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ABSTRACT

The random walk among Bernoulli obstacles model describes a system in which particles
move randomly in a space containing random traps. More precisely, obstacles are placed
independently at sites in Z¢ (d > 2) with probability p € (0,1), and the random walk is
killed if it hits one of these obstacles. Of interest to this study is the random walk’s behavior,
conditional on the event that it survives for a long time.

The most prominent feature of the model is a strong localization effect: the conditioned
random walk will be localized in a tiny region. This is closely related to the so-called
Anderson localization studied in condensed matter physics.

The past 40 years have seen many important contributions to explicating the localization
phenomenon, notably Donsker and Varadhan’s large deviation results [27] and Sznitman’s
method of enlargement of obstacles (see e.g. his monograph [75]). However, the understand-
ing of the random walk’s path behavior remains incomplete. This is because, in part, the
required analysis usually has to reach a level far beyond the large deviation results.

This thesis investigates the behavior of the random walk path in the obstacle model. The
contents are based on joint works [24, 25, 23, 21, 22] with Jian Ding, Ryoki Fukushima, and
Rongfeng Sun.

Under the quenched law, we will show that the random walk conditional on survival up
to time N will first rush to a small ball that is free of obstacles and of volume asymptotically
dlogy s, N, and then be localized there until time N.

Under the annealed law, it was known that [66, 12, 63] for any d > 2, the random
walk range is contained in a ball of radius C'N Wl?, and for d = 2 it also contains a ball of
asymptotically the same radius. We will show that the latter is also true for d > 3, and we
give a bound for the boundary size of the random walk range.

Under the annealed law with bias, the model undergoes a phase transition from the
sub-ballistic regime to the ballistic regime, depending on the size of the bias. We show the

following description of the behavior of the random walk in the sub-ballistic regime: the

X



1
random walk is contained in a ball of radius C'N @+2 and the endpoint lies near a fixed point

on the boundary of this ball.



CHAPTER 1
INTRODUCTION

1.1 Random walk among Bernoulli obstacles and related models

Independently for each z € Z%, an obstacle is placed at = with probability p € (0,1). This
generates the so-called Bernoulli obstacle configuration and serves as the role of a random
environment. Then, we let S := (Sy),>0 be a discrete time simple symmetric random walk
on Z®. The random walk is killed at the moment it hits an obstacle (called hard obstacles),
namely, at the stopping time 7 := min{n > 0 : S, € O} where O denotes the set of sites
occupied by the obstacles.

The most prominent phenomenon in this model is the random walk’s strong localization
effect; that is, the random walk will be localized in a tiny region, conditional on survival for
a long time.

The precise meaning of “conditional” here depends on the measure being considered.
There are two types of measures for this model; the localization effect occurs in both of the
settings. We denote by P and P the probabilities for the random walk and the obstacles,
respectively. The first type is the quenched law P(S € - | 7o > N), where we first fix an ob-
stacle configuration, and then consider the conditional law for the random walk. The second
type is the annealed law puy =P @ P((S,0) € - | 70 > N), where we consider the condi-
tional law in the product measure; this is equivalent to the average over all environments, in
the sense that the marginal probability weight for each environment is proportional to the
survival probability in that environment.

Several related models should also be mentioned. There is a general framework contain-
ing our setting called the parabolic Anderson model, where the obstacles are replaced by

independent and identically distributed random potential {w(z)},.7q4. One is interested in



what happens under the measures

E®E [exp {Zi};l w(Sk)}  (S,w) € } " E [exp {Z{f:l w(Sk)} S € ]
ERT S ST R S S W)

(1.1.1)

Formally, our model corresponds to the case where w takes value 0 or —oo. More generally,
if w is non-positive, the above weighted measures can be interpreted as the law of random
walk killed with probability 1 — e“(®) when it visits x, conditioned to survive until time N.
Thus w plays the role of repulsive impurities. On the other hand, positive w corresponds to
attractive impurities. There are various localization results depending on the distribution
of w. See, for example, the recent monograph by Koénig [48] for an up-to-date review. The
first measure in (1.1.1) is the annealed law, while the second measure is conditioned on the

random potential and is the quenched law.

1.2 Background and related works

The first result dates back to Donsker—Varadhan’s work [27] which determined the leading
exponential order asymptotic of the annealed survival probability, which can be regarded as

the “partition function” of a self-attracting polymer model. The main result of [27] reads:
d
P® P(rp > N) :exp{—cNC“r?(1+o(1))}, (1.2.1)

where ¢ is a constant depending only on (d, p).

In fact, Donsker—Varadhan studied this problem in the continuum setting first in [26] as
the asymptotics of the moment generating function of the Wiener sausage. This corresponds
to a space-time continuum analogue of a random walk among Bernoulli obstacles, known
as a Brownian motion among Poissonian obstacles, where each obstacle takes a fixed shape
(e.g., a ball) and the centers of the obstacles follow a homogeneous Poisson point proces

on R?. This model has been studied extensively and most of the results can be found in
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Sznitman’s celebrated monograph [75]. The core of the method of Sznitman, called the
method of enlargement of obstacles, is translated to the discrete setting in [6, 9]. Therefore,
most of the results in the continuum setting can be converted to the discrete setting. For
this reason, in this section we will not explicate in which setting a result has been proved.
The argument of Donsker—Varadhan indicates that the dominant contribution to the

partition function comes from the strategy of finding a ball of optimal radius

Oam N = (Ly&?wb (1.2.2)
ant, dlog(1/p) ’

which is free of obstacles and the random walk is confined in that ball up to time N. It was

later proved that this is what happens under the annealed measure [67, 12, 63].

Theorem A. For any d > 2, there exists €1 € (0,1) and Xy € 74 depending only on the
obstacle configuration O, such that Xy € B(0, 0ann,N), the ball of radius oany N centered at
0, and

. €
ngnoo KN (S[OJV] = B(XN’ Qann,N T QainyN» =1 (1'2'3)

Furthermore, for d =2 and for any € € (0,1),

Al pn (B(xy, (1= €)0ann,n) C Spo,n7) = 1. (1.2.4)

These formulations of confinement are in fact far more precise than what Donsker—
Varadhan’s argument suggests. Their argument is based on the large deviation principle
for the empirical measure, and thus it only indicates that the random walk spends most of
the time in the ball. An explanation can be found in [13, Section 2.5].

The same problem in the quenched setting was far more challenging; it was studied first

in [68, 74] and the leading exponential order asymptotics for the survival probability was



first derived in [68], which says P-a.s. as n — oo
P(7 > n) = exp{—cn(log n)_Q/d(l +o(1))}, (1.2.5)

where ¢ is a constant depending only on (d, p).

The behavior of the random walk under the quenched law is different from that under
the annealed law. This is because in a typical environment the random walk will need to
search for an “island” on which to remain. In fact, one strategy for obtaining the lower
bound in (1.2.5) is to let the random walk travel the minimal possible steps to the largest
ball in [—n1+0(1), n1+0(1)]d which is free of obstacles and connected to the origin, and then
stay in this ball until time n. By a straightforward computation, the radius of such a ball
should be asymptotic to

Oque,n ‘= (wgld logl/p n)l/d .

This suggests that under the quenched law, the random walk will be localized in a ball of
radius asymptotically oque,n. To explicate the random walk behavior under the quenched law
rigorously, Sznitman [71] proved the so-called “pinning effect” in 1996: There are n°() small
balls (called islands) of radii at most exp{(logn)X} with x € (0,1) such that the Brownian

motion will visit one of the islands randomly, and then remain in that island until time n.

Theorem B. For any d > 2, there exists £, C R® with |Ln| = no() depending only on the

obstacle configuration O such that

lim P H(z)<n, sup |Zs—z|< ellogn)* ‘ To>n)=1 P-as., (1.2.6)
n—oo (xgn{ SG[H(x),TL] 5 } )

where Z. is the Brownian motion and H(zx) is the hitting time of {y € R% : |z — y| < 1}.

The balls centered at sites in £, are “wonderlands” for the random walk. In fact, they
are defined as the good local regions where the probability cost for the random walk to

be localized in such regions are near the minimum. For this to happen, a delicate balance
4



between the Dirichlet eigenvalue of the island and the cost of reaching it (before being killed)
must occur. Further investigation of these islands, especially the so-called one city theorem
that with high probability the random walk is actually only localized in the best island, has
been intriguing, but challenging. This is because the probability costs of localizing in these

islands are similar — they have the same first exponential order.

1.3 Structure of the Thesis

This thesis is divided into three parts:

Quenched law

The main results we will prove under the quenched measure is that, roughly speaking, the
conditional random walk will be localized in a single ball of radius asymptotically oque,n, and
free of obstacles. This will be provided in Chapters 2-4, which are based on [24, 25, 23]. In
Chapter 2, we will prove several path properties of the random walk related to localization
and show that the random walk will be localized in a region of volume poly-logarithmic in n.
In Chapter 3, we establish the so-called one city theorem, which says that the random walk
will be localized in a single ball of radius asymptotically oque,n- In Chapter 4, we further
show that such a ball is free of obstacles, and we derive the limiting distributions of the

random walk at any fixed time conditional on survival.

Annealed law

We will study the annealed law in Chapter 5. Under the annealed measure, the confinement
property [66, 12, 63] says that for d > 2, the random walk range is contained in a ball of
radius Qann N + anm y for some a € (0,1) conditional on survival up to time N. On the
other hand, the random walk also visits each site of such a ball (except a thin layer near

the boundary) for d = 2. In fact, Bolthausen used the latter statement in his proof of the



localization and he conjectured that this remains true for d > 3.

In Chapter 5, we show that for any d > 2, the random walk range asymptotically contains
a ball of radius gapn N — ann, y for some a € (0,1). Thus, the boundary of the random
walk range fluctuates on a scale of at most ann, N fora € (0,1) around a sphere of radius
Oann,N- Identifying the precise scale of fluctuation is an extremely interesting, but also

challenging question. As a step in this direction, we show that its boundary is of size at

d—1

. v (108 Gann, ~)? for some b > 0. These results are based on [23].

most o

Annealed law with bias

We will study the biased random walk under the annealed measure in Chapter 6. This model
has been known to undergo a phase transition: for a large bias, the walk is ballistic whereas,
for a small bias, it is sub-ballistic. In 1995, Sznitman [69, 70] proved large deviation results
for the endpoint distribution of the unbiased random walk at scales larger than N df (d+2),
indicating that the random walk is contained in a ball of radius O(N df (d+2)) in the sub-
ballistic phase. Beyond this scale, the probability cost of the endpoint being far away from
the starting point is much smaller than the cost for the random walk to survive. Hence, a
more delicate analysis is needed.

In this chapter, we have improved Sznitman’s results by providing such large deviation
principles at scales between N 1/(d+2) anq o(N df (d+2)). Furthermore, we give a detailed
description of the behavior of the random walk in the sub-ballistic regime: the random walk
is contained in a ball of radius CNY/ (d+2), and the endpoint lies near the unique point on

the boundary of this ball, parallel to the bias. These results are based on [21].



CHAPTER 2
PATH PROPERTIES AND POLY-LOGARITHMIC
LOCALIZATION UNDER THE QUENCHED LAW

2.1 Introduction

2.1.1 Model and main results

For d > 2, we consider a random environment where each vertex of 7% is occupied by an
obstacle independently with probability 1 — p € (0,1). Given this random environment, we
then consider a discrete time simple random walk (S¢)scpy started at the origin and killed at
the first time 7 when it hits an obstacle. In this chapter, we study the quenched behavior
of the random walk conditioned on survival for a large time, and we prove the following
localization result. For convenience of notation, we use [P (and E) for the probability measure
with respect to the random environment, and use P (and E) for the probability measure
with respect to the random walk. We will assume p > pC(Zd), the critical threshold for site
percolation, and let P be the conditional measure for the environment given that the origin

is in an infinite open cluster. Our main result in this chapter is the following.

Theorem 2.1.1. For any fixed d > 2 and p > pc(Zd), there exists a constant ¢ = ¢(d, p) and
a collection of P-measurable subsets Dy, C 7.4 of cardinality at most (logn)¢ and of distance
at least n(log n)_100d2 from the origin, such that the following holds.

There exists a random time T € [0, cn(logn) =2/ such that

P(T <c|Sp,{Si:tel,n]} CDy|71> n) — 1 in P-probability. (2.1.1)

2.1.2 A word on proof strateqy

We will consider small regions whose volume is poly-logarithmic in n, and consider their

principal eigenvalues (formally, the principal eigenvalue for a region is the largest eigenvalue
7



for the transition kernel of the random walk killed upon hitting an obstacle or exiting the
region). The starting point of our proof is the crucial intuition that localization more or
less amounts to the phenomenon that the order statistics for principal eigenvalues in small
regions which are within distance n from the origin have non-small spacings near the edge
(i.e., near the extremum). Non-small spacings for principal eigenvalues near the edge plays an
important role in controlling the number of (which turns out to be at most poly-logarithmic
in n) small regions where the random walk will be localized in: Since the spacings are non-
small near the edge, this roughly speaking implies that any small region which is not one
of the best poly-logarithmic in n regions, is strictly suboptimal compared to the best small
region. That is to say, the random walk would prefer to stay in the best small region instead
of the union of all the suboptimal regions. In other words, the best poly-logarithmic in n
regions are the only possible regions for which the random walk would spend a substantial
amount of time. This implies the poly-logarithmic localization as desired. Next, we describe
our proof strategy in more detail.

Since principal eigenvalues in small regions are more or less i.i.d., such spacings near the
edge are determined by the tail behavior of principal eigenvalues: the heavier the tail is, the
larger the spacing is near the edge. To implement this intuition, we consider the survival
probability after a poly-logarithmic number of steps starting from each vertex in the box of
size n — such survival probabilities are closely related to principal eigenvalues in a region of
poly-logarithmic diameter (see Lemma 2.3.2). Here we have to choose the number of steps
ky, at least logarithmic in n, otherwise we will have too many starting points with survival
probability 1. What is important to us, is the fact that by choosing &, poly-logarithmic in
n, we already get a tail on such survival probabilities which is heavy enough for our purpose.

In light of the above discussions, a key task is to prove that the survival probability, viewed
as a random variable measurable with respect to the random environment, has non-light tails.
This is incorporated in Section 2.2. Note that there are many balls of radius 10_3(10g1 /p n)l/ d

which are free of obstacles and thus have atypically high survival probabilities for random



walks started inside. Thus, in light of our interest in spacings only near the edge of the
order statistics, it suffices to control the right tail of the survival probability that is far
away from its typical value. For vertices started from which the survival probabilities in kj,
steps are high, we can then a priori prove that the random walk spends at least a positive
fraction of steps in a set of cardinality O(logn) near this vertex (see Proposition 2.2.5). This
implies that there exists at least one vertex with large local times conditioned on survival
in ky, steps. Therefore, by removing the closest obstacle near this vertex we will be able to
add a significant fraction of paths and thus significantly improve the survival probability.
Finally, by controlling the cardinality of the preimage of this operation of removing an
obstacle, we obtain the desired tail behavior on survival probability, as shown in the proof
of Proposition 2.2.3.

With Proposition 2.2.3 at hand, we can then show in Lemma 2.3.3 that there are poly-
logarithmic many local regions that are candidates for localization, and any other regions
have significantly lower survival probabilities compared to the best candidate regions. Com-
bined with well-known tools from percolation theory, a positive fraction of the candidate
regions are connected to the origin by open paths of lengths which are linear in their Eu-
clidean distances from the origin. This is the content of Section 2.3.

Using ingredients from Section 2.3, we prove in Lemma 2.4.2 that conditioned on survival
the random walk with probability close to 1 visits one of the candidate regions, for the reason
that moving to the best reachable candidate region quickly and staying there afterwards
yields a much larger survival probability than never visiting any of the candidate regions.
Next, we prove in Proposition 2.4.3 that once the random walk reaches a candidate region
it is not efficient to move far away without entering another candidate region. Up to this
point, we have derived the poly-logarithmic localization as desired.

Finally, it remains to show that the amount of time for the random walk to reach the
region in which it is localized afterwards is at most linear in the Euclidean distance of this

region from the origin. To this end, we employ the notion of loop erasure for the random



walk, and show that the size of the loop erasure is at most linear and that the total size of

(erased) loops is also at most linear. This is the content of Section 2.5.

2.1.3 Notation convention

For notation convenience, we denote by O the collection of all obstacles (sometimes referred
to as closed vertices) and C(v) the open cluster containing v.

For A c 7%, write 9A = {x € A : y ~ zfor somey € A}, where  ~ y means
that x is a neighbor of y and 9;A = {x € A : y ~ x for some y € A°}. We denote by
Eg = inf{t > 0: S ¢ A} the first time for the random walk to exit from A, and by
T4 = inf{t > 0:S; € A} the hitting time to A. As having appeared earlier, we write 7 = 7¢)
for the survival time of the random walk.

For m € N* ={1,2,3,...}, we denote by S[O,m] ={S0,...,Sm} the range of the first m
steps of the random walk. A path is a sequence of vertices w = |wq, w1, ...,w|w|] where |w| is
its length and w;, w;41 are adjacent for 0 < i < |w| — 1. We say a path is open if all of its
vertices are open. For u,v € Zd, we say u <+ v if there exists an open path that connects u

and v. We define the chemical distance by
D(u,v) = inf{|w| : wp = u,w),| = v,w is open}. (2.1.2)

We denote the (2-distance by |u — v| = (Z?Zl(ul - vz-)Q) 172 We denote discrete ¢2-ball by
Bu,r)={zeZ%: |z —v| <r}.

We write A, < By, if there exits a constant C' > 0 depending only on (d,p) such that
Ap < CBy, for all n, and A, 2 By if B, < Ap. If Ay, 2 By and A, < By, we write

Ay < By,. A list of frequently used notation is compiled in Appendix 2.A.
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2.2 Tail behavior of survival probabilities

The main goal of this section is to prove right tail bounds on the survival probability, as
incorporated in Proposition 2.2.3 below (see also the discussions below Proposition 2.2.3 for

its proof strategy). To this end, for each vertex v € 7%, we let
Xy =PY7 > kp) (2.2.1)

be the probability that the random walk started at v survives for at least k;, steps, where

Ky is set as (we denote by |x] the greatest integer less than or equal to x for z € R)

| (logn)3(loglogn)?| if d = 2;
kn = (2.2.2)

| (log n)4—2/d] if d > 3.

We remark that there is no fundamental reason for our choice of kj: it has to be poly-
logarithmic in n so that it is “small”, and it has to be at least substantially larger than
(logn)?/% so that maX,cg(p,n) Xv = 0(1). We made our particular choice of ky for conve-
nience of analysis. Note that X, is a P-measurable random variable. As mentioned in the
introduction, it suffices to consider the right tail of X, far away from its typical value. For

reasons that will become clear soon, it is convenient to set the threshold as

B, = xFn/(og n)2/d

where x is a positive constant to be selected.

Lemma 2.2.1. There exists x = x(d,p) > 0 such that

P(Xy > By) = n L (2.2.3)

11



Proof. Since |B(v,r)| =< r?, there exists cd,p depending only on (d, p) such that
1/d cy > ,—d+1
P(B(cqp(logn)™ v) C 0% 2 n . (2.2.4)

When all vertices in B(cg p(log n)Y/? v) are open, the random walk with initial point v will
survive in &y steps if it stays in B(cg ,(log n)1/d v). Next, we estimate the probability for
the random walk to stay in a ball. This is a fairly simple and standard argument, which we

give only for completeness. It is clear that there exists ¢ = ¢(d) > 0 such that

min  P(S; € B(v,2r) for 0 <t < 12, S,2 € B(v,1)) > ¢
x€B(v,r)

for all » > 1. Now, set r = L2_1Cd7p(log n)}/4|. By having the random walk to stay within

B(v,2r) and to end in B(v,r) for every block of 72 steps, we obtain
PY(S; € B(v,2r),t = 0,1, ..., kp) > ckn/ ()41 (2.2.5)

Now, we can choose x = x(d,p) > 0 small enough so that ckn/(r?)+1 > By. Combining

(2.2.4) and (2.2.5), we complete the proof of the lemma. O

Remark 2.2.2. A sharp version of (2.2.5) with the exact large deviation rate was derived

in [27], but we do not need such sharp estimate here.

Lemma 2.2.1 justifies our choice of considering the right tail of X, only above the thresh-
old By for some small x > 0, since there is at least one site v € B(0,n) with X, > 3, and
thus the extremal level set is above fy. In what follows, we always choose x > 0 such that

(2.2.3) holds (and it will become clear that eventually we will choose a x > 0 depending only
on (d, p)).
Proposition 2.2.3. For all x > 0 and 8 > 3y, we have

P(Xy > f) < e 1K9P(Xy > e9 08 logn) +n~ (4D, (2.2.6)
12



where c9 1, c99 are positive constants only depends on (d, p, x).
The proof of Proposition 2.2.3 consists of two main ingredients:

(a) The random walk spends a positive fraction of steps in a subset of size O(logn) condi-
tioned on survival (in the case when the survival probability is at least ). Thus, there
exists at least one vertex x which is visited for many times on average conditioned on

survival.

(b) If we change the environment by removing the closest obstacle around = we will increase
the survival probability substantially, and this will lead to the desired tail estimate
(2.2.6).

We now describe how we prove (a), i.e., to control the support of the local times for the

random walk.

e We first show in Proposition 2.2.5 that conditioned on survival (in the case when the
survival probability is at least ), the random walk spends at least k;/2 steps on

c-good vertices (c.f. Definition 2.2.4).

e Next we show in Lemma 2.2.8 that each c-good vertex has to be contained in a “con-

nected” component of e-fair boxes (c.f. Definition 2.2.6) of volume at least Q(logn).

e Since e-fair only occurs with small probability by Lemma 2.2.7, we use a percolation
type of argument in Lemma 2.2.9 to show that c-good occurs very rarely, and then in

Lemma 2.2.10 that the number of c-good vertices is O(logn).

The “environment changing” argument as in (b) is carried out in the Proof of Propo-
sition 2.2.3, which itself is divided into three steps. One can see the discussions at the

beginning of Proof of Proposition 2.2.3 for an outline of its implementation.
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2.2.1 Support of local times

This subsection is devoted to proving (a), following the three steps outlined above.

Definition 2.2.4. A site v in Z% is called c-good if
PY(r > |(logn)?4)) > c. (2.2.7)

We first show that the random walk tends to spend many steps on c-good vertices.

Proposition 2.2.5. For any x > 0, there exists ¢ = ¢(x) > 0 such that for all environments:
P(7 > kp, |[{t < kn : St is a c-good site}| < kp/2) < By/2.
Proof. Let (g = —1 and for m > 1 recursively define
Cm = inf{t > (-1 + (log n)2/d; St is not c-good site} .
Write jp, = |kn/(2(log n)Q/d)j. By strong Markov property, we get that

Cm,Cm+|(logn

Note that on the event £ = {7 > ky, [{t < kp : St is a c-good site}| < ky/2}, we have
Cj, < kn < 7. Thus, we have P(E) < ¢n=1 Choosing an appropriate ¢ = ¢(y) completes

the proof of the proposition. n

Next we control the size of c-good vertices. For this purpose, we consider disjoint boxes
Kr(z) ={yeZ®: ||z —yloo <r} (2.2.8)

for z € (v + (2r +1)Z%) and r > 0 to be selected.

14



Definition 2.2.6. A box K,(x) is called e-fair if there exist u € K(x) such that

P >r? or 1 > Koy (x)) = €- (2.2.9)

In what follows, we carry out the last two steps in the outline of proving (a): we show
in Lemma 2.2.7 that the e-fair boxes are rare provided r = r(e) large enough, and in
Lemma 2.2.8 we show that a c-good point has to be in a cluster consisting of Q(logn)
many e-fair boxes. Combining these two lemmas, we can then bound the probability for a
vertex to be c-good as in Lemma 2.2.9, which leads to Lemma 2.2.10 on the O(log n) bound

for the number of c-good vertices in a box of radius k.

Lemma 2.2.7. For any € > 0, there exists r = r(e,d, p) such that
P(Ky(x) is e-fair) < €. (2.2.10)

Proof. Let y be an arbitrary vertex in K(z). By the independence of the environment and

random walk, we have

rl/2_1

E Py(|S[O7T2]| >rl2 0 7“2)] =P® Py<|5[07r2]| > 2 s ) <p (2.2.11)

and
E Py(T > gKQT(ZU)) =P® Py(T > €K2T(I)) < pT. (2.2.12)

In addition, note that in every r steps the random walk has a positive probability to visit

at least r1/2 distinct sites. Thus, there exists a constant ¢ > 0 such that

Py(|5[0 r2]| < T1/2) <e .

15



Combined with (2.2.11) and (2.2.12) it implies that

Z P(Py(T >rorr > Koy (2) 2 e) < (2r+ 1)d€—1(prl/2_1 +p e ).
yeK,(x)

Choosing r = r(e, d, p) large enough completes the proof of the lemma. O

We will always choose

_3d+1

e = min(c/2, (2d) ) and r = r(d, €, p) (2.2.13)

such that (2.2.10) holds. We fix v € 7% and define the adjacency relation for e-fair boxes

{K,(z), = € (v+ (2r + 1)Z%) to be the following:
Kp(z) ~ Kr(y) <= 32’ € Ky (2),y € Ky (y) sit. 2’ ~ . (2.2.14)

We next show that in order for a vertex v to be c-good, it requires v to be in a cluster
consisting of {2(logn) many e-fair boxes — here a cluster is a connected component where
each “vertex” corresponds to an e-fair box and the neighboring relation is given by (2.2.14).
Thus, ¢-good is a rare event. To this end, let L, be the subset of (v+ (2r 4+ 1)Z%) such that

{K,(z), © € Ly} is the cluster of e-fair boxes in B(v, h(logn)'/%) which contains v.

Lemma 2.2.8. For any ¢ > 0 and € satisfying (2.2.13), there exist | = l(d,c,€) and h =

h(d,c,€) such that v is not a c-good vertez if |Ly| < llogn.

Proof. For any d > 2, there exists a constant § = 6(d) such that

sup PY(S; =) < 0t~ Y2 for all t > 1.
reZd

Let m = | (logn)%/?| — 2. For all 0 < A < 1, there exists a constant h = h(A) such that

P (Sjgm C B(v,2  h(logn)!/¥)) > 1 - A (2.2.15)

16
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In addition, if |Ly| < llogn we have

E* Z LisicUper EKr@)} | = ZPU(Si € Uger, Kr(z))

i=1 =1
m
<lAml+ Y [User, Ki(x)|oim®?
i=|Am]+1

< Am +0(m — [Am])(2r + 1) Ly|[Am + 1] ~%2

< Am + GA*d/Q(Qr + 1)d2d/2ml ,
where the last inequality holds when logn > (2r)%. Setting
0<A<(c—e)/(3—3¢) and | = 2-¥2A1Hd/29=1 (9 4 1)~4

we get that

m
E' Y Useu,ep, Ko(a)} | < 28m.
=1

This implies that PY(¢" > m) < 2A, where & = inf{t > 0 : S; & Uer, Kr(z)}. Com-
bined with (2.2.15), it yields that with probability at least 1 — 3A the event {S[O,m] -
B(v,2 " h(logn)}/4), & < m} occurs. Further, on this event, we have that Sgr is not in an

e-fair box, and thus po¢ (7 > r2) < e. Therefore,
PY(r > [(logn)?/4)) <1— (1 -3A)(1—¢) <c. O
Lemma 2.2.9. There exists § = 6(c,d,p) > 0 such that
P(|Ly| > llogn) < n=o.

Proof. For all © € Ly, the number of points y € L, such that Ko.(x) N Ko, (y) # & is

at most 3%. Therefore, there exists a subset I of Ly, such that |I| > |Ly|/3% and that

17



Ko, (z) N Ko, (y) = @ for different z,y € L,. Hence events {K,(x) is e-fair} for z € I are
independent of each other. In addition, the number of connected components of |L;| boxes

2|Ly|

is no more than (2d) — this is a fairly standard combinatorial computation and one

could see, e.g., [80] for a reference. Therefore,

1 ; d
P(|Ly| > llogn) < > (2d)% /30 < gpllog(4d®e /¥
j>llogn

Combined with Lemma 2.2.8 and (2.2.13), it completes the proof of the lemma. O

Lemma 2.2.10. For all v € Z% and r > 0,

P(K}, (v) contains more than klogn c-good points) < IO
Proof. Write ¢ = 2[h(logn)/? + 2r]. Let K; = Ky, (v) N (i + qz% for i € {1,...,q}%. For

any fixed ¢, the events {|L,| > llogn} for v € K; are independent. Thus, for large n

P(K}, (v) contains more than xlogn c-good points)
< > P({veK;:|L|>1llogn}| > k/(3h))
ic{l,....q}d

<¢PBin(kd, n=%) > /(30)9) ,

where the last inequality follows from Lemma 2.2.9 and Bin(kg, n_(;) is a binomial random
variable with probability n~% and kg trials. At this point, the desired bound follows from a

standard large deviation estimate for Binomial random variables. O

Lemma 2.2.11. For v € Z%, let Gy = Gy(a, k) be the event that
(1) For every u € Ky, (v), there exists a closed site within distance a(log n)i/d.

(2) The number of c-good points in Ky, (v) is at most xlogn.

18



Then there ezist k, o > 0 depending only on (c,d,p) such that
P(Gy) > 1 — n~(2d+1)
Proof. Since |B(z, a(logn)/%)| > (a/d)*logn, we have that

P(There exists » € K}, (v) such that B(x, a(log n)l/d) NO = o)

< (2kn + 1)dp(a/d)dlogn‘

This addresses the first requirement for the event GG,,. The second requirement for G is
addressed in Lemma 2.2.10. Altogether, we conclude that P(Gy) > 1 — n~ 24+ with

appropriate choices of o and k, as desired. O

2.2.2  Enuvironment changing argument
We now prove Proposition 2.2.3.

Proof of Proposition 2.2.3. We choose ¢ = ¢(x) as in Proposition 2.2.5. The proof of

Proposition 2.2.3 consists of three steps as follows:

1. For each c-good point x, removing its closest obstacle would enlarge the survival prob-

2/d_Q(log logn)~! (where the loglogn terms only

ability by a factor at least £;(logn)
appears when d = 2). Here we denote by /,, = E ngo Lig—g | 7> kn] the expected

number of visits to x conditioned on survival.

2. Combining Step 1 with Proposition 2.2.5, we show that there exists at least one c-good
point x such that removing the closest obstacle near x enlarge the survival probability

by a factor of order logn.

3. The operation of removing the closest obstacle has preimage with multiplicity bounded
by O(kZ), which leads to the term of c271k7€f in (2.2.6).
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We now carry out the proof steps outlined as above.
Step 1. For each c-good site x € Ky, (v), let 2’ be one of the closed sites nearest to x
(with respect to the Euclidean distance) and let 2* be one of the neighbors of 2’ such that
|z — 2*| < |z — 2/| (so 2* is open). Let b = |z — 2*|, By(z) = B(z,b) \ {z}. For u,v € Z¢,
AcZ%and r > 1, we define

Kar(u,v) ={w=|wp,...,wr] 1wy =u,wr =v,w; € Afor 1 <i<r—1},
(2.2.16)

Kalu,v) = U2 1K g p(u,v),  Kgp(u) =U,cpala,(u,v).
The key in Step 1 is to construct a collection of paths which does not hit any obstacle
except ', such that the collection is large in comparison with the number of paths which
does not hit any obstacle. To this end, we let W, be the collection of paths of form wl @
@ [z, 2/, 2%] ® 72 @ w? (here @ denotes for the natural concatenation for paths), where

wl, 7, 72, w? are ranging over all choices satisfying

o wl € Kpel(v,z),w? € UyeocKoe(T, ), Wl | + [w?| = kn;
1 . * 2 . *
o T € ICBb(x)(:E,x ), T € ICBb(m)(x ,T).

In order to complete Step 1, we need to verify the following two ingredients (which we

check below).

(a) We prove that if v € W, then the above decomposition into four concatenated parts is
unique, and there exists no 4 € W, which is a continuation of v (meaning, that can be

written in the form v @ 7 for a non trivial 7).

(b) We use this observation to obtain a lower bound on the probability of observing a path

in W, in the first steps of the random walk.

Step 1 (a). As 2/ is visited only once, the separation between 71 and w! and that between

72 and w? must correspond respectively to the last visit of = before visiting = and the first
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Figure 2.1: A schematic figure for (2.2.17). The gray ball is B(z, b) which is open. The black
curve is the random walk path w, which visits x three times in this picture.

visit of x after visiting /. This yields uniqueness of the decomposition. The condition

|w!| 4 |w?| = ky, implies that the continuation of a path in W cannot belong to Wj.

Step 1 (b). We will abuse the notation by writing
PY(W) = P"([Sp, S1, ---, S|w|] = w for some w € W)

where W is a collection of paths. Then

kn
PY(We) = Y 2d) PPy o (@,0)) - PUK (0%, 2)) - D Lalwy),  (2217)
wEICOC’kn(U) 1>0

where we have the factor ngo 1 (w;) because we can insert an 7 @ [*, 2/, 2*] ® 72 at each
visit to x along the random walk path (see Figure 2.1). In light of Lemma 2.2.11, we choose
o,k so that P(Gy) > 1 —n 291 And we suppose Gy occurs, hence b < a(logn)'/4. By

[53, Lemma 6.3.7], we get that

§ . C(logn)~1/2(loglogn)~t if d = 2;
PU(ICéb(x)(x,:E ) = PU(/Céb(x)(x ,x)) >

C(logn)t/d-1 ifd>3.
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where C' > 0 only depends on p and d. In fact, [53, Lemma 6.3.7] gives an estimate on
the harmonic measure when the random walk exits a discrete £2-ball. Combined with the
observation that such harmonic measure is unchanged conditioned on the random walk not

returning to the starting point, this yields the preceding inequality. Thus, we have
X * —1,7.—1/2
P(ICBb(I)(x,x ) >2""Cky, ' "logn.
Therefore, (recall that ¢, = E[Zfio L{g,—g} | 7> kn]) we obtain that
P(W,) > (2d)3C%k; Y log n)20. X, . (2.2.18)

The preceding inequality can be immediately translated into a bound on the survival prob-
ability after removing the obstacle at z’.
Step 2. Recall Proposition 2.2.5 and recall that X, = PY(7 > ky). We see that on the

event {Xy, > By}

> Uy > kp /4.

€Ky, (v):x is c-good
At the same time, on the event Gy, N{Xy > fy} there are no more than x logn c-good points
in Ky, (v). Altogether, it follows that there exists a c-good point x in K}, (v) such that
ly > kp/(4klogn). Combined with (2.2.18), it yields that there exists 2’/ € K}, (v) such

that for €29 = 02’2(1), d) >0
P(7" > ky) > co9Xylogn, where 7’ = To\{ory = inf{t : Sy € O\ {2"}}. (2.2.19)

Step 3. Now, for 8 > Sy, let E, be the event that {there exists a closed site 2/ € K k, (v) such
that PY(7" > ky) > cp268logn}. We have shown that Gy N {X, > } C E,, as in (2.2.19).
Furthermore, note that 2’ € K k, (v) provided Wy # @. Thus, all environments where E,

occurs can be obtained by closing one open site in K7, (v) in one of the environments where
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Xy > e 9flogn. Write O™ = ONB(v, kyp) — we restrict the consideration of O into a finite
set B(v, ky,) so that each realization of O" has positive probability. Let A, B be collections
of subsets of B(v, k) such that £, = {O" € A}, and {X, > cp 98logn} = {O" € B}. Let

S={(2,0) € K, (v) x B:x¢O}.
We define the map ¢: S — 9B(v.n) by
o(x,0) =0 U{z}.
Then for any (z,0) € S, P(O" = ¢(x,0)) = 1_p]P’(O” = 0). Thus,

PO"ep@) <=L 3 BO"=0)< %\Kkn(v)\P(O" € B).

P e 0)es

By definition, we have A C ¢(S). Hence,

]_ —
B(Ey) = F{O" € A} < (2hn + 1) FP{Xy > 228 logn}

Therefore,
P(Xy > B) <P(Gy N {Xy = B}) + P(Gy)
< P(Ey) +P(GY)
1
< (2kn + 1)—LP{X, > cp9Blogn} +n 2!
p

< 91 KdP{X, > g oflogn} +n 2471

where cg 1 > 0 is a constant depending only on (d, p). O]
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2.3 Candidate regions for localization

Recalling our discussion on proof strategy in Section 2.1.2, in order to show localization it is
important to show that all except poly-logarithmic many small regions will be suboptimal
compared to some “best” small region. Here, to measure the level of “goodness” for small
regions, we will use principal eigenvalues, which in turn is closely related to survival prob-
abilities for random walk as we show in Lemma 2.3.1. Thus, it is natural to introduce the
following quantiles which measure goodness from the perspective of survival probabilities (in

ky, steps):

po = sup{B > 0,P(X, > B) > n~ k2! log n},

(2.3.1)
pa = po/(ca2logn)® for a >0,
where cg 9 is chosen such that (2.2.6) holds. Denote
Uy :={veZ: X, >pa}. (2.3.2)

Thus, we have that Uy = {v € 7% X, > po}. Heuristically, the hope is that if « is large
enough, all regions outside U, will be suboptimal compared to Uy. In order to make this
intuition rigorous, it turns out more convenient to consider principal eigenvalues for small

regions. To this end, we introduce the following definition.

Definition 2.3.1. For any sitev € Z%, we let Cp(v) be the connected component in B(v, R)\O
that contains v for R = ky(logn)?, and let \(v) be the principal eigenvalue of P|CR(1;) where

P|CR(’U) is the transition matriz of simple random walk on Z% restricted to Cr(v).

In the next lemma, (as announced earlier) we will relate the survival probability X, to
the principal eigenvalue A\(v), and thus relating the survival probability in ky, steps (i.e., Xy)

to the survival probability to arbitrary number of steps.
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Lemma 2.3.2. For any m > 1,

A@)™ < maxP* (g ) > m) < 2R)Y2A(v)™ . (2.3.3)
In particular,
(Xo/2R)Y2)* < \w) < max (X)), (2.3.4)
x€CRr(v)

We set a1 = 3d and ag = 4d. By definition there is a clear separation on the level of
goodness (in terms of survival probabilities in &y, steps) for typical regions in Uy, Uy, and
Un, where Uy contains the “most desirable” regions. The level po, will be the threshold of
candidate regions, while the spacing between py and pq, is used in Lemma 2.4.2 and the
spacing between pn, and pq, is used in Lemma 2.4.5. By Lemma 2.3.2, such separation
can be translated to that in terms of principal eigenvalues (which then controls survival

probabilities for arbitrary number of steps). This motivates the following definition:
Dy = {veZ: A(v) > A} and Dy := {v € Z% : A(v) > pé/lk" : (2.3.5)

With preceding definitions, Dy represents candidate regions for localization: indeed, we will
show in Section 2.4 that random walk will eventually be localized in neighborhoods that
are close to Dy (see (2.3.11) for a formal definition for the union of islands for localization).
The remaining section is devoted to proving a number of structural properties for Dy (via

structure properties of U.), as listed below.

e We prove Lemma 2.3.3 by a crucial application of Proposition 2.2.3, which in turn
guarantees that the number of islands in U, are at most poly-logarithmic in n — this

is important for bounding |Dy,|.

e We show in Lemma 2.3.4 that vertices in U, is either close or far away from each other
— this implies that it is costly for the random walk to travel from one good region to

another (this is important in the proof of Lemma 2.4.5 later).
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e We show in Lemmas 2.3.5 and 2.3.6 (whose proof uses results in percolation theory)
that there exists vertices in Uy which are connected to the origin by open paths with
lengths which are linear in their Euclidean distances from the origin — this implies a
lower bound on P(7 > n) by letting the random walk travel to one vertex in Uy quickly

and stays around it afterwards (see (2.4.10)).

e We use Lemma 2.3.2 to deduce structural properties on D. from Y. — these are incor-

porated in Corollary 2.3.7 and Lemma 2.3.8.
The proofs of Lemma 2.3.2 and the following four lemmas are postponed to Section 2.3.1.

Lemma 2.3.3. We have

n_dk,%d logn < P(X, > pgy) < n_dk‘ffbd,
and  P(Xy > pa) < n_dk%a+4)d.

Lemma 2.3.4. For any o € N*, with P-probability tending to one there exist no u,v €

Uy N B(0,2n) such that 2k, < |u —v| < nkﬁz(a+5).

Lemma 2.3.5. Conditioned on the origin being in an infinite cluster, with P-probability
approaching one

Uy N C(0) N B(0,n/kn) # 2. (2.3.6)

Lemma 2.3.6. Let D(u,v) be defined as in (2.1.2). For p > p(Z%), there exists a constant
p > 0 which only depends on (d,p) such that the following holds with P-probability tending

to one. For all u,v € B(0,2n)
either C(u) = C(0) or |C(u)| < (logn)3, (2.3.7)

D(u,v)Lpy 00y < pmax(|u — o], (log n)3). (2.3.8)

Corollary 2.3.7. We have that
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(1) With P-probability tending to one, for any v € B(0,2n) N (Uy,y U Dpl/k’n)7
ag

(B(v, nky, 149\ B(v,3R)) N (Uny U D k) =2
g

(2) k2~ < P(v € Dy) < kQH0p~4,
(3) 1/kn >1_ 1 2/d .

Doy = x/(logn)“/% for some constant x depending only on (d,p).
Proof. 1t follows from (2.3.4) that

{U S Dpl/kn} - UUGB(U,R){U’ S Z/[OQ},
oy (2.3.9)

{vetp} C{veDi} CUiepr){u€lat.

Combining with Lemmas 2.3.4 and 2.3.3 yields (1) and (2). Combining Lemma 2.3.3 and

Lemma 2.2.1 gives (3). O

The following structural property for Dy will be useful.

Lemma 2.3.8. With P-probability tending to one, there exists a subset V. C Dsx N C(0) N
B(0,2n) such that

A(v) = max{\(u) : v € B(v,3R)} VwveV;
D, NC(0) N B(0,2n) C UyeyB(v,3R); (2.3.10)

B(v,nk; M%) v e VU {0} are disjoint.

Proof of Lemma 2.3.8. Combining (2.3.9) and Lemmas 2.3.4, 2.3.3 yields the desired re-
sult. O

We will prove in Section 2.4 that random walk will eventually be localized in the union

of the following islands for some constant ¢ > 0 to be selected:

Dn = | J B(v,(logn)"ky). (2.3.11)
veV
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Proof of Theorem 2.1.1: volume of the islands. Combining Corollary 2.3.7 (2) and the

Markov inequality implies that with P-probability tending to one, |DxNB(0, 2n)|<(log n)100d_
Then by Lemma 2.3.8,

1Dp| < (2(log n)'kn)? Dy N B(0, 2n)| < (log n)+ 2004
and Dy, 0 B0, n(logn) 1) = &7 .

2.3.1 Proof of Lemmas 2.53.2, 2.3.3, 2.3.4, 2.3.5 and 2.3.6

Proof of Lemma 2.3.2. Recall that P|CR(U) is the transition matrix restricted to Cr(v).
Let 1, = (0,...,0,1,0,...,0) € RCOR() be the vector which takes value 1 only in the

coordinate corresponding to the site z, and let 1 = (1,1,...,1) € RCR() We have

P (&) > M) = L (Plep)™1 < A@)™VICR)] < (2R)¥A(w)™

Let yu be the eigenvector of Pl¢, (. corresponding to A(v), then

> n@P (Eep) > m) =i (Plepw)™ = A0)™ > p(x).

z€Cr(v) xeCr(v)
Hence there exists o € Cg(v) such that P*(&ep () > m) = A(v)™. O

Proof of Lemma 2.3.3. By Lemma 2.2.1, since 3, < nﬁx/Q we can choose x = x(d,p)
such that for large n

P(X, > nBy) >n 9L (2.3.12)

Thus, by definition of pg we see that for any fixed o and sufficiently large n,

po > nfy and hence po > Sy . (2.3.13)
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This allows us to apply Proposition 2.2.3 with g = pq, yielding that
P(Xy > po) < co1kiin kit logn +n 2071 < n~dkad.
The left continuity of P(X, > x) gives
P(Xy > po) > n~ %k logn.
Therefore, for 3 € (B, pp) and sufficiently large n, (2.2.6) implies

P(X, > ) < 2¢01kIP(Xyy > cg98logn) .

Since py = (c2,2logn)*pqa, applying the above inequality o times yields

P(Xy > pa) < n_d/ﬁ(la—%)d.

]

Proof of Lemma 2.3.4. For any u,v € B(0,2n) such that |u — v| > 2k, the events
{Xy > pa} and {Xy, > pa} are independent (since in ky, steps, the random walk will not

exit the ball of radius k). Hence Lemma 2.3.3 yields

P(Xv > Pas Xy = poz) < nizdki(a+4)d-

Then we complete the proof by enumerating all possible (u,v) € B(0,2n) x B(0,2n) such

that 2k, < |u—v| < nk;2(a+5). O

Proof of Lemma 2.3.6. By [17, Theorem 3| and [38] (see also [46, Corollary 3|) there

29



exists C' > 0 which only depends on p such that for all m > 1
P(C(v)| = m) < e CmY*,
Then for any v € 74

1/2
P((logn)® < [Cw)| <o) < 3 O = o(n), (2.3.14)
m>(logn)3
This proves (2.3.7).

By [7, Theorem 1], we know that for u,v with |u — v| > (logn)? (the main arguments
in [7] were written for bond percolation, but as the authors suggest one can verify that the
proof adapts to site percolation with minimal changes)

P(u < v, D(u,v) > plu — v|) < e ¢l < n_C(log”)Z,
Hence the event Ej that D(u,v)1f,,) < plu— vl for all u,v € B(0,3n) with [u — v| =
(log n)3 has probability tending to one.

On the event E,,, we consider any u, v € B(0,2n) such that u < v with |u—v| < (logn)3.
In the case C(u) = C(0), we see from the connectivity that there exists w € C(0) such that
min(|jw — v|, |w —u|) € [(logn)?, (logn)3 + 2]. Then by triangle inequality max(|w — v|, |w —

u|) < 4(logn)®. Hence
D(u,v) < D(u,w) 4+ D(v,w) < 5p(logn)?.
In the case that C(u) # C(0), It follows from (2.3.7) that with P-probability tending to one
D(u,v) < |C(u)] < (logn)3.

The proof is completed by adjusting the value of p. O]
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Remark 2.3.9. The work [7] improves earlier results of [35, 38], where the main objective
of [35] is to understand certain parabolic problems for the Anderson model with heavy

potential.

Proof of Lemma 2.3.5. We say a site v € Z% is reachable if the connected component in
B(v, kp)\O that contains v is of size at least ky. Then by (2.3.7), conditioned on origin being
in an infinite cluster, with P-probability approaching one all reachable sites are in C(0). Let

Uy = {v € Up : v is reachable}, it suffices to prove
P(U; N B(0,n/ky) = @) = 0.

To verify this, we first observe that for each site v € Z% in an infinite cluster, it connects
to OB(v, kp) by an open path. Hence the connected component in B(v, kp,)\O that contains

v has at least k;,, vertices. As a result,
P(v is reachable) > 6(p) .
Now by FKG inequality and Lemma 2.3.3,
P(v € UT) > P(v € Up) - P(v is reachable) > 0(p)n~ k2 log n.
Since events {v € Uy} for v € (2k, + 1)Z% are independent of each other, we have

PUG 0 B(0,n/ky) = ) < (1 - 0(p)n~ k2 logn) 2 10/Ea) Ghnt D)7 -1)7

<n ¢

for some constant ¢ = ¢(d, p). This completes the proof of the lemma. O
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Figure 2.2: The shaded regions are islands in Dyx. The site vy is the representative of the
best island that the random walk ever visits.

2.4 Endpoint localization

In this section, we prove that conditioned on survival for a long time the random walk will be
localized in an island (which we refer to as target island below) in D,,, where the target island
is chosen randomly (from all the poly-logarithmic many islands in D;,) with respect to the
random walk. In addition, the target island will be a neighborhood of v« (see Definition 2.4.1
below and Figure 2.2 for an illustration), which is the best island that the random walk ever

visits.

Definition 2.4.1. On event {Sg ;) N Dx # D}, we let v« be the unique site in V' (defined in
Lemma 2.3.8) such that

St, € B(v«,3R)  with ty :=min{0 <t <n:A(S;) = max A(S5;)}.
0<i<n

Otherwise, we set vy := 0, as in such case the random walk never visits any candidate regions.
Forv € V and constant v > 0 to be selected, we define the hitting time of a neighborhood

of v by
T(w) =min{0 <t <n:|S—v| < (logn)'}. (2.4.1)

The endpoint localization is proved by combining the following two ingredients: the

random walk will visit Dy with high probability (as shown in Lemma 2.4.2); the random
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walk will stay in a neighborhood of v, after getting close to v« (as shown in Proposition 2.4.3).

Lemma 2.4.2. Conditioned on the event that the origin is in an infinite open cluster,
P(rp, <n|7>n)—=1 in P-probability. .

Proposition 2.4.3. For ¢ sufficiently large, conditioned on the event that the origin is in

an infinite open cluster, we have that

P(S[T(v.)n] C B(vs, (logn)'kn) | 7 >n) = 1 in P-probability. (2.4.2)

Vi )10

Proof of Theorem 2.1.1: endpoint localization. Set ¢ to be a sufficiently large con-

stant as in Proposition 2.4.3. Combining Lemma 2.4.2 and Proposition 2.4.3 gives
P(SnGDn|T>n)—>1.

]

In order to prove Lemma 2.4.2 and Proposition 2.4.3, we first provide upper bound on
the probability for the random walk to survive and also avoid U, (or respectively D)) as in
Lemmas 2.4.4 (respectively Lemma 2.4.5). Provided with Lemma 2.4.5, Lemma 2.4.2 follows
from a lower bound on P(7 > n), which is substantially larger than (the upper bound on)
P(toup, > n). The proof of Proposition 2.4.3 is yet more complicated, which will employ

a careful application of Lemmas 2.4.4 and 2.4.5 together with Lemma 2.3.4.

2.4.1 Upper bounds on survival probability

Lemma 2.4.4. For all o > 0 and m > 1, we have that for all v € 74

P(1y 00 > m) < (2R)%/2p/Fn.
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Proof. Write m = jky, + i where 0 < i < k,, and j € N*. By the strong Markov property,

we see that for all v € Z%

P'(yu0 >m)= > PUmyu0 >m,Sy_y, =)
z€(UUO)C
< > PYnuo > m—kn, Sy, = )P (7,00 > kn)
xe(UnUO)C

< PY(n,00 > m —kn) - pa-
Applying the preceding inequality repeatedly, we get that

PY(ry00 > m) <ph  max  P¥(my 0 > i) (2.4.3)
x€(UnUO)C

Write Cy p(7) = Cr() \ U and let Aq g be the principal eigenvalue of P|Ca,R(fE)‘ Then,
by the same arguments as for Lemma 2.3.2, we deduce that Ay ; < (max, P* (TCa rla) >

ko)) 1/ Fn < pé/k" and then
P (00 > i) < (2R

Combined with (2.4.3), this completes the proof of the lemma. O]

Lemma 2.4.5. With P-probability tending to 1 as n — oo the following holds. For any

v e B(0,n) and A > (pa,/log n)l/kn and for all 1 < m < n, we have
PY(roup, > m) < B3\, (2.4.4)

Here we recall that Dy = {u € Z% : X(u) > A} and ky, > (logn)?.

Proof. We consider two scenarios for the random walk. In the first scenario, the random
walk never enter the region Uy, . In this case, since for any u € UOCQ we have Xy < pa,, this

yields an efficient upper bound. In the second scenario, the random walk enters Uy, and
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possibly exits an enlarged neighborhood around U, and re-enters for multiple times. In this

case, we are fighting with the following two factors.
e The enumeration on the possible times for exiting and re-entering is large (see (2.4.5)).

e When we estimate the survival probability, we repeatedly use the relation between X,
the principal eigenvalues A(v) as in Lemma 2.3.2, and each time we use such a relation
we accumulate a certain error factor. As a result, such error factors will grow in the
number of times for the random walk to exit an enlarged neighborhood around U,

and then re-enter Uy, .

In order to beat the preceding two factors, we note that every time the random walk exits an
enlarged neighborhood of U, and re-enters Uy, it has to travel for a fair amount of steps
outside of Up,, due to Lemma 2.3.4. This leads to a decrement on the survival probability.
Such probability decrement, also growing in the number of “exiting and re-entering”, is
sufficient to beat the enumeration factor as well as the error factors accumulated when
switching between X, and A(v).

In what follows, we carry out the proof in details following preceding discussions. We

define stopping times
ap =0 and a; = inf{t > b;_1 : 5 ¢ B(Sbj,laR) ort =m} for j > 1,

bj =inf{t > a; : St € U, or t =m} for j > 0.

For all j > 0 we have S; € CR(Sbj) for t € [bj, aj41 — 1] and Sy € Uq, for t € [aj, by — 1] (see

Figure 2.3). By Lemma 2.3.4, we see that with P-probability approaching 1 we have that
CLj-bj,l ZRandbj—aj >R—-2kpfor1<j<L-1,

where L = inf{j > 0:b; > m}. We have L < m/R+ 1. We denote ©p = {(0,m)} and for
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Figure 2.3: The shaded region is U,,. Two balls are of radius R. The left ball is centered
at Sp, and the right one is centered at Sj;. Random walk stays in B (Sbj, R) during time

[bj,a;41 — 1] and stays in U5, during time [a;, b; — 1].

1 <l<m/R+1 define

O ={(z.y) € 2" x 2T g = 0,2y <y = m,

T <Y <Tjy1,Y5 — X > R —2ky for j=0,1,....,0 —1}.

Here ©; is the collection of all possible entrance times (to Uy, ) and exit times (from a ball of
radius R centered at the entrance point). Then a straightforward combinatorial computation

gives that

9] < (Z) <m?, (2.4.5)
For any m,l > 1 and (z,y) € Oy, we get from (2.3.3) and Lemma 2.4.4 that

PY(toup, >m, L =1l,aj = x;,bj = yj for 1 <j <)

l
< TT2R)%(pay) W=D/ kn A (@5 =051 -1)
j=0

m l —2/k a/logn - pay\ Wi—z5)/kn
<N [ [ (pa) /"0 (2R) <—> .

jZO pa1

Note that y; —x; > R — 2k > kplogn for j = 1,2,...,1 — 1. Hence for large n (recalling
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R = ky(logn)? and pa, > an/(IOg”)2/d as in (2.3.13))

( Py )(yjfﬂj)/kn

>n0for1<j<i—1.
logn - pa,

Therefore for [ > 2 and sufficiently large n
P'(toup, >m, L =1,a; =2,bj =y; for 0 <j <) < A7),
Summing over [ = 2,3,...,|m/R]| + 1 and applying (2.4.5), we obtain that for m <n
P’(roup, > m,L >2) < \"n~t. (2.4.6)
In addition, for [ = 1 we have
PY(t0up, > m, L =1) < A\™((pay)~ k1 (2R)%)? < 2(2R)?A™ (2.4.7)
and by Lemma 2.4.4 we have
P(roup, > m, L = 0) < P"(r0u,, > m) < (2R)Y2\" (2.4.8)

Combining (2.4.6), (2.4.7) and (2.4.8) we completes the proof of the lemma. O

2.4.2  Proof of Lemma 2.4.2 and Proposition 2.4.3

Lemma 2.4.6. The following holds with P-probability tending to 1. For allu,v,w € B(0,2n)

such that u <> v, v <> w and for any positive number t such that t —|u —w|y is even, we have
PU(Sy = w, 7 > t) > (2d)PUu—vlHlv—wl+R) y )t (2.4.9)

Proof. This is an immediate consequence of Lemma 2.3.6 and (2.3.3). [
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Proof of Lemma 2.4.2. We first see that reaching Uy quickly and staying there afterwards
gives a lower bound on P(7 > n). By Lemmas 2.3.5 and (2.3.8), there exists a site vy € Uy

such that D(0,v) < pn/kn. It follows from (2.3.4) that
Mvg) > (X, /RYV2)VEn > () (2R)2)H ke
Then Lemma 2.4.6 implies
P(r > n) > (2d) PO/ Fnt TR\ )/ ke > ((2d)=2Ppy /(2R) Y ) Fn, (2.4.10)

By Lemma 2.4.5, we get that P(rp,ypo > n) < R3dpn/ ". Altogether, we conclude that

P > R3d 7/ kn
P(rp, >n|7>n)= (D00 > 1) < P = o(1). O
P(r > n) ((2d)~20pg (2Ry,)~U/2)/kn
Proof of Proposition 2.4.3. Note that
P(‘S[T(v*),n] 04 B(V*, (log n)bkn), T > n)
(2.4.11)
= ZP(V* =0, 517()n] € B(v, (logn)'kn), 7> n).
veV

Consider v € VN B(0,n). Since T'(v) is a stopping time for any fixed v, by strong Markov

property, we have that

P(V* = UasT (v),n] ¢ B(Uv (1Ogn)bkn)>7— > n)

[1{T>n T(v) }P o1 (gB ,(logn)tky,) < M TOUD > m)|m:n—T(v)]' (2.4.12)

We now bound the second term on the right hand side of (2.4.12). Suppose that the random

walk escapes the ball B(v, (logn)‘ky) during time [T (v), n], then there exists a time interval
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Figure 2.4: The big ball is B(v, (logn)‘ky) and the small ball is B(vs, (logn)*). If the
random walk ever escapes the big ball (solid curve), then it must go through the annu-
lus B(vy, (logn)‘ky) \ B(vs, 3R) during time [tq,t;]. But since survival probability in such
annulus is very low, the random walk would prefer to stay in the ball (dotted curve).

[ta,tp] C [T(v), n], such that
ty — tq = [(logn)‘ky /2] and St € B(v«, (logn)'ky) \ B(vs,3R) for t € [tq, ]

(see Figure 2.4). Since Corollary 2.3.7 (1) implies that (B(v«, (logn) kn)\ B(vs, 3R)) NUqn, =
I, we get

St € (OUUpny)° for t € [tq, tp] .
Therefore, for all v € V, u € 9;B(v, (logn)*) N C(0) and m € N*,
Pu(gB(v,(logn)Lkn) < M TOUD () > m)

m—/[(logn)‘ky /2]

< Z PU(TOUDA(U) > m, S[ta,tb] - (O U an)c) :
ta=0

39



Then we get from Lemmas 2.4.4 and 2.4.5 that

—2—(tp— ty—ta)/kn
PUTOUD, ) > s Sity] © (O Ulhay)) < (2R)10ON )™ =2 (00t [y e/

< (2R)10d)\('u)m_2(log n)—(logn)L/Q .
Therefore, we deduce that

Pu<€B(U7(10gn)LkTL) S m7 TOUD}\(U) > m)

< (logn)~ 18" /4 (4) 4108 )\ ()™ < (logn)~ (M) APU(7 > )
where we have used the fact which follows from Lemma 2.4.6 that

PU(r > m) > (2d) 108" \(p»)™ vy € 9;B(v, (logn)") NC(0).
Together with (2.4.12), we get

P(v+ = 0. S[p().0) & B(v. (logn)'kn).7 > n) < (logn)~ (B AP(r > ).

Combined with (2.4.11), this completes the proof of the proposition by summing over all

veVNBO,n).

2.5 Path localization

This section is devoted to the proof of path localization. More precisely, we will show that

conditioned on survival the amount of time the random walk spends before getting close to

the island in which it is eventually localized, is at most linear in the Euclidean distance from

that island to the origin.

To this end, we consider the loop erasure for the random walk path, i.e., we consider the
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following unique decomposition for each path w € Ka(0,u):

w=1o® [no,m] &4 & [n,m] S ... ® [Ny 1. mpy] €1y (2.5.1)

where [; € ’CZd\{nO . (mi,m;) (recall (2.2.16)) are the loops erased in chronological order

i1}
and n = [no, .., ;| is the loop-erasure of w denoted by 1 = n(w) (see [53, Chapter 9.5] for
more details on loop erasure). We first show in Lemma 2.5.4 that in a typical environment
the survival probability for the random walk decays exponentially in the length of its loop
erasure, which then implies that the loop erasure of the random walk path upon reaching
the target island has at most a linear number of steps.

In light of the preceding discussion, it remains to control the lengths of the erased loops

which we consider in the following two cases.

k394 we will first show that for a typical environment

e For loops of lengths at most
for majority of the vertices on any self-avoiding path, the survival probability for the
random walk started at those vertices up to time ¢ < k;r’lOd decays quickly in ¢ (Lemma

2.5.3); as a consequence we then show in Lemma 2.5.5 that it is too costly for the small

loops to have a total length super-linear in the length of the loop erasure |n|.

e For loops of lengths at least kzg(]d: we will first show in Lemma 2.5.6 that except near
the target island the random walk does not encounter any other vertex around which
the principal eigenvalue is close to that of the target island; as a result we then show

in Lemma 2.5.8 that it is too costly to have any big loop.
In the rest of the section, we carry out the details as outlined above.

Definition 2.5.1. Let M(t) be the collection of sites v such that

PY(r > 1) > ¢ t/(08)? (2.5.2)
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In addition, we define
Ap(w) ={0 << |nl: [l;] =t,n; € M(t)}. (2.5.3)

Lemma 2.5.2. There exist positive constants co1,c22 depending only on (d,p) such that

for all t € N*
d

P(v € M(t)) < g e~ 22(080) (2.5.4)

Proof. By Lemmas 2.2.8 and 2.2.9, for n > 2
P(PY(7 > [(logn)?/4]) > ¢) <n ™0,

By a change of variable, there exist constants cg 1, cg 9 depending only on (d,p) such that

for all t € N*
P(PY(r > [(log)?]) > 1/10) < ¢y qe 22081

Therefore, by a simple union bound we get that
P(3u € K¢(v) s.t. PY(r > [(logt)?]) > 1/10) < c9.3 exp(—c 4(log t)d) :

where cg 3, ¢ 4 are constants only depends on (d, p).

On the event {P%(r > [(logt)?]) < 1/10 for all u € K;(v)} (recall the definition in
(2.2.8)), for every |(logt)?| steps the random walk has at most 1/10 probability to survive.
Thus,

PY(r > t) < 10-1/(200g)?)

This completes the proof of the lemma. O

Lemma 2.5.3. There exists a costant t] = t](d,p) such that the following holds with prob-

ability tending to one. For all self-avoiding path -y started at origin with length |y| >
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n(log n)‘lOOd2 and t > t7],

3/2

[y AM(t)| < e 10877 (2.5.5)

Proof. 1t m > n(log n)_100d2 and logt > (log m)5/9, Lemma 2.5.2 yieds

]P;(M(t) N B(ij) % @) < lefcz’g(logt)derlOg(Qm) < 672716272(10gt)d .

5/9

Hence, it suffices to prove that for large ¢t and m such that logt < (logm)®/”, we have

P( max |[ynM(t)| > o~ (log)*/2

exn(— 7/4
YEW,4,,,(0) m>§eXP< exp(—(logt) )m), (2.5.6)

where WZd,m(O) is the collection of self-avoiding path in Z% of length m.

To this end, we denote V; = i + (2t + 1)Z% for i € {1,2, ..., (2t + 1)}¥, where V; inherits
the graph structure from the natural bijection which maps v € Z% to i + (2t + 1)v € V;.
Then events {z € M(t)} for x € V; are independent. For any self-avoiding path v, we know
that {x € V; : vN K(x) # @} is a lattice animal (i.e., a connected subset) in V; of size at
most 3d|”y] /t. Combined with Lemma 2.5.2 and a result on greedy lattice animals proved in

[54, Page 281] (see also [57]), this implies

P : —(log t)?/?
(76@3?;(0) Iy NV, N M(t)| > exp(—(log t)”/?)m)

<P( max [{xeV,NM(t):vNKi(x) # 2} > eXp(—(logt)5/3)m)
'VGWZd’m(O)

<exp (—2_1 exp(—(log t)5/3)m> :

We complete the proof of (2.5.6) by summing over i € {1,2, ..., (2t + 1)} O

Lemma 2.5.4. There exist constants ¢ € (0,1),c,rg > 0 depending only on (d,p) such that

for any r1 > rg, the following holds for with P-probability at least 1 — e~ For allr > 1
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and m € N*,

P(n(Sjgm)| = 7,7 >m) < . (2.5.7)

Proof. By (2.5.6), we see that there exist constants C' > !0 and ¢, ry > 0 depending only on
(d, p) such that for all r; > 7, with P-probability at least 1—exp (—c’ 7“1), for all self-avoiding

path ~ of length at least rq,

3/2

Y AM(C)| < e 108C)7 ) (2.5.8)

We recursively define stopping times (j = 0,
G=inf{t>¢G 1+C:S ¢ M(C)}.
On the event {|n(S[g )| = r}, since we assumed r > rq, we know from (2.5.8) that

3/2

|S[O,m] N M(C)C’ > ‘W(S[O,m]) N M(C)C‘ > |77<S[O,m])’(1 _ e—(logC) ) '

Let j = [r/(2C)]. By definition of ¢;’s and C' > !0,
. | 3/2
[So¢;) NM(O)] < (C+1)j +1 <rGE+1 < n(Sjg ) (1 — e 1B,
Therefore, we get (; < m. Then by strong Markov property,

P(n(Sjgm)| = 7,7 >m) <P(S|¢, ¢t i open V1 <m < j — 1)

< [exp(-c/a0g 02 ]/ 72

completing the proof of the lemma. n

Lemma 2.5.5. Recall definitions in (2.2.16) and (2.3.5). There exists a constant t5 =
t5(d, p) such that the following holds with IP-probability tending to one. For allti <t < kgOd,
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u € Uyey (0;B(v, (logn)") NC(v)) and m < n,
P({w € Kooy (0,u) : Uy = 2,1A4:(w)] = [0t 0}) < e *P(Kpe,m(0.1) . (25.9)

Proof. For any w, we denote

$(w) =lo @ [, m) &1 & [n1, 1) & . ® [y 1, mp) @ Uy (2.5.10)

where [; = I; if i ¢ As(w) and [; = & otherwise. Note that for any w € Koem(0,u) such
that |A(w)] > [nlt~17,

m — [¢(w)] = t]Ap(w)] > [nlt ™.

We consider every v € ¢(Kpe (0, u)) such that m—|y| > In|t=?. For large t, since n; & M(t)

for i € Ay(w) and |{i : [; = @}| < |n|, we have

—2m=|
P({w € Koe ,(0,u) : ¢p(w) = Vol = 2}) < P(y) <m|17||7|)€—t(logt) 2
Tt

< P(y)e—(m—h)logt)

In the last inequality, we used the fact that

m—|n/| m—|7|
(P2 ()T = (il )

In addition, it follows from Lemma 2.4.6 and Corollary 2.3.7(3) that

—2/d

P(Koe |y (u,1)) > (2d)~7PUos ) emx(m=ly])logn) (2.5.11)

Note that (logt)? < (logk2%4) < (loglogn)3 = o((log n)2/?) and by Lemma 2.3.8 we have
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m— |y| > |nlt=? > n(log n)_2000d2. Therefore
=1y, ;—10
P({w € Koe 1 (0,u) : p(w) = 7,1, = 2}) < Py Koe |y (u, u))e 27 it

We complete the proof of the lemma by summing over all such +’s (where the pre-factor of

¢~V is a crude bound with room to spare). O

Lemma 2.5.6. Recall the definition of v« and T(vs) as in (2.4.1). For constant ¢ > 0, let
U(t) = U;?:OB(Si, (logn)?) N C(0). Conditioned on the event that the origin is in an infinite
open cluster, we have that

P(U(n)\ B(v«,3R) C D¢

(1 k= 290) ) (v, | 7>mn)—1 inP-probability. (2.5.12)

Remark 2.5.7. For purpose of the present article, it suffices to take U(t) = U§:05i5 we

strengthened the lemma as it may be useful for future application.

Proof of Lemma 2.5.6. We start with a brief description on the intuition behind (2.5.12).
If the random walk hits some local region with the principal eigenvalue close to that near
Vi (which is the presumed target island) before time T(vy), then the random walk tends to
stay around this local region as opposed to travel all the way to the presumed target island
— since by Lemma 2.3.4 the regions with large principal eigenvalues are far away from each
other and thus it is costly for the random walk to travel from one to the other.

Let a = inf{t > 0 : max, ey )\ B(v,3r) M) > (1 - ki 204 X(v4)}. Then there exists
z € (B(Sa,2(logn)?)NC(0)) \ B(v«, 3R) such that and A\(z) > (1— ke 209) (v ). We restrict

to the event {rp, <n,S(y,)n] C B(vs, (logn)'ky),a < n}. Hence, we have

_ —20ds 1/kn — 1/kn
/\<x> > (1 —ky, 2Od>)‘(v*) > (1 —ky, 20d)po/1 > po/g .
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Figure 2.5: The random walk would prefer staying in the neighborhood of z (dotted curve)
to going ahead to vy (solid curve), since survival probability during [b,b + nk,, 15d] is very
low.

Since |r — v«| > 3R, Corollary 2.3.7 (1) yields
|z — vi| > nky 149 and (B(x, nk, 14\ B(2,3R)) Ny = @ .
Let b = sup{t < n:S; € B(z,2(logn)?)}. Then b+ nk, 1% < n and

S[b,b+nk,;15d] # Uy, and S[b+nk;15d,n] % Dxva) -

For any v € V and z such that A(z) > (1—k;, 209)\(v), we deduce from the Markov property

and Lemmas 2.4.4, 2.4.5 that

P(b=m,vs =v,84 € B(z,2(logn)?), 7 >n,a < n,Siy(y,) n C B(vs, (logn)kn))
—15d _
<P(Sp, € 0;B(x,2(logn)?), 7 > m)(2R)4dpg;k" J/k")\(v)”_””b—L”kn 15

<P (S € 8;B(z,2(l0gn)7), 7 > m)(2R) 4 (10g n)~7kx "I\ (pyn—m (2.5.13)

Next, we give a lower bound on survival probability. By Lemma 2.4.6, P¥(7 > n—m) >
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(2d)~10p(logn)? ) ()= Hence

P(r >n) > P(Sy, € 9;B(x,2(logn)?), 7 > n)

> P(Spm € 9;B(z, 2(logn)?), 7 > m)(2d) ~10plogn) \ (zyn—m
Combined with (2.5.13) and A(z) > (1 — k;,; 299)\(v), since

(A@)/A@)" ™ < (A©)/A@)" < exp(—nk, >,
it yields that

P(b=m, v« =0,5, € B(z,2(logn)?),a < n, Syy,)n C Blvs, (logn)'kn), 7 > n)

—16d
<e M P(r > ).

Summing over 0 < m < n, v € V and x € B(0,n) such that A(z) > (1 — k,; 29 \(v), we

complete the proof by Lemma 2.4.2 and Proposition 2.4.3. O]

Lemma 2.5.8. Foru € 8;B(v, (logn)")NC(v) and X = (1 — k; 29N \(v) for some v € V, we

have that for allm <n
_1.20d
P({w € K(p,u0)e,m(0,1) : 1y = &, max [lj] > k01 < e P P(Koe  (0,1)) . (2.5.14)
Proof. For any w, we denote

¢(w) =lo @ [0, m) 11 & [n1,12) & . ® [y 1, 7py)) @ Uy (2.5.15)

where I; = I; if |I;| < k20% and [; = @ otherwise. Then for any v € (K (p,uo)e,m(0,u)) with
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|v| # m, we deduce from Lemma 2.4.5 that

P({w € K(p,uoyem(0u) : d(w) =7, Uy = 2, |{i : [li] > kY] = j})

<P(v) (’{Z : lij— @}‘) (m — "y‘))jR3jd)\m_|7| ‘

k7510d

Summing over j < (m — |y])/k3 %, we get

P({w € Kp,u0ye,m(0,u) : d(w) = 7,1}, = 2})

L(m—|7]) /&3] o
= P()(lnl(m — 1))y R¥Am =1
j=1

<P ()31 R 2 (| /2

A(w)™ =l
Note that A < (1 — k; 209 A(v) and that by Lemma 2.4.6

P(Koe | (u,u)) > Rr—3e0ogn) ) (ym=hl

=

We then get that

P({w € K(p,uoye,m(0,u) : ¢(w) = 7,1, = @} S P(y & Koe |y (u, u))e

We complete the proof of the lemma by summing over all such 7’s.

_k%Od

Corollary 2.5.9. There exists a constant ¢ = c(d,p) such that the following holds with P-

probability tending to one. If u € 9;B(v, (logn)") N C(v) and A < (1 — k;; 20 \(v) for some

v €V, then for all m € N*,

_r.10d
P({w € K(p,,0)e.m(0,1) : Ly = @,m > clnl}) < e Fn " P(Koe (0, 1)) .

Proof. By Lemma 2.3.8, with P-probability tending to one, we have |u| > n(logn)
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Then by Lemma 2.5.3, there exists t] = t](d, p) such that for all self-avoiding path + from 0

towuand 1] <t < k’?LOd, we have
[y M) < 10
Now, we consider any w € K(p, yo)c m (0, u) such that [, = . If

|Ar(w)| < It for £5 <t < k20 and  max |};] < k207,

0<i<|n|
for some t5 = t3(d,p), then for t* = max(t7,t5)
=+ > il
0<i<[n|
< Inl + Z tln| + Z (|At(w)] + In N M(1)])
t=t*
t*—l 3/2
< 1+Zt+2t9+2t_logt) Inl.
t=t* t=t*
Combining Lemmas 2.5.5 and 2.5.8, we complete the proof of the corollary. O

Proof of Theorem 2.1.1: path localization. We will prove that
P(T(v*) < cmin(|ST(v*)|,n(logn)_z/d),S[T(v*)m] CDp|7m> n) — 1.

To this end, applying Lemma 2.5.4 with rq = g gn(log n)*2/d and combining with (2.4.10),

we get that there exists cg o = c9,0(d, p) such that
P(|77<S[0,n])‘ > CQ’On(logn)_z/d |7>n)—0, (2.5.17)

which implies P(|St(,,)| < ez on(logn)” 2/d | + > pn) — 1. In light of Proposition 2.4.3, it
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remains to prove that there exists ¢ = ¢(d, p) such that
P(T(vs) < STl 7>n) = 1. (2.5.18)
By Lemma 2.5.6, it suffices to show (we write A, = (1 — k;,; 299)\(v) below)

ZZZP(T(U) =M, Sm = U,V = 0,Tp,, > M |7>mn)—0, (2.5.19)
(% u m v

where the summation is over v € V, u € 9;B(v, (logn)") N C(v) and clu| < m < n. To this

end, we first notice that

P(T(v) =m, Sy =u, vy = v,Tp,, > M, T > n)
v

<P(Sm =u,u & S m_1); TouD,, > m)PY(r >n—m). (2.5.20)

At the same time, by Corollary 2.5.9 and Lemma 2.5.4 (applied with r; = m/c, ), there
exist positive constants ¢}, ), depending only on (d, p) such that for any v € Dy and u €

0;B(v, (logn)") NC(v)

P(Sm = u,u & Sjg 1], m > Cll‘n(S[O,m])’aTOUD% > m)
< e ' P(Sy = u, 7 > m), (2.5.21)

m

and P(m < c’lln(S[O’m])\,T >m) < 0/272 (2.5.22)

Then by Lemma 2.4.6 and Corollary 2.3.7 (3), we have

P(Sp = u, 7 >m) > (gd)%p(logn)L*p\UIefxm/(logn)Q/d_
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Thus, there exists ¢ = ¢(d, p), such that for all m > c|u|

P(Sy =u,7>m) > 0/272771/2.

Combined with (2.5.21) and (2.5.22), this gives that

P(Sm =Uu g S[O,mfl}vTOUD% > m)
<P(Sm = u,u & S| 1], m > C/1|77(S[0,m])|aTOUD)\4) >m)
+P(m < c/1|77(5’[0,m])|,7 > m)

~11.10
<e 2 kM P(S, =u, 7 >m).

Combined with (2.5.20), this implies

P(T(v) =m, Sy = u, v = v,Tp,, >m,T > n)
v

~1,10
<e 2 thn P(Sy, =u,7>m)P“ (7 >n—m)

—1110
=2k P(S;, =u, T >n).

Summing over u,v and m > c|u|, we complete the verification of (2.5.19).
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(2.2.2)
Definition 2.2.4
Definition 2.2.6
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Definition 2.3.1

Definition 2.3.1
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Definition 2.5.1



CHAPTER 3
SINGLE BALL LOCALIZATION UNDER THE QUENCHED
LAW

3.1 Introduction

3.1.1 Model and main results

In this chapter, we continue studying the quenched behavior of the random walk conditioned
on survival for a large time. For d > 2, we consider a random environment where each vertex
of 74 is placed with an obstacle independently with probability 1 — p. On this random
environment, we then consider a discrete-time simple random walk (S);eny started at the
origin and killed at time 7 when the random walk hits an obstacle for the first time. For
convenience of notation, we use P (and E) for the probability measure with respect to the
random environment, and use P (and E) for the probability measure with respect to the
random walk. We will assume p > pc(Zd), the critical threshold for site percolation, and let
P be the conditional measure for the environment given that the origin is in an infinite open

cluster. Our main result in this chapter is the following.

Theorem 3.1.1. For any fired d > 2, there ezists a constant C = C(d, p) and a P-measurable
discrete ball By, C Z% of cardinality at most (I+€n)dlogy s, n (where ey tends to 0 asn — o)

such that the following holds: for any t € [Cn(log n)_z/d, n|
P(S; € By | 7> n) — 1 in P-probability as n — oo . (3.1.1)

Here a discrete ball (in Zd) is the set that contains all the lattice points of some Fuclidean

ball (in R?).
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3.1.2  From poly-logarithmic localization to sharp localization

The main result in our previous work [24] is that the random walk is confined in at most
poly-logarithmic in n many islands (where an island is a connected subset in Zd) during
time [epn, n] (for some €, =0 0) and each island has diameter at most poly-logarithmic
in n — we will refer to these islands as pocket islands. The present article is closely related to
[24]: we rely both on the results and techniques in [24] (we note that our proof is otherwise
self-contained and in particular does not rely on results in [75]). Provided with [24], our

proof of Theorem 3.1.1 is naturally divided into two essentially separate parts as follows.

One-city theorem. The first step toward proving Theorem 3.1.1 is to show that conditioned

on survival the random walk is localized in a single pocket island.

Theorem 3.1.2. Let vy be the mazimizer of the variational problem (3.3.5) (in Section 3.3),
which is measurable with respect to the environment. Then there exist constants k, C' depend-
ing only on (d,p) such that the following holds: Let T' be the first time that the random walk

visits B(vx, (logn)®/2) (i.e., a ball centered at vy of radius (logn)/2). Then as n — oo
P(T < Clog|, {St : t € [T,n]} C B(vs, (logn)“/z) | 7> n) —5 1 in P-probability. (3.1.2)

We now explain the variational problem (3.3.5) and our intuition behind the proof of
Theorem 3.1.2. The probability of localizing in a pocket island is a product of the searching
probability (i.e., the probability for the random walk to travel from the origin to a certain
island) and the confinement probability (i.e., the probability for the random walk to staying
in this island for n — o(n) steps). In essence, this is the variational problem (3.3.5) which
optimizes the sum of two quantities corresponding to the approximation of the logarithms
of the confinement probability and the searching probability.

The major challenge here comes from the fact that the confinement probability is much
smaller than the searching probability; in fact, the leading exponential terms of the confine-

ment probabilities in all pocket islands are the same and the second order exponential terms
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of the confinement probabilities would be comparable to the searching probabilities. The
optimal island is the maximizer which strikes a balance between the searching probability
and the confinement probability. Our goal is to prove that the maximizer of the product
of these two probabilities is much larger than the sum of the rest products. One possible
approach to attack this is to obtain refined estimates on the confinement probabilities. How-
ever, this seems quite challenging. In order to circumvent this difficulty, we note that the
searching probability and the confinement probability are roughly independent. Hence it
suffices to prove that either of these two probabilities has large fluctuation across different
islands, which then implies that the maximizer has a product which is much larger than the
sum of the rest products of these two probabilities.

Due to the difficulty of controlling the confinement probability, we instead choose to work
with searching probability and show that the logarithm of the searching probability grows
(roughly speaking) linearly in the distance from the origin to the island provided that the
angle is fixed. Thus, searching probabilities have a large fluctuation since pocket islands
occur more or less uniformly in the box under consideration. Due to the fluctuation, the
best pocket island will substantially dominate all the others.

The difficulty of implementing such an analysis is that the decomposition (into searching
probability and confinement probabilities) must be done in a way that would not introduce
an error larger than the fluctuation. This is the reason why we consider the variational
problem (3.3.5), which is different from that in [71]. In fact, the optimal island will attain a
value close to the minima of the corresponding variational problem in [71], but it may not be
the actual optimizer. A major ingredient in proving Theorem 3.1.2 is the proof of a refined
version of “logarithm of the searching probability grows linearly in distance” incorporated

in Proposition 3.3.3 (and carried out in Sections 3.3 and 3.4).

Intermittent island. While the random walk is confined in a pocket island during time
[o(n), n], we will show that at each given time ¢ € [0o(n), n] it is in a much smaller region (called

intermittent island) inside the pocket island with high probability. In addition, we will show
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that the intermittent island is asymptotically a ball. These are covered in Sections 3.5 and
3.6. An important observation here is that the total volume for regions with low obstacle
density in any pocket island is at most dlog; /p n(1l 4+ o(1)). This observation, combined
with the celebrated Faber—Krahn inequality (see Section 3.1.3 below), then implies that the
asymptotic shape of the intermittent island is a ball.

We would like to add a remark that in this chapter, we use the term intermittent island
in a manner that is not completely precise. For instance, we have referred to £ in Definition
3.5.1, Qc in Definition 3.5.3, Be in Lemma 3.5.9, B, in (3.6.1) as intermittent island in
informal discussions. The abuse of the terminology is justified by the fact that all of these sets
have negligible pair-wise symmetric differences (and of course our mathematical statements

are always precisely formulated).

3.1.3  Two tmportant proof ingredients

In Section 3.1.2 we described the high-level structure of our proof in two essentially separate
steps; in this subsection, we will discuss two important proof ingredients, which provides a
glance at some highlights of our proof. Discussions on more detailed proof ideas can be found
at the beginning of Sections 3.3, 3.4, 3.5, 3.6.

Convergence rates for sub-additive functions. Rate of convergence for sub-additive
functionals has received much attention in the past. See [3, 45, 4, 5, 8] for progress on
bounds for rate of convergence for sub-additive functionals with prominent application in
first-passage percolation. In particular, a general theory was given in [4] via the ingenious
convex hull approximation property which applies to several processes on lattices including
first-passage percolation. For instance, it was shown that in first-passage percolation the
expected length of the shortest path connecting 0 and z can be approximated by a function
of x that is convex and homogeneous of order 1, with approximation error at most O(|z|")
for v < 1. Our proof in Section 3.4.4 follows the framework developed in [4] and is dedicated

to verifying the convexity hull condition in [4] for our log-weighted Green’s functions defined
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as in (3.4.1) — an incorrect but heuristically useful interpretation of log-weighted Green’s
function is the logarithm of the probability for the random walk to travel from one point
to another point without hitting an obstacle (in fact, this is simply the logarithm of the
Green’s function without reweighting, which converge to Lyapunov exponents [75]). While
this resembles the first-passage percolation problem (as already noted in [75]), our context is
more complicated since our function in a vague sense takes average over many (not necessarily
self-avoiding) paths rather than takes the length of the single shortest path as in first-passage
percolation. Furthermore, the real definition of log-weighted Green’s function is even more
complicated: for instance, it has to take into account the travel time for the random walk
as well as to incorporate the requirement that the random walk has to avoid certain regions.

These incur substantial challenges in implementing the proof framework in [4].

Faber—Krahn inequality. A classic result, known as the celebrated Faber-Krahn inequal-
ity, states that among sets with given volume balls are the only sets which minimize the
first eigenvalue (we remark that Faber—Krahn inequality is the fundamental reason behind
the phenomenon that the localization occurs in a ball). Various versions of quantitative
Faber-Krahn inequality have been proved in the past [41, 58, 11, 34, 15]. In particular,
the following sharp quantitative Faber—Krahn inequality was proved in [15, Main Theorem]

(here “sharp” means that the lower bound is achievable (up to constant) for some choice of

Q)
2/d,  1p2/d 2 :
Q7 g — |B|*"“up > 04(A(Q)) for a constant o4 > 0 depending only on d, (3.1.3)

where B is a Euclidean ball, || denotes the volume of Q, A(Q)) is the Fraenkel asymmetry

defined as (below A denotes the symmetric difference)

QAB
A(Q) = inf {% : B is a ball such that |B| = |Q|} , (3.1.4)
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and

1 , / 9
Qg = —  min Vu|“dx : ||u 10 3.1.5
o 2duewg2<m{ 1Vl de ful 20 } (3.1.5)

Our proof that the localization region is asymptotically a ball uses (3.1.3). In fact, for the
purpose of our proof, we do not need the full power of the sharp inequality (3.1.3) — the
inequalities in [11, 34] would suffice.

We remark that ours is not the first application of Faber—Krahn type of inequality in
the study of localization of random walks. For instance: in [12] a key ingredient was a
inequality of this type in two dimensions which was proved in the same paper; in [74] another
quantitative version of Faber—Krahn was proved independently; in [63] a quantitative version
of isoperimetric inequality (related to Faber-Krahn inequality) from [40] was a key ingredient

in the proof.

3.1.4 Organization

The remaining sections of the chapter are organized as follows. In Section 3.2 we review
results from [24] and also record a few useful lemmas. In Section 3.3, we give a proof of
Theorem 3.1.2 assuming a major ingredient as incorporated in Proposition 3.3.3. Section 3.4
is devoted to the proof of Proposition 3.3.3. In Section 3.5, we prove that there is a ball in
the pocket island of cardinality asymptotically dlog; /pT such that the principal eigenvalue
of this ball is close to that of the pocket island. Finally, we prove in Section 3.6 that the
random walk will be localized in the intermittent island and hence complete the proof of

Theorem 3.1.1.

3.1.5 Notation convention

For v € Zd, we recall that v is open if there is no obstacle placed at v. We define the o-norm
|- | by |v] = (Z?:l 03)1/2, the ¢1-norm | - |1 by |v]; = szzl |v;], and the lso-norm | - |0

by |[v|ec = maxj<j<q|v;| . For r > 0,v € 7%, we define B(v,r) = {z € Z% : |z —v| < 1}
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and K,(v) = {z € Z% : |z —v|w < r}. For A C Z% |A| denotes the cardinality of A.
Write 0A = {x € A®: y ~ z for some y € A}, where x ~ y means that z is a neighbor of
y (ie. [t —yly =1)and 0;A ={x € A:y ~ x for some y € A°}. We let A4 denote the
principal eigenvalue (i.e., the largest eigenvalue) of P|4, which is the transition matrix of
simple random walk on Z? killed upon exiting A. For Lebesgue measurable set A in R, we
use |A| to denote the Lebesgue measure of A. For z,y € A C Z%, we define D 4(z,y) to be
the length of the shortest path which stays within A and joins z and .

We denote by O the collection of all obstacles (some times referred as closed vertices).
For v € Z%, we denote by C (v) the open cluster containing v and by C(co) the infinite open
cluster. If v is closed, then C(v) = @. We denote by {4 = inf{t > 0: S; ¢ A} the first time
for the random walk to exit from A, and by 74 = inf{t > 0: Sy € A} the hitting time to A.
In particular, we denote 7, = () for z € Z%. As having appeared earlier, we let 7 = 79
be the survival time of the random walk. For a subset of non-negative integers I, we denote
Sp={St:tel}.

Throughout the rest of the chapter, C, ¢ denote positive constants depending only on
(d,p) whose numerical values may vary from line to line (and we do not introduce them
anymore). We have in mind that C' is a large constant while ¢ is a small constant. For
constants with decorations such as cx, C3 1 or k£ (which also depend only (d, p)), their values
will stay the same in the whole chapter. A list of frequently used notation is compiled in

Appendix 3.A.

3.2 Preliminaries

As described in Section 3.1.2, it was proved in [24] that the random walk will be localized in
poly-logarithmic in n many balls of radius (logn)” (see Theorem 3.2.3), which we refer to as
pocket islands (see Lemma 3.2.1 and the discussions that follow for a more formal definition
for pocket islands). In this subsection, we will describe the main result of [24] in more detail

and record a number of useful lemmas.
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Pocket Islands. Let us first recall some notations and definitions from [24]. Let k, =
(logn)*~2/d(loglog n)?Ld=2. Write R = ky(logn)? and denote by Cp(v) the connected com-
ponent in B(v, R)\O that contains v. Let A(v) = A¢,(,) be the principal eigenvalue of the
transition matrix P|¢,(,)— we note that (1 — A(v)) is the discrete analogue the first eigen-
value of Dirichlet-Laplacian on Cr(v) defined in (3.1.5). We call for the attention of the
reader that the notation of A\(v) and A (v} have completely different meanings.

Set

A = pil (3.2.1)

where po, (defined in [24, (3.1)]) is appropriately chosen according to some large quantile of
the distribution of survival probability up to kj, steps. Denote Dy = {v € C(0) : A(v) > A«}.

We have that ([24, Corollary 3.7])
k24n=1 < P(v € D,) < kS0 ~4. (3.2.2)

Note that the events {v € Dy} for v € Z% are rare (c.f. (3.2.2)) and are only locally dependent.

Thus, the set Dy can be divided into many isolated islands as incorporated in the next lemma.

Lemma 3.2.1. ([24, Lemma 3.8]) For every constant C3 > 0, with P-probability tending

to one, there exists a skeletal set V. C Dy, N C(0) N B(0,C3 gn(log n)_Q/d) such that

A(v) = max{A(u) :u € B(v,3R)}, DxNC(0)N B(0,C3pn(log n)_2/d) C U B(v,3R),
veV

and  B(v,nk; 10 for v e VU {0} are disjoint.

(3.2.3)

We will fix the values of x, (3 g in Theorem 3.2.3. The balls B(v, (logn)™) for v € V will
be referred to as pocket islands.
Path Localization. The following path localization result has been proved in [24]. Con-

ditioned on survival, the random walk will travel to one of the pocket islands (which we
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refer to as the target island) and then it will be confined in the target island afterwards. In
addition, the random walk will avoid getting close to any region that is better than or almost
as good as (i.e., has larger or nearly the same principal eigenvalue) the target island, and the
random walk will reach the target island at a time at most linear in the distance between
the target island and the origin. We next give a more formal statement (see Theorem 3.2.3)

on the path localization.

Definition 3.2.2. For constant k,C3 1 > 0 to be determined and each v € 7%, we define the
hitting time of B(v, (logn)"/2)

To = Tp(u,(log n)*/2)

and the event

Ev = {TDA(v) > To, 1, € Bv, (logn)"), 7> n} :
c
where Dy = {v € Z%: PY(7 > (logn)©3.1) > [(1 — k;Qld))\](logn) 3,1}.

Theorem 3.2.3 ([24]). For constants x,C3,C3 1 sufficiently large (C30 and C3 1 are de-
fined in Lemma 3.2.1 and Definition 3.2.2, respectively) and ¢ € (0,1) sufficiently small,

with @—probability tending to one,

P(|J(Esn{Ty <CIST I} [ 7> n) > 1 — e losn), (3.2.4)

veV
Proof. Tt can be found in the proof of [24, Proposition 4.3 and (5.19)] that for sufficiently
large , C3 , there is a random site x,, € V (depending on O and potentially also depending

on (St)}_) such that the following hold accordingly with @—probabﬂity tending to one,

P(S[Tmn,n] C B(xna (log n)“) ‘ T > n) < 6—(10gn)c’

C

P(T,, <C|ST,, || 7>n) < e (o8n)
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For the same z,,, [24, Lemma 5.6] states that for any constant ¢,

P(\(z) < (1 — k20N \(2), Ve € U B(S;, (logn)?) | 7> n) < o—n/(logn)®
0<t<Tay,

At the same time, [24, Lemma 4.5] yields if A(z) < (1 — k;,; 299\, vz € B(y, (logn)9), then

C3.1

PY(r > (logn)1) < (logn)C[(1 — ky 204 \|0oem) P! < (1 _ f-21d) 5 (logm) 31

Y

where the last inequality holds if C3; is sufficiently large. Combining above three results

gives (3.2.4). O
We will choose r,C3,C3 1 sufficiently large as in this theorem and will assume x >

10032 + C3.1 + 10 where (3 5 is a constant to be selected in Lemma 3.4.10.

A few useful lemmas. We next record a few lemmas for later use.

Lemma 3.2.4. ([17, Theorem 3] and [38] (see also [46, Corollary 3])) For standard (Bernoulli)

site percolation on Z% with parameter p > pc(Zd),

d—1)/d

P(C(0)] = m) < =M (3.2.5)

Lemma 3.2.5. For n sufficiently large, A\ > 1 — c4(log n)_2/d — C(log n)_3/d.

roof. Recall that o, = [(w,; "dlogq,, n as defined in (4.1.2). Let r = 9, — q. By |51,
Proof. Recall th ;' dlogy ,n)1/] as defined in (4.1.2). T B

(24)] and scaling we see that for any fixed ¢ > 0,
1= Ao, < cx(log n)_Q/d + O((log n)_3/d) :

In addition, |B(v,r)| < dlogp(n_l) — 081 for sufficently large ¢, hence for all v € Z9,

d—1

P(AM(v) = Ag(yr)) = P(B(v,r) is open) > n~%ecn

— v,r
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Fix a large ¢ and compare it with (3.2.2). We get Ay > 1—cx(logn)~2/4—C(logn)~3/4. O

Lemma 3.2.6. For n sufficiently large, A > A\«, and any v € 7%t >0
P(v € Dy) < (logn)®n~?, (3.2.6)

P’ (mp,u0 > t) < (logn)© (1 — (logn) ~100)! )\, (3.2.7)

Proof. If € D), then there exists y € B(z, (logn)®31) such that PY(r > ky) > [(1 —
fe 21y ) ]t > )\]:”/2. Hence [24, Lemma 3.3] gives (3.2.6). The bound (3.2.7) is an
analogue of [24, Lemma 4.4]. The adaption of the proof is straightforward: we can adapt
the proof by just changing all occurrences of ky, R,Uy, pa to (log n)0371, (log n)0371, Dy,

c
Allogn) =31 respectively and noting that k;, 214 > (logn) 1004, O

3.3 One city theorem

3.3.1 Overview

In this section, we will give the proof of Theorem 3.1.2. We first give a heuristic description.
There are poly-logarithmic many pocket islands (see (3.2.3),(3.2.4)). For each of them, the
probability for localizing in that island is roughly speaking the product of the probability
of reaching the island (which we refer to as searching probability) and the probability of
staying in that island afterwards. Since these two probabilities are roughly independent, the
fluctuation of the product across different islands is greater than the fluctuation of either of
these two probabilities. We will work on the fluctuation of the searching probability and use
it to show that one of the pocket islands will be dominating. Below are the key ingredients

for demonstrating that the fluctuation of searching probability is large:

e We expect that the searching probability to a far away vertex v (this is close to the
searching probability to a neighborhood around v) is exponentially small in |v|, where

the rate of decay may depend on the direction |g—|
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e The locations of these pocket islands are roughly independent and uniform in B(0,n).

In fact, we can have a quantitative version for the first ingredient which controls the rate
of convergence for the logarithmic of the searching probability. To prove this, we can adapt
methods discussed in Section 3.1.3 on the rate of convergence in first-passage percolation (in
particular the method in [4]).

However, our situation is more complicated as we have to keep track of the time spent on
reaching an island. This is because, when we require the random walk to stay in the island
after reaching it, the remaining amount of time is not fixed but depends on how much time
the random walk has already spent on reaching the island. This motivates the following

definition.

Definition 3.3.1. Recall that T, = 7p For A\ > 0 we define

(v,(log n)*/2)"
0x(0,0; ) = —logE[)\_TvllnATD/\UOZTJ : (3.3.1)

We wish to make a couple of remarks on our definition of 4.

e We have a term of A~ Tv in the definition. This is because after reaching the island,
every step of survival costs roughly a probability of A (assuming the principal eigenvalue
of the target island is ), and thus for every step spent on reaching the island we give

a reward of A™1 > 1 to account for the saving on future probability cost. (3.6)

e We do not allow the random walk to enter D). Otherwise, the random walk may stay
in a region of eigenvalue greater than A\ for excessively large amount of time and lead
to an excessively small value of @, (z,y; A) (since for every step the random walk gains

a prize of )\*1), and thus fails to serve its intended purpose.

Next, we list three ingredients for the proof of Theorem 3.1.2: Lemma 3.3.2 expresses

P(E;) as a combination of A(v) and ¢ (0,v; A(v)); in Proposition 3.3.3 we approximate ¢y
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by a linear function g; Lemma 3.3.5 encapsulates our basic intuition that the fluctuation of

g(v; A(v)) should be large since sites in V are roughly uniformly distributed in B(0,n).

Lemma 3.3.2. With I/F\’—probability tending to one, uniformly for allv € V
log P(Ey) = nlog A(v) — (0, v; Mv)) + O((logn)©). (3.3.2)

Proposition 3.3.3. There exists a deterministic nonnegative function g such that for some

constants ¢, C' depending only on (d,p) and all X € [\, 1],
g(-;\) is convex, homogeneous of order 1 and c|x| < g(x; \) < Clx]. (3.3.3)
Also, with @—pmbabz’lity tending to one, uniformly for allv € V
(0,13 A(v)) = g(v; A(v)) + O(n/0). (3.3.4)

Remark 3.3.4. For our purpose, we are interested in the case when A < 1 since \ will be
the principal eigenvalue of a transition matrix of random walk with killing. Similar results
has been proved when A > 1 in [72], where one considers Brownian motion with Poissonian
obstacles and the corresponding ¢( - ; A) will be proportional to Euclidean distance. We note
that our case when \ < 1 is substantially more challenging to analyze (since for instance, we
have to forbid the random walk to enter D) which incurs a number of complications in the

proof).

Lemma 3.3.5. With P-probability tending to one, for any distinct u,v € V there exists a

large constant C' > 0 depending only on (d,p) such that

[(nlog A(v) — g(v; A(v))) — (nlog A(w) — g(u; A(u)))| > n(logn)~ ¢
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Let v« be the maximizer of the following variational problem

max n log A(v) — g(v; A(v)) . (3.3.5)
veV

Combining preceding three results, we will show in Proof of Theorem 3.1.2 that conditioned
on survival, with @—probability tending to one the random walk travels to the pocket island
around v, and stays there afterwards. We will call the pocket island around v, the optimal

pocket island.

Remark 3.3.6. By Theorem 3.1.2, for a typical environment, with P-probability tending
to 1 the target island as described in Section 3.2 coincides with the optimal pocket island.
Furthermore,

log P(1 > n) =nlog A(vs) — g(vs; AM(vs)) + O(n5/6) : (3.3.6)

3.3.2  Proof of Lemmas 3.3.2, 3.3.5 and Theorem 3.1.2

In this subsection, we prove Lemmas 3.3.2, 3.3.5 and then prove Theorem 3.1.2 by combining
Lemmas 3.3.2, 3.3.5 and Proposition 3.3.3. The proof of Proposition 3.3.3 is postponed to

Section 3.4 and occupies the entire section.

Proof of Lemma 3.3.2. By the strong Markov Property, we get that
S,
P(Ey,) =E lTD)\(U)UO>TvP t(SB(U,(logn)”)\(’) >n— t)’t:Tv . (3.3.7)
Note that for m € (0,n), by (3.2.3) and [24, Lemma 4.5],
POTo(Ep(, (lognyono > M) < PPTo(A(z) < A(v) for @ € Sy, 7 > m) < (logn)“A(w)™.

At the same time, since v, ST, € C(0) and |ST, —v| < (log n)%/2, by [7, Theorem 1.1] (or [24,

(3.8)]) we see that any point in Cr(v) (defined in Section 3.2) and St can be connected by
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an open path of length at most C'(logn)®/2 (Thus the open path is also inside B(v, (logn)")).

Combined with max,; P*({4 > t) > Af4 (see [24, Lemma 3.2]), it gives that for m € (0,n)
c
PoTy (éB(v,(logn)"i)\(’) >m) = e~ (lgm) A(v)™. (3.3.8)
Combining preceding three displays completes the proof of the lemma. n

Proof of Lemma 3.3.5. It suffices to prove the following: with P-probability tending to

one, for any u,v € Dy such that |u — v| > (logn)",

[(nlog A(v) — g(v; A(v))) — (nlog M) — g(u; A(u)))| > n(logn) ™.

Now we verify this statement. Let A be the set of all the possible values for the random
variable log A\(v) that are greater than or equal to log A\« and €’ > 0 be a large constant to

be selected. We have

% ) P(I(n1og Aw) + (03 Aw) = (mlogAw) + g Aw))| < v € D)

Ju—v|>(logn)®
= > 3" PlogA(v) = a1, log A(u) = a2) Iy a

u,v€B(0,n),|lu—v|>(logn)b a1,a2€ A

where 14 45 = or- Noting that (3.3.3) holds for all

IL\(nalJrg(’U;e‘”))*(na2+9(u;€a2))|§"(10g n)”-
A € [As, 1], we let

H={h:R 5 R :c<h@)/|v] <C for all v € Z h convex, homogeneous of degree 1}.

(3.3.9)
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Then for all h € H,z > 0, h~'({z}) is a convex set in B(0,z/c) and

sup sup |{v € B(0,n) : |g(v;e™) — z| < n(logn) ="}

a1€A zeR

< sup sup [{v € B(0,n) : |h(v) — 2| < n(logn)~"}|
heH xeR

— sup sup |[{y € R : Jv e B(0,n) such that |h(v) — x| < n(logn)*cl, v —yloo < 1/2},
heH xzeR

where in the last expression the outmost |- | stands for Lebesgue measure instead of cardinal-
ity. Note that |v — y|eo < 1/2 implies |h(v) — h(y)| < Cd/? and h(v) < Cn for v € B(0,n).
We thus obtain that

sup sup [{v € B(0,n) : |g(v; ™) — z| < n(logn) ="}

a1€A xeR

< sup sup |h ([ — n(log n)*cl —Cd'? x+ n(log n)fcl + C’d1/2])
heH z<2Cn

< Cer20n)® L (¢ In(logn) = + ¢ 120d %) < Cni(logn) ¢,

where the second inequality follows from the fact that the surface area of any convex set
contained in a ball is less than the surface area of that ball (see, e.g., [39, Page 48-50]).

Since A(v) and A(u) are independent if [u — v| > (logn)®, we conclude that

D S° Pllog A(v) = ap, log A(w) = a3) - Ty 0y < 2n*%(logn) =" (P(v € D.))2.
u,v€B(0,n) al,CLQEA
|lu—v|>(logn)b

Now, the results follow from (3.2.2) and choosing € such that (log n)ol > 20, O

Proof of Theorem 3.1.2. Recall that v is the maximizer of the function v — nlog A\(v) —

g(v; A(v)) (c.f. (3.3.5)). Then combining Lemmas 3.3.2, 3.3.5 and Proposition 3.3.3, we get
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that with @—probability tending to one
log P(Ey,) — log P(Ey) > 2 'n(logn)™C Vu e V\ {vs}.

Hence, on the preceding event P(Ey,)/ > ey P(Ey) > 1 — e=(02m) " Combined with

(3.2.4), it follows that P(Ey, | 7 > n) > 1 — ¢~ (1087)°, Define
U :=the connected component in B(vs, (logn)™) that contains vs. (3.3.10)

And recall that ' = T,,. On event E,,, the random walk stays in B(vy, (logn)®) during
[T, n]. The discussion before (3.3.8) yields S € U. Hence

P(T < Clvg| {8 :teTn)} CU| 7> n) < ¢~ (logn)* (3.3.11)

This completes the proof of the theorem. n

3.4 Approximation and concentration for ¢,-function

This entire section is devoted to the proof of Proposition 3.3.3. To this end, we first introduce

a couple of definitions.

Definition 3.4.1. For A >0, A C Z% and xr,y € Z% we define

o0
Gal@, ) = > A "PT(Sy =y, S -1 € 4.

n=0

Note that in the preceding definition, we have chosen A™" as opposed to the more con-

ventional A" so that it will be consistent with the definition below.

Definition 3.4.2. We set r(z,y) = (log|z — y)2#110% v, — (D) U O)¢ and define log-
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weighted Green’s functions (LWGF)

p(x,y; A) = —log (Ex [)‘_TyILTD/\uO>Ty])
o (3.4.1)
T, N) = min min T,y A).
Pl Y3 V) x’eB(w,r(Cﬂ,y))y’GB(y77"(fv7y))(p( i)

Note that the name of log-weighted Green’s functions came from the factor of A~ in

the preceding definition. Also,

p(z,y; N) = —log Gy py (2,43 A) = —log (G, (2,5 0) /Gy, (¥, 43 1)) - (3.4.2)

The next result justifies the approximation of ¢, by the log-weighted Green’s functions,

whose proof can be found in Section 3.4.2.

Lemma 3.4.3. For n sufficiently large and all v € Z% with |v| € (n?/3, Cs3 on(log n)~2/dy,

P 0,0: A) — (0, 0: A)| < (logn)C | Gp) > 1 — e—cllogn)? |
(e [o(0.033) = u(0.00)] < (logn) | Gp) = 1 e

where

Go :={C(0) N B, ,(0) # @,D), N B(0,n*/?) = &} (3.4.3)

Here the event Gy is used as an approximation of {0 € C(c0)} (see Lemma 3.2.4, (3.2.6)),
and in Proof of Proposition 3.3.3 we will take advantage of the fact that Gy only depends on

the local environment of 0. We also wish to make a couple of remarks on Definition 3.4.2:

e We first approximate oy by ¢ where we replace T, by 7, — this is useful since later we
will apply sub-additive arguments and it would be convenient to get rid of reference
to n in the definition (recall that T, = TB(y,(log n)ﬁ/g)). In addition, we do not restrict
Ty < n, which will be justified in Lemma 3.4.16.

o We further approximate ¢ by ¢4« by allowing to minimize over the starting and end-

ing points in some local ball around z and y, for the purpose of getting around the
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complication when z and y are disconnected by obstacles (which occurs with positive

P-probability).

In addition, we note that in later subsections we will introduce more approximations of
LWGFs to facilitate our analysis.

The rest of this section is organized as follows: In Section 3.4.1 we apply renormaliza-
tion techniques to control the chemical distances on the cluster (Dy U O)¢ as well as some
refined geometric properties (c.f. Lemma 3.4.9) for later use. In Section 3.4.2, we justify
the approximation of ¢4 by the LWGF and prove a few technical lemmas about LWGF'. In
Section 3.4.3, we prove a concentration inequality for (s and sub-additivity of Eps. Then
in Section 3.4.4, we follow the framework developed in [4] for first-passage percolation to
prove that Epy is approximated by g with approximation error bounded by O(|v|%) for some
a < 1. In this step, we have to address a number of challenges that are not seen in the
first-passage percolation setup, due to the complication in the definition of our log-weighted
Green’s function ¢,. Finally, in Section 3.4.5 we prove Proposition 3.3.3, by combining the

ingredients in previous subsections.

3.4.1 Percolation process avoiding high survival probability regions

In this subsection, we study connectivity properties for the percolation process on O° N
DY, where Ay is defined in (3.2.1) — this will be useful later when analyzing LWGFs. In
order to analyze this percolation process with (short-range) correlations, we employ the
standard renormalization technique in percolation theory, and reduce it to the analysis of
a certain independent percolation process (see Lemmas 3.4.7 and 3.4.8, and discussions

following Lemma 3.4.8).

Definition 3.4.4. Recall that K,(v) = {x € Z% : |# — v|oo < r}. Let L = [logn]?® and
consider disjoint boxes

K; := K7 ((2L+ 1)i) for iez?. (3.4.4)
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We define the renormalized lattice {K; : i € Zd} which inherits the graph structure from the

bijection K; — 1.

Definition 3.4.5. Let Cp be a positive constant to be selected in Lemma 3.4.7. We say K;

(or i) is white (otherwise black), if the following hold:

1. There exists a unique open connected component 6; in Ko, ((2L + 1)i), such that

0 U XKypl=>Lj0. (3.4.5)
Jili-ileo<1

2. For all u,v € €; N (Uji||j—i||o<>§1 K;) (recalling definition of D.(-,-) in Section 3.1.5),

Deg(u,v) < CplL. (3.4.6)

3. Kepr((2L +1)i) "Dy, = @. In addition, for all j satisfying [|j — illcc < 1, one has

6 NK;| > L/10. (3.4.7)

Remark 3.4.6. The requirements in (3.4.5) and (3.4.7) look somewhat odd and repetitive
at first glance. We present the conditions in this way since we wish that the component
satisfying (3.4.5) is unique, and in addition this component satisfies (3.4.7). This is stronger

than the claim that there is a unique connected component satisfying (3.4.7).

The collection of white vertices gives a dependent site percolation process on the renor-
malized lattice. In the next two lemmas, we will show that the white vertices dominate a
supercritical Bernoulli percolation for an appropriate choice of Cp and n > ng where ng is

a fixed large constant.

Lemma 3.4.7. There exists a constant Cp > 4 such that for n sufficiently large and all
iczd
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(1) The event {KK; is white} is independent of o( {K; is white} for j s.t. |j —i| > 4Cp).
(2) P(K; is white) > 1 —n"1.

Proof. The first item is a direct consequence of the definition. Now, we verify the second

item. We first claim that K; is white if all of the following hold:

(a) Forall u,v € Ujillj—illoo<1 K such that u, v are in the same open connected component,

Dpe(u,v) < CplL. (3.4.8)

(b) For any v € Uj.|j-i| <1 Kj, either C(v) = C(o0) or [C(v)| < L/10.

(c) Forall [|j —illec <1,
[C(o0) NK;| > L/10. (3.4.9)

(d) KCDL((QL + 1)1) N D/\* = .

To verify this, we observe that (a) implies that

all vertices in C(c0) N ( U K;) are connected in K¢, r,((2L+1)i)NC(00). (3.4.10)

Jilli—illeo<1
Combining with (b) and (c), we get Property 1 in Definition 3.4.5 where %; is the connected
component of C(co) N K¢, (2L + 1)i) which has non-empty intersection with K; — such
a connected component is unique by (3.4.10). Combining this with (d) gives Property 3.
Property 2 follows from (a).

Now, [7, Theorems 1.1] yields

P((a) holds) > 1 — (6L + 3)2d€—cL1/d.
By Lemma 3.2.4

P((b) holds) > 1 — (6L + 3)2de=¢L"?
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Combined with [59, Theorem 5], this implies
P((b) and (c) holds) > 1 — (6L + 4)2de_CL1/2.

Finally, by (3.2.6)
P((d) holds) > 1 — (2CpL + 1)%(logn)®n=1.

Altogether, this completes the proof of the lemma. O]

Lemma 3.4.8. For any ¢ > 0 the white vertices stochastically dominates (with respect
to subset inclusion) the open vertices in a supercritical independent site percolation with

parameter 1 — € as long as n is greater than a large constant depending on (d,€).
Proof. The lemma follows from Lemma 3.4.7 and [55, Theorem 0.0]. O

In what follows, we will call vertices that are open in this Bernoulli(1 — €) percolation
tilde-white. Thus, there is a coupling such that a tilde-white vertex is always white, and
tilde-white vertices form a Bernoulli percolation with parameter 1 — e. In what follows, we
will work with tilde-white vertices as opposed to white vertices. We will call the tilde-white
percolation the macroscopic process and call the original site percolation (where open means
free of obstacles) microscopic process. For instance, we will refer to a microscopic path as a
path that consists of vertices in the original lattice and a macroscopic path as a path that
consists of vertices in the renormalized lattice. For any x € 7%, we denote i, be such that

K;, is the unique macroscopic box that contains x. For A C Zd, define
Ka = JK; and %a:= ] %, (3.4.11)
icA icA

where % is defined as in Definition 3.4.5 if i is tilde-white and an empty set otherwise. For
i € Z%, we denote by Cg (i) the tilde-white cluster containing K;. If i is tilde-black (i.e., not

tilde-white), then Ck (i) = @.
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For Ay, Ay, A3 C 7%, we say Aj is a vertex cut that separates
Ao and Ajs if any path joining As and As has nonempty intersec-

tion with Aj.

Lemma 3.4.9. For any v € Z% and r > (logn)Bd, let A(z,r)
be an arbitrary (macroscopic) tilde-white connected set such that
KA(z,r) i a vertex cut that separates B(x,r) and (B(z,2r))" (See
Figure 3.1). If such cut does not ezist, let A(x,r) = &. Then for

n sufficiently large,
(1) P(A(z,7) = @) <e L7

(2) For any u € Kp(y,) such that |C(u)| = L/10, we have
u < %A(x,r)' Any u,v € %A(:vﬂ‘) can be join by a path in

CA () (thus in (OUD),)) of length at most r2d,

Proof. (1) It suffices to prove that in the macroscopic lattice there

exists a tilde-white connected set A that separates B(iz, R) and

Figure 3.1: Two dot-
ted circles centered at
r, with radius r and
2r accordingly. Shaded
area represents A(x,r).

Solid curves represent

CgA(x,r)'

(B(iz,3R/2))¢ for R = r(2L)~! 4 2, since each microscopic path not intersecting with K4

corresponds to a macroscopic path not intersecting with A. (Here, B(iz, R) is the discrete

ball in the macroscopic lattice.)

For ¢ > 0, we say a subset of 7% is fg-connected, if it is connected with respect to the

adjacency relation

il
xrgy — |z —yl1 <gq,.

In addition, we say a subset of Z% is s-connected, if it is connected with respect to the

adjacency relation

a:iy = |2yl < 1.

Now, let A be the union of B(iz, R) and all tilde-black #34-connected components that

have nonempty intersection with UjeB(imR){k sk —jl1 <3d}. If AZ B(ig,3R/2 — 10d),
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then there exists a fi3,4-connected tilde-black path connecting B(iz, R+3d) and (B(iz, 3R/2—
10d))¢. By definition of tilde-white process, we get from a simple union bound over all f3,4-

connected tilde-black path connecting B(iz, R 4+ 3d) and B(iz, 3R/2 — 10d)¢ that
P(A € B(iy,3R/2 — 10d)) < (2R + 6d)%(6d + 1)¥(3F/2-10d) 3R/2-10d  ,—2R

for sufficiently large n (and thus e is sufficiently small). On the event {A C B(i;,3R/2 —
10d)}, we let A" = Ujealk : [k —jli < d} and Ag be the connected component in Al
containing B(iz, R). Then by [20, Lemma 2.1] (which states that the external outer boundary
of a x-connected set is *-connected), there is a subset of dAqy which is x-connected and
contains Ay in its interior. We denote this subset by Ag and let A = (Jjep, {k : [k—jloo < 1}
Then, the set A is connected and is contained in B(iz, 3R/2). It remains to prove that A is
tilde-white and contains A = B(iz, R) in its interior.

Note that for any j € Ag, the ¢1-distance between j and A is d + 1. Hence, the set A
contains A = B(iz, R) in its interior. By the f#34-connectivity, the ¢1-distance between j and
any tilde-black point in A€ is at least 3d — (d + 1) > d + 1. Hence, the set A is also free of
tilde-black points.

(2) By Property 1 in Definition 3.4.5, |C(u)| = L/10 implies that u € €y, ). Also, since

A(z,r) is connected, by Properties 1 and 3 in Definition 3.4.5, CKA( ) is connected. Then

w,r

the last statement follows from [€ ;)| < r2d, O

Lemma 3.4.10. Recall V\ = (D) U O)¢ and let C3 9 = 6d%. Suppose that A\ > A where )y
is defined in (3.2.1). For n sufficiently large and any x,y € Z% such that lr —y| > n1/10,

with P-probability at least 1 — e—(og|z—=y)® e have

(1) There is a unique connected component in Vy of diameter no less than (log |z — y|)©3:2

that intersect with B(x, |z — y|?).

(2) For any u,v in this component, there exists a path in Vy that connects u,v and which

has length at most max(Clu — v|, (log |z — y[)©).
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Proof. Suppose By, By C V) are two connected set and both By and By have diameter at
least (log |z — y[)ci? and have nonempty intersection with B(z, |z —y|?). We will prove that
with P-probability at least 1 — ¢~ (108 2=y for any v € Bq,vy € By, there exists a path in
V) that connects vy, v and is of length less than max(Clv; — vsl, (log |z — y|)¢). Provided
with this claim, the lemma follows immediately. Next we verify the claim.

Cs2d e suppose

Without loss of generality, we suppose |Bi|,|B2| < (2log|z — y|)
A(v,r) exists for 7 = (log|z — y[)°® and all v € B(z,2|x — y|?), which has probability
at least 1 — e—(oglz—y])* according to Lemma 3.4.9. Since U39 = 6d2, it follows that
B; N KA(vi,r) # &. By Property 1 in Definition 3.4.5 and that B; is open, it follows that
Bi NG (v, ) 7 2.

Since tilde-white percolation is a supercritical independent site percolation, with prob-
ability 1 there exists a unique infinite (macroscopic) tilde-white cluster (c.f. [1]), which we

denote as Cg(c0). Then the following holds with probability at least 1 — e~ (oglz—y)! (by

[7, Theorems 1.1] (or [24, (3.8)]) and Lemma 3.2.4)
(a) For all i,j € Cx(00) N Blia, [v — yI?), Dey o0y (i.d) < max(Cli - j|, (logla — y1)°).
(b) For all i € Z% N Big, |z — y|?), either Ck (i) = Cx(o0) or [Cx(i)| < (log |z — y|)?.

Then it follows from (b) that A(v;,7) C Cg(oo) for i = 1,2. Combined with (a) and the
Property 2 in Definition 3.4.5, it yields the claim we described at the beginning of the proof

and thus complete the proof of the lemma. n

3.4.2  Approximations of LWGF

In order to prove concentration inequality for ¢4 and sub-additivity for Epy in Section 3.4.3,
we shall introduce @x, and ¢° as follows. For notation convenience, we will omit A in ¢

(recalling that A > \y).
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Definition 3.4.11. Recall (3.4.1). We define @, the truncation of ¢, as

P, y) = clz — Y|V (px(z,y) A Clz = y), (3.4.12)

and define ©°’s as

(po($a y) == log (Ew [)\_Ty; TD\UO > Tys €B(.I,RO) > Ty}) ’

I} . . or 1 ./
T,y) = min min 'y, 3.4.13
R IR LA (3419)

Pe(x,y) = clz —y| V (gs(z,y) AClz —y|),

where ¢,C > 0 are two constants to be selected, Ro = |x — y|(log |z — y|)00, Co=0C31+3.

(Recall r(z,y) = (log |z — y])>+104),

We remark that ¢° is ¢ with an additional restriction that the random walk does not exit
a big ball centered at z (the superscript o stands for restriction to a “ball”, and the underline
and bar decorations of C' in the notation correspond to lower and upper truncations.)

It follows directly from definition that

©°(z,y) > ¢(z,y). (3.4.14)

Some remarks are in order for Definition 3.4.11.

e As we will show in Lemma 3.4.12 ¢« (z,y) is linear in |x — y|. Then we can (and we
will) choose ¢, C' such that ¢, and ¢S (also @« and $3) are close. Such truncations are
useful as they allow us to work with functions that are deterministically bounded from

below and above.

e We will show in Lemma 3.4.13 that ¢ and ¢° are close to each other and show in
Lemma 3.4.14 that concentration of @%(x,y) around its expectation is sufficient to

guarantee the concentration of @«(x,y). This is useful since it is more convenient to
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prove concentration for @3 (x,y) for the reason that it only depends on a finite number

of random variables.

Lemma 3.4.12. There exist constants ¢,C > 0 depending only on (d,p) such that for n
sufficenlty large and all x,y € 7% with |z —y| > nl/lo, the following holds with probability

at least 1 — e—(oglz=yl)? for all X € [A«, 1]

03z, y) < 1Clz —yl, (3.4.15)

px(x,y) > 4cfr —yl. (3.4.16)
As a result, for the same (z,y), we have for all X € [\, 1]

ox(r,y) = @x(2,y), s (r,y) = @3(2, y) (3.4.17)

Lemma 3.4.13. The following holds for all environments. For n sufficenlty large and all

z,y € Z% such that |x —y| > nt/10. If p(x,y) < 20|z —y|, then

p(a,y) > ¢ (z,y) —e 1TV (3.4.18)

E” [Ty)\_Ty;TD)\Uo > 7y JET [Ny, TDLUO > 7y <z —yl(log |z — y|)%e . (3.4.19)

Lemma 3.4.14. The following holds for all environments. For n sufficenlty large and all

z,y € Z% such that |z — y| > n'/10,

{E [@x(x, )] — Pulz,y) < 27 Mo — y>3 4w — y| < @u(,y) <4710z — g}
C{E[5(z,y)] — @2z, y) < |z —y>/3 2cx — y| < @2(x,y) < 27 Clw —y|}

C{E [ps(2,9)] — @u(,y) < 2z — y*/3, e — y| < @u(z,y) < Clz —y|}.

Now, we prove the aforementioned results as well as Lemma 3.4.3. We first record the

following corollary, which is an immediate consequence of (3.2.7).
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Corollary 3.4.15. There exists C3 3 = C3 3(d,p) such that for n sufficenity large, all x,y €
Z% and 0 < X < 1

Gy, (z,y;A) < (log n)C3»3 : (3.4.20)

Proof of (3.4.15) in Lemma 3.4.12. We will work on the event that both A(z,r(z,y)/2)
and A(y,r(z,y)/2) are non-empty and the properties described in Lemma 3.4.10 hold for
(x,y, A\x). By Lemmas 3.4.9 and 3.4.10, this event has probability at least 1 — 9¢(l0g [z=y])*
We note that this event does not depend on .

On such a event, since %A(x,r(x,y)/Q) and CKA( )/2) are in (D), U0O)¢ and of diameter

yor(zy
at least (log|z — y|)©32, Lemma 3.4.10 (2) implies there is a path in V), of length at most
C|xz —y| that connects B(z,r(x,y)) and B(y,r(x,y)). Therefore, by forcing the random walk

to go along such a path we get

max s (z,y; A) < Clog(2d)|z — y]. O
Ae[x*,u@*( i A) g(2d)|z — y|

The next result will be useful in proving (3.4.16).

Lemma 3.4.16. For n sufficiently large and all u € C(0) with |u| > nl/2, with @—probability

at least 1 — 26_(10g|“|)2d, for all X € [\, 1]

7|u|1/101

).

E AiTulTD)\Uo>TulTu<C|U‘] > E [Afﬂ"‘ﬂm/\uo>m] (1—e

Proof. By setting A = 1 and u € B(0,n), this lemma reduces to the path localization result
Ty < C|S7,| (see (3.2.4), [24, (5.18)]). The proof of the lemma is a straightforward adaption
of arguments in [24], and here we only describe how to implement such an adaption.

For u,v € Z% A C Z% and r > 1, we define Kar(u,v) as in [24, Equation (2.16)]. For
a random walk path w, we define its unique loop erasure decomposition as in [24, Equation
(5.1)] where n = n(w) is the loop erasure and we define ¢(w) as in [24, Equation (5.10)]. For

t > 1, as in [24], we let M(t) be the collection of sites v such that PV(r > t) > ¢~ t/(log t?,
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We also define

Ap(w) = {0 < < fnl = [li] = t,m; & M(1)} .

We will work on the following event (which does not depend on \)

{|7ﬂ/\/l(t)|Se_(logt)3/2|7|, Vv € U Wn(0),t > t1} (3.4.21)

m=|u|

where W, (0) is the set of self-avoiding paths in Z% of length m with initial point 0 and ¢;

is a constant depending only on (d,p). By [24, Lemma 5.3], the event described in (3.4.21)

has P-probability at least 1 — e~(108 Jul)* (Note that we should replace “n(log n)_100d2” in

the proof of [24, Lemma 5.3] by “|u|”.) By A > Ay and (3.2.7) we could see that

)\t672’1t/(1ogt)27 < kg()d,

max PU(TD)\U@ > 1) <

ugZM(t) At€—2_1tk5;21d L> kBOd
) . n *

As in the proof of [24, Lemma 5.5], there exists a constant t9 = t9(d, p) such that for m > 1,

t =13, v € O(K(p,uo)e\fu},m(0, ) with m — || = In|t~? we have

n m—|1|
P({w € Kip,uo)e\ fu},m(0:u) : ¢(w) =7}) < P(v) (m|’7|)( mex, Pmpu0 >1) T .
/o

Substituting the bound on max, ¢ \¢(4) P*(7p,u0 > t) and using (‘%) < (eM/N)N gives

P({w S /C(D)\Uo)c\{u}vm(o,u) : qb(w) = ’Y}) < (P(v))\m—"ﬂ) . 6—3_1(m—|'7|)]€7721d.

For t < |[u|Y20, since |n| > |u| > n'/2, we have (m — |y|)k; 24 > ||t~ 9%, 2 > |u|L/2. For

t > |u|t/20, since m — |7| is a multiple of ¢, (m — |yk; 22 > t - k21 > |u|1/50¢1/2 Then
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summing over all m, v such that m — |y| > |n|t~2 and ¢t > ty we get

DD ATTPHw € Koupy e futm (0 w) « [Ar(w)| = [t}

t>to m>0

_1,,[1/100
eIl :

<E [A*Tuﬂ (3.4.22)

TD)\UO >Tu

Next, as it was treated in [24, Corollary 5.9], we combine (3.4.22) and (3.4.21) to deduce

that on event (3.4.21), we have

_ _ _1,,1/100
E ) TuHTD)\U0>TUﬂTuZC/'W(S[o,Tu})] <E |:)\ Tu]lTD)\UO>Tu] e |ul

where C’ is an appropriately chosen constant. Finally, by [24, Lemma 5.4], we see that
—Tu / _C/ .
E A7 lTD)\UO>Tu ]17'u<0/'77(5[0,m})HU(S[O,TU])ZCNWJ < Z (C A )j )

for some constant ¢’ = ¢(d,p) € (0,1) and sufficiently large C”'. Combining the preceding

two inequalities and (3.4.15) completes the proof of the lemma. O

Proof of (3.4.16) and (3.4.17) in Lemma 3.4.12. Lemma 3.4.16 implies that for any u €

)2d

B(z,7(z,y)),v € B(y,r(z,y)) with P-probability at least 1 — 2~ 108[u=vD)™" " we have that

for all A € [Ay, 1]

gp(u’y) = _log EU )\_Tv HTD)\UO>TU Z —log Eu )\_TUHTD)\UO>TUHTU<C‘U—U|] —1

> —logP"1 > 1) — (1+ Clu—wv|log)).

At the same time, since any path connecting v and v has a loop erasure of length at least

lu — vl|, [24, Lemma 5.4] implies that there exists ¢ = ¢/(d, p) € (0,1) such that

P(PY(7 > 7,) > ()lv=uly < e—clv—ul
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We complete the proof of (3.4.16) by combining preceding two inequalities and using a union
bound over all v € B(z,r(x,y)), v € B(y,r(x,y)).
Since (3.4.17) is an immediate consequence of (3.4.16) and (3.4.15), we have completed

the proof of the lemma. O

Proof of Lemma 3.4.13. We denote j,x = |z — y|(log |z — y|)®°~ 1. By (3.2.7), we have for

any x,1y € Zd,

E.’E [Ty)\_Ty;TD)\UO > Ty,Ty 2 j*j| S Z j)\_JPx(TD)\UO > ])
J=Jx
<3 jllogn)C(1 — (logn) 1007 < ¢~le—yllogle—yl,
J>Jx

(3.4.23)

Since A7 < 7y A7, we have that e~ P@y) _ e=9°(2Y) equals to
BN 70,00 > Ty > Ep(e) < BTN Vimp,u0 > 7y 2 i) < e lrrvioslel,
Combined with ¢(z,y) < 2C|z — yl, it yields
0°(,9) — o(z,y) < —log(1 — e~le=yllogle—yl+2Cle—yly < ~lo—yl
verifying (3.4.18). Next, we prove (3.4.19). To this end, we observe
E* [Ty/\_Ty;TD)\U@ > Ty, Ty < j*} < j«E”* P\_Ty;TD/\Uo > Ty} = j*e_‘p(x’y) .
Combined with (3.4.23) and ¢(z,y) < 2C|z — y|, it yields that
E” [r, A"V mp Lo > 7] < e P@Y) 4 emlr=yllogle—yl <13 _ g (log |z — y|)CoeP@Y) |
which gives (3.4.19) as desired and thus completes the proof of the lemma. O
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Proof of Lemma 3.4.14. Combining (3.4.18) and Definition 3.4.2, we get that
os(1,y) < 20|z —y| = @ula,y) > @S(x,y) — e 1T7UI/2

Since p«(z,y) < @5(x,y), it suffices to prove E [@5(z,y)] < E[p«(x,y)] + e~ (loglz—y|)?/2.
Now, denote event F = {p«(x,y) = ¢«(z,y) and @5 (z,y) = ¢3(z,y)}. Then by (3.4.17), we

have
E [p+(w,9)] — Elpx(z,y)1g) < Cla — yle™ B le=s)"
2

E 22 (2, )] — E [¢2(z, )1 5] < Clz — yle~(loglz=vD)

Suppose p«(x,y) = p(u,v), for u € B(x,r(x,y)) and v € B(y,r(z,y)). By (3.4.18), we have

ou(@,9)1p = p(u,v)1g > @ (u,v) g — e "7 > (2, )1 g — 7 1T7YI/2,

We complete the proof by combining preceding three inequalities. O]

Proof of Lemma 3.4.3. We first note that combining Lemma 3.2.4 and (3.2.6) gives
P(Gy A{0€C(0)}) — 0. (3.4.24)

So P(Gp) is bounded away from 0 for large n. Let A = B(v, (logn)"/2) where £ is chosen in

Theorem 3.2.3. Since (0, 2) > ¢«(0,v) for all z € 9;A, we have the upper bound

B[\ T < > 7?02 < od(lognyde/Zem e (00) (3:4.25)

TD)\UO>T’U:| -
z€0;A

For the lower bound, we will work on the event such that the following holds (which does

not depend on \).
o A(Ua (10g n)C&Q) 7& 9,

e Properties described in Lemma 3.4.10 hold for (0, ney, A«),
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e For all x € B(0,7(0,v)), y € B(v,r(0,v)) and A € [As, 1],

j1/101

B Ay osn In<clyl] = B [N (onn, | (1= e M (3.4.26)

Combining Lemmas 3.4.9, 3.4.10 and Lemma 3.4.16 (since |v| > n?/3 ensures |y| > nl/2),

2
this event has probability at least 1 — e—c(logn)”

Now, we choose xz € B(0,7(0,v)) and y € B(v,7(0,v)) such that ¢4(0,v) = ¢(z,y) and

we claim that
Dy, (0,z) < (log n)¢ and there exists 29 € A such that Dy, (y.20) < (log n)¢ . (3.4.27)

Provided with this, by forcing random walk to travel from 0 to = at the beginning and travel

from y to 2y at the end (both along the geodesics), we have that for i > 0,

P(Sit Dy, (02)+Dy, (1.20) = 20514 Dy, (0.2)+Dy, (5.20)-1] € YA

is bounded below by (2d) 2008 ”)CPI(Si =¥,5]1,i-1] € V). Hence,

Clyl
E* A_TyII‘TD/\UO>Ty:H'Ty<C|y|i| < Z /\_ZP'I(S,L =, S[l,’i—l] - V)\)
1=0
oGl
< (2d)2(10gn) Z AT'P(S; = 2, S[l,i—l] CVy), (3.4.28)
1=0

where in the last step, we have changed the index using i + Dy, (0,z) + Dy, (y.20) — i.

Decomposing the random walk path depending on the entrance point in A and using the
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strong Markov property, we get that

Cly|
(3.4.28) < (2d)2(10en)” D D ATP(Si= 28,21 S VA \ A) - Gy, (z,20:N)
ZE@Z'A 1=0

C _
< (2d)*1") (log ) SIEN T Ly 05T

where in the last step, we used Corollary 3.4.15 and |y| < 2C3 gn(log n)~2/4 (since |v| <

Cs3 on(log n)~2/4)). Combining it with (3.4.26) gives the lower bound
_ _ c _
EP\ Ty Il'n/\TD)\UOZT’U} > e (logn) EZ |\ ]lTD)\Uo>7'y

Combined with (3.4.25) and (3.4.24), this yields the result of the lemma.
It remains to prove (3.4.27). Since x is connected to y in Vy and (by (3.4.3)) 0 is connected

to le /o

(0) in V), Lemma 3.4.10 (2) yields the first part of (3.4.27). The second part also
follows directly if y € A. If y & A, since we assumed A (v, (log n)C?”?) +# &, applying Lemma
3.4.10 to %A

yields that the vertex y is connected to %A in V), .

(v,(logn)C&Q) (v,(logn)C&Q)
Since A D B(v,3(logn)32), we get from Lemma 3.4.10 (2) that y is connected to some

20 € 0;Ain V) by a path of length at most (log n)c. O

3.4.3 Concentration and Sub-additivity of LWGF

In this subsection, we will prove two key properties of LWGF': concentration as incorporated

in Lemma 3.4.17 and sub-additivity as incorporated in Lemma 3.4.21.

1/10

Lemma 3.4.17. For any q > 2, |t —y| >n and sufficiently large n

Var [gs (2, y)] < (loglz —y)© - |z —y], (3.4.29)

E [(Egs(z,y) — px(2,9))%] < (logle — )17 - o — y|¥/2, (3.4.30)
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where we used the notation ay = alg>q.

We will use the Efron-Stein inequality to bound the second and higher moments (see
[14, Theorem 2]). To this end, we will control the increment of @«(x,y) when resampling
obstacles in (B(x,2R,))¢ and resampling the obstacle at each w € B(x,2R,). We see that
Lemma 3.4.13 implies resampling obstacles in (B(z,2R,))¢ only has a very small effect on
LWGFs (see (3.4.32) below). It is a more complicated issue to control the influence from

resampling w € B(x,2R.). To this end, we will employ the following two types of bounds.

e We show in Lemma 3.4.19 that on a typical environment, the increment of @« (z,y)
due to the resampling at w is at most poly-logarithmic in |x — y|. The proof is divided

into two cases as follows.

— For w near x (or y), (recalling that in defining @ (z,y) we have optimized over
starting and ending points that are near x and y respectively) we will choose a
different starting point (or end point) and consider the set of paths that do not

get close to w. See Lemma 3.4.19 Case 1 below.

— For w away from x and y, we note that the random walk can take a detour using
%A(w,(log|a:—y|)c) for some constant C' > 0 (recall ¢ as in Definition 3.4.5 and A

as in Lemma 3.4.9) to avoid getting close to w. See Lemma 3.4.19 Case 2 below.

e We prove in Lemma 3.4.20 a bound on the increment by a direct computation which

takes into account how likely the random walk will get close to w.

Remark 3.4.18. Due to the requirement of avoiding D) in the definition of LWGFSs, by
resampling the obstacle at w, it is possible to change the accessibility for more than just the
vertex w. However, by (3.4.33) below the change on accessibility is confined in a local ball

around w.

In order to implement the preceding outline in detail, we first introduce a few definitions.
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For w € B(x,2R,), we denote
Ow = (O \ {w}) U (O’ n{w}), Oo=(0\ (B(z,2R:))%) U (O N (B(x,2R)))

where O is an independent copy of O (that is, Oy, is obtained from O by re-sampling the
environment at w). Write ¢(z,y; O) to emphasize its dependence on the environment. Let

Ey y be the event such that the following hold:

e For any v € B(z, |z — y|?), either C(v) = C(o0) or |C(v)| < (log |z — y])°.

e For all w € B(z, |z — y|?), Alw,r) # @ for r := (log |z — y|)¢3.1+C3216d

o 0u(2,y;0) = pu(w,y; 0), and for all w € B(x, [z — y[?), ¢x(w,y; Ow) = x(x,y; Ow).
Then by Lemmas 3.2.4, 3.4.9, (3.4.17) and (3.4.14),

_ _y)5/2 _ —2d
P(Ef ) <(2a —y[?) e Mol 4 2]z — g )demrlosn)

+ 3(2|z — y‘2)d67(log lz—y])2 < —(log |z—y|)3/2 '

On the event Ey 4, by (3.4.1) we can choose u € B(z,r(z,y)) and v € B(y,r(z,y)) such that
Ox(2,y;0) = pu(x,y; O) = p(u,v;0). (3.4.31)

Let
VA,w = (DA(Ow) U Oy)© .

Then

(z.y, Ow) = —log (B*A"Tv:6p, > 7).

Now, we claim that on the event Ly 4,

o(u,v;0) > @u(z,y; O5) — e~ le=ul/2. (3.4.32)
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Figure 3.2: From left to right: Case 1(i), Case 1(ii), Case 2 in Lemma 3.4.19. The gray areas
represent K A(w,r)7S' The solid curve are the original paths. We replace a segment of it by
the dotted curve.

We first see that (3.4.13) implies ¢(u,v;Os) < ¢°(u,v;O) and Lemma 3.4.13 yields
©°(u,v;0) < p(u,v;0) + e[l Then (3.4.32) follows from (3.4.1).

Further, for all w € B(z, |z — y|?) let Ay denote the union of K Al and its interior

w,T)
region; i.e. Ay, is the complement of the infinite connected component in (K A(wﬂa))C. Since

VA AV C B(w, (log n)31) and Ay D B(w,r) 2 B(w, (logn)©3.1),
A\ Aw =V \ Aw - (3.4.33)

That is, removing or adding obstacle at w can only change the accessibility of the sites in

Ay (actually, only in B(w,r)) for the random walk.

Lemma 3.4.19. For n sufficiently large and x,y with |x — y| > nl/lo, let u,v be chosen as

in (3.4.31). On the event Ey 4 we have
o(u,v;0) > ou(x,1; Op) — log(2d)r3¢ Yw € B(z,2R,) . (3.4.34)

Proof. We divide the proof into two cases as follows.
Case 1: ue A, U %A(w,r) orv € Ay U %A(w,r)'

We assume that v € Ay Uy () (the case u € Ay UGy () can be treated similarly).
We first claim that there exists vg € €y, ) N B(y,7(2,y)). To see this, we consider the

following two scenarios.
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(i) v € Aw\Kp () In this scenario, since r(z, y) = 100r, we know that B(y,r(z,y))NK;
is non-empty for some i € A(w,r). Then we choose an arbitrary vg in K; N %A(w,r)'
Then Property 1 in Definition 3.4.5 gives C(vg) > L/10 and the claim follows from

Lemma 3.4.9 (2).

(i) v € KA (w,r) Y %A(w,r): In this scenario, choose vy = v and we only need to prove
v € Cp(w,r) When v € Kp (). Since v is connected to u in OF, by the first requirement
of the event E , we see that C(v) = C(oc0) and the desired claim follows from Lemma

3.4.9 (2).

Also, for the same reason as in (ii) above, we know that for any z € 9;(Ay U CA(w,r)) With
GVA\((AwU‘gA(w,T))U{v})(u’ z;A) > 0, we have C(z) = C(c0) and thus by Lemma 3.4.9 (2), we
get 2 € Cp () (since z € 0j(Aw U CA(w,r)))-

Next, we will verify (3.4.34) in this case by combining the preceding discussions with the

following decomposition of ¢:

pluvi0) = =log (3T Gyt (5 NG ()
Z€0; (AwU%A(w,r))

(3.4.35)

By Corollary 3.4.15, Gy, \ (1 (2, v;A) < (log n)E33. Let vy be chosen as above and consider
any z € 0;j(Ay U %A(wﬂa)) with GV)\\((AwU‘fA(w7T))U{U}) (u,z;A) > 0. In light of scenario
(i),(ii) and the discussion after (ii), we see that vy, z € €p(y,,) and thus by Lemma 3.4.9 (2)
we get that Gy, \ 1,1 (v0,23A) = (Qd)_rzd. Therefore, combined with (3.4.35) it yields that

o(u,v; Q) is bounded below by

2d
—log ((2d) Qogm) - 37 Gy (A Uip Ul (8 25 NG g} (20003 ))
Zéai(AwU%A(wyr))

= p(u, vp; O) — log(2d)r*? — C5 3loglogn > ¢x(x,y; O) — log(2d)r?,
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where we have used Ay U Gy () U {vo} = Aw U Cp (-
Case 2: Neither u nor v is in Ay U CgA(w,r)'

Let I, ,» = GV,\\(AU,U{U})(% z; )\)GV/\\(AWU{U})(Z/,U; A), we have

Gy A = > L Gy (225 A) + Gy (agugep) (w03 )
2,2'€0; Ay

Gy Mot 0N = D Lo Gy (525 0) + Gy (4, 0o (803 0)
2,2' €0; Ay

Wen claim that that for z, 2" € 9; Ay, with I, >0,

r3d

Gy (o} (2250 /Gy, oy (2275 2) < (2d) (3.4.36)

d
re , which then

Provided with (3.4.36), we see that GV,\\{U}(U> v; )\)/GV)\’w\{’U}(l% v; A) < (2d)
yields (3.4.34). It remains to prove (3.4.36). We first note that Gy, (2, 2'; X) < (log n)¢33 due
to Corollary 3.4.15. At the same time, for the same reason as in Case 1, we know I, ., > 0
implies C(z) = C(2') = C(o0o). Combining this with z, 2’ € 9;A4, and Lemma 3.4.9 (2) gives
(2,2";0) > (2d)"""". Thus (3.4.36)

2,2 € Cp(y ) Then Lemma 3.4.9 (2) implies G

w,r

)
would follow once we prove € () € Vi \ {v}. To this end, note that €y, ) € Va\ {v}

(by Definition 3.4.5 and the assumption of this case) and that €y, ,) N B(w,r —100L) = &
(by the definition of €, ;) in Lemma 3.4.9). Since V\ AV, , € B(w, (log n)4) C B(w,r —
100L), it yields that %A(w,r) C Vi \ {v}. At this point, we complete the verification of
(3.4.36).

Combining the two cases above completes the proof of the lemma. n

We remark that (3.4.34) holds for general w provided that the event E, , occurs, but it
is suboptimal for typical w. For a typical w, the influence of resampling the environment at

w is much smaller than the bound given in (3.4.34), as incorporated in the next lemma.

Lemma 3.4.20. For n sufficiently large and x,y with |x — y| > nl/lo, let w,v be chosen as
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n (3.4.31). Forw € B(z,2R,), we have

E" A" &y, > 1,74, < T
Ev [)\_Tv;fv)\ > TU]

min(1, o(u, v; Op) — p(u,v; 0)). (3.4.37)

DN | —

Proof. We note that

@Uaiﬁow :_log EU )\—Tv;g >7—’Ua7_A ST’U _I_Eu )\—Ty;g >TU7TA >TU
V)\w w V)\ w

< —log (E“ [)\_Tv;fvl\ > Ty, TA, > TUD )

Thus, we have

E® A7y > Ty, TA, > T
QO(U, v; Ow) - (,D(U, v, O) < —log ( [ £VA vy T Ay ’U] ) ‘

Ev [)\_Tv;fv/\ > TU}
Therefore, using —logt < (1 —¢) for 1/2 <t <1 gives (3.4.37). O

Proof of Lemma 3.4.17. It follows from (3.4.31), (3.4.1) and the third requirement of

Ey y that

(@l 5 Ow) = Gul, 1 0)) 1) < ((p(u,v: Ow) — p(u,v; 0)) )
2EY [)\_Tv;év)\ > Ty TA, < TU]
Eu [)\_TU' fy)\ > Tv]

)\ v SV)\ > Ty, Tz S 7—1}}

I
u Ty
z€B(w,2r) E )\ SV = TU}

< (log(2d))?r%? x

. (3.4.38)

where in the second inequality, we used Lemmas 3.4.19 and 3.4.20. Now, we define

Vi = ((@*(x,y; Oo) — @a(x,y; (9))+)2 + ) <(95*(x,y; Ow) — P«(z, y; O))+)2.
weB(z,2R,)
(3.4.39)
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Combining (3.4.32) and (3.4.38), we have that on event Ej 4

EY [)\_TUQ éV,\ > Ty, Tz < Tv}

+1
u [)\_TU;SV)\ > TU]

Vi < Z Cr6d Z

weDB(x, 2RO) z€B(w,2r)

< ¢y Z )\ &y, > Ty, Tz < 7'@] 1< 7q E" [TU vy, > Tv}

sezd E“ A 6w, > Tl = B iy, > )

Combining with (3.4.19), we get that on the event E

Vi < (log |z — y)%)z —yl.

Combined with (3.4.31) and |@«(z, y)| < C|z—yl, this yields for any ¢ > 2, and |z—y| > n1/10

& [v2?] < ((ogle — y)Cla — )"

In light of the preceding estimate, we complete the proof of the lemma by applying Efron-

Stein inequality and [14, Theorem 2]. O

Next, we prove the sub-additivity of our LWGF. Note that the sub-additivity for the
logarithm of unweighted Green’s function (i.e., when A = 1) was proved in [75, Chapter 5,

Lemma 2.1]. The proof for our LWGF shares the same spirit but is a bit more complicated.

Lemma 3.4.21. For n sufficiently large, any z,y,z € Z% with lr —y| > nt/10 and all
A€ [As, 1]
Eg.(1,y) < Egs(z, 2) + Egy(z,y) + (osla=vD??. (3.4.40)

Proof. For any u,v,w € Zd, by the strong Markov property at 7,, we have

GVA\{w} (u, w; A) > GV)\\{v,w}(uv v; )‘>GV)\\{w}<U7 w; ).
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Figure 3.3: Case 1 (left) and Case 2 (right) in Lemma 3.4.21. The gray areas represent Ky ’s.
The solid curve are the original paths. We use dotted curves to connect two paths or change
the starting/ending points.

Then (3.4.2) and Lemma 3.4.15 implies
o(u, w) < p(u,v) + p(v,w) + C3 3loglogn . (3.4.41)

To prove (3.4.40), we have the complication that ¢« (z,y) is the minimum over a neigh-
borhood of z to a neighborhood of y (see (3.4.1)) and the size of the neighborhood depends
on |x — y|. This requires more careful treatment in the proof.

Without lose of generality, we assume |z — z| > |y — z|. By the definition of ¢y, it suffices
to consider the case when |z — y| > ¢C~Ya — z|. The proof divides into the following two
cases.

Case 1: |y — z| > ellog l—y))!/?,

In this case, we let Ey 4 . be the event such that the following holds:

e For any v € B(z, |z — y|?), either C(v) = C(c0) or |C(v)| < (log |z — y])°.
o 0x(z,y) = x(x,y), Px(x, 2) = px(w, 2) and Gx(y, 2) = @«(y, 2),

o A(x,r(x,y)/2), Aly,r(z,y)/2), Az, 2r(x, z)) are not empty.

e Properties described in Lemma 3.4.10.
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By Lemmas 3.2.4, 3.4.9, (3.4.17) and 3.4.10,

P(ES, ) < (2|lz — y|)declog le—y[*7?) | go—(ogle—y)* | ,—(ogle—=2))® | ,—(log|z—yl)?

‘r’y7z

2d 2d 3/2

< 9 (oglz—yl)

+6—2_1r(x,y)(logn)_ +€—27°(3Ca2>(10gn)_ (3.4.42)
On event Egy ., by (3.4.1) we choose x1 € B(x,r(x,2)) and 21 € B(z,7(x,2)), 22 €

B(z,r(z,y)) and y; € B(y,r(z,y)) such that

Dx(7,2) = u(w,2) = (w1,21) and  @u«(z,y) = px(2,y) = ©(22,91).

Noting that A(z,2r(z,2)) is not empty, we denote by A the union of Ky (. 9,(; -)) and its
interior region; i.e., A is the complement of the infinite connected component in Kf‘ (2,2r(2,2))"

By decomposition of random walk paths, we have
Gy, (w1, y1:0) > > Gyoaler, wi; NGy, (wr, wz; )Gy a(wa, yis A) -
wl,wgeaiA

Also, for wq, w9 such that GV/\\A(J;L wy; )\)GVA\A(U)27 z1;A) > 0, by the first requirement of

Eyy,», we have C(w1) = C(wg) = C(c0). Applying Lemma 3.4.9 (2), we get
Gy, (w1, w; A) > (2d)~@r(@2))*"

Therefore, combining the preceding two displayed inequalities gives

2d

Gy, (21,913 A) > (2d) (@) Y Guaalenwi NGy awa, yr; M)

w1, wo€0; A
Also, by Corollary 3.4.15,

Gy, (71, 215A) = Z Gy a(@1, w; NGy, (w, z1;A) < (log n)c373 Z Gyaalz,wiA),
wWED; A wWED; A
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and similarly Gy, (z2,y1;A) < (log n)Cs3 > wed;A Gy a(w, z1;A). Combining preceding

three inequalities and that r(x, z) > log(|z — y|/2) > clogn gives
GV/\ (xlv Y1; )‘> > efc(r(x,z))Qde)\ (xlv 215 A)GV)\ (227 Y1; /\) :
Then by (3.4.2) and Corollary 3.4.15, we deduce that

(1, y1) < @x(x,2) + Pulz,y) + Cr(z, 2))??.

Since A(z,r(x,y)/2), Aly,(x,y)/2) # @ and r(z,y)/2 > (log |z — y|)©32, we choose x5 €
%A(x,r(x,y)/Z) and yo € %A(y,r(x,y)/Q) arbitrarily. Then by Lemma 3.4.10, 1 and z9 is
connected by path in Vy of length at most (log |z —y|)¢. Then ¢(z1,z2) < log(2d)(log |z —

y))¢ (and the same holds for y; and y7). Therefore, on the event Eqry.2, (3.4.41) gives

pe(@,y) < pl(wa, y2) < (@, y1)+2log(2d) (log |e—y ) < Gu(w, 2)+@u(z, )+ (log [z —y))© .
Combined with (3.4.42) and @«(z,y) < C|z — y|, this implies

Eg(z,y) < Eps(z, 2) + Eps(z,y) + (log |z — y|)© .
Case 2: |y — z| < elogle—y)'/?

In this case, |z — z| > |z —y[/2. We let E; 4 » be the event such that the following hold:

e For any v € B(z, |z — y|?), either C(v) = C(o0) or |C(v)| < (log |z — y])°.

Px(z,y) = o2, y) and Px(, 2) = @«(z, 2),

o A(x,r(x,y)/2), Aly,r(x,y)/2) are not empty.

Properties described in Lemma 3.4.10.
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By Lemmas 3.2.4, 3.4.9, (3.4.17) and 3.4.10,

|5/2

P(EC, ) < (2] — y|)de—closle=ylP?) 4 3,—(logla—y])®

‘r’y7z

2d 3/2

1 9e—(logla—2])® 4 9,~27"r(zy)(logn) "> - —~(log|z—yl)

(3.4.43)

On the event Ey y -, by (3.4.1) we let 21 € B(z,r(x,2)) and 21 € B(z,r(z, z)) such that

@*(:B,Z) = ‘:0*(‘%’ Z) = g0($1, Zl) .

Since A(z,r(z,y)/2), Ay,r(x,y)/2) are not empty, by Lemma 3.4.10, there exists zo €
B(z,r(z,y)) and yo € B(y,r(z,y)) such that x; is connected to z9 by path in V) of length at

most (log |z—y|)€ and 2 is connected to yo by path in Vy of length at most Ce~ (108 lo—y)'/?,

1/2

Then ¢(z9, 1) < log(2d)(log |z — y|)¢, ¢(z1,y2) < Clog(2d)e10812=4)""" " Therefore, on

the event Eyy -, (3.4.41) gives

ox(z,y) < @(x,y2) < p(x1,21) + Cellog lo—y)'/? log(2d)

= i, 2) + Celogle=uD2 10594y

Combined with (3.4.43) and @«(z,y) < C|z — y|, this implies

1/2

Egi(z,y) < Efs(x, 2) + Epa(z,y) + 218174 =
3.4.4 Rate of convergence for LWGF to linear functions
Let
h(z) = B [5+(0,2)] for all z € Z¢ . (3.4.44)
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It has been proved in Lemma 3.4.21 that {h(mz)},,>1 is sub-additive (with some error

term). Hence, one can prove that (see [18, Theorem 23]) for all z € Z% the limit

g(x) := lim h(mzx)/m (3.4.45)

m—0o0

exists. Furthermore, ¢ could first extends to Q¢ by restricting m to such that mz € Z%, and
then extends to R% by continuity (see [4, Lemma 1.5]). Moreover, it follows directly from

definition and Lemma 3.4.21 that g is homogeneous of order 1 and sub-additive, i.e.,
g(azx) = ag(z) for z € R% a >0, and gz +y) < g(z)+g(y) for z,y € R?. (3.4.46)
Thus, g is convex (these properties will be useful, e.g., in the proof of Lemma 3.3.5). Now,

we can state the main conclusion of this subsection.

Lemma 3.4.22. For n sufficiently large and |x| > n/2 we have that
h(z) < g(z) + |z[*°. (3.4.47)

The proof of Lemma 3.4.22 is a combination of the concentration results proved in Sec-
tion 3.4.3 and a nontrivial adaption of arguments in [4]. We first record some straightforward

properties of h. By Lemma 3.4.21 and [18, Theorem 23], for all |z| > nt/10
g(x) < (@) + [af /10, (3.4.48)

cle] < glx) < Cle]. (3.4.49)

where ¢, C' are two constants as in (3.4.12) In addition, g is continuous (see [4, Lemma 1.5]).
One of the main results in [4] is that CHAP (as described in Lemma 3.4.24) implies
approximation property of the form (3.4.47). Hence, it suffices to verify the CHAP condition.

We will adapt the arguments in [4] in order to verify CHAP (Lemma 3.4.25). However, in our
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case h is not the length of the shortest path (as in the case for the first-passage percolation),
but in a vague sense h is the “average” length of all open paths (which are not necessarily
self-avoiding). This incurs some nontrivial challenges, whose treatment requires some new
technical ingredients including Lemma 3.4.27 and some concentration results in our case
(Lemmas 3.4.29, 3.4.30).

We point out that Lemmas 3.4.24, 3.4.26 and the arguments in the proof of Lemma
3.4.22 are from [4]. We omit the proof the Lemma 3.4.24 but present the proof the other
two, as there is an error term in the sub-additivity of A and hence a few (straightforward)
modifications are required there. Also, Lemma 3.4.25 is similar to [4, Proposition 3.4].

Now, we turn to the proof of the main result in this subsection.

Definition 3.4.23. For x € RY, let H, denote a hyperplane tangent to d{y : g(y) < g(x)}
at x. Let Hg denote the hyperplane through 0 parallel to Hy,. We define gx(y) by the unique

linear function such that

gz(y) =0 for yEHa(:)7 and gx(l‘):g(l'),

and define
Qui={y € 2: gs(y) < 9(x), h(y) < gu(y) + 10C|*?}, (3.4.50)

where Cg = 20c¢ 1+ 10.

Then one can prove that (see [4, (1.9)])
19:(y)] < g(y) for all y € RY. (3.4.51)

Lemma 3.4.24. ([4, Lemma 1.6]) Let M, a > 1. Suppose that for each x € Q% with |x| > M,
there exists N > 1, a path vy in 7% from 0 to Nx and a sequence of sites 0 = v, v1, ..., Uy =

Nz in v such that m < aN and v; —vj_1 € Qy for all 1 < i < m. Then h satisfies the
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convex-hull approximation property (CHAP), meaning for all x € Q? with |x| > M, we have
z/a € Co(Qy) for some o € [1,al, (3.4.52)

where Co(-) denotes the convex hull.

To verify the condition in Lemma 3.4.24, we fix a large integer N such that Nz € Z¢
and choose v;’s depending on the environment and show that they satisfy the condition in
Lemma 3.4.24 with positive P-probability (which suffices as the existence of desired v;’s as
stated in Lemma 3.4.24 is a deterministic event).

We choose u; € B(0,7(0, Nz)) and up € B(Nz,r(0,Nxz)) such that ¢(0,Nz) =
o(uy,ug). Then we choose v; for i = 1,2,...,(y,...,(2,...,(3 as well as (1, (2, (3 inductively

as follows. Set vg = 0 and for any 7 > 1

v; = arg min lu — uq| (3.4.53)
u: u—v;1€0;Qx

until uy € v;_1 + @, in which case we set v; = u1 and (1 =i. Next for ¢ > (1 + 1 set

Vi T ats u: u—{)?_af(eaiQx GV}\\{UQ vUC1+17---7U171}<Ui_1’ W )\) ’ GVA\{UQ ’UC1+1""’u} (u’ 2 )\) ’

ug{vcl 1v<1+1a“'avi—1}
(3.4.54)

until ug € v;_1 + @, in which case we set v; = ug and (o = i. Finally for i > (5 + 1 set

v; = ar min U— U 3.4.55
psarg o omin o | 3] ( )

until Nx € v;_1 + @z, in which case we set v; = Nz and (3 = i. We remark that we do not
require either 0 or Nz is in C(co) here.
We verify the condition in Lemma 3.4.24 for M = nl/3 and a = 4 as a consequence of

the following lemma, and then prove Lemma 3.4.22.
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Lemma 3.4.25. For n sufficiently large and any x € Q? with |z| > n1/3, there exists an
integer N > 1 such that

P(¢3 <4N) > 0.

Proof of Lemma 3.4.22. We recall that the conditions in Lemma 3.4.24 are on h, which is
deterministic. By choosing v;’s depending on environment as in (3.4.53)-(3.4.55), in light of
Lemma 3.4.25, we know v; satisfies conditions in Lemma 3.4.24 for M = nl/3 and a = 4 with
positive P-probability. Hence the conditions in Lemma 3.4.24 hold, because it only requires
. , 1 1 . 3 1/3
the existence of such v;’s. Now, choose ¢ € [|x]|4/2,|z|4] N Q. Since |z/q| > |x|42 > n'/? we
use Lemma 3.4.24 (with x/q in replace of x) and Carathéodory’s theorem (which states that
every points in a convex hull is a convex combination of at most d 4+ 1 fixed points in this

convex hull. See [79, Theorem 3.10].) to conclude that

x/q=c1y1 +agy2 + ...+ Qg4 1Y (3.4.56)

with «; > 0, Zd;rll a; € [1,4] and y; € Qy/q- Let xt = Zglill lgai|y;. Note that y; €

7

Qu/q 9x/q = 9o (since g only depends on z/|z[). By Lemma 3.4.21,

d+1
ha*) < 3 Lgag) (Alys) + elos 4D’
=1

d+1
<> lgai) (92 (wi) + 10Cq|z/q?/3) + 4(d + 1)gelloe 42D
i—1

2/3
2/3

< ga(a*) +40Cqqla/q|*/® + 4(d + 1)gellos 4zl

where in the last step we used that g;(-) is a linear function. In addition, since |x — z*| <

1y < (d+1)Cgla/ql, by (3.4.51) and (3.4.49),

h(z —a*) = gp(z — %) < 2CCo(d+1)|z/q].
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Combining the preceding two inequalities, we conclude that

h(z) < g(x) + 40Coqle/q|?® + 4(d + 1)gelos 4?1 96 C (d + 1)]a/q

< g(z) + Clz>/*. 0

The rest of this subsection is devoted to the proof of Lemma 3.4.25. We need a few more

definitions: For y € Z%, we define

sz(y) = hy) = g92(y),
v i={y € 2% ga(y) > g()},
(3.4.57)
Ay :={y € Qz : y adjacent to 74 \ Qz,y not adjacent to Gz},

D, :={y € Q : y adjacent to G, }.
Lemma 3.4.26. ([4, Lemma 3.3]) Recall that Cg = 2Cc¢™1 +10. For all € Q% with
2] > nl/3
(1) If y € Qu, then g(y) < 29(x), ly| < Cqle| and s (y) > —[y|'/1°.
(2) If y € Ay, then sz(y) > 8CQ|9C|2/3.
(3) If y € Dy, then go(y) = 59(x)/6.

Proof. (1) For y € Qz, we have s;(y) < 1OCQ|Q:\2/3 and ¢z(y) < g(z). Then by (3.4.48)
9() < h(y) + " = g0(w) + saly) + o1 < g(a) + 1002 + [y /10

Hence, by (3.4.49), we have g(y) < 2¢(x) for large x and y. Then by (3.4.49), |y| <
2Ccz| < Colz|. Also, (3.4.48) implies sz (y) > —|y[1/10.

(2) If y € Ay, then y = z 4 e for some z € Z%\ (Qz UGy) and e € {%ey, ..., £e;} where
{ei}le is the standard basis in R%. Since s,(z) > 100@]:(:\2/3 and |sz(e)| < 2C, using

sub-additivity of h (Lemma 3.4.21), linearity of g, and || < |y|+1 < 2Cg|z| (which follows
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from y € Ay C @ and the first item of the current lemma) we get

5e(y) = h(y) — go(y) > h(z) — hie) — 181D _ (g, () + gu(e))

= sz(2) — sg(e) — ellog 2])*/? > 80Q|x|2/3.
(3) If y € Dy, then y = z + e for some z € Z* NG, and e € {+ey, ..., +e;}. Hence

92(y) = 92 (2) + gz(e) > g(z) — C > 5g(x) /6. O

The main goal of Lemmas 3.4.27-3.4.30 is to show that ¢4(0, Nx) can be well approx-
imated by Zfial E [@«(vi,v;41)] with high probability, which is needed to prove Lemma
3.4.25. The analog of such an approximation is used in FPP setup to serve a similar purpose
in [4]. In FPP, the total length of the shortest path from 0 to Nz is simply equals to the
sum of that of non-intersecting path segments that assembles the geodesic. And the concen-
tration can be obtained by using BK’s inequality and an exponential concentration bound
for each segment. However, our case is a bit more complicated and our proof is different
from the arguments in [4]. In particular, we have applied results on lattice greedy animals

([54, 57)).

Lemma 3.4.27. The following holds for all environments. For n sufficiently large and all

z € Q with |z| > n'/3,
(1) ¢o— G > N/(2Cq) and ¢+ (3 — Co < 4| ~1/3r(0, Nx).

-1
(2) T2 @elvirvig1) < 90, Na) +3d(Ca — 1) log o]
Proof. (1) By Lemma 3.4.26 (1), we have |v; —v;_1| < Cglz| for all (; +1 < < (o. In
addition, we see that |ve, — ve,| > N|z| —2r(0, Nz) > N|z[/2. This implies that (3 — (1 >
|Nz[/(2Cqlz|) = N/(2Cq).
For y € 24 with [y < |z|1/3. By (3.451), gz(y) < g(y) < Clz['/? < g(x) and h(y) —
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ge(y) < 2C)z|1/3 < 1OCQ|£L‘|2/3. Then by (3.4.50),
B0, |23 € Q. (3.4.58)
Hence, by (3.4.53) we have that for i < (3 — 1
fur =il < Jug = viea| = [2]/?/2.

Since |up| < 7(0, Nz), we have ¢; < 2|z|~Y/37(0, Nz). Similarly (3 — (o < 2|z|~1/3r(0, Nz).
Thus, we complete the proof of (1).
(2) By considering the last visit to v; 1+ Qg = {v;_1 +y:y € Qz}, we get for (1 +1 <i <

(o — 1, GV/\\{Ugl,vgl+1’---,vi—1}(vi—1’ ug; ) equals to

Z GV,\\{Ugl,Ug1+1,---avi—1}(vi_1’ u; A) - GV}\\({U<1a”(1+1a~~~avi—1}U(Ui—1+Qz))(u’u2; )
u: Uu—v;_1€0;Qyg
u¢{v<1 ,’U<1+1,...,UZ‘_1}

S Z GV)\\{UQ ,Ugl_,_l,...ﬂ)i_l}(vi*l? U, A) : GV/\\{UC1 7041+1,...,vi_17u} (u7 u2; )‘) :
u: u—v;_1€0;Qz
Ug{?}gl 7UC1+17"'7Ui—1}

By Lemma 3.4.26 (1), |0;Qz] < (ZCQ]a:Dd < |z|?@. Then by (3.4.54) we get that (using the

simple fact that the sum of non-negative numbers is bounded above by the product of the

maximal term and the number of terms in the summation)

GVA\{UCl ,1)<1+1,...,UZ'_1} (Ui—lv u; >\)

. ) 2d
< GV/\\{UCl ,v<1+1,...,vi,1}(vi—lv Vg, /\)GVA\{vcl,v<1+1,...,vi}(viv ug; A)|z|*".

Taking logarithm for the above inequality and summing over (; +1 <17 < (9 — 1, we have

G—1
> evi, vig1) < (ug, ug) +3d(Ga — ¢ — 1) log ||,
i=C1
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where we used (3.4.2) and Corollary 3.4.15. Since ¢« (v, v;11) < ¢(vj,vi11), combining with

0« (0, Nx) = p(uq,u2), we completes the proof of (2). ]
Next, we prove some concentration results for LWGFs.

Definition 3.4.28. For fized A € [A«, 1] and x € Q% with |z| > n1/3, let G, be the collection

of sites u € Z% such that for all v satisfying |z|1/3 < |u — v| < Colzl,
E [@°(u,v)] — @2(u,v) < |u—v[*? and 2cjz —y| < @2(u,v) <27 1Clu—v|. (3.4.59)

In the preceding definition we used @3 (u,v) to take advantage of the fact that it only
depends on local environment, and the fact that the concentration of @3 (u,v) around its
expectation is sufficient to guarantee the concentration of ¢« (u,v) (Lemma 3.4.14) (which

plays an important role in proving the concentration of > @« (v, v;41) in Lemma 3.4.30).

Lemma 3.4.29. For all u € Z%, n sufficiently large, and = € Q% with || > n1/3,
P(u ¢ Ga) < |o| 107
Proof. For any |u —v| > |z|}/3, since |z|Y/3 > n1/10 by Lemma 3.4.17
P(E [ (u, v)] — it v) > 27— 0f2F5) < fu = of790F < Jaf 208,

By Lemma 3.4.12, P(@x(u,v) > 471Clu — v| or @u(u,v) < 4cju —v|) < =37 (logl])*

Combined with Lemma 3.4.14, it yields that

P(u & Gr) < (2Cqla|)?(|z| 204" 4¢3 *(og|e)?) < |3-10d% -

Lemma 3.4.30. For n sufficiently large, any mqg > \x]md and |z| > n1/3, the following

holds with P-probability at least 1 — el For all m > mq and vy, V1, ..., Uy € 7% such
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d
that |vg| < ellogm)V? g 2|13 < |u; — vi_q| < Colz] i=1,2,..,m—1, we have that

m—1 m—1
ST E[@s (05, vi41)] € D ulvi,vig1) + Comlz|?/3.
1= 1=0

Proof. By Lemma 3.4.26 (1) and (3.4.12), @4 (v;, vi41) < CCglz|. By Corollary 3.4.15, we
have that s« (v;,vi11) > —C33loglogn. Then by (3.4.59) and Lemma 3.4.14, we get the

following two inequalities:

m—1 m—1

@*(Uivvi—l-l) < Z 90*<Uiavi—|—l)+|{i < {07 "'vm—l} v & g$}|(éCQ|x|+C3,3 log logn)v
1=0 =0
m—1

E [+ (05, vi1)] = @e(vi, vig1) < 2m(Cole)*P + [{i € {0, ..om—1} 1 v; & G }|- CCyll.

<.
I
jan}

. . . . —5d
Since Cgp > 10, x| > n1/3, it suffices to prove that with P-probability at least 1 — e~molz|

{i e {0,1,...m—1}:v; & Ga}| < mlz|2. (3.4.60)

To this end, we denote V; = i + |z]?Z% for i € {1,2, ..., |z[*}¥, where V; inherits the graph
structure from the natural bijection which maps v € Z% to i + |z|>v € V;. For any integer

M >0,

P( max |nNV;NG5 > M|m|_4d)
nEW (vo)

<P(max [{y €V;:nNK,p(y) #2}NG5 > Mla[*).
€W (vo)

where Wy (vg) is the set of connected self-avoiding paths in the original lattice of length M
with initial point vg. Since the event v € G, is independent of o(u € Gy, u € Z% : |u — v| >
|2|?), we have that events {v € G¢} for v € V; are independent. Also, for any n € Wy (vp),

we know that {y € V; : nN ng(y) + @} is a lattice animal in V; of size at most 39 /|z|2.
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By Lemma 3.4.29,
—4d d —2 1/d
Mlz| ™4 > 2| - (39M|2[72) - P(v € G5)YY).

Then a result on greedy lattice animals proved in [54, Page 281] (see also [57]) yields

P( max |pNV;NGE > M|z~ < e Mle[~H/2 (3.4.61)
nE€EWM (vo)

Note that for all vy, v1, ..., vy, such that |v; —v; 1| < C'Q|x|7 there exists a self avoiding path 7
that goes through vy, vq, ..., vy, and has length dCgm|z|. Thus, (3.4.60) follows by summing

1/d

(3.4.61) over i € {1,2, ..., =2}, M = dCgmlx|, m > mg and vy € B(0, ellogm) /%y, O

Proof of Lemma 3.4.25. By (3.4.45) and (3.4.49) and the Markov’s inequality, we get for

sufficiently large IV,

_ Ep«(0,Nx) S 1
Ng(z)+ N — 2C|z| +2°

P(p4(0, Nz) < Ng(z) + N) > 1 (3.4.62)

At the same time, by Lemma 3.4.27 (1), we can apply Lemma 3.4.30 to v¢,,...,v¢,—1 and
mo = | N/(2Cg)] — 1. Combining with (3.4.17), we get that the following two inequalities

hold with positive P-probability for sufficiently large N,

Ga—1 (o—1
ST E[Bevivip )] £ Y i vig1) + Co(Ga — )/
i=C1 i=C1

©«(0, Nz) = ¢4(0, Nz) < Ng(z) + N .

On this event, combining preceding two inequality and Lemma 3.4.27 (2), we get that
G—1
> E[@e(v3,041)] < Ng(x) + N +2Cq (¢ — ¢)|«*/3. (3.4.63)
i=C1

At the same time, by Lemma 3.4.26 (1), we have |v;y1 — v;| < Cglz|. Combined with
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(3.4.12) and Lemma 3.4.27 (1), this implies

G—1 G—1
D E[@x(vivig )] + D B [Balvi, vi11)] < (G + (3 — (2)CCgz]
i=0 i=(2

< 4CColz[*3r(0, Na) . (3.4.64)
Note that Lemma 3.4.27 (1) implies
CqlGa = )l = N[e[?/2 and r(0, Nu) = (log(Na)) > 107

It follows that (3.4.64) is upper bounded by Cg(C2 — ¢1)]z|?/3. Then by (3.4.63), we have

(3—1
3" Elpe (v, vip1)] < Ng(x) + 3CoCslz|*/3. (3.4.65)
1=0

Now, by Lemma 3.4.26 (1)(2) (recall that s;(y) := h(y) — g=(v))

(-1 (3—1
> B (i vig)] = D gal(vi — vig1) + s2(v; — vig1)
i=0 1=0

> ga(Na) + {1 <i < 3= 1: vy € Ag}| - 8Cglal*’® — Gofa|'/10.
Combining this with (3.4.65) gives
H{1<i<(—1:v €A} <(3/2. (3.4.66)

At the same time, by Lemma 3.4.26(3)

G3—1 (3—1
D E[B(vi vis)] = D gu(vi — vig1) + s2(vi — vig1)
i=0 i=0

>{1<i<(3—1:v; €Dy} 5g(x)/6 — Cala|/10.
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Combining with the lower bound in (3.4.49) and (3.4.65), we get
H1<i<(3—1:v; € Dy} <6N/5+(3/8. (3.4.67)
Note that v; € Ay U Dy for i # (1, (2, (3; that is,
{1<i<@—-1:vy €A} +{1<i<(—1:v;€ Dy} >(3—3. (3.4.68)
Combining (3.4.66), (3.4.67) and (3.4.68), we complete the proof of the lemma. O

3.4.5 Proof of Proposition 3.3.3

In this subsection we combine the ingredients in previous subsections and provide the proof
for Proposition 3.3.3. We will consider different A’s. Thus, we will use the notation g(v, \)
and h(v, A) to denote the functions g(v) and h(v), respectively (as defined at the beginning

of Subsection 3.4.4) with an explicit emphasis on the dependence of \.

Proof of Proposition 3.3.3. Lemma 3.4.22 and (3.4.48) implies for all A € [\, 1] and
v eV C B(0,C3gn(logn)~2/?)\ B(0,n%/3) (c.f. (3.2.3))

g(v; N) = h(v; \) + O(n4/5) :

Let

E, =1 ma 0,v;A) — @x(0,v; N)| < (lo n)° .
v {AG[A*%”I@*( ) = @x(0,1; )] < (logn)™ }

Then Lemmas 3.4.3 and 3.4.12 imply that

P( U By | Go) > 1 — ecllogn)®
veB(0,C3 gn(log n)~2/)\ B(0,n2/3)

Now by (3.4.24), it suffices to prove that conditioned on Gy, with P-probability tending to
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1, forallveV
120, v A(v)) = h(v; A(v))] < n?/3. (3.4.69)

Note that this does not follow directly from Lemma 3.4.17 because Lemma 3.4.17 can provide
concentration neither uniformly on all v € B(0,n) nor on all A € [\, 1]. To prove (3.4.69),
we first notice that for any v € B(0, C3 gn(log n)~2/4)\ B(0,n2/3), {\(v) > A} and Gy are

independent. Thus (3.2.2) yields
P(Ey | Mv) > A, Gg) > 1 — e cllogn)®
Hence,

P(|5+(0, 03 A(v)) — h(v; A(v))] < 023 | A(v) > Av, Go)
>P(|ox (0, 0; A(©)) — h(v; A(v))| < n%/3/2, B, | A(v) > s, Gp)

2

>P(lpu(0, 0 A(0)) = h(v; A@))] < n*/3/2 | A(v) = A, Go) — =8
Since o (G, px(0,v;A), A € (0,1)) is independent of o(A(v)), this is
> min  P(|p.(0,v;X) — h(v; A)] < n2/3/2 | Go) — o —c(logn)?

€A

> i Plle(0,0:0) = b V] < #2275 | Go) — =08 — (17| G
€[ Ax,

>1— nl/ 4
where in the last step, we used Lemma 3.4.17. Combined with (3.2.2), it gives that

P(|@<(0, 03 A(v)) = h(v; A()] > n*/, \(v) 2 A | Go)

is bounded from above by n=4=1/5 Then using a union bound over v yields that (3.4.69)

holds for all v € V conditioned on G and thus complete the proof of the lemma. O
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3.5 Asymptotic ball

From Theorem 3.1.2, we know that conditioned on survival the random walk is localized in
the optimal pocket island of volume poly-logarithmic in n. In this section, we will show that
in fact, there is a region (which we refer to as intermittent island) contained in the optimal

pocket island such that the following holds:
e the intermittent island is asymptotically a discrete Euclidean ball of volume dlog; /pT

e the principal eigenvalues of the intermittent island and the optimal pocket island are

close to each other.
The proof consists of the following two steps.

e In Section 3.5.1, we first notice that the region with low density of obstacles (which
presumably forms the intermittent island) has low entropy, thus a sharp upper bound
on the volume of the intermittent island can be derived. Then we will show that the
principal eigenvalues of the intermittent island and the optimal pocket island are close
to each other. A key ingredient in this step is to show that the principal eigenfunction

of the optimal pocket island is supported on the intermittent island.

e In Section 3.5.2, we observe that the intermittent island achieves nearly largest eigen-
value (Lemma 3.5.7) over all set of the same volume (Lemma 4.2.3). Thus, by Faber—
Krahn inequality the intermittent island has to be a discrete ball asymptotically. The
proof is carried out in Section 3.5.2, where we use a quantitative version of Faber—Krahn
inequality as in (3.1.3). Note that (3.1.3) is in the continuous setup but our problem
is discrete. To address this, we use the relation between the continuous eigenvalue and

its discrete approximation ([51, (38)] (see also [76, §4], [77, §6] and [60]).
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3.5.1 Intermittent island

Recall that oy, = [(wgldlogl/p n)Y/?) as defined in (4.1.2). For ¢ € (0,1), we consider the

following disjoint boxes that cover 7.
K@) ={y € Z%: |x = yloo < l10n]} for x € (2|eon] +1)27. (3.5.1)
Definition 3.5.1. For p € (0,1), we say a box K|, |(x) is (ton, p)-empty if
[ON K|, (@) < oK\, (@)]-
Let E(v, p) be the union of (ton, p)-empty boxes in (3.5.1) that intersect with B(vs, (logn)").

Lemma 3.5.2. For any ,p € (951/2,p2d_100)

P(€(1, p)| < dlogyyn+ p'/2ef) > 1 —e0n.
Proof. For all z € 7%, a straightforward computation gives that

LP|KLLgnJ (ﬂf)U |K ( )|
P(KLLQnJ (m) iS (LQn7p)_empty) S Z ( LLQnJ X >p|KLLQnJ (I)|*m

m
m=0

—p|K K 1—
< plK leon) (x)|p P 10| (x)|p| Leon) (@)|(1=p)
Since p < p, we have

P(K |19, (@) 18 (ton, p)-empty) < exp{|K|,,, |(z)|(logp — 2plogp)} . (3.5.2)

Note that B(v, (logn)®) contains at most (logn)?*¢ boxes of the form (3.5.1) for each v €

B(0,2n). We let ¢ = P(K|,,, () is (ton, p)-empty). By (3.5.2) and % = O((logn)/?)
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)2/<;d )2/<;d

(denoting by Bin((logn)“"?, ¢) a Binomial variable with parameter (logn and q),

, ) - 4p1 - .
P <B1n ((log n)? d q) > wy(2e) d(l + ﬁ)) < p~d+plog, p)

Therefore, by a union bound, with P-probability at least 1 — Cn~Plogyp > 1— e 2n,

no ball in {B(v, (logn)?) : v € B(0,2n)} contains more than wy(2:)~%(1 + fég%‘i%pp)) many

(ton, p)-empty boxes. ]

Definition 3.5.3. Recall that U is the connected component in B(vs, (logn)™) that contains
vs. Let f be the principal eigenfunction of Py corresponding to Ny such that ), oy f(v) = 1.
We extend f to Z9 by letting f(v) = 0 for v € UC. For e € (0,1), denote

Qc={v ez’ f(v) > ey}

We will show in Lemma 3.5.6 that )¢, the set of sites where the eigenfunction value is
high largely coincide with &£(€2, 62) defined in Definition 3.5.1 and carries most of the weight
of f — this is due to a simple relation between f and £(¢, p) as in Lemma 3.5.5. Combining
with Lemma 3.5.2, we are then able to provide a lower bound of the principal eigenvalue of

P|q, in Lemma 3.5.7.

Lemma 3.5.4. With @—pmbability tending to one

Ay > oo n)~2/4—C(logn)~3/1 (3.5.3)

Then for any x € U and t > 0,

Px(éu > ) > 67(2logn)’{defc*(logn)*2/dt(170(10gn)*l/d) . (3.5.4)

Proof. By definitions of U and Cr(v«), Cr(v«) C U. Recall (3.2.3) and that v4« € V. Lemma

3.2.5 gives (3.5.3). Since U is connected, (3.5.4) follows from max, P* (&, > t) > )‘thl (which
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can be found in [24, Lemma 3.2]) and U] < (2logn)". O

Lemma 3.5.5. For any ¢,p € (0,1) we have ZUGS(L,p)C f(v) < Cp~i2.

Proof. By (3.5.3) and e > 1 + x,

Yo FPU& < Leon)®) <Y F0)PY (& < Leon)?)

vel\E(L,p) veld

2
-kl <02, (3.5.5)

At the same time, for v € U \ £(¢, p), there exists at least p(ton)? obstacles in B(v, top).

Hence,
PY(r < LLQnJQ) > max(PU(SLLQng € O)’PU(SLLQRP—l €0)) >cp. (3.5.6)
Substituting this into (3.5.5) yields (noting that &; < 7)

Y. f@ <) Y fOPY (& < Len)?) S T iOR 0
vel\E(L,p) vel\E(L,p)

Lemma 3.5.6. Uniformly in all € € (0,,¢,¢c), the following holds with I/Es—probability at least

1 —e o,

Y. flv) <Ce, (3.5.7)
veU\ Qe
e\ E(2,))] < Cegl, Qe UE(R, )| < dlog; j,n + Cegfh . (3.5.8)

Proof. Applying Lemmas 3.5.2 and 3.5.5 with ¢ = p = €2, we get that with I/PB—probability

tending to 1,

Z flw) < Ce and |E(2,€2)| — dlogy /,n < eol . (3.5.9)
vel\E(e2,62)
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Hence,

Yoo > fw+ Y fw)

vel\ Qe veU\E(€2,€2) veE(€2,62)\ Qe

< Y f) FIEE A)eoy? < Ce,
vel\E(€2,€2)

yielding (3.5.7). Combining (3.5.9) and the fact that f(v) > €/of for v € Q, gives that

QNEEE A< D f)e ol < Ced).
vel\E(€2,€2)

Combined with (3.5.9), it immediately implies that [Qc UE (€2, €2)| < dlogy s, n+ Ceo?. This

completes the proof of (3.5.8) and thus the proof of the lemma. O

Lemma 3.5.7. Uniformly in any fized (sequence of) € = e(n) € (0, ¢), with P-probability
tending to one,

1- g, < c*(logn)_Q/d(l + Ce).

Proof. Let f = (f — e/g%).,r. (Recall that a4 = aly>g.) Then f is supported on €, and

Y (@) = F@)* <D (fl@) = f(w)*. (3.5.10)

By Cauchy’s inequality and (3.5.7), (3.5.8),

13> 197H > f(2))? > cop®

e,

By (3.5.7),

Z _GQn >|f|2_269nd|f|1_ Zf2 >|f|2_269n _EQn

€ T E Qe
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Hence, |f|% > |f|%(1 — C¢). Combined with (3.5.10) and the fact that

1A= min {3 (g0) ~ 90))? < o = Lo(x) =0 Ve ¢ A} vACZ,

T~y

it yields
(1 — )\Qe) < (1 — )\u)(l + CE) .

We complete the proof of the lemma by (3.5.3). O

3.5.2  Asymptotic ball

As discussed earlier, in order to apply the quantitative Faber—Krahn inequality we need to
relate the principal eigenvalue in the continuum to that in discrete setup. To this end, we
first provide Lemma 3.5.8 which gives an upper bound on the size of the boundary of 2 —
this will be used in the proof of Lemma 3.5.9. Define

Qf = {vez?: min |z —v|e <2} (3.5.11)

re €

Lemma 3.5.8. Uniformly in any fived (sequence of) € = e(n) € (0, ¢), with P-probability

tending to one, we have |QF \ Q2| < C’eg%.

Proof. Let t; = 2d and t9 = 2d + 1. By Lemma 3.5.4, for i = 1,2 (recalling that P is the

transition kernel for the simple random walk with no killing)

ST(PR)IH@) =N ST fv) > 1= 3dex(logn) 4~ 37 fv). (35.12)

vEN o IS vEQ 2
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At the same time, we have

S (Plif)w) =Y (1—PYSy, €Qp2))f(u)

veEQR 2 ueZd

=1- > > p(uv)f(u), (3.5.13)

vEQ 2 ueZd

where p¢(+,-) is the t-step transition probability for simple random walk on Z%. Combining

(3.5.12) and (3.5.13) (noting ZUEQEZ((HU)% fw) < ZUEQEQ(P’%’ f)(v)), we get that

> (D o (wv) + pry(,0) f (1)) < 2(3desllogn) 24+ D7 f(v) < Ce, (35.14)
vEQo  uezd v 2
where the second transition follows from (3.5.7). Now, if v € Q 2 and |v — |x < 2 for some
x € ()¢, then

Pty (2, 0) + pry(x,0) > 2d)72% and  f(z) > eo,?.
Substituting these bounds in (3.5.14) yields the desired result. O

Lemma 3.5.9. Uniformly in any fized (sequence of) € = e(n) € (0, ¢), with P-probability

tending to one, there exists a discrete ball Be such that

|BeUE(?, ) U Q| < dlogy ,n(l + Ce'/?),

(3.5.15)
|Be N E(?, %) N Q| > dlogy ,n(1 — Ce'/?).

Proof. The proof of the lemma crucially relies on the Faber—Krahn inequality, the application

of which requires to approximate a discrete set in 74 by a continuous set in R<. For notation

clarity, in the proof we will use boldface to denote a subset in R4 (which typically has

non-zero Lebesgue measure). Following the notation convention, we define

QF = {yeR?: min |y — 2|0 <2}. (3.5.16)
zef)

€
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Recalling (3.5.11), we see that QF = QF N Z?. We will consider po+ where p. is defined as
in (3.1.5). By [51, (38)] (see also [76, §4],[77, §6] and [60]), if 1 —Aq_ is less than a sufficiently

small constant depending on d, then
ngr < (1=20,) +C(1=Aq,)*.
Combined with Lemma 3.5.7, it yields that with @-probability tending to 1
fgr < c«(log n)_2/d(1 + Ce). (3.5.17)
At the same time, by (3.1.3), we have that
o 198 P/ — B/ > cq A2 (3.5.18)

where A(Q) is defined as in (3.1.4), and B C R is an arbitrary continuous ball. Note that
QF =y € R :min, o1 |y—2loc <1/2}| = {y € R? : mingeq, |y —loo <2+1/2} >

|QF|. By Lemma 3.5.8 and (3.5.8), we have with P-probability tending to 1
Q] < |OF] < Q5 \ Q| + Q2] < dlogy , n(1 + Ce).

Combined with (3.5.17), (3.5.18), it gives that A(QF)? < Ce. We denote by B, the ball in

R? that achieves the minimum in A(Q7). Note that
{y e RY: |y — #|oo < 1/2}\Be| > ¢ forall z & Be.

Since {y € R? : |y — |00 < 1/2} \ B¢ for = € Q. \ Be are disjoint subsets of QF \ Be, a
volume calculation yields |Q¢ \ Be| < Cel/2|B6|. Now let B, = B N Z4 (so Be is a discrete
ball). We have

|Be| < dlogy j,n(1+Ce), [Qc\ Be| < Ce'/?|B]. (3.5.19)
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Also, combining (3.5.17) and (3.5.18) yields |2| > (NaéﬂB)d/Z|B| > dlogy s, n(1—Ce).
Combined with [Q2}] < || and Lemma 3.5.8, it yields that with P-probability tending to
1

Q2| > [QF] = |95\ Q2| > dlogy j,n(1 - Ce).

We replace € by /e in the preceding display and get that with I/Es—probability tending to 1
[Qc| > dlogy ,n(1 — Ce'/?). (3.5.20)
Combined with (3.5.19), (3.5.8), it yields that

[Be\ Q| < |Be| + Q6 \ Be| = || < C /2B,

E(€2,€2) A\ Q| < |E(E2, €2)] + 2|9 \ E(€2, €2)| — Q| < CeM/20l.

Combined with (3.5.19) and (3.5.20), this completes the proof of the lemma. ]

3.6 Localization on the intermittent island

This section is devoted to the proof for localization on the intermittent island. Denote

56 = B N Q, B\n = U B(x,el/mdgn) (3.6.1)

e,
where Be is the ball chosen in Lemma 3.5.9. We will prove that the random walk will be in
By (a neighborhood of ﬁe) with high probability at any given time ¢ after hitting Qc and
thus complete the proof of Theorem 3.1.1. To this end, in Section 3.6.1 we prove a couple
of estimates on survival probabilities, building on which we provide the proof of localization

in Section 3.6.2.
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3.6.1 Survival probability estimates

The main results of this subsection are the following two survival probability estimates:
Lemma 3.6.1 says the survival probability of random walk staying outside @6 is very low,
and Lemma 3.6.3 gives a lower bound on the survival probability of the random walk staying

in U depending on its starting point (via the principal eigenfunction).

Lemma 3.6.1. Uniformly in any fized (sequence of) € = e(n) € (05, ¢), with P-probability

tending to one, for all x € Z% and t > C’e_l/dg%,

P (6, > 1) < 2 exp(—ce 1V 921) . (3.6.2)
Remark 3.6.2. It follows from Lemma 3.6.1 that Be C B(vs, (logn)®/2). Because (3.2.2)
implies P (e ) > 1) 2 c(n)AL > Qexp(—cefl/d‘gg%) > P (fu\?2 > t) for sufficiently

large ¢. Hence Q¢ N Cr(vy) # 2.

Lemma 3.6.3. With I/F\’—probability tending to one, for any v € U,

P(& > 1) > col f(v) Ny (3.6.3)

Proof of Lemma 3.6.1 and Lemma 3.6.3

Lemma 3.6.1 is a direct consequence of Lemmas 3.6.4 and 3.6.5 (below): Lemma 3.6.4 states
that the random walk can not spend two much time in £(e2, €2) \ Q¢ due to its small size,
and Lemma 3.6.5 states that the random walk can not spend two much time in 2/ \ £(€2, €2)

because in this region the density of the obstacles is too high.

Lemma 3.6.4. Uniformly in any fized (sequence of) € = e(n) € (05, ¢), with P-probability

tending to one, for anyv €U, m > Cel/dg,%,

PU({0<t<m: S €&, )\ QY > m/3) < exp(—cme /g 2. (3.6.4)
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Proof. We denote ¢ = [|€(e2,€2) \ Qc|>/4]. Then for sufficiently small constant § > 0 and
any t > 6 1q, z € 74

PT(S; € E(2,2)\ Q) < C5%2 < 5.

Therefore for all z € Z¢
EC[[{0<t < [072): S € £(2, 2\ '{ze}y] <5,
We assume m > 6~2¢ and § is sufficiently small. For k = 0,1, ..., [m/|62¢] ], we define

Ok = 1|1k 5-2q) <t< (k+1)|5-2q):Sr€€ (2,2)\Te}|26-3/2¢

Then by the strong Markov property, 6;.’s are dominated by i.i.d. Bernoulli random vari-
able with parameter COsY/2. A standard large deviation computation for Binomial random

variables gives
lm/ 15 2] 52
P( > 0> m/ 6 %g)]) < el (3.6.5)
k=0

Hence, with P-probability at least 1 — 6_055/27”/ 4, for m > 6 2q,

[m/152q]]
{0<t<m:S e & A\ <A+ 0) -0 2+ [m/[02q)] - 673/2q < 36" *m.
k=0

Since (3.5.15) yields ¢ < Cel/dg%, we complete the proof of the lemma by choosing a

sufficiently small constant §. m

Lemma 3.6.5. Uniformly in any fized (sequence of) € = e(n) € (0,,€, ¢), with P-probability

tending to one, for anyv € U, m > C’ezg%,

PU{0<t<m: S eU\EE )} >m/3,§ >m) < exp(—cme %0,%).  (3.6.6)
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Proof. Let L:p:e2, (o =0 and for m > 1,

Gm == inf{t > &1+ [ron)® : St €U\ E(L, p)} -

Note that [{0 <t <m:S; e U\E(L, p)}| > m/3 implies CUO,lL,ng_QJ < m. By the strong

Markov property at (1, (2, ... and (3.5.6)

P(fu > m, CLlo—lb—QngQJ < m)

< P(S[ 17 € OS¢, €UN\E(L,p) form=1,2, .., 11071 2mo; 2| — 1)

Cm»(m‘i‘\_bgn

< exp{—(10" " 2mo, % — 2)cp} . O

Now we prove Lemma 3.6.3.

Lemma 3.6.6. For allv € U we have f(v) < C’di. More generally, for alll < oy, we have

f(v) < CUTY < fu).

Proof. For any v € U, we consider stopping time 7' = |I2] A(yr, where for k > 1, j, := inf{t :
|St —v|1 > k} and U is independent of both the random walk (S¢) and the environment, and
has a uniform distribution on {|1/2], [1/2] +1, ..., [{] —1}. Note that [Sp—v| < |[Sp—v|; <1
and that both PU(SUQJ =u) < Cl1=4 and PU(SéU =u) < C174 hold for all u € Z9. So

PU(Sp=u) <Cl™% for |u—v|<I. (3.6.7)

By Plyf = Mf, we have .00 (2d) 1 f (1) = Ny f(v). Then it follows from the Markov

property that /\&t f(Sing,) is a martingale. Then by (3.6.7) and optional sampling theorem,

F(0) = BN F(Srae,)] < A S (S = ) f(u) + P(gy < T) -0

gcxggird > flu).

|lu—v|<i
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We complete the proof of the lemma by Lemma 3.5.4. [

Proof of Lemma 3.6.3. Since f is the eigenfunction of eigenvalue )y,

> F)PY(S; = v,& > t) = N, f(v). (3.6.8)
uel
Applying Lemma 3.6.6 with [ = g, yields that f(u) < Co,? for all u € Y. Plugging this

bound into (3.6.8) and using reversibility yields

N f(v) < Copd ST PUS = 0,6 > t) = Cop P (g > 1). O
ueld

3.6.2  Proof of localization

In this subsection, we first prove the localization result for the end point (Lemma 3.6.8),
which enables us to give an upper bound of the survival probability in ¢ with a constant
error factor as in Lemma 3.6.9. Next, in Lemma 3.6.10, we prove that the random walk will
hit 2 in poly-log n steps conditioned on staying in & and prove a localization result for any
fix time point. Finally, we prove Theorem 3.1.1 by combining these ingredients in Lemma
3.6.11.

To start, we consider a random walk starting from z € U conditioned on staying in U up

to time t. We assume
cither 2 € Qe,t >0 or ze€U,t> oh s (3.6.9)

where ¢ is a large constant to be determined in the following lemma. The following lemma
guarantees that under this assumption we either starting from (NZG, or the time ¢ is long

enough so that the random walk can reach ﬁe.

Lemma 3.6.7. Consider € € (0, ¢). For n sufficiently large, there exists © > 0 such that
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forall zeU and t > o,
P*(Sjo ) N # 2| & > 1) < Cexp(—ce Vg, ?). (3.6.10)

Proof. Lemma 3.6.1 implies P*(Spg y € U\ Q) < Qexp(—cefl/dtgﬁQ). Comparing it with

(3.5.4) and choosing a sufficiently large ¢ yields the desired result. O

By our convention of ¢, we can choose a sufficiently small constant b > 0 such that
¢ := ;" satisfies the condition for ¢ in all previous lemmas (from Lemma 3.5.2 to Lemma

3.6.7). We will fix € = g,,® henceforth.

Lemma 3.6.8. Recall By, as in (3.6.1). We assume (3.6.9). For e > 0 sufficiently small

and n sufficiently large,
P*(S; € By | &y > 1) > 1 — exp(—co?/ 10Dy (3.6.11)

Proof. The proof divides into two steps. In Step 1 we consider the last visit to Qe conditioned
on survival: the last excursion should be short because the survival probability (if not coming
back to ﬁe) decays very fast in light of Lemma 3.6.1 while Lemma 3.6.3 shows that the
survival probability starting from Qe is comparably large. Then in Step 2, we show that
the random walk can not go too far in the last few steps.

Step 1. We consider the last visit time j to Qe before time ¢. By Lemma 3.6.1 and the

Markov property, we get

= = ~ . —o4bjd,,
P*(S; € Qe, Sjji1,) CUNQe, Gy > 1) SPA(Sp € Qe, §y > j) - 2exp(—con G- )).

125



In addition, we deduce from Lemma 3.6.3 and Lemma 3.5.4 that

P*(Sj € Qe &y > 1) > P(S; € Qe &g > j) - cop Ay ?

> P*(S; € Qe, &y > §) - copexp(—Cop 2t — 7))

Combining preceding two inequalities, we see that for j <t — Q%_b/ (2d),

_ _ —b/(2d)
PZ(Sj € QG?S[j-Fl,t] CU\Q | >1) < e “n .

2-b/(2d)

Then a union bound over 0 < 57 <t — and Lemma 3.6.7 gives

—b/(2d)
PZ(S[t 2-b/(2d) 4 N Q =g | &y > t) —Con . (3.6.12)
—0On

2-b/(2d)

Step 2. We define stopping time Ty = inf{j >t — oy, 55 € Qe} We claim that

1-b/(54) b/(10d)).

P*(Ty < t, max 1S; =S| <o |§ > t) > 1 — exp(—coy

T, <j<o2 VD,
(3.6.13)
We note that the desired result is a direct consequence of (3.6.13). It remains to prove

(3.6.13). We first see that (3.6.12) implies

—b/(2d)
P (T >t| & >t)<e

In addition, by the strong Markov property at T}, we get that

PZ(T*<t max 1S = St,| >0 1 b/(5d) &y >t)
T, <j<Ti+on b/(2d)
1-b/(5d)
<E* [HT*Q&& >1, P T*( max |Sj =S| > on )]
SUZEx 0<<2b/(2d) *

<Cexp(—co/ NPT, < 1.6, > Ty) < Cexp(—co )P (g > T0) .
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where we used [53, Proposition 2.4.5] in the second inequality. At the same time, by the

strong Markov property at Ty and Lemma 3.6.3 and (3.5.3)

P (¢ > t) > PP(gy > Th + o5 /%)

=E° [1§u>T*PST* <§u > o0 Y (2d))] > ce(1—2es0, "/ *)VP (g > T0).

Combining the last three inequalities, we deduce (3.6.13) as required, and thus complete the
proof of the lemma. O
Lemma 3.6.9. Recall By, as in (3.6.1). For anyx € Z%,t >0, P*(&; > t, 9 € By) < C)\Zt/{.

Proof. By (3.5.3), it suffice to consider t > ¢2. By the Markov property at o2,

P(& > 1,5 € Bn) < ZPQ%(Iay)Py(@{ >t—gp, Si_p2 € B)
Y

_ 2 t—o2
:PQ%(%')(P’L{)t Qnﬂgn < C)\u o

where in the last inequality we used [p 2 (z, )2 < 1% |p,2 (@, )[o0 < Coy% and |By| < Col.

We complete the proof of the lemma by (3.5.3). O

Lemma 3.6.10. We assume (3.6.9) and m > t. Then for n sufficiently large,

P*(15 <oy | & >m)>1—exp(—on), (3.6.14)

)
b/(lOd)) |

P*(S; € By | & > m) > 1 — exp(—coy! (3.6.15)

Proof. We first give a lower bound on P?(&; > m). Define stopping time T, = inf{j >
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t— Q% RS (~2€} By the strong Markov property at 7 and Lemma 3.6.3 and (3.5.3)

P*(& > m) > P& > T, + on +m — 1)
s
= B[l ~ P (& > on +m — 1))

+m—t

2
> ceNT P*(&y > T)) > ceN) P (g > t, T < ).

Applying (3.6.12) to t gives P*(TL <t | & > t) > 1/2. Hence
P¥ (& >m) > ceNTPH (g > 1), (3.6.16)

We are now ready to prove (3.6.14). First, by Lemma 3.6.8, P#(Sy, & By | & > m) <

b/(10d),

exp(—coy, . Second, using the Markov property at time g}, and (3.6.9),

R _ At
P (15 > dh Sm € B,y > m) <P (g > oh &y > 0)ON, .

Then by Lemma 3.6.7, this is bounded above by

b/d — —ot
CeXp(—CQn/ on20h) P&y > o)Ay "

Now (3.6.14) follows from setting ¢ = ¢, in (3.6.16) and comparing it with this bound.
We next prove (3.6.15). The case t = m has been treated by Lemma 3.6.8. We assume

t < m. By the Markov property at time ¢ and Lemma 3.6.9

P*(S; & Bn, Sm € Bp, &y > m) < CP*(S; & B, &y > )\

< exp(—coy ""P* (g > AL

where in the last inequality we used Lemma 3.6.8. Combining with (3.6.16), we get
b/(10d)

P*(S; & Bn, Sm € Bn | 4 > m) < exp(—coy ).
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We complete the proof of (3.6.15) by Lemma 3.6.8. O
Theorem 3.1.1 follows from the following lemma.

Lemma 3.6.11. With I?D-probability tending to one, we have that

P(rq > Clos| | 7>n) < e
€

P(St\/r(26 ZBn|T>n)<e % foralt<n.

Proof. Recall that T' = T,, = TB(v,,(logn)s/2) & in Theorem 3.1.2 . By Remark 3.6.2,

*

o > T. We first prove that T < T + o},. By the strong Markov property at T,
€ €

Pir>T,T< O|ST|,7'§“2 > T—f-Q%,S[T’n] CU)

= E[17>T,T§C|ST|PST(T§6 > o, &y >n—"T)].
By (3.6.14) (since n — C|St| > 04), this is bounded from above by
exp(_Qn)E[]17->T,T§C|ST|PST(§U >n— T)} = exp(—on)P(T < C|S7|, S[Tﬂ} CU,T>n).

Combining with (3.3.11), we have that P(r5 < T+ 04,7 < C|Sp| | 7 >n) > 1 — e .

Hence

P(rg < Clos| [ 7>n) > 1~ e on .

Next, by the strong Markov property at 75 ,

- S -
P(r > oo StVTﬁe ¢ Bn,S[ cU) = E[HT>T§€P Qe <S(t_7—§~2€)+ & Bp, &y >n— Tﬁe)} .

TS~2€ ,n]

By (3.6.15) (Since St € (), this is bounded from above by

C S7—~ _AC
e_QnE[IlT>Tﬁ P (g >n—15)] =€ P (S|

o, CU,T>n).

Tﬁe ,n]
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We complete the proof of the lemma by (3.3.11).
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CHAPTER 4
RANDOM WALK DISTRIBUTION UNDER THE QUENCHED
LAW

4.1 Introduction

4.1.1 Model and main results

For d > 2, let (St)t>0 be a discrete time simple symmetric random walk on Z% | with P*
and E* denoting probability and expectation for the random walk with Sy = = € Z% and the
superscript omitted when z is the origin. We place the random walk in a random environment
where an obstacle is placed independently at each point x € 7% with probability 1—p € (0,1),
with P and E denoting probability and expectation for the random environment. We will
say x is closed if x is occupied by an obstacle, and x is open otherwise. Denote by O the
set of sites occupied by the obstacles. The random walk is killed at the moment it hits an

obstacle, namely at the stopping time
T:=70=inf{t >0:5 € O}. (4.1.1)

More generally, we denote by 74 the first hitting time of a set A C 7. We will assume
D> pc(Zd), the critical threshold for site percolation, and let P be the conditional probability
measure for O given that the origin is in the infinite open cluster. Given an environment
under I/F;, we are interested in the behavior of the random walk given that it survives for a
long time.

It has been shown in Chapter 3 that conditioned on survival up to time n, the random
walk stays in an island (determined by the environment) of diameter at most poly-logarithmic

in n during time [o(n), n|. Furthermore, at any deterministic time ¢ € [o(n), n|, the random
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walk stays with high probability in a ball of radius asymptotically

on = |(wy dlog ;)14 (4.12)

where wy is the volume of the unit ball in RY. Namely, the following was shown in Chapter

3.

Theorem C. There exist a constant C = C(d,p), X, € Z% within distance C(logn)~2/n

from the origin, and €, > 0 tends to 0 as n — oo such that

min  P(S; € B(Xy, (14 €n)on) | 7> n) — 1 in P-probability, (4.1.3)
Clx,|<t<n

where B(x,r) denotes the Fuclidean ball with center x and radius .

The study of the random walk killed by random obstacles is partially motivated by its
relation to the so-called Anderson localization. The generator of the killed random walk can
be formally written as the random Schrodinger operator —%A + 00 - 1, where A is the
discrete Laplacian. For this type of operators, various localization phenomena have been
predicted and some of them have been rigorously proved; see e.g., [2, 48]. In particular, the
corresponding parabolic problem in our setting is the discrete time initial-boundary value

problem

un+1,2) —u(n,z) = %Au(n,x), (n,z) € Zy x (Z%\ 0),
q u(n,z) =0, (n,z) € Z4+ x O, (4.1.4)

u(0,2) = gy (2),

\

and the probability P(S; = x, 7 > n) represents its unique bounded solution. Since P(7 > n)
is the total mass of the solution, the conditional probability P(S; = x | 7 > n) is the
normalized mass distribution. Thus Theorem C implies that the dominant proportion of
mass tends to localize in a single ball of radius g,. It is an important problem to further

identify the profile of the mass distribution inside the localization region. The first step
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to tackle this problem is to understand how the environment looks like in the localization
region, which is an interesting problem itself. These two problems are listed as the main
questions in [48, Section 1.3].

The first main result in this chapter is about the behavior of environment in the local-
ization region. Intuitively, the ball where the random walk will be localized should contain
very few obstacles, or even no obstacle. It is proved in [25] that the volume proportion
of obstacles inside the localizing ball is at most o(1), but it remains open to show that it

actually contains no obstacle at all. Our first main result resolves this question.

Theorem 4.1.1. There exists a constant £ > 0 depending only on (d,p) such that with

@—pmbabilz‘ty tending to one as n — oo,
By := B(Xn, on — 057") is open. (4.1.5)

Remark 4.1.2. Under the annealed law PQP(- | 7 > n), a similar ball clearing phenomenon
was proved for d = 2 in [12] and [67], while the latter work studied a continuum analogue
called Brownian motion among Poissonian obstacles. The extension to d > 3, conjectured

in [12], was open for a long time but recently resolved in [23] and [10] independently.

The proof of Theorem 4.1.1 differs substantially from those of the annealed result men-
tioned in Remark 4.1.2 and requires new ideas. It is based on intricate bounds on the tail
distribution of the principal Dirichlet eigenvalue of the random walk in the island of local-
ization, and relies on environment switching arguments that add or remove obstacles. The
heart of the proof consists in making judicious choices of which obstacles to add or remove,
and estimating how such modifications change the associated principal Dirichlet eigenvalue,
which is of independent interest. See Section 4.3 for a more detailed proof outline.

Our second main result gives the limiting law of o, 1(S; — &y,) for t = n or t in the bulk,
conditioned on survival up to time n. The result for ¢ = n corresponds to the limiting profile

of the solution of (4.1.4). Thanks to Theorem 4.1.1, we are able prove the convergence at the
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level of local limit theorem. Let ¢ and ¢o be the L1 and L2-normalized first eigenfunction
of the Dirichlet-Laplacian of the unit ball in R?, respectively, and let | - |; and | - | denote ¢!

and 2 norms on Z%, respectively.

Theorem 4.1.3. There exists C > 0 depending only on (d,p) such that the following hold

with @—pmbability tending to one as n — oo:

min  P(S;eB,|7>n)—1, (4.1.6)
Clx,|<t<n
sup dP(Sy = | 7> n) — 201 (252)| >0, (4.1.7)
x€Bp:|x|1+n is even "
sup AP(Sy = | 7> n) = 203(252)| =0, (4.1.8)

x€Bp:|x|1+t is even
where the convergence in (4.1.8) holds uniformly for all t € [C|&y|,n — C o2 log on].

Remark 4.1.4. The limiting marginal distribution identified by Theorem 4.1.3 is consistent
with the behaivour of a random walk conditioned to stay inside the ball B,, (see (4.1.5)) up
to time n after reaching it, although in our case we expect the walk to make excursions of

lengths up to clogn away from B,,.

The proof of Theorem 4.1.3 is based on eigenfunction decompositions and eigenvalue and

eigenfunction estimates.

4.1.2  Organization and notation

The rest of this chapter is organized as follows. We will first collect some results from [24, 25]
in Section 4.2, which we will need later in the proof. Then in Section 4.3, we introduce some
intermediate results and use them to prove Theorems 4.1.1, 4.1.3. Results introduced in
Section 4.3 will then be proved in Section 4.4 and 4.5.

Throughout the rest of this chapter, C, ¢ will denote positive constants depending only

on (d, p) whose numerical values may vary from line to line with C' typically a large constant
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and c a small constant. For constants such as Cy 1, c52 or s (which also depend only on

(d,p)), their values will stay the same throughout this chapter.

4.2 Preliminaries

We recall here some basic results and tools developed in Chapter 3 that we will need in
our proof. The main result of Chapter 3 was that conditioned on quenched survival up to
time n, the random walk will be confined in an island of diameter (logn)¢ during the time
interval [Cn(logn)~2/9, n]. Furthermore, with high probability the random walk Sy is in a
ball whose radius is asymptotically equal to g,. More precisely, the following was proved in
the previous chapter, where

S[k,l] = {SZ k S 1 S l} (4.2.1)
denotes the range of the random walk during the time interval [k, ].

Theorem D ([25, Lemma 6.11 and Remark 6.2.]). There exist constants c41 = c41(d,p),
Cy1 = Cy1(d,p) >0, vx = v4(O0) € B(0,Cn(log n)~2/4) and

Xy € U = the connected component in B(vs, (log n)0471) \ O that contains vy

such that the following holds: Let

~

By = B(ay, (1 + 0, )on) \ O, (122)
Then with @-pmbability tending to one as n — oo, we have §n CU and

P(TA < C|Xu|,5[

B, jCU|T>n)=1- exp(—o},) ; (4.2.3)

B,
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Figure 4.1: The centers vy and A3, in Theorem D. Little dots are obstacles. Lemma 4.2.4
asserts that Ay, is the center of an almost vacant ball.

furthermore, uniformly in t € [Clx,],n],
P(S; € By | 7>n)>1—exp(—of). (4.2.4)

Theorem D asserts that conditioned on survival up to time n, the walk reaches U with
linear speed and then stays confined to U till time n. Furthermore, at each t € [C|ay],n],
with high probability, the walk is localized in the ball én with center Aj;, which is the same
as &y in Theorem 4.1.1.

Let us briefly recall how vy, and hence U, is determined in the theorem above. Basically,
there are small number of local regions like &/ which have an atypically large eigenvalue for
the transition matrix (small survival cost) and are within a rather small distance from the
origin (small crossing cost). The set U is then determined as the region which minimizes the
sum of above two costs, see (3.5) in [25].

We will need the following two properties for the set U. The first one asserts that the
eigenvalue for U is atypically large, which is expected from the above definition. The second
asserts that there is a ball almost free of obstacles with radius g, in U, which essentially

follows from the first one and an quantitative isoperimetric inequality.

(a) The eigenvalue ). For A C Z%, we let A4 denote the principal (largest) eigenvalue of
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P| 4, which is the transition matrix of the simple symmetric random walk on 7% killed upon
exiting A. The following result gives a deterministic lower bound A« on );; and shows that
)C’

it is very close to 1. In particular, there are at most (logn)~ many such islands in B(0,n)

with eigenvalues larger than Ax.

Lemma 4.2.1. There exists
A = Aelnd,p) > 1= ppoy® — Cuoy®, (4.2.5)

where pupg s the first Dirichlet-eigenvalue of —%A in the unit ball and Cyx 1s a constant

depending only on (d,p) such that

nlglgo PNy > i) =1. (4.2.6)
Furthermore, if we denote
V = B(0, (logn)“41)\ O, (4.2.7)

then for some constants C,c > 0 and n sufficiently large,
—d c —d C
n~ %(logn)® <P(Ay > ) <n” %logn)~ . (4.2.8)

Proof. This follows from results in [24, 25]. As in [25], we choose the cutoff Ay := p(lj/lk”
where k, = (logn)* 2/4(loglogn)?Ld=2 and Pay (defined in [24, (3.1)]) is appropriately
chosen according to some large quantile of the distribution of survival probability up to ky
steps. Then (4.2.6) can be found in [25, Lemma 2.1] and (4.2.5) can be found in [25, Lemma
2.5]. The lower bound in (4.2.8) follows from [25, (2.2)]. The upper bound in (4.2.8) can be
proved using [24, Lemma 3.3] and adapting the proof of [24, (3.4)] by changing the value of

R there to (logn)©4.1. O

(b) An almost open ball in . We want to find an open subset of ¢ which is very close
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to a ball. This is accomplished by a coarse graining argument that first divides ¢/ into two
types of mesoscopic boxes according to the local obstacles density. Intuitively, the random
walk tends to stay in the low obstacle density region. The key ingredient in proving (4.2.4)
is that the low obstacle density region is very close to a ball. To elaborate on this, it is
convenient to shift the center of localization to the origin and work with V defined in (4.2.7).
Roughly speaking, U is the best among all possible translates of V in [—n, n]d.

Let | - |oo denote the £*°-norm on Z% and denote the ¢°° ball of radius r (or box of side

length 2r + 1) by
Kw,r):={zeZ |z —v|e <7}. (4.2.9)

For € € (0,1), which may depend on n, we consider the following disjoint boxes that cover
7

K(z, |leon]) for x € (2|eon] +1)Z%.

Definition 4.2.2. Fore € (0,1), let E(¢) be the union of boxes K(x, |€on]) that intersect V
(defined in (4.2.7)) such that |ONK (z, |eon|)| < €|K(z, |eon])|, where |K(z, |eon])| denotes

the cardinality of the set K(x, |€op]).

By the same combinatorial calculation as in the proof of [25, Lemma 5.2], one can show
that typically the volume of the low obstacle density region £(€) is at most C’Q%. More
precisely, we have the following lemma.

Lemma 4.2.3. There exists a constant ¢ € (0,1) such that for any € € (951/2, c),

P(IE(e)| = [B(0, on)| + 61/292) < e Onp—d,
Also, there exists Cy9 = Cy2(d,p) > 0 such that
P(|E(e)] > Cyo0l) < n~ 1000,

The following lemma is one of the key ingredients in proving Theorem D. It says that if
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Ay is grater than or equal to A« (which is close to Ap(g ), see (4.2.5)), then typically £(e)

0,0n

is very close to a ball of radius gy,.

Lemma 4.2.4 ([25, Lemmas 5.2-5.9]). Let Ax be as in Lemma 4.2.1. There exists c4 9 > 0

sufficiently small such that if we denote

En = on M2 (4.2.10)
and assume that \yy > Ay and
£ < |B(0, 0n)| + /202, for e =er/? e, 2, (4.2.11)
then there exists Xy € V such that
|B(xy, 0n) AE(en)| < en'/ 0, (4.2.12)

where /\ stands for the symmetric difference of two sets.

It follows immediately that the volume proportion of obstacles in B(A&y, g,) is very small:
[B(&y, 0n) N O] < [B(&y, 00) AE(2n)| + 2nlE(en)| < Cen'/off (4.2.13)

which is the starting point of our proof. In particular, since Y C B(0,n), we can deduce from
Lemma 4.2.3 that with high probability, U satisfies the same volume control as in (4.2.11),

and hence the volume proportion of obstacles in B(Ayy, on) is very small.

4.3 Proof Outline

In this section, we list the key intermediate results and prove Theorem 4.1.1 and Theo-

rem 4.1.3 assuming those results.
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4.3.1 Ball Clearing

C

By (4.2.8), we know that there are at most (log )¢ many balls of radius (log )+ in B(0,n)

with eigenvalues at least Ax. The fact that B(Ay, on — g}f") is open will then follow from

the following proposition.

Proposition 4.3.1. Let V be as in (4.2.7) and let A\« be as in Lemma 4.2.1. Then there

exist k € (0,1) and C > 0, such that for all n sufficiently large,
. 13
P(B(xp,0n — 05, "YNO AT | Ay > Ai) < Ce 9, (4.3.1)

Proof of Theorem 4.1.1. In view of Theorem D, it suffices to prove (4.1.5) with x;, re-

placed by A7,. Let us denote the translate of V by
V(z) = B(z, (logn)“41)\ O.

By Proposition 4.3.1 and (4.2.8),

1k o3 C —d_ , —d
P(A\y > A, B(&y, 0n — 0y, ™) is not open) < Ce (logn)“n" % =o(n"%).

This yields that with P-probability tending to one, for all z € B(0,n),

1-k

either )‘V(x) < Mg OT B(Xv(x), on — 0y, ) is open.
Recall that we proved in Lemma 4.2.1 that A;; > As. Hence, B(y, on — 05~ ") is open with
]IAD—probability tending to one as n — oo. [

The proof of Proposition 4.3.1 is based on the following heuristics. Suppose B(&y, o, —
g};“ ) is not completely open, then we consider the operation that removes all obstacles inside

B(ay, on — g}[“). After performing such an operation, the eigenvalue Ay, will increase, for
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example, from Ay to Ay + . Such an operation will yield the following inequality:
P(B(Xy, on — 05 ") N O # @, Ay > M) < C(n,0,d, p)P(Ay > s +0) . (4.3.2)

Now if the tail of the probability distribution of Ay, is not very heavy in the sense that

<1, (4.3.3)

and the factor C'(n,d,d, p) in (4.3.2) is small compare to (4.3.3), then we have

P(B — oy " @ =
(B(ay.on = 0n ") NO# 2| dy > ) < Cln.0.d,p) =5

<1,

which yields Proposition 4.3.1. Therefore it suffices to establish in a more precise manner

the two ingredients (4.3.2) and (4.3.3).

Remark 4.3.2. In [23, Proposition 2.2], we have proved an analogue of Proposition 4.3.1
under the annealed polymer measure, where we used operations that modify the obstacle
configurations and the random walk paths jointly. The difficulty in the quenched setting
is that we need to identify a vacant ball in U, for which we only know X\;; > As from
Lemma 4.2.1. This is why Proposition 4.3.1 is formulated in terms of the eigenvalue and as
a result, we can perform operations only on the obstacle configurations. Nevertheless, it is
worth mentioning that operations that modify obstacle configurations or random walk paths

play an important role both in this result and in [23].

The following result makes (4.3.3) precise and shows that the tail of the probability

distribution of Ay, is not too heavy.

Lemma 4.3.3. Suppose > 1 — bQ,_L2 for some b > 1. Then there exists a constant ¢, > 0

depending only on (b,d,p) such that for all

e € ((loglog n)to- . ) (4.3.4)
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we have

P(Ay > f) < e~ Us/)ehp(y, > 5 — eg,2) + 0710 (4.3.5)

One of the challenges in proving results of the type (4.3.2) is that how much Ay, increases
after removing the obstacles depends on the local configuration around the obstacles. For
example, if the obstacles being removed are near the boundary of B(Ay, o) where there
are a lot of unremoved obstacles, then the effect of the removal would be very small (more
discussions about this issue can be found at the beginning of Section 4.4.2). To quantify the
effect of removing certain obstacles, we suppose Ay > Ay and (4.2.11) holds. For § € (0,1/2),

which may depend on n, and nonnegative integer k, define
Bsj, = B(ay,(1 -3 +27%8)0,). (4.3.6)

Then for all k > 0, B(xy,(1 —6)on) C Bspy1 C Bsp C B(Ay,0p). For any 6 > 0, if
B(ay, (1 - d)on) is not completely open, then we define (for some constant c45 € (0,1) to

be chosen in Lemma 4.4.13)

J = J(g = min{k‘ e N*: |O N B(57k:| > C4j5|0 N Bé,k‘—l”’v (4.3.7)

which must be finite due to the assumption that B(xy, o — Q}f”) is not completely open

(see Figure 4.2).
The following result makes (4.3.2) more precise and says that removing m obstacles in

Bs, 71 will increase the eigenvalue Ay, by (m/Qle)l_l/dQT_L2'

Lemma 4.3.4. Let Cy 1 be defined as in Theorem D. There erist constants k € (0,1),C >0

such that for any 1 <m < 0%, 8 > A, 6 = 0",

dCy 1 1 Cod\m Y
P(A\y > B,|0N Bs 71| = m, (4.2.11)) < Coy, (%) P(\y > B+ (m/od) =12y

(4.3.8)
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Figure 4.2: The balls B ;. and Bs, 7 as defined in (4.3.6) and (4.3.7). Little dots are obstacles.

Both Lemmas 4.3.3 and 4.3.4 are estimates on the tail distribution of Ay, but in opposite
directions. The common strategy in both proofs is obstacle modification. To prove Lemma
4.3.3, we judiciously add obstacles and show that we get a large gain in probability for
the obstacle configuration but little decrease in \y,. To prove Lemma 4.3.4, we judiciously
remove obstacles and show that we get a large gain in Ay, while the probabllity of the
obstacle configuration changes little. We will prove Proposition 4.3.1, Lemmas 4.3.3 and

4.3.4 in Section 4.4.

4.3.2  Random Walk Localization

We know from Theorem D that conditioned on survival up to time n, the random walk
stays in U during the time interval [C|&,|, n] with high probability. To give a more detailed
description for the random walk in this time window, it is convenient to consider the random
walk conditioned to stay in U for a long time.

Recall from Theorem D that By, := B(Xy, (1+ 0n " )on) \ O is a ball of radius slightly
larger than p,,. Knowing that B(Ay, on — Q}f”) is open, it is straightforward to deduce the

following result from [25, (6.15)]. The details will be given in Section 4.5.2.

Lemma 4.3.5. There exist constants Cy3,c¢ > 0 depending only on (d,p) such that with

@-pmbability tending to one as n — oo, for any z € U and constant € € (0,1), m > t, if we
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assume

either z € B(Xy, (1 —¢€)op) andt >0, or zeU andt> 91(54’3 , (4.3.9)
then

P*(S; € By, | iye > m) < exp(—05) (4.3.10)
for all sufficiently large n.
We will strengthen this result in two steps :

(a). We will first prove that conditioned on {7;c > m}, the probability that the random
walk is at some site z at a fixed time o2 < ¢t < m is O(o,;%) uniformly in z. Then
combining with (4.3.10), we deduce that at any fixed time, with high probability, the

random walk will be localized in a ball of radius slightly smaller than o,.

(b). We will then derive the limiting marginal distribution of the random walk at the end

point and at a deterministic time in the bulk, conditioned on {73c > m}.

First we show that conditioned on {7c > m}, the random walk will hit the the deep
interior of the ball B(&y, 05,) within (logn)® steps. This allows us to focus on the random

walk starting from the deep interior of the ball.

Lemma 4.3.6. There exist by € (0,1) and Cyy4,c > 0 depending only on (d,p) (Cy4 to
be defined in Lemma 4.5.5) such that with @—probability tending to one as n — oo, for all

C
m>on** andu e U,

P (7p > QSM | T4e > m) < exp(—o},) . (4.3.11)

XUabQQn)

The first improvement upon (4.3.10) in Lemma 4.3.5 (see (a) after Lemma 4.3.5) is the

following local limit result.
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Lemma 4.3.7. Let by be as in Lemma 4.3.6 and let u € B(Ay,boop), m >t > Q%, and
e € (0,1). Then with ]@—pmbabilz’ty tending to one as n — oo, the following holds for all

yEeU, v € B(Xy, (1 —¢€)on) such that |x — u|y +t is even:

PU(S; =y | e > m) < Coy?, (4.3.12)

PY(S; = x| myye > m) > ceo, . (4.3.13)

Remark 4.3.8. The second assertion (4.3.13) will not be used in the proof of the main

results. We include it to complement (4.3.12) and as a precursor to Theorem 4.1.3.

Combined with Lemma 4.3.5, the preceding lemma can then be used to show that the
random walk at any fixed time ¢ will be localized in the ball centered at Ay, with radius

on(1 —o(1)). More precisely,

Corollary 4.3.9. Let k > 0 be defined as in Proposition 4.5.1. There exists a constant
c = c(d,p) > 0 such that with @-pmbability tending to one asn — oo, for allu € B(X,bo0n),
m>t>0,

PY(S; € B(ay, (1— 20, )on) | e > m) > 1 — 0, (4.3.14)

Lastly, Theorem 4.1.3 will be proved using Corollary 4.3.9 and the following lemma,
which says that conditioned on the random walk staying in B,, for sufficiently long time, the
distribution of the random walk at the end point (or at a deterministic time in the bulk)
will converge in total variation distance to the normalized first eigenfunction (or normalized

eigenfunction squared) on LA?n

Lemma 4.3.10. There exist constants c,Cy5 > 0 depending only on (d,p) such that uni-

formly in v,y € B(Xy, (1 —20,")on) and m,t > 0475@21 loglogn with |y — v|1 +m +t even,
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we have

sup
x€Bp:lx—v|1+m is even

P! (Sm = | Tp. > m) = 201("5H)| < 0, (4.3.15)

sup
x€Bp:lx—v|1+m is even

P (Sm = | Smrt =y, 7 > m 1) = 205(T5HH)| < 0

(4.3.16)

where ¢1 and ¢ are respectively the LY and L?-normalized first eigenfunction of the Dirichlet-

Laplacian of the unit ball in RY,
Let us prove Theorem 4.1.3 assuming the above lemmas.

Proof of Theorem 4.1.3. To prove (4.1.6), we first show that combining (4.2.3) with

Lemma 4.3.6 yields
P(TB(Xu,bzgn) < Clayl|, S[Tgnan] CU|T>n)>1—exp(—o),). (4.3.17)

Indeed, by the strong Markov property at time T8

Cya
P(TB(xu,bQQn) >Tp + [on W,Tén < Clayl, S[Tgnv”} CU,T>n)
S5 Caa
= E[]17'>T§n,T§n<C|Xu|P Bn (TB(Xu,bQQn) > [Qn —|,7'uc >n— TB\H)} .

Since || < Cn(logn)~ 2/ implies n — 75 = n/2, it follows from Lemma 4.3.6 that the

above quantity can be bounded from above by

Sra
eXp(—Q%)E[ILT>T§ TH <C’|Xu|P Bn (10¢ > — Tén)}

n Bn
= exp(—g%)P(T > Tén’TEn < Clayl, S[Tén,n] cu).

Combined with (4.2.3), this proves (4.3.17).

Now, let T' denote the hitting time of the ball B(xj,,boon) to lighten the notation. We
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consider deterministic time ¢ with C|xy| <t <n and z € B(v, (1 —¢€)oy) with |z|; +t even.

By the strong Markov property,

P(S[T,n] CU,St € B(xy,0n),t >T,7>n)

= E[Lp=7PT(S;-1 € B(ay, on), 7ye > n—T)] .

By Corollary 4.3.9, this equals P(S(p,,) CU,7 > n,t > T)(1+ o(1)). Combining this with
(4.3.17) gives (4.1.6).

Next, we turn to the proof of (4.1.7) and (4.1.8). The basic idea is to restrict the walk to
a time interval [t1,t9] such that the walk does not exit En during this time interval, which

then allows us to apply Lemma 4.3.10. To this end, we denote for 0 < 1 < t9,
Aty o = {Stl, Sty € B(xy, (1 —20,%)on), S[tth] C By, S[C’|Xu|,n] CU,7>n}.

We first notice that for any [t,t2] C [C|ay|,n] with t9 — t; < e, combining (4.3.17),

(4.3.14), and a union bound for the event in (4.3.10) over all ¢ € [t9, ¢1] yields that
P(Agty | T>n) >1—0,°. (4.3.18)
To prove (4.1.8), we choose t] =t — Q%, to =1t+ Q%, and let I 4 be

P(Sy, =, S[C’|Xu\,t1] CU,T>1)- PU(St2_t1 = w, >t —t1) - PY(mye >n —t9).

T Be
We have

P(Sp =z, Ay 1) = > o - P(St—ty = 2 | Sty—ty = w, 75, > ta —11).

v,weB(Xy,(1-20,") 0n)
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Therefore

Z ‘P(St =z, A ty) — QQﬁdCb%(%)P(Athm)) < Z Lo
x:|z|1+t is even v,wEB(Xy,(1-20n") 0n)
% Z ‘Pv(st—tl =z | Stg—t1 = w,TEﬁ >ty —11) — 2Qﬁd¢%(_x;: )‘

x:|z| 4t is even

< 0, P(Aty 1) -
where in the last step, we used (4.3.16). Combining this with (4.3.18) yields (4.1.8).
Finally, choose t; = n— g3, t9 = n and combining (4.3.18) with (4.3.15) yields (4.1.7). [

Lemmas 4.3.5, 4.3.6, and 4.3.7, Corollary 4.3.9 will be proved in Section 4.5.2, and Lemma

4.3.10 will be proved in Section 4.5.3.

4.4 Ball Clearing

In this section, we will first prove Lemmas 4.3.3 and 4.3.4 in Sections 4.4.1 and 4.4.2, respec-

tively, and then conclude the proof of Proposition 4.3.1 in Section 4.4.3.

4.4.1 Proof of Lemma 4.5.3

Proof outline

In this section, we outline the proof of Lemma 4.3.3, which shows that the tail of the
distribution of Ay, is not too heavy. The basic strategy is obstacle modification.

Let ¢ € N* and partition Z¢ into disjoint boxes K (z,¢) of side length 2041 (see (4.2.9))
for z € (204 1)Z%. Let V be as defined in (4.2.7).

Definition 4.4.1. A box K(z, /) is said to be “truly”’-open if

uerfrgac’g) P“(S[Mg] C (K(z,40)NV)) >1/10. (4.4.1)
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Let C41 be as in Theorem D. We fix £ and let 7 denote the union of all “truly”-open
boxes that intersect with B(0, (logn)41).,

We first note that “truly”-open boxes are very rare:

Lemma 4.4.2. There exists ¢ = ¢(d,p) > 0 such that for all € sufficiently large,
P(K (z,0) is “truly”-open) < exp(—ct?) . (4.4.2)
Proof. To prove (4.4.2), it suffices to show that for all u € K(z, /),
P(P"(Sjg 2 N O = @) > 1/10) < exp(—ct?), (4.4.3)

which can be found in [24, Definition 2.4, Lemmas 2.8 and 2.9]. O

In light of Lemma 4.4.2, by closing a “truly”-open box, namely, changing the obstacle
configuration in a “truly”-open box to typical configurations, we could gain much probability
for the obstacle configurations.

On the other hand, we have the following result, which says that in a typical environment,
we can find a “truly”-open box such that Ay, will only decrease slightly after closing this

“truly”-open box.

Lemma 4.4.3. Fiz { > 1. Let Cy6 > 1 be a constant depending only on (d,p) to be chosen
in Lemma 4.4.6, and let by > 0,bg € (0,1) be two arbitrary constants. Let ey, E(eyn), and
Cy2 > 1 be as defined in (4.2.10), Definition 4.2.2, and Lemma 4.2.3, respectively. We
assume

min |Br.Cooon)\T| =l |E(n) < Cragl.  (444)
2€B(0,(logn)41)

and \y > 1 — blggQ. Then for each z € B(0, (logn)c‘lvl) such that |T N B(z,Cyeon)| =
(bggn)d, there exists a “truly”-open box K(x,l) with x € B(z,200y) such that

—2(d—1 —d—
MK (2100 > My — OBy 27D 2842 g d=2. (4.4.5)

149



where C' is a constant depending only on (d, p).

Lemma 4.4.3 is the key ingredient in the proof of Lemma 4.3.3. We will use Lemma
4.4.3 repeatedly (see Lemma 4.4.9 below) to show that we can find a number of “truly”-
open boxes such that Ay will not be decreased much after closing them. The operation of
changing these “truly”-open boxes to typical configurations will map the event {\), > £} to
{A\y > [ — 0}, where § depends on ¢ and the number of “truly”-open boxes being closed.
Combining with Lemma 4.4.2 will then give an upper bound for P(\y, > 5)/P(Ay > 8 —0)
(see Lemma 4.4.10.) The proof of Lemmas 4.4.3, 4.4.9 and 4.4.10 will be provided in Section
4.4.1. In Section 4.4.1, we fix appropriate choices of ¢ and the number of “truly”-open box

being closed, and prove Lemma 4.3.3.

Some useful facts

Before embarking on the proof of Lemma 4.4.3, we will show in this section that with high

probability, assumption (4.4.4) holds and the choice of z in Lemma 4.4.3 exists.

Definition 4.4.4. For any U C 7%, let Oyr be the (Y -normalized principal eigenfunction of

Pl the transition matriz of the random walk restricted to U.

The following lemma will be used repeatedly, for instance, to bound ®;(v) at sites v

close to the boundary of U, or to find sites v from where the walk cannot exit U too quickly.

Lemma 4.4.5. Fort € N*,

> @y(v) Pl(rpge <) =1- X (4.4.6)
vel

Proof. Let 1 =(1,1,...,1) € RY then

D @y(v) Pl(rpge < 1) =1— (@, (Ply)'1) = 1 -\ O
vel
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Recall the definition of £(ey,) in Definition 4.2.2 and (4.2.10). The following result says
that neither 7 nor €(ey,) can be too large in a typical obstacle configuration, namely, (4.4.4)

holds.

Lemma 4.4.6. Let (¢ € (C, 971/2) Jor some large constant C. There exists a constant Cy g > 1

depending only on (d,p) such that (4.4.4) holds with P-probability at least 1 —n =104,

Proof. Since Lemma 4.2.3 gives the second inequality in (4.4.4), it suffices to show that the
first inequality in (4.4.4) holds with high probability. Consider boxes of the form K (v, (), v €
(20 +1)Z®. We can partition these boxes into 10¢ groups {K (v, ¢) : v € (20 +1)(10Z% + i)},
fori € {0,1,..., 9}d so that the distance between any two boxes in the same group is at least
10¢. Recalling the definition of “truly”-open box in (4.4.1), we have that within each group
the events that each box is “truly”’-open are mutually independent, and have probability
less than e~¢¢ by Lemma 4.4.2. Note that on the event {|B(x,Cyp0n) \ T| < 0%}, there
exists a group where there are at most of /[10¢ - (2¢ + 1)%] many non-“truly”-open box that
intersect B(x, Cy60n). Also, the number of boxes that intersect B(z,Cy40p) in each group
is at least |B(z, Cy60n)|/ [10%- (20 +1)9] . Tt follows from large deviation estimates for sums
of i.i.d. Bernoulli random variables (in each group) and a union bound over those groups
that

P(|T N B(x,Cygon)| > |B(x, Cygon)| — o) <n~ 204,

for Cy 6 and ¢ sufficiently large. Then a union bound over z € B(0, (log n)C‘lvl) yields

P( min _|B(r,Cagon) \T] > o) > 1—n 150,
2€B(0,(logn)41)

This completes the proof of Lemma 4.4.6. ]

The following result says that under the assumptions in Lemma 4.4.3, there exits z
such that B(z, Cygon) contains enough “truly”-open boxes (for some by depending on by as
determined by (4.4.7)).
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Lemma 4.4.7. Let { € (C, Q}/Q) for some large constant C. There exists a constant
cy3 = cs3(d) € (0,1) such that for any b > 1, if Ay > 1 — bo 2, then there exists

z € B(0, (logn)©41) such that
70 B, Cagon)| 2 casb™of. (44.7)

The following lemma is needed to prove Lemma 4.4.7.

Lemma 4.4.8. If K(x,{) is not a “truly”-open bozx, then for any starting point u € K(x, (),

the survival probability up to (2 steps is less than 1/2, namely,
P (rpe > (?) < 1/2. (4.4.8)
Proof. We first note that for any v € K(z, /),

P%(rpe > 1?) < PU(tg[lg?z] St — uloo = 36) +PU(Spg 2) C (K(2,40)\ 0)).

If K(x,¢)is not a “truly”-open box, then the definition of the “truly”-open boxes (Definition
4.4.1) implies
P“(S[Oﬁ] C (K(z,40)\ 0)) <1/10.

In addition, the reflection principle yields

/2
PY( H[laXQ] 1St —uloo > 30) < d-2P(|Sp2-e1| > 3¢) < 2d- / =2/9.
t€l0,0
Combining the previous three inequalities gives (4.4.8). O

Proof of Lemma 4.4.7. Since by assumption Ay > 1 — bg,, 2, (4.4.6) implies that

3 _ _
S By(0) - P (rpe < 107302 /5) < 1— ALY < q o =N10720R /b0 < 1.
veY
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Hence, there exists u € V such that
P (rpe < [107302 /b]) < 1/100.

On the other hand, by (4.4.8) if the random walk hit 7¢, then it will get killed with prob-
ability at least 1/2 in next ¢2 steps. Since (2 < g, < 10_49% /b for sufficiently large n, we
get

PY(rye < [10%0; /b]) = P*(Spyg-4,2 /) € TC)/2.
Combining the previous two inequalities gives

Since we assumed b > 1 and Cq g > 1 (chosen in Lemma 4.4.6), we have

Combining the previous two inequalities with the local limit theorem for the random walk

S gives
24/25 < PU(Styg-1,2 1 € T0 B(u, Cagon)) < [T 0 Blu, Cagon)l - Cloub/2) 0.
This yields (4.4.7). O

Proof of Lemma 4.4.3 and its corollaries

Proof of Lemma 4.4.3. We need to show that for each for each z € B(0, (logn)“41) such
that |7 N B(z,Cygon)| > (boon)?, we can find a truly open box K (z, () such that filling
K(x,10¢) with obstacles will not decrease Ay too much, namely, (4.4.5) holds. We will find
such an x near the boundary of 7. The change in Ay, can then be shown to be small because
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®y, is small near 2. (Recall that ®y, is the /1-normalized principal eigenfunction of P|y, the
transition matrix of the random walk restricted to V.)
Denote by |[®yl]o the £2-norm of ®y,, namely |(I>V|% = rezd ®y(z)?. By Lemma 4.B.1

in the appendix, for any = € V with ZueK(x,llE) @%(u) < |®y|3/2, we have

WMk <4 >, PHw)/[Pyl. (4.4.9)
ueK (z,11¢)

To bound the right hand side of (4.4.9), we first show that the assumption (4.4.4) implies
Byl > con. (4.4.10)

To this end, let Q- := {v € Z%: ®(v) > £,0,%}. It was shown in [25, Lemma 5.5] that
>_vg€(en) Pv(v) < Ceyy for some constant €, which implies [, \ €(en)| < Col. Since

E(en)| < Cuo0?, we get |, | < Col and

Yo odp) = Y Py(v) = [E(en)| ney® > 1 - Cep > 1/2.
VEQ,, e, UE (en)

2

Then (4.4.10) follows from |€2,, | 'ZUEan (1312)(1)) > <ZU€Qen (IDV(U)> .
Now, suppose z € B(0, (log n)“41) satisfies |7 N B(z, Cy60n)| = (baon)®. By (4.4.9) and
(4.4.10), to prove (4.4.5), it suffices to find a “truly”-open K (z,¢) with x € B(z,200y,) such

that for some constant C' > 0,

S ad(u) < Oy N g, A 2(d42). (4.4.11)
ueK(z,11¢)

Heuristically, @y, is large on 7 and small on 7¢. So we expect that such a “truly”-open box

can be found near the boundary of 7.
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We define the outer boundary for D C 74 by

ID :={zx € D: |z —yly =1 for some y € D}, (4.4.12)
and denote by A the points in Z% which are close to T¢:
A={ueZ FveTC st |u—uv|s <1000}

For any starting point in u € A, since T° is a union of boxes of side length ¢, the probability
that the random walk hits 7¢ within ¢2 steps is uniformly bounded away from 0. Recalling
(4.4.8), which says that starting from any point in 7¢, with probability at least 1/2, the

random walk will be killed in ¢? steps, we get for some constant ¢/ = ¢/(d),
P (e < 20%) > ¢ .
Then (4.4.6) and the assumption Ay, > 1 — by, 2 implies

S dp(u)d < 1-2F < Cbifo,2. (4.4.13)
ueA
We claim that A contains many truly open boxes. Indeed, the cardinality of ANB(z, Cy0n)
can be bounded from below in terms of the cardinality of 0T N B(z,Cy¢0n). Since |T N

B(z,Cyg0n)| > (b20n)?, |B(2,Cagon) \ T| > of, and by € (0,1), Lemma 4.C.1 implies that

0T N B(z, Cygon)| > clbaon)’! .

1

Then we can choose cﬁ_d(bg Qn)d_ many “truly”’-open boxes such that that the boxes of side

length 22¢ + 1 centered at these boxes are disjoint and also in A. Combined with (4.4.13),
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it implies that there exists a “truly”-open box K(z, /) with z € B(z,C460p) and

Cbi 202 —(d=1) —(d+1) yd+2
§ ) < n < Chyb otz

ueK(z,11¢0)
Hence
2 —2(d—1) —2(d+1
S (Y apw) <o
ue K (z,11¢0) ueK(z,11¢0)
Thus (4.4.11) follows and this completes the proof of Lemma 4.4.3. O]

In the following lemma, we apply Lemma 4.4.3 repeatedly to remove a number of “truly”-

open boxes, while \;; only decreases slightly.

Lemma 4.4.9. Assume (4.4.4) holds and Ay > 1 — by % for some b > 1. There exists a
constant Cy 7 > 2 depending only on (d,p) such that the following holds. For any sufficiently

large ¢ with £ < 9711/2 , there exist z € B(0, (logn)“41) and {mm} 1 C B(z,Cyp0n) with
My = Cyqb= 202072 (4.4.14)

such that {K(xm,ﬁ)}%’l are “truly”-open, {K(xm,5€)} 1 are disjoint, and for any 1 <
m < Mﬁ,b:

Ay = My K(27,100) < 6(m, £, b)), (4.4.15)
where §(m, £, b) = 0477mb3_d€2(d+1)g7;d_2_

Proof. First note that since ¢ is sufficiently large and ¢ < Qn/ by Lemma 4.4.7, the assump-

tion Ay > 1 — bp;2 implies that we can choose 2y, € B(0, (log n)“41) such that
T N B(2y, Caoon)| > cagb™ 2ol (4.4.16)

We will choose the z;’s inductively by repeatedly applying Lemma 4.4.3 such that x; €
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B(zy,Cy60n) and K(z;, () are “truly”-openfor 1 < i < My, K(x1,5(),..., K(xyy,,,50)
are disjoint and for 1 <1 < My,

A . B 3—d2(d+1) —d—2
)\V\U;’:l K (x7,100) > )\V\ ;;11 K (2;,100) 04’7[) 14 on, ) (4.4.17)

Set

(b, ba, 2) = (2b, (ca3/2) 712 2)) (4.4.18)

Fori = 1, we apply Lemma 4.4.3 with parameters in (4.4.18). We now verify the conditions in
Lemma 4.4.3. Firstly, (4.4.4) is satisfied by assumption. Secondly, we assumed Ay, > 1—bo,, 2
and thus Ay > 1 — by, 2. Lastly, (4.4.16) gives |7 N B(z,Cyg0n)| > 04’3b_d/2gg > (boon)?.
Hence Lemma 4.4.3 implies that there exists 1 € B(z, Cy,60n) such that K(x1,¢) is “truly”-
open and (4.4.17) holds for i = 1 and sufficiently large Cy 7.

Suppose that we have chosen @1, ..., z; for 1 <4 < M, —1 with the aforementioned prop-
erties. We apply Lemma 4.4.3 with the same parameters as in (4.4.18) to V\U§:1 K(z;,100)
in place of V. We now verify the conditions in Lemma 4.4.3.

Firstly, since 7 and E£(gy,) are non-increasing as we close Ué':l K(z;,100) in V, (4.4.4)
still holds.

Secondly, combining the hypothesis (4.4.17) and the assumption Ay > 1 — boy,? yields

MUy K (100 Z AV 0 Cy 7P~ g d=2 > 1 _ohp? — 1 — by g2,

where in the last inequality we used © < Mpj and b > 1.

Lastly, closing Ué‘:l K(x;,10¢) will at most affect whether sites in Ué‘:l K(x,20¢) are
“truly”-open or not. Hence, the reduction in the volume of “truly”’-open box volume is at
most i(40¢ + 1)% and hence (with V replaced by V' \ Ué’:l K(z;,10¢)) for sufficiently large
Cyr,

170 B(2,Ca60n)| > cazb™ 20l — Myy(400 +1)% > ¢4 364208 /2 = (b200)? .
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Therefore Lemma 4.4.3 implies that there exists z; 1 € B(z, C4 ¢0n) such that K(x;1,()
is “truly”-open in V\Ué':l K(x4,10¢) and (4.4.17) holds for i+1. Also, K (241, /) is “truly”-
open in V '\ Ué’:l K(z;,10¢) implies that K(z;11,() is “truly”-open in V, and it is disjoint
from Ué’:l K(x;,10¢). Hence K(x1,5(),..., K(x;y1,5() are disjoint. This completes the

proof of Lemma 4.4.9. O

Next we estimate the probability gain achieved by closing the “truly”-open boxes

{K (z;, K)}?iél’b identified in Lemma 4.4.9.

Lemma 4.4.10. Let Mgy, and d(m,£,b) be as in Lemma 4.4.9. There exists a constant
Cyg = Cyg(d,p) such that the following holds. Suppose 3 > 1 — bgg2 for some constant

b > 1, ¢ is sufficiently large with { < lel/2, m < My and

4> Cy8 log(o® /m). (4.4.19)

Then
PO\ > 8) < e B(\y 2 8 — 5(m, £,b)) + 010 (4.4.20)

Proof. We will consider an operation that changes some “truly”-open boxes to typical ob-
stacle configurations, which maps the event {\y, > 5} to {\y > f — d(m, £,b)}, allowing us
to bound the probability ratio of these two events.

To this end, we define Tyre and Eye for general U C B(0,2(logn)“41) by regarding
UC = O, and for any 8> 1 — b2, consider two classes of subsets of B(0,2(logn)“41):
%(B) = {U € B(0,2(logn) ) : Ay b 10 Cany = B)

4 ={U C B(0,2(logn)“*") :  min |B(x,Cyg0n) \ Tirel > of, |Epe(en)| < Cu200} -
2€B(0,(log n) A1)
Then, denoting V1 := B(0, 2(log n)C4»1)\O, we can rewrite the event {\y, > 3, (4.4.4) holds}
as {Vy € Z(B)NY}.
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For any sufficiently large ¢ with ¢ < Q}/ 2 and m < My, we define a map =, for all

Ue%(B)NY by

m
Em(U) = | K(z},50), (4.4.21)
j=1
where 21, ...,z are chosen as in Lemma 4.4.9 depending on U (make arbitrary choice when

x;’s are not unique.) The idea of the proof is the following. For each U € % () N ¥, we
change the obstacle configuration in =, (U) to typical configurations. The image of Z (3)N¥
has much higher probability under the law of V4 than that of % (8)N¥ itself, because =, (U)
contains m “truly”-open boxes at a large probability cost. Combined with (4.4.15), which
yields that the image of Z(8) N'¥ is a subset of Z (8 — d(m,¢,b)), this gives the desired
result.

We now rigorously implement this idea. We first define an equivalence relation on % ()N
¢ by

Un~nU = Z,0)=Z,U0),U\ZnU)=U"\E,U",

and denote the equivalence class for U in % (5) N ¥/~ by [U], namely
[U] := {U’ c B(0,2(logn)“*1) : U' ~ U}.

Consider the map

p([U]) ={V : VA En(U) =U\En(U)},

which contains modifications of U by allowing arbitrary configurations on =,,(U) as long

as the set Z,,(U) does not change. Applying Claim 4.4.11 below to two families of events

{V+ € U mez (3)ng /~ and {V+ € o([UD 1w (8)nw /~- We obtain that

P(Vy € U 2([U))) P(Vy € o([U)))

> i 1 . (4422
PV e Z(B)NY) — 1] P(Vy e [U)) VCB(O’SZEM)%)% vep(u) - (44.22)

SE,
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Claim 4.4.11. Let (E;)1<;<y and (F;)1<ij<j be two families of events. Then we have

P(U; Fi) _ inf; P(F)/P(E;)
P(U; Bi) — supy, > luer;

Proof. This follows from

inf B(F)/P(E) - > B(E) < 3 P(F) = B[ Y luer| <sw Y tuerP(UR).

Since Lemma 4.4.9 gives

JeU)) € 2(8 - 5(m, ,5))
U]

and Lemma 4.4.6 yields P(Vy € 4) > 1—n"10¢ we can bound the left hand side of (4.4.22)

by
P(V+ € Uy e([U)) < POy = B—6(m, (b))

PV e (B)NY) — P\ >p)—n-10d

Therefore, to prove (4.4.20), it suffices to show that for some constant ¢ = ¢(d, p),

PV € p([U])) eml?
inf sup 1 >e . 4.4.23
B R0 0D/ pepo oy o VD (14.23)

We first prove that there exists a constant ¢’ = ¢/(d, p) such that

Py € g([U))

in > /met (4.4.24)
v P(V+ € U])

For any fixed U € (Z (B)N¥), Em(U) is a union of m boxes (defined in (4.4.21)), which we

denote by K(z;,5¢) for 1 <i < m. Then

PVL e [U]) <PV \EnU)=U\ZEnU), K(z;,0) for all i < m are “truly”-open).
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Note that the events {V4 \E,,(U) = U\ E,(U)}, {K(z;,¢) is “truly”’-open)} for i < m are
mutually independent as they depend on obstacle configurations on disjoint regions. Then

by Lemma 4.4.2,

PVi € [U]) PV \ZnU) =U\Zn(U)) - P(K(0,¢) is “truly”-open)™
< =PV Ep(U) = U\ E(U))

— Py, € o([U]).

This gives (4.4.24).

Now, it only remains to prove that for the constant ¢ > 0 as in (4.4.24),

/ d
sup Z Lyep(u) = M2 (4.4.25)
VCB(0,2(logn)“41) [U]

To this end, note that
> Tvepuy = HIUT: VAER(U) = U\ EnU)},
[U]

where the cardinality of the set of such [U] is bounded by the number of possible choices
of 2 (U) = Uity K(x,5¢) with 1, ..., 2y in B(z,Cyg0n) for some z € B(0,2(log n)can).
Therefore, we have

| B(0, Cy60n)

> < 24(log n) 419 (e(2Cy gon )t /m)™ .
m

S Iyeuon) < B0, 20logn)Ch)] (
(U]

Since m < My, (defined as in (4.4.14)) ensures o /m > 2, we can further bound the right
hand side above by

exp(C'loglog n + C'mlog(of /m))

for some large constant C' > 0. Also, by (4.1.2) and Q%/m > 2, we have loglogn <
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Cmlog(o% /m) for some large constant C' > 0. Therefore, the assumption (4.4.19) implies

there exists a constant C’ such that
Cloglogn + Cmlog(o? /m) < C’;gC’/mEd .

For Cy g sufficiently large, this implies (4.4.25), which completes the proof of Lemma 4.4.10.
]

Proof of Lemma 4.3.3

We only need to apply Lemma 4.4.10 with appropriate choices of ¢ and m. Recall from
(4.3.4) that e € ((loglogn)*o, %, ¢;) is an arbitrary number for some small constant ¢, to be

determined. We let

¢ = |Oflog(1/e)]/4]

m =10 e(log(1/e) > o],

(4.4.26)

where © and 6 are constants depending only on (d, p,b) to be determined.

First, we verify that all the conditions in Lemma 4.4.10 hold. Since ¢ > (loglogn)*o; <,

(4.4.26) implies ¢ < 9711/2 and m > 1. On the other hand, for all € < ¢, with ¢, =

cp(d, p, b, 0, 0) sufficiently small, we have
GQQg <m < 6@% 2034y . =34

Hence m < My, (defined in Lemma 4.4.9), and ¢4 > 0%1og(od /m)/2. Then (4.4.19) follows
by choosing © to be sufficiently large. We thus know that all the conditions in Lemma 4.4.10

hold and hence this lemma yields
POy > ) < P\ > 8 — 6(m, £,b)) +n~ 100,
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Recall 6(m, ¢,b) from Lemma 4.4.9. Then (4.4.26) yields that for  and ¢ sufficiently small,
§(m, ,b) < o, ? and met > e(log(1/€)) 3 - Qg.
We thus complete the proof of Lemma 4.3.3. O]

4.4.2  Proof of Lemma 4.3./

As we have discussed in Section 4.3, we want to understand how much the eigenvalue will
increase when we remove obstacles inside the ball B(Ay, 9,). The difficulty is that, for & > 0,
removing obstacles in By, (defined in (4.3.6)) may hardly increase Ay, especially when there
are many obstacles outside B ;. near its boundary and most obstacles in B ;. are also near
the boundary. However, if we first remove all obstacles in the annulus Bgsj_;1 \ Bsj and
then remove all obstacles in By . , then in the second step, the increase in the eigenvalue Ay,
can be bounded from below in terms of |B; ;. N O] since all removed obstacles are in B j_1
with distance at least 627% to the boundary of B(Xy, o). The J defined in (4.3.7) ensures

that a significant proportion of obstacles are in the bulk of the ball By 7_1:

Lemma 4.4.12. Let J,cy5 be as in (4.3.7) and let A\« be as in (4.2.1). For any d > 0, we
assume Ay > Ay, (4.2.11) holds, and B(Xy, (1 —9)0n,)NO # &. Then there exists a constant

C > 0 such that

ONBs.7_ ONnB
# < ce ey, 190 Bl o o (4.4.27)
o ’ |ON Bs. 71|
Proof. This result follows directly from the definition (4.3.7) and (4.2.13). O

The following lemma gives a lower bound on how much the eigenvalue will increase if we

remove all obstacles in By 7_1.

Lemma 4.4.13. Suppose Ay > A\« and (4.2.11) holds. (Recall the definition of J in (4.3.7)

depending on cy5.) There ewist constants cq 5,k € (0,1) depending only on (d,p) such that
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foré = o0,",

(@2 B(;J_1|>1—1/d 5

)\VUB@J,l — /\VU(BzS,J—l\Bé,j) = ( Q% on° - (4.4.28)

Lemma 4.4.13 is proved by applying Lemma 4.B.2 in the appendix, which requires the

following estimates.

Lemma 4.4.14. Let A\ and ® be defined as in Lemma 4.2.1 and Definition 4.4.4, respec-
tively. Suppose Ay > A and (4.2.11) holds. Then there exists a constant by = by(d,p) €

(0,1) such that for all U with V C U C VU B(Xy, 0n), we have

> oy(u)=1/2. (4.4.29)

UEB(XVabl Qn)

Proof. Recall the definition of £(e;,) from Definition 4.2.2. Note that

B(xy,b1on)° C A1 U Ay U As (4.4.30)
where
Ay = B(XV7 (1 + \/ggn)Qn) \ B<XV= len) )
Ag = (E(en) U By, (14 Vden)on))©
Hence
Yo op(u) =1 ) p(u) — [Pyl Ar] + |Az]). (4.4.31)
u€B(Ay,b10n) u€A3

We first prove that

> y(u) < Cep. (4.4.32)
u€As

To this end, we notice that since U\ B(Xy, on) = V\ B(&y, o), it follows from the definition
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of £(en) (which depends on V) that that £(e,,) \ B(&y, (1 +v/dep)on) does not change if we
change V to U. Therefore, for every u € Ag, there exists u’ such that u € K(u/, |en0,]) and

U K, |enon])| > en] K (W, |enon])|- Hence by the local limit theorem
P (ri7e < (enon)?) > cen .

Then (4.4.6) gives

S @p(u) < Oz 71— A,
u€As

Now, since V C U, we have Ay > Ay > Ay and thus (4.4.32) follows.
Next, by Lemma 4.A.1, \iy > A, implies [®7]o0 < Co?. Combined with (4.4.31) and

(4.4.32), this implies

2 _
Do Pylu) 25— Cop (1Al + | 42)). (4.4.33)
UGB(XVabIQn)

By (4.2.12), we have
1|+ |A2| < C(1 = by + Vien +en'/ )l (4.4.34)

Combining (4.4.33) and (4.4.34), we see that (4.4.29) follows by letting b; be a constant

sufficiently close to 1. O

Proof of Lemma 4.4.13. We apply Lemma 4.B.2 with
B=VUB;7-1, Bo=VU(Bs7-1\Bsz),

B, = Bs 7-1, Br, = Bs, 7 (defined in (4.3.7)), and Bg, = B(&y,b10n) where by is chosen
as in Lemma 4.4.14. It follows from Ay > Ay and Lemma 4.4.14 that the conditions (4.B.2)

and (4.B.3) in Lemma 4.B.2 holds. Hence, by (4.B.4) and the definition of Bs 7_; in (4.3.7),

165



we have

c R
NWUBs g1 = WUBs \Bo) % oliog e (1- Ri) B\ B,|(d=2)/d o
> oz ogta (7970100 By g (4D,
By Lemma 4.4.12,
0,900 By 7|2/ > C( 15 2)/d 0,0 N By 74|72/
_ 6515 2)/d ’2(|(90ng7 1|/ oty (d=1)/d=1/d (4.4.36)

_ ~J/d _
> CC4 5En 1/4d., 0475 / : gn2(|0 N B(S,j—l’/@%)(d 1)/d

where we have used (4.2.13). Recall that we have set § = p,,” and that ¢, = on % as

defined in (4.2.10). Combining (4.4.35) and (4.4.36), we complete the proof of (4.4.28) by

choosing c4 5 and « sufficiently small. O]

Proof of Lemma 4.3.4. In light of Lemma 4.4.13, we will bound the probability ratio in
(4.3.8) by considering the operation of removing all obstacles in Bs 7_1. First note that the
condition (4.2.11), By and J (defined in (4.3.6) and (4.3.7), respectively) only depend on
O N B(0,2(log n)“41). Therefore, for 8 > Ay and m > 1, we define

W = {U C B(0,2(logn)C41) : A > 8, (4.2.11) holds, | B 7_1 \U| = m}

UNB(0,(log n)“4.1)

where (4.2.11), By 1, J should be understood as if O = U*.

Now we consider the map ¢ for U € %3, that removes all obstacles in B 7_1, namely,

o(U):=UUB;s 71
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Then by Lemma 4.4.13,

Caty . my1-1/d _,

U o) {v e BO.200gn ) 0, poo o 28 (Qd) 0.2}
Uesm n

(4.4.37)

Recall that V1 := B(0,2(logn)¢41) \ O. For every U € U3 1, there are exactly m closed

sites in B 7_1, thus

Then by Claim 4.4.11, we have that

—_
|
S
SN—
3

POV € Usp) < (—2)" - max o7 W) POVYe () o)

Ue%g,m Ue%ﬁ .

1 —p\m -1 mi1-1/d —2
< (—> - U)|- POy > 8+ (2 :
< UIenézE};me (O)]- By = 3 (Q%) on°)
where in the last step we used (4.4.37). The multiplicity Maxyreq,,, o~ 1(U)] is bounded
above uniformly over U by the number of sets of m points contained in a ball of radius g,

centered at some point in B(0, (log n)C471), namely,

d
-1 C |B(0, on)] dCyy €(20n)" \m
ma U)| < [B(0,2(logn)~41)| - <C (—)".
e 107 0)] < 150,200 ) (1020 < g0 (20
We complete the proof of (4.3.8) by combining the preceding two inequalities. O]

4.4.8  Proof of Proposition 4.3.1
We first note that Proposition 4.3.1 follows from the following result.

Claim 4.4.15. Let k > 0 be defined as in Lemma 4.5.4, and A« as in (4.2.5). Then for all
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BZ/\*7

1/3
P(\y > B, B(Xy, on — on ") NO £ @) < e @ Py > B) +4de on~d. (4.4.38)

Indeed, applying Claim 4.4.15 with 5 = A« yields

1/3
(A > A, B&p, 0n — 0b )N O £ 2) <@ Py > A) +4e @m0 (4.4.30)

Combined with (4.2.8), this yields
1/3
POw > Ae B3y, 00— 057 N0 £ 8) < (™0 + 4e=0(logn) )Py = A),

which implies (4.3.1).
Next, we prove Claim 4.4.15. We assume Ay > 3, and by Lemma 4.2.3, we may also
assume that (4.2.11) holds. Then by Lemma 4.2.4, this implies (4.2.13). Let x > 0 be defined

as in Lemma 4.3.4 and let § = 0,,". Recall Bs 7_; asin (4.3.6), (4.3.7). Then (4.2.13) gives
0N Bs 71| <100 B(&y, 0a)| < Cen' /0l

Now, for each m = |O N Bs 71| € [1, Cep /%01, we denote ¢ = m/o?. Then Lemma 4.3.4

yields

dCy 1

P(\y > B,|ONBs. 71| = m, (4.2.11)) < Coy, (C/q)19n PNy > B+ Vdp=2) | (4.4.40)

1-1/d

while applying Lemma 4.3.3 with € = ¢ gives

POy > B+ ¢ Vh0p?) <exp { — (1= 1/d)~3¢" = 10g(1/9)) 0l }P(A\y > B8) + n =107,
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Since (1 — 1/d)™ > 1 and for sufficiently large n we have

dC! d —1/d 0
CQn o (C/q)an -exp{ ql 1/ (log(l/Q)) ’ n
d

d d
< exp{C'log on + Cmlog(2n) — m(Z)t/d10g=3(%n)}

< exp(—m!Mgy/?),
and C' 4041 C'/q)10% d 1 i
on  (C/q)1 < exp(C'log oy + anqlog(q)) < n, we obtain from (4.4.40) that
PO\ > _ —ot/? 1-10d
v = B,10NBs 71| =m, (4.2.11)) <e P(A\y > 68)+n .
Summing it over 1 < m < Cenl/ 4@% yields
1/2
P(A\y > 3, (4.2.11)) < e~ % 12P(A\), > B) +n 87,

We complete the proof of (4.4.38) by noticing that Lemma 4.2.3 yields that (4.2.11) holds

with probability at least 1 — 3n~%e—¢n,

4.5 Random Walk Localization

In this section, we first collect a few survival probability estimates from [25] in Section 4.5.1.
Then we prove Lemmas 4.3.5, 4.3.6, and 4.3.7, Corollary 4.3.9 in Section 4.5.2, and prove

Lemma 4.3.10 in Section 4.5.3.

4.5.1  Survival probability estimates

The following lemma gives upper and lower bounds on the probability that the random walk

stays in U for ¢ steps, which can be found in [25, Lemma 6.3, Lemma 6.9].

Lemma 4.5.1. Let En and U be as in Theorem D, and let ® be as in Definition 4.4.4.
There exist constants C,c > 0 such that the following holds with @-pmbabz’lity tending to one
169



asn — oo: ForanyueU,t >0,

P (e > ) > e®py(u) 0N, , (4.5.1)

PY(me > t, St € By) < CN,. (4.5.2)

The next lemma gives upper bounds on the probability cost for the random walk to stay

in a bad region.

Lemma 4.5.2. Let pup be as in (4.2.5). There exist constants C' > 0,by € (0,1) such that

with EAD-probabz'lity tending to one as n — oo, for all x € Z% and t > Q%/Q,

P (7 e > ) < Ce—100uB0, %t 45.3
u UOUB(XuJ)an)

Proof. (4.5.3) can be proved by a straightforward adaptation of the proof of [25, Lemma
6.1], using the fact that |B(Xy, on) \ B(&y, baon)| < C(1 — by)of with by € (0,1) chosen

sufficiently close to 1. O]

4.5.2  Upper and lower bounds on transition probabilities

We will prove Lemma 4.3.5, Lemma 4.3.7, and Corollary 4.3.9 in this section. We have
proved in (4.1.5) that B(Ay, (1 — o,")on) is open. This immediately leads to the following

lower bound on the eigenfunction ®;; in the interior of the ball B(xy, on).

Lemma 4.5.3. There exists a constant ¢ > 0 such that the following holds with @-pmbabz’lity

tending to one as n — oo: For all x € B(Ay, (1 —20,")on),

Byy(w) > oy 11 - dist(x, B(ay, 0n)"). (4.5.4)
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Proof. Note that since (@, (Ply)! 1) = )\Zt/[q)u(:v) for all x and Ny < 1, we have

1 .
Cy(z) 2 5 D uPY(S = e > i), (4.5.5)
i=0%,05+1yeU
where we sum over two values of i because the walk has period 2. Since B(Xy, 0n — ob ")
is open, we know that B(Xy, on — 0h™%) C U. Hence for all y € B(Ay, bion) (b1 = b1(d, p)

is chosen in Lemma 4.4.14), [53, Proposition 6.9.4] yields for any x € B(ay, (1 — 20;,,%)on),

> PYS; =z mye > i) > c - dist(x, 0B(Ay, (1— 20,")on))en ! (4.5.6)
i=03,034+1

where ¢ is a constant depending only on (d,p). Substituting (4.5.6) into (4.5.5) for y €

B(Ays,b10p) and then using Lemma 4.4.14 gives (4.5.4). O

Proof of Lemma 4.3.5. It is proved in [25, (6.15)] that (4.3.10) holds if ®;(z) > cep,, @ for
z € B(&y, (1 —¢€)pp) in addition to the assumption (4.3.9) in Lemma 4.3.5. This additional

assumption is verified by Lemma 4.5.3. ]

That the ball B(Ay, (1 —0,,")on) is open implies that if the random walk starts from the
interior ball B(&y;, byon) (by defined in Lemma 4.5.2), then in the next o2 steps, all points in
B(Ay4, (1 —€)op) can be reached with comparable probability. Lemma 4.3.7 will follow from
the following lemma, which says that the random walk has a positive probability of visiting

the interior of B(Ay, byon) in any given time interval of length C'p2.

Lemma 4.5.4. Let m >t and assume

either u € B(Xy,boon) andt >0  or wel andt > 954’4 . (4.5.7)
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Then there exist constants Cy 9, c > 0 such that with I/Es—probability tending to one as n — oo,

PY(1ye > m) > NI P (e > ), (4.5.8)

Pu(s[t—()&gg%,t] N B(Xy,boon) # D | e > m) > c. (4.5.9)

The second case in (4.5.7) is harder to deal with since the random walk may start far
away from B(Xy, boon). However, it can be reduced to the first case by using the following
lemma, which guarantees that the random walk starting in U reaches B(Ay, booy) before

b Caa
ime o, "".

Lemma 4.5.5. Let Cy3 > 0 be as in Lemma 4.5.5. There exist ¢ > 0 and Cy 4 with
Cy4 > Cy3 > 0 such that the following holds with I/P\’—probability tending to one as n — oo:

For alluel andt > Qg4’4,
PY(Sjgy N B(Xy,baon) = @ | mye > 1) < e Ot (4.5.10)

Proof. Lemma 4.5.2 implies P“(Sjg € U \ B(xy, baon)) < C exp(—100upto,2). Com-
paring it with [25, (5.4)] (which implies that P%(7yc > t) is bounded from below by
exp(—2pp0,2t — (logn)©)), and choosing a sufficiently large Cy 4 yields the desired re-
sult. O

Proof of Lemma 4.5.4. We first prove the lemma when ¢ = m; more precisely, there exists
a constant Cy g = Cy9(d, p) such that for ¢ and u satisfying either condition in (4.5.7),

P (S 00024 O B(Xbaon) = @ | e > 1) < 1/100. (4.5.11)

We will prove this by considering the last visit to B(Ay, baon), and for the rest of the time
comparing the survival probability for the random walk outside B(Ay,booy) to the survival

probability in the whole region U with starting point in B(x3, baon ).
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To reduce the entropy resulting from the many possible last visit times, we chop time

into small windows of length o2 and let
NeXit = sup{k € N*: S[t—kg%—i—l,t] N B(Xu, bQQn) = @}.

Since Nyt = oo is equivalent to no visit to B(&y,, baop), we always have Ngyji < 0o in the

first case in (4.5.7). In the second case, we see from Lemma 4.5.5 that

PU(Noyiy = 00 | pe > 1) < e=nt | (4.5.12)
Now, we claim that for large Cy 9,

P“(Neyit > Ca 9 | 7yye > t) < 1/100, (4.5.13)

which then implies (4.5.11). It remains to verify (4.5.13). To this end, we define stopping
times T), = inf{j > t — (k + 1)o2 + 1 : S; € B(Ay,bo0n)} for k > 0. Since on the
event {Negit = k}, we have ko2 <t — T), < (k + 1)o2, by the strong Markov property,

PY(Neyit = k, 74¢ > t) equals

S
Eu[lTuc>Tk,Tk<t—kQ%P Ty, (TZ/[C >t — Tk, S[t—Tk—kQ%-l—l,t—Tk] N B(Xu, bQQn) = @)]
(4.5.14)

Now we consider all z € B(y, boon) and t — (k4 1)02 < m < t — ko2 (which include all
(z,m) such that (S, T) = (z,m) occurs with non-zero probability). On one hand, Lemma

4.5.2 implies

P* (e >t — m, Slt—m—ko2+1,t—m] B(xy,b20n) = @) < Cexp(—99upk).  (4.5.15)
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On the other hand, by (4.5.1), Lemmas 4.2.1, 4.5.3, and \yy > A,
P*(rype >t —m) > C/\Z{_m > cexp{—2ugk}. (4.5.16)
Combining the preceding two inequalities and (4.5.14) yields that for sufficiently large k,
PU(Nexip = ke > 1) <e BFEUL. 5 P T (mye > t — Tp)] = ¢ 2BFPY (1 > 1),

We complete the proof of (4.5.13) by summing over all k > Cy g chosen sufficiently large.
Next, we prove (4.5.8). If we define stopping time Ty := inf{j > t — 04)99% 1 85 €

B(Ay4,b20n)}, then by the strong Markov property at Ty, (4.5.1) and Lemma 4.5.3,

_Z

Sincem — Ty <m—1t+ 04’99721 and Ay > A\ > 1— ppgon2 — Cro;? (see Lemma 4.2.1), this
is further bounded from below by

m_t+C4799727, U m—tpu
cA PYTx <t,mye > 1) > Ny " Pl(mye > 1), (4.5.18)

U

where in the last inequality, we used (4.5.11). This gives (4.5.8).

Finally, we prove (4.5.9). First note that by the Markov property at time ¢ and (4.5.2),
PU(ne > m,Sm € Bn) < ONITPU(ne > t). (4.5.19)
Then by (4.5.17) and (4.5.18), this is less than

OPU(S[t—C&gg,%,t] N B(Ay, boon) # S, 10e > m) .
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Combining this and Lemma 4.3.5 yields (4.5.9). O

Proof of Lemma 4.3.6. Set t = [Q%LA}. By the Markov property at time ¢ and (4.5.2),

PU(TB( >, Tye > m, Sm € En) < CPu(TB( > 1, Tyye > t))\Zb_t

XuabQQn) XU7b29n)

—cto;? —t
= Ce ¢ 'Pu(Tuc>t))\ZL :

where in the last step, we used Lemma 4.5.5. Combined with the lower bound of P%(74c > m)

given by (4.5.8), it yields

0474—2

PY(p( >t,8m € By | e > m) < Ce™C0n

Xy4,b20n)

Combining it with Lemma 4.3.5 gives (4.3.11). O

Proof of Lemma 4.3.7. By adjusting the constant factor ¢ in (4.3.13), we may assume

€ <1—1bo. Let u € B(Ay,bson). We first prove that for ¢ > Q%,

min PY(ryye > t,St = x) > cemax PY(1ye > 1,5t = y). (4.5.20)
z€B(Xy,(1—€)on) yeu
|x—u|1+t is even

To this end, we define stopping time Ty = inf{j > ¢ — (Cy9+1)0? : S € B(Xy,baon) }(with
T, =0 for t < (Cyg+ 1)02). Then by (4.5.9),
PUT, <t — 02 | mye >t—02) >c. (4.5.21)

Then for all z € B(Ay, (1 — €)op) such that |z — u|; + ¢ is even,

P"“(ryye > t, St =x) > E" []1 %PST* (Type >t — Tk, St—1, = :L‘)} (4.5.22)

TZ/{C >T*,T*§t_g

Since B(Ay, (1 — 0,,")on) C U by Theorem D, it follows from [53, Proposition 6.9.4] that

uniformly in z € B(&y, (1 — €)on),y € B(&y,baop) and g2 < k < (Cy9 + 1)02 such that
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|x — ul1 + k is even, we have
PY(rye > k, Sy = x) > ceop?. (4.5.23)
Substituting this bounds into (4.5.22) yields

P 1ye > t, S = x) > ceoy, PUrye > Ty, T < t — 02)
> ceggdPu(Tuc >t — Q%,T* <t-— g%)

> ceop, P (e >t — 07) |
where we used (4.5.21). On the other hand, for all y € U,

S
PY(ryye > t, S =y) = Eu[lruot—g%P =0 (140 > 03, Sg2 = v)]

(4.5.24)
< Cop P (mye >t —ap).

Combining the two preceding bounds give (4.5.20).
We now prove (4.3.12) and (4.3.13). Combining Lemmas 4.5.1 and 4.5.3 gives that for
m—1t>0,

min P (e > m —t) > cemaxPY (e >m —t, 8,4 € By). (4.5.25)
z€B(Xy,(1-€)on) yeu

Multiplying each side of (4.5.25) with that of (4.5.20) and using the Markov property at

time m — ¢, we obtain

min PY(S; =z, 1ype > m) > ce2 max P(S; =y, Sy € B, 1yye > m) .
x€B(Xy,(1—€)on), yeu
|x—u|1+t is even
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Lemma 4.3.5 implies

P%(Sy € By | 7ye > m) > 1— exp(—o%) and ma&cP“(St =y | 7e >m) > co,®.
ye

Therefore,

min PY(S; = 2 | e > m) > ce2 max PU(Sy = y | e > m) — exp(—05)
x€B(Xy,(1—€)on), yeU
|x—ul14t is even

(4.5.26)
then (4.3.12) follows. In addition, (4.5.26) implies
1 > PY(St € B(ay, 0n/2) | 7ye > m)
(4.5.27)
> cof max PS¢ =y | ne > m) — Cofy exp(—07,)
ye
which yields (4.3.13). O

Proof of Corollary 4.3.9. We first consider the case when t > p2. Since |§n \ B(Ay, (1 —

205" on))| < 0947 for some constant ¢ € (0,1), by (4.3.12),
PY(S; € By \ By, (1—20,")on) | 7yge > m) < Coy,°. (4.5.28)

Combined with Lemma 4.3.5, it yields (4.3.14).

Now, we consider the case t < Q%. For uw € B(x4,b20p) , since
dist(u, En \ B(ay, (1 - QQ;H)Qn)) > (1=b2)on/2,
by a union bound and the local limit theorem, we have that for any ¢t > 0,

PY(S; € By \ B(&y, (1 — 20,%)0n)) < C|By \ B(&y, (1 — 20, )on)|on® < 0p°.
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Then by the Markov property at time ¢ and (4.5.2),
PU(Sy € Bn \ B(Ay, (1 — 20,")0n). Sm € B, mye > m) < 0,6 - A" (4.5.29)
On the other hand, combining Lemma 4.5.1 and Lemma 4.5.3 gives
PY(14c > m) > cNjj . (4.5.30)

Since Lemma 4.2.1 yields )\Z;t < C for t < p2, combining (4.5.29), (4.5.30), and Lemma 4.3.5
gives (4.3.14). O

4.5.8  Distribution of the random walk

This section is devoted to the proof of Lemma 4.3.10. We will prove Lemma 4.3.10 by the
eigenfunction expansion of P)| B Loosely speaking, if we know that the spectral gap is larger
than cp,, 2 then after time much longer than Q%, the principal eigenfunction term should
dominate all the other terms. However, there is an issue caused by the periodicity of the
random walk, that is, there is a negative eigenvalue with the same modulus as the principal
eigenvalue. In order to circumvent this issue, we will deal with even and odd times and sites
separately. This corresponds to dealing with (P §n>2’ instead of P| B, and we will prove
necessary estimates for the corresponding eigenvalues and eigenfunctions in Appendix 4.A.

Let A;(M) denote the i-th largest eigenvalue of the matrix M and let ®;(M) denote the
corresponding ¢/!-normalized eigenvector. For any vector 7 indexed by Zd, we let e and 7,
be n restricted to even and odd sites in A respectively. Also, for any matrix M indexed by
74 x Zd, we let Mo and M, be M with both coordinates restricted to even and odd sites,

respectively.

Proof of Lemma 4.3.10. Denote @ = P\E and n = ®1(Q) to simplify the notation.
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11—k

Since B(Ay, on — 05, ) is open by (4.1.5) , we have

_ -~ 1—c
B(Xy, 0n — 05 ") € Bp € B(Xy, 00+ 0n ).

Hence the assumption (4.A.9) in Lemma 4.A.4 holds. By the eigendecomposition of Qg and

(4.A.6), we have that for any even site v € Z% and m > 0,

T2y _ s (o2ymelv) . \(o2ym $i(@e: Lo) o .
1, (Q7) 1(Q¢) |776|%77 1§ZZZQ i(Q¢) |®1(Q)e’% [2;(Q)el1 (4.5.31)

Since the dimension of the matrix @) is at most |§n|, and (4.A.11) implies

1 [24(Q)IF
D;(Q)el3 = =|P;(Q)]3 > 21
we can further bound the right hand side of (4.5.31) from above by

o~ ~ . ) ~ _ _92
2> X(Q)|Bu| < 2X(Q3)™Bpl*e " = )\%’Z|Bn|2e con"m (4.5.32)
1>2

where we used (4.A.12) and A5 = A (By) as defined before Lemma 4.2.1. Then since

27 QI1 < [y for all z, 17(QF)" = 17 Q¥ Qne = Ap, 7o, we have

—37o

ﬂTQQm—i—l _\2m+l Ne(v)
v i
Bn ’ne‘z

< )\%m+1|§n|26_c‘97_‘2m. (4.5.33)

n

1

Fix C’ to be some large constant to be determined. Combining (4.5.31) and (4.5.33) with
(4.A.11), we get that for any even site v € Z%, m > C’92 loglogn and x such that |z —v|{+m

is even,

PY(Sm =2,75, >m) — 2|77\2_2)\% nv)n(z)| < )‘% (log n)_ccl : (4.5.34)

n
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Similarly, this also holds for odd site v € Z%. Summing (4.5.34) over  and using (4.A.11),
we get

P71 >m) = [nly QAm n(©)(1 +0(0,%)) - (4.5.35)

Hence
PY(Sy, =z | The > m) — 2n(x)| < Clnl3n(v) ™ (log n)fccl +Cn(x)o,?. (4.5.36)

Since v € B(Ay, (1 — 20,)on), (4.A.13) yields n(v) > co; "% Also (4.A.10) yields
|77|% < Cgfld. Now, choosing a sufficiently large C’ and applying (4.A.3) to replace n(x)
by o, %01 (F5oH), we get (4.3.15),

On the other hand, define for m > 0, u,v € Z¢,

am(u,v) 1= 20nl5 *XE n(w)n(v)

Then combining (4.5.34), (4.5.35) and (4.A.10) yields that for any v,z,y € Z% and m,t >

C" 92 loglogn such that both |z — v|y +m and |y — vy +m + t are even,

‘Pv(sm =2z, Sm+t = y77—§c >m +t) - Qm(v,x)qt(x,y)‘

= [PU(Sim = .75, > MIP(Sy =y 7. > 1) = (v, Dl )|

<NEH(log 1) "2 4 gun (v, )X (logn) = + gy(e, y)NE (logm) =
<5 (log n)_CC/ .
By
Combined with (4.5.34), this yields
P = 2| Smst = .75, > m+1) — 2l ()] < (logr) <"+
" " » B 2 - n(v)n(y)

Since v,y € B(&y, (1 —20,")0p), (4.A.13) yields n(v), n(y) > co; ¥ ". Also (4.A.10) yields
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|7]|2 < Co;%. Now, choosing a sufficiently large €’ and applying (4.A.2) to replace nly 2n(x)

by on /2(152(%&)7 we get (4.3.16). O

4.A Estimates for eigenvalues and eigenfunctions

This section collects some basic estimates for eigenfunctions and eigenvalues used in the
proof. For A € Z%, we let A4 denote the principal (largest) eigenvalue of P|y4, which is the
transition matrix of the simple symmetric random walk on 7 killed upon exiting A, and let
® 4 be the ¢ -normalized principal eigenfunction of P | 4. The following lemma bounds the

{so-norm of the eigenfunction ®p in a domain D C Z% in terms of the eigenvalue Ap.

Lemma 4.A.1. There exists a constant C > 0 such that |®plee < C(1 — Ap)¥2 for all

D c 74,

Proof. By P|p®p = Ap®p, we have 3. .,(2d) 1®p(u) = Ap®p(v). Then it follows
from the Markov property that ()\_t/\TDC (I)D(St/\TDC))t>0 is a martingale.

Let [=(1—-X D)_l/ 2 By the optional sampling theorem and the local limit theorem,

—|12|ATpe
p(0) = B0 (5 0 ) <AL ZP 12| = Wep(u) + P(rpe < [2]) -0

< cr—@ uniformly in v € D.

]

Let A\;(M) denote the i-th largest eigenvalue of matrix M and ®;(M) denote the corre-
sponding ¢!-normalized eigenvector. The following lemma says that if a large domain in 74

is close to a ball, then the first eigenvalue and eigenfunction of this domain are also close to

that of the ball.

Lemma 4.A.2. Suppose B(0, (1 —¢)t) C B C B(0, (1 + €)t) where € is smaller than some
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constant depending only on d. Then there exist constants C,c > 0 such that

M(Plg) = Aao(Plg) > ct ™2, (4.A.1)
2

% — ¢34  SOWer =172y, (4.A.2)

B1(B) — d14)1 < C(Ve+t7 Y2, (4.A.3)

where ¢1 and ¢o are respectively the L1 and L?-normalized first eigenfunction of the Dirichlet-

Laplacian of the unit ball in RY, and P24(-) = =4 29(- /1), P1,4(+) = t= (- /t).

Proof. First, we see that for ¢ = 1,2, by [77, (3.27) and (6.11)]
Mi(Plpog) = 1—t2pi(B) + O, (4.A.4)

where £1;(B) is the i-th eigenvalue of the Dirichlet-Laplacian of the unite ball B ¢ R?. The
min-max theorem implies that A\;(B(0, (1 — €)t)) < A\;(B) < X(B(0, (1 + €)t)). Hence for
i=1,2

Ni(Plg) =1 —t%1;(B) + O(et ™2 +¢73).

This implies the first assertion.
Let ¢o g be the (2-normalized first eigenvector of P|g, let ¢9 be the L2-normalized first

eigenfunction of the Dirichlet-Laplacian of the unit ball in R?, and define

Po.4(x) = L‘d/2/ do(y)dy, z e 2.
z/t+]0,1/]4

Then by [77, (6.11)] and [78, (1.5)],

2 (1—e)t ‘2 _ M(PB) = M (Pl Bo,(1-e)t))

= € _1.
2 SO NPl Pl T

P28~ =
? |92,(1—e)tl2
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Since ¢9 is continuously differentiable (see, for example, [36, Corollary 8.11]),

|09, (1-e)t — D2tloo = O™ V2™ and |y 1 _ol3 =1+ 007,
Altogether, we have . _74(¢2 () — t=42¢5(2/))2 = O(e + t~1). The second and third
assertion follow by combining this with the boundedness of ¢9 and Lemma 4.A.1. m

The following two lemmas are needed to deal with the periodicity of the simple random
walk. In what follows, for any vector ) indexed by sites in Zd, we let ne and 7 be 7 restricted

to even and odd sites in Zd, respectively.

Lemma 4.A.3. Let Q) = P|4 for some A C 7. We denote by Qg and Qg the transition

matriz Q2 restricted to even and odd sites in Zd,respectively. Then
rank Q2 = rank Q2 = rank Q/2.

For 1 < i <rank Q/2, we have

Mi(Q)7 = Xi(Q2) = \i(@2) (4.A.5)
and
Pi(Q)e - 9 Qo & (2
B,(Qhy P i@ @) (1A
Furthermore,

4.A.7)
[2i(@)elr 1 (
Q)] < < M@
INQ) € he < @)
Proof. Note that if A is an eigenvalue of () with eigenvector 7, then
Qno = Ane,  Qne = Ao, (4.A.8)
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and hence —\ is an eigenvalue of () with eigenvector ne — 1o. Furthermore, 7, is in the
null space of the matrix Qg, hence 7, is an eigenvector of Qg associated with eigenvalue .
Similarly, n, is an eigenvector of Q% associated with eigenvalue A. Therefore, we conclude
that the nonzero eigenvalues of Q2 (or Q?2) are exactly the square of positive eigenvalues of
. The corresponding eigenfunctions can be found by restricting eigenfunctions of ) to odd

(or even) sites. Hence (4.A.5) and (4.A.6) follow. (4.A.7) follows directly from (4.A.8). O

Lemma 4.A.4. Let a € (0,1) and Q = P|g where B is a subset of Z% that satisfies
B(0,n—n'"% c Bc B0,n+n'"%). (4.A.9)

Then there exist constants C,c > 0 depending only on (a,d) such that for sufficiently large

n,

M(Q)>1—-Cn"2, 191(Q)|o0 < Cn ™ (4.A.10)
|P1(Q)el2 = [P1(Q)ol2, 1D1(Q)el1,|P1(Q)ol1 = 1/2 + O(n™?) (4.A.11)
AL(Q3) — A2(Q3) = M(Q2) — Ma(Q3) > en” 2. (4.A.12)

For x € B(0, (1 —2n"%n), we have
®1(Q)(z) > en~ 1. dist(z, B(0,n)°). (4.A.13)

Proof. First, (4.A.4) gives A\ (Q) > 1 — Cn~2. Combining with Lemma 4.A.1, we get
(4.A.10). Also, by (4.A.1), we know that A1(Q) — X\o(Q) > en~2. Hence (4.A.11) follows
from (4.A.7) and (4.A.12) follows from (4.A.5).

Next, we verify (4.A.13). We first see that |®1(Q)loc < Cn~% yields that for some

constant ¢ > 0,

Y. %@ =1/2

x€B(0,(1—c")n)
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Then the proof of Lemma 4.5.3 also works here. [

4.B Comparison of eigenvalues on nested domains

In this section, we derive upper and lower bounds on the eigenvalue decrement after we
remove a subset from the domain in Lemmas 4.B.1 and 4.B.2, respectively. In particular,
we are interested in the case when the subset being removed is very close to the boundary

as in Lemma 4.B.2. More precisely, we show the following, where
0A:={rx e A°: |z —y|y =1 for some y € A} .
Lemma 4.B.1. Let Dy € Dy C Z% and q = >_we(DyUdDy) @%1 (a:)/]q)Dlg Then
2q

Proof. Let (i)D1 (v) = ®p, (v)Lygp,, then &)Dl is supported on Dj \ Ds and
£ 2 2
[®p, 12 = [@p,[2(1 —q)-

For any adjacent z,y € Z% such that (z,y) & (0D§ x 0D3) U (0D x 0DS), we have

(@p,(z) — Bp, () < (@p,(z) — Pp,(y))*.

%z > [(®p,(x) = p,(¥)* = (Pp,(x) = ©p,(¥)?] < Y @ () < q|®p,5.
(z.y):]z—yl1=1 2€ODy
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Recall that

1

1= Ay =min{— 3" (g(x) — g(y)* : |93 = Lgla) = 0¥z g A} vACZ,

T~y

where ® 4 /|® 4|2 is the minimizer. Therefore, we have

41_d way(i)Dl (l’) - Ci)Dl (y>>2 < ﬁ way(q)Dl (]3) - CI)Dl (y))2 + Q|®D1|%

1—>\D D S = >~
1\Ds [®p, 3 [®p,[5(1—q)
1—=Ap, +¢q 2q — q\p
=——=1-A — - 1
1—g¢ DLt
Since Ap, > 0, this yields the desired result. O

Lemma 4.B.2. Let Bg , Br,, Br, be three concentric balls whose radii Ry > Ry > Rg are
sufficiently large, and let B, Bo be subsets of ze. Suppose Br, C B; and suppose that Bo

can be obtained from B by removing some points in Bpg,, that is,
BOCB and B\BoCBR2

In addition, we assume that by, by > 0 satisfy

Z (I)B(l‘)’ Z (I)Bo (l‘) Z bl ) (4B2)
:L'GBR3 I'GBRg
and \p, >1—boRy?. (4.B.3)

Then there exist constants ¢, = (b1, ba,d) > 0 and Cy = Cy(d) > 0 such that

Ch Ry Ca (d—2)/d
AR — A > 1—— B\ Bo . 4.B.4
B Bo — R(f(log Rl)]ld:2 ( R1> ’ \ ‘ ( )
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Proof. We first see that by B, C B,

(A — A )(®B, P5,) = (®5, (Pl — P|p,)®5,)

= Y es)s,0).

x~y,xeB\Bo

Since B\ Bo C Bp,, it follows that

mingcp, Ppz)
A — A, > e Z 5, (y) -
2d |Ppl2|Pp, |2 cO(B\Bo)

(4.B.5)

First we give a lower bound on ®5 on Bp,. Note that for all z € Bg, and y € Bg,, by [53,

Proposition 6.9.4] and taking into account the periodicity of the random walk, we have

pi?l (y, v) +p§?i1(y>$) = i<1 - @) (1 - %)

Combined with (4.B.2) and A\g < 1, it yields that for all x € Bp
B 2
p(x) == > A Y Pp(y)PY(S; =z, 5 > i)
i=R},R3+1  yeB
1 c Ry R3
S N L
chy Ry
> —(1-
- 2R61l< R1>

On the other hand, combining (4.B.3) and Lemma 4.A.1 yields

@13 < CoY 2R | 3 < CHY 2Ry
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Combining (4.B.5), (4.B.6), and (4.B.7), we see that to prove (4.B.4), it suffices to prove

Ry Ca d-2)/d
O (1) > % 1—=2) "B\ Bo|( , (4.B.8)
xea%s’:\so) ’ R (log Rl)ld:2< Rl)

where ¢, = ¢;(b1,b9,d) and Cy = Cy(d) are positive constants, with Cj; to be chosen later
n (4.B.15).

To verify (4.B.8), we first consider the case

b1 Ro\ Ca
> g, ()P (Spy € B\ Bo) > 5(1 - R_1) (4.B.9)
By
Note that
> op,(x) (Srge € B\ Bo) <> Y g (x)PT(pe > 4,8 € A(B\ Bo))
r€Bs >0 xeB,
=DM, D, ®() (4.B.10)

>0 2€d(B\Bo)

On the other hand, (4.B.2) implies |®g_|oo > cblRfd. Then Lemma 4.A.1 implies
g, <1— bR

Substituting this into (4.B.10) and using the assumption that (4.B.9) and the fact that
1B\ B°| < (2R1)%, we obtain (4.B.8).

Now we consider the other case

bl RQ Cy
o) < — - —= .B.
%;cbgo STBCGB\B)_Q(l ) , (4.B.11)
x o

in which case the probability of exiting B, via B\ Bo C Bp, is small. Heuristically, this
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allows us to approximate the random walk in B, by the walk in B, and then we are able to
get good control on the Green’s function which relates to the eigenfunction ®g_ as follows.

For any = € B,, by the eigenvalue equation for the resolvent, we have

B.(r) = (1-)g,) Z‘I’BO )Gg, (v,7), (4.B.12)
where
o0
G, (v,2) = ZIP’U(St =1,78c > 1). (4.B.13)
t=0

We will get a lower bound on ®_(x) by restricting the sum over v in (4.B.12) to the annulus

A= BRr,—(Ri~Ry)/3 \ BRi—2(R1—Ry)/3 C Bo -
For all v € A and u € Bp,,

Gpg,(u,v) > Gg(u,v) — P"(Sr. € B\ B°)- max Gpg(y,v). (4.B.14)
° yeB\Bo

Since the function = +— Gg(z,v) is harmonic on BR,—2(R,—Ry)/3» We can use the Harnack
inequality and a standard chaining argument as in [23, (4.62)] to obtain that for a constant

C, depending only on d,

Gp(y,v) —Cu
max —= - < (41 —-== . 4.B.15
2 Gty < Call-7) (4.B.15)

By the strong Markov property at time 7, and [53, Proposition 6.9.4], we get

Ry 13\ h—dt2
> > _
Gg(u,v) > GBRl (u,v) > c(l R1> (1 R1>R1 : (4.B.16)

189



Combining (4.B.14), (4.B.15), and (4.B.16) yields

G, (u,v) > c(l - @>2R1_d+2 [1 - (1 - %> _CdP“(TBg e B\B%)|.

Combining with (4.B.2) and (4.B.11), we get for all v € A and u € Bp,,

Z Pp, (u)Gp, (u,v)
UGBR3
(1—2) d+2< Z (I)B (1——) Z CI)B TBc€B\80)>
’U,GBR3 UEBR3

>chy (1 _ %) Ry42.

Therefore, by (4.B.12) and (4.B.3) we get for all v € A,

2
CIDBO( v) > 1—/\3 Z (I)BO GB uv)>cb1b2<1——> Rl_d.
UGBR3

Then by (4.B.12) and (4.B.3) again (summing over v € A), we get for = € Bo,

R
P () > (1 —Ag,) - b1b2 <1 — R_2> Ry d Z Gp, (v, )
veA
Ry

> cblb2<1 - R—) RU“PET{1 < i <7 - Si € AYlimpm, > 7y, |-
Conditioned on TB\B, > TBS the random walk must cross A. Uniformly in starting and
1
ending points, the first crossing of A has length at least ¢( Ry —R2)2 with positive probability.
Hence, we get

R
b () > 05152(1 - R—i) RyP" (5, > 75, ). (4.B.17)

For d > 3, summing over x € 9(B\ B,) in (4.B.17) gives

S dp(r) 2 (1—%) Ry%cap(B\ Bo) | (4.B.18)

2€d(B\Bo)
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where for d > 3,

cap(B\ Bo) == Y PU(S; ¢ B\ Bo,forallt >1). (4.B.19)
xeB\B,

Combining with cap(B \ Bo) > ¢|B \ Bo|(@=2)/4 (see the proof of [52, Proposition 2.5.1))
yields (4.B.8).

For d = 2, fix an arbitrary z € B\ Bo. By decomposing a random walk path that starts
from z and exists B, before returning to z according to its last exit time from B\ Bo, we

have

PZ(T;F>TB%1): Z Pw(SlEB\BO,TZ<TB%1)P$(TB\BO>TB%1)
z€I(B\Bo)

< Z Px(TB\BO>TB§%1),
2€d(B\Bo)

where 77 := inf{t > 1 : S; = z}. Combining with (4.B.17) and [53, Proposition 6.4.3],

which implies that for R; sufficiently large,
P(7] > 7pe ) > c(log Ryt (4.B.20)
1

we get (4.B.8). We thus complete the proof of (4.B.4). O

4.C An isoperimetric inequality

The following isoperimetric inequality is needed in the proof of Lemma 4.4.3. It says that if
we partition a ball in Z% into two parts, then the area of the interface between the two parts

can be bounded from below as a function of the volume of the smaller part.

Lemma 4.C.1. Fiz an arbitrary R > 1. Let B(0O,R) = {z € R? : |z|y < R}, and let
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B:=B(0,R)N Z%. Suppose B = Ay U Ay is a partition of B. Then
min(|0A4; N Asl, |0Ag N Aq|) > cmin(|A;], [Ag) V4, (4.C.1)

where ¢ > 0 is a constant depending only on d and 0A; := {x € Af : |[v—y|1 =1 for some y €

A} fori=1,2.

Proof. For any z € Z%, let 2* := [z — 1/2,2 4+ 1/2]2 N B(0, R). Then there exist constants

¢,C' > 0 depending only on d such that for all z € B,
vol(z*) > ¢ and suf(z*) < C,

where vol(z*) and suf(z*) are volume and surface area of x™*, respectively. For any set

U c Z%, we denote U* := Uzep z*. If we denote
q := min{vol(A1), vol(A2)},

then

¢" := min{vol(A7}), vol(A3)} > cq.

By the isoperimetric inequality in Rd,
suf(A}) + suf (A5) > dvol(B(0, 1))/ . [vol(AN) =14 4 vol(a3)=1/1] .
Since for any a € (0, 1), the function % — (x 4+ 1)@ is increasing in z € (0, +00), we have

ml_l/d +y1—1/d > (a:+y)1_1/d+ (2 _ 21—1/d)y1—1/d forall 0 <y < .
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Therefore,

suf(A7]) + suf(A3) > dvol(B(0, 1))1/d [VOI(B*)l_l/d + (2 — 21_1/d)q*1_1/d]

> suf(B*) + dvol(B(0, 1))/4(2 — 2171/ d)(cq)' = 1/4.

Note that the interface between A} and A3 is contained in both the surface of (941 N B)*

and (0A; N B)*, and it is counted exactly twice in suf(A]) + suf(A5) — suf(B*). It follows

that
suf (A7) + suf(A3) — suf(B*) < 2min {suf((&Al N B)*),suf ((0A2 N B)*)}
< C'min (|8A1 N B|, |5A2 N B|) .
Combining the previous two inequalities completes the proof of (4.C.1). O
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CHAPTER 5
GEOMETRY OF THE RANDOM WALK RANGE UNDER
THE ANNEALED LAW

5.1 Introduction

Let S := (Sp)n>0 be a discrete time simple symmetric random walk on 7. We will use P
and E, to denote probability and expectation for S with Sy = = € Zd, and we will omit
the subscript x when x = 0. Independently for each x € Z%, an obstacle is placed at x with
probability 1 — p for some fixed p € (0, 1), which generates the so-called Bernoulli obstacle
configuration and plays the role of a random environment. Probability and expectation
for the obstacles will be denoted by P and E, respectively. Let O denote the set of sites
occupied by obstacles. When there is no obstacle at the site x € Zd, we will say x is open.
The random walk is killed at the moment it hits an obstacle (called hard obstacles), namely,
at the stopping time

7o :=min{n > 0: 5, € O}. (5.1.1)

More generally, we will use 74 to denote the first hitting time of a set A C 7. We will write
E[f(S5): Al = E[f(5)14] and E[g(O): B] = E[g(O)1p].
We are interested in P @ P((S,0) € - | 7o > N), the so-called annealed law of (S, O)

conditioned on the random walk’s survival up to time /N. For simplicity, we will denote
un((S,0) € ) =PeP((S,0) € |19 > N). (5.1.2)
In particular, we are interested in the law of the random walk range
So,N] = {S;:0<i< N} (5.1.3)

under the conditioned measure pp. It is worth noting that the marginal law of pp for the
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random walk admits a representation in terms of the range of the random walk:

E [p|S[O,N}|: = ]

E [pls[o,zv] I}

un(S €)= (5.1.4)
where |5y n| denotes the cardinality of the set Sig n.

Let us review known results on this model. The first result dates back to Donsker—
Varadhan’s work [27] which determined the leading order asymptotics of the denominator
in (5.1.4), which can be regarded as the “partition function” of a self-attracting polymer

model. The main result of [27] reads as

PoP(to >N)=E [p'S[O:N”]

= eXP{—C(d,p)Ndi?(HO(l))}? (5.1.5)
with e(d, p) : = dQﬁ (log(1/p)) T2 (%) "

where Ay is the principal Dirichlet eigenvalue of —%A in the ball of unit volume in R%
centered at the origin.
The argument of Donsker—Varadhan indicates that the dominant contribution to the

partition function comes from the strategy of finding a ball of optimal radius

2\ ree SN
L >>d+2Nd+2, (5.1.6)

N == (dlog(l/p

which is free of obstacles and the random walk is confined in that ball up to time N. It has

been proved later that this is what happens under the annealed measure in [67] and [12] for

d =2 and [63] for d > 3:

Theorem E (Confinement). For any d > 2, there exists e € (0,1) and Xy € Z% depending

only on the obstacle configuration O, such that X € B(0, on), the ball of radius op centered

195



at 0, and

1i S C B(xy, on + 0%)) = 1. 5.1.7
m v (Sjo.v) © By, on + o)) (5.1.7)

The law of g]_vl.X’N converges to ¢B(0,1)d$ as N — oo, where ¢B(0,1) is the L' -normalized
principal Dirichlet eigenfunction of —%A in B(0,1). Furthermore, for d = 2 and for any
e€ (0,1),

im pun (B(xn, (1 —e€)on) C Sp.np) = 1. (5.1.8)

It remains open to show that (5.1.8) also holds for dimensions d > 3, that the random
walk range covers a full ball with radius almost o (see [12, Conjecture 1.3]). Our first main

result resolves this question.

Theorem 5.1.1 (Ball covering). Let d > 2, and let oy and Xy be as in (5.1.6) and Theo-
rem E, respectively. Then there exists eg € (0,1), such that

. €2 _
Aim (B(Xz\h oN —oN) C S[O,N]) =1 (5.1.9)

Remark 5.1.2. This theorem extends and refines (5.1.8) for general d > 2. In fact, we will
first prove the extension of (5.1.8) to d > 3 as an intermediate step to the above refined result.

The interested reader may jump to Section 5.3 after reading Subsections 5.2.1 and 5.2.2.

We proceed to the second main result of this chapter, which is about the boundary of
the range of the random walk under the annealed law. For any set A C Z%, we define its

external boundary by
OA = {y € Z\ A: ||y — z|| = 1 for some z € A}, (5.1.10)

where || - || denotes the Euclidean norm. Theorem E and Theorem 5.1.1 together imply that,
conditioned on survival up to time N, the rescaled boundary of the random walk range,
Q]_Vl(?S[O, N]» converges in probability to a unit sphere as N tends to infinity, and 88[0, N]

fluctuates on a scale of at most ¢%; with € = max{ej,eo} € (0,1). Identifying the precise
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scale of fluctuation is an extremely interesting, but also challenging question. The following

theorem is a step in this direction, which bounds the size of 95 [0,N]-

Theorem 5.1.3 (Boundary size). Let d > 2, and let oy be defined as in (5.1.6). Then there

exists a > 0, such that

li oS < o411 @)y = 1. 5.1.11
m v (105p,v| < oy (log ox)?) (5.1.11)

Remark 5.1.4. Our proofs of Theorems 5.1.1 and 5.1.3 assume Theorem E as an input.
Strictly speaking, Theorem E has only been proved in the continuum setting for d > 3
in [63] using the method of enlargement of obstacles. We briefly explain how the argument
can be adapted to the discrete setting in Appendix 5.B. In fact, it is possible to prove
Theorems 5.1.1 and Theorem E together. In the follow-up paper [21], we present such an
argument and further derive an extension of Theorem E for a random walk with small bias

conditioned to avoid Bernoulli obstacles.

Remark 5.1.5. After our paper [23] was submitted for publication, Berestycki and Cerf
announced an independent work [10], where Theorem 5.1.1 is proved by a different method.
In addition, [10, Theorem 1.5] proves a quantitative control on the random walk local time,
which together with Theorem 5.1.1 makes it possible to prove Theorem E following the

strategy of [12]. For more detail, we refer the reader to the introduction of [10].

In what follows, we will use ¢, ¢/, C,C’ to denote generic constants depending only on d
and p, whose values may change from line to line. For G C Rd, we write |G| for the number
of points in G N Z% and vol(G) for the Euclidean volume. A list of frequently used notation

is compiled in Appendix 5.C.

5.2 Proof Outline

In this section, we list the main ingredients needed and outline the proof structure. An

overview of how the rest of the chapter is organized will be given at the end of the section.
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In what follows, many statements are supposed to hold with pp-probability tending to one

as IV tends to infinity, but we often make it implicit for brevity.

5.2.1 Path and Environment Switching

An argument that will be used repeatedly in our proof is path and environment switching.
More precisely, if A1, A9 are two sets of random walk path configurations, and FEq, F9 are

two sets of obstacle configurations, then we can switch from (A1, 1) to (As, E5) and bound

un((S,0) € (A, Ey))
PoP(Se A;,0€ E, 79> N)
" PP(S€A,0¢€ EyTH > N)
- ]P(OGEl) E[P(SEAl,TO >N) | (ONS El]

a P(OGEQ) E[P(SEAQ,T@ >N) ’ OEEQ].

(5.2.1)

The first factor determines the probability gain or cost in the environment when we switch
from obstacle configurations in E; to E9, while the second factor determines the gain or cost
in the random walk when we switch from paths in Ay to Ag. We will find suitable choices
of Ay and FE» so that the gain in one factor will beat the cost in the other.

One way to bound the second factor in (5.2.1) is to find a coupling between two obstacle
configurations (01, Oy) with marginal distributions P(- | O € E7) and P(- | O € E»), and
then bound P(S € Ay,70, > N)/P(S € Ay, 70, > N) uniformly with respect to (O1, Oz).
This is possible because typically, Ao and Ey will be constructed by local modifications of
paths in A; and obstacle configurations in Fq, respectively.

This type of comparison argument is much more useful in the study of the conditional
measure py than a direct analysis, since we only have the crude leading order asymptotics

on the partition function in (5.1.5).

198



5.2.2  Proof Outline for the Weaker Version of Ball Covering Theorem

We first prove (5.1.8) for general d > 2, which will play an important role in the proof of
Theorems 5.1.1 and 5.1.3. The key step is to show that if x € O, then there is a positive

fraction of closed sites in its neighborhood.

Lemma 5.2.1 (Density of obstacles). For each x € Z% 1>0, and § > 0, let

B (x) = {x €O and % < 5} . (5.2.2)

Then there exists 0 > 0, such that

N U U El‘s(a:) —0as N = o0 (5.2.3)
z€B(0,20n) (log N)3<I<on

faster than any negative power of N.

The proof of Lemma 2.1 will be based on path and environment switching arguments.
Roughly speaking, if for some = € O, B(z,l) contains few obstacles, then: either the walk
visits B(z,[l) many times, in which case we remove all the obstacles in B(z,1) and we will
show that the gain in the random walk survival probability beats the loss from environment
switching; or the walk visits B(z,[) rarely, in which case we switch to typical obstacle
configurations in B(z,[) and force the walk to avoid B(z,1), and we will show that the gain
in environment switching beats the loss in path switching. A more precise outline and the
proof will be given in Section 5.3.

Lemma 5.2.1 implies that if there is an obstacle inside the ball B(xy, (1 — €)opy), then
the confinement ball B(Xy, o)) contains order Q?V obstacles. This makes it too difficult for
the random walk to survive and we can then deduce that the ball B(xyr, (1 — €)opn) is free

of obstacles. More precisely, we have the following result.
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Proposition 5.2.2. Let d > 2. Then for any € > 0, we have

]\/h—r>noo”N (B(XN,(l—E)QN)ﬂO:@) =1. (524)

Once we have this proposition, the covering property (5.1.8) readily follows. Indeed, if
the random walk avoids a site z € B(Xy, (1 — €)on) with positive probability uniformly in

N, then we can close that site at little cost, which contradicts Proposition 5.2.2.

5.2.83  Reduction to the Cluster of “Iruly”-Open Sites

The key idea in our proof of Theorems 5.1.1 and 5.1.3 is to approximate the range of the
random walk, S[O, N> by a set of “truly”-open sites T that depends only on the obstacle
configuration O. Unlike sites in S [0,N]; We can easily control the environment cost of creating

a “truly”-open site, which facilitates the application of the switching argument in (5.2.1).

Definition 5.2.3 (“Truly”-open sites). Given an obstacle configuration O and N € N, a

site z € Z% is called “truly”-open if

P, <7‘@ > (log N)5> > exp {—(log N)Q} . (5.2.5)

If the origin is “truly”-open, then we let T denote the connected component of “truly”-open
sites inside B(Xy, oN + Q%) containing the origin, where €1 1s the constant appearing in

Theorem E. Otherwise let T = ().

Remark 5.2.4. A “truly”-open site is a site whose surrounding environment is atypically
favorable for the random walk survival. If the environment is typical, then the probability
in (5.2.5) would decay like exp{—c(log N)>*°(I} (cf. [75, Theorem 5.1 on p. 196]). Note
that whether z € Z% is “truly”-open or not depends only on the obstacle configuration in

the [1-ball of radius (log N)® centered at x.
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The following two lemmas justifies the approximation of E)S[O’ N by the boundary of

“truly”-open sites 0T .

Lemma 5.2.5. Let d > 2. Then

]\}i_r>noo UN (S[O,N] D {x € T : dist(z,07) > (log N)3}> =1 (5.2.6)
and
NliinoouN (T C {m e 72 dist(z, Sio,n]) < (logN)5}) = 1. (5.2.7)

Lemma 5.2.6. Let d > 2. Then

lim uy (SN CT) =1 (5.2.8)

N—o0

Indeed, (5.2.6) and (5.2.8) imply that

pn | 0Spn € | B, (logN)°) | =1 (5.2.9)
xedT

and therefore, Theorems 5.1.1 and 5.1.3 follow immediately from their analogues for 7.

Theorem 5.2.7. Let d > 2. Then there ezists ea € (0,1) such that
lim Blxy, oy —0R2)CT)=1. 5.2.10
N_mmv( (An,on —03) CT) ( )

Theorem 5.2.8. Let d > 2. Then there exists a > 0 such that

li T < 0% 101 ay =1, 5.2.11
NgﬂoouNﬂ | < oYy (logon)?) ( )
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5.2.4  Proof Outline for the Cluster of “Truly”-Open Sites

In this subsection, we provide an outline for the proof of Theorems 5.2.7 and 5.2.8, assuming
Lemmas 5.2.5 and 5.2.6.

Note that the random walk is confined in 7 by Lemma 5.2.6. The geometry of T
under v is then determined by an entropy-energy balance, namely, the number of possible
configurations for d7, vs the probability that the random walk stays confined in 7 up to
time N (equivalently, the principal Dirichlet eigenvalue for the discrete Laplacian on 7).
By definition, 7 is contained in the confinement ball B(Xpy, on + QE\}) in Theorem E. On
the other hand, Proposition 5.2.2 implies that for any ¢ > 0, B(Xpy, (1 — €)opn) is a ball of

“truly”-open sites. Therefore, it follows that

OT C A(xy; (1 —€)on.on + oy) == B(&xy,on + o) \ By, (1 —e)oy).  (5.2.12)

We bound the entropy for 7 by proving the following weaker version of Theorem 5.2.8:

Proposition 5.2.9. Let d > 2. Then for any b > 0,
lim OT| < o140y — 1, 5.2.13
Jim (107 < 1) (5213)
We prove Proposition 5.2.9 by considering the expected number of visits to

Uzcor B(z, (log N )9) by a random walk killed upon hitting O. It suffices to prove that

1. the expectation of the total number of visits to | J,cg7 B(z, (log N)5) is bounded from

above by (log N)¢ for some ¢ > 0;

2. uniformly in = € 9T, the expected number of visits to B(z, (log N)%) is bounded from

below by N1=4+P for any b > 0.

Here we consider visits to (log N )6 neighborhood of € 7T because if the walk does not visit
B(x, (log N)5), then we can switch a “truly”-open site next to x to be not “truly”-open by
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only modifying the obstacle configuration inside B(x, (log N)%). The first item above follows
from the fact that the random walk will typically be killed soon after visiting x € 97 . The
second item is proved by the path and environment switching arguments. Roughly speaking,
a site x € 9T with atypically low expected number of visits is costly for the random walk
to visit. Thanks to the confinement of T to the annulus in (5.2.12), B(x, (log N)%) can be
visited only by an excursion away from B(Xy, (1—¢€)oy) and we can gain a lot in the random
walk probability by switching such excursions to those that stay inside B(&y, (1 — €)on)-
This implies that the random walk does not visit the (log N )6 neighborhood of . We can
then gain further in the environment probability by switching a “truly”-open site next to z
to be not “truly”-open, which shows that such x € 9T does not exist.

Proposition 5.2.9 provides a good enough bound on the entropy for 97 to allow us to
strengthen the bound on the fluctuation of 97 in (5.2.12) to Theorem 5.2.7. More precisely, if
T contains a point in B(Xy, o — g?,), then Lemma 5.2.1 implies that 7T differs significantly
in volume from the confinement ball B(xyy, QN+Q§\1,). Recalling that 7 C B(Xxy, QN+Q§\1]) by
definition, we can then use the Faber—-Krahn inequality to show that the principal Dirichlet
eigenvalue on 7 deviates so much from that of B(xy, on + gi\l,) that the loss in survival
probability dominates the entropy for 97 .

Using Theorem 5.2.7 on the fluctuation of 7 as an input in place of the weaker Proposi-
tion 5.2.2, we then repeat the proof of Proposition 5.2.9. Now that the excursions of random

walk visiting 07 are smaller, the switching argument becomes more efficient and we obtain

2. uniformly in = € 9T, the expected number of visits to B(z, (log N)°) is bounded from

below by N1~%(log N)*cl for some ¢’ > 0.

Combining this with the first item above, we obtain Theorem 5.2.8.

Organization of this chapter. The rest of this chapter is organized as follows. Section 5.3
is devoted to the proofs of Proposition 5.2.2 and (5.1.8) for general d > 2. In Section 5.4, we

first prove Lemma 5.2.5 with an additional property for “truly”-open sites, and then prove
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Lemma 5.2.6 and derive Proposition 5.2.9 from Proposition 5.2.2. We will in fact formulate a
lemma (Lemma 5.4.3) which unifies the derivation of Proposition 5.2.9 from Proposition 5.2.2
and the derivation of Theorem 5.2.8 from Theorem 5.2.7. Lastly, in Section 5.5, we conclude
with the proof of Theorem 5.2.7. In Appendix 5.A, we prove some technical estimates on
the Dirichlet eigenvalues and eigenfunctions for the generator of the random walk, as well as
a lower bound on the survival probability slightly better than in (5.1.5). In Appendix 5.B,
we briefly explain how to prove Theorem E by adapting the argument in [63]. Appendix 5.C

provides an index of notation.

5.3 Proof of the Weaker Version of Ball Covering Theorem

5.3.1 Proof of Proposition 5.2.2 and the Extension of (5.1.8)

In this subsection, we prove Proposition 5.2.2 and then (5.1.8) for general d > 2, assuming
Lemma 5.2.1, which says that under the conditioned law ppy(-), obstacles cannot be too
isolated. We need another lemma which states that the size of the random walk range S [0,N]

satisfies a weak law of large numbers under

Lemma 5.3.1 (Size of random walk range). For all € > 0, we have

o (

faster than any negative power of N.

5[0,

B
|B(0, o)

>6> —0as N — o0 (5.3.1)

Proof of Lemma 5.3.1. For a Brownian motion among Poissonian obstacles, the corre-
sponding result is proved in [33]. It is straightforward to adapt the argument there to the

current discrete setting. Indeed, the key point of the argument therein was the following
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formula for the generating function

B [exp{(€ — log(1/p) 5031}

(5.3.2)
E |exp{ log(1/p)|S|o.v|}]

/eXp {f’S[O,N]’} duy =

One can use (5.1.5) to derive the asymptotics of this for || < log(1/p) and then (5.3.1)

follows by standard exponential Chebyshev bounds. O
Proof of Proposition 5.2.2. Thanks to Theorem E and Lemma 5.2.1, we may assume

that S[O,N] C B(xy,on + 95\1[), and for any z € O N B(0,2py),

|ON Bz, eop)|
|B(z,eon)|

> 5, (5.3.3)

Suppose that there is a point x € B(&xy, (1 —€)on) N O. Then by (5.3.3), at least ¢ fraction
of sites in B(x,epy) are closed and hence are outside S[O, N]- Combined with S[O, N C
B(Xy, 0N + 0y), this implies that the ratio 510,011/ 1B(0, on)| stays strictly less than one,

which has pp-probability tending to zero as N — oo by Lemma 5.3.1. O

Proof of (5.1.8) for general d > 2. We derive (5.1.8) as a consequence of the following
lemma, which asserts that the random walk visits all  in the confinement ball such that

B(z, (log N)3) is free of obstacles.

Lemma 5.3.2.

im oy [ {m>N,00BE (g =0} | =0, (5.3.4)
Voo x€B(0,20N)

Since we know from Proposition 5.2.2 that for any ¢ > 0, the ball B(xy, (1 —€/2)opn) is

free of obstacles with pp-probability tending to one, Lemma 5.3.2 implies that

lim 1y (B(XN, (1—e)oy) C S[W]) ~1. (5.3.5)
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Proof of Lemma 5.3.2. By the union bound,

[N U {m>N.0nB (logN)?) =0}
x€B(0,20n) (536)
< Z LN (Tx>N,OﬂB(x,(logN)3):@>.
x€B(0,20n)

Thus it suffices show that for any x € B(0,20y),
UN <Tx>N,(9ﬂB(a:,(logN)3):®> —0as N — o0 (5.3.7)

faster than any negative power of N.
To this end, observe that the probability P(7; A 7o > N) is independent of whether

x € O or not. Therefore, we have

UN (Tz>N,OﬂB(:c,(logN)3):®) 65:35)

= ooy (0N B, (log N)*) = {x}).

where we have switched the environment at x conditionally on the random walk event {7, >
N}. Lemma 5.2.1 then shows that the right-hand side decays faster than any negative power
of N. ]

The rest of this section is devoted to the proof of Lemma 5.2.1.

5.8.2  Proof Outline for Lemma 5.2.1

The proof of Lemma 5.2.1 is based on the environment and path switching argument in
(5.2.1). The rough (and not fully accurate) heuristic is as follows. Suppose that the event
Elé(x) occurs, i.e., x € O and |O N B(z,1)|/|B(x,l) < 6 for some ¢ much smaller than the

typical obstacle density 1 — p. Either the random walk spends a lot of time in B(x,1), in
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which case we remove all obstacles in B(z,[), and we expect the gain in the random walk
survival probability to beat the environment cost of removing the obstacles; or the random
walk spends little time in B(x,l), in which case we force the random walk not to visit
B(z,1/4), change to typical obstacle configurations in B(x,l/4) and remove all obstacles
in B(x,l) \ B(x,l/4), and we expect the probability gain in the environment to beat the
cost in changing the random walk. To make this heuristic rigorous, we need the following

ingredients.

Path decomposition. First, we decompose the random walk path (Sp)p<p<n into suc-

cessive crossings between the inner and outer shells of the annulus

A(w;1/2,1) = B(z, 1)\ B(x,1/2). (5.3.9)

More precisely, we define B(x,1/2) := B(x,1/2) U0B(x,l/2) and stopping times

o1 :=min{n > 0: S, € B(z,l/2)}\N, (5.3.10)

and for £ € N,
7, ;= min{n > o}: Sy, € B(x,1)}A\N; (5.3.11)
011 :=min{n > 73: S, € B(z,l/2)}AN. (5.3.12)

We will perform path switching on the crossings from B(z,1/2) to B(x,[)¢, and perform

environment switching in the ball B(z,1).

Skeletal approximation of O N B(x,l). When the random walk spends a lot of time in
B(z,1), we will remove all the obstacles in B(x,l). We need to estimate the gain in the
random walk survival probability as a function of O N B(x,[). This is not a very simple task
and one of the difficulties is that the contribution from each obstacle is highly non-uniform,

depending on others. Indeed, if an obstacle is well surrounded by others, then we gain
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little in the survival probability by removing it. In order to make the gain from an obstacle
independent from others, we will only count the gain from a skeletal set Xj(x) C O with

properties

x € X)(z) and all sites in Aj(x) are at least distance 11724 away
from each other; (5.3.13)

each y € O N B(xz,!) is within distance 11/24 of some site in X (x). (5.3.14)

Such a set can be constructed iteratively. First include z € Aj(z) and remove all obstacles
in B(z,1}/20). Next pick any one of the remaining obstacles at y € B(z, 1) that is closest to
z and add it to Xj(z), and remove all obstacles in B(y, 1/2?). Repeat this procedure until
no obstacles remain in B(x,l). Another difficulty is that we gain little in the random walk
survival probability by removing obstacles in B(x,[) near 0B(z,1) since we will only count
the gain from the crossings {S[O'k,Tk]}keN7 that typically spend little time near 0B(z,1).

Therefore we focus on the obstacles deeply inside B(x,[) by setting
X = X () = Xj(x) N B(x,1/2). (5.3.15)
Random walk estimates. For D ¢ Z%, u € D and v € D U D, we denote
Py (,0) == Py(Sp = v, S}y, C D). (5.3.16)

This is nothing but the discrete space-time Dirichlet heat kernel on D if v € D and, while it

is not for v € D, it always satisfies the discrete heat equation in (n,u).

Remark 5.3.3. Since the symmetric simple random walk has period 2, we have pg (u,v) =0
when 7 + |u — v|q is an odd number. In what follows, we adopt a convention that p2 (u, v)

is understood to be an+1(u, v) if n+ |u — v|y is odd.
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Now we are ready to state the gain in the random walk survival probability when we
remove obstacles: for c50,c51 > 0 to be determined later in Lemma 5.3.6, uniformly in
m > (05’01)2, u € B(x,l/2) and v € B(x,1),

pBENO 4y < emerllm/(es o) |=D0( ), B(@D ¢, oy (RW1)

m

where for k € N,

3/2\ ~1
<log %) Vo0, d=2,

T(k) = (5.3.17)

[2—dg
1+1@=d)/2d)2/d> d=3.

Roughly speaking, this estimate means that if the random walk stays in B(z, (), then in every
(05’()[)2 steps, it has more than c1I'(|X}’[) probability of hitting an obstacle (see Lemma 5.3.7).
As mentioned at the beginning of this subsection, we force the crossing to avoid B(z,[/4)
when the random walk spends little time in B(x,l). We need another random walk estimate
to quantify the effect of this switching and also some others to deal with complementary
cases. Those random walk estimates will be tagged as (RW1)-(RW5) and restated and

proved in Lemma 5.3.6 in Subsection 5.3.4.

Obstacles deep in the interior of B(z,!). Note that in (RW1), the bound is in terms of
|7 ()], the number of skeletal points of O N B(z,[) in B(x,1/2). To ensure that the gain
in (RW1) dominates the cost of removing all obstacles in B(x,1), we need that B(z,[) has
sufficiently many obstacles deep in its interior, namely, |X}’(z)[ > p|&j(x)| for some p > 0.

The next lemma guarantees that we can achieve this by slightly changing the radius.

Lemma 5.3.4. Suppose that v € O and |O N B(x,L)|/|B(z,L)| < § for some L € N.
Then we can find p > 0 independent of L and &, such that there exists L3/6 < | < L with
O N B(z,)|/|B(x,1)] <§ and | X (z)] > pmin{|Xl(:v),5ld*1/2}.
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Therefore it suffices to prove Lemma 5.2.1 where we replace the event EZ‘S (z) by the event
57 o] . —
EYP(x) == B (x) N { |X° (2)] > pmin{|X)(x)|,00971/2} } (5.3.18)

with [ € [(log N)®/2, o], which will be carried out in the next subsection.

Proof of Lemma 5.3.4. Let
7 i=min{j >0:1= L)% satisfies | X (z)| > pmin{])(l(x)|,5ld71/2}}. (5.3.19)

We will show that {* := L/ 27" satisfies the desired properties if p > 0 is small enough.

If j* = 0, then I* = L works. Otherwise, for all | = L/2/ with 0 < j < j* — 1, we have
7 ()] < pmin{| X (), 819712} < p| X (). (5.3.20)
We claim that for all [ > 1,
X ()| < Cy|Xgy(x)|  for some Cy depending only on d. (5.3.21)
Together with (5.3.20), this implies that
|5y ()] < pCal X ()] < -+ < (pCg) AR (2)] < (pCg) ™' CLY. (5.3.22)

Since |X7 ()], ..., |[Xg«(z)| > 1 because z € O, we must have (pCy)~7" 1 < CL?. We can
then choose p > 0 small such that 27" < L5/6 and hence I* = L/27" € [L5/6, L)].

To bound the volume fraction of obstacles in B(x,[*) when j* > 1, we can apply (5.3.20)
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at | = L/27"~1 = 2I* to obtain

0N B, 1%)] < |Xgpa ()] - [B(O, (20%) /2]
< ps(20)4H2|B(0, (20%) /2% (5.3.23)

< §|B(z,1")],

where the last inequality holds if p > 0 is chosen small.

Lastly, we prove the claim (5.3.21). Note that by our construction of &j(x) and &5 (z),

U Bw.'*Hc |J B

yeX;(x) yeONB(z,l) (5.3.24)

where O N B(x,l) C U B(z, (2[)1/2d).
2€X5 ()

Therefore by doubling the radii of the balls { B(z, (2l)1/2d)}zeX2°l(x)’ we obtain

U Bw!"?hc |J Blz20)!/%).

yeX(z) Z€X2°l (z)

Since the balls { B(y, ll/Qd)}yeXl () are disjoint, a volume calculation then yields (5.3.21). [

5.3.3 Proof of Lemma 5.2.1

As remarked after Lemma 5.3.4, if suffices to prove Lemma 5.2.1 with the event El(s(x)
replaced by Elé’p (), with [ € [(log N )5/ Q,QN]. We will prove the following bound on

,uN(Elé’p (x)), which immediately implies Lemma 5.2.1 by a union bound over all z €

B(0,20y) and (log N)%/2 <1 < gy.

Lemma 5.3.5. Let E?’p(x) be defined as in (5.3.18). There exist c5 3 > 0 depending on d,

p and 6 such that for all | € [log N, oy, we have

N (B (2)) < exp{—cs 31"/}, (5.3.25)
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Proof of Lemma 5.3.5. Recall the path decomposition introduced in Section 5.3.2, where
we identified the successive crossings from B(z,[/2) = B(x,1/2) U9dB(x,1/2) to B(x,1)¢ dur-
ing the time intervals [0y, 7], & € N. Since these stopping times are truncated by N, the

duration 73, — o} can be zero. Henceforth, the word crossing refers to .S [ with 7, —o > 0.

ks Th]
In particular, the last crossing may be incomplete. To carry out the path and environment
switching, we distinguish between three cases and in order to describe them, we need some

more notation. We denote a sequence of numbers or vectors in bold face as @ = (ay);>1 and

introduce the set of interlacing sequences
Iy :={(5,t): 0<s <t <spy; <N forall ke N}. (5.3.26)
For (s,t) € Uy>1 Iy, we write
K(s,t) :==sup{k >1:t; —sp >0} (5.3.27)

which represents the number of crossings when (s,t) = (o, 7). Now we are ready to describe
the three cases. Recall that c5 9 > 0 has already been chosen to satisfy Lemma 5.3.6. The
constant 0 > 0 is to be determined later, depending only on the dimension d and the open

probability p.

(1) There are many crossings and more than half of them are short (< (05,01)2), that is,

(o, T) belongs to

1
F| = {(s,t) ely: {k>1:0<tp —sp. < (05701)2} > §K(s,t) Vél/dld}.
(5.3.28)

(2) The total time duration of the long crossings (> (05’0l)2) is long, that is, (o, 7) belongs
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to

Fy:={ (s,t) € Iy: Z(tk—sk)l{tk_sk>(05,0l)2}>51/dc§’old+2 . (5.3.29)
k>1

(3) The number of crossings as well as their total duration are small, that is, (o, 7) belongs

to

F3:=( (s,t) e Iny: K(s,t) < 261/414 and Z(tk —sp) < 251/dcg’0ld+2
k>1

(5.3.30)
These three cases exhaust all possibilities. Indeed, if (s,t) ¢ Fb, then the number of long
crossings is at most 51/ 414 and their total duration is at most 51/ dc§70ld+2. If in addition,
(s,t) ¢ Fy, then the number of short crossings is either less than the number of long crossings,
or less than 6%/ dld; either way, it is bounded by 51/ dld, and their total duration is at most

51/dcg7old+2. Combining the short and long crossings, one finds that (s,t) € F3.
For each of the three cases above, by summing over all possible values of (o4, 7;.) € F;

(1 € {1,2,3}) and the position of the walk at these times, we obtain

P (o > N and (o, T) € F;)

- Z Zpszld\o(()? ul)

(st)oF wo (5.3.31)
B(z,)\O Z4\ (OUB(z,1/2
X Hptk(_xsk)\ (uk,vk)mkil(_tk DD (0 g ),
k>1

where uw and v range over all the possible starting and ending points of crossings with
(o,7) = (s,t). In particular, vy € 0B(x,l/2) and v, € 0B(z,l) as long as s < N and
t;. < N respectively, except possibly u1 = 0 when 0 € B(z,1/2). For simplicity, we assume

51414 ¢ N in this proof.

Case (1): In this case, we remove all the obstacles inside B(z,[) and lengthen all the short
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crossings by [2. We formalize this as the environment and path switching (5.2.1) by setting

(A1, A2) .= ({(o,7) € F1},{r0 > N}); (5.3.32)

(Ey, By) := (EPP(x),{O N Bz, 1) = 0}). (5.3.33)

Since |O N B(x,1)| < §|B(x,1)| on the event Ef’p(:r), the cost of environment switching can

be estimated as

P(5") P (|0 N B(x,1)| < 8|B(x,1)])
<
P(ONB(z,1)=0) — P(O N B(z,1) = 0)
5|B (1) ‘
|B(z,D\ (1=p\’ (5.3.34)
= Zz_% < U ) ( p )

< ecé(log %)ld

by using Stirling’s approximation. Alternatively, one can also interpret this as a consequence
of Cramer’s large deviation principle.

On the other hand, since the short crossings are unlikely to happen, we gain in the
random walk probability by lengthening them. More precisely, we will see in Lemma 5.3.6
that for ¢, — s;, < (05701)2, uy, € B(z,1/2) and vy, € 0B(z, 1),

B(x,0)\O B(x,l
ptk(_sk)\ (ug, vg) < ptk(_sk)(uk»vk)

1 B
= 100 te—sp+12

(RW2)
(up, vg),

where 12 is to be understood as 12 + 1 when [ is odd as mentioned in Remark 5.3.3. It is
easy to see that this change is harmless for the following argument and henceforth we will

not mention this parity convention again. Setting

T = 1o<ty—sp<(e5,00)2up€B(w.1/2),0,€0B 2.} (5:3.35)
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we can bound the product in the right-hand side of (5.3.31) by

NO 79\ (OUB(,1/2
[T 22 o MO PN (0 )
k>1
I ZM\(OUB(,1/2))
<100~ 2kx1 1k H tkHQIk o (W OR)P G (V%> U41) (5.3.36)

— 100~ 2k>11k H 2 Uk: Uk)pZd\(OUB(x 1/2))(

VE, U
o1k ko Uk41);

k>1

where 5, := sj, + 12 > m<k Im and ty =ty + 12 > m<k Im- Let us consider the cases

(o.7)€EF == (st)eF: > Iy=j,, (5.3.37)
k>1
that is, exactly j crossings are lengthened, separately for j € {51/dld,(51/dld +1,...,N}.

Summing (5.3.36) multiplied by pﬁ(x’l)(O,ul) over (s,t) € Fy j and (u,v), we obtain

P(TO > N and (0‘,’7‘) EFlj)

x d Z,
= Z Zpsl O Uy Hptk l\o u U )pSZkll(O;iB( Z/Q))(Ukauk’—l—1>

(st)EFy ; uv k>1
g ) 7N\ (OUB(z,1/2
<1007 Y Z @00, uy Hp~ )ng\f_;k SR}
(st)eFy; uv k>1 *

(5.3.38)

In order to relate this last line to P(r9 > N), we rewrite (5.3.38) as a summation over
(3,%) € Fy; = {(3.0): (s,t) € F1 4} (5.3.39)
Note that each (3, t) may come from different (s,%)’s but with the same number of crossings

K(s,t) and hence its pre-image has cardinality at most 9K (s11) < 22+2j on F ;. Recalling
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also that j > 6%/41% it follows from (5.3.38) that

P(TO > N and (0‘,’7‘) EFlj)

<q.o5 Y0 Z D (0,u1)

(8 t)EFl

7\ (OUB(z,1/2
< T2 Dt oop O D gy,
E>1 k— k+1—tk

(5.3.40)

The sum on the right-hand side is seen to be bounded by P(TO\B( 0 > N + jl2). Indeed,

any (3,t) € F _j has terminal time s K(33) — N + ;I by construction and hence the above

+1
sum represents (a part of) the path decomposition before time N + G2,

Taking a sum of (5.3.40) over j, we obtain

P(ro > N and (o, 7) € F})

N
_gl/djd .
<45y p (TO\BW) > N+312) (5.3.41)
j:(;l/dld
<4N - 050" 'p <TO\B(m,Z) > N) :

Since 7o\ B(z,1) = 7o on {O N B(z,1) = 0}, recalling (5.3.34) and | > log N and choosing

d > 0 small, we can use (5.2.1) to conclude that
iy ((S, 0) e ({(a,r) c Fl},Ef’p(x)» < oot (5.3.42)

Case (2): In this case, we again remove all the obstacles in B(x,[) and leave the crossings
unchanged. We apply the same environment and path switching as in the previous case.
Since the long crossings have higher probability of hitting the obstacles, removing the obsta-

cles gives us a large gain in the random walk probability. In order to make it precise, note
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first that (s,t) € F implies

tk—SkJ 1 tp — Sk §1/d d
L 1, > (5.3.43)
Given this, we use the aforementioned (see also Lemma 5.3.6)

B(z,1)\O _ _ 2)_ o)y Bz,

ptk(_l’sg\ (u, vp,) < e~ Ltk=sk)/(c5,00)7 ] =DI(|1 Y |)ptk(—xsk)(uk’vk) (RW1)

repeatedly to obtain

P(rp > N and (o, 1) € Fy)

X X d Z,
S 0, uy) Hpi(_;l,c)\o )pfklfoim D g )

(s,t)eFy v k>1
—coM 4T () B(z,l) \O
<e’’ >, D_p u1) (5.3.44)
(s,t)eFy W,V
B m,l 7N\ (OUB(z,1/2
X kl_[ptk(_sk) )ps;%\f —t et/ ))(Ukaukﬂ)
>1

o~ X)) p (

TO\B(x,1) > V)

uniformly in O, and we can replace o\ g(,1) by 70 on {O N B(z,1) = 0} as before.

We are going to show that the cost of removing the obstacles in B(z,[) is much smaller
than the above gain in the random walk probability. Recall that [X}’| > pmin(19-1/2 | x)))
on the event Ef’p(x) and also note that (5.3.13) implies the bound |X}°| < O81971/2 for some
C > 0 depending only on the dimension. In the case |}’| € [példil/z, Cdld’1/2}, we have
that I'(]A}’|) is bounded below by a positive constant, recalling the definition of I' in (5.3.17).

Combining (5.3.44) with (5.3.34) and (5.2.1) and choosing J small, we get

v ((5:0) € (((om) € B}, (B0) 1 (147 2 it 2) )

(5.3.45)
C5l/dld

<e
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In the other case |X}| € [p|A]], p8l%=1/2) "instead, we have that for sufficiently small 4,
L(1x°)) > e~ 2424 x| /| 10g 6] (5.3.46)

recalling (5.3.17) again. Indeed, for d > 3, using |A°| < p8l%=1/2 in the denominator
in (5.3.17) yields the above bound without | logd|; for d = 2, the argument of log in (5.3.17)
is large and the above bound follows from the fact that 1/logr = r—1(r/logr) and r/logr
is increasing for 7 large. Given this lower bound on I'(|A}’[), the gain from the random walk

becomes
P(ro > N and (0,7) € Fy) _ _c5-1/d11/2x7| /| log o]
P(to\B(z1) > N) -

(5.3.47)

Note that this gain is much smaller than the bound (5.3.34) on the cost of environment
switching when |X7°| is small. Therefore we have to estimate the environment switching
cost more carefully and this is done by considering separately the events {|A}°| = k} for
k< pold—1/2,

In the case under consideration, |X}°| = k implies |Aj| < p~ k. Recall also that all the
obstacles in B(x, ) are contained in {J,¢ y, B(z, 11/2d) by (5.3.14). Therefore on each event
{|&°] = k}, by counting the possible choices of A] first and then the configurations inside

Uzex, Blz, 11/24) we can estimate the cost of environment switching as

P(EP? N {X = k})
P(ON B(x,1) =0)

i| B(x,11/24)]

5 () 5 ey 1y (5349

itk =0 J
1/2
< (CH / _
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Combining this with (5.3.47) and choosing ¢ small, we obtain

iy ((5,0) € ({(o,7) € B}, (B} () 0 {1 27] = k1))

< 0 1dpt/2g /1 1og 6|

(5.3.49)

for cach k < pdl9=1/2. Finally we sum (5.3.45) and (5.3.49) for k € {1,2,..., |pol¢—1/2|}
to obtain

1/dj1/2
e—cé/l/‘

iy (Ef’P(x) x {(o,7) € FQ}) < (5.3.50)

Case (3): In this case, we remove all the obstacles in A(x;1/4,1) = B(x,l) \ B(x,1/4),
change the obstacles configuration inside B(x,[/4) to typical configurations and force all
the crossings to avoid B(z,1/4) after lengthening them by [2. Complication arises when the
origin is close to B(z,l/4) because then it costs a lot to force the first crossing to avoid
B(xz,1/4). We first deal with the simpler case 0 ¢ B(xz,l/2) by applying the environment

and path switching (5.2.1) with

(A1, A2) := ({(o,7) € F3}, {70 A Tp(3,1/2) > N}); (5.3.51)

(E1, By) = (B (2), {0 N A(x;1/4,1) = 0}). (5.3.52)

The gain from the environment switching can be estimated as

P(E) PO B, D] < 8B, D)
P(ONA(z;1/4,0) =0) =  PON A(x;1/4,1) = 0)
8| B(x,0)] j
< pB@l/9) Bz, DN (L=p (5.3.53)
> (") (5
< e—cld

by using Stirling’s approximation (or Cramer’s large deviation principle as before).

On the other hand, if we force the random walk to stay in A(z;1/4,1) instead of B(z, 1), the
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extra cost per step should be measured by the difference of the principal Dirichlet eigenvalues
of the discrete Laplacian in A(x;1/4,1) and B(z,1), which is of order 2. In fact, we will
see in Lemma 5.3.6 that uniformly in u;, € 0B(x,1/2) and v}, € 0B(z,1),
B(z,[)\O B(z,l
ptk(_gjs,j\ (ug, vg) < ptk(ics,j(ukavk)

cs.2((tp—sp)l~2+1), Azl /4,0)
<e Py s ti2 (up,vp)-

(RW3)

If s < N and t, = N for some k € N, then this (last) crossing may be incomplete and its
endpoint vy, may be in B(xz,1/4). In that case, the path switching should be done differently
and we change the endpoint of the last crossing to v := v + (51/8)e1. The cost is bounded

similarly as

B(z,)\O

)2 Azl /4,0 ~
PO (g uy) < ecsaltemsn) DA, () ), (RW4)

t—sp+202

We define (3, t;,) k>1 as the starting and ending times of switched crossings, similarly to

Case (1), and also

(Vg Ugq1)
(v + (51/8)e1, vy + (51/8)e1), if s < N,tj, = N and v, € B(x,1/4), (5.3.54)

(vk, Uk11 ), otherwise.

Then using the above estimates and recalling the definition of F3, we can bound the product
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in the right-hand side of (5.3.31) by

d €,
[T 22 o) 0P (0 g )

k>1

t, —
< exp 6522 k—i—K(st)

k>1 (5.3.55)
141 ~ \ ZN\(OUB(z,l/2
< [1» Py xSk/ ke U)P; \1( 7, ) @, )
E>1 +
1/djd 1/4,1 ~ \ ZN\(OUB(z,1/2
= 0! [I»: (IS/ ‘@ Uk, Uk )P N e A2 @ i)
kzl k k k+17"tk

Note that each (s, tN) has pre-image of cardinality at most 9201/ Therefore summing (5.3.55)

over (s, t,u,v) separately according to the number of crossings as in Case (1), we can obtain

P(to > N and (o, 7T) € Fy)

xr xr d X
S Y e 0 T on ) g vdpe, ) P2 (0 )

(s,t)eFy U0 k>1

o€ / (z ~ d x,
< e > Z P35, DO 0,y Hptk 5, (s Pl OB G )

S —1
(s t) ES1 k+1—tk

(5.3.56)

1/d;d
< CNe® '™ P(touB(z,/4) > N)

uniformly in O in the case 0 € B(x,[/2). Recalling (5.3.53) and | > log N and using (5.2.1),

we conclude that in this case

v ((5,0) € ({(o.7) € B3} B () ) < e, (5.3.57)

Finally, we deal with the case 0 € B(x,l/2). In this case, the starting point of first
crossing may be close to (or even inside) B(z,1/4) and we want to ensure that the random
walk gets away from that ball quickly. To this end, we fix a path 7(z;1) C B(x,[/2) of length

[ from 0 to ne; € dB(x,1/2) (n € N) and modify the environment and path switching as
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follows (see Figure 5.1):

(A1, Ag) = <{(a, T) € F3}, {S[O,l] =m(z;1), 70 AN (L + Tp(z,1/4) © 01) > N}) ; (5.3.58)

(E1, Eg) := (E%(2), {0 N (A(z;1/4,1) Un(2;1)) = B}), (5.3.59)

where | + 7p(, 1/4) © 6 is the first hitting time to B(z,l/4) after time [. Let us explain
the difference from the previous case 0 ¢ B(z,[/2). For the environment, we need to keep
7(x; 1) empty, which has a cost of e~ but is negligible compared with the original gain ecl
in (5.3.53).

For the random walk, only the first crossing, that is S[O,Tﬂ in this case, is switched
differently. In the present case, note that v1 € dB(x, 1) since by the total duration constraint
on F3, we have t1 < 2(51/dc%70ld+2 < N for small 6. We switch the paths with 71 =1, 57 =
v1 to those go from 0 to ne; following 7(z;() in [ steps and then to go from ne; to vy inside

A(z;1/4,1) in t1 4 212 steps afterward. The probability to follow m(x;1) in the first I steps is

(2d)~" and combining this with the estimate (see Lemma 5.3.6)
Blxl -2 A(z:1/4,0
ptl(w )(0,0) < eS2(ltl J+1)pt1<f2l/2 )(ney, 1), (RW5)

we obtain the following bound on the switching cost of the first crossing:

B 7l ,l -2 A ,l 4,l
pin " (0,01) < (20)'p] 0 (0.mep e NI L (e )

o At e (5.3.60)
2]+ it/ 40Uz

< (2d)lecs2 (77 +1) t1f212+l (0, v1).

Note that the term c5 9 |t1172] already appeared in (5.3.55). The extra cost of (2d)! is again

negligible compared with the ecl? gain from the environment.
Therefore simply by setting ¢; := t; + 202 + [ and changing (5, {z) >2 accordingly,
we can use (5.3.60) to follow the same argument as before to extend (5.3.57) to the case

0 € B(x,1/2). O
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Figure 5.1: A schematic figure of the switching configuration from (a) to (b) in Case (3). The
balls are B(z,1/4), B(z,l/2) and B(x,[) from inside. There are 4 crossings from B(x,[/2)
to B(x,()¢ including the last incomplete crossing. Both Sy = 0 and Sy are in B(z,[/4) in
(a). The paths from e to o are crossings and are lengthened. Observe that we cannot make
the second crossing avoid B(z,[/4) without lengthening it as illustrated in (b). The paths
from o to e are unchanged. The first polygonal segment of the path in (b) represents 7 (x;1).

5.3.4  Random walk estimates

In this subsection, we restate and prove the random walk estimates used in the proof of

Lemma 5.2.1. Recall the notation B(x,l) = B(z,l)U0B(z,1) and that py,(u,v) is understood

to be pp11(u,v) if n+ |u+ vy is odd by the convention introduced in Remark 5.3.3.

Lemma 5.3.6. Let X°(z) and I' be defined as in (5.3.15) and (5.3.17), respectively. There
exist ¢5.,C1,c52 > 0 such that the following hold for all sufficiently large I:

1. Uniformly in m > (05’0l)2, u € B(z,l/2), v € B(x,l),

B(LL‘,Z)\O(U’U) < 6—61(Lm/(65,01)2J—1)1“(\9(50\)]75(%”(% v). (RW1)

Pm
2. Uniformly in m < (05,0l)2 and u € B(x,l/2),v € 0B(x,1),

i

w,v) < B(z,l)

S 1—00 m—|—12 (U,U). (RW2)
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3. Uniformly in m >0 and u € 0B(x,1/2),v € 0B(x,1),

P (,0) < eosalmZ DAL ) (RW3)

4. Uniformly in m > 0 and v € 0B(x,1/2),v € B(z,1/4),

i, ) < 52 EDPAED (4 (51/8)ey). (RW4)
5. Suppose 0 € B(x,1/2) and let n € N be such that ney € 0B(x,1/2). Then uniformly

inm >0, and v € 0B(z,1),

P D (0,0) < es2lm AT (6 ). (RW5)

In the proof of this lemma, we will use the following estimate on the Dirichlet heat
kernel: for any ¢ € (0,1), there exists C' > 0 such that uniformly in r € N, k € [er?, 72 /(]
and u,w € B(z,r),

B(z,r)

C< Pk
~ r—4=2dist(u, OB(x, r))dist(w, 0B (z, 7))

(u,10) 1
- C

(5.3.61)

This can be found for example in [53, Proposition 6.9.4], where it is stated only for the case
k = 72 but the argument therein can easily be adapted to the above uniform estimate.

The first assertion (RW1) will be a direct consequence of the following lemma.
Lemma 5.3.7. For any c5 € (0,1), there exists ¢y > 0 independent of O such that for any

l €N and u,w € B(z,l),

if—,zzl));(o(“’m < e—clr(\x;\))pié?ll)g(u,w), (5.3.62)

Remark 5.3.8. This lemma holds for arbitrary c5 ¢ € (0,1). In Lemma 5.3.6, it is only
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(RW2) which imposes a restriction on c5 g.

Proof of Lemma 5.3.7. We write [ for c5 ol in this proof to ease the notation. Tt suffices

to prove

min  Py(ro < I§| Sp = w, gz > §) = aT(1A7)). 5.3.63
i Pulro <I|Sp = w.rpe e > ) Zal(7). (5363)

for some ¢1 > 0, since 1 — A < e, The proof of this relies on the so-called second moment

method. Let us introduce

T:= ) L{Smexe}- (5.3.64)
mel(i3 /4,312 /4]

We will show the following:

E, [T ‘ Sz = W, (a0 > zg] > o &P )12, (5.3.65)

C(|Xo|l2_d)2
B, [T? | Sz = w,7p(npye > 1] < — 1

S W (5.3.66)

Given these bounds, the desired bound follows via the Paley—Zygmunnd inequality as

L

2
. E, [T ‘ Sl(g) =W, TR(gl)e > l%}

E, |:T2 ’ Slg = w7TB(CE,l)C > l%]

First moment (5.3.65): Note first that uniformly in m € [1(2)/4, 3%/4], z € B(x,1/2) and u,w

as in the statement,

B(a:,l)(

B(z,l
P, (Sm = 2, Sl(g) =W, TRy 1)e > l%) = DPm (=, )(

u, Z)pl%—m

Z,w)
L © B (5.3.68)

(u,w).
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Indeed, by (5.3.61), there exists C' > 0 such that uniformly in m,u,w and z as above,

pﬁ(x,l)(% z) > ldildiSt(u’ 0B(z,1)), (5.3.69)
0
B@d) (> dist(w, 0B (x, 1)) (5.3.70)
Z(Z]_m ) = lg+1 ) ) ) i
and
B(z,l) r .. .
2 (u,w) < d+2dlst(u,8B(a:,l))dlst(w,aB(a:,l)). (5.3.71)

0 0

The bound (5.3.68) follows from these three bounds. Summing (5.3.68) over m € [l%/él, 318/4]

and z € A} yields the following equivalent of (5.3.65):

E, [T: Sl% =W, TB(g,l)e > Z(Q)]

(5.3.72)
> Cleo“(Q)_dPu (Sl% =w, TB(I,l)C > l%) .
Second moment (5.3.66): We begin with
[T SQ—UJ TB(x,l )c>l(2):|
-2 Y S P, (Si = 21,8) = 29,53 = 0, T(ap)e > l%)
13 /4<i<j<3I3 /421,22626 (5.3.73)
Bzl Bz,
=2 ) > P (2 ) )(Zl,ZQ)If)lg(_xkim(Zm@U)-
km>lo/4 21,22€X)
k+m<3I3/4
It follows from (5.3.61) as before that for the parameters appearing above,
Bzl B(z,l ¢ B(zx,
pe e (z20) < ldplé“" J(w,v). (5.3.74)
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Substituting this into (5.3.73) and performing the summation over z9 and k, we find that

E, |:T21 Slg = U, TB(xz,l)° > l%]

¢ B(xl o (5.3.75)
< ld_—2p12(x )(Uﬂ)) Z Z P.(Sm € &).
o m<I3/22€X]

For the probability appearing in the summation, we claim

/

m_d/Q, m < lé/d,
sup P (S, € &) < el -1/2 m € [lgY4, |xp| ¥/ dig 1), (5.3.76)

2€XP 0 ’
L |Xlo|m_d/27 m € (|Xlo|2/dl01/d7 13/2]

Substituting this bound into (5.3.75), we obtain

CUXP N2 play

Ey T2 Si2 = v, Tpage > ] < D, ) (5.3.77)

S = won P
rgxe) i

which is equivalent to (5.3.66).

It remains to show (5.3.76). First, the on-diagonal term P,(Spy = 2) < em Y2 is
always smaller than the right-hand side of (5.3.76). Henceforth, we shall focus on the points
w € &)\ {z} which are at least 11/24 away from z. By a standard Gaussian estimate on the

transition probability of the symmetric simple random walk [64, Theorem 6.28|,

> P(Sm=w)
weXP\{z}
<2 2.

n=lweXPNA(znl'/2d (n+1)11/2)

(5.3.78)

C CJw = 2|2
P o [

This right-hand side is maximized when the annuli are filled from inside out but since the

points in A}° are at least j1/2d away from each other, the n-th annulus contains at most
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Cnd-1 points. This leads us to the bound

C C|Xlo|1/d n2l1/d
> PuSm=w)< —% > n?lexp {— o } . (5.3.79)
weXP\{z} m n=1

The desired bound (5.3.76) follows by a simple computation considering the cases m < I 1/ d,
m e [11/4, ]Xl°\2/dl1/d] and m > |Xl°|2/dll/d separately. O
Proof of Lemma 5.3.6. We only consider the case when [,5//8 and n are all even.

The first assertion (RW1) follows immediately from Lemma 5.3.7. Indeed, using (5.3.62)

in the Chapman—Kolmogorov identity, we have

B(z,1)\O _ B(z,)\O B(z,)\O
A = 3 e e
’ 5.3.80
< o~ LX) Z pB(IJ) (u w)pB(x’l)\O (w,v) ( )
- T (e5,00)2% 7~ Fm—(c501)2 2

and (RW1) follows by iteration.
Let us proceed to prove the second assertion (RW2). Note first that by a standard

Gaussian heat kernel bound [64, Theorem 6.28], for any u,w € B(z,l) with |u —w| > cl,

e () <, w)

2
—d/2 lu — wl
<Ck / €xXp {_ Ck } (5.3.81)

l2 d/2 l2
<o (E) exp {—c%} :

On the other hand, for m € [12,21%], u € B(x,1/2) and w € 9B(x, 31/4), we have

Pt (w,w) > C17 (5.3.82)
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by (5.3.61). Combining this with (5.3.81), we obtain the comparison

B(x,l)

P (u, w) 1
max _ max Bl < 1 (5.3.83)
k(e 00)2 ue B /2).wedB w31 O p ) (u, w) — 100

for sufficiently small c5 y. Suppose m < (05’()[)2 for c5 ( satisfying the above. By decomposing

the random walk path upon the last visit to 0B(x,31/4), we get

w0 =Y 3 w5 )
k=1wedB(z,31/4)

1 S X x:
S PO o w)p D (w,0) (5.3.84)
k=1wedB(x,31/4)

_ L B
= 100Pmr2 (u, v).

This concludes the proof of (RW2).
The proofs of (RW3)—-(RW5) rely on the fact that there exists c5 9 > 0 such that for any
m €N, u € dB(x,1/2) and w € A(x;31/8,71/8),

A(x;l/4,0)

2 w0) = exp{=csa([ml 2] + 1) }pm " u,w) (5.3.85)

In order to prove this, we bound the left-hand side from below by the probability that S 0,2 C
Alz;1/4,1), Sz mai2] C B(w,1/8) and Si;2 € B(w,1/16) for each k € {1,2,..., |ml—2]},

which can be written as

|mi—2] -1
Z pﬁ(w;l/él,l)(u, 21) H plB;(w,l/S)(Zj’ Zj_|_1)
zl,...,szl_QJGB(w,l/lﬁ) Jj=1 (5.3.86)
Xpi(—w[if—)wuz? (# -2 w)-

Since m — |ml~2 |12 412 € [I2,21%] and all the points w, zj’s and w are at least [/16 away from

the corresponding boundaries, by (5.3.61), all the heat kernels appearing in this expression
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is bounded from below by C1~¢ regardless where z;j’s are in B(w,[/16). Therefore we find

the bound

A(z;l/40)

o (s w) > exp{—es o(lml 2 + )P (5.3.87)

(:L‘,l)(

for some c59 > 0. Recalling (5.3.81), we have pﬁl u,w) < cl=% and we conclude the
proof of (5.3.85).

Given (5.3.85), the third bound (RW3) can be proved in the same way as in the proof
of (RW2) via the last visit decomposition. In order to prove the bound (RW4), we first
replace m by m 4 12 and choose u € dB(x,1/2) and w = v + (51/8)e; for v € B(x,1/4)

in (5.3.85) to obtain

exp{esa([mi 2] + D} (w0 + (51/8)eq)

> po) o+ (51/8)en).

(5.3.88)

We can further bound the right-hand side from below by cpg(aj’l)(u, v) using either (5.3.83)
(m < (05701)2) or the parabolic Harnack inequality from [19] (m > (05’01)2). This yields
(RW4) by making c59 larger. The proof of (RW5) is almost the same and left to the

reader. O

5.4 Random Walk Range and “Truly”-Open Sites

In this section, we prove various properties of 7 and its relation with the random walk
range S[O, N> which will pave the way for the proof of Theorems 5.1.1 and 5.2.8. First, we
prove Lemma 5.2.5 in Subsection 5.4.1, which shows that the random walk must visit the
interior of 7, and sites in 7 are well-approximated by sites in S[O, NJ- We then explain in
Subsection 5.4.2 how Lemma 5.2.6, Proposition 5.2.9, and the deduction of Theorem 5.2.8
from Theorem 5.2.7 all follow from the same key Lemma 5.4.3 on the probability of visiting
certain sites that are costly for survival. The proof of Lemma 5.4.3 is then given in Subsec-

tion 5.4.4 using path decomposition and switching, with the basic setup presented earlier in
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Section 5.4.3.

5.4.1 Proof of Lemma 5.2.5

In this subsection, we give the proof of Lemma 5.2.5. First we show that “truly”-open sites

are rare in the following sense.

Lemma 5.4.1 (“truly”-open sites are rare). For any v € Z% and all sufficiently large N,
P(v is “truly”-open) < exp {—(log N)Q} : (5.4.1)
Proof of Lemma 5.4.1. Recall that z € Z4 is “truly”-open if
P, <7‘@ > (log N)5> > exp {—(log N)Q} . (5.4.2)

By using Donsker—Varadhan’s asymptotics (5.1.5), we obtain

P (Px <T(9 > (log N)5> > exp {—(bg N)2}>
< exp {(log N)Q} E [P <TO > (log N)5>] (5.4.3)

< exp { (log N)?} exp {—c(log N) Tz } |

Since the power of 5d/(d + 2) > 2 for d > 2, we are done. O
Proof of Lemma 5.2.5. The proof of the first assertion (5.2.6) is simple. Indeed, since a

“truly”-open site is open by definition, for any site in
{x € T: dist(z,0T) > (log N)5} : (5.4.4)

its (log N')° neighborhood is free of obstacles. Therefore (5.2.6) follows from Lemma 5.3.2.
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The second assertion (5.2.7) can be restated as

dmoy () B gog vs) SN =1 (5.4.5)
weT
We are going to show that for any w € B(0,30y),
I\ (w is “truly”-open, TB(w,(log N)3) = N> < exp {— (log N)Z} , (5.4.6)

from which (5.4.5) follows by the union bound. But since whether w is “truly”-open or not
depends only on the configuration of obstacles inside B(w, (log N)?) and hence is independent

of P(TB(w,(logN)5) ATo > N), we have

PP (w is “truly”-open, TB(w,(log N)?) N1 > N>
= P(w is “truly”-open)E [P (TB(w (log N)3) N TO > N)} (5.4.7)

< exp {—(1ogN)2}IP’® P(rp > N)

by using Lemma 5.4.1. O

5.4.2  Proof of Lemma 5.2.6, Proposition 5.2.9 and Theorem 5.2.8

The proof of Lemma 5.2.6 and Proposition 5.2.9 turn out to be quite similar, both involving
random walk path switching to avoid sites that are costly for survival. As explained in
Subsection 5.2.4, to bound |07| and prove Proposition 5.2.9, it suffices to give an upper
bound on the expected total number of visits to | J,c57 B(z, (log N )6), as well as a uniform
lower bound on the expected number of visits to B(z, (log N)%) over all z € &7. More

precisely, define

TO

Z 1Sn€B(x,(logN)6)] , w€T,zedT, (5.4.8)

n=0

Go(u,z) = Ey
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which is the expected number of visits to B(z, (log N)%) before the walk is killed. We also

introduce the set where the above expected number of visits is too small:

L(l) = U B(z, (log N)9), (5.4.9)
2€dT,Go(xy,x) <ok Ypo(N,)

where

9_05’46 ifl =e€p
’ = €ON,
o(N ) =4 (5.4.10)

(log N)~%5, if | = o /log N

with ¢5 4 € (0,1) and ¢55 > 0 to be chosen later.
We first claim that the expected number of visits to the neighborhood of 07 is not too

large.

Lemma 5.4.2. There exists c5 ¢ > 0 such that

Y Golay,z) < (log N)s6. (5.4.11)
xedT

We will then show that on the event of confinement in B(Xy, o + 1) and B(Xy, oy —
[/4) being free of obstacles, the probability for the random walk to visit 7¢ or L(l) is

asymptotically negligible.

Lemma 5.4.3. There exists €g > 0 such that the following holds: let | := eon with € < €

orl:=pon/log N, and assume that

lim iy (TB(XMNH) > N,0NB(xy,on — 1/4) = (2)) — 1. (5.4.12)

N—oo

Then

Jim py <TTCU£(Z) < N) —0. (5.4.13)

Let us present three consequences of these two lemmas before giving proofs.
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Proof of Lemma 5.2.6. Since Theorem E and Proposition 5.2.2 imply

lim ppn (TB(XN7(1+€)QN) > N,ON B(XN, (1 - 6/4)9]\]) = @) =1 (5414)
N—o0
for any € > 0, Lemma 5.2.6 immediately follows from Lemma 5.4.3 with [ = egp. O]

Proof of Proposition 5.2.9. By Lemma 5.2.5 (cf. (5.4.5)), we know that the random
walk does visit B(v, (log N)®) for each v € 8T, and together with Lemma 4.7, this im-

plies that we must have L(egop) = 0. This means that we have a uniform lower bound

1—d—c5 4€

ming o Go(Xy,T) > oy and hence
1—d—c5 4€
> Golxy,z) >[0T ley -~ " (5.4.15)
xedT
Combining with Lemma 5.4.2, we conclude that |07 ] < Q‘C]l\fil+c5’4€(log N)%:6, and since
€ > 0 can be taken arbitrarily small, Proposition 5.2.9 follows. O]

Proof of Theorem 5.2.8 assuming Theorem 5.2.7. Observe that once we have proved
Theorem 5.2.7, we may take | = op/log N in Lemma 5.4.3. Then the same argument as

above yields Theorem 5.2.8. O

We close this subsection with the proof of Lemma 5.4.2 which is fairly simple. The proof

of Lemma 5.4.3 is much more involved and will take up the next two subsections.

Proof of Lemma 5.4.2. Let us define the stopping times
£ = inf {n > 0: dist(Sp, T) < (log N)ﬁ} (5.4.16)
and for k > 1,

€4i == inf {n > &, + 2(log N)10: dist(Sn, OT) < (log N)6} . (5.4.17)
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We can then bound the left-hand side of (5.4.11) by

Z Go(xy,2) < (log N)°E [max{k: & < 10}] (5.4.18)
xedT
for some C' > 0. Observe that whenever the random walk visits (log N)% neighborhood of T,
there is more than c(log N )’Gd probability of exiting 7 within the next (log N)2 steps by
the local central limit theorem. And once the random walk exits 7, it will hit O in the next
(log N)1? steps with high probability by the definition of 7. Therefore max{k: & < 7o} is
stochastically dominated by a geometric random variable with parameter c(log N )*Gd and

the desired bound follows. O]

5.4.3 Path decomposition

In order to prove Lemma 5.4.3, what will be relevant is the behavior of the random walk
near 7. Since v € Z¢ is “ruly”-open if its (log N )5 neighborhood is open and we assume
ONB(xy,on —1/4) = 0, we know that T lies near dB(X), o). This motivates us to
decompose the random walk paths according to the crossings of a thin annulus near the
boundary of the confinement ball B(xy, on).

Similarly to (5.3.9)- (5.3.12), we decompose a random walk path (Sp)p>p<n by using

successive crossings between the inner and outer shells of the annulus

A(xn;on — 2,0y — 1) = B(ay,on — 1)\ B(Xn, on — 21), (5.4.19)

where we will choose [ > 0 to be either eop or op/log N. To this end, we introduce the

stopping times

o1 :=min{n > 0: S, € B(X,, oy — 2[)}AN, (5.4.20)
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and for k € N,

7. ;= min{n > o}: Sy € B(&, oy — )°}AN, (5.4.21)

Oka1 :=min{n > 7: Sy € B(&Xn, oy — 20)}AN. (5.4.22)

In what follows, we will decompose the random walk paths into the pieces (S[Tk77k+1]) E>1
and the role of (0y)x>1 is auxiliary. More precisely, the paths that visit a costly site v €
TCUL() (cf. (5.4.9)) during [, 73,4 1] are going to be switched to the paths that stay inside
B(xy, on — 1/2) during [7p, Tp11].

We use bold face letters to denote sequences of numbers as in Subsection 5.3.3. For a
non-decreasing sequence t = (tj);>1 of integers, by slightly abusing our notation in Subsec-
tion 5.3.3, we write

K(t) :==sup{k > 1: tp 1 —t >0} (5.4.23)

which represents the number of crossings from 0B (X, oy —1) to OB(&y, oy — 21) and back

to OB(Xy, on — ) when t = 7. We have the following control on K (7).

Lemma 5.4.4. There exists c5 3 > 0 depending only on the dimension d such that if

Jim py ("B ox+1)e > N-O N B(xy, ox —1/4) =0) =1 (5.4.24)

for some | € [on/log N, c5 30N], then
lim iy (K(T) < Nﬁ) ~ 1. (5.4.25)

N—o0

Proof of Lemma 5.4.4. Let us fix [ € [on/log N, ¢5 30] and suppose that K(7) > NI72,
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or equivalently, T Ni1-2] < N. Then we find that

—2
P (7p(ay.on 11 > N K (1) > NI72)

)Nl—2—1 (5.4.26)

< sup Py (TB(XN>QN—2Z) < TB(xy,on+)°
uedB(xy,onN—1)

by using the strong Markov property at each 7, with & < N 172 — 1. Since

sup Pu (TB(XN,QN—QZ) < TB(XN7QN+l)C) (5427)
uE@B(XN,QN—Z)

is bounded away from one for all large N, by choosing c5 3 sufficiently small and recall-
ing (5.1.5), we find that the right-hand side of (5.4.26) decays faster than PP (7 > N). O
It is also useful to know that the random walk does not end up near the boundary of the

confinement ball at time N.

Lemma 5.4.5.

lim limsup puy (Sy € B(&xy, (1 —€)on)) = 1. (5.4.28)
=0 Nooo

Proof of Lemma 5.4.5. By Theorem E and Proposition 5.2.2, it suffices to show that

P® P<SN ¢ B(ay, (1= €)on) | Toupay.on+odye > Vo

(5.4.29)
0N Blay. (L= c)on) = 0)

tends to zero as N — oo and € — 0. Let us write B = B(Xy, oy + Q}E\l[) \ O in this proof to

ease the notation. We use the eigenfunction expansion to get

N
E[f(Sy): e > N =3 (1 - A?W’(k)> <¢§W’(’“>, f> AR () (5.4.30)
k>1

for any bounded function f, where )\IB{W’(]“) and ¢2W,(k)

and corresponding eigenfunction with ||¢2W’(k) |2 = 1 for the generator of the random walk

are the k-th smallest eigenvalue
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killed upon exiting B. On the event O N B(xy, (1 — €)oy) = 0, each of the eigenvalues

)\EW’( ) and eigenfunctions gbRW( ) (k € N), after proper rescaling, should be close to the
eigenvalues of the Dirichlet Laplacian on the unit ball. Based on this observation, one can

in fact prove (see Lemma 5.A.2 in Appendix 5.A) that

RW,(2 RW.(1 —
/\B @ _ /\B @ > 05,70N27 (EV)
RW,(1 —d/2
A0 < e o

which are well-known for the eigenvalues and eigenfunctions for the continuum Laplacian.
It follows from (EV) that the terms with & > 2 in (5.4.30) are negligible for bounded f by
a standard argument, (see, for example, the proof of Lemma 5.5.2 in Appendix 5.A.) By

setting f = 1p(xy,(1—e)oy)c 20d f=11n (5.4.30), we find that

)
’ 1B(XNa(1_€)QN)C>

¢
P (Sy & B(xy, (1= e€)on) [ e > N) = < : <¢RW’(1) 1>
B Y

(1+0(1)) (5.4.31)

as N — oo. Since (EF) and the fact gbgw’(l) > 0 imply that

d/2
<¢B B(XN,(I G)QN) > S CEQ]V/ ) (5432)
—1 d/2 1 d/2
<¢B >> 5% ]\{ H¢B ||2— 551; NZ ; (5.4.33)
the right-hand side of (5.4.31) vanishes as € — 0. [

Remark 5.4.6. With a little more effort, it is possible to show that the eigenfunction

¢gw,(1)

the unit ball in L2. See, for example, [30] for a further discussion on related problems.

converges, after proper rescaling, to the eigenfunction of the Dirichlet Laplacian on
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5.4.4 Proof of Lemma 5.4.3

Proof of Lemma 5.4.3. Referring to (5.4.12) and Lemmas 5.4.4 and 5.4.5, let us fix

€€ (0,¢53), L € {on/log N,eon} and introduce good events

E5412 :={0ONB(xN,on —1/4) =0}, (5.4.34)
Er gy = {K(G,T) < NZ’Q}, (5.4.35)
Es5.45 :={xn € B(0,(1 —2¢)on), Sy € B(Xn, (1 —2¢)on)} (5.4.36)

and define Egood = FE5412N E54.4 N E5.4.5, for which we have limy_,~, ,UN(Egood) = 1.

We are going to prove
PP (r7e < N < 70, Egood) < c(log N)'P@P (0 > N) (5.4.37)
and for any v € B(0,30y),

P@ P (vedT,Golan.v) < oy (N, 1), T 1og ) < N < 70 Egood) (5.4.38)

< C(lOg N)_1]P> X P (U € 87-, TO A TB(’U,(IOgN)6) > N) .
First, the bound (5.4.37) implies that impy_,s ey (77¢ < N) = 0. Second, since P(7p A

TB(v,(log N)6) > N) is independent of the obstacle configuration in B(v, (log N)®), in partic-

ular whether each site w € B(v, 1) is “truly”-open or not, Lemma 5.4.1 implies

P® P (v € IT, 70 N TB(y,(1og N)6) > N)

< Z PP <w is “truly”-open, 7p A TB(v,(log N)6) = N> (5.4.39)
weB(v,1)

< exp{—(logN)Q}IP’Q@P(T@ > N).

Therefore, by substituting this bound into (5.4.38) and summing over v € B(0,30y), it

follows that limpn_,~ MN(TE(I) < N)=0.
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The strategy of the proofs of (5.4.37) and (5.4.38) is to show by a path switching argument
that it is better for the random walk not to visit 7¢, or B(v, (log N)%) with v € 9T and

Go(xy,v) < Q}V_dgp(N, l). Note that on the event Fs 412, we have
T¢U B(v, (log N)%) c B(xy, on —1/2)° (5.4.40)

and hence it is natural to use the path decomposition in terms of the crossings from
OB(xy,on—1) to B(Xy, oy —2l) introduced in Subsection 5.4.3. The random walk can visit
TCUB(v, (log N)%) only on a crossing [73,, 03,11] (k € N) and if it happens, we want to switch
such a crossing to one that avoids 7¢ U B(v, (log N)®). However, it turns out to be easier
to switch the path on the entire interval |1y, 73, 1]. More precisely, for v € 0B(xy, on — 1)

and v/ € OB(xy, oy — 1) U B(xy, (1 —2¢)on), we are going to compare

i (w, o)
Py <TTCUB(U7(1ogN)6) <71 =t<710,5 = u’) , ifu € 90B(xyN, on — 1),
Py <T’TCUB(U,(1ogN)6) <t<TONAT,St= ul> . ifd € B(ay, (1 —2€)on)
(5.4.41)
with
PO (u, )
Pu <7—TCUB(’U,(10gN)6) > T = t, St = Ul> R lf U,/ c aB(./Y]\[7 ON — l), (5442)

Py <TTCUB(U,(logN)6) AT >t,5 = u/) , if u e B(XN, (1 — QE)QN).

These are the probabilities that conditionally on S7, = u, the random walk path during
(71, Tho1] either visits or avoids 7¢ and B(v; (log N)%) and ends at «’ at time 75,1 = 73, +¢.
The two cases v’ € dB(xy,on — 1) and v/ € B(xy, (1 — 2¢)op) correspond to k < K(T)

and k = K(7) respectively, where for the latter case recall that we are working on the
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event Fr45. The key comparison estimate we will prove is the following: if v € 0T,
Golxy,v) < oy p(N,1) and E5 412 holds, then

Pt (u, ) < oy (log N) ™ 3p§f21d2 (u, o). (5.4.43)

Let us first see how we can deduce the desired bounds (5.4.37) and (5.4.38) from (5.4.43).
We assume (5.4.40) and Gp(xy,v) < g}\,_dgp(]\f, [). For j > 1 and k = (kz)i:1 c N/,
consider the event that the crossings with indices m € k visit 7¢U B(v, (log N)%) and others

do not. Its probability can be bounded as

Z Z Z pﬁ(XNaQN*l)(O’ u1)

K t]_<t2< <tK+1:NU17"’7uK+1

visit

d 5.4.44
X H (p?ﬁl (s Ut 1) Lt + P - tm(uma“m+1)1mek> ( )

- ~3j 9

where in the first line, uy,...,ux € 0B(Xy,on — 1), ug+1 € B(Xy, (1 — 2¢)on) and for
each m € k, we have used (5.4.43) to get the extra multiplicative factor Q]_Vd(log N)~3
by lengthening the crossing duration by 2@?\,. Recalling that we are assuming Ex 4.4, we
may restrict our consideration to K < N [—2 < g?l\,(log N )2. Therefore there are at most

Ki < g (log N)% choices of k = (k:z)gzl and thus it follows that

P (exactly J crossings visit 7° U B(v, (log N)G), Es 44,70 > N)
(5.4.45)

< (log N)™’P (TTCUB(U,(logN)6) > N) :
Since O C T¢, summing over j > 1, we obtain (5.4.37) and (5.4.38).
It remains to prove (5.4.43). Recall first that (5.4.40) holds on the event Fs419. In

particular, during [oq, 71], the random walk stays inside B(Xp, oy — ) and can visit neither

O nor T¢UB(v, (log N)%). Based on this observation, both cases in (5.4.41) can be described
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as follows: the random walk starting from u € dB(Xy, oy — ) visits 7¢ U B(v, (log N)9)

and B(Xpy, on — 20) in this order without hitting O, and then stays inside B(Xy, on — ()

before it ends at «’ at time t. Therefore, using the strong Markov property at oy, the first

hitting time of B(Xy, oy — 21), we obtain

Py (u, o)
(5.4.46)
B(xyn,on—1)

/
=E, Pi—q; (Scrl,u ): TTeUB(v,(log N)5) <ol <tATo|.

Similarly, by (5.4.40), for the random walk to avoid 7¢U B(v, (log N)9), it suffices to stay

inside B(Xy, oy — [/2) and hence using the Markov property at time Q%V, we obtain

avoid !
pt+292 (u7 U )
2 ) Z) (5.4.47)
XN,ON—
> |, [pBENen (Sg?\;’u,): TB(an.on—1/2) N TL > Q%V,SQ?V € B(ay,on/2)| -

= T P0k

When we replace p¥isit by pavoid e basically switch the path S[O,a )] to paths of length p%v

that stays inside B(Xy, oy —1/2), does not exit B(Xy, oy — 1) after hitting B(Xy, oy — 21)
and ends in B(Xpy,on/2) at time g?\/-. After time Q?V, we let the random walk continue to
evolve until it first exits (after time Q%\,) from B(Xy, on — ) at time ¢ + QQ%V.

We will prove in Lemma 5.4.7 below the following four estimates (RW6)—(RW9) in order
to control the gain from this switching. The first three estimates show that we gain a lot by

switching the first piece Si 5,): On the event {Xx € B(0, (1 —2¢)on)} N{O N B(xy, on —

0,01

1/4) = 0}, for any v € 9T, we have

sup Py (T7e <01 <710) < exp {—(log N)Q} : (RW6)
u€dB(xy,on—1)
Qd—l
sup P, (TB(U,(logN)ﬁ) <o < 7'(9) < Gp(0,v)? Al[ (log N)Sd, (RW7)

UE(?B(XN,QNfl)

242



and there exists c5 9 > 0 such that

inf P(T e ATL > 0%, S 0 € B(xy, 2)
wcoB(an.on—1) U B@Nen=1/2)7 AT = ON> 2, (XN, on/2)

{
> 59—
ON

(RW8)

Substituting the last estimate (RW8) into (5.4.47), we find that uniformly in u € 0B(Xy, oy —

D),

avoid / ! . B(xn,on—1) /
D U, U ) > 59— inf P ). 5.4.48
t+2g?\7< ) 59 ON yeB(Xy,0n/2) t+ek %) ( )

The fourth estimate controls the possible cost caused by switching the second piece S 01,71’

There exists c5 19 > 0 such that for all ¢ > oy, u' € OB(xy, on—1) and w € OB(xy, oy —21),

B(xy,on—1)
t—o1

ON \ 5,10 o1 B(xn,on—!
< 65,10 <T) exp 4 €510 5" H( 2 )
oy J veB(xy.on/2) "TON

(w, ')
(RW9)
(y, ).

We defer the proofs of (RW6)—(RW9) to the next subsection and now complete the proof
of (5.4.43). Note that the cost in (RW9) becomes large if o7 is large. We first exclude the
case where oy is atypically large by using a tail bound for 1. For typical values of o1, the
cost in (RW9) is not too large and we can use (RW6)—(RW8) to prove (5.4.43). Let us first
consider the case o1 > 05711l2 log N in (5.4.46), where c511 > 1 is to be determined later.
By using (RW9), we find that

E, [ptB_(:‘lN’QN_l) (So‘l,u,): 65’11l2 logN <01 <tA 7’@}

QN>C5710 B(xy,on=1), 1
<c — inf U
- 5’10< l yeB(xy.on/2) ok (y,20) (5.4.49)

x Eq,

o
exp {65’10971} : c5,11l2 logN <01 <tA T@] .
N

Observe that up to time o1, the walk is confined in an annulus of width 3/ and hence

P,(01 > n) < exp{—cnl™2}. This bound yields that if I < epp for sufficiently small € > 0,
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then

Ey

o
exp {05710?} : C5711l2 logN <01 <t<T7ec
N

n n
< Z eXP | €510 9~ ~ Cpg
oN

n>cs 111% log N

< > eXp{—(C— 05,1062)1%}

n>cs 111% log N

(5.4.50)

< N—CC5711/2'

We choose c5 11 so large that the above right-hand side is less than Q;V3d. Then by substi-

tuting the above into (5.4.49) and comparing with (5.4.48), we obtain

E pB(XNuQN_Z)

u |Pt—o, (Sop )1 e511l%log N < oy < t < r@]

yeB(XN,0N/2) t+oy (5.4.51)

1 —d —3, avoid /
< QQN (1OgN) thr?Q%V(u’u)'

Next, we consider the case 01 < 0571112 log N in (5.4.46). In this case, we have a deter-

ministic upper bound on the exponential factor in (RW9) and hence

B(xyn,on—I
E, [pt_(gfv en )<Sal,ul)2 T’TCUB(U,(log‘N)6) <o < 05’11l2 log N ANt A To

2
ON \ 65,10 [ . B(xy,on—1) /
<ec51q (—) exp 4 ¢510¢5.11 (—) log N inf ’ U
AN p{ 2107 ON & yGB(XNagN/Q)pHQ?V ()

x Py <TTCUB(U,(logN)6) <01 < 05,1112 log N At A T0> )

(5.4.52)
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Now we use (RW6) and (RW7) to see that on the event {Gp(Xn,v) < lev_dga(N, 0},

Py (TTCUB(U7(10gN)6) <o < 05,11l2 log N At A 7'0>

<Py(rre <o1 <tAN10)+ Py (TB(U,(logN)6) <o <tA 7‘(9> (5.4.53)

_20(N, )2

Substituting this into (5.4.52) and comparing with (5.4.48) as in the previous case, we arrive

at
E, [,B@Nen= g 1. 2100 N
u |Pt—qy ( oy U ) TTeUB(v,(log N )6) < o1 <cp 110t log VA tATO
log N)5:120( N, )2 1 \? :
< 05,12( ) 7 (.0 expqcsi2 | — | logV pmgz (u,u) (5.4.54)
On ON N
1 B :
< oy (log N)7p 50 (u,v)
by setting
N65.12€ if | =eop,
@(N,1) = (5.4.55)
(log N)_C5712_4, if | = opn/log N.
Gathering (5.4.54) and (5.4.51), we get (5.4.43) and we are done. O

5.4.5 Random walk estimates 11

In this subsection, we prove the random walk estimates (RW6)—-(RW9) used in Subsec-

tion 5.4.2. Recall the definition of the stopping times oy, and 75, (k € N) in (5.4.20)—(5.4.22).

Lemma 5.4.7. Suppose that | € [on/log N,c530N], Xy € B(0,(1 — 2€)oy) and O N
B(xy,on —1/4) = 0. Then the following hold:
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1. Foru € 0B(Xy,on — 1) and v € 0T,

Py (rre < o1 <109) <exp {—(log N)Q} , (RW6)
d—1
0
Py (75010 M) < 71 < 70) < Go(0.0)*Z—(log N)¥. (RWT)

2. There exists c5 9 > 0 such that for u € 0B(Xy, on — 1),

l
Py <TB(XNaQN—l/2)C AT Z 9?\77 SQ%\T € B(ay, QN/2)> > C5,9@- (RW8)
3. There exists c5 19 > 0 such that uniformly in 0 < m < n, w € 0B(Xy, on — 2I) and
u' € 0B(ay, on — 1),

B(xn,on—I
BN N (4

ON 5,10 —2 - B(an,on—1) /
<c5q (—) exp {c 10mo } inf P Y, u ).
PO TN yeB(xn,on/2) "ok %)

(RW9)

Let us explain the intuitions behind these bounds before delving into the proof. The
first assertion (RW6) follows readily from the definition of the “truly”-open set. The second
assertion (RW7) is based on the following observation. The probability for the random walk
to visit B(v, (log N)%) without hitting O is bounded by G (u, v). Then it has to come back
to w but by the time reversal, the probability is again bounded by Gp(w,v). Finally, the
factor 11 comes from the fact that the random walk hits B(z, oy — 21) for the first time
at w. We need the extra poly-logarithmic factor to change the starting points in G (u,v)
and Gp(w,v) to Xy by using the elliptic Harnack inequality. The third assertion (RWS)
is a slight modification of (5.3.61). The fourth assertion (RW9) basically says that it is
easier for the random walk to go from y € B(xy, on/2) to v’ € dB(Xxy, on — [) than from
w € 0B(&xy, oy — 21), without exiting B(Xx, oy — (). There are two reasons why we have

a large factor on the right-hand side. First, if w and «’ are close to each other and n — m is
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of order [2, then it is in fact better to start from w; second, if both m and n are large, then
we have to include the cost for the random walk to stay in B(&xy, oy — [) for extra time
m + Q?V.

Proof of Lemma 5.4.7. The left-hand side of (RW6) is bounded by

Py (T7e <01 <T10) < sup Py(o] < 70) (5.4.56)
xeTe

by the strong Markov property applied at 77¢. Since we assume O N B(xy, ony — 1/4) = 0,
we have T C B(&y, oy — [/2) and hence o1 > (log N)° whenever the random walk starts
from 7°¢. The bound (RW6) follows from the definition of 7.

Next, the left-hand side of (RW7) is bounded by

Z Z Py (1y <01 <70,55, =w). (5.4.57)
wedB(xn,on—2l) yeB(v,(log N)b)

By reversing the time on [ry, o1], we have that for each y € B(v, (log N)9),

P, (Ty <01 <709, = w) (5.4.58)

<Py (TB(%(IOg N)) < o1 A TO) Py (TB(v,(log N)6) < o1 A TO> .

We further bound the second factor on the right-hand side by using the strong Markov

property at 71 as

Z Py (57-1 =2z,1 < 01) P, (TB(v,(logN)6) < o1 A 7'0)
2€0B(XN,0n—1)

<Py(r<o max P <T < O1NT ) (5.4.59)
w(l 1)zeaB(XN,gN—l) z B(v,(logN)G) 1 (@)

c
< =
1

max P <T 6y < O1NT )
zcoB(ay,oy-1) N DU 1esN) %)

where in the last inequality we have used a gambler’s ruin type estimate (see [53, (6.14)] for

247



a similar estimate). Substituting this into (5.4.58) and summing over y € B(v, (log N)%), we

find that

P, <TB(U,(10gN)6) < o1 <70, SO'1 = U}>

c 6d ( )2
< —(log N P
< TN oy T B es ) < 71470 (5.4.60)

E(log N)bd max Go(z,v)2

<
l z€0B(xy,on—1)

We are going to shift the variable z € OB(Xy,ony — 1) to Xy by applying the following
elliptic Harnack inequality to the function Gy (-, v), which is harmonic in B(Xy, on —1/2):
There exists c5 13 > 0 such that for any z € 7%, r € N sufficiently large and any non-negative

harmonic function f on B(x,r),

sup  f(y) <c¢ inf  f(y). 5.4.61
B(x,0.9r) ( ) 57133(%0.97") ( ) ( )

See [53, Theorem 6.3.9], for example.

To compare Gp(z,v) with Go(Xy,v), we will apply (5.4.61) iteratively as follows. First,
let [1 = [ and 21 be the point on B(z,[;) closest to Xy . Applying (5.4.61) to Go(+,v) on the
ball B(z1,11) gives Gp(z,v) < cGp(z1,v). We can now iterate this procedure. For j > 2, let
lj = 27=17 and zj41 be the point on dB(z;,1;) closest to Xy, and apply (5.4.61) to Go(-,v)
on the ball B(z;,l;). The iteration is stopped at the first J such that z; € B(Xy,20n/3)}.

See Figure 5.2. Noting that J < clog(py /1), we have

Go(z,v) < c513Go(21,v)

< ...
a (5.4.62)

< cf 13Golzy,v)

< (QTN)CGO(XNW),

where in the last inequality, we have applied (5.4.61) in B(&Xy, oy —1/2) to bound Go(zy,v)
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by ¢513Go (XN, v). Since l > on/log N, by substituting (5.4.62) into (5.4.60) and summing

over w € dB(&Xy, oy — 21), we get the desired bound (RW7).

In order to prove the lower bound (RW8), we let the random walk obey the following

strategy: pick v’ € dB(&xy, oy — 31/2) N B(u, 1) and
1. Sp € B(u/,1/4) without exiting A(xy;on — 21, 05 — 1/2);

2. 5 € B(xy, on/2) without exiting B(Xn, oy — 1).
N

In this way, the condition Tgy, ,\_1/2)c A T1 = Q%V holds and hence the left-hand side

of (RW8) is bounded from below by the probability of the above strategy. With the help

of (5.3.61), one can find ¢ > 0 such that

P, (S € B, 1/4), S 2  Alxysoy — 2L ox —1/2)) > ¢,
l

inf Py (SQ%V—ZQ € B(xy,on/2), S[O,Q%\,—lz] C B(xn,on — l)) > c—.

yeB'\l/4) ON

Collecting these bounds, we get (RWS).

%B(XNS on —1)

8B(XN; QN) -

6?(2{1\;; 20n/3)

24

(5.4.63)

(5.4.64)

Figure 5.2: The sequence (zj)]le constructed in the proof of (RWT). The balls around z;
have geometrically growing radii and the construction terminates at J = 4 in this picture.
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Finally we prove (RW9). In the case n + Q?V < 2@?\,, we have

B(xy,on—1) /

B(xy,on—1) ( >
> E { S, ;
Pt 0 —Ton ey oy —aiyz) \ BN en—31/2)7Y (5.4.65)

TOB(xn.on—31/2) < (n —m) A TB(XN@N*I)C}

—d—1
> cloy Py (TaB(xN,gN—31/2) < (n—m)A TB(XN@N_Z)C) ’

where we have used the strong Markov property at 7y B(xn,on—31/2) and applied (5.3.61)
to the transition probability appearing inside the expectation, noting that Q%V <n-+ Q%V —
TOB(xy.on—31/2) = 2@%\] under the conditions n + Q%V < 29%\, and Typ(xy,on—31/2) < (n —

m) AT [ye- Similarly, we have

XN,ON—

pB(XN@N—Z)

1 (w, u')

_ B(xy,on—1) ( ) .
= Eu [pﬂ—m—TaB(xN,gN—sz/z) ST@B(XN@N*!SI/Z)’IU ) (5.4.66)

TaB(xy.on—31/2) < (=) A TB(XN,QN*Z)C]

—d
sd PU(QH%XNQN—NQ)<(n_ﬂn)ATBQW£N_WO7

where we have used the strong Markov property at TB(xy,0n—31/2) and the estimate

B2y .on—1) (s- )
N=M=TyB(xp,0n—31/2) OB(xp,0n—31/2)

< sup pB(XN@N—l)(

< z,y) (5.4.67)

<o,

which follows in the same way as in (5.3.81). Combining the above two bounds, we get (RW9)

in this case.
In the other case n + o > 293\[, we use the following parabolic Harnack inequality

from [19, H(C) in Theorem 1.7]: For all 2y € Z%, s € R, r > 200 and every non-negative
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u(t, ) that satisfies the discrete heat equation on Z N [s, s + 100r2] x B(zg,7),

sup u(ty, z1)
(t1,21)€ZN[s+0.0172,5+0.1r2] x B(z(,0.99r) (5.4.68)

< 100 inf u(to, z9).
(to,22)€ZN[s+0.1172,5+100r2] x B(x(,0.99r)

We use this to first shift the spatial variable w to y € B(Xpy,on/2) and then the time
variable in the transition probability kernel in (RW9). To this end, we construct a sequence
(wj)‘j]:1 in the same way as in the proof of (RW7) (see Figure 5.3): let wg := w, and for

J=01letl; = 27=11 and wj41 be the point on dB(wj,[;) closest to Xy and
J:=min{j > 0: wj € B(xy,20n/3)}. (5.4.69)

Note that on/3 < 17 < 20x/3 and therefore J < clog(pyn/l). As a first step, we switch

from w = wqg to wy and use the bound

B(xn,on—! / ON B(xy,on—l
pnﬁm )(wau ) < C514—P ( )

I P i2 (w1, u/) (5.4.70)

%B(XN§ on — 21)

OB(xn;on — 1)

8?(){1\7;2@1\7/3)

W4

Figure 5.3: The sequence (wj)le constructed in the proof of (RW9). The balls around w;
have geometrically growing radii and the construction terminates at J = 4 in this picture.
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with some c514 > 0, which can be verified by applying either (5.4.67) to the left-hand

side and (5.3.61) to the right-hand side when n — m < Q?V, or (5.4.68) with z¢p = wy,

(XN>QN_I)(

s=n—m— 0.05l% and r = [; to the function u(t,z) := ptB x,u') restricted to

B(wi,1ly), when n —m > Q%V. Next, noting that w; keeps distance at least I;11/2 from

OB(wj41,1j41) for any j < J, we can apply (5.4.68) with 2 = wj, s = n — m + 0.95/2 and

B(XN@N—U(

r = 1l; to the function u(t,r) := p; x,u') restricted to B(wj,1;) to obtain

B(XNvgN_l) o0 B(XNaQN_l) ) / .
n—m-i—lj? (wj’u ) = 100pn—m+lj2‘+1 <w‘7+1’u ) forj =1, (5-4-71)
B(XNaQN_l) / B(XN,QN—Z) /

Pz (W) S100p, 70T 5 (g0, (5.4.72)

where in the second bound, we have used l% < 49%\,/9. By using (5.4.70)—(5.4.72) and

recalling the upper bound on J, we get

B(xy.on—l ON B(xn.on—I
e, oy < T PN 4 o)
7
o B ) (5.4.73)
N XN,ON— /
< (&N
< () poomn ).
Now another iteration of (5.4.68) leads us to
B(xn.on—1),, 1 B(xn.on—1),, 1
pomigd, W) < 100p TN, (v, 0
(5.4.74)

—2|_ B(xy,on—1) /
<100 lmon”]—1 N>ON u
pn—m—&-[mg}ﬁ]g?\, (y )

|moy?], B(xn.on—1) /
< 100lmen ey

Y

where in the k-th inequality, we choose g = Xy, s =n —m+ (k — 0.05)@%\7, r=on —I
and u(t,z) = pf(XN’QN_Z)(:U,u') in (5.4.68). The desired estimate follows from (5.4.73)

and (5.4.74). O
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5.5 Proof of the Refined Version of Ball Covering Theorem

In this section, we prove Theorems 5.2.7. As we discussed in Subsection 5.4.2, below
Lemma 5.4.3, Theorem 5.2.8 follows from Theorem 5.2.7. To strengthen Proposition 5.2.2
to Theorem 5.2.7, we first show that the volume of 7T is very close to |B(0, opy)| with the
help of the Faber—Krahn inequality and a control on the number of the possible shapes of T
provided by Proposition 5.2.9. Now if there is a non-“truly”-open site © € B(Xy, oy — QE\%),
then there exists a closed site near x. Lemma 5.2.1 then implies that there are in fact many
closed sites around z, which leads us to a contradiction.

W, (k)

In order to carry out the proof, we will compare )\5{— 7 the k-th smallest eigenvalue
for the generator of the random walk killed upon exiting 7, with its counterpart for the
continuum Laplacian, and then apply the Faber—Krahn inequality. We define the continuous

hull of T C Z% by
T :={z € R?: distoo(z,T) < 2} (5.5.1)

and denote the k-th smallest Dirichlet eigenvalue of —%A in T and the corresponding

(F)

eigenfunction by )\T and (b;f), respectively. We will prove the following comparison in

Appendix 5.A.

Lemma 5.5.1. There exists ¢ > 0 such that for any x € Z¢ and T D B(z, on/2),

A?W’(l) > /\%1) — CQ;\/—4. (5.5.2)

Moreover, for each k € N, there exists vy, > 0 such that

W) ()

-3
B(0,0n) ~ “B(0,0n)| = VKON - (5.5.3)

Let us recall a lower bound on the survival probability which is well-known in the con-
tinuum setting [63, (33)] and for the two dimensional continuous time random walk [12,

Proposition 2.1]. Lemma 5.5.2 below is the analogue in our discrete time setting, which we
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prove in Appendix 5.A for completeness. Recall that we denote the Euclidean volume of

G c R? by vol(G).

Lemma 5.5.2. There exists ¢ > 0 such that for all sufficiently large N > 0,

PP (ro > N) > exp {VOI(B(O, on))logp — nggo,gm — cg?lv_l} : (5.5.4)

Using this lemma, we can show that the volume of 7 is very close to vol(B (0, 0n))-

Lemma 5.5.3. For any b € (0,1),

Jim py (‘vol(%) —vol(B(0, on))| < o™/ 2~ (5.5.5)

Proof of Lemma 5.5.3. Referring to Theorem E and Propositions 5.2.2 and 5.2.9, we

introduce the set of possible shapes of T for b € (0,1):

(5.5.6)
some x € B(0, 0p5), and |07 < Q?V_l—’_b}
so that limy_oo (T € Ty) = 1. The cardinality of this set is bounded by
Ty) < explegl+2) (557)

simply by considering the choice of g‘]i\,_1+b points from B(0,3¢p). Having controlled the

entropy, we estimate next the probability pupn (7 = T) for each T' € Ty. With the help of the

eigenfunction expansion, one finds the upper bound

PRP (rpe > N, T =T) <P(ONT = 0)P(rpc > N) 558,
5.5.8
< |T]1/2 exp {|T\ logp — NA?W’(D}

for general T C Z%. See, for example, [48, (2.21)]. Observe that since T’ C Uger(z+[—2,2%),
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we have |T'| > vol(T') — ¢|0T| and hence for T' € T},
IT| > vol(T) — cg?lv_1+b. (5.5.9)

On the other hand, by (5.5.2) and the Faber—Krahn inequality (see, for example, [16, pp.87—

92]), for any T' € T}, we have

RW, (1) (1) —4
A > A —co
T = N
T (5.5.10)
—4
> )\|f‘ —CON s

where for r > 0, we denote by A, the principal Dirichlet eigenvalue of —%A in a ball with

volume r. Substituting (5.5.9) and (5.5.10) into (5.5.8), we obtain

PP (rpc > N, T =T) .
< \T’1/2 exp {VOI(T) logp — N)\m + CQ?ZV—Hb} _

Suppose that T' € T, satisfies |VOI(T) — vol(B(0, on))| > Q%_l)/2+2b. Then, since the
function
NA
rHrlogp—NAT:rlogp—Ti (5.5.12)
r

is twice-differentiable and maximized at vol(B(0, op7)) (cf. (5.1.6)), one finds by the Taylor

expansion that

vol(T)logp — NA

7|
~ 2
< vol(B(0, o)) log p — NA%?O’QN) — ¢ [vol(T)| = vol(B(0, ox)) (5.5.13)
< Vol(B(0, o)) logp = N, ) — e+

Substituting this into (5.5.11) and comparing with Lemma 5.5.2, we obtain uy (7 = T) <

exp{—cgﬁlv_1+4b}. Thanks to (5.5.7), we can use the union bound to conclude the proof of
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Lemma 5.5.3. O

Proof of Theorems 5.2.7. Thanks to Lemma 5.2.1, we can restrict our consideration to

the event

OnNnB(x,l
N N {x € O and W < 5} : (5.5.14)

z€B(0,20n) (log N)3<i<on
that is, any = € B(0,2py) is either open or has d-fraction of closed sites in its [-neighborhood
for all I € [(log N)3, on]. In addition, by Lemma 5.5.3 with b = €1/2 where € is as in

Theorem E, we can further assume that

vol(T) — vol(B(0, on))| < 9%71)/2%1. (5.5.15)

Let €9 > (d — 1+ €1)/d and suppose that there exists © € B(Xy, oy — 95\27) \ 7. Then
there exists at least one closed site y € B(z, (log N)®), and by (5.5.14), more than § fraction
of the points in the ball B(y, 03 /2) C B(Xy, o) must be closed. Recalling (5.5.9) and that

T C B(&xy, on + 2@5\}) by the definition of 7, we find that

vol(%) <|T|+ Q?l\]_l—'—b

d—1
< |B(xn, on +203%)| — 0| B(y, 03/2)| + o !

(5.5.16)
< vol(B(0, o)) +edy Tt — gy
< vol(B(0, o)) — cay ",
which contradicts (5.5.15). O

Remark 5.5.4 (Finer asymptotics of survival probability). There is a conjecture on the
precise second order asymptotics of the survival probability in the literature: there exists

a1 > 0 such that

d d—1 d—1
P@P(ro > N) = exp {—C(d,p)NUl+2 —apNd+2 + o(Nd+2)} : (5.5.17)
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See [56] and the bottom of p. 76 in [13] for more information. Lemma 5.5.2 gives a lower

bound of this form while the currently best known upper bound is

d d—e
PoP(ro > N) < exp{—c(d,p)l\fd+2 +Nd+2} (5.5.18)

for some € € (0,1). See [13, (2.40)] or [75, Theorem 5.6 on page 208].
Based on what we have proved, we can get a refined upper bound on the survival prob-

ability. Theorem 5.2.8 implies that limpy_,oo pun (T € Toy) = 1 with

Tos i= {T € 2%: B(x,090x5) C T C B(x, o5 + of}) for

(5.5.19)
some = € B(0, opy) and |0T] < Q?{V_l(log N)a}.
Just as in (5.5.7), we have
To. | < expleat? (log N)*+1) (5.5.20)
and then by Lemma 5.2.6 and a variant of (5.5.11), we obtain
P P(rp > N)
~P@P(rre > N, T € Ty )
< |To4| sup \T]l/Q exp {vol(f) logp — N)\BT + cg‘fv_l(log N)a+1} (5.5.21)

TeToyt
< exp {vol(B(0, o)) 10gp — NAp(g gy) + cof *(log N)*+! }
1% ) +1
= exp —c(d,log(1/p))Nd+2 + ¢Nd+2 (log N)* .

5.A Estimates for eigenvalues and eigenfunctions

In this section, we collect some estimates on eigenvalues and eigenfunctions, including

Lemma 5.5.1, and then prove (EV), (EF) (used in the proof of Lemma 5.4.5) and Lemma 5.5.2.
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Recall that )\g€ ) and qbglj ) are the k-th smallest Dirichlet eigenvalue and corresponding eigen-
function with H¢§£€) |2 =1 for —%A in T c R% and A?W’(k) and gb?w’(k) are their discrete
space counterparts.

We begin with the following comparison lemma which includes Lemma 5.5.1.

Lemma 5.A.1. For any d > 1 and k > 1, there exists v > 0 such that for all sufficiently
large R > 0, the following bounds hold:

RW., (k)

-3
B(0.R) <. R°, (5.A.1)

A _al

: 1) —1p—d/2
|§,r|ugn1¢3(0ﬂ)(y)>% R™YZ, (5.A.2)

and for any x € Z% and T > B(z, o5 /2),

RW,(1 1 _
ARWL) )\%) — et (5.A.3)

Proof of Lemma 5.A.1. The first assertion can be found in [77, (3.27) and (6.11)]. The

second assertion follows from [12, Lemma 2.1(b)], which states that

(1) RW, (1) _ajo1
bt n-e Y| < ch ' 5.A.4
yeB(0,R) B(OaR)( ) B(O,R)( ) ( )

and the fact that ming czd.\, <1 ¢59120 R) (y) > ¢ 1R~%/2 The third assertion follows from [77,

(6.9)], which states that

A < WV 4 eop?), (5.A.5)
RW,(1) —2 :
and the bound A < coy that follows from the assumption 7' D B(z, o /2). O

Next we restate and prove (EV) and (EF).

Lemma 5.A.2. There ewist c57,c58 > 0 such that if B(z,(1—¢€)on) C B C B(z, on + Qj\lf)

for some x € Z% and e > 0 sufficiently small depending only on the dimension d, then the
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following bounds hold:

ARWA2) _NBW) > o 002, (EV)
HQ%W’(UH <580y i/2, (EF)

Proof of Lemma 5.A.2. In order to show the first assertion (EV), recall first that the

continuum eigenvalue satisfies the scaling relation Ag()()’ R) = R_z/\g()()’l). Combining this

with (5.A.1), we get the following bounds:

RW (1) RW,(1)
As = )\B<ONQN+Q§\1/)
(1) A
< A B(0.0n-+0) )+719N (5.A.6)
< o3G0 + oy,
and
RW,(2) RW,(2)
As T Z AB(0,(1-0en)
A\(2) —
B(( €)on) '729]\[3 (5‘A~7)
> 592 1) cegN

Since ALl 20 1 < )‘59220,1)’ the desired bound (EV) follows for sufficiently small € > 0.
Next, we show the second assertion (EF). By the eigenvalue equation for the semigroup,

it follows for any x € B that

quW’(l)(iﬂ) = (1 — )\RW7(1))_L1/)\§W Z )¢ ( )
B - B b /2B B ( |
5.A.8
_\Rw,(1 ) 1/>\ ‘ RW,(1)
(1% H e o >lL o5,

where we have used the Schwarz inequality in the second line. Then by the symmetry of the
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transition kernel pf, the Chapman-Kolmogorov identity and the normalization chg) 2 =1,
we can further rewrite (5.A.8) as

iy 4w s

o5 V@)l < (1= A" o v (@)

2[1/Ag (5.A.9)
RW, (1)) %/4
S c <)\B ) )
.. . RW,(1) )
where we used the local limit theorem as an upper bound. Since we have AB > COpN
similarly to (5.A.6), the last line is bounded by CQ]_Vd/ 2. O

In order to prove Lemma 5.5.2, we use the eigenfunction expansion for the semigroup
generated by the random walk killed upon exiting B(0, o), whose generator we denote by
Qop - Due to the periodicity of the random walk, it is convenient to consider the semigroup
generated by QgN. Let Z¢ (Z9) and 1 (1o) denote the set of even (odd) sites and its

indicator function, respectively.

Lemma 5.A.3. For any positive integer k < |B(0, 0n)|/2, the k-th largest eigenvalues of
2 . \RW.(K) \2 . . \RW,(1)
Qpy is (1 )‘B(O,gN)) . Moreover the eigenspace corresponding to (1 /\B(O,QN

RW, (1) RW, (1)
by ¢B(07QN)16 and ¢B(059N

))2 is spanned

)10.

Proof. For any eigenvalue ¢ and corresponding eigenfunction ¢ of @y, we have

Qonledc = Clod (5.A.10)

and the same holds with 1e and 1, interchanged. It follows that

Qon (led¢ — lod¢) = —C(led¢ — Lod¢), (5.A.11)

that is, —( is also an eigenvalue. Since @,y has |B(0, oj7)| eigenvalues counting multiplicity,
the first assertion about the eigenvalues follows.
The second assertion about the eigenfunction is a consequence of the following two facts:
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RW, (1)

AB(OMQN

) is a simple eigenvalue and QZN leaves (2(Z%) and (2(Z%) invariant. O

Proof of Lemma 5.5.2. Let us start with the case that N is an even integer. In this case,

Sy € Z4 and hence

P®P (1o > N)
> P(O N B(O7 QN) = @)P <TB(0,QN)C > N, SN € Zg) (5A12)

- p'B(O’QN)‘QéV]\{zle(O)-

Let us denote by P the orthogonal projection onto the first eigenspace of Qg y- Then

Q310 = (1= 00)” P1e(0) + @6 - o) (5.013)

Using 1 — A > exp{—\ — )\2} for small A > 0, qﬁl;\é\(;’g\)[) >0, (5.A.2) and Lemma 5.A.3, we

can bound the first term below by

(1- A%:%) <¢B 0.0x)" >¢B(01813 (0)

RW,(1) 9
2 (1 - )\B(0>QN)> ¢B 0 QN ( ) (5.A.14)

RW,(1) _

On the other hand, it also follows from Lemma 5.A.3 that the operator norm of QéVN(id —P)

RW,(2)
B(07QN

bound the second term in (5.A.13) by

is bounded by (1 — A ))N. Combining this with (EV) and 1 — A < exp{—A}, we can

N
QN (id - P)le(O)’ < (1 — A%%Z(j\),)) Lelle2(B(0,0n))

() (5.A.15)
) -2
< exp {~Np(g ) ~ Nex'}-
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Since (5.A.15) is negligible compared with (5.A.14) for large N, we obtain

RW,(1) N3

P& P (10 > N) > exp { |B(0, ox) log(1/p) — NAG ) VT

(5.A.16)

Substituting the bound ||B(0, on)| — vol(B(0, on))| < cg?l\]—l and (5.A.1) into the above, we
arrive at the desired bound.

Finally when N is an odd integer, we start with

P(ONB(0,0n) =0)P (TB(OQN)C >N >
= > PONB0oy) =P, (TB(O,QN)C >N = 1) '

ly|=1

(5.A.17)

Then the rest of the argument is the same as before. We have the sum of %(b?g:(;]\)[) (y) over

{ly| = 1} instead of ngl;‘é\(;’Sj\)[)(O) in (5.A.14), but (5.A.2) gives us the same lower bound. [

5.B On the proof of Theorem E

In this section, we briefly explain how to prove Theorem E by adapting the argument in [63].

Roughly speaking, it consists of the following five steps:
1. use the method of enlargement of obstacles in [75] to define a clearing set %,
2. prove volume and eigenvalue constraints for %,

3. apply a quantitative Faber-Krahn inequality to show that %) is close to a ball with

radius oy,
4. prove a sharp lower bound on the partition function in terms of a random eigenvalue,

5. use the fact that the region outside %{; has much larger eigenvalue to deduce that it

is too costly for the random walk to get away from the ball.
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In what follows, we explain these steps in more detail using the same parameters as in [63]
as much as possible. It turns out that it is only Step 3 that requires an extra argument in
the discrete setting.

Steps 1 and 2 can be carried out exactly as in [63] since the method of enlargement of
obstacles used in that paper has been translated to the discrete setting in [9]. This method
allows us to define the clearing set % as a union of large boxes (lattice animal) that are
almost free of obstacles (cf. [63, (51)-(52)]). Since %] has rather high density of obstacles,
we can effectively discard it when we consider the eigenvalue (cf. [63, (23), (55)]):

X W =B o] < o (5.B.1)
for some p > 0. Combining the above two properties, in the same way as [63, Proposition 1],

we can prove that for some a1 > 0, the pp-probability of

d

(Zallog § + NARY Y < Nt (ctd.p)+ N*Tﬁz) (5.B.2)

tends to one as N — oo.
As for Step 3, if % were a subset of R?, then the quantitative Faber—Krahn inequality [63,
Theorem A] would imply that % satisfying (5.B.2) must be close to a ball with radius op

in the symmetric difference. But we are in the discrete setting and hence we need to find

a set in R? whose volume and (continuum) eigenvalue are almost the same as |%| and

)\3/“1/’(1), respectively. By the results in [77], the set %CT = {:E e R%: distyoo (2, %) < 2}
has the eigenvalue Aiz?* almost the same as )\1;/\217,(1)' Also, since %) is a union of large
C

cl

boxes, the volume of %CT is close to |%|. In this way, we can conclude that there exists
a ball B(&y, o) that almost coincides with %. The outside of this ball has rather high
density of obstacles and hence just as in [63, Lemma 1], we have

RWz(l) —2—|—Oé3

BO2N)\B(y on) Z O (5:8.3)
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for some ag > 0.

Step 4 relies on a simple functional analytic argument and there is no difficulty in adapting
it to the discrete setting. It corresponds to [63, Lemma 2] and provides the following lower
bound on the partition function:

POP (10> N) > NE [exp {—NA%:S}V)\OH . (5.B.4)

See also [33, Lemma 2] for a slightly simplified argument.

Finally, Step 5 roughly goes as follows. For 0 < k£ <1 < N, consider the event that S,
is away from the confinement ball B(Xp, op) and returns to it at time [ for the first time
after k. In this situation, the survival probability between k and [ decays like exp{—(l —

RW,(1) 0 )} and hence using Steps 3 and 4, we obtain

1N (Sk & B(An, on + o),k + TB(xy.on) © Ok = l>

< NcE [eXp {_<N — k))‘%\(%,(zlz\)f)\o +(- k)@_;_v%%H (5.B.5)
N E [exp { - N5 500

W, (1)

Note that we may impose )\2 < 2¢(d, p) QJ_VQ both in the numerator and denominator,

(02NNO =

—2+2a3

in view of (5.1.5). Now if [ — &k > o, , then the term (I — k)g_2+a3 in the numerator

N

causes a large additional cost and hence the right-hand side decays stretched exponentially
in N. If |-k < g&2+2a3, then we choose €] > 1—ag (so that |S;— S| > (I—k)'/2) and use
the Gaussian heat kernel bound for the random walk, instead of the eigenvalue bound, to
derive a stretched exponential decay. Summing over k and [, we conclude that the random
walk does not make a crossing from B(Xy, oy + oy)¢ to B(Xy, 0n). The case that the
random walk does not return to B(Xp, o) after visiting B(Xy, on + Qj\lf)c but this can be

dealt with in a similar way, by changing [ to the last visit to B(Xy, on) before k.
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Theorem E
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End of Section 5.1
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(5.4.8)

(5.4.9)

(5.4.30)

Below (5.5.1)



CHAPTER 6
BIASED RANDOM WALK IN THE SUBCRITICAL PHASE

6.1 Introduction

6.1.1 Model and main results

Let (S := (Sn)n>0,P) be a simple symmetric random walk on Z% starting at the origin
and denote the corresponding expectation by E. When we start the random walk from
z € 29\ {0}, we indicate the starting point by subscript as Py or E;. We place an obstacle
at each site z € Z¢ independently with probability 1 — p for some p € (0,1) and write O
for the set of sites occupied by the obstacles. Probability and expectation for the random
obstacles configuration will be denoted by P and E, respectively. For a random variable
X and an event A, we write E[X : A] for E[X - 14], and this convention applies to other
probability measures. We are interested in the behavior of the random walk with bias h € R

conditioned to avoid O for a long time, that is, the hitting time 7 of O is large.

Definition 6.1.1. The annealed law with bias h € RY is defined by

EQE [e<h’SN>: 70 > N,(S,0) € }

h
1 ((S,0) € ) = . 6.1.1
(5,0) <) E®E[e<hvSN>:T@>N] ( )

When h = 0, we omit the superscript and write “9\7 = uy for simplicity.

Remark 6.1.2. In the definition of “?\f’ we can perform the E-expectation conditionally on
the random walk to get the expression
E [exp{(h, SN) — |S[07N]]log%} 1S e }

h D) = 1.
e E |exp { (b, Sx) =[S log 3 }] o

where S[O,N] = {S0,51,...,Sn} is the range of the random walk. This can be viewed as a

model of self-attractive polymer with an external force h.
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In the case h = 0, the leading order asymptotics of the partition function was determined

by Donsker—Varadhan [27] as follows:

d d
PoP(ro > N) = e><p{—0(d7p)1\7d+2 +0(Nd+2)} with
(6.1.3)

1
c(d,p) = inf <Ay + vol(U)log —
UcCR P

as N — oo, where Aty denotes the smallest eigenvalue of the continuum Laplacian —ﬁA with
the Dirichlet boundary condition outside U C RY. Here and in what follows, we use boldface
to denote subsets of R? and the eigenvalues of continuum Laplacian. For instance, we write
B(z;r) C R? for the Euclidean ball with center  and radius r and B(z;r) := B(x;r) N Z-4.
By the classical Faber-Krahn inequality, the above infimum is achieved by U = B(0; p1) for
some o1 = 01(d, p) (but in fact the center is arbitrary). This indicates that the best strategy
to achieve {7 > N} is for the random walk to spend most of the time in a vacant (i.e., free

of obstacles) ball of radius

on = o1 NVIF2), (6.1.4)

Subsequently, more refined picture under ppy has been proved in [66, 12, 63, 23, 10]: there

exists a random center

Xy (0) € B(0, on) (6.1.5)
such that for any € > 0,
lim py (B, (1= on) € Sy € Blaw. (1+ o)) =1 (6.1.6)
N—00

Note that the left inclusion in particular implies that the ball B(xy; (1 — €)op) is vacant.
The model with non-zero bias first appeared in the physics literature [37] where a phase

transition of the asymptotic velocity was discussed. A rigorous proof of this ballisticity tran-

sition was given in [69, 70], as a consequence of a large deviation principle for pu(Sy/N € -).

We shall provide a more detailed overview on related works in Section 6.1.2.

267



In this chapter, we study the sub-ballistic phase of uf]L\, in detail. In order to state the
results, we need to introduce the so-called Lyapunov exponent (or norm) which measures the
cost for the random walk to make a long crossing among the obstacles. For z = (x1,...,z4) €

RY, we write [2] := (|21, ..., |zq]) € Z°.

Definition 6.1.3. The annealed Lyapunov exponent [3: RY — [0,00) is defined by

fB(x) = — lim llogIP’(X)P(T@ > Tina))s (6.1.7)

n—oon

and its dual norm B* is defined by
B*(h) = sup{(h,z): B(x) =1}. (6.1.8)

The set of critical points he € R? for the aforementioned ballisticity transition are char-
acterized by this dual norm as 8*(h.) = 1. The existence of the limit in (6.1.7) follows from

the subadditive ergodic theorem. It can be further shown that

1
lim —|B(z) +logP®@ P(r > 72)| = 0. (6.1.9)

x| o0 |2|
See [75, Theorem 3.4 on p.244]| for the corresponding result in the continuum setting.

Now we are ready to state the first main result of this chapter, that is the large deviation
principle under the annealed law without bias in the scale between op and o(gﬁlv). For scales
between @?V to N, the large deviation principle is proved in [69, 70]. We write B(y;r) C 7.4
for the Euclidean ball centered at y € R? and radius r > 0, and distg for the distance with

respect to the Lyapunov norm f(+).
Theorem 6.1.4. Let d > 2.
1. Let o(N) be such that oy < p(N) < Q(ZZV' Then for any = € RY,

uN (SN = [p(N)z]) = exp{—p(x)p(N)(1 + o(1))}, (6.1.10)
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as N — 0.

2. For any x € Rd,

pn(Sy = [enz]) = exp {—distg(z, B(0,2))en(1 + o(1))}, (6.1.11)

as N — 0.

The form of the rate functions reflects the following facts. First, we can let the random
walk reach any point y € B(0,2py) with a negligible cost by shifting the center X of the
vacant ball in (6.1.6) so that B(&xy, o) contains 0 and y. This is why the rate function is
zero inside B(0,2) in (6.1.11). Next, when [p(N)z] € B(0,20y), it turns out that the best
strategy is still to have a vacant ball of radius almost gpr. Thus the cost for the random
walk to reach [p(N)x] comes solely from the crossing from B(0,20p5) to [¢(N)z], and it
is measured by the Lyapunov norm . This explains the form of rate function in (6.1.11).
In (6.1.10), the size of B(0,2py) is negligible compared with ¢(/N) and hence it does not
affect the asymptotics.

The second main result in this chapter is a detailed description of the behavior of the
random walk under ulfv with a sub-critical drift. As u?\, is obtained by tilting pn by elh:Sy >,
the competition between the gain (h, Spy) and the cost for the displacement in Theorem 6.1.4
determines the behavior of Sp;. The following theorem describes not only the endpoint but

also the whole path behavior.

Theorem 6.1.5. Let d > 2. Suppose *(h) < 1. Then for any e > 0,

Jim iy <B<QNeh7 (1 —e€)on) C Sp,ny © Blonen, (1+ E)QN)) =1, (6.1.12)
— 00

where ey, := h/|h|. Furthermore,

. 1 S .
lim — Sy = 2ey, in p'’x-probability, 6.1.13
NI oSN = 2e in juyy-probability ( )
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Remark 6.1.6. With a little more effort, we can replace € in the above theorem by g]_\,c for
a small ¢ > 0. However, since our argument does not seem to give a good control on ¢, we

decided not to present the proof of this refinement.

Remark 6.1.7. Our argument for Theorem 6.1.5 provides a proof of (6.1.12) in the case
h =0 as well. See Remarks 6.7.3 and 6.8.2. In this case, it can be regarded as a combination

of the ideas from [67, 63] and from [12].

The first assertion (6.1.12) says that the result (6.1.6) remains true under '“?\7 if *(h) <1
but the center Xy of the ball becomes gpep. The second assertion (6.1.13) is natural since

this strategy maximizes the weight e~} in (6.1.1) under the constraint in (6.1.12).

6.1.2 Related works

We give a brief overview on the earlier works related to our results. The problem of diffusing
particle among the traps has been discussed in the continuum and discrete settings in parallel
and most of the results hold in both cases without change. For this reason, we often refrain
from indicating in which setting the results are proved.

This type of model with non-zero bias first appeared in the physics literature [37] where
a ballisticity transition was discussed. On the mathematical side, the first result seems to
be [28] where a phase transition for the free energy of N?\/’ is proved. In particular, it is proved
that when d > 2 and the bias is small, the partition function of u}]‘\, has the same asymptotics
as (6.1.3). Then in 1990s, Sznitman studied this model and its quenched counterpart in a
series of works. We summarize some of the related results. In [69, 70], the annealed Lyapunov
exponent with an additional parameter A > 0 was defined as follows:

1 _
fa(z) =— lim —logE®E |e ATna TO > T

n—oo n

(6.1.14)

[n]
Then, improving upon earlier results in [66], it is proved for Q?ZV < @(N) < N that the law
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of Sy /@(IN) under ppy satisfies a large deviation principle at rate ¢(NN) with rate function

(

J(x) = sup{fx(x) = A: A= 0} if p(N) = N ([69, (0.2), (0.3)]),

p(x) if oy < () < N ([69, (0.4))),

B(z) if o(N) = 0% and d > 2 ([70, (0.4)]).

We discuss the case d = 1 and p(N) = Q(]iv later.
By a standard tilting argument (see [29, Theorem I1.7.2], for example), the above large
deviation principle can be transferred to those for ;/J{[(S N/p(IN) € -) at the same rate with

rate function

JM(x) = J(@) = (hyx) = inf cga{J(y) = (h,y)} i p(N) = N ([70, Theorem 2.1]),
B(z) — (h,z) if B*(h) < 1 and 0% < p(N) < N,
B(z) — (h,z) if 8*(h) < 1,d > 2 and p(N) = 0%

([70, Theorem 2.2]).

\

The first one in particular implies the phase transition of the velocity at 8*(h) = 1 (see [75,
Corollary 4.10 on p.262] for the precise statement). The third one implies that in the
subcritical phase, the endpoint of the walk is of distance o(g‘]iv) from the origin. This also
extends the result of [28] to the whole subcritical phase. See also [31, 32] for the results in
the discrete setting. Later Ioffe and Velenik studied the ballistic phase in more detail. An
interested reader is referred to [42]. Among other things, it is proved in [44] that the walk
is ballistic at criticality. Thus what has been left open is the precise scaling limit under the
subcritical drift. Theorem 6.1.5 fills this missing piece and completes the picture.

Let us also mention that more is known in dimension one. The ballisticity transition
follows from the results in [69]. The results corresponding to Theorems 6.1.4 and 6.1.5 are

proved in [61] and [62], respectively, but with some notable differences. First, unlike in our
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Theorem 6.1.4, the rate function in [62] in the scale gy has a vanishing gradient at |z| = 2.
The reason for this singularity in d = 1 is that the costs for 7o > N and Sy = [0 ] cannot
be separated. In order for the random walk to reach [pnz], the interval [0, [onz]] must be
free of obstacles and that certainly helps to have 7o > N. When d > 2, the size of the vacant
ball is essentially determined by the leading term in (6.1.3) which is much larger than oy,
and hence we can separate the cost for Sy = [onz] as we explained after Theorem 6.1.4.
Second, in [61], the path behavior is studied not only on the macroscopic scale g but also
on the microscopic scale O(1). On the latter scale, the result roughly says that the walk
behaves as if it is conditioned to stay away from a wall with a random position, which lies at
the first obstacle to the left of the origin. Though the macroscopic scaling result was later
extended to the so-called “soft obstacles” in [65], the microscopic scaling problem remains
open in that case. Finally around the critical bias, the asymptotic speed is proved to be
continuous in the hard obstacles case in [43, Theorem 5.1], whereas [49, Corollary 1.1] implies
that it is discontinuous in the case of soft obstacles. Later in [47], it is proved that the walk

with the critical bias among hard obstacles scales like NV 172,

Remark 6.1.8. The behavior on the microscopic scale in higher dimensions is a very in-
teresting open problem. The difficulty in the soft obstacles and higher dimensional cases is
that, unlike in the case of one-dimensional hard obstacles, a single obstacle cannot play the
role of a wall. One needs to understand the geometry of the obstacles configuration around
the starting point of the random walk under the effect of the conditioning on the long time

survival.

6.2 Outline of proofs

In this section, we explain the outline of the proofs and the organization of the rest of this
chapter. The main conceptual difficulty is that we are studying events whose probability

decay much slower than the partition functions. This is particularly easy to see in Theo-
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rem 6.1.4: from (6.1.3), we know the asymptotics of the partition function
_d_ _d_
P@P(T@>N):exp{—c(d7p)]\7d+2 _|_0(Nd+2)}7 (6.2.1)

but the error term is much larger than the leading terms in Theorem 6.1.4. Since we have
little further information about the error term, it is difficult to prove Theorem 6.1.4 by
computing the asymptotics of P ® P(19 > N, Sy = x) explicitly. Instead, we will use com-
parison arguments to say something about the path measure, comparing different strategies
to achieve {7p > N,Sy = x}. Roughly speaking, it turns out that when |z| = O(Q?\/-),
one of the best strategies for the random walk, which gives the dominant contribution, is
to stay in a vacant ball of radius almost o for a long time and then go to x during the
small time interval near the end. As a result, the costs for surviving for a long time and
reaching x without hitting the obstacles in P ® P(rp > N, Sy = ) can be separated. The
former cost counterbalance the partition function and the latter cost gives the rate function
in Theorem 6.1.4. For a technical reason, to be explained in Remark 6.5.12, we will work
under a slightly different conditioning: Let Tév be the first hitting time of x after time N
and define

unz() =PP( |10 > ). (6.2.2)

Now let us describe in more detail how the rest of the chapter is organized.

In Section 6.4, we show the lower bound in Theorem 6.1.4. In particular, it implies a
lower bound on the partition function of iy, since {Sy = z,70 > N} C {70 > 7N, The
proof is based on the construction of a specific strategy to achieve Sy = x and 7o > N. We
first use (6.1.6) to find a vacant (i.e., free of obstacles) ball “shifted toward x” and let the
random walk stay there most of the time. Then in the final O(distg(z, B(0,20y))) time, we
let the random walk go to x. The first part has a probability comparable to P@ P(r9p > N),
while the probability of the second part decays exponentially in distg(z,20y). We use the

FKG inequality to separate these two parts.
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In Section 6.5, we show that under up , with |z = O(Q?V), there exists a vacant ball of
radius almost gy, just as in (6.1.6). We also show that it is hard for the random walk to
survive outside the vacant ball. For the proofs, we will first use a coarse graining scheme
from [25] (or alternatively the method of enlargement of obstacles in [73]) to show that there
exists an almost vacant ball. Then we use a density dichotomy lemma from [23] to conclude
that the ball is completely vacant.

In Section 6.6, we show that the random walk under py , with |z| = o(gﬁl\,) will spend
only little time outside the vacant ball. More precisely, we first prove that the time spent
before reaching and after leaving the vacant ball cannot be too long. Second, we prove that
the random walk path between the first and last visit to the vacant ball is confined in a
slightly larger and concentric ball. The proofs rely on the results in Section 6.5 and a path
switching argument in the same spirit as in [23].

In Section 6.7, we essentially show that the cost for 7 > Tév can be separated into three
parts: (i) crossings from the origin to the vacant ball, (ii) staying near the vacant ball, and
(iii) crossing from the vacant ball to x. Due to the confinement proved in Section 6.6, part
(ii) is independent from other parts and has probability comparable to P ® P(7p > N). If
parts (i) and (iii) are nearly independent, then the costs are measured by the distances from
the origin and z to the vacant ball with respect to the Lyapunov norm, respectively. As
it is not easy to control the dependence between (i) and (iii), we will modify them in the
proof. See Proposition 6.7.1 for the precise formulation. Adapting the same argument, we
also prove that when |z| is close to 2oy, then the whole random walk path is confined in a
small neighborhood of the vacant ball under pp ;.

In Section 6.8, we prove the upper bound in Theorem 6.1.4. This follows almost directly
from the first result in Section 6.7 since {Sy = x,709 > N} C {10 > 7}

In Section 6.9, we prove Theorem 6.1.5. The law of large numbers (6.1.13) can be deduced
from Theorem 6.1.4 and large deviation results in [69, 70] via a standard tilting argument,

but we will present a more direct argument. In order to prove the confinement (6.1.12), we
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use (6.1.13) to relate “?\] to the random walk law conditioned to avoid obstacles up to time
N and end around 2pxej,. By using the results in Section 6.6, this latter law can further be

related to upy , with z close to 2¢ey, for which the confinement is proved in Section 6.7.

6.3 Notation and preliminaries

We will prove various intermediate propositions with error terms depending on |z|. To

simplify the notation, we define

ONa = oy V (|al/ok), (6.3.1)

which goes to zero polynomially fast in N when |z| < Q;l\,_f for some & > 0. The exponent
—1/5 is rather arbitrary and has no significance.

We use ¢ and ¢ to denote a positive constant whose value may change from line to line.
When we need to keep the value of a constant within a proof, we use the upper case letters
C, Cg,1 and Cy. We write cx y for a constant defined in Theorem/Proposition/Lemma X.Y,
if it is referred to in other places.

Next, we collect some notation and estimates for the simple symmetric random walk on
Z%. For U c Z%, we denote by Ay the smallest Dirichlet eigenvalue of the discrete Laplacian

—%A. Then, we have the following tail estimate for the exit time 7p7e¢ from U:

P (e >n) < |UY2(1 = \p)™
(6.3.2)
< U2 exp {~nAy} -

|1/2

See [48, (2.21)] for the continuous time analogue. A similar bound with |U|*/# replaced by

(1 + nAy)%? also holds, see [75, (1.9) in Section 3]. Combining this with a Faber-Krahn

type inequality A;y > ¢|U |’2/ d for the eigenvalue of Laplacian on ZZ [50, Remark 3.2.6 and
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Theorem 3.2.7], we can deduce that
B —2/d
P.(1ge > n) < cexpq —cn|U| : (6.3.3)

For U ¢ Z% n > 0 and x,y € U, we write pg(x, y) for the transition probability of the
random walk killed upon exiting from U. Whenever we use this notation, we tacitly assume

that |y|; has the same parity as n + |x|;.

Lemma 6.3.1. There exists ¢ > 0 such that for any R > 2, n > R?/2 and z,y € B(0,R),

p ") 2 gdp()dr() o { -5} (6.3.4)

where dp(z) = R~ Ydist;1(2,0B(0,R)). If v =y € B(0,R), the same bound holds for all

n > 0.

Proof. When n € [R?/2, R?], this is a consequence of [53, Proposition 6.9.4]. For n > R?,

we use the Chapman—-Kolmogorov identity to obtain

ey > 3 pﬁé(}’f) (z, Z)Pfﬁ%%(z’ y)- (6.3.5)

2€B(0,R/2)

The second factor is bounded from below by cdp(y)R™% exp{—c~'nR~2}, uniformly in z €
B(0, R/2), by the second part of [53, Proposition 6.9.4] and [53, Corollaries 6.9.5 and 6.9.6].

Then, we use the result for n = R?/2 to obtain

Z pB(O’R)(x7 z) > cdp(x). (6.3.6)
2€B(0,R/2)

Combining the above two estimates, we obtain (6.3.4).
Next, let x = y € B(0, R), which forces n € 2N*. For n € {0,2}, the left-hand side
of (6.3.4) is larger than (2d)~2. For n € [4, R?/2], we can find a ball B(z,+/n) such that
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dist1(x, 0B(z,/n)) = disty (x,0B(0, R)). Applying the first part of [53, Proposition 6.9.4]

to this ball, we obtain (6.3.4) in this case. O

6.4 Proof of the lower bound in Theorem 6.1.4

We first show a lower bound on the survival probability with a fixed endpoint, which in

particular implies the lower bounds in Theorem 6.1.4.

Proposition 6.4.1. There exists cg.4.1 > 0 such that when € > 0 is small depending on d

and p and |x| < eg?v,

P@P(rp > N, Sy = z) > exp {—distg (z, B(0,20n)) — c6.a.1€(|z| V o) } PO P(100 > N)
(6.4.1)

for all sufficiently large N. Furthermore, under the same condition,
d d
PP <7’O > TJJCV> > exp {—c(d,p)NdJr? —distg (@, B(0,20p)) — 06,4,15]\;’33]\76#2} (6.4.2)

for all sufficiently large N, where c(d,p) and dn , are defined in (6.2.1) and (6.3.1), respec-

tively.

Proof. We start by introducing several objects used in this proof. Let us first assume |z| >
20N and let y € B(0, (2 —4¢)on) be such that S(z —y) = distg (z, B(0, (2 — 4¢)on)). Then

for M > 0 to be chosen later in (6.4.11) depending only on d and p, define
n:N—M’(L'—y’—Q%VZN—ZMQ?V. (6.4.3)

Roughly speaking, we consider the following strategy: There is a ball of radius o, centered
around %y which is free of obstacles, and we let the random walk (i) stay inside that ball up
to time n, (ii) get close to y in the next Q%\, steps, (iii) go to z in the remaining M|z — y|

steps (See Figure 6.1). The cost up to (ii) is comparable to P® P(7p» > N) while the cost for
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Figure 6.1: The strategy to achieve the large deviation lower bound in Proposition 6.4.1.
Since lim_,o, N/n =1 for n defined in (6.4.3), the large ball has radius almost op .

(iii) is measured by exp{—/3(z — y)}. The following argument makes this outline rigorous.

It is proved in [23] that for §,, in (6.1.6) and any € > 0,
PP (ONBEn, (1—€on) =070 >n) —1 (6.4.4)

as n — oo. Moreover, we know from [67, 63] that the distribution of o, 1§, converges to
¢1(x) dz, where ¢1 is the Ll-normalized principal eigenfunction of the Dirichlet Laplacian
in B(0,1) ¢ R% Since ¢ is positive and continuous inside B(0,1), there exists c(e) > 0
such that

PP <§n € B(%y,egn) ‘ TO > n) > c(e) (6.4.5)

for all n > 1. Recall also that [23, Lemma 4.5] shows

as n — oo and € — 0. Summarizing the above considerations, when € > 0 is sufficiently
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small, we have

( (1 —3€¢)on), OﬂB(%y,(l—Qe)gn) =0,70 > n>
o (6.4.7)
=5

P (t0 >n)

for all sufficiently large n. On the event on the left-hand side, we further let the random
walk go to y inside B(%y, (1 — 2€)py,) during the time interval [n,n + Q?V] Then using the

Markov property at time n and the random walk estimate (6.3.4), we obtain
P@P(S %V:y,70>n+g?v>2—dP®P(TO>n) (6.4.8)
n

for all sufficiently large n.
Next we let the random walk go from y to z during the time interval [n+ Q?V, N] without
hitting the obstacles. By imposing an extra condition O N B(z, R) = ) for R = |z — y[l/Zd,

the probability of this last piece is bounded from below by

P& P,y (SM|xfy| =z, 7T) > M|(£—y|>

B(a.R
>E®E, [pM(Ec_il_Tx(x, r): ONB(z,R) = 0,7 <710 N M|z —y (6.4.9)
> plB@.R)| min B(:c,R) (2, 2)P R Py (12 < 70 A Mz — y),

ke2Z:0<k<M|z— y|

where we have applied the FKG inequality to 1;onp(s,r)=g) and Py(7z <70 A M|z — yl),
which are decreasing functions in the obstacle field. Due to the random walk estimate (6.3.4),
the above pkB(m’R) (2, ) is bounded from below by ¢R~%exp{—c M|z — y|/R2}. Since we

have chosen R = |z — y|Y/24_ it follows that

pB@ERL - min o pPER G gy S oMz -y 1/, (6.4.10)
ke2Z:k<M|x—vy|

To bound the third factor in the third line of (6.4.9), we use a result in [49, Theorem 1.1]

279



which says that E ® E[r, | 7o > 7] < C|z|. From this and the Markov inequality, it follows
that

1
P®Py(r: <10 ANMlx —y|) > PR Py(to > 72)
2 (6.4.11)

> exp{—(1+¢€)p(z —y)}

when € is small and M, N are large, where in the second inequality we have used (6.1.9) and
that |z — y| > ceon for |z| > 20p.

Finally, since P (.S,

gl = Y70 > n) and Py(Sy = x, 79 > M|x—y|) are both decreasing

in O, we can use the FKG inequality to deduce from (6.4.8)—(6.4.11) that

PP (Sy =z,70 > N)

>E |P(S

2
n""Q?\/ =Y, To >n+ QN)Py(SM|x—y\ =X, T > M|ZL‘ — y|) (6.4.12)

> exp{—(1+€)f(z —y) - ce(|z| V on)} PR P (10 > n)

for all sufficiently large N. Since f(x — y) < ¢|z|, this concludes the proof of (6.4.1) in the
case |z| > 20p.

Let us turn to the case |z| < 2op. If we assume a slightly stronger condition |z| <
(2 — 4€)op, then we have y = x and n = N — Q%\, and hence (6.4.8) gives us the desired
bound. If (2 — 4e)ony < |x| < 2pp, then we set y as before and let n = N — |y — x|;.
We follow the same argument up to (6.4.8). Then instead of (6.4.11), we fix a path 7(y, x)
connecting y and z with |y — x| steps and use

D >|y—f€1

P® Py <S|y_x|1 =z,0Nn(y,z) = (Z)) = (ﬁ

(6.4.13)
> exp{—ceon}-

Then following the same argument as above, we obtain (6.4.1) in this case.
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The second assertion (6.4.2) follows from (6.4.1) and the bound
_d_ d—1
P P(rp > N) > exp {—c(d,p)Nd+2 — cNd+2 } (6.4.14)

proved in [12, Proposition 2.1] by making cg 4.1 larger. O

As a consequence of Proposition 6.4.1, we have a crude upper bound on 7':1]7\] , the first

hitting time of = after N:

Corollary 6.4.2. There exists cg.4.9 > 0 such that when € > 0 is small depending on d and
p and |z| < eg‘fv,

d
IN (Tiv > QN) < exp {—66.4.2Nd+2} (6.4.15)
for all sufficiently large N.

Proof. By (6.1.3),

P@P(TO>T§V>2N> <P®P (rp > 2N)

) (6.4.16)
< exp {—(a(d,m " o<1>><2N>d+2} |

as N — oo. Comparing this with (6.4.2), we get (6.4.15). ]

Remark 6.4.3. Due to Corollary 6.4.2, we may effectively discard the event {7 > 2N}
from our consideration. Thus in what follows, we will tacitly assume 72V < 2N. Since we
are considering the discrete time random walk, this in particular implies that all the points

of Z4 appearing hereafter can be assumed to be in B(0,2N). In particular, we will replace

the set of obstacles O by O U B(0,2N)°.

6.5 Existence of a vacant ball

The main result in this section is the existence of a ball of radius almost op which is free of

obstacles under the measure py , with |z = o(g‘]i\,).
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Proposition 6.5.1. There exist X5 (O) € B(0, 0y) and cg5.1 > 0 such that when € > 0 is

small depending on d and p and |x| < egﬁl\,, the p z-probability of the events

{(’)ﬂB(XN,(l — 5585 oy) = @} (6.5.1)
and
{B(XN, (10585 on) C S[O,Tév}} (6.5.2)

are greater than 1 — exp{—(log N)?} for all sufficiently large N, where 0N 15 defined
in (6.3.1).

We deduce Proposition 6.5.1 from the following two lemmas. The first one asserts that
there is a ball of radius pop; which is almost free of obstacles; the second one asserts that

every obstacle is well surrounded by others.

Lemma 6.5.2. There ezists cg.5.9 > 0 and X5 (0) € B(0, 0n) such that when € > 0 is small

depending on d and p and |x| < egﬁlv,

d d
AN 2 (!O N B(xy,on)| > 55\?;;2Nd+2) < exp {—66.5.251\7,me} (6.5.3)

for all sufficiently large N.

Lemma 6.5.3.

El‘s(v) = {v € O and % < 5} : (6.5.4)

Then there exists c5.0.1 > 0 such that for sufficiently large N,

ove | U U BP0 ] <ew{-mailoeN)?}.  (655)
veB(0,2N) (log N)3<i<on
Proof of Proposition 6.5.1. If there is an obstacle deep inside the ball B(&xy; o) found

in Lemma 6.5.2, then there are in fact many obstacles by Lemma 5.2.1, which contra-
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dicts (6.5.3). The other part (6.5.2) can also be deduced from these lemmas in the same way
as [23, Lemma 3.2]. O

In the proof of (6.1.12), we need to know that it is hard for the random walk to stay
outside the vacant ball. The next lemma gives us such an estimate. For technical reasons,

we will consider a slightly smaller ball

B™(z) = B(z, (1 — 20575 )on),

(6.5.6)
B = B_(XN)

Recall from Remark 6.4.3 that we enlarged the obstacles to O U B(0,2N)¢.

Lemma 6.5.4. There exists cg5.4 > 0 such that when € > 0 is small depending on d and p
and |z| < egﬁlv, fort > 55\(};34(10g N)QQ%\,, UN z-probability of the event (which depends only
on O)

sup Py (SppN(OUB7)=0) <exp _5_06.5.49—2t 657
{yGB(O,QN) y< o1 ( ) ) { Nz 9N }} (6.5.7)

is greater than 1 — exp{—(log N)2} for all sufficiently large N.

The proofs of Lemmas 6.5.2 and 6.5.4 are given in Section 6.5.1.
Lemma 5.2.1 is an analogue of [23, Lemma 2.1]. We will provide an outline of the

argument in Section 6.5.2.

6.5.1 Proofs of Lemmas 6.5.2 and 6.5.4

We prove Lemmas 6.5.2 and 6.5.4 using some concepts and results from the recent paper [25],
which proves a quenched localization result for the random walk conditioned to avoid O. Let
us explain the outline of the proof before delving into the details. Recall that we denote by
Ay the smallest Dirichlet eigenvalue of the discrete Laplacian —%A in U, which is different

from the notation in [25].
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For ¢, p > 0, we introduce a set £(¢, p) C B(0,2N) in Definition 6.5.5 which is a collection
of large (but o(op)) boxes where the density of obstacles is low. We will show that (¢, p) is
close to a ball with radius gy in symmetric difference. Then it follows that the ball is almost
free of obstacles. The purpose of this coarse graining is two-fold: it identifies the regions that
actually contribute to the vacant ball (note that the number of open sites in B(0;2N) is of
order N% > Q?V); and it reduces the entropy of the set of obstacle configurations and allows
estimates of the form P(|€(c, p)| = V) = (1—p)V (1+0()) ag if there is only one configuration
of £(¢, p) with given volume V.

If we could show that £(¢, p) correctly identifies where the random walk is localized in the
sense that, the Dirichlet eigenvalue does not change much if we restrict the walk to (¢, p),

namely,

AB02NN\O ~ A(ip) (6.5.8)

then we could (formally) write

PP (T@ > Té\[) <E [exp {_N)‘B(OQN)\OH
(AN+1)4
< Y Elen{-NMgupbEenl=v] (659
V=1

A sup exp {—N)\U — Ul log %p} :
ucze

The last approximation is justified by the fact that V' can only take O(N d) many values,
which is of lower order than the exponential asymptotics. We can then apply a quantitative
Faber-Krahn inequality to show that the dominant contribution comes from configurations
of &€ that are close to a ball with radius gp.

Unfortunately, it is not easy to prove (6.5.8) directly. Instead, we make a detour by
comparing £(¢,p) with a low level set €, of the principal eigenfunction in B(0,2N) \ O
(see Definition 6.5.7). It is relatively easy to prove that )\Qn well approximates A B(0,2N)\O

when 7 is small, and it is also relatively easy to prove that the eigenfunction is small on
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E(t,p), and as a consequence &(t, p) almost contains €. See Lemma 6.5.9 for the precise
formulation. That lemma essentially allows us to carry out the argument around (6.5.9) with

E(¢, p) replaced by .

Now let us turn to the formal proof.

Definition 6.5.5 (Definition 5.1 in [25]). For¢,p > 0, a box of the form
K|y (@) = 2+ [~ o], Lion ) for @ € (2lion] +1)Z° (6.5.10)
is said to be (ton, p)-empty if
(ON K| op (@] < plE 00 (@)]. (6.5.11)

Let (1, p) denote the intersection between B(0,2N) and the union of (ton, p)-empty bozes.

We will choose p > 0 small so that (top, p)-empty boxes are rare. As a consequence, we

have a rather good control on the volume of £(¢, p).

Lemma 6.5.6. For any ¢,p € (0,1) and V > 0,

log(3N
P(|E(¢,p)| =V) < exp {—V <log]lj +2plog p — M) } : (6.5.12)
[2con]
Proof. This can be proved in the same way as [25, Lemma 5.2]. O

Definition 6.5.7 (Definition 5.3 in [25]). Let f be the eigenfunction corresponding to the

eigenvalue )‘B(O;QN)\(’) such that ||f|l1 = 1. We extend f to 7% by letting f(v) =0 for
v e B(0,2N)°U O and define

Q= {v ez f(v)=nlE(,p)|
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where we will fix the parameters
2 2
n=20N, p=n% 1=n"2 (6.5.13)

Our 7 plays the role of € in [25]. Noting that dy, € [Q]_VI/S,E] by (6.3.1) and the

assumptions of Lemmas 6.5.2 and 6.5.4, we have

log(3N)

AN g 6.5.14
2eon 11| = (65.14)

2plog p —

in (6.5.12) for all sufficiently large NV when € is small.
As mentioned before, we are going to prove that €, largely coincides with £(¢, p). We
start with an a priori bound on the eigenvalue )‘B(O,2N)\(9 under pup , with |z| < Q?V, which

is a consequence of Proposition 6.4.1.

Corollary 6.5.8. There exists constant cg.5.8 > 0 such that for all |x| < Q?\,,

_d_
1Nz (AB02NNO = C6.5.80N") < exp {—cg%.SNM} : (6.5.15)
Proof. 1t follows from (6.3.2) that

PoP (/\B(o,zN)\o > Cop,10 > T$V>
<E [cNd/2(1 ~Apo2xno)Y: Aspanno = Cox? (6.5.16)

d
< cN@/2 exp {—CQIQNM} )

Comparing this with (6.4.2) and choosing C' > 0 sufficiently large, we obtain the desired
result. O
In what follows, we often assume the condition

AB02N)\O < 06.5.8Q]_\72 (6.5.17)
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appearing in Corollary 6.5.8.

Lemma 6.5.9 (Lemmas 5.6 and 5.7 in [25]). Assume (6.5.17). Then there exists cg.5.9 > 0

such that
9,2\ E(t, p)| < co5.9mE (L, p)l, (6.5.18)
A, < Ag(oanpoll + c6.5.97). (6.5.19)
Proof. This can be proved in the same way as [25, Lemmas 5.6 and 5.7]. O

Lemmas 6.5.6 and 6.5.9 provide controls on the volume and eigenvalue of €2 since
Q, C an. The reason for considering an will be explained shortly. We will show that
(), is approximately a ball of radius o) by applying the quantitative Faber-Krahn inequal-
ity for the continuum Laplacian eigenvalue in [15]. In order to apply it in our discrete setting,
we need to approximate €2y C 74 by a continuous set in R? with the volume and eigenvalue
controlled. Recall our convention of using boldface letters to denote a subset of R? as well as
the smallest Dirichlet eigenvalue of the continuum Laplacian —%A. For the eigenvalue ap-
proximation, we use a classical result about the comparison between discrete and continuum

eigenvalues in [51]. To this end, we need to introduce slightly enlarged sets

Qj{: {UGZd:xHelgl |z — v]oo <2}, (6.5.20)
n
o = | <v +1-3, %]d> . (6.5.21)
UEQ#
Then [51, (38)] asserts
Aap <A, + c/\%n. (6.5.22)

The passage from (2, to Qf?r is potentially problematic since it can increase the volume
substantially when €2, has many tiny holes. The following lemma is to solve this problem by

showing that Qf{ is not much larger than a slightly lower level set Qn2’ for which the volume
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bound (6.5.18) holds.

Lemma 6.5.10 (Lemma 5.8 in [25]). Assume (6.5.17). Then there exists cg5.19 > 0 such
that
05\ Q2] < c65.100|E (L, )] (6.5.23)

Proof. This can be proved in the same way as [25, Lemma 5.8]. [
Now we are ready to prove Lemmas 6.5.2 and 6.5.4.

Proof of Lemma 6.5.2. In view of Corollary 6.5.8, we may assume (6.5.17). The proof is
divided into three steps. The last two steps are similar to the proof of [25, Lemma 5.9] and

hence we omit some technical details.

Step 1: We first prove that |Qf7r| is not much larger than |B(0;ox)|, the volume of the
Euclidean ball B(0; o), under p , with high probability. To this end, we use (6.3.2) to
obtain

PP (r0 >, €0 p)| = V) 650

<E [CNCW exp {—N)\B(O;ZN)\O} 8@, p)] = v] .

By (6.5.17), (6.5.19), (6.5.22) and the classical Faber-Krahn inequality, when N is sufficiently

large, we have

Ao, > At (1 —cn)
B(0;2N)\O QF (6.5.25)

> | |72/ IAp (1 — en),

where B is the ball with unit volume in R? centered at the origin. Moreover, by Lemmas 6.5.9

and 6.5.10 and the fact that \Q,}L] = \ﬂ;’"], it follows that on {|€(¢, p)| = V'},

5] < 1E(, p)| + 12,2 \ E(, p) |+ |47\ Q2
! 7 T (6.5.26)

< V(L +en).
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Substituting (6.5.25) and (6.5.26) into (6.5.24) and using Lemma 6.5.6 and (6.5.14), we find

that

P o P (TO > N8 p)| = v)

< CNU2 exp {—NV*2/d)\B(1 — Cﬁ)}P<|5(%P)| =V)

6.5.27
< CNU? exp {—NV_2/d)\B(1 —cn) + V(logp+ n)} 020

2 d
gexp{— (c(d,p)—Cﬁ—i—c(M—l) )Ndﬂ},

where we used a second order Taylor expansion for the function V — NV ~2/d) B(oy) T+
Vlog% at V = |B(0; ony)|, where it takes its minimal value c(d,p)]\fﬁd2 (see the discussion
following (6.1.3)).

Now if we suppose |Qﬂ7’\ > |B(0; 0n)| + 771/3Q§lv and |E(¢, p)| = V, then by (6.5.26) we

have V' > |B(0; o)| + %nl/?’g?\[ and hence
4 )2 2/3
L 1) >3 (6.5.28)
<|B( )|

0;0n

Since the number of possible values of V' is bounded by (4N + 1)0Z and 1 = 20y ;, compar-
ing (6.5.27) with (6.4.2) shows that

v (19512 |B(O; o) + ' Pof)

N _
< Z ]P)®P(TO > Ty 7|5(L7p)| _V)
P P(rp > Tév)

V:(6.5.28) (6.5.29)

_d_ d
< (4N + 1)%exp {—0(25]\;@)2/3]\76”2 +distg (z, B(0,20y)) + 65N,sz+2}

_d_
< exp {—51\77de+2 }

for all sufficiently large N when € > 0 is small. This gives the bound we need on ]Qf{ |.

Step 2: Next, we prove that with high probability under p1y 5, A+ is not much larger than
’ ]
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AB(0;0y)- As & consequence, we will also see that |Q,‘7k| is not much smaller than |B(0; on)|.

If we replace the condition |E(¢, p)] = V in (6.5.24) by )‘Q?{ = AB(0;oy) (1 + n'/2), then by

O;on
using the first line of (6.5.25), we get

_d_
PP (7’(') > Tév,)\ﬂ;;- > AB(0;0y) (1 + 771/2)> < exp {— <c(d,p) + %771/2> Nd+2} :
(6.5.30)

Recalling 1 = 20y, and comparing the above with (6.4.2) again, we conclude that

1/2 \r7ds
v (Ags = AB(0igy) (140" < exp {—5N/’de+2} (6.5.31)

for all sufficiently large N when € > 0 is small. On the complementary event {)\Q+ <
"

AB(0;0y) (1 + nt/ 2)}, the classical Faber Krahn inequality implies
Q5] > |B(0; 03)|(1 = en'/?), (6.5.32)

which complements the upper bound in (6.5.29).

Step 3: We prove that Q,J{ is well approximated by a ball of radius almost op by using
the quantitative Faber-Krahn inequality in [15]. Let us recall that [15, MAIN THEOREM]

asserts

2
B’ is any ball with |B’| = |Q|} <c <|Q|2/d)\g — AB> : (6.5.33)

[IB'AQ)
Bl

where B is the ball with unit volume in R centered at the origin (see (6.5.25)). By (6.5.29),

(6.5.32) and (6.5.31) in the previous steps, we may assume

14| — [B(0: o)l| < 0"/, (6.5.34)

Ao < AB(0:y) (1 + nt/?). (6.5.35)
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In particular, it follows that

1IN+ = Ap = QTN q+ — |B0; on) 7 Ap(0.
U Qf n Q) (0s0n) (6.5.36)
< enl/3.

Substituting this into (6.5.33), we can find a ball B;, such that |By| = |Q;7L] and |Q;]FAB,]| <

cnl/ﬁgf]l\,. Setting Xy as the center of B;, and using (6.5.34) again, we find

|B(xy; on)ABy| < en'/00%. (6.5.37)

Step 4: Finally, we prove that By = By N Z% is almost free of obstacles. To this end, we
first show that

1By \ E(1,p)| < By \ Q55| + 1947\ €2, p)] (6.5.38)

is small. Recall that (6.5.29) shows |E(¢, p)| < cg‘]iv with gy, probability greater than
d
1 — exp{—0n,Nd2}. Under this condition, the second term on the right-hand side is

smaller than cngﬁl\] due to Lemmas 6.5.9 and 6.5.10. For the first term, note first that
By \ Q| = 1Byl = Q| + 155\ Byl. (6.5.39)

Since we know |B;| = |Q:ﬂ, |Q7J7r| = |Qfﬂ and |By| < |By| + cgﬁlv_l, we only need to

prove that |Qﬁ \ By| is small. Since Qf{ is a union of cubes {y + [—%, %]d: y € Qf{} and
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|(y + [—%, %]d) \ Byl > % for any y € QO \ By, it follows that

N B) = > ly+[-3. 3
y€Q$\Bn

<23 g+ -3 5D\ By (6.5.40)
yEQ$

<21\ Byl.

This last line is shown to be bounded by cnl/ 6@% in Step 3. Therefore we conclude
that (6.5.38) is bounded by cn1/6g§lv. Recalling (6.5.37) and Definition 6.5.5, one can easily

check that this implies (6.5.3). O

In fact, (6.5.29) in Step 1 shows that |£(¢, p)| is close to |B(0, opy)| and hence by arguing
as in (6.5.39), we find the following:

Corollary 6.5.11. Under the same assumption as in Lemma 6.5.2, there exists cg.5.11 > 0

such that for ¢, p as in (6.5.13),

d d
KN 2 <|5(L, p)AB(XN, on)| > 5]0\?-’;11]\7&”2) < exp {_06.5.115]\7,me} (6.5.41)

for all sufficiently large N.

Proof of Lemma 6.5.4. We only sketch the argument since the proof is almost identical

to [25, Lemma 6.1]. Thanks to Corollary 6.5.11, it suffices to prove that (6.5.7) holds on the

event
d
{|5(L, P)AB(&XN, on)| < 5;\(;‘;-11]\[(”2} : (6.5.42)
On this event, we have
£ )\ B7| < 65,04 (6.5.43)

for some C' € (0,1), where B~ is defined in (6.5.6).
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Let us first assume that S}y 1 visits (E(z, p) \ B7)¢ more than ¢/4 times, which is natural

: — 1 5
since [€(¢, p) \ B~ | has a small volume by (6.5.43). Then we can extract at least 705> 0y 2t

different times k;’s in [0, ¢] which satisfy
e S, ZE(,p)\ B and
® kiv1— ki > 515\7@9%\7

for all 1 < 1(5 N5 Q*Qt 1. Recalling the definition of (¢, p), one can prove that for each k;,
the probability for the random walk to avoid O U B~ until next k;,1 is smaller than 1 — ¢p
(see [25, (5.6)]). Therefore we obtain

sup Py (S[O 4 visits (£(¢, p) \ B7)¢ more than t/4 times and 75— > t)
yeB(0,2N) ’
< (I—ep)?

gexp{ 0(5 3 Nt}

155

on2t-1 (6.5.44)

by recalling p = (25N,$)2.

It remains to show that under the condition (6.5.43),

sup Py (S[O g visits (E(¢, p) \ B™) less than t/4 times) < exp{ —0 N 20N }
yeB(0,2N) ’

(6.5.45)

for some ¢ > 0. To this end, we divide [0,¢] into sub-intervals of size M 25204 d

Q%V for some
large M > 0 to be determined later. We call a sub-interval successful if the random walk
spends more than half of the time in (E(¢, p) \ B7)¢. If half of the intervals are successful,
then the random walk visits (€(¢, p) \ B™)¢ at least t/4 times.

For any u > M 5 / 02 A @ well-known bound on the transition probability P 2(Su=19) <

293



cM_d/25;,(’;gj_Vd and (6.5.43) imply that

sup P,(Sy, € E(t,p) \ B™) < M2, (6.5.46)
2€74

From this and the so-called first moment method (applied to the number of visits to £(¢, p) U
B7), one can easily deduce that the probability for an interval 5]2V04dg%\,[k]\/[ 2 (k4 1)M?

to be successful is more than 1/2 for large M (see [25, Lemma 6.4]). Since there are

20/d

9
M 6N,x

Q&Qt intervals that intersect [0, ], a simple large deviation estimate yields

sup P (half of those intervals are not successful) < exp {—CM _25;[72930/ dgj_vzt} . (6.5.47)

274

Combining (6.5.45) and (6.5.44), we get Lemma 6.5.4. O

6.5.2 Sketch proof of Lemma 5.2.1

This is an analogue of [23, Lemma 2.1] and can be proved by almost the same argument.
We recall the outline and indicate where we need an additional argument.

The proof of [23, Lemma 2.1] is based on an environment and path switching argument.
Suppose that v € O and |O N B(v,l)| < §|B(v,l)|. First, if the random walk frequently
visits B(v,1/2), then we simply remove all the obstacles in B(v,[l). This causes a cost in
P-probability but not too much since ¢ is small. On the other hand, we gain a lot in P-
probability since B(v,1/2) is visited frequently and it turns out that the gain beats the cost.
It follows that

El‘s(v) N{B(v,l/2) is visited frequently} (6.5.48)

is much less likely than {O N B(v,l) = (0} under P ® P and hence up. Second, if the
random walk rarely visits B(v, (), then we deform the random walk paths to avoid B(v,[/2).
This causes a cost in P-probability but not too much since the random walk visits B(v,[/2)

only rarely. On the other hand, after this operation, we can change the configuration of
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O N B(v,1/2) to a typical one. As we started from an atypical low density configuration, we

gain a lot in P-probability and it turns out that the gain beats the cost. It follows that
El‘s(v) N{B(v,1/2) is visited rarely} (6.5.49)

is much less likely than {|O N B(v,l)| > 6|B(v,1)} under .

When 0 € B(v,[/2), the argument in the second case, where the random walk rarely visits
B(v,1), requires a modification since we cannot change the starting point of the random walk.
In this situation, we create a one-dimensional path from 0 to 9B(0,1/2) free of obstacles and
force the random walk to follow that path. The only difference in the setting of the present
article is that we have the same problem when z € B(v,[/2), since we cannot change the
endpoint. But this can be treated in the same way as the case 0 € B(v,1/2).

Finally, in the following remark, we explain a technical point which forces us to work

under py (1) =P P(- | 70 > VY instead of P@ P(- | 7o > N, Sy = ).

Remark 6.5.12. In the case that B(v,l/2) is rarely visited, we deform the random walk
path to avoid B(v,[/2), which may lengthen the path. Therefore the condition Sy = x is

not preserved by the above argument but 7o > Tév is. This is why we work with pp ;.

6.6 Time spent outside the vacant ball

In this section, we prove several results concerning the behavior of the random walk outside
the vacant ball B~ defined in (6.5.6). The first one, Proposition 6.6.1 to be proved in
Section 6.6.1, shows that the random walk does not spend too much time before the first
visit and after the last visit to the ball B~. The second one, Proposition 6.6.2 to be proved in
Section 6.6.2, shows that between the first and last visit to B~ , the random walk is confined
in a slightly larger ball. By the same argument, we show in Corollary 6.6.4 that the random
walk returns to B~ frequently between the first and the last visit to B~

Let us write T<B_* for the last visit to B~ before 72¥, which is the first hitting time of B~
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by the time-reversed random walk.

6.6.1 First and last visits to the vacant ball

Proposition 6.6.1. Let iy, and Xy be as in (6.3.1) and Proposition 6.5.1, respectively.

There exist cg.6.1 > 0 such that when € > 0 is small depending on d and p and |z| < EQ?\/-,

N (TB— > 55\?;2'1|XN|1@?V) < exp {—%(log N)Q} (6.6.1)
and
LN 2 (Tiv — T > 6 e — XNlm%v) < exp {—%(log N)Q} (6.6.2)

for all sufficiently large N.

Proof. We give a proof of (6.6.1). One can prove (6.6.2) similarly by considering the time-
reversed random walk. Thanks to Proposition 6.5.1 and Lemma 6.5.4, we may assume that

there exists z € B(0,2N) such that

ONB(z (1 - x5 en) =0, (6.6.3)
P, (S[O,t] N(OUB™(2)) = (Z)) < exp {—5&’03.5‘4&—\[%} (6.6.4)

for all y € B(0,2N) and ¢ > §53¢>4(log N)?¢3;. In particular, it follows that

d
P <T@ ATB—(z) > N/2> < exp {—66;,?2-5'4]\/%2} . (6.6.5)

Comparing with Proposition 6.4.1 and using that lim. o limy_,o dn, = 0, we find that

the random walk hits B~ (z) with high probability:

d
IN 2 ((6-6-3), (6.6.4), Tp—(,) > N/2> < exp {—céNfg~5~4N(H2} (6.6.6)
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for all sufficiently large N when ¢ is small. Now let us fix cg61 < cg.54, 2 € B(0,2N),

y € B~(2) and n € [§5¢%1|2|1 0%, N/2]. To prove (6.6.1), it suffices to show that

LN 2 <(6.6.3), (6.6.4),7'3_(Z> =n,S, = y) < exp {—(log N)3} (6.6.7)

since the number of possible choices of (y, z,n) is polynomial in N. We will only consider
|z|1 > on/2 since otherwise TB—(z) = 0 almost surely under up ,. By using the Markov

property at time n and (6.6.4), we find that

P (TB—(Z) = 1,50 =Y, 70 > Tiv) <P (TO > 7B (z) =M = y) Py (TO g Tévjn)

< exp {—5&?2'5'4ngﬁ2} Py (T@ > Tév_”> .

(6.6.8)

In order to compare this with the partition function, let us fix a nearest neighbor path

7(0, z) of length |z|1 connecting 0 and z and consider the events

Ey = {S[O,|Z|1] = W(O,Z)}, (669)
By — {S[Izlhnw%] c Bz, QN/Q)}, (6.6.10)
Es = {S[nfg?\,,n] C Bz (1 - 65851 on), Sn = y} . (6.6.11)

Note that on the event {(6.6.3), ON7(0,z) = 0}, we have EyNEyNE3 C {Sy, = y,70 > n}.

Therefore by the Markov property and |z]; < 5&3‘?'6'171@&2, we get
P (TO > Tév)
> P(EP(Ey | S, =2) inf  P(B3|S, 2 =w)Py (10 >7 ")

weB(z,0n/2)
1 2]t 9 o c N
> (Q_d) exp {_C(n —ON — |Z|1)QN } FPZ/ (7‘(9 > T, n)
N

> exp {—05;,03'6'171@;\72} P, (TO > Té\/’*"> ,
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where we have used the random walk estimate (6.3.4) for the second and third factors in the
second line.
Now we use a slight variant of the switching argument in [23]. We first use the Markov

property at time n and (6.6.8) to obtain

PoP <(6.6.3), (6.6.4), 75 () = 1. Sn = y, 70 > T;;V)
(6.6.13)

< exp {—céjvfgﬁ%gjf} E [Py (m > 7N —"> : (6.6.3)] .

Then we “switch” a given O satisfying (6.6.3) by removing the obstacles on 7(0, z). Since
P, (TO > Tﬁ‘”), (6.6.3) and {7(0,2)NO = 0} are all decreasing in O, we can use the FKG

inequality to obtain

E [Py (m >N —”) : (6.6.3)}

(6.6.14)
<plFhg [Py (T@ > Tévfn> 1(6.6.3), 0ONm(0,2) =0 .

Substituting this and (6.6.12) into (6.6.13) and recalling cg.6.1 < cg.5.4 and |z|1 < 5;,026'1719&2

again, we find

PP ((6.6.3), (6.6.4),7'3_(2) =n,S, =y,T0 > Tév)
< exp {—C(s;vcgg.az;n%?} E [Py (m > Té\f—n) . (6.6.3), ON7(0,2)=0|. (6.6.15)

< exp {—0/6&02'5'471&_\]2} PP (7‘@ > le,v>

for all sufficiently large N. Recalling n > 65801|2|1 0%, and |z[1 > oy /2, this implies (6.6.7)

and we are done. O
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6.6.2 Confinement between the first and last visits to the vacant ball

Let us introduce a ball concentric to B~ with a larger radius by

B (2) = Bz, (1 + 05242 (log N)3) ),
’ (6.6.16)
BT = Bt (xy).

Note that by our definition of 0 . in (6.3.1), this is much larger than B™, see (6.5.6), when
|| is close to Q(Jiv. We will explain the reason in Remark 6.6.3. In the following proposition,

we show that S[TB— ] is confined in BT with high probability under s ,.
) B— K

Proposition 6.6.2. When ¢ > 0 is small depending on d and p and |z| < EQ?V,

v (Sry e @ BY) <exp{-}(0gN)?} (6.6.17)

P
for all sufficiently large N.

Proof. Throughout this proof, we assume that (6.5.1) and (6.5.7) hold, that is, there exists

a vacant ball of radius almost o and the outside is dangerous for the random walk.

<_

Suppose that S[ ] ¢ BT. Then since we know 0 < Tg- < T < Tg from

Tp—>

Proposition 6.6.1, there exist [t1, 2] C [rp—, 7] such that Sy, St, € 9B,
Sit115) N (OUBT) =0 and Sy, 40N (BF) #0. (6.6.18)

Therefore, by using the union bound and the Markov property, we have

N
P <S[TB*’T<B_—] ¢ B+,TO > Ty >

S Z P (Stl =T1,TO > t]_) P$1<(6'6'18)75’t2—t1 = ':EQ)P.TQ (TO > T:.LZ.V*t2> :
t1,2,21,22

(6.6.19)

where the above sum runs over 0 < t; < t9 < 2N and z1,z9 € 0B~. We are going to show
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that the middle term on the right-hand side of (6.6.19) is much smaller than the probability
of
5

1 C By, (1 —6¥>1)oy) and S, T9. (6.6.20)

751¢2+Q?V 2+Q?V -

Since we assumed (6.5.1), this in particular implies S[ ] N O = . Let us first get a

t1¢2+@?\;
lower bound on the probability of (6.6.20). Using (6.3.4), we obtain

. ¢ -1 -2
min P, ((6.6.20)) > —— ex {—c fo —t } 6.6.21
o1.09e0B- 21 (( ) Q?V_i_g p (t2 I)QN ( )

Next we get an upper bound on the probability of (6.6.18) which splits into two cases.

Case 1: ty —t] > 55\(;';'4(10g N)2Q?\,. In this case, we only consider the first condition

in (6.6.18). Then since we are assuming (6.5.7), we have

P, ((6.6.18)) < exp {_5&:3;.5.4%2@2 B t1)}

(6.6.22)
< exp {—(log N)Q} P, ((6.6.20))

for all sufficiently large N when € is small.

Case 2: to —t] < 55\‘?';4(10g N )2Q]2V. In this case, we only consider the second condition
in (6.6.18), which implies that the maximal displacement of the random walk on [tq, o] is
larger than 616\?';'4/ 2(log N)30n. Then, the Gaussian heat kernel estimate and the reflection

principle yield

2
(65854 (1og N3y )?

2=t (6.6.23)

< exp {—(1og N)2} P, ((6.6.20))

P, ((6.6.18)) < expq —c

for all sufficiently large N when ¢ is small.
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Substituting (6.6.22) and (6.6.23) into (6.6.19), we find that

N
p (S[TBf,Tg_] Z B+>TO > Ty )
2

N+p
< exp {—(10g N)z} Z P (Stl =, StQ_t1+Q?V =2, T > Ty N) (6624)

t1,t2,21,%2

< cN2+2dexp {—(logN)z} P <TO > Té\]) )

where in the last line, we have used that t1,t9 € [0,2N] and z1,z9 € B(0,2N) (recall
Remark 6.4.3). Integrating both sides with respect to P, we complete the proof of (6.6.17).
O

Remark 6.6.3. The super-polynomial rate of decay in (6.6.17) will be used later in the
proof of Theorem 6.1.5. To achieve this, as well as to counterbalance the factor N 2+2d 4
the last step of the proof, we had to include (log N )2 factor in the condition for t9 — ¢1 in
Case 1 since d , can be as large as e. Then in Case 2, we needed an extra (log N )3 factor

in the displacement. This is why we included (log N)3 in (6.6.16).

By the same argument, we can show that the random walk returns to B~ frequently.
This result will be used later to replace our condition {7 > 7N} by {70 > N, Sy = z}

when z is close to 2pey,.

Corollary 6.6.4. For any |z| < 3oy,

LN 2 (Elk - [TB_,T<B_, - Q%\;], S[kvk"_g%\f] NB~ = (Z)) < exp {—%(log N)2} (6.6.25)

for all sufficiently large N.

Proof. This can be proved in the same way as Proposition 6.6.2. We again assume that (6.5.1)

and (6.5.7) hold. If S[ NB~ = (), then we take t; (and ¢9) to be the last (resp. first) visit

kok+ok]
to B~ before k (resp. after /{:—l—g?\,). This probability can be bounded by exp{—5&6§'5'4 g]_v2(t2—
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t1)} by (6.5.7). Comparing this with (6.6.21) and recalling that oy, = g]_vl/‘r) when

|z| < 30N, we obtain (6.6.25) as before. O

6.7 Cost for the first and last pieces

In this section, we estimate the cost for the random walk to move from 0 to B~ and B~
to x. Although it is natural to expect that they are measured by the Lyapunov distances
dist(0, B™) and distg(z, B~ ), we will formulate the bound under the additional restriction
that A is fixed to be a generic point and it requires some preparation. The motivation for
this formulation will be clear in Corollary 6.7.2.

For each |z| < eg‘]iv and z € B(0,2N), we introduce
tout(T,2) = 516\?72;1(|Z|1 + | — Z|1)Q%\/" (6.7.1)
and define a good event by

G(z) = {o N B(z (1885 on) =0, (6.7.2)

« 1C BT(2)\ 0O, (6.7.3)

7-Bef(z) "B (2) >N - tout($72)}~ (6.7.4)

This event G(z) morally corresponds to {Xy = z} but is more explicit in the strategy of the
random walk and the obstacle configuration. Thanks to Propositions 6.5.1, 6.6.1 and 6.6.2,

we know that

N U G(z) | >1—exp {—%(log N)2} (6.7.5)
2€B(0;2N)

for all sufficiently large .
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In this section, we are going to find an upper bound on
P®P (m >N G(2) ( o > N> (6.7.6)

by considering the following event that contains {rp > 7N} N G(2):

{S[O’Tm(z)] nNoO = (Z)} N {S[TB(z)aTE—(Z)] no =19, (6.7.3)} N {S[Tgﬂz)ﬁm no = @} :
(6.7.7)
where note that we stop the first piece of random walk and the last reversed walk upon hitting
BT (z), which is before hitting B~ (z). If we further specify the times TR (z) and T<B_,(Z) and
locations of the random walk at these times, then the second event is independent of the
other two events and has P ® P-probability not much larger than P P(7p > N) by (6.7.4).
If the first and the third events in (6.7.7) were independent, then their P ® P-probabilities
would decay exponentially in distz(0, B~) and distg(z, B~ ), respectively.
However, the first and the third events in (6.7.7) are not independent under P since the
corresponding pieces of random walk path may overlap. For this reason, we will consider

shorter pieces of the random walk path so that their survival depend on disjoint parts of

environment. Let us denote the ball with respect to the Lyapunov norm in Definition 6.1.3

by
B(u;r) = {v ez%: Bu—v) < 7“} (6.7.8)
and introduce
r(z) = distz(0, B (2)), (6.7.9)
r(z,z) = distg(x, BT (2) UB(0;7(2))). (6.7.10)

Then by stopping the random walk and the time-reversed walk upon exiting B (0;7(z)) and

B (z;r(x, z)), respectively, we find shortened paths which stay in disjoint sets (see Figure 6.2).
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Figure 6.2: The convex shapes around 0 and x are the balls with respect to the Lyapunov
norm with radius 7(0, z) and r(z, 2), respectively. The Euclidean ball centered at z is B ()

that has radius (1 + 5103‘;'4/2(10g N)¥on. In the left picture, B (z;7(z, z)) touches B (2)
while in the right picture it touches B (0;7(z)).

We are now ready to state the main result of this section.

Proposition 6.7.1. When e > 0 is small depending on d and p, |x| < EQ?V and z € B(0,2N),

]P’®P(T(9>TéV,G(z)‘TO>N)

6.7.11
< exp {~(1 = () +7(@.2)) + 005 2 (el + [z = 211) + (10 M)} o
for all sufficiently large N.
Proof. Let us fix k, 1 € [0,2N] satisfying
l— k>N —tou(x, 2)
(6.7.12)

= N =03 (12h + | = 2h)ek,

and define

Gz k1) = {(9 NB(z (1- 853 )on) = 0, B (2) C Sy € BT (2)\ o}. (6.7.13)
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We further introduce x1,x9 € B~ (z) and start by rewriting

PP (7‘0 > TéV,TB— =k, S, = xl,G(z),TE_ =1,,5 = xg)
=P &P (7p-() = k. Sk = 21,509 N O = 0,G(z: .1, (6.7.14)

We will take a sum over k, [, x1,x9 in the end. We are going to estimate the costs for the

three pieces S[O’TBJr(z)]’ S[k,l] and S[T§+(z)»7m to avoid O separately. Noting that TB+(z) >
TB(0;r(2))¢> We have
P (TB*(Z) == ]’C,Sk = xl,S[O,k] N O == @) S P (7’0 > TB(O;T(Z))C> (6715)

and similarly, by considering the time-reversed random walk,

Since B (x;7), B(0;7(2))) and BT (z) are disjoint, the right-hand sides of the above two in-
equalities and P(G(z; k,1) | S, = 1, 5] = x2) are independent under P. Therefore it follows
from (6.7.14) that

PP (TO >N rpe = kS, =21, G(2), 75 =1, 5 :xQ)
<P®P (T@ > TB(O;T(Z))C> P® P(G(Z;k‘,l) | Sk = ZI}LSl = .’[:2) (6.7.17)

PPy <T(9 > TB(x;T(x7Z))c) .

We begin with the first and third factors. From [69, (0.5)] and the union bound, it follows
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that for any € € (0,1),

P& P (0 > Ta(0(2))c ) < eV’ exp{~(1 - r(2)}. (6.7.18)

PoP, (T@ = TB(m;r@c,z))C) < eNexp{—(1—€)r(z,2)}, (6.7.19)

where ¢N? is a crude upper bound on |88 (0;7(2)) | and |08 (z;7(z, 2))|. For the second

factor in (6.7.17), we use (6.7.12) and the local central limit theorem to obtain

P (G<Z§ kJ) | Sk =11,5 = $2) < le (TO >N — tout(xaz) | Si_ = $2)

(6.7.20)
We further add a piece of random walk loop satisfying
S0 = Stoue(w,2) = T15 S[0,t0us (2,2)] C B2, (1= 0% 5 )en) (6.7.21)

in order to recover 7 > N. Due to (6.7.2), the additional cost can be controlled by the

random walk estimate (6.3.4) and the right-hand side of (6.7.20) is bounded by
N€exp {céf\?;g'lﬂzh tlr— z|1)} P., (r0 > N). (6.7.22)

By the translation invariance of P and the union bound over z1 € B(0,2N), it follows that

PP (G(z k1) | Sk = 21,5 = x2)

(6.7.23)
< NCexp {Co1005 (12l + o = 21) } P& P (10 > N).
Substituting (6.7.18), (6.7.19) and (6.7.23) into (6.7.17), we arrive at
PP (7‘(9 > Ta];V,TBf =k, S, = xl,G(z),7'<B__ =1,,5 =9 ‘ TO > N>
(6.7.24)

< Neexp {—(1 = )(1(2) + (2, 2)) + Co 105 (12l + 2 — 1)}
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Summing over k,l < 2N and z1,29 € B (2), and choosing ¢ so small that 06,1510\6;'(;1 <

5;:\?'2‘1/2, we obtain (6.7.11). O

Proposition 6.7.1 measures not only the cost for the random walk to visit B~ (z), but

also the cost as z varies. In the following corollary, we use it to show that if |z| is close to

20p, then z must be near %x In addition, we show that the whole random walk path is

confined in a ball slightly larger than B™. This will be used in the proof of (6.1.12).

Corollary 6.7.2. Let h € R% and ej, = h/|h|. When ¢ > 0 is small depending on d and p

and x € B(2onep, €oN),

JN U G(z)N {S[o,@q C Blonep, (1+ 61/5)QN)}
ZEB(QNeh,el/4gN) (6725)

>1—exp {—%l(logN)Q}
for all sufficiently large N.

Proof. Note first that when « € B(2oney,; con ), Proposition 6.4.1 yields
PP (7’@ > Tév ‘ TO > N) > exp {—ceon}. (6.7.26)

Let us prove that we can discard G(z) with z not close to gyeyp. For any = € B(2on€p,, con)

and z € B(onep, €/4ox), we have
r(z) +r(x,z) > C€1/2QN. (6.7.27)

Substituting this into (6.7.11) and comparing with (6.7.26), we find that for any z ¢
B(onen: e/ 4on),
N2 (G(2)) < exp { —ec! 2oy | (6.7.28)

Next we prove the confinement part. By Proposition 6.6.2 and what we have just proved,
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we may assume that

G(z) holds for some z € B(oyeyp, 61/4QN) and S[TB— C BT (2). (6.7.29)

(2) ’TB—(Z)]

Therefore, the random walk can exit B(oyep,; (1 + ¢/%)on) only during the time interval
0, TB—(Z>] or [T<B__(z)’ 7IV]. We first consider the former case. In this case, we use the strong
Markov property at the first exit time from B(opnep; (1 + 61/5)QN). Starting from the exit
time, we repeat the proof of Proposition 6.7.1. Then the cost for the first piece of the random
walk becomes the Lyapunov distance between B(onep; (1 + ¢2/9)ox)¢ and Bt (z), which is

larger than cel/5gN. Thus it follows for any z € B(oyep; 61/4QN) that

PP (10>, G(2), Spor,) € Bloen, (1+€/)ox) | 70 > V)

(6.7.30)
< exp {—061/591\/}
and comparing with (6.7.26), we conclude that
N (G(), Sior, ) & Blowen, (1+€%)on)) < exp{—ce/Poy . (6.7.31)

By the same argument, we get the same bound for the probability that the random walk

exits from B(oyep; (1+ €2/%)ox) during the time interval [T<B__(Z),Tév] and we are done. [

Remark 6.7.3. As long as |z| < (2 + €)oy, we can follow the same argument as above
to prove that the random walk path Sjg v is confined in some B(z; (1 + /%) on) which

contains both 0 and x, and also .S [0,N] COVers a slightly smaller ball with the same center.

6.8 Proof of the upper bound in Theorem 6.1.4

In this section, we prove the following proposition, which in particular implies the upper
bound in Theorem 6.1.4. Combined with the lower bound proved in Section 6.4, it completes

the proof of Theorem 6.1.4.
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Proposition 6.8.1. There exists cgg.1 > 0 such that when € > 0 is small depending on d

and p and (2+ €)on < |z| < eo;,
PP (Sy =x |70 > N) <exp{—(1—e681)distg(x, B(0,20n))} (6.8.1)

for all sufficiently large N.

Proof. By the fact {Sy = z,70 > N} C {rp > ¥} and (6.7.5), we have

PRP(Sy=1,70>N)<(1+o1)PP |r0>7), |J Gl2) (6.8.2)
2€B(0;2N)

as N — co. Therefore, it suffices to bound P @ P(rp > 7, UeB02n) G(2) | 70 > N) by

the right-hand side of (6.8.1). We can bound this probability by using Proposition 6.7.1 and

the union bound as follows:

PP 7'(9>7'3§V, U G(z)|to >N
2€B(0;2N)

< Z P®P<T0>T§,G(Z)
z€B(0;2N)

T@>N>

scNdeXp{— inf {(1—e)(r<z>+r<x,z))—5jg;g~1/2<|zyl+|x—z|1)+(1ogzv)2}}.

2€B(0,2N)
(6.8.3)
Let us first consider the case |z| < Q?V_l/Q and prove that for any z € B(0,2N),
r(2) +r(x,z) > distg(z, B(0,20n)) + o(on) (6.8.4)

as N — co. We may assume that r(z, z) = distg(z, BT (z)), that is, we are in the situation

of the left picture in Figure 6.2. Otherwise, we can decrease the left-hand side of (6.8.4) by
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moving z to the point where B (0;7(z)) touches B (z;r(x, z)). Then for any r > 0, we have

min {r(z) + distg(z, B(z, 0n)): z € B(0,2N),r(z) = r}
> min { B(u) + Bz — (u+0): w € OB(0;7) v € B0,2(1+ 05305 (log N)*))on) }

(6.8.5)

by choosing u and u+v so that f(u) = distg(0, B¥(2)) and S(z— (u+v)) = distg(z, B¥(2)),

respectively. Since [(-) is a norm, the above is further bounded from below by

min {ﬁ(az —v):v e B(0,2(1+ 516\%;4/2(1%; N)3)QN)} > distg(x, B(0,20n)) + o(on)
(6.8.6)
as N — oo, in the case |z| < Q?V_I/Q. Since r > 0 was arbitrary, this proves (6.8.4).
Next, by the assumption |z| > (2 + €)on and (6.8.4), we have r(z) + r(z,2) > ce|z| and
hence for |z| < 2|z,

2|1 + |& — 2|1 < ce L r(2) + r(x, 2)). (6.8.7)

This bound remains valid for |z| > 2|z| since r(z) > ¢|z| and |z|; + |z — 2|1 < 3|2]| in this

case. Substituting (6.8.7) and (6.8.4) into (6.8.3), we obtain the desired bound since in the

case |z| < g?lv_l/Q, we have limy_, o, oy = 0.
In the other case |z| > Q?\,_l/Q, it is easily seen that the size of B1(z) is negligible

compared with r(x) + r(z, z). Then it follows that

r(z) +r(x,2) = (B(2) + Bz — 2))(1 + o(1))

= distg(, B(0,20n))(1 + o(1))

(6.8.8)

and that

2| + |z — 2| < c(r(z) + r(z, 2)) (6.8.9)

as N — oo. Using this bound instead of (6.8.4), we can complete the proof as before. [
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Remark 6.8.2. In the case h = 0, Theorem 6.1.4 shows that pun(|Sny| < (2+€)on) — 1 as

N — 0o. Combining this with Remark 6.7.3, we get a proof of (6.1.6).

6.9 Proof of Theorem 6.1.5

In this section we prove Theorem 6.1.5.

Proof of Theorem 6.1.5. Let us start by proving (6.1.13). We can deduce it from Propo-
sition 6.8.1 and the large deviation results in [69, 70] by a standard exponential tilting
argument [29, Theorem I1.7.2]. But we provide a more direct argument which elucidates the
role of the assumption f*(h) < 1.

Let us recall that by [70, Theorem 2.2],

. h d
< = 1. 9.
Aim gy (ISNI < EQN) 1 (6.9.1)

Choosing = = 2pep, in (6.4.1), we find the following lower bound on the partition function

of u?\/—:

E®E [e<h’SN>: TO > N] >E®E [e<h’SN>: T0 > N, SN = 20N€p,
(6.9.2)
> (2lhl=cea1e)onp P(r > N).

On the other hand, we have
E®E |5V, 70 > N, Sy =z| < 6(2‘h|_061/2)QN1P® P (o > N) (6.9.3)

for all sufficiently small e > 0 and = € B(0,2N) satisfying either of the following conditions:
1. (h,z) < (2|h] — €*/?)ox, in which case we simply drop the constraints Sy = z and

2. |z| > (2+ el/z)gN, in which case by Proposition 6.8.1, the subcriticality assumption
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OB (0; (2 + €/2)on)

o| 20N€ER B(20nen; ce/*on)

{z: (h,z) = (2|h] - €7*)on}

Figure 6.3: The balls and hyperplane appearing in the proof of (6.1.13).

B*(h) <1, and taking y € B(0,2¢y) such that 3(z —y) = distg(z, B(0,20n)),

(h,x) — distg(z, B(0,20n)) < 20n]|h| + (h,z —y) — Bz —y)

(6.9.4)
< 2on1|h| + Bz = y)(B7(h) = 1).
Comparing (6.9.3) with (6.9.2) and summing over z € B(0,2N), we obtain
lim (<h,SN> > (2h] — €4/2)oy and |Sy| < (2 + 61/2)9N> —1 (6.9.5)
N—o0

for sufficiently small € > 0. Since

{o: (ha) = @20 = )on } 0 B0, 2+ /o) € Bloxepiee/Toy)  (6.96)

for small € (see Figure 6.3), the proof of (6.1.13) is completed.

312



Next we turn to the proof of (6.1.12). Since we have already proved (6.1.13), we have

ulh(4) = > Sy =x,4)+0(1) (6.9.7)
z€B(20n€p.coN)

for any event A as N — oco. Let us now introduce the pinned measure
iNg() =P®P(-| Sy =2,70 > N). (6.9.8)

We assume the following lemma for the moment.

Lemma 6.9.1. There exists cg.9.1 > 0 such that for any |x| < 3on and any event A,

fin o (A) < N6y (4) (6.9.9)

for all sufficiently large N.

This lemma implies that the summand in (6.9.7) can be estimated as

PP (Sy =2,70 > N)
E®E [e<h’SN>: TO > N}
PP (Sy =z,70 > N)
E®E [e<hvSN>: Sy = 1,70 > N] (6.9.10)

ih (Sy =2, A) = M)y L (A)

< €<h’x>ﬁN,x (A)

= ﬁN,ac (A)

< N9y (A).

Now we choose A to be the event

c

U G(z) N {S[O’Tg] c Bloyey, (1 + 61/5)QN)} (6.9.11)
z€B(onen.e/toN)

Since the pp , probability of this event decays super-polynomially by Corollary 6.7.2, so does

the left-hand side of (6.9.10). Coming back to (6.9.7) and recalling (6.7.3) in the definition
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of G(z), we conclude that

i (B(QNem (1 - 61/3> on) C Sjo,n] C Blenep, (1 + 61/3) QN)) — 1 (6.9.12)

as N — oo. Since this holds for all sufficiently small € > 0, we complete the proof of (6.1.12).
O

Proof of Lemma 6.9.1. We are going to prove
P®P<7'0>T£]>SNCP®P(SN:x,T@>N). (6.9.13)

From this and {Sy = z,79 > N} C {rp > 7}, we can deduce (6.9.9). The proof
of (6.9.13) relies on a path switching argument: we show that a path with 7o > 72¥ can be
shortened to satisty Sy = x and 79 > N without paying too much cost. To this end, let us

define a good event by

G = {0 N B(xy, (1 — 55851)op) = 0, (6.9.14)
B-V (Tév - TE) < eN, (6.9.15)
Sirp_e) € BT (6.9.16)
Vk € [rp- Th- — 0} Sz N BT # 0.} (6.9.17)

Under the assumption |z| < eg‘]i\,, by Propositions 6.5.1 , 6.6.1 and 6.6.2 and Corollary 6.6.4,
we have

PoP (m > @’) —(1+0(1)P&P (m >N G’) (6.9.18)

as N — oo, and hence it suffices to bound the right-hand side.
Now suppose that Tév = N +1 < 79 and G’ holds, where we may assume [ < N
by Corollary 6.4.2. Then from (6.9.15) and (6.9.17), it follows that there exists m € [I +

g?\], [+ 2@%\,] such that S7__+m € B (2). We make a case distinction according to 75— =n
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(0 <n <eN) and use the Markov property at time n and n + m to obtain

P®P<T0>T£V:N+Z,G,>

d d
<2 > > E{P% \O(O,y)pﬁ(y,Z)p@?_m_n(z,x): (6.9.14) | ,

n<eN me(l+o3,,1+203,] y:2€B~

(6.9.19)

where pg (z,y) stands for the transition probability of the random walk killed upon existing
from U (see below (6.3.3)). We are going to shorten the time in pﬁJr (y,z). Since pﬁf(y, z) <

1, pﬁ:l(y, z) > CQ]_Vd_l by [53, Proposition 6.9.4], and B~ C 74 \ O by (6.9.14), we have

+ —_
pB(y,2) < NpB_(y, 2)

200 (6.9.20)
< N, (y,2)
Substituting this into (6.9.19) and summing over [ < N, we obtain
P®P<7'0>T£],G/>SNCP®P(SN:$,70>N) (6.9.21)
and we are done. ]
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