦l yields the following equivalent of (5.3.65):

Eu

[
T : Sl20

= w, τB(x,l)c > l20

]

≥ c|X ◦l |l2−d0 Pu

(
Sl20

= w, τB(x,l)c > l20

)
.

(5.3.72)

Second moment (5.3.66): We begin with

Eu

[
T 2 : Sl20

= w, τB(x,l)c > l20

]

= 2
∑

l20/4≤i≤j≤3l20/4

∑

z1,z2∈X ◦l

Pu

(
Si = z1, Sj = z2, Sl20

= w, τB(x,l)c > l20

)

= 2
∑

k,m≥l20/4,
k+m≤3l20/4

∑

z1,z2∈X ◦l

p
B(x,l)
k (u, z1)p

B(x,l)
m (z1, z2)p

B(x,l)

l20−k−m
(z2, w).

(5.3.73)

It follows from (5.3.61) as before that for the parameters appearing above,

p
B(x,l)
k (u, z1)p

B(x,l)

l20−k−m
(z2, v) ≤ c

ld0
p
B(x,l)

l20
(u, v). (5.3.74)
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Substituting this into (5.3.73) and performing the summation over z2 and k, we find that

Eu

[
T 2 : Sl20

= v, τB(x,l)c > l20

]

≤ c

ld−2
0

p
B(x,l)

l20
(u, v)

∑

m≤l20/2

∑

z∈X ◦l

Pz(Sm ∈ X ◦l ).
(5.3.75)

For the probability appearing in the summation, we claim

sup
z∈X ◦l

Pz(Sm ∈ X ◦l ) ≤ c





m−d/2, m < l
1/d
0 ,

l
−1/2
0 , m ∈ [l0

1/d, |X ◦l |2/dl01/d],

|X ◦l |m−d/2, m ∈ (|X ◦l |2/dl01/d, l20/2].

(5.3.76)

Substituting this bound into (5.3.75), we obtain

Eu

[
T 2 : Sl20

= v, τB(x,l)c > l20

]
≤ C(|X ◦l |l

2−d
0 )2

Γ(|X ◦l |)
p
B(x,l)

l20
(u, v) (5.3.77)

which is equivalent to (5.3.66).

It remains to show (5.3.76). First, the on-diagonal term Pz(Sm = z) ≤ cm−d/2 is

always smaller than the right-hand side of (5.3.76). Henceforth, we shall focus on the points

w ∈ X ◦l \ {z} which are at least l1/2d away from z. By a standard Gaussian estimate on the

transition probability of the symmetric simple random walk [64, Theorem 6.28],

∑

w∈X ◦l \{z}
Pz(Sm = w)

≤
∞∑

n=1

∑

w∈X ◦l ∩A(z;nl1/2d,(n+1)l1/2d)

C

md/2
exp

{
−|w − z|

2

Cm

}
.

(5.3.78)

This right-hand side is maximized when the annuli are filled from inside out but since the

points in X ◦l are at least l1/2d away from each other, the n-th annulus contains at most
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Cnd−1 points. This leads us to the bound

∑

w∈X ◦l \{z}
Pz(Sm = w) ≤ C

md/2

C|X ◦l |1/d∑

n=1

nd−1 exp

{
−n

2l1/d

Cm

}
. (5.3.79)

The desired bound (5.3.76) follows by a simple computation considering the cases m < l1/d,

m ∈ [l1/d, |X ◦l |2/dl1/d] and m > |X ◦l |2/dl1/d separately.

Proof of Lemma 5.3.6. We only consider the case when l, 5l/8 and n are all even.

The first assertion (RW1) follows immediately from Lemma 5.3.7. Indeed, using (5.3.62)

in the Chapman–Kolmogorov identity, we have

p
B(x,l)\O
m (u, v) =

∑

w∈B(x,l)

p
B(x,l)\O
(c5,0l)2 (u,w)p

B(x,l)\O
m−(c5,0l)2(w, v)

≤ e−cΓ(|X ◦l |)
∑

w∈B(x,l)

p
B(x,l)
(c5,0l)2(u,w)p

B(x,l)\O
m−(c5,0l)2(w, v)

(5.3.80)

and (RW1) follows by iteration.

Let us proceed to prove the second assertion (RW2). Note first that by a standard

Gaussian heat kernel bound [64, Theorem 6.28], for any u,w ∈ B(x, l) with |u− w| ≥ cl,

p
B(x,l)
k (u,w) ≤ pZ

d

k (u,w)

≤ Ck−d/2 exp

{
−|u− w|

2

Ck

}

≤ Cl−d
(
l2

k

)d/2
exp

{
−cl

2

k

}
.

(5.3.81)

On the other hand, for m ∈ [l2, 2l2], u ∈ B(x, l/2) and w ∈ ∂B(x, 3l/4), we have

p
B(x,l)
m (u,w) ≥ Cl−d (5.3.82)

228



by (5.3.61). Combining this with (5.3.81), we obtain the comparison

max
k≤(c5,0l)2

max
u∈B(x,l/2),w∈∂B(x,3l/4)

p
B(x,l)
k (u,w)

p
B(x,l)
k+l2

(u,w)
≤ 1

100
(5.3.83)

for sufficiently small c5,0. Suppose m ≤ (c5,0l)
2 for c5,0 satisfying the above. By decomposing

the random walk path upon the last visit to ∂B(x, 3l/4), we get

p
B(x,l)
m (u, v) =

m∑

k=1

∑

w∈∂B(x,3l/4)

p
B(x,l)
k (u,w)p

A(x;3l/4,l)
m−k (w, v)

≤ 1

100

m∑

k=1

∑

w∈∂B(x,3l/4)

p
B(x,l)
k+l2

(u,w)p
A(x;3l/4,l)
m−k (w, v)

=
1

100
p
B(x,l)
m+l2

(u, v).

(5.3.84)

This concludes the proof of (RW2).

The proofs of (RW3)–(RW5) rely on the fact that there exists c5,2 > 0 such that for any

m ∈ N, u ∈ ∂B(x, l/2) and w ∈ A(x; 3l/8, 7l/8),

p
A(x;l/4,l)
m+l2

(u,w) ≥ exp{−c5,2(bml−2c+ 1)}pB(x,l)
m (u,w). (5.3.85)

In order to prove this, we bound the left-hand side from below by the probability that S[0,l2] ⊂

A(x; l/4, l), S[l2,m+l2] ⊂ B(w, l/8) and Skl2 ∈ B(w, l/16) for each k ∈ {1, 2, . . . , bml−2c},

which can be written as

∑

z1,...,zbml−2c∈B(w,l/16)

p
A(x;l/4,l)
l2

(u, z1)



bml−2c−1∏

j=1

p
B(w,l/8)
l2

(zj , zj+1)




×pB(w,l/8)
m−bml−2cl2+l2

(zbml−2c, w).

(5.3.86)

Since m−bml−2cl2 + l2 ∈ [l2, 2l2] and all the points u, zj ’s and w are at least l/16 away from

the corresponding boundaries, by (5.3.61), all the heat kernels appearing in this expression
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is bounded from below by Cl−d regardless where zj ’s are in B(w, l/16). Therefore we find

the bound

p
A(x;l/4,l)
m+l2

(u,w) ≥ exp{−c5,2(bml−2c+ 1)}l−d (5.3.87)

for some c5,2 > 0. Recalling (5.3.81), we have p
B(x,l)
m (u,w) ≤ cl−d and we conclude the

proof of (5.3.85).

Given (5.3.85), the third bound (RW3) can be proved in the same way as in the proof

of (RW2) via the last visit decomposition. In order to prove the bound (RW4), we first

replace m by m + l2 and choose u ∈ ∂B(x, l/2) and w = v + (5l/8)e1 for v ∈ B(x, l/4)

in (5.3.85) to obtain

exp{c5,2(bml−2c+ 1)}pA(x;l/4,l)
m+l2

(u, v + (5l/8)e1)

≥ p
B(x,l)
m+l2

(u, v + (5l/8)e1).

(5.3.88)

We can further bound the right-hand side from below by cp
B(x,l)
m (u, v) using either (5.3.83)

(m ≤ (c5,0l)
2) or the parabolic Harnack inequality from [19] (m > (c5,0l)

2). This yields

(RW4) by making c5,2 larger. The proof of (RW5) is almost the same and left to the

reader.

5.4 Random Walk Range and “Truly”-Open Sites

In this section, we prove various properties of T and its relation with the random walk

range S[0,N ], which will pave the way for the proof of Theorems 5.1.1 and 5.2.8. First, we

prove Lemma 5.2.5 in Subsection 5.4.1, which shows that the random walk must visit the

interior of T , and sites in T are well-approximated by sites in S[0,N ]. We then explain in

Subsection 5.4.2 how Lemma 5.2.6, Proposition 5.2.9, and the deduction of Theorem 5.2.8

from Theorem 5.2.7 all follow from the same key Lemma 5.4.3 on the probability of visiting

certain sites that are costly for survival. The proof of Lemma 5.4.3 is then given in Subsec-

tion 5.4.4 using path decomposition and switching, with the basic setup presented earlier in
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Section 5.4.3.

5.4.1 Proof of Lemma 5.2.5

In this subsection, we give the proof of Lemma 5.2.5. First we show that “truly”-open sites

are rare in the following sense.

Lemma 5.4.1 (“truly”-open sites are rare). For any v ∈ Zd and all sufficiently large N ,

P(v is “truly”-open) ≤ exp
{
−(logN)2

}
. (5.4.1)

Proof of Lemma 5.4.1. Recall that x ∈ Zd is “truly”-open if

Px

(
τO > (logN)5

)
≥ exp

{
−(logN)2

}
. (5.4.2)

By using Donsker–Varadhan’s asymptotics (5.1.5), we obtain

P
(
Px

(
τO > (logN)5

)
≥ exp

{
−(logN)2

})

≤ exp
{

(logN)2
}
E
[
P
(
τO > (logN)5

)]

≤ exp
{

(logN)2
}

exp

{
−c(logN)

5d
d+2

}
.

(5.4.3)

Since the power of 5d/(d+ 2) > 2 for d ≥ 2, we are done.

Proof of Lemma 5.2.5. The proof of the first assertion (5.2.6) is simple. Indeed, since a

“truly”-open site is open by definition, for any site in

{
x ∈ T : dist(x, ∂T ) ≥ (logN)5

}
, (5.4.4)

its (logN)5 neighborhood is free of obstacles. Therefore (5.2.6) follows from Lemma 5.3.2.
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The second assertion (5.2.7) can be restated as

lim
N→∞

µN


 ⋂

w∈T
{τB(w,(logN)5) ≤ N}


 = 1. (5.4.5)

We are going to show that for any w ∈ B(0, 3%N ),

µN

(
w is “truly”-open, τB(w,(logN)5) > N

)
≤ exp

{
− (logN)2

}
, (5.4.6)

from which (5.4.5) follows by the union bound. But since whether w is “truly”-open or not

depends only on the configuration of obstacles inside B(w, (logN)5) and hence is independent

of P(τB(w,(logN)5) ∧ τO > N), we have

P⊗P
(
w is “truly”-open, τB(w,(logN)5) ∧ τO > N

)

= P(w is “truly”-open)E
[
P
(
τB(w,(logN)5) ∧ τO > N

)]

≤ exp
{
−(logN)2

}
P⊗P(τO > N)

(5.4.7)

by using Lemma 5.4.1.

5.4.2 Proof of Lemma 5.2.6, Proposition 5.2.9 and Theorem 5.2.8

The proof of Lemma 5.2.6 and Proposition 5.2.9 turn out to be quite similar, both involving

random walk path switching to avoid sites that are costly for survival. As explained in

Subsection 5.2.4, to bound |∂T | and prove Proposition 5.2.9, it suffices to give an upper

bound on the expected total number of visits to
⋃
x∈∂T B(x, (logN)6), as well as a uniform

lower bound on the expected number of visits to B(x, (logN)6) over all x ∈ ∂T . More

precisely, define

GO(u, x) := Eu

[ τO∑

n=0

1Sn∈B(x,(logN)6)

]
, u ∈ T , x ∈ ∂T , (5.4.8)
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which is the expected number of visits to B(x, (logN)6) before the walk is killed. We also

introduce the set where the above expected number of visits is too small:

L(l) :=
⋃

x∈∂T ,GO(xN ,x)≤%1−d
N ϕ(N,l)

B(x, (logN)6), (5.4.9)

where

ϕ(N, l) :=





%
−c5,4ε
N , if l = ε%N ,

(logN)−c5,5 , if l = %N/ logN

(5.4.10)

with c5,4 ∈ (0, 1) and c5,5 > 0 to be chosen later.

We first claim that the expected number of visits to the neighborhood of ∂T is not too

large.

Lemma 5.4.2. There exists c5,6 > 0 such that

∑

x∈∂T
GO(xN , x) ≤ (logN)c5,6 . (5.4.11)

We will then show that on the event of confinement in B(xN , %N + l) and B(xN , %N −

l/4) being free of obstacles, the probability for the random walk to visit T c or L(l) is

asymptotically negligible.

Lemma 5.4.3. There exists ε0 > 0 such that the following holds: let l := ε%N with ε ≤ ε0

or l := %N/ logN , and assume that

lim
N→∞

µN

(
τB(xN ,%N+l) > N,O ∩B(xN , %N − l/4) = ∅

)
= 1. (5.4.12)

Then

lim
N→∞

µN

(
τT c∪L(l) ≤ N

)
= 0. (5.4.13)

Let us present three consequences of these two lemmas before giving proofs.
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Proof of Lemma 5.2.6. Since Theorem E and Proposition 5.2.2 imply

lim
N→∞

µN

(
τB(xN ,(1+ε)%N ) > N,O ∩B(xN , (1− ε/4)%N ) = ∅

)
= 1 (5.4.14)

for any ε > 0, Lemma 5.2.6 immediately follows from Lemma 5.4.3 with l = ε%N .

Proof of Proposition 5.2.9. By Lemma 5.2.5 (cf. (5.4.5)), we know that the random

walk does visit B(v, (logN)6) for each v ∈ ∂T , and together with Lemma 4.7, this im-

plies that we must have L(ε%N ) = ∅. This means that we have a uniform lower bound

minx∈∂T GO(xN , x) ≥ %
1−d−c5,4ε
N and hence

∑

x∈∂T
GO(xN , x) ≥ |∂T |%1−d−c5,4ε

N . (5.4.15)

Combining with Lemma 5.4.2, we conclude that |∂T | ≤ %
d−1+c5,4ε
N (logN)c5,6 , and since

ε > 0 can be taken arbitrarily small, Proposition 5.2.9 follows.

Proof of Theorem 5.2.8 assuming Theorem 5.2.7. Observe that once we have proved

Theorem 5.2.7, we may take l = %N/ logN in Lemma 5.4.3. Then the same argument as

above yields Theorem 5.2.8.

We close this subsection with the proof of Lemma 5.4.2 which is fairly simple. The proof

of Lemma 5.4.3 is much more involved and will take up the next two subsections.

Proof of Lemma 5.4.2. Let us define the stopping times

ξ1 := inf
{
n ≥ 0: dist(Sn, ∂T ) < (logN)6

}
(5.4.16)

and for k ≥ 1,

ξk+1 := inf
{
n ≥ ξk + 2(logN)10 : dist(Sn, ∂T ) < (logN)6

}
. (5.4.17)
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We can then bound the left-hand side of (5.4.11) by

∑

x∈∂T
GO(xN , x) ≤ (logN)CE [max{k : ξk < τO}] (5.4.18)

for some C > 0. Observe that whenever the random walk visits (logN)6 neighborhood of ∂T ,

there is more than c(logN)−6d probability of exiting T within the next (logN)12 steps by

the local central limit theorem. And once the random walk exits T , it will hit O in the next

(logN)12 steps with high probability by the definition of T . Therefore max{k : ξk < τO} is

stochastically dominated by a geometric random variable with parameter c(logN)−6d and

the desired bound follows.

5.4.3 Path decomposition

In order to prove Lemma 5.4.3, what will be relevant is the behavior of the random walk

near ∂T . Since v ∈ Zd is “truly”-open if its (logN)5 neighborhood is open and we assume

O ∩ B(xN , %N − l/4) = ∅, we know that ∂T lies near ∂B(xN , %N ). This motivates us to

decompose the random walk paths according to the crossings of a thin annulus near the

boundary of the confinement ball B(xN , %N ).

Similarly to (5.3.9)– (5.3.12), we decompose a random walk path (Sn)0≥n≤N by using

successive crossings between the inner and outer shells of the annulus

A(xN ; %N − 2l, %N − l) = B(xN , %N − l) \B(xN , %N − 2l), (5.4.19)

where we will choose l > 0 to be either ε%N or %N/ logN . To this end, we introduce the

stopping times

σ1 := min{n ≥ 0: Sn ∈ B(xn, %N − 2l)}∧N, (5.4.20)
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and for k ∈ N,

τk := min{n > σk : Sn ∈ B(xn, %N − l)c}∧N, (5.4.21)

σk+1 := min{n > τk : Sn ∈ B(xn, %N − 2l)}∧N. (5.4.22)

In what follows, we will decompose the random walk paths into the pieces (S[τk,τk+1])k≥1

and the role of (σk)k≥1 is auxiliary. More precisely, the paths that visit a costly site v ∈

T c∪L(l) (cf. (5.4.9)) during [τk, τk+1] are going to be switched to the paths that stay inside

B(xN , %N − l/2) during [τk, τk+1].

We use bold face letters to denote sequences of numbers as in Subsection 5.3.3. For a

non-decreasing sequence t = (tk)k≥1 of integers, by slightly abusing our notation in Subsec-

tion 5.3.3, we write

K(t) := sup{k ≥ 1: tk+1 − tk > 0} (5.4.23)

which represents the number of crossings from ∂B(xN , %N − l) to ∂B(xN , %N −2l) and back

to ∂B(xN , %N − l) when t = τ . We have the following control on K(τ ).

Lemma 5.4.4. There exists c5,3 > 0 depending only on the dimension d such that if

lim
N→∞

µN

(
τB(xN ,%N+l)c > N,O ∩B(xN , %N − l/4) = ∅

)
= 1 (5.4.24)

for some l ∈ [%N/ logN, c5,3%N ], then

lim
N→∞

µN

(
K(τ ) ≤ Nl−2

)
= 1. (5.4.25)

Proof of Lemma 5.4.4. Let us fix l ∈ [%N/ logN, c5,3%N ] and suppose that K(τ ) > Nl−2,
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or equivalently, σbNl−2c < N . Then we find that

P
(
τB(xN ,%N+l)c > N,K(τ ) > Nl−2

)

≤ sup
u∈∂B(xN ,%N−l)

Pu

(
τB(xN ,%N−2l) < τB(xN ,%N+l)c

)Nl−2−1 (5.4.26)

by using the strong Markov property at each τk with k ≤ Nl−2 − 1. Since

sup
u∈∂B(xN ,%N−l)

Pu

(
τB(xN ,%N−2l) < τB(xN ,%N+l)c

)
(5.4.27)

is bounded away from one for all large N , by choosing c5,3 sufficiently small and recall-

ing (5.1.5), we find that the right-hand side of (5.4.26) decays faster than P⊗P(τO > N).

It is also useful to know that the random walk does not end up near the boundary of the

confinement ball at time N .

Lemma 5.4.5.

lim
ε→0

lim sup
N→∞

µN (SN ∈ B(xN , (1− ε)%N )) = 1. (5.4.28)

Proof of Lemma 5.4.5. By Theorem E and Proposition 5.2.2, it suffices to show that

P⊗P
(
SN 6∈ B(xN , (1− ε)%N ) | τO∪B(xN ,%N+%

ε1
N )c

> N,

O ∩B(xN , (1− ε)%N ) = ∅
) (5.4.29)

tends to zero as N →∞ and ε→ 0. Let us write B = B(xN , %N + %ε1N ) \ O in this proof to

ease the notation. We use the eigenfunction expansion to get

E [f(SN ) : τBc > N ] =
∑

k≥1

(
1− λRW,(k)

B
)N 〈

φ
RW,(k)
B , f

〉
φ

RW,(k)
B (0) (5.4.30)

for any bounded function f , where λ
RW,(k)
B and φ

RW,(k)
B are the k-th smallest eigenvalue

and corresponding eigenfunction with ‖φRW,(k)
B ‖2 = 1 for the generator of the random walk
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killed upon exiting B. On the event O ∩ B(xN , (1 − ε)%N ) = ∅, each of the eigenvalues

λ
RW,(k)
B and eigenfunctions φ

RW,(k)
B (k ∈ N), after proper rescaling, should be close to the

eigenvalues of the Dirichlet Laplacian on the unit ball. Based on this observation, one can

in fact prove (see Lemma 5.A.2 in Appendix 5.A) that

λ
RW,(2)
B − λRW,(1)

B ≥ c5,7%
−2
N , (EV)

∥∥∥φRW,(1)
B

∥∥∥∞ ≤ c5,8%
−d/2
N , (EF)

which are well-known for the eigenvalues and eigenfunctions for the continuum Laplacian.

It follows from (EV) that the terms with k ≥ 2 in (5.4.30) are negligible for bounded f by

a standard argument, (see, for example, the proof of Lemma 5.5.2 in Appendix 5.A.) By

setting f = 1B(xN ,(1−ε)%N )c and f = 1 in (5.4.30), we find that

P (SN 6∈ B(xN , (1− ε)%N ) | τBc > N) =

〈
φ

RW,(1)
B , 1B(xN ,(1−ε)%N )c

〉

〈
φ

RW,(1)
B , 1

〉 (1 + o(1)) (5.4.31)

as N →∞. Since (EF) and the fact φ
RW,(1)
B ≥ 0 imply that

〈
φ

RW,(1)
B , 1B(xN ,(1−ε)%N )c

〉
≤ cε%

d/2
N , (5.4.32)

〈
φ

RW,(1)
B , 1

〉
≥ c−1

5,8%
d/2
N ‖φ

RW,(1)
B ‖22 = c−1

5,8%
d/2
N , (5.4.33)

the right-hand side of (5.4.31) vanishes as ε→ 0.

Remark 5.4.6. With a little more effort, it is possible to show that the eigenfunction

φ
RW,(1)
B converges, after proper rescaling, to the eigenfunction of the Dirichlet Laplacian on

the unit ball in L2. See, for example, [30] for a further discussion on related problems.
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5.4.4 Proof of Lemma 5.4.3

Proof of Lemma 5.4.3. Referring to (5.4.12) and Lemmas 5.4.4 and 5.4.5, let us fix

ε ∈ (0, c5,3), l ∈ {%N/ logN, ε%N} and introduce good events

E5.4.12 := {O ∩B(xN , %N − l/4) = ∅} , (5.4.34)

E5.4.4 :=
{
K(σ, τ ) ≤ Nl−2

}
, (5.4.35)

E5.4.5 := {xN ∈ B(0, (1− 2ε)%N ), SN ∈ B(xN , (1− 2ε)%N )} (5.4.36)

and define Egood := E5.4.12 ∩ E5.4.4 ∩ E5.4.5, for which we have limN→∞ µN (Egood) = 1.

We are going to prove

P⊗P
(
τT c ≤ N < τO, Egood

)
≤ c(logN)−1P⊗P (τO > N) (5.4.37)

and for any v ∈ B(0, 3%N ),

P⊗P
(
v ∈ ∂T , GO(xN , v) ≤ %1−d

N ϕ(N, l), τB(v,(logN)6) ≤ N < τO, Egood

)

≤ c(logN)−1P⊗P
(
v ∈ ∂T , τO ∧ τB(v,(logN)6) > N

)
.

(5.4.38)

First, the bound (5.4.37) implies that limN→∞ µN (τT c ≤ N) = 0. Second, since P(τO ∧

τB(v,(logN)6) > N) is independent of the obstacle configuration in B(v, (logN)6), in partic-

ular whether each site w ∈ B(v, 1) is “truly”-open or not, Lemma 5.4.1 implies

P⊗P
(
v ∈ ∂T , τO ∧ τB(v,(logN)6) > N

)

≤
∑

w∈B(v,1)

P⊗P
(
w is “truly”-open, τO ∧ τB(v,(logN)6) > N

)

≤ exp
{
−(logN)2

}
P⊗P (τO > N) .

(5.4.39)

Therefore, by substituting this bound into (5.4.38) and summing over v ∈ B(0, 3%N ), it

follows that limN→∞ µN (τL(l) ≤ N) = 0.
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The strategy of the proofs of (5.4.37) and (5.4.38) is to show by a path switching argument

that it is better for the random walk not to visit T c, or B(v, (logN)6) with v ∈ ∂T and

GO(xN , v) ≤ %1−d
N ϕ(N, l). Note that on the event E5.4.12, we have

T c ∪B(v, (logN)6) ⊂ B(xN , %N − l/2)c (5.4.40)

and hence it is natural to use the path decomposition in terms of the crossings from

∂B(xN , %N−l) to B(xN , %N−2l) introduced in Subsection 5.4.3. The random walk can visit

T c∪B(v, (logN)6) only on a crossing [τk, σk+1] (k ∈ N) and if it happens, we want to switch

such a crossing to one that avoids T c ∪ B(v, (logN)6). However, it turns out to be easier

to switch the path on the entire interval [τk, τk+1]. More precisely, for u ∈ ∂B(xN , %N − l)

and u′ ∈ ∂B(xN , %N − l) ∪B(xN , (1− 2ε)%N ), we are going to compare

pvisit
t (u, u′)

:=





Pu

(
τT c∪B(v,(logN)6) < τ1 = t < τO, St = u′

)
, if u′ ∈ ∂B(xN , %N − l),

Pu

(
τT c∪B(v,(logN)6) < t < τO ∧ τ1, St = u′

)
, if u′ ∈ B(xN , (1− 2ε)%N )

(5.4.41)

with

pavoid
t (u, u′)

:=





Pu

(
τT c∪B(v,(logN)6) > τ1 = t, St = u′

)
, if u′ ∈ ∂B(xN , %N − l),

Pu

(
τT c∪B(v,(logN)6) ∧ τ1 > t, St = u′

)
, if u′ ∈ B(xN , (1− 2ε)%N ).

(5.4.42)

These are the probabilities that conditionally on Sτk = u, the random walk path during

[τk, τk+1] either visits or avoids T c and B(v; (logN)6) and ends at u′ at time τk+1 = τk + t.

The two cases u′ ∈ ∂B(xN , %N − l) and u′ ∈ B(xN , (1 − 2ε)%N ) correspond to k < K(τ )

and k = K(τ ) respectively, where for the latter case recall that we are working on the
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event E5.4.5. The key comparison estimate we will prove is the following: if v ∈ ∂T ,

GO(xN , v) ≤ %1−d
N ϕ(N, l) and E5.4.12 holds, then

pvisit
t (u, u′) ≤ %−dN (logN)−3pavoid

t+2%2
N

(u, u′). (5.4.43)

Let us first see how we can deduce the desired bounds (5.4.37) and (5.4.38) from (5.4.43).

We assume (5.4.40) and GO(xN , v) ≤ %1−d
N ϕ(N, l). For j ≥ 1 and k = (ki)

j
i=1 ⊂ Nj ,

consider the event that the crossings with indices m ∈ k visit T c∪B(v, (logN)6) and others

do not. Its probability can be bounded as

∑

K

∑

t1<t2<...<tK+1=N

∑

u1,...,uK+1

p
B(xN ,%N−l)
t1

(0, u1)

×
K∏

m=1

(
pavoid
tm+1−tm(um, um+1)1m6∈k + pvisit

tm+1−tm(um, um+1)1m∈k
)

≤ %
−dj
N (logN)−3jP

(
τT c∪B(v,(logN)6) > N + 2j%2

N

)
,

(5.4.44)

where in the first line, u1, . . . , uK ∈ ∂B(xN , %N − l), uK+1 ∈ B(xN , (1 − 2ε)%N ) and for

each m ∈ k, we have used (5.4.43) to get the extra multiplicative factor %−dN (logN)−3

by lengthening the crossing duration by 2%2
N . Recalling that we are assuming E5.4.4, we

may restrict our consideration to K ≤ Nl−2 ≤ %dN (logN)2. Therefore there are at most

Kj ≤ %
dj
N (logN)2j choices of k = (ki)

j
i=1 and thus it follows that

P
(

exactly j crossings visit T c ∪B(v, (logN)6), E5.4.4, τO > N
)

≤ (logN)−jP
(
τT c∪B(v,(logN)6) > N

)
.

(5.4.45)

Since O ⊂ T c, summing over j ≥ 1, we obtain (5.4.37) and (5.4.38).

It remains to prove (5.4.43). Recall first that (5.4.40) holds on the event E5.4.12. In

particular, during [σ1, τ1], the random walk stays inside B(xN , %N − l) and can visit neither

O nor T c∪B(v, (logN)6). Based on this observation, both cases in (5.4.41) can be described
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as follows: the random walk starting from u ∈ ∂B(xN , %N − l) visits T c ∪ B(v, (logN)6)

and B(xN , %N − 2l) in this order without hitting O, and then stays inside B(xN , %N − l)

before it ends at u′ at time t. Therefore, using the strong Markov property at σ1, the first

hitting time of B(xN , %N − 2l), we obtain

pvisit
t (u, u′)

= Eu

[
p
B(xN ,%N−l)
t−σ1

(Sσ1 , u
′) : τT c∪B(v,(logN)6) < σ1 < t ∧ τO

]
.

(5.4.46)

Similarly, by (5.4.40), for the random walk to avoid T c ∪ B(v, (logN)6), it suffices to stay

inside B(xN , %N − l/2) and hence using the Markov property at time %2
N , we obtain

pavoid
t+2%2

N
(u, u′)

≥ Eu

[
p
B(xN ,%N−l)
t+%2

N

(S%2
N
, u′) : τB(xN ,%N−l/2) ∧ τ1 > %2

N , S%2
N
∈ B(xN , %N/2)

]
.

(5.4.47)

When we replace pvisit by pavoid, we basically switch the path S[0,σ1] to paths of length ρ2
N

that stays inside B(xN , %N − l/2), does not exit B(xN , %N − l) after hitting B(xN , %N − 2l)

and ends in B(xN , %N/2) at time %2
N . After time %2

N , we let the random walk continue to

evolve until it first exits (after time %2
N ) from B(xN , %N − l) at time t+ 2%2

N .

We will prove in Lemma 5.4.7 below the following four estimates (RW6)–(RW9) in order

to control the gain from this switching. The first three estimates show that we gain a lot by

switching the first piece S[0,σ1]: On the event {xN ∈ B(0, (1− 2ε)%N )} ∩ {O ∩B(xN , %N −

l/4) = ∅}, for any v ∈ ∂T , we have

sup
u∈∂B(xN ,%N−l)

Pu (τT c < σ1 < τO) ≤ exp
{
−(logN)2

}
, (RW6)

sup
u∈∂B(xN ,%N−l)

Pu

(
τB(v,(logN)6) < σ1 < τO

)
≤ GO(0, v)2%

d−1
N

l
(logN)8d, (RW7)
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and there exists c5,9 > 0 such that

inf
u∈∂B(xN ,%N−l)

Pu

(
τB(xN ,%N−l/2)c ∧ τ1 ≥ %2

N , S%2
N
∈ B(xN , %N/2)

)

≥ c5,9
l

%N
.

(RW8)

Substituting the last estimate (RW8) into (5.4.47), we find that uniformly in u ∈ ∂B(xN , %N−

l),

pavoid
t+2%2

N
(u, u′) ≥ c5,9

l

%N
inf

y∈B(xN ,%N/2)
p
B(xN ,%N−l)
t+%2

N

(y, u′). (5.4.48)

The fourth estimate controls the possible cost caused by switching the second piece S[σ1,τ1]:

There exists c5,10 > 0 such that for all t > σ1, u′ ∈ ∂B(xN , %N−l) and w ∈ ∂B(xN , %N−2l),

p
B(xN ,%N−l)
t−σ1

(w, u′)

≤ c5,10

(%N
l

)c5,10
exp

{
c5,10

σ1

%2
N

}
inf

y∈B(xN ,%N/2)
p
B(xN ,%N−l)
t+%2

N

(y, u′).
(RW9)

We defer the proofs of (RW6)–(RW9) to the next subsection and now complete the proof

of (5.4.43). Note that the cost in (RW9) becomes large if σ1 is large. We first exclude the

case where σ1 is atypically large by using a tail bound for σ1. For typical values of σ1, the

cost in (RW9) is not too large and we can use (RW6)–(RW8) to prove (5.4.43). Let us first

consider the case σ1 ≥ c5,11l
2 logN in (5.4.46), where c5,11 > 1 is to be determined later.

By using (RW9), we find that

Eu

[
p
B(xN ,%N−l)
t−σ1

(Sσ1 , u
′) : c5,11l

2 logN ≤ σ1 < t ∧ τO
]

≤ c5,10

(%N
l

)c5,10
inf

y∈B(xN ,%N/2)
p
B(xN ,%N−l)
t+%2

N

(y, u′)

× Eu

[
exp

{
c5,10

σ1

%2
N

}
: c5,11l

2 logN ≤ σ1 < t ∧ τO
]
.

(5.4.49)

Observe that up to time σ1, the walk is confined in an annulus of width 3l and hence

Pu(σ1 ≥ n) ≤ exp{−cnl−2}. This bound yields that if l ≤ ε%N for sufficiently small ε > 0,
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then

Eu

[
exp

{
c5,10

σ1

%2
N

}
: c5,11l

2 logN ≤ σ1 < t < τT c

]

≤
∑

n≥c5,11l2 logN

exp

{
c5,10

n

%2
N

− c n
l2

}

≤
∑

n≥c5,11l2 logN

exp
{
−(c− c5,10ε

2)
n

l2

}

≤ N−cc5,11/2.

(5.4.50)

We choose c5,11 so large that the above right-hand side is less than %−3d
N . Then by substi-

tuting the above into (5.4.49) and comparing with (5.4.48), we obtain

Eu

[
p
B(xN ,%N−l)
t−σ1

(Sσ1 , u
′) : c5,11l

2 logN ≤ σ1 < t < τO
]

≤ %−2d
N inf

y∈B(xN ,%N/2)
p
B(xN ,%N−l)
t+%2

N

(y, u′)

≤ 1

2
%−dN (logN)−3pavoid

t+2%2
N

(u, u′).

(5.4.51)

Next, we consider the case σ1 < c5,11l
2 logN in (5.4.46). In this case, we have a deter-

ministic upper bound on the exponential factor in (RW9) and hence

Eu

[
p
B(xN ,%N−l)
t−σ1

(Sσ1 , u
′) : τT c∪B(v,(logN)6) < σ1 < c5,11l

2 logN ∧ t ∧ τO
]

≤ c5,10

(%N
l

)c5,10
exp

{
c5,10c5,11

(
l

%N

)2

logN

}
inf

y∈B(xN ,%N/2)
p
B(xN ,%N−l)
t+%2

N

(y, u′)

×Pu

(
τT c∪B(v,(logN)6) < σ1 < c5,11l

2 logN ∧ t ∧ τO
)
.

(5.4.52)
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Now we use (RW6) and (RW7) to see that on the event {GO(xN , v) < %1−d
N ϕ(N, l)},

Pu

(
τT c∪B(v,(logN)6) < σ1 < c5,11l

2 logN ∧ t ∧ τO
)

≤ Pu (τT c < σ1 < t ∧ τO) + Pu

(
τB(v,(logN)6) < σ1 < t ∧ τO

)

≤ 2%2−d
N

ϕ(N, l)2

l2
(logN)8d.

(5.4.53)

Substituting this into (5.4.52) and comparing with (5.4.48) as in the previous case, we arrive

at

Eu

[
p
B(xN ,%N−l)
t−σ1

(Sσ1 , u
′) : τT c∪B(v,(logN)6) < σ1 < c5,11l

2 logN ∧ t ∧ τO
]

≤ c5,12
(logN)c5,12ϕ(N, l)2

%dN
exp

{
c5,12

(
l

%N

)2

logN

}
pavoid
t+2%2

N
(u, u′)

≤ 1

2
%−dN (logN)−3pavoid

t+2%2
N

(u, u′)

(5.4.54)

by setting

ϕ(N, l) =





N−c5,12ε, if l = ε%N ,

(logN)−c5,12−4, if l = %N/ logN.

(5.4.55)

Gathering (5.4.54) and (5.4.51), we get (5.4.43) and we are done.

5.4.5 Random walk estimates II

In this subsection, we prove the random walk estimates (RW6)–(RW9) used in Subsec-

tion 5.4.2. Recall the definition of the stopping times σk and τk (k ∈ N) in (5.4.20)–(5.4.22).

Lemma 5.4.7. Suppose that l ∈ [%N/ logN, c5,3%N ], xN ∈ B(0, (1 − 2ε)%N ) and O ∩

B(xN , %N − l/4) = ∅. Then the following hold:
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1. For u ∈ ∂B(xN , %N − l) and v ∈ ∂T ,

Pu (τT c < σ1 < τO) ≤ exp
{
−(logN)2

}
, (RW6)

Pu

(
τB(v,(logN)6) < σ1 < τO

)
≤ GO(0, v)2%

d−1
N

l
(logN)8d. (RW7)

2. There exists c5,9 > 0 such that for u ∈ ∂B(xN , %N − l),

Pu

(
τB(xN ,%N−l/2)c ∧ τ1 ≥ %2

N , S%2
N
∈ B(xN , %N/2)

)
≥ c5,9

l

%N
. (RW8)

3. There exists c5,10 > 0 such that uniformly in 0 ≤ m < n, w ∈ ∂B(xN , %N − 2l) and

u′ ∈ ∂B(xN , %N − l),

p
B(xN ,%N−l)
n−m (w, u′)

≤ c5,10

(%N
l

)c5,10
exp

{
c5,10m%

−2
N

}
inf

y∈B(xN ,%N/2)
p
B(xN ,%N−l)
n+%2

N

(y, u′).
(RW9)

Let us explain the intuitions behind these bounds before delving into the proof. The

first assertion (RW6) follows readily from the definition of the “truly”-open set. The second

assertion (RW7) is based on the following observation. The probability for the random walk

to visit B(v, (logN)6) without hitting O is bounded by GO(u, v). Then it has to come back

to w but by the time reversal, the probability is again bounded by GO(w, v). Finally, the

factor l−1 comes from the fact that the random walk hits B(x, %N − 2l) for the first time

at w. We need the extra poly-logarithmic factor to change the starting points in GO(u, v)

and GO(w, v) to xN by using the elliptic Harnack inequality. The third assertion (RW8)

is a slight modification of (5.3.61). The fourth assertion (RW9) basically says that it is

easier for the random walk to go from y ∈ B(xN , %N/2) to u′ ∈ ∂B(xN , %N − l) than from

w ∈ ∂B(xN , %N − 2l), without exiting B(xN , %N − l). There are two reasons why we have

a large factor on the right-hand side. First, if w and u′ are close to each other and n−m is
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of order l2, then it is in fact better to start from w; second, if both m and n are large, then

we have to include the cost for the random walk to stay in B(xN , %N − l) for extra time

m+ %2
N .

Proof of Lemma 5.4.7. The left-hand side of (RW6) is bounded by

Pu (τT c < σ1 < τO) ≤ sup
x∈T c

Px(σ1 < τO) (5.4.56)

by the strong Markov property applied at τT c . Since we assume O ∩ B(xN , %N − l/4) = ∅,

we have T ⊂ B(xN , %N − l/2) and hence σ1 > (logN)5 whenever the random walk starts

from T c. The bound (RW6) follows from the definition of T .

Next, the left-hand side of (RW7) is bounded by

∑

w∈∂B(xN ,%N−2l)

∑

y∈B(v,(logN)6)

Pu
(
τy < σ1 < τO, Sσ1 = w

)
. (5.4.57)

By reversing the time on [τy, σ1], we have that for each y ∈ B(v, (logN)6),

Pu
(
τy < σ1 < τO, Sσ1 = w

)

≤ Pu

(
τB(v,(logN)6) < σ1 ∧ τO

)
Pw

(
τB(v,(logN)6) < σ1 ∧ τO

)
.

(5.4.58)

We further bound the second factor on the right-hand side by using the strong Markov

property at τ1 as

∑

z∈∂B(xN ,%N−l)
Pw (Sτ1 = z, τ1 < σ1) Pz

(
τB(v,(logN)6) < σ1 ∧ τO

)

≤ Pw (τ1 < σ1) max
z∈∂B(xN ,%N−l)

Pz

(
τB(v,(logN)6) < σ1 ∧ τO

)

≤ c

l
max

z∈∂B(xN ,%N−l)
Pz

(
τB(v,(logN)6) < σ1 ∧ τO

)
,

(5.4.59)

where in the last inequality we have used a gambler’s ruin type estimate (see [53, (6.14)] for
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a similar estimate). Substituting this into (5.4.58) and summing over y ∈ B(v, (logN)6), we

find that

Pu

(
τB(v,(logN)6) < σ1 < τO, Sσ1 = w

)

≤ c

l
(logN)6d max

z∈∂B(xN ,%N−l)
Pz

(
τB(v,(logN)6) < σ1 ∧ τO

)2

≤ c

l
(logN)6d max

z∈∂B(xN ,%N−l)
GO(z, v)2.

(5.4.60)

We are going to shift the variable z ∈ ∂B(xN , %N − l) to xN by applying the following

elliptic Harnack inequality to the function GO(·, v), which is harmonic in B(xN , %N − l/2):

There exists c5,13 > 0 such that for any x ∈ Zd, r ∈ N sufficiently large and any non-negative

harmonic function f on B(x, r),

sup
B(x,0.9r)

f(y) ≤ c5,13 inf
B(x,0.9r)

f(y). (5.4.61)

See [53, Theorem 6.3.9], for example.

To compare GO(z, v) with GO(xN , v), we will apply (5.4.61) iteratively as follows. First,

let l1 = l and z1 be the point on ∂B(z, lj) closest to xN . Applying (5.4.61) to GO(·, v) on the

ball B(z1, l1) gives GO(z, v) ≤ cGO(z1, v). We can now iterate this procedure. For j ≥ 2, let

lj := 2j−1l and zj+1 be the point on ∂B(zj , lj) closest to xN , and apply (5.4.61) to GO(·, v)

on the ball B(zj , lj). The iteration is stopped at the first J such that zJ ∈ B(xN , 2%N/3)}.

See Figure 5.2. Noting that J ≤ c log(ρN/l), we have

GO(z, v) ≤ c5,13GO(z1, v)

≤ · · ·

≤ cJ5,13GO(zJ , v)

≤
(%N
l

)c
GO(xN , v),

(5.4.62)

where in the last inequality, we have applied (5.4.61) in B(xN , %N − l/2) to bound GO(zJ , v)
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by c5,13GO(xN , v). Since l ≥ %N/ logN , by substituting (5.4.62) into (5.4.60) and summing

over w ∈ ∂B(xN , %N − 2l), we get the desired bound (RW7).

In order to prove the lower bound (RW8), we let the random walk obey the following

strategy: pick u′ ∈ ∂B(xN , %N − 3l/2) ∩B(u, l) and

1. Sl2 ∈ B(u′, l/4) without exiting A(xN ; %N − 2l, %N − l/2);

2. S%2
N
∈ B(xN , %N/2) without exiting B(xN , %N − l).

In this way, the condition τB(xN ,%N−l/2)c ∧ τ1 ≥ %2
N holds and hence the left-hand side

of (RW8) is bounded from below by the probability of the above strategy. With the help

of (5.3.61), one can find c > 0 such that

Pu

(
Sl2 ∈ B(u′, l/4), S[0,l2] ⊂ A(xN ; %N − 2l, %N − l/2)

)
≥ c, (5.4.63)

inf
y∈B(u′,l/4)

Py

(
S%2

N−l2
∈ B(xN , %N/2), S[0,%2

N−l2] ⊂ B(xN , %N − l)
)
≥ c

l

%N
. (5.4.64)

Collecting these bounds, we get (RW8).

∂B(xN ; ϱN )

∂B(xN ; ϱN − l)

∂B(xN ; 2ϱN/3)
✲ ❄

❄

z
z1 z2 z3 z4

1

Figure 5.2: The sequence (zj)
J
j=1 constructed in the proof of (RW7). The balls around zj

have geometrically growing radii and the construction terminates at J = 4 in this picture.
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Finally we prove (RW9). In the case n+ %2
N ≤ 2%2

N , we have

p
B(xN ,%N−l)
n+%2

N

(y, u′)

≥ Eu

[
p
B(xN ,%N−l)
n+%2

N−τ∂B(xN,%N−3l/2)

(
Sτ∂B(xN,%N−3l/2)

, y
)

:

τ∂B(xN ,%N−3l/2) < (n−m) ∧ τB(xN ,%N−l)c
]

≥ cl%−d−1
N Pu

(
τ∂B(xN ,%N−3l/2) < (n−m) ∧ τB(xN ,%N−l)c

)
,

(5.4.65)

where we have used the strong Markov property at τ∂B(xN ,%N−3l/2) and applied (5.3.61)

to the transition probability appearing inside the expectation, noting that %2
N ≤ n + %2

N −

τ∂B(xN ,%N−3l/2) ≤ 2%2
N under the conditions n + %2

N < 2%2
N and τ∂B(xN ,%N−3l/2) < (n −

m) ∧ τB(xN ,%N−l)c . Similarly, we have

p
B(xN ,%N−l)
n−m (w, u′)

= Eu

[
p
B(xN ,%N−l)
n−m−τ∂B(xN,%N−3l/2)

(
Sτ∂B(xN,%N−3l/2)

, w
)

:

τ∂B(xN ,%N−3l/2) < (n−m) ∧ τB(xN ,%N−l)c
]

≤ cl−dPu

(
τ∂B(xN ,%N−3l/2) < (n−m) ∧ τB(xN ,%N−l)c

)
,

(5.4.66)

where we have used the strong Markov property at τB(xN ,%N−3l/2) and the estimate

p
B(xN ,%N−l)
n−m−τ∂B(xN,%N−3l/2)

(
Sτ∂B(xN,%N−3l/2)

, w
)

≤ sup
k∈N,|x−y|≥l/2

p
B(xN ,%N−l)
k (x, y)

≤ Cl−d,

(5.4.67)

which follows in the same way as in (5.3.81). Combining the above two bounds, we get (RW9)

in this case.

In the other case n + %N > 2%2
N , we use the following parabolic Harnack inequality

from [19, H(CH) in Theorem 1.7]: For all x0 ∈ Zd, s ∈ R, r > 200 and every non-negative
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u(t, x) that satisfies the discrete heat equation on Z ∩ [s, s+ 100r2]×B(x0, r),

sup
(t1,x1)∈Z∩[s+0.01r2,s+0.1r2]×B(x0,0.99r)

u(t1, x1)

≤ 100 inf
(t2,x2)∈Z∩[s+0.11r2,s+100r2]×B(x0,0.99r)

u(t2, x2).

(5.4.68)

We use this to first shift the spatial variable w to y ∈ B(xN , %N/2) and then the time

variable in the transition probability kernel in (RW9). To this end, we construct a sequence

(wj)
J
j=1 in the same way as in the proof of (RW7) (see Figure 5.3): let w0 := w, and for

j ≥ 0 let lj := 2j−1l and wj+1 be the point on ∂B(wj , lj) closest to xN and

J := min{j ≥ 0: wj ∈ B(xN , 2%N/3)}. (5.4.69)

Note that %N/3 ≤ lJ ≤ 2%N/3 and therefore J ≤ c log(ρN/l). As a first step, we switch

from w = w0 to w1 and use the bound

p
B(xN ,%N−l)
n−m (w, u′) ≤ c5,14

%N
l
p
B(xN ,%N−l)
n−m+l21

(w1, u
′) (5.4.70)

u′

∂B(xN ; ϱN − l)

∂B(xN ; ϱN − 2l)

∂B(xN ; 2ϱN/3)
✲ ❄

❄

w
w1 w2 w3 w4

1

Figure 5.3: The sequence (wj)
J
j=1 constructed in the proof of (RW9). The balls around wj

have geometrically growing radii and the construction terminates at J = 4 in this picture.

251



with some c5,14 > 0, which can be verified by applying either (5.4.67) to the left-hand

side and (5.3.61) to the right-hand side when n − m < %2
N , or (5.4.68) with x0 = w1,

s = n − m − 0.05l21 and r = l1 to the function u(t, x) := p
B(xN ,%N−l)
t (x, u′) restricted to

B(w1, l1), when n − m > %2
N . Next, noting that wj keeps distance at least lj+1/2 from

∂B(wj+1, lj+1) for any j < J , we can apply (5.4.68) with x0 = wj , s = n−m+ 0.95l2j and

r = lj to the function u(t, x) := p
B(xN ,%N−l)
t (x, u′) restricted to B(wj , lj) to obtain

p
B(xN ,%N−l)
n−m+l2j

(wj , u
′) ≤ 100p

B(xN ,%N−l)
n−m+l2j+1

(wj+1, u
′) for j ≥ 1, (5.4.71)

p
B(xN ,%N−l)
n−m+l2J

(wJ , u
′) ≤ 100p

B(xN ,%N−l)
n−m+%2

N

(y, u′), (5.4.72)

where in the second bound, we have used l2J ≤ 4%2
N/9. By using (5.4.70)–(5.4.72) and

recalling the upper bound on J , we get

p
B(xN ,%N−l)
n−m (w, u′) ≤ cJ

%N
l
p
B(xN ,%N−l)
n−m+l2J

(wJ , u
′)

≤
(%N
l

)c
p
B(xN ,%N−l)
n−m+%2

N

(y, u′).
(5.4.73)

Now another iteration of (5.4.68) leads us to

p
B(xN ,%N−l)
n−m+%2

N

(y, u′) ≤ 100p
B(xN ,%N−l)
n−m+2%2

N

(y, u′)

≤ · · ·

≤ 100bm%
−2
N c−1p

B(xN ,%N−l)
n−m+[m%−2

N ]%2
N

(y, u′)

≤ 100bm%
−2
N cpB(xN ,%N−l)

n+%2
N

(y, u′),

(5.4.74)

where in the k-th inequality, we choose x0 = xN , s = n −m + (k − 0.05)%2
N , r = %N − l

and u(t, x) := p
B(xN ,%N−l)
t (x, u′) in (5.4.68). The desired estimate follows from (5.4.73)

and (5.4.74).
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5.5 Proof of the Refined Version of Ball Covering Theorem

In this section, we prove Theorems 5.2.7. As we discussed in Subsection 5.4.2, below

Lemma 5.4.3, Theorem 5.2.8 follows from Theorem 5.2.7. To strengthen Proposition 5.2.2

to Theorem 5.2.7, we first show that the volume of T is very close to |B(0, %N )| with the

help of the Faber–Krahn inequality and a control on the number of the possible shapes of T

provided by Proposition 5.2.9. Now if there is a non-“truly”-open site x ∈ B(xN , %N − %ε2N ),

then there exists a closed site near x. Lemma 5.2.1 then implies that there are in fact many

closed sites around x, which leads us to a contradiction.

In order to carry out the proof, we will compare λ
RW,(k)
T , the k-th smallest eigenvalue

for the generator of the random walk killed upon exiting T , with its counterpart for the

continuum Laplacian, and then apply the Faber–Krahn inequality. We define the continuous

hull of T ⊂ Zd by

T̃ := {x ∈ Rd : dist∞(x, T ) < 2} (5.5.1)

and denote the k-th smallest Dirichlet eigenvalue of − 1
2d∆ in T̃ and the corresponding

eigenfunction by λ
(k)

T̃
and φ

(k)

T̃
, respectively. We will prove the following comparison in

Appendix 5.A.

Lemma 5.5.1. There exists c > 0 such that for any x ∈ Zd and T ⊃ B(x, %N/2),

λ
RW,(1)
T ≥ λ

(1)

T̃
− c%−4

N . (5.5.2)

Moreover, for each k ∈ N, there exists γk > 0 such that

∣∣∣λRW,(k)
B(0,%N )

− λ(k)
B(0,%N )

∣∣∣ ≤ γk%
−3
N . (5.5.3)

Let us recall a lower bound on the survival probability which is well-known in the con-

tinuum setting [63, (33)] and for the two dimensional continuous time random walk [12,

Proposition 2.1]. Lemma 5.5.2 below is the analogue in our discrete time setting, which we
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prove in Appendix 5.A for completeness. Recall that we denote the Euclidean volume of

G ⊂ Rd by vol(G).

Lemma 5.5.2. There exists c > 0 such that for all sufficiently large N > 0,

P⊗P (τO > N) ≥ exp
{

vol(B(0, %N )) log p−Nλ(1)
B(0,%N )

− c%d−1
N

}
. (5.5.4)

Using this lemma, we can show that the volume of T̃ is very close to vol(B(0, %N )).

Lemma 5.5.3. For any b ∈ (0, 1),

lim
N→∞

µN

(∣∣∣vol(T̃ )− vol(B(0, %N ))
∣∣∣ < %

(d−1)/2+2b
N

)
= 1. (5.5.5)

Proof of Lemma 5.5.3. Referring to Theorem E and Propositions 5.2.2 and 5.2.9, we

introduce the set of possible shapes of T for b ∈ (0, 1):

Tb :=
{
T ⊂ Zd : B(x, 0.9%N ) ⊂ T ⊂ B(x, %N + %ε1N ) for

some x ∈ B(0, %N ), and |∂T | ≤ %d−1+b
N

} (5.5.6)

so that limN→∞ µN (T ∈ Tb) = 1. The cardinality of this set is bounded by

|Tb| ≤ exp{c%d−1+2b
N } (5.5.7)

simply by considering the choice of %d−1+b
N points from B(0, 3%N ). Having controlled the

entropy, we estimate next the probability µN (T = T ) for each T ∈ Tb. With the help of the

eigenfunction expansion, one finds the upper bound

P⊗P (τT c > N, T = T ) ≤ P(O ∩ T = ∅)P(τT c > N)

≤ |T |1/2 exp
{
|T | log p−NλRW,(1)

T

} (5.5.8)

for general T ⊂ Zd. See, for example, [48, (2.21)]. Observe that since T̃ ⊂ ⋃x∈T (x+[−2, 2]d),
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we have |T | ≥ vol(T̃ )− c|∂T | and hence for T ∈ Tb,

|T | ≥ vol(T̃ )− c%d−1+b
N . (5.5.9)

On the other hand, by (5.5.2) and the Faber–Krahn inequality (see, for example, [16, pp.87–

92]), for any T ∈ Tb, we have

λ
RW,(1)
T ≥ λ

(1)

T̃
− c%−4

N

≥ λ|T̃ | − c%
−4
N ,

(5.5.10)

where for r > 0, we denote by λr the principal Dirichlet eigenvalue of − 1
2d∆ in a ball with

volume r. Substituting (5.5.9) and (5.5.10) into (5.5.8), we obtain

P⊗P (τT c > N, T = T )

≤ |T |1/2 exp
{

vol(T̃ ) log p−Nλ|T̃ | + c%d−1+b
N

}
.

(5.5.11)

Suppose that T ∈ Tb satisfies |vol(T̃ ) − vol(B(0, %N ))| ≥ %
(d−1)/2+2b
N . Then, since the

function

r 7→ r log p−Nλr = r log p− Nλ1

r2/d
(5.5.12)

is twice-differentiable and maximized at vol(B(0, %N )) (cf. (5.1.6)), one finds by the Taylor

expansion that

vol(T̃ ) log p−Nλ|T̃ |

≤ vol(B(0, %N )) log p−Nλ(1)
B(0,%N )

− c
∣∣∣vol(T̃ )| − vol(B(0, %N ))

∣∣∣
2

≤ vol(B(0, %N )) log p−Nλ(1)
B(0,%N )

− c%d−1+4b
N .

(5.5.13)

Substituting this into (5.5.11) and comparing with Lemma 5.5.2, we obtain µN (T = T ) ≤

exp{−c%d−1+4b
N }. Thanks to (5.5.7), we can use the union bound to conclude the proof of
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Lemma 5.5.3.

Proof of Theorems 5.2.7. Thanks to Lemma 5.2.1, we can restrict our consideration to

the event
⋂

x∈B(0,2%N )

⋂

(logN)3≤l≤%N

{
x ∈ O and

|O ∩B(x, l)|
|B(x, l)| < δ

}
, (5.5.14)

that is, any x ∈ B(0, 2%N ) is either open or has δ-fraction of closed sites in its l-neighborhood

for all l ∈ [(logN)3, %N ]. In addition, by Lemma 5.5.3 with b = ε1/2 where ε1 is as in

Theorem E, we can further assume that

∣∣∣vol(T̃ )− vol(B(0, %N ))
∣∣∣ < %

(d−1)/2+ε1
N . (5.5.15)

Let ε2 > (d − 1 + ε1)/d and suppose that there exists x ∈ B(xN , %N − %ε2N ) \ T . Then

there exists at least one closed site y ∈ B(x, (logN)5), and by (5.5.14), more than δ fraction

of the points in the ball B(y, %ε2N/2) ⊂ B(xN , %N ) must be closed. Recalling (5.5.9) and that

T̃ ⊂ B(xN , %N + 2%ε1N ) by the definition of T , we find that

vol(T̃ ) ≤ |T |+ %d−1+b
N

≤ |B(xN , %N + 2%ε1N )| − δ|B(y, %ε2N/2)|+ %d−1+ε1
N

≤ vol(B(0, %N )) + c%d−1+ε1
N − c′%dε2N

≤ vol(B(0, %N ))− c%d−1+ε1
N ,

(5.5.16)

which contradicts (5.5.15).

Remark 5.5.4 (Finer asymptotics of survival probability). There is a conjecture on the

precise second order asymptotics of the survival probability in the literature: there exists

a1 > 0 such that

P⊗P(τO > N) = exp

{
−c(d, p)N

d
d+2 − a1N

d−1
d+2 + o(N

d−1
d+2 )

}
. (5.5.17)
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See [56] and the bottom of p. 76 in [13] for more information. Lemma 5.5.2 gives a lower

bound of this form while the currently best known upper bound is

P⊗P(τO > N) ≤ exp

{
−c(d, p)N

d
d+2 +N

d−ε
d+2

}
(5.5.18)

for some ε ∈ (0, 1). See [13, (2.40)] or [75, Theorem 5.6 on page 208].

Based on what we have proved, we can get a refined upper bound on the survival prob-

ability. Theorem 5.2.8 implies that limN→∞ µN (T ∈ T0+) = 1 with

T0+ :=
{
T ⊂ Zd : B(x, 0.9%N ) ⊂ T ⊂ B(x, %N + %ε1N ) for

some x ∈ B(0, %N ) and |∂T | ≤ %d−1
N (logN)a

}
.

(5.5.19)

Just as in (5.5.7), we have

|T0+| ≤ exp{c%d−1
N (logN)a+1} (5.5.20)

and then by Lemma 5.2.6 and a variant of (5.5.11), we obtain

P⊗P(τO > N)

∼ P⊗P(τT c > N, T ∈ T0+)

≤ |T0+| sup
T∈T0+

|T |1/2 exp
{

vol(T̃ ) log p−NλB
T̃

+ c%d−1
N (logN)a+1

}

≤ exp
{

vol(B(0, %N )) log p−NλB(0,%N ) + c%d−1
N (logN)a+1

}

= exp

{
−c(d, log(1/p))N

d
d+2 + cN

d−1
d+2 (logN)a+1

}
.

(5.5.21)

5.A Estimates for eigenvalues and eigenfunctions

In this section, we collect some estimates on eigenvalues and eigenfunctions, including

Lemma 5.5.1, and then prove (EV), (EF) (used in the proof of Lemma 5.4.5) and Lemma 5.5.2.
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Recall that λ
(k)
T and φ

(k)
T are the k-th smallest Dirichlet eigenvalue and corresponding eigen-

function with ‖φ(k)
T ‖2 = 1 for − 1

2d∆ in T ⊂ Rd and λ
RW,(k)
T and φ

RW,(k)
T are their discrete

space counterparts.

We begin with the following comparison lemma which includes Lemma 5.5.1.

Lemma 5.A.1. For any d ≥ 1 and k ≥ 1, there exists γk > 0 such that for all sufficiently

large R > 0, the following bounds hold:

∣∣∣λRW,(k)
B(0,R)

− λ(k)
B(0,R)

∣∣∣ ≤ γkR
−3, (5.A.1)

min
|y|≤1

φ
RW,(1)
B(0,R)

(y) ≥ γ−1
1 R−d/2, (5.A.2)

and for any x ∈ Zd and T ⊃ B(x, %N/2),

λ
RW,(1)
T ≥ λ

(1)

T̃
− γ1%

−4
N . (5.A.3)

Proof of Lemma 5.A.1. The first assertion can be found in [77, (3.27) and (6.11)]. The

second assertion follows from [12, Lemma 2.1(b)], which states that

sup
y∈B(0,R)

∣∣∣φ(1)
B(0,R)

(y)− φRW,(1)
B(0,R)

(y)
∣∣∣ ≤ cR−d/2−1, (5.A.4)

and the fact that miny∈Zd:|y|≤1 φ
(1)
B(0,R)

(y) ≥ c−1R−d/2. The third assertion follows from [77,

(6.9)], which states that

λ
(1)

T̃
≤ λ

RW,(1)
T (1 + c%−2

N ), (5.A.5)

and the bound λ
RW,(1)
T ≤ c%−2

N that follows from the assumption T ⊃ B(x, %N/2).

Next we restate and prove (EV) and (EF).

Lemma 5.A.2. There exist c5,7, c5,8 > 0 such that if B(x, (1− ε)%N ) ⊂ B ⊂ B(x, %N + %ε1N )

for some x ∈ Zd and ε > 0 sufficiently small depending only on the dimension d, then the
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following bounds hold:

λ
RW,(2)
B − λRW,(1)

B ≥ c5,7%
−2
N , (EV)

∥∥∥φRW,(1)
B

∥∥∥∞ ≤ c5,8%
−d/2
N . (EF)

Proof of Lemma 5.A.2. In order to show the first assertion (EV), recall first that the

continuum eigenvalue satisfies the scaling relation λ
(k)
B(0,R)

= R−2λ
(k)
B(0,1)

. Combining this

with (5.A.1), we get the following bounds:

λ
RW,(1)
B ≤ λ

RW,(1)

B(0,%N+%
ε1
N )

≤ λ
(1)

B(0,%N+%
ε1
N )

+ γ1%
−3
N

≤ %−2
N λ

(1)
B(0,1)

+ c%−3+ε1
N ,

(5.A.6)

and

λ
RW,(2)
B ≥ λ

RW,(2)
B(0,(1−ε)%N )

≥ λ
(2)
B(0,(1−ε)%N )

− γ2%
−3
N

≥ %−2
N λ

(2)
B(0,1)

− cε%−2
N .

(5.A.7)

Since λ
(1)
B(0,1)

< λ
(2)
B(0,1)

, the desired bound (EV) follows for sufficiently small ε > 0.

Next, we show the second assertion (EF). By the eigenvalue equation for the semigroup,

it follows for any x ∈ B that

φ
RW,(1)
B (x) =

(
1− λRW,(1)

B
)−b1/λRW,(1)

B c∑

y∈B
pB
b1/λRW,(1)

B c
(x, y)φ

RW,(1)
B (y)

≤
(

1− λRW,(1)
B

)−b1/λRW,(1)
B c ∥∥∥∥pBb1/λRW,(1)

B c
(x, ·)

∥∥∥∥
2

∥∥∥φRW,(1)
B

∥∥∥
2
,

(5.A.8)

where we have used the Schwarz inequality in the second line. Then by the symmetry of the
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transition kernel pB, the Chapman–Kolmogorov identity and the normalization ‖φ(1)
B ‖2 = 1,

we can further rewrite (5.A.8) as

|φRW,(1)
B (x)| ≤

(
1− λRW,(1)

B
)−b1/λRW,(1)

B c
pB

2b1/λRW,(1)
B c

(x, x)1/2

≤ c
(
λ

RW,(1)
B

)d/4
,

(5.A.9)

where we used the local limit theorem as an upper bound. Since we have λ
RW,(1)
B ≥ c%−2

N

similarly to (5.A.6), the last line is bounded by c%
−d/2
N .

In order to prove Lemma 5.5.2, we use the eigenfunction expansion for the semigroup

generated by the random walk killed upon exiting B(0, %N ), whose generator we denote by

Q%N . Due to the periodicity of the random walk, it is convenient to consider the semigroup

generated by Q2
%N . Let Zde (Zdo) and 1e (1o) denote the set of even (odd) sites and its

indicator function, respectively.

Lemma 5.A.3. For any positive integer k ≤ |B(0, %N )|/2, the k-th largest eigenvalues of

Q2
%N is (1−λRW,(k)

B(0,%N )
)2. Moreover the eigenspace corresponding to (1−λRW,(1)

B(0,%N )
)2 is spanned

by φ
RW,(1)
B(0,%N )

1e and φ
RW,(1)
B(0,%N )

1o.

Proof. For any eigenvalue ζ and corresponding eigenfunction φζ of Q%N , we have

Q%N 1eφζ = ζ1oφζ (5.A.10)

and the same holds with 1e and 1o interchanged. It follows that

Q%N (1eφζ − 1oφζ) = −ζ(1eφζ − 1oφζ), (5.A.11)

that is, −ζ is also an eigenvalue. Since Q%N has |B(0, %N )| eigenvalues counting multiplicity,

the first assertion about the eigenvalues follows.

The second assertion about the eigenfunction is a consequence of the following two facts:
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λ
RW,(1)
B(0,%N )

is a simple eigenvalue and Q2
%N leaves `2(Zde) and `2(Zdo) invariant.

Proof of Lemma 5.5.2. Let us start with the case that N is an even integer. In this case,

SN ∈ Zde and hence

P⊗P (τO > N)

≥ P(O ∩B(0, %N ) = ∅)P
(
τB(0,%N )c > N,SN ∈ Zde

)

= p|B(0,%N )|QN/2%N 1e(0).

(5.A.12)

Let us denote by P the orthogonal projection onto the first eigenspace of Q2
%N . Then

Q
N/2
%N 1e(0) =

(
1− λRW,(1)

B(0,%N )

)N
P1e(0) +Q

N/2
%N (id− P )1e(0). (5.A.13)

Using 1 − λ ≥ exp{−λ − λ2} for small λ > 0, φ
RW,(1)
B(0,%N )

≥ 0, (5.A.2) and Lemma 5.A.3, we

can bound the first term below by

(
1− λRW,(1)

B(0,%N )

)N 〈
φ

RW,(1)
B(0,%N )

, 1e

〉
φ

RW,(1)
B(0,%N )

(0)

≥
(

1− λRW,(1)
B(0,%N )

)N
φ

RW,(1)
B(0,%N )

(0)2

≥ exp
{
−NλRW,(1)

B(0,%N )
− cN%−3

N

}
.

(5.A.14)

On the other hand, it also follows from Lemma 5.A.3 that the operator norm of QN%N (id−P )

is bounded by (1 − λRW,(2)
B(0,%N )

)N . Combining this with (EV) and 1 − λ ≤ exp{−λ}, we can

bound the second term in (5.A.13) by

∣∣∣QN%N (id− P )1e(0)
∣∣∣ ≤

(
1− λRW,(2)

B(0,%N )

)N
‖1e‖`2(B(0,%N ))

≤ exp
{
−NλRW,(1)

B(0,%N )
− cN%−2

N

}
.

(5.A.15)
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Since (5.A.15) is negligible compared with (5.A.14) for large N , we obtain

P⊗P (τO > N) ≥ exp
{
|B(0, %N )| log(1/p)−NλRW,(1)

B(0,%N )
− cN%−3

N

}
. (5.A.16)

Substituting the bound ||B(0, %N )| − vol(B(0, %N ))| ≤ c%d−1
N and (5.A.1) into the above, we

arrive at the desired bound.

Finally when N is an odd integer, we start with

P(O ∩B(0, %N ) = ∅)P
(
τB(0,%N )c > N

)

=
∑

|y|=1

P(O ∩B(0, %N ) = ∅)Py

(
τB(0,%N )c > N − 1

)
.

(5.A.17)

Then the rest of the argument is the same as before. We have the sum of 1
2dφ

RW,(1)
B(0,%N )

(y) over

{|y| = 1} instead of φ
RW,(1)
B(0,%N )

(0) in (5.A.14), but (5.A.2) gives us the same lower bound.

5.B On the proof of Theorem E

In this section, we briefly explain how to prove Theorem E by adapting the argument in [63].

Roughly speaking, it consists of the following five steps:

1. use the method of enlargement of obstacles in [75] to define a clearing set Ucl,

2. prove volume and eigenvalue constraints for Ucl,

3. apply a quantitative Faber–Krahn inequality to show that Ucl is close to a ball with

radius %N ,

4. prove a sharp lower bound on the partition function in terms of a random eigenvalue,

5. use the fact that the region outside Ucl has much larger eigenvalue to deduce that it

is too costly for the random walk to get away from the ball.
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In what follows, we explain these steps in more detail using the same parameters as in [63]

as much as possible. It turns out that it is only Step 3 that requires an extra argument in

the discrete setting.

Steps 1 and 2 can be carried out exactly as in [63] since the method of enlargement of

obstacles used in that paper has been translated to the discrete setting in [9]. This method

allows us to define the clearing set Ucl as a union of large boxes (lattice animal) that are

almost free of obstacles (cf. [63, (51)–(52)]). Since U c
cl has rather high density of obstacles,

we can effectively discard it when we consider the eigenvalue (cf. [63, (23), (55)]):

∣∣∣λRW,(1)
Ucl

− λRW,(1)
B(0,2N)\O

∣∣∣ ≤ %
−ρ
N (5.B.1)

for some ρ > 0. Combining the above two properties, in the same way as [63, Proposition 1],

we can prove that for some α1 > 0, the µN -probability of

|Ucl| log 1
p +Nλ

RW,(1)
Ucl

≤ N
d
d+2

(
c(d, p) +N−

α1
d+2

)
(5.B.2)

tends to one as N →∞.

As for Step 3, if Ucl were a subset of Rd, then the quantitative Faber–Krahn inequality [63,

Theorem A] would imply that Ucl satisfying (5.B.2) must be close to a ball with radius %N

in the symmetric difference. But we are in the discrete setting and hence we need to find

a set in Rd whose volume and (continuum) eigenvalue are almost the same as |Ucl| and

λ
RW,(1)
Ucl

, respectively. By the results in [77], the set U +
cl =

{
x ∈ Rd : dist`∞(x,Ucl) ≤ 2

}

has the eigenvalue λ
(1)

U +
cl

almost the same as λ
RW,(1)
Ucl

. Also, since Ucl is a union of large

boxes, the volume of U +
cl is close to |Ucl|. In this way, we can conclude that there exists

a ball B(xN , %N ) that almost coincides with Ucl. The outside of this ball has rather high

density of obstacles and hence just as in [63, Lemma 1], we have

λ
RW,(1)
B(0,2N)\B(xN ,%N )

≥ %−2+α3
N (5.B.3)
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for some α3 > 0.

Step 4 relies on a simple functional analytic argument and there is no difficulty in adapting

it to the discrete setting. It corresponds to [63, Lemma 2] and provides the following lower

bound on the partition function:

P⊗P (τO > N) ≥ N−cE
[
exp

{
−NλRW,(1)

B(0,2N)\O
}]

. (5.B.4)

See also [33, Lemma 2] for a slightly simplified argument.

Finally, Step 5 roughly goes as follows. For 0 ≤ k < l ≤ N , consider the event that Sk

is away from the confinement ball B(xN , %N ) and returns to it at time l for the first time

after k. In this situation, the survival probability between k and l decays like exp{−(l −

k)λ
RW,(1)
B(0,2N)\B(xN ,%N )

} and hence using Steps 3 and 4, we obtain

µN

(
Sk 6∈ B(xN , %N + %ε1N ), k + τB(xN ,%N ) ◦ θk = l

)

. Nc
E
[
exp

{
−(N − l + k)λ

RW,(1)
B(0,2N)\O + (l − k)%−2+α3

N

}]

E
[
exp

{
−NλRW,(1)

B(0,2N)\O
}] .

(5.B.5)

Note that we may impose λ
RW,(1)
B(0,2N)\O ≤ 2c(d, p)%−2

N both in the numerator and denominator,

in view of (5.1.5). Now if l − k ≥ %−2+2α3
N , then the term (l − k)%−2+α3

N in the numerator

causes a large additional cost and hence the right-hand side decays stretched exponentially

in N . If l−k < %−2+2α3
N , then we choose ε1 > 1−α3 (so that |Sl−Sk| � (l−k)1/2) and use

the Gaussian heat kernel bound for the random walk, instead of the eigenvalue bound, to

derive a stretched exponential decay. Summing over k and l, we conclude that the random

walk does not make a crossing from B(xN , %N + %ε1N )c to B(xN , %N ). The case that the

random walk does not return to B(xN , %N ) after visiting B(xN , %N + %ε1N )c but this can be

dealt with in a similar way, by changing l to the last visit to B(xN , %N ) before k.
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5.C Index of notation

τA (5.1.1)

µN (5.1.2)

c(d, p) (5.1.5)

%N (5.1.6)

xN Theorem E

B(x,R) Theorem E

∂A (5.1.10)

|A|, vol(A) End of Section 5.1

Eδl (5.2.2)

A(x; r, R) (5.2.12)

T Definition 5.2.3

Xl (5.3.13) (5.3.14)

pDn (u, v) (5.3.16)

Γ(k) (5.3.17)

E
δ,ρ
l (5.3.18)

X ◦l (5.3.62)

GO (5.4.8)

L(l) (5.4.9)

λ
RW,(k)
A , φ

RW,(k)
A (5.4.30)

λ
(k)
A , φ

(k)
A Below (5.5.1)
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CHAPTER 6

BIASED RANDOM WALK IN THE SUBCRITICAL PHASE

6.1 Introduction

6.1.1 Model and main results

Let (S := (Sn)n≥0,P) be a simple symmetric random walk on Zd starting at the origin

and denote the corresponding expectation by E. When we start the random walk from

x ∈ Zd \ {0}, we indicate the starting point by subscript as Px or Ex. We place an obstacle

at each site x ∈ Zd independently with probability 1 − p for some p ∈ (0, 1) and write O

for the set of sites occupied by the obstacles. Probability and expectation for the random

obstacles configuration will be denoted by P and E, respectively. For a random variable

X and an event A, we write E[X : A] for E[X · 1A], and this convention applies to other

probability measures. We are interested in the behavior of the random walk with bias h ∈ Rd

conditioned to avoid O for a long time, that is, the hitting time τO of O is large.

Definition 6.1.1. The annealed law with bias h ∈ Rd is defined by

µhN ((S,O) ∈ ·) =
E⊗ E

[
e〈h,SN 〉 : τO > N, (S,O) ∈ ·

]

E⊗ E
[
e〈h,SN 〉 : τO > N

] . (6.1.1)

When h = 0, we omit the superscript and write µ0
N = µN for simplicity.

Remark 6.1.2. In the definition of µhN , we can perform the E-expectation conditionally on

the random walk to get the expression

µhN (S ∈ ·) =
E
[
exp

{
〈h, SN 〉 − |S[0,N ]| log 1

p

}
: S ∈ ·

]

E
[
exp

{
〈h, SN 〉 − |S[0,N ]| log 1

p

}] , (6.1.2)

where S[0,N ] = {S0, S1, . . . , SN} is the range of the random walk. This can be viewed as a

model of self-attractive polymer with an external force h.
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In the case h = 0, the leading order asymptotics of the partition function was determined

by Donsker–Varadhan [27] as follows:

P⊗P (τO > N) = exp

{
−c(d, p)N

d
d+2 + o(N

d
d+2 )

}
with

c(d, p) = inf
U⊂Rd

{
λU + vol(U) log

1

p

} (6.1.3)

asN →∞, where λU denotes the smallest eigenvalue of the continuum Laplacian− 1
2d∆ with

the Dirichlet boundary condition outside U ⊂ Rd. Here and in what follows, we use boldface

to denote subsets of Rd and the eigenvalues of continuum Laplacian. For instance, we write

B(x; r) ⊂ Rd for the Euclidean ball with center x and radius r and B(x; r) := B(x; r)∩Zd.

By the classical Faber–Krahn inequality, the above infimum is achieved by U = B(0; %1) for

some %1 = %1(d, p) (but in fact the center is arbitrary). This indicates that the best strategy

to achieve {τO > N} is for the random walk to spend most of the time in a vacant (i.e., free

of obstacles) ball of radius

%N = %1N
1/(d+2). (6.1.4)

Subsequently, more refined picture under µN has been proved in [66, 12, 63, 23, 10]: there

exists a random center

xN (O) ∈ B(0, %N ) (6.1.5)

such that for any ε > 0,

lim
N→∞

µN

(
B(xN , (1− ε)%N ) ⊂ S[0,N ] ⊂ B(xN , (1 + ε)%N )

)
= 1. (6.1.6)

Note that the left inclusion in particular implies that the ball B(xN ; (1− ε)%N ) is vacant.

The model with non-zero bias first appeared in the physics literature [37] where a phase

transition of the asymptotic velocity was discussed. A rigorous proof of this ballisticity tran-

sition was given in [69, 70], as a consequence of a large deviation principle for µN (SN/N ∈ ·).

We shall provide a more detailed overview on related works in Section 6.1.2.
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In this chapter, we study the sub-ballistic phase of µhN in detail. In order to state the

results, we need to introduce the so-called Lyapunov exponent (or norm) which measures the

cost for the random walk to make a long crossing among the obstacles. For x = (x1, . . . , xd) ∈

Rd, we write [x] := (bx1c, . . . , bxdc) ∈ Zd.

Definition 6.1.3. The annealed Lyapunov exponent β : Rd → [0,∞) is defined by

β(x) = − lim
n→∞

1

n
logP⊗P(τO > τ[nx]), (6.1.7)

and its dual norm β∗ is defined by

β∗(h) = sup {〈h, x〉 : β(x) = 1} . (6.1.8)

The set of critical points hc ∈ Rd for the aforementioned ballisticity transition are char-

acterized by this dual norm as β∗(hc) = 1. The existence of the limit in (6.1.7) follows from

the subadditive ergodic theorem. It can be further shown that

lim
|x|→∞

1

|x| |β(x) + logP⊗P(τO > τx)| = 0. (6.1.9)

See [75, Theorem 3.4 on p.244] for the corresponding result in the continuum setting.

Now we are ready to state the first main result of this chapter, that is the large deviation

principle under the annealed law without bias in the scale between %N and o(%dN ). For scales

between %dN to N , the large deviation principle is proved in [69, 70]. We write B(y; r) ⊂ Zd

for the Euclidean ball centered at y ∈ Rd and radius r > 0, and distβ for the distance with

respect to the Lyapunov norm β(·).

Theorem 6.1.4. Let d ≥ 2.

1. Let ϕ(N) be such that %N � ϕ(N)� %dN . Then for any x ∈ Rd,

µN (SN = [ϕ(N)x]) = exp{−β(x)ϕ(N)(1 + o(1))}, (6.1.10)
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as N →∞.

2. For any x ∈ Rd,

µN (SN = [%Nx]) = exp
{
−distβ(x,B(0, 2))%N (1 + o(1))

}
, (6.1.11)

as N →∞.

The form of the rate functions reflects the following facts. First, we can let the random

walk reach any point y ∈ B(0, 2%N ) with a negligible cost by shifting the center xN of the

vacant ball in (6.1.6) so that B(xN , %N ) contains 0 and y. This is why the rate function is

zero inside B(0, 2) in (6.1.11). Next, when [ϕ(N)x] 6∈ B(0, 2%N ), it turns out that the best

strategy is still to have a vacant ball of radius almost %N . Thus the cost for the random

walk to reach [ϕ(N)x] comes solely from the crossing from B(0, 2%N ) to [ϕ(N)x], and it

is measured by the Lyapunov norm β. This explains the form of rate function in (6.1.11).

In (6.1.10), the size of B(0, 2%N ) is negligible compared with ϕ(N) and hence it does not

affect the asymptotics.

The second main result in this chapter is a detailed description of the behavior of the

random walk under µhN with a sub-critical drift. As µhN is obtained by tilting µN by e〈h,SN 〉,

the competition between the gain 〈h, SN 〉 and the cost for the displacement in Theorem 6.1.4

determines the behavior of SN . The following theorem describes not only the endpoint but

also the whole path behavior.

Theorem 6.1.5. Let d ≥ 2. Suppose β∗(h) < 1. Then for any ε > 0,

lim
N→∞

µhN

(
B(%Neh, (1− ε)%N ) ⊂ S[0,N ] ⊂ B(%Neh, (1 + ε)%N )

)
= 1, (6.1.12)

where eh := h/|h|. Furthermore,

lim
N→∞

1

%N
SN = 2eh in µhN -probability, (6.1.13)
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Remark 6.1.6. With a little more effort, we can replace ε in the above theorem by %−cN for

a small c > 0. However, since our argument does not seem to give a good control on c, we

decided not to present the proof of this refinement.

Remark 6.1.7. Our argument for Theorem 6.1.5 provides a proof of (6.1.12) in the case

h = 0 as well. See Remarks 6.7.3 and 6.8.2. In this case, it can be regarded as a combination

of the ideas from [67, 63] and from [12].

The first assertion (6.1.12) says that the result (6.1.6) remains true under µhN if β∗(h) < 1

but the center xN of the ball becomes %Neh. The second assertion (6.1.13) is natural since

this strategy maximizes the weight e〈h,SN 〉 in (6.1.1) under the constraint in (6.1.12).

6.1.2 Related works

We give a brief overview on the earlier works related to our results. The problem of diffusing

particle among the traps has been discussed in the continuum and discrete settings in parallel

and most of the results hold in both cases without change. For this reason, we often refrain

from indicating in which setting the results are proved.

This type of model with non-zero bias first appeared in the physics literature [37] where

a ballisticity transition was discussed. On the mathematical side, the first result seems to

be [28] where a phase transition for the free energy of µhN is proved. In particular, it is proved

that when d ≥ 2 and the bias is small, the partition function of µhN has the same asymptotics

as (6.1.3). Then in 1990s, Sznitman studied this model and its quenched counterpart in a

series of works. We summarize some of the related results. In [69, 70], the annealed Lyapunov

exponent with an additional parameter λ ≥ 0 was defined as follows:

βλ(x) = − lim
n→∞

1

n
logE⊗ E

[
e−λτ[nx] : τO > τ[nx]

]
. (6.1.14)

Then, improving upon earlier results in [66], it is proved for %dN ≤ ϕ(N) ≤ N that the law
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of SN/ϕ(N) under µN satisfies a large deviation principle at rate ϕ(N) with rate function





J(x) = sup{βλ(x)− λ : λ ≥ 0} if ϕ(N) = N ([69, (0.2), (0.3)]),

β(x) if %dN � ϕ(N)� N ([69, (0.4)]),

β(x) if ϕ(N) = %dN and d ≥ 2 ([70, (0.4)]).

We discuss the case d = 1 and ϕ(N) = %dN later.

By a standard tilting argument (see [29, Theorem II.7.2], for example), the above large

deviation principle can be transferred to those for µhN (SN/ϕ(N) ∈ ·) at the same rate with

rate function





Jh(x) = J(x)− 〈h, x〉 − infy∈Rd{J(y)− 〈h, y〉} if ϕ(N) = N ([70, Theorem 2.1]),

β(x)− 〈h, x〉 if β∗(h) < 1 and %dN � ϕ(N)� N,

β(x)− 〈h, x〉 if β∗(h) < 1, d ≥ 2 and ϕ(N) = %dN

([70, Theorem 2.2]).

The first one in particular implies the phase transition of the velocity at β∗(h) = 1 (see [75,

Corollary 4.10 on p.262] for the precise statement). The third one implies that in the

subcritical phase, the endpoint of the walk is of distance o(%dN ) from the origin. This also

extends the result of [28] to the whole subcritical phase. See also [31, 32] for the results in

the discrete setting. Later Ioffe and Velenik studied the ballistic phase in more detail. An

interested reader is referred to [42]. Among other things, it is proved in [44] that the walk

is ballistic at criticality. Thus what has been left open is the precise scaling limit under the

subcritical drift. Theorem 6.1.5 fills this missing piece and completes the picture.

Let us also mention that more is known in dimension one. The ballisticity transition

follows from the results in [69]. The results corresponding to Theorems 6.1.4 and 6.1.5 are

proved in [61] and [62], respectively, but with some notable differences. First, unlike in our
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Theorem 6.1.4, the rate function in [62] in the scale %N has a vanishing gradient at |x| = 2.

The reason for this singularity in d = 1 is that the costs for τO > N and SN = [%Nx] cannot

be separated. In order for the random walk to reach [%Nx], the interval [0, [%Nx]] must be

free of obstacles and that certainly helps to have τO > N . When d ≥ 2, the size of the vacant

ball is essentially determined by the leading term in (6.1.3) which is much larger than %N ,

and hence we can separate the cost for SN = [%Nx] as we explained after Theorem 6.1.4.

Second, in [61], the path behavior is studied not only on the macroscopic scale %N but also

on the microscopic scale O(1). On the latter scale, the result roughly says that the walk

behaves as if it is conditioned to stay away from a wall with a random position, which lies at

the first obstacle to the left of the origin. Though the macroscopic scaling result was later

extended to the so-called “soft obstacles” in [65], the microscopic scaling problem remains

open in that case. Finally around the critical bias, the asymptotic speed is proved to be

continuous in the hard obstacles case in [43, Theorem 5.1], whereas [49, Corollary 1.1] implies

that it is discontinuous in the case of soft obstacles. Later in [47], it is proved that the walk

with the critical bias among hard obstacles scales like N1/2.

Remark 6.1.8. The behavior on the microscopic scale in higher dimensions is a very in-

teresting open problem. The difficulty in the soft obstacles and higher dimensional cases is

that, unlike in the case of one-dimensional hard obstacles, a single obstacle cannot play the

role of a wall. One needs to understand the geometry of the obstacles configuration around

the starting point of the random walk under the effect of the conditioning on the long time

survival.

6.2 Outline of proofs

In this section, we explain the outline of the proofs and the organization of the rest of this

chapter. The main conceptual difficulty is that we are studying events whose probability

decay much slower than the partition functions. This is particularly easy to see in Theo-
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rem 6.1.4: from (6.1.3), we know the asymptotics of the partition function

P⊗P (τO > N) = exp

{
−c(d, p)N

d
d+2 + o

(
N

d
d+2

)}
, (6.2.1)

but the error term is much larger than the leading terms in Theorem 6.1.4. Since we have

little further information about the error term, it is difficult to prove Theorem 6.1.4 by

computing the asymptotics of P⊗P(τO > N,SN = x) explicitly. Instead, we will use com-

parison arguments to say something about the path measure, comparing different strategies

to achieve {τO > N,SN = x}. Roughly speaking, it turns out that when |x| = o(%dN ),

one of the best strategies for the random walk, which gives the dominant contribution, is

to stay in a vacant ball of radius almost %N for a long time and then go to x during the

small time interval near the end. As a result, the costs for surviving for a long time and

reaching x without hitting the obstacles in P⊗P(τO > N,SN = x) can be separated. The

former cost counterbalance the partition function and the latter cost gives the rate function

in Theorem 6.1.4. For a technical reason, to be explained in Remark 6.5.12, we will work

under a slightly different conditioning: Let τNx be the first hitting time of x after time N

and define

µN,x(·) = P⊗P(· | τO > τNx ). (6.2.2)

Now let us describe in more detail how the rest of the chapter is organized.

In Section 6.4, we show the lower bound in Theorem 6.1.4. In particular, it implies a

lower bound on the partition function of µN,x since {SN = x, τO > N} ⊂ {τO > τNx }. The

proof is based on the construction of a specific strategy to achieve SN = x and τO > N . We

first use (6.1.6) to find a vacant (i.e., free of obstacles) ball “shifted toward x” and let the

random walk stay there most of the time. Then in the final O(distβ(x,B(0, 2%N ))) time, we

let the random walk go to x. The first part has a probability comparable to P⊗P(τO > N),

while the probability of the second part decays exponentially in distβ(x, 2%N ). We use the

FKG inequality to separate these two parts.
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In Section 6.5, we show that under µN,x with |x| = o(%dN ), there exists a vacant ball of

radius almost %N , just as in (6.1.6). We also show that it is hard for the random walk to

survive outside the vacant ball. For the proofs, we will first use a coarse graining scheme

from [25] (or alternatively the method of enlargement of obstacles in [73]) to show that there

exists an almost vacant ball. Then we use a density dichotomy lemma from [23] to conclude

that the ball is completely vacant.

In Section 6.6, we show that the random walk under µN,x with |x| = o(%dN ) will spend

only little time outside the vacant ball. More precisely, we first prove that the time spent

before reaching and after leaving the vacant ball cannot be too long. Second, we prove that

the random walk path between the first and last visit to the vacant ball is confined in a

slightly larger and concentric ball. The proofs rely on the results in Section 6.5 and a path

switching argument in the same spirit as in [23].

In Section 6.7, we essentially show that the cost for τO > τNx can be separated into three

parts: (i) crossings from the origin to the vacant ball, (ii) staying near the vacant ball, and

(iii) crossing from the vacant ball to x. Due to the confinement proved in Section 6.6, part

(ii) is independent from other parts and has probability comparable to P ⊗ P(τO > N). If

parts (i) and (iii) are nearly independent, then the costs are measured by the distances from

the origin and x to the vacant ball with respect to the Lyapunov norm, respectively. As

it is not easy to control the dependence between (i) and (iii), we will modify them in the

proof. See Proposition 6.7.1 for the precise formulation. Adapting the same argument, we

also prove that when |x| is close to 2%N , then the whole random walk path is confined in a

small neighborhood of the vacant ball under µN,x.

In Section 6.8, we prove the upper bound in Theorem 6.1.4. This follows almost directly

from the first result in Section 6.7 since {SN = x, τO > N} ⊂ {τO > τNx }.

In Section 6.9, we prove Theorem 6.1.5. The law of large numbers (6.1.13) can be deduced

from Theorem 6.1.4 and large deviation results in [69, 70] via a standard tilting argument,

but we will present a more direct argument. In order to prove the confinement (6.1.12), we
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use (6.1.13) to relate µhN to the random walk law conditioned to avoid obstacles up to time

N and end around 2%Neh. By using the results in Section 6.6, this latter law can further be

related to µN,x with x close to 2%Neh, for which the confinement is proved in Section 6.7.

6.3 Notation and preliminaries

We will prove various intermediate propositions with error terms depending on |x|. To

simplify the notation, we define

δN,x = %
−1/5
N ∨ (|x|/%dN ), (6.3.1)

which goes to zero polynomially fast in N when |x| ≤ %
d−ξ
N for some ξ > 0. The exponent

−1/5 is rather arbitrary and has no significance.

We use c and c′ to denote a positive constant whose value may change from line to line.

When we need to keep the value of a constant within a proof, we use the upper case letters

C, C6,1 and C2. We write cX.Y for a constant defined in Theorem/Proposition/Lemma X.Y ,

if it is referred to in other places.

Next, we collect some notation and estimates for the simple symmetric random walk on

Zd. For U ⊂ Zd, we denote by λU the smallest Dirichlet eigenvalue of the discrete Laplacian

− 1
2d∆. Then, we have the following tail estimate for the exit time τUc from U :

Px(τUc > n) ≤ |U |1/2(1− λU )n

≤ |U |1/2 exp {−nλU} .
(6.3.2)

See [48, (2.21)] for the continuous time analogue. A similar bound with |U |1/2 replaced by

c(1 + nλU )d/2 also holds, see [75, (1.9) in Section 3]. Combining this with a Faber–Krahn

type inequality λU ≥ c|U |−2/d for the eigenvalue of Laplacian on Zd [50, Remark 3.2.6 and
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Theorem 3.2.7], we can deduce that

Px(τUc > n) ≤ c exp
{
−cn|U |−2/d

}
. (6.3.3)

For U ⊂ Zd, n ≥ 0 and x, y ∈ U , we write pUn (x, y) for the transition probability of the

random walk killed upon exiting from U . Whenever we use this notation, we tacitly assume

that |y|1 has the same parity as n+ |x|1.

Lemma 6.3.1. There exists c > 0 such that for any R ≥ 2, n ≥ R2/2 and x, y ∈ B(0, R),

p
B(0,R)
n (x, y) ≥ c

Rd
dR(x)dR(y) exp

{
− n

cR2

}
, (6.3.4)

where dR(z) = R−1dist`1(z, ∂B(0, R)). If x = y ∈ B(0, R), the same bound holds for all

n ≥ 0.

Proof. When n ∈ [R2/2, R2], this is a consequence of [53, Proposition 6.9.4]. For n ≥ R2,

we use the Chapman–Kolmogorov identity to obtain

p
B(0,R)
n (x, y) ≥

∑

z∈B(0,R/2)

p
B(0,R)
R2/2

(x, z)p
B(0,R)
n−R2/2

(z, y). (6.3.5)

The second factor is bounded from below by cdR(y)R−d exp{−c−1nR−2}, uniformly in z ∈

B(0, R/2), by the second part of [53, Proposition 6.9.4] and [53, Corollaries 6.9.5 and 6.9.6].

Then, we use the result for n = R2/2 to obtain

∑

z∈B(0,R/2)

pB(0,R)(x, z) ≥ cdR(x). (6.3.6)

Combining the above two estimates, we obtain (6.3.4).

Next, let x = y ∈ B(0, R), which forces n ∈ 2N∗. For n ∈ {0, 2}, the left-hand side

of (6.3.4) is larger than (2d)−2. For n ∈ [4, R2/2], we can find a ball B(z,
√
n) such that
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dist`1(x, ∂B(z,
√
n)) = dist`1(x, ∂B(0, R)). Applying the first part of [53, Proposition 6.9.4]

to this ball, we obtain (6.3.4) in this case.

6.4 Proof of the lower bound in Theorem 6.1.4

We first show a lower bound on the survival probability with a fixed endpoint, which in

particular implies the lower bounds in Theorem 6.1.4.

Proposition 6.4.1. There exists c6.4.1 > 0 such that when ε > 0 is small depending on d

and p and |x| ≤ ε%dN ,

P⊗P(τO > N,SN = x) ≥ exp
{
−distβ (x,B(0, 2%N ))− c6.4.1ε(|x| ∨ %N )

}
P⊗P(τO > N)

(6.4.1)

for all sufficiently large N . Furthermore, under the same condition,

P⊗P
(
τO > τNx

)
≥ exp

{
−c(d, p)N

d
d+2 − distβ (x,B(0, 2%N ))− c6.4.1δN,xN

d
d+2

}
(6.4.2)

for all sufficiently large N , where c(d, p) and δN,x are defined in (6.2.1) and (6.3.1), respec-

tively.

Proof. We start by introducing several objects used in this proof. Let us first assume |x| ≥

2%N and let y ∈ B(0, (2− 4ε)%N ) be such that β(x− y) = distβ (x,B(0, (2− 4ε)%N )). Then

for M > 0 to be chosen later in (6.4.11) depending only on d and p, define

n = N −M |x− y| − %2
N ≥ N − 2M%dN . (6.4.3)

Roughly speaking, we consider the following strategy: There is a ball of radius %n centered

around 1
2y which is free of obstacles, and we let the random walk (i) stay inside that ball up

to time n, (ii) get close to y in the next %2
N steps, (iii) go to x in the remaining M |x − y|

steps (See Figure 6.1). The cost up to (ii) is comparable to P⊗P(τO > N) while the cost for
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Figure 6.1: The strategy to achieve the large deviation lower bound in Proposition 6.4.1.
Since limN→∞N/n = 1 for n defined in (6.4.3), the large ball has radius almost %N .

(iii) is measured by exp{−β(x− y)}. The following argument makes this outline rigorous.

It is proved in [23] that for §n in (6.1.6) and any ε > 0,

P⊗P (O ∩B(§n, (1− ε)%n) = ∅ | τO > n)→ 1 (6.4.4)

as n → ∞. Moreover, we know from [67, 63] that the distribution of %−1
n §n converges to

φ1(x) dx, where φ1 is the L1-normalized principal eigenfunction of the Dirichlet Laplacian

in B(0, 1) ⊂ Rd. Since φ1 is positive and continuous inside B(0, 1), there exists c(ε) > 0

such that

P⊗P
(
§n ∈ B(1

2y, ε%n)
∣∣∣ τO > n

)
≥ c(ε) (6.4.5)

for all n ≥ 1. Recall also that [23, Lemma 4.5] shows

P⊗P (Sn ∈ B(§n, (1− 4ε)%n) | τO > n)→ 1 (6.4.6)

as n → ∞ and ε → 0. Summarizing the above considerations, when ε > 0 is sufficiently
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small, we have

P⊗P
(
Sn ∈ B(1

2y, (1− 3ε)%n),O ∩B(1
2y, (1− 2ε)%n) = ∅, τO > n

)

≥ c(ε)

2
P⊗P (τO > n)

(6.4.7)

for all sufficiently large n. On the event on the left-hand side, we further let the random

walk go to y inside B(1
2y, (1 − 2ε)%n) during the time interval [n, n + %2

N ]. Then using the

Markov property at time n and the random walk estimate (6.3.4), we obtain

P⊗P
(
Sn+%2

N
= y, τO > n+ %2

N

)
≥ c(ε)

%dn
P⊗P (τO > n) (6.4.8)

for all sufficiently large n.

Next we let the random walk go from y to x during the time interval [n+%2
N , N ] without

hitting the obstacles. By imposing an extra condition O ∩ B(x,R) = ∅ for R = |x− y|1/2d,

the probability of this last piece is bounded from below by

P⊗Py

(
SM |x−y| = x, τO > M |x− y|

)

≥ E⊗ Ey

[
p
B(x,R)
M |x−y|−τx(x, x) : O ∩B(x,R) = ∅, τx < τO ∧M |x− y|

]

≥ p|B(x,R)| min
k∈2Z:0≤k≤M |x−y|

p
B(x,R)
k (x, x)P⊗Py (τx < τO ∧M |x− y|) ,

(6.4.9)

where we have applied the FKG inequality to 1{O∩B(x,R)=∅} and Py(τx < τO ∧M |x− y|),

which are decreasing functions in the obstacle field. Due to the random walk estimate (6.3.4),

the above p
B(x,R)
k (x, x) is bounded from below by cR−d exp{−c−1M |x− y|/R2}. Since we

have chosen R = |x− y|1/2d, it follows that

p|B(x,R)| min
k∈2Z:k≤M |x−y|

p
B(x,R)
k (x, x) ≥ exp{−cM |x− y|1−1/d}. (6.4.10)

To bound the third factor in the third line of (6.4.9), we use a result in [49, Theorem 1.1]
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which says that E⊗E[τz | τO > τz] ≤ C|z|. From this and the Markov inequality, it follows

that

P⊗Py (τx < τO ∧M |x− y|) ≥
1

2
P⊗Py(τO > τx)

≥ exp{−(1 + ε)β(x− y)}
(6.4.11)

when ε is small and M,N are large, where in the second inequality we have used (6.1.9) and

that |x− y| ≥ cε%N for |x| ≥ 2%N .

Finally, since P(Sn+%2
N

= y, τO > n) and Py(SN = x, τO > M |x−y|) are both decreasing

in O, we can use the FKG inequality to deduce from (6.4.8)–(6.4.11) that

P⊗P (SN = x, τO > N)

≥ E
[
P(Sn+%2

N
= y, τO > n+ %2

N )Py(SM |x−y| = x, τO > M |x− y|)
]

≥ exp {−(1 + ε)β(x− y)− cε(|x| ∨ %N )}P⊗P (τO > n)

(6.4.12)

for all sufficiently large N . Since β(x − y) ≤ c|x|, this concludes the proof of (6.4.1) in the

case |x| ≥ 2%N .

Let us turn to the case |x| < 2%N . If we assume a slightly stronger condition |x| ≤

(2 − 4ε)%N , then we have y = x and n = N − %2
N and hence (6.4.8) gives us the desired

bound. If (2 − 4ε)%N ≤ |x| ≤ 2%N , then we set y as before and let n = N − |y − x|1.

We follow the same argument up to (6.4.8). Then instead of (6.4.11), we fix a path π(y, x)

connecting y and x with |y − x|1 steps and use

P⊗Py

(
S|y−x|1 = x,O ∩ π(y, x) = ∅

)
=
( p

2d

)|y−x|1

≥ exp {−cε%N} .
(6.4.13)

Then following the same argument as above, we obtain (6.4.1) in this case.
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The second assertion (6.4.2) follows from (6.4.1) and the bound

P⊗P(τO > N) ≥ exp

{
−c(d, p)N

d
d+2 − cN

d−1
d+2

}
(6.4.14)

proved in [12, Proposition 2.1] by making c6.4.1 larger.

As a consequence of Proposition 6.4.1, we have a crude upper bound on τNx , the first

hitting time of x after N :

Corollary 6.4.2. There exists c6.4.2 > 0 such that when ε > 0 is small depending on d and

p and |x| ≤ ε%dN ,

µN,x

(
τNx > 2N

)
≤ exp

{
−c6.4.2N

d
d+2

}
(6.4.15)

for all sufficiently large N .

Proof. By (6.1.3),

P⊗P
(
τO > τNx > 2N

)
≤ P⊗P (τO > 2N)

≤ exp

{
−(c(d, p) + o(1))(2N)

d
d+2

}
,

(6.4.16)

as N →∞. Comparing this with (6.4.2), we get (6.4.15).

Remark 6.4.3. Due to Corollary 6.4.2, we may effectively discard the event {τNx > 2N}

from our consideration. Thus in what follows, we will tacitly assume τNx ≤ 2N . Since we

are considering the discrete time random walk, this in particular implies that all the points

of Zd appearing hereafter can be assumed to be in B(0, 2N). In particular, we will replace

the set of obstacles O by O ∪B(0, 2N)c.

6.5 Existence of a vacant ball

The main result in this section is the existence of a ball of radius almost %N which is free of

obstacles under the measure µN,x with |x| = o(%dN ).
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Proposition 6.5.1. There exist xN (O) ∈ B(0, %N ) and c6.5.1 > 0 such that when ε > 0 is

small depending on d and p and |x| ≤ ε%dN , the µN,x-probability of the events

{
O ∩B(xN , (1− δc6.5.1N,x )%N ) = ∅

}
(6.5.1)

and
{
B(xN , (1− δc6.5.1N,x )%N ) ⊂ S[0,τNx ]

}
(6.5.2)

are greater than 1 − exp{−(logN)2} for all sufficiently large N , where δN,x is defined

in (6.3.1).

We deduce Proposition 6.5.1 from the following two lemmas. The first one asserts that

there is a ball of radius %N which is almost free of obstacles; the second one asserts that

every obstacle is well surrounded by others.

Lemma 6.5.2. There exists c6.5.2 > 0 and xN (O) ∈ B(0, %N ) such that when ε > 0 is small

depending on d and p and |x| ≤ ε%dN ,

µN,x

(
|O ∩B(xN , %N )| ≥ δc6.5.2N,x N

d
d+2

)
≤ exp

{
−c6.5.2δN,xN

d
d+2

}
(6.5.3)

for all sufficiently large N .

Lemma 6.5.3.

Eδl (v) =

{
v ∈ O and

|O ∩B(v, l)|
|B(v, l)| < δ

}
. (6.5.4)

Then there exists c5.2.1 > 0 such that for sufficiently large N ,

µN,x


 ⋃

v∈B(0,2N)

⋃

(logN)3≤l≤%N
Ec5.2.1l (v)


 ≤ exp

{
−c5.2.1(logN)3

}
. (6.5.5)

Proof of Proposition 6.5.1. If there is an obstacle deep inside the ball B(xN ; %N ) found

in Lemma 6.5.2, then there are in fact many obstacles by Lemma 5.2.1, which contra-
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dicts (6.5.3). The other part (6.5.2) can also be deduced from these lemmas in the same way

as [23, Lemma 3.2].

In the proof of (6.1.12), we need to know that it is hard for the random walk to stay

outside the vacant ball. The next lemma gives us such an estimate. For technical reasons,

we will consider a slightly smaller ball

B−(z) = B(z, (1− 2δc6.5.1N,x )%N ),

B− = B−(xN ).

(6.5.6)

Recall from Remark 6.4.3 that we enlarged the obstacles to O ∪B(0, 2N)c.

Lemma 6.5.4. There exists c6.5.4 > 0 such that when ε > 0 is small depending on d and p

and |x| ≤ ε%dN , for t ≥ δc6.5.4
N,x (logN)2%2

N , µN,x-probability of the event (which depends only

on O) {
sup

y∈B(0,2N)
Py

(
S[0,t] ∩

(
O ∪B−

)
= ∅
)
≤ exp

{
−δ−c6.5.4

N,x %−2
N t
}}

(6.5.7)

is greater than 1− exp{−(logN)2} for all sufficiently large N .

The proofs of Lemmas 6.5.2 and 6.5.4 are given in Section 6.5.1.

Lemma 5.2.1 is an analogue of [23, Lemma 2.1]. We will provide an outline of the

argument in Section 6.5.2.

6.5.1 Proofs of Lemmas 6.5.2 and 6.5.4

We prove Lemmas 6.5.2 and 6.5.4 using some concepts and results from the recent paper [25],

which proves a quenched localization result for the random walk conditioned to avoid O. Let

us explain the outline of the proof before delving into the details. Recall that we denote by

λU the smallest Dirichlet eigenvalue of the discrete Laplacian − 1
2d∆ in U , which is different

from the notation in [25].
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For ι, ρ > 0, we introduce a set E(ι, ρ) ⊂ B(0, 2N) in Definition 6.5.5 which is a collection

of large (but o(%N )) boxes where the density of obstacles is low. We will show that E(ι, ρ) is

close to a ball with radius %N in symmetric difference. Then it follows that the ball is almost

free of obstacles. The purpose of this coarse graining is two-fold: it identifies the regions that

actually contribute to the vacant ball (note that the number of open sites in B(0; 2N) is of

order Nd � %dN ); and it reduces the entropy of the set of obstacle configurations and allows

estimates of the form P(|E(ι, ρ)| = V ) = (1−p)V (1+o(1)), as if there is only one configuration

of E(ι, ρ) with given volume V .

If we could show that E(ι, ρ) correctly identifies where the random walk is localized in the

sense that, the Dirichlet eigenvalue does not change much if we restrict the walk to E(ι, ρ),

namely,

λB(0,2N)\O ∼ λE(ι,ρ), (6.5.8)

then we could (formally) write

P⊗P
(
τO > τNx

)
. E

[
exp

{
−NλB(0,2N)\O

}]

.
(4N+1)d∑

V=1

E
[
exp

{
−NλE(ι,ρ)

}
: |E(ι, ρ)| = V

]

≈ sup
U⊂Zd

exp
{
−NλU − |U | log 1

1−p
}
.

(6.5.9)

The last approximation is justified by the fact that V can only take O(Nd) many values,

which is of lower order than the exponential asymptotics. We can then apply a quantitative

Faber-Krahn inequality to show that the dominant contribution comes from configurations

of E that are close to a ball with radius %N .

Unfortunately, it is not easy to prove (6.5.8) directly. Instead, we make a detour by

comparing E(ι, ρ) with a low level set Ωη of the principal eigenfunction in B(0, 2N) \ O

(see Definition 6.5.7). It is relatively easy to prove that λΩη well approximates λB(0,2N)\O

when η is small, and it is also relatively easy to prove that the eigenfunction is small on
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E(ι, ρ), and as a consequence E(ι, ρ) almost contains Ωη. See Lemma 6.5.9 for the precise

formulation. That lemma essentially allows us to carry out the argument around (6.5.9) with

E(ι, ρ) replaced by Ωη.

Now let us turn to the formal proof.

Definition 6.5.5 (Definition 5.1 in [25]). For ι, ρ > 0, a box of the form

Kbι%N c(x) = x+ [−bι%Nc, bι%Nc)d for x ∈ (2bι%Nc+ 1)Zd (6.5.10)

is said to be (ι%N , ρ)-empty if

|O ∩Kbι%N c(x)| ≤ ρ|Kbι%N c(x)|. (6.5.11)

Let E(ι, ρ) denote the intersection between B(0, 2N) and the union of (ι%N , ρ)-empty boxes.

We will choose ρ > 0 small so that (ι%N , ρ)-empty boxes are rare. As a consequence, we

have a rather good control on the volume of E(ι, ρ).

Lemma 6.5.6. For any ι, ρ ∈ (0, 1) and V > 0,

P(|E(ι, ρ)| = V ) ≤ exp

{
−V

(
log 1

p + 2ρ log ρ− log(3N)

b2ι%Ncd
)}

. (6.5.12)

Proof. This can be proved in the same way as [25, Lemma 5.2].

Definition 6.5.7 (Definition 5.3 in [25]). Let f be the eigenfunction corresponding to the

eigenvalue λB(0;2N)\O such that ‖f‖1 = 1. We extend f to Zd by letting f(v) = 0 for

v ∈ B(0, 2N)c ∪ O and define

Ωη = {v ∈ Zd : f(v) ≥ η|E(ι, ρ)|−1},
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where we will fix the parameters

η = 2δN,x, ρ = η2, ι = η5/2. (6.5.13)

Our η plays the role of ε in [25]. Noting that δN,x ∈ [%
−1/5
N , ε] by (6.3.1) and the

assumptions of Lemmas 6.5.2 and 6.5.4, we have

∣∣∣∣2ρ log ρ− log(3N)

b2ι%Ncd
∣∣∣∣ ≤ cη (6.5.14)

in (6.5.12) for all sufficiently large N when ε is small.

As mentioned before, we are going to prove that Ωη largely coincides with E(ι, ρ). We

start with an a priori bound on the eigenvalue λB(0,2N)\O under µN,x with |x| ≤ %dN , which

is a consequence of Proposition 6.4.1.

Corollary 6.5.8. There exists constant c6.5.8 > 0 such that for all |x| ≤ %dN ,

µN,x(λB(0,2N)\O ≥ c6.5.8%
−2
N ) ≤ exp

{
−c−1

6.5.8N
d
d+2

}
. (6.5.15)

Proof. It follows from (6.3.2) that

P⊗P
(
λB(0,2N)\O ≥ C%−2

N , τO > τNx

)

≤ E
[
cNd/2(1− λB(0,2N)\O)N : λB(0,2N)\O ≥ C%−2

N

]

≤ cNd/2 exp

{
−C%−2

1 N
d
d+2

}
.

(6.5.16)

Comparing this with (6.4.2) and choosing C > 0 sufficiently large, we obtain the desired

result.

In what follows, we often assume the condition

λB(0;2N)\O ≤ c6.5.8%
−2
N (6.5.17)
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appearing in Corollary 6.5.8.

Lemma 6.5.9 (Lemmas 5.6 and 5.7 in [25]). Assume (6.5.17). Then there exists c6.5.9 > 0

such that

|Ωη2 \ E(ι, ρ)| ≤ c6.5.9η|E(ι, ρ)|, (6.5.18)

λΩη ≤ λB(0;2N)\O(1 + c6.5.9η). (6.5.19)

Proof. This can be proved in the same way as [25, Lemmas 5.6 and 5.7].

Lemmas 6.5.6 and 6.5.9 provide controls on the volume and eigenvalue of Ωη since

Ωη ⊂ Ωη2 . The reason for considering Ωη2 will be explained shortly. We will show that

Ωη is approximately a ball of radius %N by applying the quantitative Faber–Krahn inequal-

ity for the continuum Laplacian eigenvalue in [15]. In order to apply it in our discrete setting,

we need to approximate Ωη ⊂ Zd by a continuous set in Rd with the volume and eigenvalue

controlled. Recall our convention of using boldface letters to denote a subset of Rd as well as

the smallest Dirichlet eigenvalue of the continuum Laplacian − 1
2d∆. For the eigenvalue ap-

proximation, we use a classical result about the comparison between discrete and continuum

eigenvalues in [51]. To this end, we need to introduce slightly enlarged sets

Ω+
η =

{
v ∈ Zd : min

x∈Ωη
|x− v|∞ < 2

}
, (6.5.20)

Ω+
η =

⋃

v∈Ω+
η

(
v + [−1

2 ,
1
2 ]d
)
. (6.5.21)

Then [51, (38)] asserts

λΩ+
η
≤ λΩη + cλ2

Ωη
. (6.5.22)

The passage from Ωη to Ω+
η is potentially problematic since it can increase the volume

substantially when Ωη has many tiny holes. The following lemma is to solve this problem by

showing that Ω+
η is not much larger than a slightly lower level set Ωη2 , for which the volume
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bound (6.5.18) holds.

Lemma 6.5.10 (Lemma 5.8 in [25]). Assume (6.5.17). Then there exists c6.5.10 > 0 such

that

|Ω+
η \ Ωη2| ≤ c6.5.10η|E(ι, ρ)|. (6.5.23)

Proof. This can be proved in the same way as [25, Lemma 5.8].

Now we are ready to prove Lemmas 6.5.2 and 6.5.4.

Proof of Lemma 6.5.2. In view of Corollary 6.5.8, we may assume (6.5.17). The proof is

divided into three steps. The last two steps are similar to the proof of [25, Lemma 5.9] and

hence we omit some technical details.

Step 1: We first prove that |Ω+
η | is not much larger than |B(0; %N )|, the volume of the

Euclidean ball B(0; %N ), under µN,x with high probability. To this end, we use (6.3.2) to

obtain

P⊗P
(
τO > τNx , |E(ι, ρ)| = V

)

≤ E
[
CNd/2 exp

{
−NλB(0;2N)\O

}
: |E(ι, ρ)| = V

]
.

(6.5.24)

By (6.5.17), (6.5.19), (6.5.22) and the classical Faber–Krahn inequality, when N is sufficiently

large, we have

λB(0;2N)\O ≥ λΩ+
η

(1− cη)

≥ |Ω+
η |−2/dλB(1− cη),

(6.5.25)

whereB is the ball with unit volume in Rd centered at the origin. Moreover, by Lemmas 6.5.9

and 6.5.10 and the fact that |Ω+
η | = |Ω+

η |, it follows that on {|E(ι, ρ)| = V },

|Ω+
η | ≤ |E(ι, ρ)|+ |Ωη2 \ E(ι, ρ)|+ |Ω+

η \ Ωη2|

≤ |V |(1 + cη).

(6.5.26)
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Substituting (6.5.25) and (6.5.26) into (6.5.24) and using Lemma 6.5.6 and (6.5.14), we find

that

P⊗P
(
τO > τNx , |E(ι, ρ)| = V

)

≤ CNd/2 exp
{
−NV −2/dλB(1− cη)

}
P (|E(ι, ρ)| = V )

≤ CNd/2 exp
{
−NV −2/dλB(1− cη) + V (log p+ η)

}

≤ exp

{
−
(
c(d, p)− Cη + c

(
V

|B(0; %N )| − 1

)2
)
N

d
d+2

}
,

(6.5.27)

where we used a second order Taylor expansion for the function V 7→ NV −2/dλB(0;r) +

V log 1
p at V = |B(0; %N )|, where it takes its minimal value c(d, p)N

d
d+2 (see the discussion

following (6.1.3)).

Now if we suppose |Ω+
η | ≥ |B(0; %N )| + η1/3%dN and |E(ι, ρ)| = V , then by (6.5.26) we

have V ≥ |B(0; %N )|+ 1
2η

1/3%dN and hence

(
V

|B(0; %N )| − 1

)2

≥ cη2/3. (6.5.28)

Since the number of possible values of V is bounded by (4N + 1)d and η = 2δN,x, compar-

ing (6.5.27) with (6.4.2) shows that

µN,x

(
|Ω+

η | ≥ |B(0; %N )|+ η1/3%dN

)

≤
∑

V :(6.5.28)

P⊗P(τO > τNx , |E(ι, ρ)| = V )

P⊗P(τO > τNx )

≤ (4N + 1)d exp

{
−c(2δN,x)2/3N

d
d+2 + distβ (x,B(0, 2%N )) + εδN,xN

d
d+2

}

≤ exp

{
−δN,xN

d
d+2

}

(6.5.29)

for all sufficiently large N when ε > 0 is small. This gives the bound we need on |Ω+
η |.

Step 2: Next, we prove that with high probability under µN,x, λΩ+
η

is not much larger than
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λB(0;%N ). As a consequence, we will also see that |Ω+
η | is not much smaller than |B(0; %N )|.

If we replace the condition |E(ι, ρ)| = V in (6.5.24) by λΩ+
η
≥ λB(0;%N )(1 + η1/2), then by

using the first line of (6.5.25), we get

P⊗P
(
τO > τNx ,λΩ+

η
≥ λB(0;%N )(1 + η1/2)

)
≤ exp

{
−
(
c(d, p) + 1

2η
1/2
)
N

d
d+2

}
.

(6.5.30)

Recalling η = 2δN,x and comparing the above with (6.4.2) again, we conclude that

µN,x

(
λΩ+

η
≥ λB(0;%N )(1 + η1/2)

)
≤ exp

{
−δ1/2

N,xN
d
d+2

}
(6.5.31)

for all sufficiently large N when ε > 0 is small. On the complementary event {λΩ+
η
<

λB(0;%N )(1 + η1/2)}, the classical Faber–Krahn inequality implies

|Ω+
η | ≥ |B(0; %N )|(1− cη1/2), (6.5.32)

which complements the upper bound in (6.5.29).

Step 3: We prove that Ω+
η is well approximated by a ball of radius almost %N by using

the quantitative Faber–Krahn inequality in [15]. Let us recall that [15, MAIN THEOREM]

asserts

inf

{ |B′4Ω|
|B′| : B′ is any ball with |B′| = |Ω|

}2

≤ c
(
|Ω|2/dλΩ − λB

)
, (6.5.33)

where B is the ball with unit volume in Rd centered at the origin (see (6.5.25)). By (6.5.29),

(6.5.32) and (6.5.31) in the previous steps, we may assume

∣∣|Ω+
η | − |B(0; %N )|

∣∣ ≤ η1/3%dN , (6.5.34)

λΩ+
η
≤ λB(0;%N )(1 + η1/2). (6.5.35)
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In particular, it follows that

|Ω+
η |2/dλΩ+

η
− λB = |Ω+

η |2/dλΩ+
η
− |B(0; %N )|2/dλB(0;%N )

≤ cη1/3.

(6.5.36)

Substituting this into (6.5.33), we can find a ballBη such that |Bη| = |Ω+
η | and |Ω+

η 4Bη| ≤

cη1/6%dN . Setting xN as the center of Bη and using (6.5.34) again, we find

|B(xN ; %N )4Bη| ≤ cη1/6%dN . (6.5.37)

Step 4: Finally, we prove that Bη = Bη ∩ Zd is almost free of obstacles. To this end, we

first show that

|Bη \ E(ι, ρ)| ≤ |Bη \ Ω+
η |+ |Ω+

η \ E(ι, ρ)| (6.5.38)

is small. Recall that (6.5.29) shows |E(ι, ρ)| ≤ c%dN with µN,x probability greater than

1 − exp{−δN,xN
d
d+2}. Under this condition, the second term on the right-hand side is

smaller than cη%dN due to Lemmas 6.5.9 and 6.5.10. For the first term, note first that

|Bη \ Ω+
η | = |Bη| − |Ω+

η |+ |Ω+
η \Bη|. (6.5.39)

Since we know |Bη| = |Ω+
η |, |Ω+

η | = |Ω+
η | and |Bη| ≤ |Bη| + c%d−1

N , we only need to

prove that |Ω+
η \ Bη| is small. Since Ω+

η is a union of cubes {y + [−1
2 ,

1
2 ]d : y ∈ Ω+

η } and
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|(y + [−1
2 ,

1
2 ]d) \Bη| ≥ 1

2 for any y ∈ Ω+
η \Bη, it follows that

|Ω+
η \Bη| =

∑

y∈Ω+
η \Bη

|y + [−1
2 ,

1
2 ]d|

≤ 2
∑

y∈Ω+
η

|(y + [−1
2 ,

1
2 ]d) \Bη|

≤ 2|Ω+
η \Bη|.

(6.5.40)

This last line is shown to be bounded by cη1/6%dN in Step 3. Therefore we conclude

that (6.5.38) is bounded by cη1/6%dN . Recalling (6.5.37) and Definition 6.5.5, one can easily

check that this implies (6.5.3).

In fact, (6.5.29) in Step 1 shows that |E(ι, ρ)| is close to |B(0, %N )| and hence by arguing

as in (6.5.39), we find the following:

Corollary 6.5.11. Under the same assumption as in Lemma 6.5.2, there exists c6.5.11 > 0

such that for ι, ρ as in (6.5.13),

µN,x

(
|E(ι, ρ)4B(xN , %N )| ≥ δc6.5.11

N,x N
d
d+2

)
≤ exp

{
−c6.5.11δN,xN

d
d+2

}
(6.5.41)

for all sufficiently large N .

Proof of Lemma 6.5.4. We only sketch the argument since the proof is almost identical

to [25, Lemma 6.1]. Thanks to Corollary 6.5.11, it suffices to prove that (6.5.7) holds on the

event {
|E(ι, ρ)4B(xN , %N )| < δc6.5.11

N,x N
d
d+2

}
. (6.5.42)

On this event, we have
∣∣E(ι, ρ) \B−

∣∣ ≤ δCN,x%
d
N (6.5.43)

for some C ∈ (0, 1), where B− is defined in (6.5.6).
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Let us first assume that S[0,t] visits (E(ι, ρ) \B−)c more than t/4 times, which is natural

since |E(ι, ρ) \B−| has a small volume by (6.5.43). Then we can extract at least 1
4δ
−5
N,x%

−2
N t

different times ki’s in [0, t] which satisfy

• Ski 6∈ E(ι, ρ) \B− and

• ki+1 − ki ≥ δ5
N,x%

2
N

for all i ≤ 1
4δ
−5
N,x%

−2
N t− 1. Recalling the definition of E(ι, ρ), one can prove that for each ki,

the probability for the random walk to avoid O ∪B− until next ki+1 is smaller than 1− cρ

(see [25, (5.6)]). Therefore we obtain

sup
y∈B(0,2N)

Py

(
S[0,t] visits (E(ι, ρ) \B−)c more than t/4 times and τO∪B− > t

)

≤ (1− cρ)
1
4δ
−5
N,x%

−2
N t−1

≤ exp
{
−cδ−3

N,x%
−2
N t
}

(6.5.44)

by recalling ρ = (2δN,x)2.

It remains to show that under the condition (6.5.43),

sup
y∈B(0,2N)

Py

(
S[0,t] visits (E(ι, ρ) \B−)c less than t/4 times

)
≤ exp

{
−δ−cN,x%

−2
N t
}

(6.5.45)

for some c > 0. To this end, we divide [0, t] into sub-intervals of size M2δ
2C/d
N,x %2

N for some

large M > 0 to be determined later. We call a sub-interval successful if the random walk

spends more than half of the time in (E(ι, ρ) \ B−)c. If half of the intervals are successful,

then the random walk visits (E(ι, ρ) \B−)c at least t/4 times.

For any u ≥Mδ
2C/d
N,x %2

N , a well-known bound on the transition probability Pz(Su = y) ≤
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cM−d/2δ−CN,x%
−d
N and (6.5.43) imply that

sup
z∈Zd

Pz(Su ∈ E(ι, ρ) \B−) ≤ cM−d/2. (6.5.46)

From this and the so-called first moment method (applied to the number of visits to E(ι, ρ)∪

B−), one can easily deduce that the probability for an interval δ
2C/d
N,x %2

N [kM2, (k + 1)M2]

to be successful is more than 1/2 for large M (see [25, Lemma 6.4]). Since there are

M−2δ
−2C/d
N,x %−2

N t intervals that intersect [0, t], a simple large deviation estimate yields

sup
z∈Zd

Pz(half of those intervals are not successful) ≤ exp
{
−cM−2δ

−2C/d
N,x %−2

N t
}
. (6.5.47)

Combining (6.5.45) and (6.5.44), we get Lemma 6.5.4.

6.5.2 Sketch proof of Lemma 5.2.1

This is an analogue of [23, Lemma 2.1] and can be proved by almost the same argument.

We recall the outline and indicate where we need an additional argument.

The proof of [23, Lemma 2.1] is based on an environment and path switching argument.

Suppose that v ∈ O and |O ∩ B(v, l)| < δ|B(v, l)|. First, if the random walk frequently

visits B(v, l/2), then we simply remove all the obstacles in B(v, l). This causes a cost in

P-probability but not too much since δ is small. On the other hand, we gain a lot in P-

probability since B(v, l/2) is visited frequently and it turns out that the gain beats the cost.

It follows that

Eδl (v) ∩ {B(v, l/2) is visited frequently} (6.5.48)

is much less likely than {O ∩ B(v, l) = ∅} under P ⊗ P and hence µN . Second, if the

random walk rarely visits B(v, l), then we deform the random walk paths to avoid B(v, l/2).

This causes a cost in P-probability but not too much since the random walk visits B(v, l/2)

only rarely. On the other hand, after this operation, we can change the configuration of
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O∩B(v, l/2) to a typical one. As we started from an atypical low density configuration, we

gain a lot in P-probability and it turns out that the gain beats the cost. It follows that

Eδl (v) ∩ {B(v, l/2) is visited rarely} (6.5.49)

is much less likely than {|O ∩B(v, l)| ≥ δ|B(v, l)} under µN .

When 0 ∈ B(v, l/2), the argument in the second case, where the random walk rarely visits

B(v, l), requires a modification since we cannot change the starting point of the random walk.

In this situation, we create a one-dimensional path from 0 to ∂B(0, l/2) free of obstacles and

force the random walk to follow that path. The only difference in the setting of the present

article is that we have the same problem when x ∈ B(v, l/2), since we cannot change the

endpoint. But this can be treated in the same way as the case 0 ∈ B(v, l/2).

Finally, in the following remark, we explain a technical point which forces us to work

under µN,x(·) = P⊗P(· | τO > τNx ) instead of P⊗P(· | τO > N,SN = x).

Remark 6.5.12. In the case that B(v, l/2) is rarely visited, we deform the random walk

path to avoid B(v, l/2), which may lengthen the path. Therefore the condition SN = x is

not preserved by the above argument but τO > τNx is. This is why we work with µN,x.

6.6 Time spent outside the vacant ball

In this section, we prove several results concerning the behavior of the random walk outside

the vacant ball B− defined in (6.5.6). The first one, Proposition 6.6.1 to be proved in

Section 6.6.1, shows that the random walk does not spend too much time before the first

visit and after the last visit to the ball B−. The second one, Proposition 6.6.2 to be proved in

Section 6.6.2, shows that between the first and last visit to B−, the random walk is confined

in a slightly larger ball. By the same argument, we show in Corollary 6.6.4 that the random

walk returns to B− frequently between the first and the last visit to B−.

Let us write τ←
B− for the last visit to B− before τNx , which is the first hitting time of B−
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by the time-reversed random walk.

6.6.1 First and last visits to the vacant ball

Proposition 6.6.1. Let δN,x and xN be as in (6.3.1) and Proposition 6.5.1, respectively.

There exist c6.6.1 > 0 such that when ε > 0 is small depending on d and p and |x| ≤ ε%dN ,

µN,x

(
τB− ≥ δc6.6.1N,x |xN |1%

2
N

)
≤ exp

{
−1

2(logN)2
}

(6.6.1)

and

µN,x

(
τNx − τ←B− ≥ δc6.6.1N,x |x− xN |1%2

N

)
≤ exp

{
−1

2(logN)2
}

(6.6.2)

for all sufficiently large N .

Proof. We give a proof of (6.6.1). One can prove (6.6.2) similarly by considering the time-

reversed random walk. Thanks to Proposition 6.5.1 and Lemma 6.5.4, we may assume that

there exists z ∈ B(0, 2N) such that

O ∩B(z, (1− δc6.5.1N,x )%N ) = ∅, (6.6.3)

Py

(
S[0,t] ∩

(
O ∪B−(z)

)
= ∅
)
≤ exp

{
−δ−c6.5.4

N,x %−2
N t
}

(6.6.4)

for all y ∈ B(0, 2N) and t ≥ δc6.5.4
N,x (logN)2%2

N . In particular, it follows that

P
(
τO ∧ τB−(z) > N/2

)
≤ exp

{
−cδ−c6.5.4N,x N

d
d+2

}
. (6.6.5)

Comparing with Proposition 6.4.1 and using that limε→0 limN→∞ δN,x = 0, we find that

the random walk hits B−(z) with high probability:

µN,x

(
(6.6.3), (6.6.4), τB−(z) > N/2

)
≤ exp

{
−cδ−c6.5.4N,x N

d
d+2

}
(6.6.6)
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for all sufficiently large N when ε is small. Now let us fix c6.6.1 < c6.5.4, z ∈ B(0, 2N),

y ∈ B−(z) and n ∈ [δc6.6.1N,x |z|1%2
N , N/2]. To prove (6.6.1), it suffices to show that

µN,x

(
(6.6.3), (6.6.4), τB−(z) = n, Sn = y

)
≤ exp

{
−(logN)3

}
(6.6.7)

since the number of possible choices of (y, z, n) is polynomial in N . We will only consider

|z|1 ≥ %N/2 since otherwise τB−(z) = 0 almost surely under µN,x. By using the Markov

property at time n and (6.6.4), we find that

P
(
τB−(z) = n, Sn = y, τO > τNx

)
≤ P

(
τO > τB−(z) = n, Sn = y

)
Py

(
τO > τN−nx

)

≤ exp
{
−δ−c6.5.4N,x n%−2

N

}
Py

(
τO > τN−nx

)
.

(6.6.8)

In order to compare this with the partition function, let us fix a nearest neighbor path

π(0, z) of length |z|1 connecting 0 and z and consider the events

E1 = {S[0,|z|1] = π(0, z)}, (6.6.9)

E2 =
{
S[|z|1,n−%2

N ] ⊂ B(z, %N/2)
}
, (6.6.10)

E3 =
{
S[n−%2

N ,n] ⊂ B(z; (1− δc6.5.1N,x )%N ), Sn = y
}
. (6.6.11)

Note that on the event {(6.6.3), O∩π(0, z) = ∅}, we have E1∩E2∩E3 ⊂ {Sn = y, τO > n}.

Therefore by the Markov property and |z|1 ≤ δ−c6.6.1N,x n%−2
N , we get

P
(
τO > τNx

)

≥ P(E1)P(E2 | S|z|1 = z) inf
w∈B(z,%N/2)

P(E3 | Sn−%2
N

= w)Py

(
τO > τN−nx

)

≥
(

1

2d

)|z|1
exp

{
−c(n− %2

N − |z|1)%−2
N

} c

%d+1
N

Py

(
τO > τN−nx

)

≥ exp
{
−cδ−c6.6.1N,x n%−2

N

}
Py

(
τO > τN−nx

)
,

(6.6.12)
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where we have used the random walk estimate (6.3.4) for the second and third factors in the

second line.

Now we use a slight variant of the switching argument in [23]. We first use the Markov

property at time n and (6.6.8) to obtain

P⊗P
(

(6.6.3), (6.6.4), τB−(z) = n, Sn = y, τO > τNx

)

≤ exp
{
−cδ−c6.5.4N,x n%−2

N

}
E
[
Py

(
τO > τN−nx

)
: (6.6.3)

]
.

(6.6.13)

Then we “switch” a given O satisfying (6.6.3) by removing the obstacles on π(0, z). Since

Py

(
τO > τN−nx

)
, (6.6.3) and {π(0, z)∩O = ∅} are all decreasing in O, we can use the FKG

inequality to obtain

E
[
Py

(
τO > τN−nx

)
: (6.6.3)

]

≤ p−|z|1E
[
Py

(
τO > τN−nx

)
: (6.6.3), O ∩ π(0, z) = ∅

]
.

(6.6.14)

Substituting this and (6.6.12) into (6.6.13) and recalling c6.6.1 < c6.5.4 and |z|1 ≤ δ−c6.6.1N,x n%−2
N

again, we find

P⊗P
(

(6.6.3), (6.6.4), τB−(z) = n, Sn = y, τO > τNx

)

≤ exp
{
−cδ−c6.5.4N,x n%−2

N

}
E
[
Py

(
τO > τN−nx

)
: (6.6.3), O ∩ π(0, z) = ∅

]
.

≤ exp
{
−c′δ−c6.5.4N,x n%−2

N

}
P⊗P

(
τO > τNx

)
(6.6.15)

for all sufficiently large N . Recalling n ≥ δc6.6.1N,x |z|1%2
N and |z|1 ≥ %N/2, this implies (6.6.7)

and we are done.
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6.6.2 Confinement between the first and last visits to the vacant ball

Let us introduce a ball concentric to B− with a larger radius by

B+(z) = B(z, (1 + δ
c6.5.4/2
N,x (logN)3)%N ),

B+ = B+(xN ).

(6.6.16)

Note that by our definition of δN,x in (6.3.1), this is much larger than B−, see (6.5.6), when

|x| is close to %dN . We will explain the reason in Remark 6.6.3. In the following proposition,

we show that S[τB− ,τ
←
B− ] is confined in B+ with high probability under µN,x.

Proposition 6.6.2. When ε > 0 is small depending on d and p and |x| ≤ ε%dN ,

µN,x

(
S[τB− ,τ

←
B− ] 6⊂ B+

)
≤ exp

{
−1

3(logN)2
}

(6.6.17)

for all sufficiently large N .

Proof. Throughout this proof, we assume that (6.5.1) and (6.5.7) hold, that is, there exists

a vacant ball of radius almost %N and the outside is dangerous for the random walk.

Suppose that S[τB− ,τ
←
B− ] 6⊂ B+. Then since we know 0 ≤ τB− < τ←B < τNO from

Proposition 6.6.1, there exist [t1, t2] ⊂ [τB− , τ
←
B− ] such that St1 , St2 ∈ ∂B−,

S[t1,t2] ∩
(
O ∪B−

)
= ∅ and S[t1,t2] ∩ (B+)c 6= ∅. (6.6.18)

Therefore, by using the union bound and the Markov property, we have

P
(
S[τB− ,τ

←
B− ] 6⊂ B+, τO > τNx

)

≤
∑

t1,t2,x1,x2

P
(
St1 = x1, τO > t1

)
Px1((6.6.18), St2−t1 = x2)Px2

(
τO > τN−t2x

)
,

(6.6.19)

where the above sum runs over 0 ≤ t1 < t2 ≤ 2N and x1, x2 ∈ ∂B−. We are going to show
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that the middle term on the right-hand side of (6.6.19) is much smaller than the probability

of

S[t1,t2+%2
N ] ⊂ B(xN , (1− δc6.5.1N,x )%N ) and St2+%2

N
= x2. (6.6.20)

Since we assumed (6.5.1), this in particular implies S[t1,t2+%2
N ] ∩ O = ∅. Let us first get a

lower bound on the probability of (6.6.20). Using (6.3.4), we obtain

min
x1,x2∈∂B−

Px1 ((6.6.20)) ≥ c

%d+2
N

exp
{
−c−1(t2 − t1)%−2

N

}
. (6.6.21)

Next we get an upper bound on the probability of (6.6.18) which splits into two cases.

Case 1: t2 − t1 ≥ δc6.5.4N,x (logN)2%2
N . In this case, we only consider the first condition

in (6.6.18). Then since we are assuming (6.5.7), we have

Px1((6.6.18)) ≤ exp
{
−δ−c6.5.4N,x %−2

N (t2 − t1)
}

≤ exp
{
−(logN)2

}
Px1 ((6.6.20))

(6.6.22)

for all sufficiently large N when ε is small.

Case 2: t2 − t1 ≤ δc6.5.4N,x (logN)2%2
N . In this case, we only consider the second condition

in (6.6.18), which implies that the maximal displacement of the random walk on [t1, t2] is

larger than δ
c6.5.4/2
N,x (logN)3%N . Then, the Gaussian heat kernel estimate and the reflection

principle yield

Px1((6.6.18)) ≤ exp



−c

(δ
c6.5.4/2
N,x (logN)3%N )2

t2 − t1





≤ exp
{
−(logN)2

}
Px1 ((6.6.20))

(6.6.23)

for all sufficiently large N when ε is small.
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Substituting (6.6.22) and (6.6.23) into (6.6.19), we find that

P
(
S[τB− ,τ

←
B− ] 6⊂ B+, τO > τNx

)

≤ exp
{
−(logN)2

} ∑

t1,t2,x1,x2

P

(
St1 = x1, St2−t1+%2

N
= x2, τO > τ

N+%2
N

x

)

≤ cN2+2d exp
{
−(logN)2

}
P
(
τO > τNx

)
,

(6.6.24)

where in the last line, we have used that t1, t2 ∈ [0, 2N ] and x1, x2 ∈ B(0, 2N) (recall

Remark 6.4.3). Integrating both sides with respect to P, we complete the proof of (6.6.17).

Remark 6.6.3. The super-polynomial rate of decay in (6.6.17) will be used later in the

proof of Theorem 6.1.5. To achieve this, as well as to counterbalance the factor N2+2d in

the last step of the proof, we had to include (logN)2 factor in the condition for t2 − t1 in

Case 1 since δN,x can be as large as ε. Then in Case 2, we needed an extra (logN)3 factor

in the displacement. This is why we included (logN)3 in (6.6.16).

By the same argument, we can show that the random walk returns to B− frequently.

This result will be used later to replace our condition {τO > τNx } by {τO > N,SN = x}

when x is close to 2%Neh.

Corollary 6.6.4. For any |x| ≤ 3%N ,

µN,x

(
∃k ∈ [τB− , τ

←
B− − %

2
N ], S[k,k+%2

N ] ∩B
− = ∅

)
≤ exp

{
−1

3(logN)2
}

(6.6.25)

for all sufficiently large N .

Proof. This can be proved in the same way as Proposition 6.6.2. We again assume that (6.5.1)

and (6.5.7) hold. If S[k,k+%2
N ]∩B− = ∅, then we take t1 (and t2) to be the last (resp. first) visit

toB− before k (resp. after k+%2
N ). This probability can be bounded by exp{−δ−c6.5.4N,x %−2

N (t2−
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t1)} by (6.5.7). Comparing this with (6.6.21) and recalling that δN,x = %
−1/5
N when

|x| ≤ 3%N , we obtain (6.6.25) as before.

6.7 Cost for the first and last pieces

In this section, we estimate the cost for the random walk to move from 0 to B− and B−

to x. Although it is natural to expect that they are measured by the Lyapunov distances

distβ(0, B−) and distβ(x,B−), we will formulate the bound under the additional restriction

that xN is fixed to be a generic point and it requires some preparation. The motivation for

this formulation will be clear in Corollary 6.7.2.

For each |x| ≤ ε%dN and z ∈ B(0, 2N), we introduce

tout(x, z) = δc6.6.1N,x (|z|1 + |x− z|1)%2
N . (6.7.1)

and define a good event by

G(z) =
{
O ∩B(z, (1− δc6.5.1N,x )%N ) = ∅, (6.7.2)

B−(z) ⊂ S[τB−(z),τ
←
B−(z)

] ⊂ B+(z) \ O, (6.7.3)

τ←B−(z) − τB−(z) ≥ N − tout(x, z)
}
. (6.7.4)

This event G(z) morally corresponds to {xN = z} but is more explicit in the strategy of the

random walk and the obstacle configuration. Thanks to Propositions 6.5.1, 6.6.1 and 6.6.2,

we know that

µN,x


 ⋃

z∈B(0;2N)

G(z)


 ≥ 1− exp

{
−1

5
(logN)2

}
(6.7.5)

for all sufficiently large N .
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In this section, we are going to find an upper bound on

P⊗P
(
τO > τNx , G(z)

∣∣∣ τO > N
)

(6.7.6)

by considering the following event that contains {τO > τNx } ∩G(z):

{
S[0,τB+(z)]

∩ O = ∅
}
∩
{
S[τB−(z),τ

←
B−(z)

] ∩ O = ∅, (6.7.3)

}
∩
{
S[τ←

B+(z)
,τNx ] ∩ O = ∅

}
,

(6.7.7)

where note that we stop the first piece of random walk and the last reversed walk upon hitting

B+(z), which is before hitting B−(z). If we further specify the times τB−(z) and τ←
B−(z)

and

locations of the random walk at these times, then the second event is independent of the

other two events and has P⊗P-probability not much larger than P⊗P(τO > N) by (6.7.4).

If the first and the third events in (6.7.7) were independent, then their P ⊗ P-probabilities

would decay exponentially in distβ(0, B−) and distβ(x,B−), respectively.

However, the first and the third events in (6.7.7) are not independent under P since the

corresponding pieces of random walk path may overlap. For this reason, we will consider

shorter pieces of the random walk path so that their survival depend on disjoint parts of

environment. Let us denote the ball with respect to the Lyapunov norm in Definition 6.1.3

by

B (u; r) =
{
v ∈ Zd : β(u− v) ≤ r

}
(6.7.8)

and introduce

r(z) = distβ(0, B+(z)), (6.7.9)

r(x, z) = distβ(x,B+(z) ∪ B (0; r(z))). (6.7.10)

Then by stopping the random walk and the time-reversed walk upon exiting B (0; r(z)) and

B (x; r(x, z)), respectively, we find shortened paths which stay in disjoint sets (see Figure 6.2).
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Figure 6.2: The convex shapes around 0 and x are the balls with respect to the Lyapunov
norm with radius r(0, z) and r(x, z), respectively. The Euclidean ball centered at z is B+(z)

that has radius (1 + δ
c6.5.4/2
N,x (logN)3)%N . In the left picture, B (x; r(x, z)) touches B+(z)

while in the right picture it touches B (0; r(z)).

We are now ready to state the main result of this section.

Proposition 6.7.1. When ε > 0 is small depending on d and p, |x| ≤ ε%dN and z ∈ B(0, 2N),

P⊗P
(
τO > τNx , G(z)

∣∣∣ τO > N
)

≤ exp
{
−(1− ε)(r(z) + r(x, z)) + δ

c6.6.1/2
N,x (|z|1 + |x− z|1) + (logN)2

} (6.7.11)

for all sufficiently large N .

Proof. Let us fix k, l ∈ [0, 2N ] satisfying

l − k ≥ N − tout(x, z)

= N − δc6.6.1N,x (|z|1 + |x− z|1)%2
N ,

(6.7.12)

and define

G(z; k, l) =
{
O ∩B(z, (1− δc6.5.1N,x )%N ) = ∅, B−(z) ⊂ S[k,l] ⊂ B+(z) \ O

}
. (6.7.13)
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We further introduce x1, x2 ∈ B−(z) and start by rewriting

P⊗P
(
τO > τNx , τB− = k, Sk = x1, G(z), τ←B− = l, , Sl = x2

)

= P⊗P
(
τB−(z) = k, Sk = x1, S[0,k] ∩ O = ∅, G(z; k, l),

τ←B−(z) = l, Sl = x2, S[l,τNx ] ∩ O = ∅
)
.

(6.7.14)

We will take a sum over k, l, x1, x2 in the end. We are going to estimate the costs for the

three pieces S[0,τB+(z)]
, S[k,l] and S[τ←

B+(z)
,τNx ] to avoid O separately. Noting that τB+(z) >

τB(0;r(z))c , we have

P
(
τB−(z) = k, Sk = x1, S[0,k] ∩ O = ∅

)
≤ P

(
τO > τB(0;r(z))c

)
(6.7.15)

and similarly, by considering the time-reversed random walk,

P
(
τ←B−(z) = l, Sl = x2, S[l,τNx ] ∩ O = ∅

)
≤ Px

(
τO > τB(x;r(x,z))c

)
. (6.7.16)

Since B (x; r), B (0; r(z))) and B+(z) are disjoint, the right-hand sides of the above two in-

equalities and P(G(z; k, l) | Sk = x1, Sl = x2) are independent under P. Therefore it follows

from (6.7.14) that

P⊗P
(
τO > τNx , τB− = k, Sk = x1, G(z), τ←B− = l, , Sl = x2

)

≤ P⊗P
(
τO > τB(0;r(z))c

)
· P⊗P

(
G(z; k, l) | Sk = x1, Sl = x2

)

· P⊗Px

(
τO > τB(x;r(x,z))c

)
.

(6.7.17)

We begin with the first and third factors. From [69, (0.5)] and the union bound, it follows
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that for any ε ∈ (0, 1),

P⊗P
(
τO > τB(0;r(z))c

)
≤ cNd exp {−(1− ε)r(z)} , (6.7.18)

P⊗Px

(
τO > τB(x;r(x,z))c

)
≤ cNd exp {−(1− ε)r(x, z)} , (6.7.19)

where cNd is a crude upper bound on |∂B (0; r(z)) | and |∂B (x; r(x, z)) |. For the second

factor in (6.7.17), we use (6.7.12) and the local central limit theorem to obtain

P (G(z; k, l) | Sk = x1, Sl = x2) ≤ Px1 (τO > N − tout(x, z) | Sl−k = x2)

≤ NcPx1 (τO > N − tout(x, z)) .

(6.7.20)

We further add a piece of random walk loop satisfying

S0 = Stout(x,z) = x1, S[0,tout(x,z)] ⊂ B(z, (1− δc6.5.1N,x )%N ) (6.7.21)

in order to recover τO > N . Due to (6.7.2), the additional cost can be controlled by the

random walk estimate (6.3.4) and the right-hand side of (6.7.20) is bounded by

Nc exp
{
cδc6.6.1N,x (|z|1 + |x− z|1)

}
Px1 (τO > N) . (6.7.22)

By the translation invariance of P and the union bound over x1 ∈ B(0, 2N), it follows that

P⊗P (G(z; k, l) | Sk = x1, Sl = x2)

≤ Nc exp
{
C6,1δ

c6.6.1
N,x (|z|1 + |x− z|1)

}
P⊗P (τO > N) .

(6.7.23)

Substituting (6.7.18), (6.7.19) and (6.7.23) into (6.7.17), we arrive at

P⊗P
(
τO > τNx , τB− = k, Sk = x1, G(z), τ←B− = l, , Sl = x2

∣∣∣ τO > N
)

≤ Nc exp
{
−(1− ε)(r(z) + r(x, z)) + C6,1δ

c6.6.1
N,x (|z|1 + |x− z|1)

}
.

(6.7.24)
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Summing over k, l ≤ 2N and x1, x2 ∈ B−(z), and choosing ε so small that C6,1δ
c6.6.1
N,x ≤

δ
c6.6.1/2
N,x , we obtain (6.7.11).

Proposition 6.7.1 measures not only the cost for the random walk to visit B−(z), but

also the cost as z varies. In the following corollary, we use it to show that if |x| is close to

2%N , then z must be near 1
2x. In addition, we show that the whole random walk path is

confined in a ball slightly larger than B+. This will be used in the proof of (6.1.12).

Corollary 6.7.2. Let h ∈ Rd and eh = h/|h|. When ε > 0 is small depending on d and p

and x ∈ B(2%Neh, ε%N ),

µN,x




⋃

z∈B(%Neh,ε
1/4%N )

G(z) ∩
{
S[0,τNx ] ⊂ B(%Neh, (1 + ε1/5)%N )

}



≥ 1− exp
{
−1

4(logN)2
}

(6.7.25)

for all sufficiently large N .

Proof. Note first that when x ∈ B(2%Neh; ε%N ), Proposition 6.4.1 yields

P⊗P
(
τO > τNx

∣∣∣ τO > N
)
≥ exp {−cε%N} . (6.7.26)

Let us prove that we can discard G(z) with z not close to %Neh. For any x ∈ B(2%Neh, ε%N )

and z 6∈ B(%Neh, ε
1/4%N ), we have

r(z) + r(x, z) ≥ cε1/2%N . (6.7.27)

Substituting this into (6.7.11) and comparing with (6.7.26), we find that for any z 6∈

B(%Neh; ε1/4%N ),

µN,x (G(z)) ≤ exp
{
−cε1/2%N

}
. (6.7.28)

Next we prove the confinement part. By Proposition 6.6.2 and what we have just proved,
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we may assume that

G(z) holds for some z ∈ B(%Neh, ε
1/4%N ) and S[τB−(z),τ

←
B−(z)

] ⊂ B+(z). (6.7.29)

Therefore, the random walk can exit B(%Neh; (1 + ε1/5)%N ) only during the time interval

[0, τB−(z)] or [τ←
B−(z)

, τNx ]. We first consider the former case. In this case, we use the strong

Markov property at the first exit time from B(%Neh; (1 + ε1/5)%N ). Starting from the exit

time, we repeat the proof of Proposition 6.7.1. Then the cost for the first piece of the random

walk becomes the Lyapunov distance between B(%Neh; (1 + ε1/5)%N )c and B+(z), which is

larger than cε1/5%N . Thus it follows for any z ∈ B(%Neh; ε1/4%N ) that

P⊗P
(
τO > τNx , G(z), S[0,τB− ] 6⊂ B(%Neh, (1 + ε1/5)%N )

∣∣∣ τO > N
)

≤ exp
{
−cε1/5%N

} (6.7.30)

and comparing with (6.7.26), we conclude that

µN,x

(
G(z), S[0,τB− ] 6⊂ B(%Neh, (1 + ε1/5)%N )

)
≤ exp

{
−cε1/5%N

}
. (6.7.31)

By the same argument, we get the same bound for the probability that the random walk

exits from B(%Neh; (1 + ε1/5)%N ) during the time interval [τ←
B−(z)

, τNx ] and we are done.

Remark 6.7.3. As long as |x| ≤ (2 + ε)%N , we can follow the same argument as above

to prove that the random walk path S[0,N ] is confined in some B(z; (1 + ε1/5)%N ) which

contains both 0 and x, and also S[0,N ] covers a slightly smaller ball with the same center.

6.8 Proof of the upper bound in Theorem 6.1.4

In this section, we prove the following proposition, which in particular implies the upper

bound in Theorem 6.1.4. Combined with the lower bound proved in Section 6.4, it completes

the proof of Theorem 6.1.4.
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Proposition 6.8.1. There exists c6.8.1 > 0 such that when ε > 0 is small depending on d

and p and (2 + ε)%N ≤ |x| ≤ ε%dN ,

P⊗P (SN = x | τO > N) ≤ exp
{
−(1− εc6.8.1)distβ(x,B(0, 2%N ))

}
(6.8.1)

for all sufficiently large N .

Proof. By the fact {SN = x, τO > N} ⊂ {τO > τNx } and (6.7.5), we have

P⊗P (SN = x, τO > N) ≤ (1 + o(1))P⊗P


τO > τNx ,

⋃

z∈B(0;2N)

G(z)


 (6.8.2)

as N →∞. Therefore, it suffices to bound P⊗P(τO > τNx ,
⋃
z∈B(0;2N)G(z) | τO > N) by

the right-hand side of (6.8.1). We can bound this probability by using Proposition 6.7.1 and

the union bound as follows:

P⊗P


τO > τNx ,

⋃

z∈B(0;2N)

G(z)

∣∣∣∣∣∣
τO > N




≤
∑

z∈B(0;2N)

P⊗P
(
τO > τNx , G(z)

∣∣∣ τO > N
)

≤ cNd exp

{
− inf
z∈B(0,2N)

[
(1− ε)(r(z) + r(x, z))− δc6.6.1/2N,x (|z|1 + |x− z|1) + (logN)2

]}
.

(6.8.3)

Let us first consider the case |x| ≤ %
d−1/2
N and prove that for any z ∈ B(0, 2N),

r(z) + r(x, z) ≥ distβ(x,B(0, 2%N )) + o(%N ) (6.8.4)

as N →∞. We may assume that r(x, z) = distβ(x,B+(z)), that is, we are in the situation

of the left picture in Figure 6.2. Otherwise, we can decrease the left-hand side of (6.8.4) by
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moving z to the point where B (0; r(z)) touches B (x; r(x, z)). Then for any r > 0, we have

min
{
r(z) + distβ(x,B(z, %N )) : z ∈ B(0, 2N), r(z) = r

}

≥ min
{
β(u) + β(x− (u+ v)) : u ∈ ∂B (0; r) , v ∈ B(0, 2(1 + δ

c6.5.4/2
N,x (logN)3))%N )

}

(6.8.5)

by choosing u and u+v so that β(u) = distβ(0, B+(z)) and β(x−(u+v)) = distβ(x,B+(z)),

respectively. Since β(·) is a norm, the above is further bounded from below by

min
{
β(x− v) : v ∈ B(0, 2(1 + δ

c6.5.4/2
N,x (logN)3)%N )

}
≥ distβ(x,B(0, 2%N )) + o(%N )

(6.8.6)

as N →∞, in the case |x| ≤ %
d−1/2
N . Since r > 0 was arbitrary, this proves (6.8.4).

Next, by the assumption |x| ≥ (2 + ε)%N and (6.8.4), we have r(x) + r(x, z) ≥ cε|x| and

hence for |z| ≤ 2|x|,

|z|1 + |x− z|1 ≤ cε−1(r(z) + r(x, z)). (6.8.7)

This bound remains valid for |z| > 2|x| since r(z) ≥ c|z| and |z|1 + |x − z|1 ≤ 3|z| in this

case. Substituting (6.8.7) and (6.8.4) into (6.8.3), we obtain the desired bound since in the

case |x| ≤ %
d−1/2
N , we have limN→∞ δN,x = 0.

In the other case |x| > %
d−1/2
N , it is easily seen that the size of B+(z) is negligible

compared with r(x) + r(x, z). Then it follows that

r(z) + r(x, z) = (β(z) + β(x− z))(1 + o(1))

= distβ(x,B(0, 2%N ))(1 + o(1))

(6.8.8)

and that

|z|+ |x− z| ≤ c (r(z) + r(x, z)) (6.8.9)

as N →∞. Using this bound instead of (6.8.4), we can complete the proof as before.
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Remark 6.8.2. In the case h = 0, Theorem 6.1.4 shows that µN (|SN | ≤ (2 + ε)%N )→ 1 as

N →∞. Combining this with Remark 6.7.3, we get a proof of (6.1.6).

6.9 Proof of Theorem 6.1.5

In this section we prove Theorem 6.1.5.

Proof of Theorem 6.1.5. Let us start by proving (6.1.13). We can deduce it from Propo-

sition 6.8.1 and the large deviation results in [69, 70] by a standard exponential tilting

argument [29, Theorem II.7.2]. But we provide a more direct argument which elucidates the

role of the assumption β∗(h) < 1.

Let us recall that by [70, Theorem 2.2],

lim
N→∞

µhN

(
|SN | ≤ ε%dN

)
= 1. (6.9.1)

Choosing x = 2%Neh in (6.4.1), we find the following lower bound on the partition function

of µhN :

E⊗ E
[
e〈h,SN 〉 : τO > N

]
≥ E⊗ E

[
e〈h,SN 〉 : τO > N,SN = 2%Neh

]

≥ e(2|h|−c6.4.1ε)%NP⊗P(τO > N).

(6.9.2)

On the other hand, we have

E⊗ E
[
e〈h,SN 〉 : τO > N,SN = x

]
≤ e(2|h|−cε1/2)%NP⊗P (τO > N) (6.9.3)

for all sufficiently small ε > 0 and x ∈ B(0, 2N) satisfying either of the following conditions:

1. 〈h, x〉 < (2|h| − ε1/2)%N , in which case we simply drop the constraints SN = x and

2. |x| > (2 + ε1/2)%N , in which case by Proposition 6.8.1, the subcriticality assumption
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Figure 6.3: The balls and hyperplane appearing in the proof of (6.1.13).

β∗(h) < 1, and taking y ∈ B(0, 2%N ) such that β(x− y) = distβ(x,B(0, 2%N )),

〈h, x〉 − distβ(x,B(0, 2%N )) ≤ 2%N |h|+ 〈h, x− y〉 − β(x− y)

≤ 2%N |h|+ β(x− y)(β∗(h)− 1).

(6.9.4)

Comparing (6.9.3) with (6.9.2) and summing over x ∈ B(0, 2N), we obtain

lim
N→∞

µhN

(
〈h, SN 〉 ≥ (2|h| − ε1/2)%N and |SN | ≤ (2 + ε1/2)%N

)
= 1 (6.9.5)

for sufficiently small ε > 0. Since

{
x : 〈h, x〉 ≥ (2|h| − ε1/2)%N

}
∩B(0, (2 + ε1/2)%N ) ⊂ B(2%Neh; cε1/4%N ) (6.9.6)

for small ε (see Figure 6.3), the proof of (6.1.13) is completed.

312



Next we turn to the proof of (6.1.12). Since we have already proved (6.1.13), we have

µhN (A) =
∑

x∈B(2%Neh,ε%N )

µhN (SN = x,A) + o(1) (6.9.7)

for any event A as N →∞. Let us now introduce the pinned measure

µ̃N,x(·) = P⊗P(· | SN = x, τO > N). (6.9.8)

We assume the following lemma for the moment.

Lemma 6.9.1. There exists c6.9.1 > 0 such that for any |x| ≤ 3%N and any event A,

µ̃N,x(A) ≤ Nc6.9.1µN,x(A) (6.9.9)

for all sufficiently large N .

This lemma implies that the summand in (6.9.7) can be estimated as

µhN (SN = x,A) = e〈h,x〉µ̃N,x (A)
P⊗P (SN = x, τO > N)

E⊗ E
[
e〈h,SN 〉 : τO > N

]

≤ e〈h,x〉µ̃N,x (A)
P⊗P (SN = x, τO > N)

E⊗ E
[
e〈h,SN 〉 : SN = x, τO > N

]

= µ̃N,x (A)

≤ Nc6.9.1µN,x (A) .

(6.9.10)

Now we choose A to be the event




⋃

z∈B(%Neh,ε
1/4%N )

G(z) ∩
{
S[0,τNx ] ⊂ B(%Neh, (1 + ε1/5)%N )

}



c

(6.9.11)

Since the µN,x probability of this event decays super-polynomially by Corollary 6.7.2, so does

the left-hand side of (6.9.10). Coming back to (6.9.7) and recalling (6.7.3) in the definition
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of G(z), we conclude that

µhN

(
B(%Neh,

(
1− ε1/3

)
%N ) ⊂ S[0,N ] ⊂ B(%Neh,

(
1 + ε1/3

)
%N )

)
→ 1 (6.9.12)

as N →∞. Since this holds for all sufficiently small ε > 0, we complete the proof of (6.1.12).

Proof of Lemma 6.9.1. We are going to prove

P⊗P
(
τO > τNx

)
≤ NcP⊗P (SN = x, τO > N) . (6.9.13)

From this and {SN = x, τO > N} ⊂ {τO > τNx }, we can deduce (6.9.9). The proof

of (6.9.13) relies on a path switching argument: we show that a path with τO > τNx can be

shortened to satisfy SN = x and τO > N without paying too much cost. To this end, let us

define a good event by

G′ =
{
O ∩B(xN , (1− δc6.5.1N,x )%N ) = ∅, (6.9.14)

τB− ∨
(
τNx − τ←B−

)
≤ εN, (6.9.15)

S[τB− ,τ
←
B− ] ⊂ B+, (6.9.16)

∀k ∈ [τB− , τ
←
B− − %

2
N ], S[k,k+%2

N ] ∩B
− 6= ∅.

}
(6.9.17)

Under the assumption |x| ≤ ε%dN , by Propositions 6.5.1 , 6.6.1 and 6.6.2 and Corollary 6.6.4,

we have

P⊗P
(
τO > τNx

)
= (1 + o(1))P⊗P

(
τO > τNx , G

′
)

(6.9.18)

as N →∞, and hence it suffices to bound the right-hand side.

Now suppose that τNx = N + l < τO and G′ holds, where we may assume l ≤ N

by Corollary 6.4.2. Then from (6.9.15) and (6.9.17), it follows that there exists m ∈ [l +

%2
N , l+ 2%2

N ] such that SτB−+m ∈ B−(z). We make a case distinction according to τB− = n
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(0 ≤ n ≤ εN) and use the Markov property at time n and n+m to obtain

P⊗P
(
τO > τNx = N + l, G′

)

≤
∑

n≤εN

∑

m∈[l+%2
N ,l+2%2

N ]

∑

y,z∈B−
E
[
p
Zd\O
n (0, y)pB

+

m (y, z)p
Zd\O
N+l−m−n(z, x) : (6.9.14)

]
,

(6.9.19)

where pUn (x, y) stands for the transition probability of the random walk killed upon existing

from U (see below (6.3.3)). We are going to shorten the time in pB
+

m (y, z). Since pB
+

m (y, z) ≤

1, pB
−

m−l(y, z) ≥ c%−d−1
N by [53, Proposition 6.9.4], and B− ⊂ Zd \ O by (6.9.14), we have

pB
+

m (y, z) ≤ NcpB
−

m−l(y, z)

≤ Ncp
Zd\O
m−l (y, z).

(6.9.20)

Substituting this into (6.9.19) and summing over l ≤ N , we obtain

P⊗P
(
τO > τNx , G

′
)
≤ NcP⊗P (SN = x, τO > N) (6.9.21)

and we are done.
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[35] J. Gärtner and S. A. Molchanov. Parabolic problems for the Anderson model. I. Inter-

mittency and related topics. Comm. Math. Phys., 132(3):613–655, 1990.

[36] D. Gilbarg and N. S. Trudinger. Elliptic partial differential equations of second order.

Classics in Mathematics. Springer-Verlag, Berlin, 2001. Reprint of the 1998 edition.

[37] P. Grassberger and I. Procaccia. Diffusion and drift in a medium with randomly dis-

tributed traps. 1982.

[38] G. R. Grimmett and J. M. Marstrand. The supercritical phase of percolation is well

behaved. Proc. Roy. Soc. London Ser. A, 430(1879):439–457, 1990.

[39] P. M. Gruber and J. M. Wills, editors. Handbook of convex geometry. Vol. A, B. North-

Holland Publishing Co., Amsterdam, 1993.

[40] R. R. Hall. A quantitative isoperimetric inequality in n-dimensional space. J. Reine

Angew. Math., 428:161–176, 1992.

[41] W. Hansen and N. Nadirashvili. Isoperimetric inequalities in potential theory. In Pro-

ceedings from the International Conference on Potential Theory (Amersfoort, 1991),

volume 3, pages 1–14, 1994.

319



[42] D. Ioffe. Multidimensional random polymers: a renewal approach. In Random walks,

random fields, and disordered systems, volume 2144 of Lecture Notes in Math., pages

147–210. Springer, Cham, 2015.

[43] D. Ioffe and Y. Velenik. The statistical mechanics of stretched polymers. Braz. J.

Probab. Stat., 24(2):279–299, 2010.

[44] D. Ioffe and Y. Velenik. Self-attractive random walks: the case of critical drifts. Comm.

Math. Phys., 313(1):209–235, 2012.

[45] H. Kesten. On the speed of convergence in first-passage percolation. Ann. Appl. Probab.,

3(2):296–338, 1993.

[46] H. Kesten and Y. Zhang. The probability of a large finite cluster in supercritical

Bernoulli percolation. Ann. Probab., 18(2):537–555, 1990.

[47] M. Kolb and M. Savov. Conditional survival distributions of Brownian trajectories in

a one dimensional Poissonian environment in the critical case. Electron. J. Probab.,

22:Paper No. 14, 29, 2017.

[48] W. König. The parabolic Anderson model. Pathways in Mathematics.

Birkhäuser/Springer, [Cham], 2016. Random walk in random potential.

[49] E. Kosygina and T. Mountford. Crossing velocities for an annealed random walk in a

random potential. Stochastic Process. Appl., 122(1):277–304, 2012.

[50] T. Kumagai. Random walks on disordered media and their scaling limits, volume 2101

of Lecture Notes in Mathematics. Springer, Cham, 2014. Lecture notes from the 40th

Probability Summer School held in Saint-Flour, 2010, École d’Été de Probabilités de
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