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ABSTRACT

In recent years, extensive research has focused on the `1 penalized least squares (Lasso)

estimators of high-dimensional regression when the number of covariates p is considerably

larger than the sample size n. However, there is limited attention paid to the properties of

the estimators when the errors and/or the covariates are serially dependent and/or heavy

tailed.

This thesis concerns the theoretical properties of the Lasso estimators for linear regression

with random design and weak sparsity under serially dependent and/or non-sub-Gaussian

errors and covariates. In contrast to the traditional case in which the errors are independent

and identically distributed (i.i.d.) and have finite exponential moments, we show that p can

be at most a power of n if the errors have only finite polynomial moments. In addition, the

rate of convergence becomes slower due to the serial dependence in errors and the covari-

ates. We also consider sign consistency for model selection via Lasso when there are serial

correlations in the errors or the covariates or both. Adopting the framework of functional

dependence measure, we provide a detailed description on how the rates of convergence and

the selection consistency of the estimators depend on the dependence measures and moment

conditions of the errors and the covariates. We apply the results obtained for the Lasso

method to now-casting with mixed-frequency data for which serially correlated errors and a

large number of covariates are common. The empirical results show the superiority of Lasso

procedure in both forecasting and now-casting.

This thesis also proposes a new robust M -estimator for generalized linear models. We

investigate properties of the proposed robust procedure and the classical Lasso procedure

both theoretically and numerically. As an extension, we also introduce robust estimator for

linear regression. We show that the proposed robust estimator for linear model will achieve

the optimal rate which is the same as the one for i.i.d sub-Gaussian data. Simulation results

show that the proposed method performs well numerically in terms of heavy-tailed and seri-

ally dependent covariates and/or errors, and it significantly outperforms the classical Lasso

xi



method. For applications, we demonstrate the regularized robust procedure via analyzing

high-frequency trading data in finance. We also provide new Bousquet type inequalities for

high-dimensional time series, which could be quite useful in empirical process of dependent

data.
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CHAPTER 1

INTRODUCTION

During the past decade, there has been a well-developed theory for regularized estimation for

high dimensional regression. However, most literature deals with the case that the samples

are i.i.d. High dimensional time series analysis has gained its credibility recently in finance,

signal processing, neuroscience, meteorology, seismology and many other areas. In many

applications, we also face the challenge of heavy tails.

Generalized linear models (GLM, McCullagh and Nelder [1989]) are a flexible general-

ization of the ordinary linear regression by allowing researchers to model the relationship

between the predictors and a function of the mean of the response variable, which can

follow a continuous or discrete distribution. In a variety of applications, the observed re-

sponse consists of count data for which GLM is especially useful. This chapter deals with

the Lasso penalty for GLM applied to high dimensional time series data. Under the in-

dependent and identically distributed (i.i.d.) setting, there exists a substantial literature

on the Lasso methods for high-dimensional GLM. For instance, van de Geer [2008] showed

non-asymptotic oracle inequalities for the empirical risk minimizer with Lasso penalty for

high-dimensional GLMs with a Lipschitz loss function. Kong and Nan [2014] extended the

approach of van de Geer [2008] to the Cox proportional hazards regression. Gäıffas et al.

[2012] considered a quadratic loss function in place of a negative log-likelihood function in

an additive hazards model with Lasso penalty. Huang et al. [2013] studied Lasso estimator

in the Cox proportional hazards regression when the covariates are time dependent, and

established oracle inequalities for prediction and estimation errors. A number of papers

analyzed penalized methods beyond Lasso. Meier et al. [2008] applied group Lasso to high-

dimensional logistic regression, proposed an efficient algorithm, and showed consistency of

the estimator. Negahban et al. [2012] studied penalized M-estimators with a general class

of regularization methods, including an `2 error bound for the Lasso in GLM. Huang and

Zhang [2012] studied weighted absolute penalty and its adaptive, multistage application in
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GLM. Fan and Lv [2013] investigated asymptotic equivalence of Lasso and other concave

regularized methods in a thresholded parameter space. Ivanoff et al. [2016] studied adaptive

Lasso and group-Lasso for the functional Poisson regression.

Despite the extensive research in GLMs for i.i.d data, very limited work focused on

theoretical properties of the regularized estimates when the observations are dependent.

Basu and Michailidis [2015] investigated theoretical properties of Lasso estimators with a

random design for high-dimensional Gaussian processes. Wu and Wu [2016] analyzed Lasso

estimator with a fixed design matrix and Dantzig selector under random design. Hall et al.

[2016] studied Lasso estimators of high-dimensional autoregressive generalized linear models.

Zhou and Raskutti [2018] further extended the study to non-parametric sparse additive

model. Han and Tsay [2017] extended the Lasso estimator to random design and weakly

sparse time series with application in now-casting.

The phenomenon of heavy-tails is widely observed in time series data. It is one of the

stylized facts in financial econometrics that financial returns and macroeconomic variables

have high excess kurtosis. Large scale imaging data in biology, such as neural spike recordings

(see, for example, Brown et al. [2004] and Pillow et al. [2008]), are often corrupted by non-

Gaussian noises. The usual regression estimator may fare poorly or even be inconsistent

when the observations are heavy tailed and/or contaminated by outliers in the predictors

and/or the response variable. Therefore, it is important to study effective principles for

dealing with heavy-tailed or noisy time series data.

The origin of robust statistics dates back to the fundamental works of John Tukey (Tukey

[1960, 1962]), Peter Huber (Huber [1964, 1967]) and Frank Hampel (Hampel [1971, 1974]).

In general, robustness can be defined in two ways; model misspecification and outliers.

For example, Tukey’s work (Tukey [1960]) is about robustness to a misspecification of the

Gaussian model, while Hodges’ work (Hodges Jr [1967]) is robustness to contamination of

the dataset by extreme outliers or robustness to heavy-tailed distributions in the model that

lead to the appearance of some aberrant data.
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We aim to establish convergence rate and sign consistency for high-dimensional linear

regression in Chapter 2. We first define the high-dimensional dependence measure, adopting

the concept of Wu [2005]. Under weak sparsity condition and heavy tailed covariates and

errors, we investigate rates of convergence of Lasso estimators for high dimensional time

series. We show that p can be at most a power of n if the errors have only finite polynomial

moments. In addition, the rate of convergence becomes slower due to the serial dependence

in errors and the covariates. We also study model selection consistency of Lasso estimators.

As an application, we apply the results obtained for the Lasso method to now-casting with

mixed-frequency data for which serially correlated errors and a large number of covariates

are common. The empirical results show the superiority of Lasso method in both forecasting

and now-casting.

The primary goal of Chapter 3 is to construct robust M-estimators of generalized linear

models for serially dependent data and lay a theoretical foundation for estimation consis-

tency. We first introduce the standard Lasso procedure and the robust procedure for gener-

alized linear model. To provide a solid theoretical guarantee, we derive convergence rates of

both robust and non-robust estimators which depend on the sample size, the dimension, the

moment condition and the dependence of the underlying processes. In particular, we study

the usual linear regression with robust estimator and time series data. We show that the

proposed robust estimator for linear model will achieve the optimal rate which is the same

as the one for i.i.d sub-Gaussian data. We also provide new Bousquet type inequalities for

high-dimensional time series, which could be quite useful in empirical process of dependent

data.

We now introduce some notations. For the matrix A = (aij) ∈ Rp×q , denote |A|∞ =

maxi,j |aij |, the spectral norm ρ(A) = sup|x|≤1 |Ax|2 and the Frobenius norm |A|F =

(
∑
ij a

2
ij)

1/2. For a vector x = (x1, ..., xp)
′, define |x|q = (x

q
1 + ... + x

q
p)

1/q and |x|∞ =

max{|x1|, ..., |xp|}. We write a random variable ξ ∈ Lm, m ≥ 1, if ‖ξ‖m = (E|ξ|m)1/m <∞.

For simplicity, write ‖ξ‖ = ‖ξ‖2 = (E|ξ|2)1/2. For a set S, write |S|0 or |S| as its cardi-
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nality. For two sequences of real numbers {an} and {bn}, write an = O(bn) if there exists

a constant C such that |an| ≤ C|bn| holds for all sufficiently large n, write an = o(bn) if

limn→∞ an/bn = 0, and write an � bn if there are positive constants c and C such that

c ≤ an/bn ≤ C for all sufficiently large n. Denote a ∧ b = min{a, b} and a ∨ b = max{a, b}.

We use C,C1, C2, · · · to denote positive constants whose values may differ from place to

place. A constant with a symbolic subscript is used to emphasize the dependence of the

value on the subscript. We assume p = pn →∞ as n→∞.

4



CHAPTER 2

HIGH-DIMENSIONAL LINEAR REGRESSION WITH

APPLICATIONS TO NOWCASTING

2.1 Introduction

During the past two decades, there have been significant developments in high-dimensional

linear regression analysis. Consider the linear regression for the response variable Yi and the

covariate vector Xi,

Yi = XT
i β + ei, 1 ≤ i ≤ n, (2.1.1)

where β ∈ Rp consists of unknown coefficients, ei is the error term, and XT
i denotes the

transpose of the covariate vector Xi. Denote the dimension of Xi by p. In matrix form, we

can write the model as Y = Xβ + e, where Y is the n× 1 response vector, X is the n× p

design matrix, and e is the n×1 error vector. Under certain sparsity conditions on β, a great

deal of attention has been focused on the `1 penalized least squares (Lasso) estimator of β

when the number of variables p can be much larger than the sample size n; see Efron et al.

[2004], Zhao and Yu [2006], and Meinshausen and Yu [2009], among others. Other related

approaches include the Dantzig-selector of Candes and Tao [2007], the adaptive Lasso of

Zou [2006], the Group Lasso by Yuan and Lin [2006] and the SCAD estimator of Fan and

Li [2001], among others. Theoretical properties of those estimators have been established in

the literature under the independence assumption; see, for example, Bickel et al. [2009] and

Bühlmann and Van De Geer [2011]. Here we focus on the Lasso estimator defined as

β̂ = arg min
β

(
1

2
|Y −Xβ|22 + λ|β|1

)
, (2.1.2)

where λ ≥ 0 is a tuning parameter, controlling the level of sparsity in β̂.
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Much of the available research dedicated to the Lasso problem deals with the case of large

p and small n when the design matrix is static and the errors are independent and identi-

cally distributed (i.i.d.) random variables. On the other hand, in many real applications, Xi

consists of stochastic random variables that might be dynamically dependent or ei is serially

dependent or both. Despite a considerable amount of recent work on Lasso estimators, there

has been limited research on theoretical properties of the estimates when the observations

are dependent. Wang et al. [2007] proposed a Lasso estimator for the regression model with

autoregressive errors. Gupta [2012] investigated Lasso estimator for weakly dependent er-

rors. Both papers concentrate on the case when n is greater than p. More recently, Basu

and Michailidis [2015] investigated theoretical properties of Lasso estimators with a random

design for high-dimensional Gaussian processes. Kock and Callot [2015] established oracle

inequalities of the Lasso for Gaussian errors in stationary vector autoregressive models. Wu

and Wu [2016] analyzed Lasso estimator with a fixed design matrix and assumed that a re-

stricted eigenvalue condition is satisfied. Medeiros and Mendes [2016] studied the asymptotic

properties of the adaptive Lasso when the errors are non-Gaussian and may be conditionally

heteroskedastic. The goal of this chapter is to investigate the limiting properties of Lasso es-

timators of Model (2.1.1) in the presence of serial dependence in both the covariate vector Xi

and the errors. We establish rate of convergence of the lasso estimator under weak sparsity

condition, and provide sign consistency of lasso regression. Our results extend beyond the

fixed design and exact sparsity time series, and we do not assume the restricted eigenvalue

condition on either the sample or the population covariance matrix.

In practice, many important macroeconomic variables are not sampled at the same fre-

quency. For example, gross domestic product (GDP) data are available quarterly, industrial

production data are monthly, and most interest rate data are available daily. Analyzing

such data jointly is referred to as the mixed-frequency data analysis. In the econometrics

literature, Ghysels et al. [2004] proposed a mixed-data sampling (MIDAS) approach to an-

alyze mixed-frequency data. In particular, they use newly available high-frequency data to

6



improve the prediction of a lower-frequency macroeconomic variable of interest and refer to

such predictions as now-casting. Consider, for example, the problem of predicting quarterly

GDP growth rate yn+1 at the forecast origin i = n. Here the time interval is a quarter.

Traditional forecasting methods employ quarterly data available at i = n to build a model,

then use the fitted model to perform prediction. In practice, some monthly and daily data

become available during the quarter i = n + 1. Now-casting is to make use of such newly

available monthly and daily data to update the prediction of yn+1. Therefore, the term

now-casting means taking advantages of high-frequency data within a given quarter to up-

date the prediction of GDP growth rate of that quarter. In short, the basic principle of

now-casting is the exploitation of the information which is published at higher frequencies

than the target variable of interest in order to obtain an improved prediction before the

official lower-frequency data becomes available. Since many high-frequency data are avail-

able, a large number of covariates are common in now-casting. Therefore, Model (2.1.1)

with dependent covariates and errors is applicable to now-casting, and the Lasso method

is highly relevant. The mixed-data sampling approach of Ghysels et al. [2004] has proven

useful for various forecasting and now-casting purposes. We compare the performance of

Lasso regression with MIDAS regression and autoregressive model with exogenous variables

(ARX) in this chapter. To the best of our knowledge, this is the first results to apply lasso

regression to nowcasting. Both simulation studies and empirical studies show that Lasso

estimator outperforms the existing MIDAS regression and ARX model.

2.2 High Dimensional Time Series

Let εi, i ∈ Z, be i.i.d. random vectors and σ-field Fi = (· · · , εi−1, εi). In our random-

design setting, we assume that in Model (2.1.1) the covariate process (Xi, i = 1, ..., n) is

high-dimensional and weakly stationary in the form

Xi = (g1(Fi), ..., gp(Fi))T , (2.2.1)

7



the error ei satisfies

ei = ge(Fi), (2.2.2)

and the response Yi assumes the form

Yi = gy(Fi), (2.2.3)

where g1(·), . . . , gp(·) and ge(·), gy(·) are measurable functions in R such that Xi, ei and Yi

are well-defined. In the scalar case with p = 1, (2.2.1) and (2.2.2) include a very general class

of stationary process (c.f. Wiener [1958], Rosenblatt [1971], Priestley [1988], Tong [1990],

Tsay [2005], Wu [2005]). They also allow models with homogeneous or heteroscedastic errors;

see Example 2.3.1. In the homogeneous case, the covariate process (Xi) and the errors (ei)

can be independent of each other.

Following Wu [2005], we define the functional dependence measure

δi,q,j = ‖Xij −X∗ij‖q = ‖gj(Fi)− gj(F∗i )‖q, (2.2.4)

δi,q,e = ‖ei − e∗i ‖q = ‖ge(Fi)− ge(F∗i )‖q, (2.2.5)

δi,q,y = ‖Yi − Y ∗i ‖q = ‖gy(Fi)− gy(F∗i )‖q, (2.2.6)

where the coupled process X∗ij = gj(F∗i ), e∗i = ge(F∗i ) and Y ∗i = gy(F∗i ) with F∗i =

(..., ε−1, ε′0, ε1, ..., εi−1, εi) and ε′0, εl, l ∈ Z, being i.i.d. random variables. We assume short-
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range dependence so that

∆m,q,j :=
∞∑
i=m

δi,q,j <∞, (2.2.7)

∆m,q,e :=
∞∑
i=m

δi,q,e <∞, (2.2.8)

∆m,q,y :=
∞∑
i=m

δi,q,y <∞. (2.2.9)

Then for fixedm, ∆m,q,j , ∆m,q,e and ∆m,q,y measure the cumulative effect of ε0 on (Xij)i≥m,

(ei)i≥m and (Yi)i≥m. We introduce the following dependence adjusted norm (DAN)

‖x.j‖q,α = sup
m≥0

(m+ 1)α∆m,q,j , α ≥ 0. (2.2.10)

‖e.‖q,α = sup
m≥0

(m+ 1)α∆m,q,e, α ≥ 0. (2.2.11)

‖Y.‖q,α = sup
m≥0

(m+ 1)α∆m,q,y, α ≥ 0. (2.2.12)

It can happen that, due to dependence, ‖e.‖q,α = ∞ while ‖ei‖q < ∞. Since e0 =∑0
l=−∞(E(e0|Fl)− E(e0|Fl−1)), we have

‖e0‖q ≤
∞∑
l=0

‖E(e0|F−l)−E(e0|F−l−1)‖q =
∞∑
l=0

‖E(el− e∗l |F0)‖q ≤
∞∑
l=0

‖el− e∗l ‖q = ‖e.‖q,0,

(2.2.13)

by stationarity. If ei, i ∈ Z, are i.i.d., the dependence adjusted norm ‖e.‖q,α and the Lq

norm ‖e0‖q are equivalent in the sense that ‖e0‖q ≤ ‖e.‖q,α ≤ 2‖e0‖q.

To account for the cross-sectional dependence of the p-dimensional stationary process

(Xi), we define the L∞ functional dependence measure and its corresponding dependence

9



adjusted norm (c.f. Chen et al. [2013], Zhang and Wu [2017])

ωi,q = ‖ max
1≤j≤p

|Xij −X∗ij |‖q,

‖|X.|∞‖q,α = sup
m≥0

(m+ 1)αΩm,q, α ≥ 0, and Ωm,q =
∞∑
i=m

ωi,q.

Additionally, we define

Ψq,α = max
1≤j≤p

‖X.j‖q,α and Υq,α =

 p∑
j=1

‖X.j‖
q
q,α

1/q

,

where Ψq,α and Υq,α can be viewed as the uniform and the overall dependence adjusted

norms of (Xi). Clearly, Ψq,α ≤ ‖|X.|∞‖q,α ≤ Υq,α.

We give an example of high-dimensional time series to illustrate how the univariate and

multivariate dependence adjusted norms scale.

Example 2.2.1. Let εij , i, j ∈ Z, be i.i.d. random variables with mean 0, variance 1, and

having finite qth moments, q > 2, and let Ai, i ≥ 0, be p × d coefficient matrices with real

entries such that
∑∞
i=0 tr(AiA

T
i ) < ∞. Write εi = (εi1, ..., εid)

T . Then by Kolmogorov’s

three-series theorem the linear process

Xi =
∞∑
l=0

Alεi−l (2.2.14)

exists. Denote Al = (al;jk)1≤j≤p,1≤k≤d, Al,j. the jth row of Al. By Burkholder’s inequality,

‖Al,j.ε0‖q ≤
√
q − 1|Al,j.|2‖ε00‖q. We assume that the linear process satisfies the decay

condition

max
j≤p
|Al,j.|2 ≤ K1(1 ∨ l)−θ (2.2.15)

for all l ≥ 0, where θ > 1/2 and K1 > 0. If θ > 1, (2.2.15) implies short-range dependence
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(SRD) since the auto-covariance matrices Σk =
∑∞
l=0AlA

T
l+k are absolutely summable.

On the other hand, if 1 > θ > 1/2, then (Xi) in (2.2.14) may not have summable auto-

covariance matrices, thus allowing long-range dependence (LRD). The classical literature

on LRD primarily focuses on the univariate case p = 1. Then under the SRD case, the

dependence adjusted norms have the following bounds

Ψq,α = max
1≤j≤p

‖X.j‖q,α = max
j

sup
m≥0

(m+ 1)α
∞∑
i=m

‖Ai,j.ε0‖q ≤ K1K2‖ε00‖q, (2.2.16)

‖|X.|∞‖q,α = sup
m≥0

(m+ 1)α
∞∑
i=m

‖max
j
|Ai,j.ε0|‖q ≤ K1K2p

1/q‖ε00‖q, (2.2.17)

where α = θ − 1 and the constant K2 only depends on θ and q.

In this chapter, we use dependence adjusted norms ‖|X.|∞‖q,α, Ψq,α, and Υq,α to study

the limiting properties of Lasso estimators in the presence of serial dependence. These

adjusted norms are more convenient than the commonly used mixing conditions for handling

serial dependence in high-dimensional time series.

2.3 Convergence Rate of the Lasso estimator

In this section, we present the main results on convergence rate of the Lasso estimator for

dependent data. In the low-dimensional case, the consistency of β̂ relies on the assumption

that the sample covariance matrix converges to the population covariance matrix. In the

high-dimensional case (n � p), it requires that |X(β̂ − β)|2 is small only when |β̂ − β|2 is

small. Let Σ̂ = (σ̂jk)1≤j,k≤p = n−1
∑n
i=1XiX

T
i be the sample covariance. Typically, re-

searchers assume with high probability, the following Restricted Strong Convexity condition

holds,

u′Σ̂u ≥ κ1|u|22 − κ2g(n, p)|u|21, (2.3.1)

11



for all u ∈ Rp, where κ1, κ2 are positive constants and g(n, p) is a function of the sample

size n and ambient dimension p. It can be viewed as an analogous sufficient condition in

the high-dimensional case. As shown in the proof of Theorem 2.3.1, the Restricted Strong

Convexity condition for the sample covariance matrix holds with high probability under

certain conditions.

To establish our theoretical results, we first impose a weak sparsity condition:

Assumption 2.3.1. There exits some 0 ≤ θ < 1, with a uniform radius Kθ such that

p∑
j=1

|βj |θ ≤ Kθ. (2.3.2)

The following theorem shows the L2 and L1 convergence rates of β̂ to β depend on the

moment condition and the temporal and cross-sectional dependence conditions.

Theorem 2.3.1. Denote the population covariance matrix by Σ = (σjk) = [Cov(Xij , Xik)].

Suppose the minimum eigenvalue of Σ satisfies λmin(Σ) ≥ κ > 0. Assume that Ψγ,αX =

maxj ‖X.j‖γ,αX = MX < ∞ and ‖e.‖q,αe = Me < ∞, where q > 2, γ > 4 and αX , αe > 0.

Define

ν =

 1 if αX ≥ 1/2− 2/γ,

γ/4− αXγ/2 if αX < 1/2− 2/γ.

Assume τ = qγ/(q + γ) > 2 and let α = min(αX , αe). Define

ρ =

 1 if α ≥ 1/2− 1/τ ,

τ/2− ατ if α < 1/2− 1/τ .

Denote ω =
√

log p/nM2
X+n2ν/γ−1(log p)3/2‖|X.|∞‖2γ,αX . Suppose Assumption 2.3.1 holds.

Then for any λ such that

λ &
√

log p/nMeMX + nρ/τ−1(log p)3/2Me‖|X.|∞‖γ,αX ,
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and Kθωλ
−θ ≤ C for some positive constant C, any Lasso solution β̂ satisfies,

|β̂ − β|2 .
√
Kθ

(
λ

κ

)1−θ/2
, (2.3.3)

|β̂ − β|1 . Kθ

(
λ

κ

)1−θ
. (2.3.4)

with probability at least 1 − C1(log p)−γ/2 − C2p
−C3 − C4(log p)−τ , where C1, ..., C4 are

positive constants.

In the special case θ = 0, the quantity of weak sparsity corresponds to an exact sparsity

constraint–that is, β has at most s := K0 nonzero entries. The following theorem shows the

convergence rate of β̂ and the prediction error |X(β̂ − β)|22 for the exact sparsity case.

Theorem 2.3.2. Suppose the same conditions of Theorem 2.3.1 hold. If |β|0 = s and κ � 1,

n &M4
Xs

2 log p+ s1/(1−2ν/γ)(log p)3/(2−4ν/γ)‖|X.|∞‖
2/(1−2ν/γ)
γ,αX ,

then for any λ such that

λ &
√

log p/nMeMX + nρ/τ−1(log p)3/2Me‖|X.|∞‖γ,αX ,

any Lasso solution β̂ satisfies,

|β̂ − β|2 . λ
√
s/κ, (2.3.5)

|β̂ − β|1 . λs/κ, (2.3.6)

|X(β̂ − β)|22/n . λ2s/κ, (2.3.7)

with probability at least 1− C1(log p)−γ/2 − C2p
−C3 − C4(log p)−τ .

Remark 2.3.1. In the exact sparsity case, instead of the condition λmin(Σ) ≥ κ > 0, we

may require that the restricted eigenvalue assumption RE(s,3) of Bickel et al. [2009] holds
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for the population covariance matrix Σ, namely

κ := min
J⊆{1,...,p},|J |0≤s

min
u6=0,|uJc |1≤3|uJ |1

u′Σu/|u|22 > 0, (2.3.8)

where Jc is the complement of the set J , i.e., Jc = {1, 2, ..., p}\J , uJ is defined as a mod-

ification of u by setting its elements outside J to zero. All the bounds (2.3.5), (2.3.6) and

(2.3.7) still hold with high probability.

Remark 2.3.2. The best known convergence rate of Lasso estimators for i.i.d sub-Gaussian

data requires that Kθ(log p/n)1−θ/2 ≤ C for some positive constant C. Our theorems require

that Kθωλ
−θ ≤ C, where

ω =
√

log p/nM2
X + n2ν/γ−1(log p)3/2‖|X.|∞‖2γ,αX ,

and

λ &
√

log p/nMeMX + nρ/τ−1(log p)3/2Me‖|X.|∞‖γ,αX .

The second terms in ω and λ are introduced by the heavy tails, and thus are unavoidable. In

other words, under heavy tailed distributions, sometimes, the allowed dimension p for Lasso

methods can be at most a power of the sample size n.

In the exact sparsity case, we require

n &M4
Xs

2 log p+ s1/(1−2ν/γ)(log p)3/(2−4ν/γ)‖|X.|∞‖
2/(1−2ν/γ)
γ,αX .

One may argue the first term M4
Xs

2 log p can be further improved to M4
Xs log p for short

range temporal dependence data, in agreement with i.i.d. sub-Gaussian data. However, we

cannot achieve it because even the optimal Bernstein type inequality for nonlinear weakly

dependent data is still an open problem. The best known result is proposed by Merlevède

et al. [2009].
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Remark 2.3.3. Based on Theorem 2.3.2, we have the following cases: Assume MX � 1 and

Me � 1. Under the weak cross-sectional dependence ‖|X.|∞‖γ,αX � p1/γ, which holds if the

p components xij (1 ≤ j ≤ p) are nearly independent, then the required sample size for exact

sparsity is n & s2 log p+ s1/(1−2ν/γ)(log p)3/(2−4ν/γ)p2/(γ−2ν) and regularization parameter

satisfies λ &
√

log p/n + nρ/τ−1(log p)3/2p1/γ. In comparison, Bonferroni Inequality and

Lemma 1 in the Appendix would result in n & s2 log p + s1/(1−2ν/γ)p4/(γ−2ν) and λ &√
log p/n+ nρ/τ−1p1/τ .

In addition, under the strong cross-sectional dependence ‖|X.|∞‖γ,αX � 1, which holds

if the p components xij (1 ≤ j ≤ p) are linear combinations of fixed random variables, the

required sample size for exact sparsity is n & s2 log p+ s1/(1−2ν/γ)(log p)3/(2−4ν/γ) and the

regularization parameter satisfies λ &
√

log p/n+ nρ/τ−1(log p)3/2.

Next, we give an example for which the results of Theorem 2.3.1 apply.

Example 2.3.1. Consider the autoregressive model with exogenous variables, that is, the

ARX(a, b) model:

Yi =
a∑
l=1

φlYi−l +
b∑
l=0

ψ′lzi−l + ei = β′Xi + ei, (2.3.9)

where a and b are nonnegative integers, ei follows a GARCH(1,1) model defined below, and

zi is a linear process defined by

zi =
∞∑
l=0

Alεi−l, (2.3.10)

where the random variables εij and coefficient matrices Al are given in Example 1 with

E|εij |γ <∞ and γ > 2. Assume the roots of the polynomial 1−
∑a
l=1 φlB

l are outside the

unit circle, which ensures stationarity of the autoregressive part of the model. Also assume

the population covariance matrix Σ = EXiX ′i is positive definite.
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Let

ei =
√
hiηi, hi = π0 + π1e

2
i−1 + π2hi−1, (2.3.11)

with π0 > 0, π1 ≥ 0, π2 ≥ 0 and E(π1 + π2η
2
i−1)q/2 < ∞, q > 4. Then it is easy to show

‖e.‖q,αe <∞.

Again, by Burkholder’s inequality, ‖Al,j.ε0‖γ ≤
√
γ − 1|Al,j.|2‖ε00‖γ. If there exist con-

stants K1 > 1 and αZ > 0 such that maxj≤p |Al,j.|2 ≤ K1(l + 1)−1−αZ holds for all l ≥ 0,

then we have maxj ‖z.j‖γ,αZ ≤ K1K2‖ε00‖γ, where the constant K2 only depends on αZ

and γ. Together with the assumption that the roots of the polynomial 1 −
∑a
l=1 φlB

l are

outside the unit circle, we ensure maxj ‖X.j‖γ,αZ <∞.

2.4 Model Selection Consistency

In this section, we extend the asymptotic properties of sign consistency for model selection

via the Lasso to the dependent setting. The sign consistency of Lasso was first introduced

by Zhao and Yu [2006]. Without loss of generality, write β = (β1, ..., βs, ..., βp)
′, where

βj 6= 0 if j ≤ s and βj = 0 if j > s. That is, the first s predictors are relevant variables.

Denote β = (β′
(1)
, β′

(2)
)′, where β(1) is a s × 1 vector. Correspondingly, for any i, denote

Xi = (X ′
i(1)

, X ′
i(2)

)′ and X = (X1, ..., Xn)′ = (X(1),X(2)), where X(1) is the n × s sub-

matrix consisting of the relevant variables, and X(2) is the n× (p− s) sub-matrix with the

irrelevant ones. Similarly, consider the partition of the covariance matrix as

Σ =

Σ11 Σ12

Σ21 Σ22

 ,

where Σ11 = EXi(1)X ′i(1) is a s× s sub-matrix associated with the relevant variables.

We impose the following assumptions.
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Assumption 2.4.1. For any 1 ≤ i ≤ n, E(Xik|X(1), e) = Σ2k,1Σ−111 Xi(1), where Σ2k,1 is

the k-th row of Σ21.

Define zik = Xik − E(Xik|X(1), e) for s+ 1 ≤ k ≤ p, and zi = (zi,s+1, ..., zi,p)
′.

Assumption 2.4.2. There exists L > 0 such that min1≤j≤s |βj | ≥ L.

Assumption 2.4.3. There exists a constant N1 > 0 such that

inf
|ζ|2=1

ζ ′Σ11ζ = N1.

Assumption 2.4.4. There exists a positive constant η ∈ (0, 1) such that

|Σ21Σ−111 sign(β(1))|∞ ≤ 1− η. (2.4.1)

Assumption 2.4.1 explicitly defines how the irrelevant variables depend on the relevant

variables and the errors. Note that Cov(Σ2k,1Σ−111 Xi(1), Xik − Σ2k,1Σ−111 Xi(1)) = 0 always

holds, for all s+ 1 ≤ k ≤ p. That is, Σ2k,1Σ−111 Xi(1) and Xik −Σ2k,1Σ−111 Xi(1) are mutually

uncorrelated. We further assume they are independent. Intuitively, zi can be viewed as

the unique part of irrelevant variables that cannot be explained by the relevant variables.

Thus, for irrelevant variables, zi is more representative than Xi(2). Assumption 2.4.2 con-

trols the lower bound of the non-zero parameters; see, for example, Bühlmann and Van

De Geer [2011]. Assumption 2.4.3 imposes a lower bound, N1, on the minimal eigenvalue

of the covariance matrix of relevant variables. In practice, quantifying the rate under which

N1 decreases is difficult and problem specific, and it is frequently assumed constant, e.g.,

Medeiros and Mendes [2016] and Kock and Callot [2015]. Assumption 2.4.4 employs the

strong irrepresentable condition of population covariance, which is similar to the condition

in Zhao and Yu [2006].

To account for the cross-sectional dependence of the stationary process (Xi(1)) and (zi),

we also define the L∞ functional dependence measure and its corresponding dependence
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adjusted norm

ωi,q,1 = ‖ max
1≤j≤s

|Xij −X∗ij |‖q,

‖|X.(1)|∞‖q,α = sup
m≥0

(m+ 1)αΩm,q,1, α ≥ 0, and Ωm,q,1 =
∞∑
i=m

ωi,q,1.

Additionally, we define

Ψq,α,1 = max
1≤j≤s

‖X.j‖q,α and Υq,α,1 =

 s∑
j=1

‖X.j‖
q
q,α

1/q

.

For (zi), the quantities ‖|z.|∞‖q,α, Ψq,α,2 and Υq,α,2 can be similarly defined. Clearly,

Ψq,α,1 ≤ ‖|X.(1)|∞‖q,α ≤ Υq,α,1 and Ψq,α,2 ≤ ‖|z.|∞‖q,α ≤ Υq,α,2.

Let σ = Ee2i . Define

δ∗(λ,N1, σ) =
λ2s

2nN1
+

2σ

n
,

M(δ∗, η, ι, γ) = η−1
√
δ∗ log p+ η−1n(ι−1)/γδ1/2∗ (log p)3/2‖|z·|∞‖γ,αX ,

Q(ρ, τ) =
√
n log s+ nρ/τ (log s)3/2‖|X·(1)|∞‖γ,αX ,

V1(N1) =
s2 log s

N1
,

V2(N1) =
1

N1
s(log s)3/2‖|X·(1)|∞‖

2
γ,αX .

These quantities are used in the following theorem.

Theorem 2.4.1 below extends the results of Zhao and Yu [2006] to random design linear

model with dependent errors. In comparison, Medeiros and Mendes [2016] derived asymp-

totic properties of sign consistency for the adaptive Lasso, while our results apply to the

original Lasso and do not need any assumptions on weights. Note that even for heavy-tail

variables, our results show that if the dependence among zi is strong, the allowed dimension

p can be as large as some exponential of the sample size n; see Remark 2 for more details.
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Theorem 2.4.1. Suppose Assumptions 2.4.1, 2.4.2, 2.4.3 and 2.4.4 hold. Assume that

max1≤j≤p ‖X.j‖γ,αX < Cγ < ∞, and ‖e.‖q,αe < Cq < ∞, where q, γ > 4, αX , αe > 0,

constants Cγ , Cq only depend on γ, q. Define

ν =

 1 if αX > 1/2− 2/γ,

γ/4− αXγ/2 if αX < 1/2− 2/γ,

and

ι =

 1 if αX > 1/2− 1/γ,

γ/2− αXγ if αX < 1/2− 1/γ.

Let α = min(αX , αe). Assume τ = qγ/(q + γ) > 2 and define

ρ =

 1 if α > 1/2− 1/τ ,

τ/2− ατ if α < 1/2− 1/τ .

Furthermore, suppose s = o(n). Then, for any λ and the sample size n such that

n & V1(N1), (2.4.2)

n1−2ν/γ & V2(N2), (2.4.3)

M(δ∗, η, ι, γ) +Q(ρ, τ) . λ ≤ nN1L

4
√
s
, (2.4.4)

the consistency probability P(β̂ =s β) is at least

1−C1(log p)−γ−C2(log s)−γ/2−C3(log s)−τ−C4p
−C5−C6s

−C7−
‖e·‖qq,αe
nq−1σq

−exp

(
− nσ2

‖e·‖22,αe

)
.

(2.4.5)

Remark 2.4.1. In particular, assume N1 � 1, η � 1. Also assume the weak tempo-

ral dependence case αX > 1/2 − 1/γ and α > 1/2 − 1/τ . If the dependence measure

‖|X.(1)|∞‖γ,αX � s1/γ and ‖|z.|∞‖γ,αX � p1/γ, which would hold if all the components Xij
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(1 ≤ j ≤ s) and zik (s+ 1 ≤ k ≤ p) are nearly independent, then (2.4.2), (2.4.3) and (2.4.4)

reduce to

n & s2 log s+ s
1+2/γ
1−2/γ (log s)

3
2−4/γ + sp2/γ(log p)3

and

√
n log s+ n1/τs1/τ (log s)3/2 . λ .

nL√
s
.

Additionally, if s = O(nc1) for some c1 < min{1/2, (γ − 2)/(γ + 2)}, then the valid regu-

larization parameter λ has the range n1/2 + n1/τ+c1/γ � λ � n1−c1/2L. The dimension p

satisfies that p� nγ(1−c1)/2.

On the other hand, assume ‖|X.(1)|∞‖γ,αX � s1/γ and ‖|z.|∞‖γ,αX � 1, that is, all

the components zik (s + 1 ≤ k ≤ p) are strongly dependent. Let s = O(nc1) for some

c1 < min{1/2, (γ − 2)/(γ + 2)}, then the existence of regularization parameter λ requires

n1/2 + n1/τ+c1/γ � λ� n1−c1/2L. The dimension p satisfies p� exp{n(1−c1)/3}.

Furthermore, if ‖|X.(1)|∞‖γ,αX � 1 and ‖|z.|∞‖γ,αX � 1, s = O(nc1) for some c1 < 1/2,

then the existence of regularization parameter λ requires n1/2 � λ � n1−c1/2L, and the

dimension p satisfies p� exp{n(1−c1)/3}.

In summary, the allowed dimension p varies from nγ(1−c1)/2 to exp{n(1−c1)/3} depending

on the cross-sectional dependence of zik, s+ 1 ≤ k ≤ p.

Note that if the assumptions in Example 2.3.1 hold, together with the Strong Irrepre-

sentable Condition, the results of Theorem 2.4.1 continue to apply. In general, the Strong

Irrepresentable Condition is non-trivial, particularly since we do not know sign(β) a priori.

Then, we need the Strong Irrepresentable Condition to hold for every possible combination

of different signs and placement of zeros. We give a simple example below in which the

Strong Irrepresentable Condition is guaranteed. All diagonal elements of Σ are assumed to

be 1 which is equivalent to normalizing all covariates in the model to the same scale since

20



Strong Irrepresentable Condition is invariant under any common scaling of Σ.

Example 2.4.1. Consider the following autoregressive model with exogenous variables:

Yi =
a∑
l=1

φlYi−l + ψzi + ei = β′Xi + ei, (2.4.6)

where a is nonnegative finite integer, zi is independent of ei, and the errors ei are homo-

geneous. Assume the roots of the polynomial 1 −
∑a
l=1 φlB

l are outside the unity circle,

which ensures stationarity of the autoregressive part of the model. Also assume Σ = EXiX ′i
is positive definite.

Furthermore, suppose β has s nonzero entries. Similar to Corollary 2 in Zhao and Yu

[2006], Σ has 1’s on the diagonal and bounded correlation |σjk| ≤ c/(2s− 1) for a constant

0 < c < 1 then Strong Irrepresentable Condition holds. In this case, we need autocorrelation

of Yi to be weak, and all the covariates zi are slightly correlated.

Remark 2.4.2. Lasso may fail in the presence of strong serial dependence. Consider two

scalar Gaussian autoregressive, AR(3), models:

yi = 1.9yi−1 − 0.8yi−2 − 0.1yi−3 + ei, (2.4.7)

and

yi = yi−1 − 0.8yi−2 − 0.1yi−3 + ei, (2.4.8)

where ei follows the standard normal distribution. Then AR(3) model (2.4.7) is unit-root

nonstationary, but model (2.4.8) is stationary. We generate 2000 observations from each

of the two models. We choose yi−10, yi−9, ..., yi−1, and x1i, ..., x10,i as regressors, where xli

are i.i.d. standard normal. Figure 2.1 shows the model selection results for scaling vs. not

scaling the predictors.

The default Lasso procedure standardizes each variable in yi. For unit-root non-stationary
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(a) scaling for AR model (2.4.7) (b) not scaling for AR model (2.4.7)

(c) scaling for AR model (2.4.8) (d) not scaling for AR model (2.4.8)

Figure 2.1: Results of Lasso regression for the two AR(3) series in (2.4.7) and (2.4.8) via the
glmnet package of R.
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time series, standardization might wash out the dependence of the stationary part; see Parts

(a) and (b) of Figure 2.1. In this section, we only consider stationary time series for which

scaling the predictors does not affect the estimation consistency of the Lasso estimates; see

Parts (c) and (d) of Figure 2.1.

The following proposition shows a necessary and sufficient condition for a stationary

AR(2) model under which the Strong Irrepresentable Condition (Assumption 2.4.4) holds.

Similar results also hold for the general stationary AR(d) model.

Proposition 2.4.1. Consider the stationary AR(2) model,

yi = φ1yi−1 + φ2yi−2 + ei,

where ei are i.i.d. random variates with mean zero and finite variance. We also normalize

yi such that the variance of yi is 1. Then, the Strong Irrepresentable Condition (Assumption

2.4.4) holds if and only if

|φ1|+ |φ2| < 1. (2.4.9)

2.5 Simulation Study

In this section, we use simulation to demonstrate the performance of Lasso regression for

dependent data in finite samples and to compare its efficacy with the mixed-frequency data

sampling regression (MIDAS) commonly used in the econometric literature; see Ghysels

et al. [2004]. In addition, we also compare the model selection consistency and parameter

estimation of Lasso estimator and Dantzig estimator for dependent data in finite samples.
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We first consider the following data generating process,

yi = φyi−1 +XT
i−1,1βs + ei,

Xi =

Xi,1
Xi,2

 =
m∑
j=1

Aj

Xi−j,1
Xi−j,2

+ ηi, (2.5.1)

where φ = 0.6 and each element of βs is given by βs,j = 1√
s
(−1)j , Xi,1 is a s× 1 vector of

relevant variables. Let β = (βs, βsc), where βsc = 0 is a (p − s) × 1 vector. The errors ei

and ηij are i.i.d random variables of Student-t distribution with 5 degrees of freedom, and

ei and ηi are all mutually uncorrelated. The explanatory variable process Xi, which has

p − s irrelevant variables, follows a vector autoregressive, VAR(m), model. The following

two choices of Xi are considered, denoted as Model 1 and Model 2, respectively.

(a). Model 1: The explanatory process Xi is a VAR(4) process, where A1 and A4 assume

a block-diagonal structure and A2 = A3 = 0. In particular, the first two and the last

two blocks are 5× 5 matrices with all entries of the blocks of A1 equal to 0.15 and all

entries of the blocks of A4 equal to −0.1. The other blocks are 10×10 matrices with all

elements of the blocks of A1 equal to 0.075 and all elements of the blocks of A4 equal

to −0.05. This structure could be motivated by a model built for mixed-frequency

data with some quarterly time series often encountered in macroeconomic analysis.

(b). Model 2: The explanatory process Xi follows a VAR(1) model, where A1 is block-

diagonal with the same block structure given by Model 1. The (j, k)th entry of the

block is (−1)|j−k|ρ|j−k|+1 with ρ = 0.4. Hence, the entries decrease exponentially fast

with their distances from the diagonal.

We employ sample sizes n = 50, 100, 200 with different choices of p and s. We set

p = 100, 200, 400 and s = 5, 10, 20. For comparison, we also simulate a response series from

a MIDAS model. In Model (2.5.1), for s = 5, 10, 20, let βs = β(1), (β(1)T , β(2)T )T or
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(β(1)T , β(2)T , β(3)T )T respectively, with

βj(l) =
exp(δ1j + δ2j

2)∑|β(l)|0
k=1 exp(2δ1k + 2δ2k2)

(2.5.2)

where β(1) and β(2) have 5 variables, β(3) has 10 variables, and δ = (δ1, δ2)′ = (0.5,−1)′.

All the other settings are the same as before. The two choices of Xi as in Models 1 and

2 are used, and we denote the resulting MIDAS models as Models 3 and 4, respectively.

The models estimated by Lasso are with λ selected by the BIC; see Bühlmann and Van

De Geer [2011]. The consistency of Lasso estimator selected by BIC was first proved by Zou

et al. [2007] under the case p < n. Then, Tibshirani and Taylor [2012] studied the effective

degrees of freedom of the Lasso when p > n. It is interesting to investigate the theoretical

justification of the consistency of the BIC criterion for Lasso under the time series setting.

We leave this to future work. We also employed models with λ selected by cross validation

but found that cross-validation does not improve the results while being considerably much

slower in computation. For the models estimated by MIDAS, we only consider Exponential

Almon lag polynomial weighting scheme (see (2.5.2)) for the first 100 variables and impute

the true values as initial values.

Table 2.1 shows the average of absolute error (AE), the average of root mean squared

error (RMSE) for the Lasso estimators and MIDAS estimators over the 10,000 Monte Carlo

simulations for the data generating processes used. The AE and the RMSE are defined as,

AE =
1

MC

MC∑
l=1

|(φ̂; β̂)− (φ; β)|1,

RMSE =

√√√√ 1

MC

MC∑
l=1

|(φ̂; β̂)− (φ; β)|22,

where MC denotes the number of Monte Carlo repetitions. From the table, it is clear that

both the AE and RMSE measures show that the Lasso regression provides substantially more
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accurate parameter estimation than the mixed-frequency data sampling regression (MIDAS)

in the presence of irrelevant variables. Also, as expected, the AE and the RMSE of the

estimators decrease with n, but increase with s and p.

To evaluate the performance of out-of-sample forecasts, we use the estimated parameters

to compute one-step-ahead forecasts and consider a total of 10 out-of-sample predictions,

denoted by yn+1, . . . , yn+10. Table 2.2 shows the average absolute forecast error (AFE)

and the average root mean squared forecast error (RMSFE) over the 10,000 Monte Carlo

simulations, which are calculated as

AFE =
1

10MC

MC∑
l=1

10∑
k=1

|ŷn+k − yn+k|,

RMSFE =

√√√√ 1

10MC

MC∑
l=1

10∑
k=1

|ŷn+k − yn+k|2.

The forecasting results in Table 2.2 show that the Lasso regression has smaller AE and

RMSFE than the MIDAS in all settings. Furthermore, the results show clearly that the

performance of the Lasso regression and the MIDAS improves with the sample size, but

deteriorates as the number of relevant variables s increases. Finally, both AE and RMSFE

of the Lasso regression decrease faster than those of MIDAS as the sample size n increases.

As a matter of fact, the AE and the RMSFE of the MIDAS remain high even when n = 200.

Since we only fit MIDAS through the first 100 variables, the performance of the MIDAS

does not change as p increases. Overall, in the presence of irrelevant variables, the Lasso

regression significantly outperforms the MIDAS regression.

Next, we compare the model selection and parameter estimation of Lasso estimator and

Dantzig estimator for dependent data. We use the same data generating process (2.5.1),

where φ = 0.6 and Xi,1 is a s × 1 vector of relevant variables. Here, we set each element

of βs by βs,j = 3(−1)j . Model 1 and Model 2 defined before are chosen for Xi. Table 2.3

shows the number of noise covariates that are selected (False Positive), the number of signal
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Table 2.1: Accuracy in Parameter Estimation of Lasso Regression and Mixed-Frequency
Data Sampling Regression. The results are based on 10,000 repetitions, where AE and
RMSE denote the average of mean absolute errors and average of root mean square errors
over Monte Carlo repetitions and parameters. In the table, s, p, and n denote the number
of non-zero parameters, the dimension of regressors, and sample size, respectively.

s n Absolute Error (AE) ×102 Root Mean Square Error (RMSE) ×102
Lasso MIDAS Lasso MIDAS

p
100 200 400 100 200 400 100 200 400 100 200 400

Model 1

5
50 2.44 2.64 2.84 6.63 6.64 6.67 3.08 3.75 4.55 3.73 4.44 5.29
100 1.89 2.07 2.22 6.24 6.26 6.28 2.79 3.44 4.21 3.64 4.33 5.15
200 1.27 1.49 1.70 5.91 5.91 5.94 2.28 2.92 3.71 3.56 4.23 5.04

10
50 4.60 4.99 5.30 8.26 8.31 8.32 3.66 4.45 5.38 4.09 4.88 5.80
100 3.69 4.11 4.39 7.86 7.88 7.90 3.36 4.17 5.10 4.02 4.78 5.69
200 2.28 2.74 3.29 7.50 7.55 7.56 2.65 3.39 4.42 3.96 4.71 5.60

20
50 7.83 8.81 8.93 10.76 10.82 10.83 4.08 5.00 6.00 4.42 5.26 6.26
100 6.56 7.33 7.70 10.38 10.43 10.44 3.84 4.75 5.77 4.35 5.18 6.16
200 4.69 5.55 6.56 10.08 10.12 10.15 3.31 4.21 5.40 4.30 5.12 6.09

Model 2

5
50 0.95 1.14 1.38 4.95 4.97 4.99 2.02 2.53 3.19 3.31 3.94 4.70
100 0.54 0.60 0.67 4.55 4.58 4.58 1.56 1.92 2.36 3.18 3.79 4.50
200 0.34 0.36 0.38 4.20 4.21 4.22 1.26 1.53 1.87 3.06 3.64 4.33

10
50 1.91 2.40 2.92 5.46 5.46 5.46 2.54 3.26 4.18 3.53 4.20 4.99
100 1.06 1.24 1.46 5.03 5.07 5.08 1.92 2.41 3.04 3.39 4.04 4.81
200 0.65 0.71 0.79 4.60 4.63 4.65 1.52 1.87 2.31 3.25 3.87 4.61

20
50 3.19 4.21 4.94 6.12 6.15 6.18 2.95 3.85 4.96 3.76 4.48 5.34
100 1.75 2.14 2.59 5.68 5.69 5.70 2.23 2.85 3.64 3.63 4.32 5.15
200 1.07 1.21 1.38 5.26 5.27 5.29 1.77 2.20 2.74 3.51 4.18 4.98

Model 3

5
50 1.71 2.05 2.43 6.57 6.60 6.62 2.62 3.29 4.11 3.74 4.46 5.30
100 0.93 1.06 1.21 6.27 6.31 6.33 2.03 2.54 3.18 3.65 4.35 5.18
200 0.57 0.63 0.69 6.17 6.20 6.21 1.62 2.02 2.50 3.61 4.30 5.11

10
50 3.74 4.47 5.07 8.41 8.44 8.46 3.34 4.17 5.16 4.13 4.92 5.86
100 2.06 2.52 3.00 8.20 8.24 8.25 2.59 3.32 4.25 4.08 4.85 5.77
200 1.20 1.38 1.58 8.10 8.14 8.16 2.00 2.52 3.18 4.05 4.82 5.73

20
50 7.23 8.77 9.38 11.02 11.07 11.09 3.90 4.88 5.95 4.47 5.32 6.32
100 4.45 5.81 7.01 10.92 10.97 11.00 3.22 4.16 5.32 4.43 5.28 6.28
200 2.53 2.93 3.50 10.87 10.93 10.95 2.49 3.11 3.97 4.42 5.26 6.26

Model 4

5
50 1.39 1.58 1.78 5.14 5.16 5.16 2.49 3.10 3.83 3.47 4.13 4.90
100 0.96 1.05 1.12 4.58 4.59 4.59 2.12 2.63 3.22 3.31 3.95 4.69
200 0.71 0.77 0.83 4.22 4.23 4.25 1.83 2.28 2.81 3.23 3.85 4.58

10
50 2.40 2.79 3.14 6.03 6.07 6.10 2.90 3.64 4.54 3.80 4.53 5.39
100 1.67 1.86 2.02 5.50 5.53 5.55 2.47 3.08 3.80 3.69 4.39 5.23
200 1.23 1.38 1.50 5.13 5.15 5.16 2.11 2.65 3.30 3.62 4.31 5.13

20
50 3.68 4.58 4.97 6.88 6.93 6.93 3.22 4.09 5.14 4.06 4.84 5.75
100 2.43 2.77 3.06 6.38 6.42 6.45 2.71 3.41 4.25 3.96 4.72 5.62
200 1.78 2.00 2.22 6.04 6.08 6.08 2.32 2.91 3.66 3.91 4.66 5.55
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Table 2.2: Performance of Out-of-sample predictions of Lasso regression and mixed frequency
data sampling regression (MIDAS). The results are based on 10 one-step ahead predictions
and 10,000 iterations, where AFE and RMSFE denote the average absolute forecast errors
and root mean squared forecast errors, respectively, and s, p, and n are the number of non-
zero parameters, the dimension of regressors, and sample size. For MIDAS, the maximum p
is fixed at 100.

s n Absolute Error (AE) ×102 Root Mean Square Forecast Error (RMSFE) ×102
Lasso MIDAS Lasso MIDAS

p
100 200 400 100 200 400 100 200 400 100 200 400

Model 1

5
50 120.0 125.8 130.3 169.2 161.5 162.3 147.2 153.8 158.8 206.0 197.4 198.0
100 102.7 106.6 110.7 162.2 156.7 156.4 127.7 132.3 136.9 197.7 191.7 191.3
200 86.9 90.6 95.4 156.8 152.4 153.2 109.7 114.1 119.4 191.4 186.7 187.4

10
50 151.6 159.6 166.4 185.0 178.8 179.9 185.2 194.3 202.0 225.9 218.6 219.9
100 125.6 133.9 141.7 177.6 171.6 172.3 155.1 164.9 173.8 216.9 210.1 211.4
200 96.0 101.9 112.2 171.9 167.7 168.2 120.3 127.2 139.3 210.2 206.1 206.3

20
50 177.7 188.8 195.0 205.0 200.0 199.9 216.1 229.2 236.2 250.2 244.5 244.1
100 150.2 162.2 170.0 195.8 191.7 191.1 184.0 198.5 207.7 239.5 235.0 234.4
200 118.6 128.7 145.1 190.1 185.9 188.2 146.7 159.2 178.4 232.4 228.4 230.5

Model 2

5
50 96.4 101.8 107.2 147.3 148.8 148.5 119.7 125.5 131.7 179.9 181.5 180.9
100 84.1 85.7 88.1 142.1 142.7 142.9 106.2 108.1 110.4 173.3 174.0 174.0
200 78.4 79.6 80.6 138.6 137.6 138.8 99.9 101.5 102.3 169.0 168.1 169.2

10
50 114.1 125.7 140.0 171.5 164.2 163.9 139.9 153.7 169.8 208.0 199.6 199.5
100 90.9 95.3 100.8 156.7 157.9 158.0 114.1 118.7 124.9 190.6 191.9 191.9
200 81.7 83.1 85.3 151.4 151.1 151.9 103.7 105.1 107.6 184.1 183.7 184.5

20
50 126.9 144.5 167.8 178.2 173.1 173.5 155.4 175.9 202.9 216.5 211.1 211.6
100 97.7 105.1 113.7 169.7 164.3 164.7 121.6 130.1 139.9 206.5 200.4 200.9
200 85.3 87.9 91.9 161.7 157.1 158.0 107.8 110.5 115.1 196.9 191.9 192.9

Model 3

5
50 117.4 128.7 140.5 152.9 153.1 153.3 143.0 155.5 168.3 187.5 187.6 187.9
100 89.4 92.8 97.1 144.7 145.0 145.0 112.2 116.0 120.4 144.7 178.2 178.1
200 80.6 81.2 82.8 142.3 141.0 141.1 102.3 103.0 105.0 174.7 173.6 173.5

10
50 154.4 172.5 188.9 178.9 179.1 179.8 185.9 206.0 224.6 218.4 218.8 219.7
100 103.1 112.9 124.3 171.2 171.3 170.6 127.9 138.7 152.2 209.7 209.5 209.1
200 84.7 88.2 91.0 166.9 168.2 167.4 107.1 111.1 114.3 204.7 205.9 205.3

20
50 197.3 224.5 244.3 206.9 205.0 205.3 236.1 266.5 288.4 251.6 249.7 249.8
100 130.9 150.8 172.2 196.6 197.6 196.4 160.2 182.9 207.6 240.2 240.9 239.3
200 97.0 101.2 109.0 193.1 193.8 193.7 121.2 125.9 134.8 236.5 237.4 237.1

Model 4

5
50 103.0 108.7 113.2 131.7 131.9 130.9 126.8 133.3 138.2 162.6 162.9 161.7
100 88.4 90.4 92.9 121.6 122.0 121.5 110.9 113.0 115.8 150.9 151.5 150.8
200 81.3 82.6 83.4 118.0 117.1 116.8 103.3 104.4 105.4 147.0 145.7 145.2

10
50 117.6 126.6 136.2 148.6 148.5 148.5 144.1 154.4 165.7 183.7 183.0 183.0
100 95.8 99.8 103.4 139.4 139.5 139.3 119.8 124.2 128.2 172.5 172.6 172.3
200 84.9 87.5 89.7 134.2 135.0 134.7 107.3 110.1 112.7 166.5 167.3 167.0

20
50 132.2 148.5 162.3 163.8 164.7 163.7 161.3 180.2 196.3 201.7 202.7 201.6
100 102.4 108.9 115.4 154.2 154.0 154.7 127.2 134.8 142.3 190.6 190.7 190.9
200 88.6 92.1 96.2 150.0 149.8 150.2 111.7 115.7 120.2 185.8 185.4 185.7
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covariates that are not selected (False Negative), the average of root mean squared error

(RMSE) for the Lasso estimators and the Dantzig estimators over the 10,000 Monte Carlo

simulations for the data generating processes used. As expected, False Positive and RMSE

decrease with n, but increase with s and p. False Negative for both methods are almost

the same. In terms of False Negative and RMSE, Lasso estimator substantially outperforms

the Dantzig selector. Dantzig selector might be more sensitive to heavy tails and outliers,

since Dantzig selector uses L∞ norm. The rate of convergence for Lasso estimator in this

chapter is faster than that for Dantzig selector in Wu and Wu [2016]. They built L∞ type

rate of convergence for Dantzig estimator, which is related to the unknown L1 norm of

true coefficients and matrix L1 norm of population matrix. In this section, we overcome

this weakness and achieve the same bounds for Lasso regression under i.i.d. data, but with

different requirements for regularization parameter λ and sample size n.

2.6 Empirical Analysis

2.6.1 Predicting GDP growth

We consider the problem of predicting the growth rate of U.S. quarterly gross domestic prod-

uct (GDP). In addition, nine (9) macroeconomic variables with different sampling frequencies

are also available. The data are obtained from the St. Louis Federal Reserve Economic Data

website. The predictive regression used is

yi = φ0 + φ1yi−1 + · · ·+ φayi−a +
9∑
l=1

Bl∑
b=0

βl,bzl,i×ml−b + ei (2.6.1)

where a and Bl are nonnegative integers, Yi is the growth rate (first difference of natural

logarithm) of U.S. quarterly seasonally adjusted real GDP and zl,·’s are the high-frequency

covariates with frequency ml, e.g., ml = 3 for monthly data. The nine covariates considered

in this study are: z1,· is the change of monthly civilian unemployment rates, z2,· is the
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Table 2.3: Accuracy in Model Selection and Parameter Estimation of Lasso Estimator and
Dantzig Estimator for Linear Regression. The results are based on 10,000 repetitions, where
RMSE denote the average of root mean square errors over Monte Carlo repetitions and pa-
rameters. In the table, s, p, and n denote the number of non-zero parameters, the dimension
of regressors, and sample size, respectively.

s n Model 1 Model 2
Lasso Dantzig Lasso Dantzig

p
100 200 400 100 200 400 100 200 400 100 200 400

False Negative

5
50 0.077 0.20 0.67 0.072 0.28 0.73 0 0 0.003 0 0 0.002
100 0 0 0.01 0 0 0.04 0 0 0 0 0 0
200 0 0 0 0 0 0 0 0 0 0 0 0

10
50 0.67 2.07 4.28 0.81 2.50 4.04 0.011 0.14 0.79 0.045 0.17 0.95
100 0 0.004 0.11 0 0.006 0.15 0 0 0 0 0 0
200 0 0 0 0 0 0 0 0 0 0 0 0

20
50 4.65 7.45 9.61 4.83 7.29 10.1 1.94 5.70 7.18 2.48 5.45 8.34
100 0 0.21 2.27 0.03 0.28 2.14 0 0 0.029 0 0.002 0.052
200 0 0 0 0 0 0 0 0 0 0 0 0

False Positive

5
50 10.9 15.0 22.5 15.85 24.20 32.0 5.25 8.01 11.5 6.45 13.3 21.7
100 5.30 8.97 13.6 8.03 14.11 19.8 2.05 3.02 4.00 4.14 7.43 9.91
200 1.63 3.01 4.95 3.66 6.25 9.52 0.49 0.79 1.31 2.88 3.56 5.03

10
50 13.7 23.2 29.1 19.2 32.5 37.5 10.8 18.2 23.5 13.8 23.4 32.3
100 8.69 15.2 23.8 12.4 23.6 30.9 4.60 7.46 9.52 9.01 13.5 18.9
200 2.12 4.96 7.24 4.02 8.17 10.6 1.08 2.05 3.68 3.37 6.09 10.75

20
50 17.6 26.9 31.8 28.9 37.4 39.8 16.5 25.3 30.0 21.3 28.8 37.3
100 12.0 23.1 25.0 16.6 30.2 30.5 8.21 16.2 23.9 14.0 24.7 31.1
200 3.99 7.01 10.6 5.84 10.2 15.1 2.49 4.05 8.46 8.22 11.3 16.2

RMSE

5
50 1.78 2.63 3.88 2.06 2.76 4.07 0.80 0.98 1.17 0.88 1.04 1.21
100 0.87 1.04 1.19 0.95 1.02 1.27 0.44 0.48 0.54 0.50 0.52 0.57
200 0.69 0.64 0.70 0.61 0.80 0.83 0.33 0.33 0.34 0.42 0.39 0.41

10
50 4.53 7.49 9.22 5.50 7.79 9.29 1.83 3.02 5.67 2.43 3.74 6.39
100 1.52 1.76 2.78 1.59 2.00 2.41 0.76 0.84 0.96 0.90 0.96 1.09
200 0.97 1.01 1.09 0.94 1.21 1.24 0.55 0.56 0.58 0.69 0.70 0.68

20
50 10.6 13.3 14.4 11.1 13.3 14.5 8.48 12.8 15.1 9.58 13.0 15.3
100 2.61 4.06 8.25 3.53 5.55 8.95 1.46 1.81 2.71 2.21 2.67 3.98
200 1.46 1.65 1.78 1.69 1.76 1.91 0.91 0.94 1.00 1.13 1.22 1.31
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growth rate of monthly all employees total payrolls, z3,· is the growth rate of monthly

industrial production total index, z4,· is the growth rate of monthly consumer price index,

z5,· is the growth rate of monthly Moody’s Seasoned Baa Corporate Bond Yields, z6,· is the

change of daily 3-Month Treasury Bill Secondary Market Rate, z7,· is the change of daily

10-Year Treasury Constant Maturity Rate, z8,· is the change of daily NASDAQ Composite

Index, and z9,· is the change of daily Wilshire 5000 Total Market Full Cap Index. The

transformations of all variables are based on those of Stock and Watson [2002]. Note that

all data are seasonally adjusted if necessary, and the explanatory variables are monthly or

daily data. For daily variables z6,· and z7,·, we only use data of the first 16 trading days in

a month. For daily variables z8,· and z9,·, we only use data of the first 15 trading days. The

sampling period was from January 1980 to February 2017, but the prediction origin started

with the second quarter of 2013 and ended with the first quarter of 2017. There was no

trading activities during weekends and holidays, and there exist some missing data in the

trading activities. Trading days for each month varies. We choose the first 15 or 16 trading

days simply because they are the minimum number of trading days available for each month

(mainly February).

Two types of empirical analysis are entertained. First, we consider a linear model with

all explanatory variables and estimated by the Lasso procedure. For comparison, we include

a model with all explanatory variables except the NASDAQ Composite Index and Wilshire

5000 Total Market Full Cap Index, estimated by the MIDAS regression (denoted by MIDAS-

B model), a model with monthly all-employees total payrolls as the only explanatory variable,

also estimated by MIDAS (denoted by MIDAS-A model), and a simple ARMA model of

the GDP growth rates (denoted by ARMA model). We use BIC to select the number

of autoregressive lags (a) and the lags (Bl) of explanatory variables. The Lasso tuning

parameter λ is also chosen by the BIC; see Bühlmann and Van De Geer [2011]. Here

we aggregate daily explanatory variables z6 and z7 to weekly frequency for the MIDAS

regression.
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Table 2.4 shows the median absolute deviation (MAD), the mean absolute error (MAE),

and the root mean squared error (RMSE) for the prediction period. From the table, it is

clear that the Lasso based model outperforms all the other models in this particular instance.

The poor performance of MIDAS-B is likely due to using too many explanatory variables

with multiple sampling frequencies.

Figure 2.2 displays the cumulative absolute errors and the cumulative squared errors for

different models in predicting the GDP growth rate. It shows clearly that the Lasso model

is the best one. The MIDAS-A model also improves the prediction errors over the simple

ARMA model. However, the MIDAS-B model fares poorly. Consequently, unlike the Lasso

model, the MIDAS regression is not robust to the presence of irrelevant regressors. In fact,

the MIDAS regression is also sensitive to the weighting schemes and the starting points of

its optimization program.

Table 2.4: Results of out-of-sampling prediction of U.S. quarterly real GDP growth rate.
The data span is from 1980 to February 2017, but the forecast origins start from the second
quarter of 2013 to the first quarter of 2017. All measurements are multiplied by 103. In the
table, MAD, MAE, and RMSE are the median absolute error, mean absolute error, and root
mean squared error, respectively.

Model MAD MAE RMSE
ARMA 3.175 3.486 4.319
Lasso 2.328 2.845 3.491
MIDAS-A 2.463 3.264 4.245
MIDAS-B 4.089 7.143 9.920

Turn to comparison between forecasting and now-casting. Recall that the goal of now-

casting is to take advantages of available high-frequency data to improve the prediction of

lower-frequency variables of interest. For the quarterly GDP growth rate, during the quarter

of interest, some monthly macroeconomic variables and even some daily economic variables

become available, now-casting attempts to update the GDP prediction by incorporating

those newly available high-frequency explanatory variables. In this exercise, we consider

now-casting with the first month data within the quarter available and the first two months
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Figure 2.2: Panel (a): Cumulative absolute errors. Panel (b): Cumulative squared errors.
MIDAS-A represents the MIDAS regression model using only monthly all-employees total
payrolls as the explanatory variable. MIDAS-B represents the MIDAS regression model with
seven regressors z1,·, · · · , z7,·, where z6,· and z7,· are aggregated into weekly data.
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data available.

For comparison purpose, we employ an autoregressive (AR) model

yi = φ0 + φ1yi−1 + · · ·+ φayi−a + εi, (2.6.2)

as a benchmark for prediction. The AR order is selected by the BIC in the modeling

subsample and is assumed to be fixed in the forecasting subsample. The AR model in

Equation (2.6.2) is estimated by two ways. First, it is estimated by the ordinary least squares

method and we denote the model by AR-OLS. Second, assuming sparsity, we estimate the AR

model via Lasso method with the tuning parameter λ also selected by BIC. The forecasting

result of this model is denoted by AR-Lasso. These two models represent the performance

of forecasting.

For now-casting, we augment the AR model in Equation (2.6.2) with all explanatory

variables available in the first month of the quarter and denote the results by Now-casting 1.

Similarly, if we augment the AR model with all explanatory variables available in the first

two months of the quarter, then the results are denoted by Now-casting 2. Specifically, for

now-casting, we employ the model

yi = φ0 + φ1yi−1 + · · ·+ φayi−a + βTXi + εi,

where Xi denotes the available high-frequency explanatory variables. For Now-casting 1, Xi

consists of data of the first month into a given quarter whereas for Now-casting 2, it consists

of data of the first two months into a given quarter. In this exercise, we use all monthly and

daily high-frequency variables z1,·, · · · , z9,·. We denote the results for MIDAS regression as

MIDAS-C Now-casting 1 and MIDAS-C Now-casting 2, respectively. Finally, we also employ

a MIDAS regression that only uses explanatory variables z1,·, · · · , z7,· in the now-casting and

denote the results as MIDAS-D.

Table 2.5 summarizes the performance of now-casting in predicting U.S. quarterly GDP
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growth rates in the forecasting period. From the table, we make the following observations.

First, as expected, now-casting fares better than forecasting. The only exception is MIDAS-D

now-casting. Second, also as expected, Now-casting 2 shows some improvement over Now-

casting 1 for a given model. Keep in mind, however, Now-casting 1 is available one month

into a quarter whereas Now-casting 2 needs to wait for an additional month. Third, from the

performance of MIDAS-C and MIDAS-D, the stock market indexes do not seem to be helpful

in predicting the GDP growth rate. In real applications, there exist many high-frequency

explanatory variables, but their contributions to predicting the low-frequency variable of

interest in unknown a priori. In this situation, the results obtained in this section suggest

that the Lasso regression could be helpful.

Figure 2.3 shows both the Lasso model and the MIDAS-B model improve the prediction

via now-casting. But when irrelevant variables exist, MIDAS regression might encounter

some difficulties.

Table 2.5: Comparison between forecasting and now-casting in predicting the U.S. quarterly
real GDP growth rate. The data span is from 1980 to February 2017, but the forecast
origins are from the second quarter of 2013 to the first quarter of 2017. All measurements
are multiplied by 103. In the table, MAD, MAE, RMSE are the median absolute deviation,
mean absolute error, and root mean squared error, respectively.

Model MAD MAE RMSE
AR-OLS 2.865 3.400 4.242
AR-Lasso 3.327 3.448 4.174
Lasso Now-casting 1 2.731 3.278 3.962
Lasso Now-casting 2 2.834 3.247 3.941
MIDAS-C Now-casting 1 4.181 5.102 6.507
MIDAS-C Now-casting 2 5.108 5.666 6.430
MIDAS-D Now-casting 1 3.670 3.561 4.125
MIDAS-D Now-casting 2 2.784 3.279 4.048

2.6.2 Nowcasting PM2.5

Consider next the prediction of PM2.5. The response y is the square-root transformed daily

maximum of PM2.5. Hourly data of a monitoring station in the southern part of Taiwan
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Figure 2.3: Panel (a): Cumulative absolute errors. Panel (b) Cumulative squared errors.
MIDAS-D represents the MIDAS regression model with seven regressors z1,·, ..., z7,·. MIDAS-
C represents the MIDAS regression model with nine regressors z1,·, ..., z9,·. Now-casting 1
and Now-casting 2 represent predicting quarterly GDP growth rate when the first month
and the first two months data are available, respectively.
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are used. To see the nowcasting effects, we consider adding 6 covariates, which are the first

6 hourly PM2.5 readings of the same day, starting from midnight. The time period is from

2006 to 2015 so that there are 3650 observations. (Feb 29 was dropped.) We reserve the last

730 data points (2 years) for one-step ahead out-of-sample forecasts.

For comparison purpose, we first consider the square-root PM2.5 (i.e. response y) as a

pure time series. An AR(22) model is selected. Thus, the baseline model is a univariate

AR(22). We denote the model by AR-OLS. For now-casting, we augment the AR model by

the first 6 hourly readings. If we augment the AR model with the first hourly PM2.5 reading,

then the results are denoted by Now-casting 1. Similarly, if we augment the AR model with

the first two hourly PM2.5 readings, then the results are denoted by Now-casting 2, so on

so forth. We denote the results for autoregressive model with exogenous variables as ARX

Now-casting 1, ARX Now-casting 2, etc. We use BIC to select the number of autoregressive

lags. The Lasso tuning parameter λ is also chosen by the BIC.

Table 2.6 summarizes the performance of now-casting in predicting daily maximum of

PM2.5. From the table, we make the following observations. First, as expected, now-casting

outperforms forecasting. Second, also as expected, for a given model, Now-casting 2 shows

some improvement over Now-casting 1, Now-casting 3 shows some improvement over Now-

casting 2, so on so forth. Third, of most interest, Lasso estimator significantly outperforms

the ARX model and the benchmark model. In short, Lasso regression seems to be helpful

in applying now-casting to PM2.5.

2.7 Deferred Proofs

2.7.1 Lemmas

We start with some lemmas that are useful in deriving the main results of the paper.

Lemma 2.7.1. Assume that ‖e.‖q,α < ∞, where q > 2 and α > 0,
∑n
i=1w

2
i = n. Let

w = (w1, ..., wn), ςn = 1 (resp. (log n)1+2q or nq/2−1−αq) if α > 1/2− 1/q (resp. α = 0 or
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Table 2.6: Comparison between forecasting and now-casting in predicting the daily maximum
of PM2.5. The data span is from 2006 to 2015, and the forecast origins are from 2013 to the
end of 2015.(Feb 29 was dropped). In the table, MAE, RMSE are the mean absolute error,
and root mean squared error for one-step ahead predictions, respectively.

Model MAE RMSE
AR-OLS 1619.6 73.71
ARX Now-casting 1 975.9 46.54
ARX Now-casting 2 940.9 44.92
ARX Now-casting 3 904.2 43.40
ARX Now-casting 4 879.7 42.31
ARX Now-casting 5 850.6 41.24
ARX Now-casting 6 835.3 40.31
Lasso Now-casting 1 659.3 31.74
Lasso Now-casting 2 628.4 30.58
Lasso Now-casting 3 623.2 30.72
Lasso Now-casting 4 600.7 29.63
Lasso Now-casting 5 595.0 29.49
Lasso Now-casting 6 576.3 28.47

α < 1/2− 1/q). Then for all x > 0, Sn =
∑n
i=1wiei,

P(|Sn| ≥ x) ≤ K1
ςn|w|qq‖e.‖qq,α

xq
+K2 exp

(
− K3x

2

n‖e.‖22,α

)

where K1, K2, K3 are constants that depend only on q and α.

Proof. See Wu and Wu [2016] Theorem 2.

Lemma 2.7.2. Assume ‖|x.|∞‖q,α < ∞, where q > 2 and α > 0, and Ψ2,α < ∞,∑n
i=1w

2
i = n. Let w = (w1, ..., wn) and Tn =

∑n
i=1wixi. (i) If α > 1/2 − 1/q, then

for x &
√
n log pΨ2,α + |w|q(log p)3/2‖|x.|∞‖q,α,

P(|Tn|∞ ≥ x) ≤
Kq,α|w|qq(log p)q/2‖|x.|∞‖qq,α

xq
+Kq,α exp

(
−
Kq,αx

2

nΨ2
2,α

)
. (2.7.1)

(ii) If 0 < α < 1/2− 1/q, then for x &
√
n log pΨ2,α + n1/2−α−1/q|w|q(log p)3/2‖|x.|∞‖q,α,

P(|Tn|∞ ≥ x) ≤
Kq,αn

q/2−1−αq|w|qq(log p)q/2‖|x.|∞‖qq,α
xq

+Kq,α exp

(
−
Kq,αx

2

nΨ2
2,α

)
,(2.7.2)
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where Kq,α is a constant that depends on q and α only.

Proof. The lemma can be shown following similar arguments as those in the proof of Zhang

and Wu [2017] Theorem 6.2. Details are omitted.

Lemma 2.7.3. Let A and B denote two positive semi-definite, s-dimensional square matri-

ces. If max1≤j,k≤s
∣∣Ajk −Bjk∣∣ ≤ δ, then inf |ζ|2=1 ζ

′Bζ > inf |ζ|2=1 ζ
′Aζ − sδ.

Proof. See Lemma 3 of Medeiros and Mendes [2016].

Lemma 2.7.4. For linear model Y = Xβ+e, assume that the matrix XT
(1)
X(1) is invertible.

Then for any given λ > 0, and any noise term e ∈ Rn, there exists a Lasso estimator β̂(λ)

which satisfies β̂(λ) =s β, if and only if the following two conditions hold

sign

(
β(1) + (

1

n
XT
(1)X(1))

−1
[

1

n
XT
(1)e− λsign(β(1))

])
= sign(β(1)),∣∣∣∣XT

(2)X(1)(X
T
(1)X(1))

−1
[

1

n
XT
(1)e− λsign(β(1))

]
− 1

n
XT
(2)e

∣∣∣∣ ≤ λ,

where the vector inequality and equality are taken elementwise, β(1) and β(2) denote the first

s and last p− s entries of β respectively.

Proof. See Wainwright [2009].

2.7.2 A general theorem of estimation error for weak sparsity

Lemma 2.7.5. Define ∆̂ = β̂ − β, where β satisfies weakly sparsity condition (Assumption

1), i.e.,
∑p
j=1 |βj |

θ ≤ Kθ for 0 ≤ θ < 1. Suppose ∆̂Σ̂∆̂ ≥ κ|∆̂|22, where κ is a positive

constant that does not depend on ∆̂. Choose λ ≥ 2|n−1
∑n
i=1 xiei|∞. Then we have for

some constants C1, C2,

|∆̂|22 ≤ C1Kθ

(
λ

κ

)2−θ
, (2.7.3)

|∆̂|1 ≤ C2Kθ

(
λ

κ

)1−θ
. (2.7.4)
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This result is deterministic and non-asymptotic. The statistical performance of β̂ relies

on the restricted eigenvalue condition properties of sample covariance Σ̂.

Proof. This result is just a simple application of the theoretical framework established in

Negahban et al. [2012], for the sake of brevity, we omitted the detailed proof here.

2.7.3 Proof of Theorem 2.3.1

Proof. Recall Σ̂ = (σ̂jk)1≤j,k≤p = 1/n
∑n
i=1 xix

T
i = n−1XTX, Σ = (σjk)1≤j,k≤p. Define

the events

A = {|Σ̂− Σ|∞ ≤ a} = {max
j,k
|σ̂jk − σjk| ≤ a}, (2.7.5)

B = {n−1
∣∣∣XT e

∣∣∣
∞
≤ λ/2}. (2.7.6)

The first step is to control the probability P(Ac) and P(Bc). By Hölder’s inequality, we

have for m ≥ 0 that

∞∑
l=m

‖xljel − x∗lje
∗
l ‖τ ≤

∞∑
l=m

(
‖xlj(el − e∗l )‖τ + ‖(xlj − x∗lj)e

∗
l ‖τ
)

=
∞∑
l=m

(
‖xlj‖γ‖el − e∗l ‖q + ‖xlj − x∗lj‖γ‖e

∗
l ‖q
)
.

Since α = min(αX , αe), the dependence adjusted norm satisfies

‖x.je.‖τ,α ≤ ‖x.j‖γ,0‖e.‖q,αe + ‖x.j‖γ,αX‖e.‖q,0 ≤ 2‖x.j‖γ,αX‖e.‖q,αe . (2.7.7)

Similarly, we have

‖x.jx.k − σjk‖γ/2,αX/2 ≤ 2‖x.j‖γ,αX‖x.k‖γ,αX , (2.7.8)
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Hence,

max
1≤j≤p

‖x.je.‖τ,α ≤ 2MeMX , (2.7.9)

max
1≤j,k≤p

‖x.jx.k − σjk‖γ/2,αX/2 ≤ 2M2
X . (2.7.10)

Employing a similar derivation, we can show that,

‖ max
1≤j≤p

|x.je.|‖τ,α ≤ 2‖|x.|∞‖γ,αXMe, (2.7.11)

‖ max
1≤j,k≤p

|x.jx.k − σjk|‖γ/2,αX/2 ≤ 2‖|x.|∞‖2γ,αX . (2.7.12)

Note that MX ≤ ‖|x.|∞‖γ,αX ≤ Υγ,αX .

If τ > 2, for λ &
√

log p/nMeMX + nρ/τ−1(log p)3/2Me‖|x.|∞‖γ,αX , adopting (2.7.9),

(2.7.11) and Lemma 2.7.2, we have,

P(Bc) = C4
nρ(log p)τ/2‖|x.|∞‖τγ,αXM

τ
e

(nλ)τ
+ C5e

−C6nλ
2/(M2

XM
2
e ).

Under our choice of λ, if τ > 2, P(Bc) = C4(log p)−τ + C5p
−C6 . Similarly, we can prove, if

na &
√
n log pM2

X + n2ν/γ(log p)3/2‖|x.|∞‖2γ,αX , P(Ac) = C1(log p)−γ/2 + C2p
−C3 .

Denote ω =
√

log p/nM2
X + n2ν/γ−1(log p)3/2‖|x.|∞‖2γ,αX . Then for some constant

η1 > 0, we have

P
(
∀∆ ∈ Rp,∆′Σ̂∆ ≥ ∆′Σ∆− η1ω|∆|21

)
≥ 1− C1(log p)−γ/2 − C2p

−C3 . (2.7.13)

In other words, with high probability 1− P(Ac), the Restricted Strong Convexity condition

∆′Σ̂∆ ≥ κ|∆|22 − η1ω|∆|
2
1 holds.

Denote ∆̂ = β̂ − β. For a threshold δ > 0, we choose

d = #{j ∈ {1, 2, ..., p}||βj | ≥ δ}.
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Let S = {j : |βj | ≥ δ} and Sc = {j : |βj | < δ}. Applying Lemma 1 in Negahban et al.

[2012], if λ ≥ 2|n−1
∑n
i=1 xiei|∞, it holds that,

|∆̂Sc|1 ≤ 3|∆̂S |1 + 4
∑
j∈Sc

|βj |.

We thus have

|∆̂|1 ≤ |∆̂S |1 + |∆̂Sc|1 ≤ 4|∆̂S |1 + 4
∑
j∈Sc

|βj | ≤ 4
√
d|∆̂S |2 + 4

∑
j∈Sc

|βj |.

If follows that

∑
j∈Sc

|βj | ≤ δ
∑
j∈Sc

( |βj |
δ

)θ
≤ δ1−θKθ. (2.7.14)

Thus

|∆̂|1 ≤ 4
√
d|∆̂S |2 + 4δ1−θKθ.

On the other hand, we have

d ≤
∑
j∈Sc

( |βj |
δ

)θ
≤ δ−θKθ. (2.7.15)

Suppose |∆̂|2 ≥ c1
√
Kθ(λ/κ)1−θ/2 for some constant c1 > 0. Then by (2.7.14) and

(2.7.15), setting δ = λ/κ,

|∆̂|1 ≤ 4
√
d|∆̂S |2 + 4δ1−θKθ

≤ 4
√
Kθ

(
λ

κ

)−θ/2
|∆̂|2 + 4

(
λ

κ

)1−θ
Kθ

≤ 4(1 + c−11 )
√
Kθ

(
λ

κ

)−θ/2
|∆̂|2.
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Recall λmin(Σ) ≥ κ > 0. If 32(1 + c−11 )2η1Kθωλ
−θ ≤ κ1−θ, we will have,

P
(

∆̂′Σ̂∆̂ ≥ 1

2
κ|∆̂|22

)
≥ 1− C1(log p)−γ/2 − C2p

−C3 .

An application of Lemma 2.7.5 shows that for constants c2, c3 > 0, if λ ≥ 2|n−1
∑n
i=1 xiei|∞,

with probability at least 1− C1(log p)−γ/2 − C2p
−C3 ,

|∆̂|2 ≤ c2
√
Kθ

(
λ

κ

)1−θ/2
,

|∆̂|1 ≤ c3Kθ

(
λ

κ

)1−θ
.

When |∆̂|2 ≤ c1
√
Kθ(λ/κ)1−θ/2 for some constant c1 > 0. Then by (2.7.14) and (2.7.15),

setting δ = λ/κ, we can still obtain

|∆̂|1 ≤ 4
√
d|∆̂S |2 + 4δ1−θKθ

≤ 4
√
Kθ

(
λ

κ

)−θ/2
|∆̂|2 + 4

(
λ

κ

)1−θ
Kθ

≤ 4(1 + c1)Kθ

(
λ

κ

)1−θ
.

Therefore, with probability at least 1 − C1(log p)−γ/2 − C2p
−C3 − C4(log p)−τ , we have

bounds (2.3.3) and (2.3.4).

2.7.4 Proof of Theorem 2.3.2

Proof. Applying Theorem 2.3.1 with θ = 0, with probability at least 1 − C1(log p)−γ/2 −

C2p
−C3 − C4(log p)−τ , we have

|β̂ − β|2 .
√
sλ/κ,

|β̂ − β|1 . sλ/κ.
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Since s = Kθ, sω . 1 implies that

n &M4
Xs

2 log p+ s1/(1−2ν/γ)(log p)3/(2−4ν/γ)‖|x.|∞‖
2/(1−2ν/γ)
γ,αX .

Recall the events

A = {|Σ̂− Σ|∞ ≤ a} = {max
j,k
|σ̂jk − σjk| ≤ a},

B = {n−1
∣∣∣XT e

∣∣∣
∞
≤ λ/2}.

Since β̂ minimizes equation (2.1.2), we have

1

2
|Y −Xβ̂|22 + λ|β̂|1 ≤

1

2
|Y −Xβ|22 + λ|β|1. (2.7.16)

After some algebra, this reduces to

(β̂ − β)Σ̂(β̂ − β) + λ|β̂|1 ≤ 2eTX(β̂ − β)/n+ λ|β|1 (2.7.17)

On the event B, the above inequality implies that

0 ≤ (β̂ − β)Σ̂(β̂ − β) ≤ 3

2
λ|β̂J − βJ |1 −

1

2
λ|β̂Jc|1 (2.7.18)

Then inequality (2.7.18) implies that

1

2
λ|β̂ − β|1 + (β̂ − β)Σ̂(β̂ − β) ≤ 2λ|β̂J − βJ |1 ≤ 2λ

√
s|β̂J − βJ |2 (2.7.19)

So (2.3.7) follow on the event A ∩ B.
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2.7.5 Proof of Theorem 2.4.1

Proof. Reall |Σ−111 |2 = 1/N1 and let |Σ̂−111 |2 = 1/N2. Without loss of generality, let J =

support(β) = {1, ..., s}. Let X = (X1, ..., Xn)′ and denote by X(1) and X(2) the first s and

last p−s columns of X. Denote Wn =
∑n
i=1Xiei and Wn(1), Xi,(1), β(1) and Wn(2), Xi,(2),

β(2) the first s and last p − s entries of Wn, Xi and β, respectively. Define b =sign(β(1)).

Let

B = (
1

n
XT
(1)X(1))

−1
[

1

n
XT
(1)e− λb

]
,

Dk = XT
(2),k

{
X(1)(X

T
(1)X(1))

−1λb−
[
X(1)(X

T
(1)X(1))

−1XT
(1) − I

] e
n

}
,

where X(2),k = (X1k, ..., Xnk)T denote the k-th columns of X and s + 1 ≤ k ≤ p. Denote

the j-th element of B as Bj .

By rearranging terms, it is easy to see that the events

B = { max
1≤j≤s

|Bj | < L}, (2.7.20)

D = { max
s+1≤k≤p

|Dk| < λ}, (2.7.21)

are sufficient to guarantee that conditions in Lemma 2.7.4 hold. Then P(β̂ 6=s β) ≤ P(Bc) +

P(Dc).

We first analyze the event D. Recall E(Xik|X(1), e) = [Σ21Σ−111 Xi,(1)]k and zik =

Xik − E(Xik|X(1), e) for s + 1 ≤ k ≤ p. Let ω1 = X(1)(X
T
(1)
X(1))

−1λb, ω2 = [I −

X(1)(X
T
(1)
X(1))

−1XT
(1)

]e/n and ω = ω1 + ω2. Denote Zk = (z1k, ..., znk)T , Uk = ZTk ω and

µk = E(XT
(2),k

ω|X(1), e). Note that EZk = 0 and ωT1 ω2 = 0. Then by the irrepresentable
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condition,

max
s+1≤k≤p

|Dk| = max
s+1≤k≤p

|µk + Uk|

≤ max
s+1≤k≤p

[|µk|+ |Uk|]

≤ (1− η)λ+ max
s+1≤k≤p

|Uk|.

From this inequality, we have

{ max
s+1≤k≤p

|Uk| < ηλ} ⊂ { max
s+1≤k≤p

|Dk| < λ}.

Define the events

A1 = {|Σ̂11 − Σ11|∞ ≤ a} = { max
1≤j,k≤s

|σ̂jk − σjk| ≤ a}, (2.7.22)

A2 = {n−1e2i ≤ 2σ}, (2.7.23)

T = {|ω|22 ≤ δ∗}. (2.7.24)

By Lemma 2.7.3, on the event A1 with a = N1/(2s),

N2 = inf
|ζ|2=1

ζT Σ̂11ζ > inf
|ζ|2=1

ζTΣ11ζ − sa =
N1

2
.

By Lemma 2.7.1,

P

(∣∣∣∣∣
n∑
i=1

(e2i − σ)

∣∣∣∣∣ ≥ nσ

)
≤
n‖e·‖qq,αe
nqσq

+ exp

(
− nσ2

‖e·‖22,αe

)
:= P2

Denote P1 = P(Ac) with a = N1/(2s). We know

ωT1 ω1 = λ2bT (XT
(1)X(1))

−1b ≤ λ2s

nN2
,
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and

ωT2 ω2 ≤
eT e

n2
.

Thus, we have

P(T c) ≤ P
(
ωT1 ω1 ≥

2λ2s

nN1

)
+ P

(
ωT2 ω2 ≥ 2nσ

)
≤ P1 + P2.

By Lemma 2.7.2, if ηλ &
√
δ∗ log pΨ2,αX ,(2)

+ n(ι−1)/γδ1/2∗ (log p)3/2‖|Z·|∞‖γ,αX ,

P
(

max
s+1≤k≤p

|Uk| ≥ ηλ |T
)
≤ C1(log(p− s))−γ + C2(p− s)−C3 := P3.

By the total probability rule, we have

P(Dc) ≤ P
(

max
s+1≤k≤p

|Uk| ≥ ηλ |T
)

+ P(T c) ≤ P1 + P2 + P3.

Now we analyze the event B. Note that |Σ̂−111 b|∞ ≤
√
s|Σ̂−111 |2 =

√
s/N2. Recall λ ≤

nN1L/(4
√
s). On the event A, nL − λ|[Σ̂−111 b]j | ≥ nL(1 − N1/(4N2)) ≥

√
nL/2 for all

1 ≤ j ≤ s. Simple application of the Cauchy inequality shows that

sup
|ζ|2=1

ζT Σ̂−111 Wn(1) ≤ 1

N2

√√√√ s∑
j=1

(
n∑
i=1

xijei)2.
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This yields

B =
s⋂
j=1

{|[Σ̂−111 Wn(1)]j | <
1

2
nL}

= { sup
|ζ|2=1

ζT Σ̂−111 Wn(1) <
1

2
nL}

⊇


√√√√ s∑
j=1

(
n∑
i=1

xijei)2 <
1

2
nLN2


⊇

{
max
1≤j≤s

∣∣∣∣∣
n∑
i=1

xijei

∣∣∣∣∣ < λ

}⋂{
|Σ̂11 − Σ11|∞ ≤

N1

2s

}
.

Thus,

P(Bc) ≤ P(|Wn(1)|∞ ≥ λ) + P1.

By carrying out similar procedures as those in the proof of Theorem 2.3.1, we can control

the probability P1 and P(|Wn(1)|∞ ≥ λ). Then (2.4.5) follows.

2.7.6 Proof of Proposition 2.4.1

Proof. Let γl = Eyiyi−l. Set the candidate lags of this AR(2) model as d. Since γ0 = 1, we

have

Σ11 =

 1 γ1

γ1 1

 ,

and

Σ21 =


γ2 γ1

· · · · · ·

γd−1 γd−2

 .

48



Basic calculation shows that

Σ−111 =

 1
1−γ21

− γ1
1−γ21

− γ1
1−γ21

1
1−γ21

 ,

and

γ1 =
φ1

1− φ2
,

γl = φ1γl−1 + φ2γl−2,

for 2 ≤ l ≤ d.

We first consider the case φ1 > 0 and φ2 > 0. Then the Strong Irrepresentable Condition

|Σ21Σ−111 sign(β(1))|∞ = max
2≤j≤d−1

γj

1− γ21
−
γj−1γ1
1− γ21

−
γjγ1

1− γ21
+

γj−1
1− γ21

< 1

For j = 2, it can be shown that

γj

1− γ21
−
γj−1γ1
1− γ21

−
γjγ1

1− γ21
+

γj−1
1− γ21

< 1

is equivalent to φ1 + φ2 < 1. Then γ1 < 1 and γj < γj−1 for all j ≥ 1. Thus, we have,

|Σ21Σ−111 sign(β(1))|∞ < 1 is equivalent to φ1 + φ2 < 1.

Similarly, we can prove the cases φ1 > 0, φ2 ≤ 0 and φ1 ≤ 0, φ2 > 0 and φ1 ≤ 0, φ2 ≤ 0.
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CHAPTER 3

HIGH DIMENSIONAL GENERALIZED LINEAR MODELS

3.1 Introduction

In recent years, information technology has made high-dimensional time series data increas-

ingly common. The demand for modelling and forecasting such data arises naturally from

market analysis in finance, panel studies in economics, environmental studies, and commu-

nication engineering, among others. In many applications, we often face the challenge of

dealing with a large number of complicated issues such as missing values or heavy tails.

The Lasso regularized method, originally introduced by Tibshirani [1996] and subsequently

investigated by many others, is a popular technique for high-dimensional linear regression

models with sparse coefficients. As a matter of fact, the `1-type penalty of the Lasso can

also be applied to other models in high dimension, including, for example, logistic regres-

sion (Lokhorst [1999]; Roth [2004]; Shevade and Keerthi [2003]; Genkin et al. [2007], among

others), multinomial logistic regression (Krishnapuram et al. [2005]) or Cox regression (Tib-

shirani [1997]) by replacing the `2 loss function by the corresponding negative log-likelihood

function. See also, Li et al. [2018], Dou and Liang [2019], Dou and Anitescu [2019], Liu and

Gao [2017], Liu and Barber [2018], Ha et al. [2018], Liu [2019], among others.

It is well known that if the covariates and/or the errors deviate more wildly from the

sub-Gaussian distribution, the linear regression estimator based on the least squares loss no

longer converges at the optimal rates. Intuitively, an outlier in the covariates may cause

the corresponding M -estimator to behave arbitrarily badly. This motivates the use of gen-

eralized M -estimators that downweight high-leverage observations. In the classical theory

of robust regression in low dimensions, many weighting functions are introduced, such as

Mallows estimator (Mallows [1975]), Hill-Ryan estimator (Hill [1977]), and Schweppe esti-

mator (Merrill and Schweppe [1971]). In this chapter, we focus on heavy-tailed covariates

and heavy-tailed errors for generalized linear model. We also extend the robust M -estimator
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to high-dimensional time series.

Driven by a wide range of contemporary scientific applications, robust regression of high-

dimensional data is of substantial research interest. Indeed, several papers have shed new

light on high dimensional robust M -estimator when the population distribution is heavy

tailed or noisy. Catoni et al. [2012] considered estimation of the mean of heavy-tailed distri-

butions via a robust empirical loss, which is insensitive to extreme values. Cantoni’s mean

estimator is further extended in Brownlees et al. [2015] to empirical risk minimization. Fan

et al. [2016] introduces a simple principle for robust high-dimensional low rank matrix re-

covery via an appropriate shrinkage on the data. Fan et al. [2017] developed estimation

bounds for penalized robust regression with the Huber loss function. Loh [2017] gave a gen-

eral framework for robust regularized M-estimators under both convex and non-convex loss

functions. However, all prior works focused on the setting where samples are i.i.d. To the

best of our knowledge, existing procedures cannot be readily applied to high-dimensional

time series data. The second goal of our study is to provide a solid theoretical guarantee on

the robustness of generalized linear models for serially dependent data

Following the work of Fan et al. [2016], we propose to appropriately shrink the feature

variables before calculating the M-estimator to achieve the robustness for high-dimensional

time series regression. Let Xi be a p-dimensional vector of covariates. If Xi is heavy-tailed,

the basic idea is to truncate each feature Xij(1 ≤ j ≤ p) to a predetermined threshold

level τ . We show that the regularized robust regression functions continue to enjoy good

behavior. Our first contribution is to provide the asymptotic behavior of the estimated GLM

coefficients and the excess risk of the Lasso penalized method for both the original time series

data and shrinkage heavy-tailed data. It is shown that an appropriate truncation does not

induce significant bias. Under only bounded moment conditions for either noise or covariates,

our robust estimator can nearly achieve the error bound for i.i.d. sub-Gaussian data, modulo

a price for temporal dependence. The allowed dimension p can be as large as exp(nc), where

n is the sample size and 0 < c < 1. This means that shrinkage not only overcomes heavy-
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tailed corruption, but also mitigates the curse of dimensionality. Furthermore, unlike the

usual robust quasi-likelihood estimators in low dimension, which is non-convex, our method

still maintains convexity, thus has certain computational advantages.

In addition, our robust estimator can also be applied to the usual linear regression setting

for high-dimensional time series. For weakly temporal dependence and heavy-tailed data, our

robust method achieves the minimax optimal rate of `2 norm established by Raskutti et al.

[2011] for i.i.d sub-Gaussian data. However, the difference lies in the scaling requirements on

p, n and the sparsity condition. It is also worth noting that we provide new concentration

inequalities, which extend Bousquet’s inequality (Bousquet [2002]) to high-dimensional time

series. This extension is of independent interest.

Besides the theoretical properties, we also study the numerical performance of the pro-

posed robust procedure using both simulated and real data. Section 3.5 considers the simula-

tion studies and shows that our robust procedure performs well numerically in the presence

of both symmetric and asymmetric heavy-tailed covariates and/or errors. In particular,

the robust procedure significantly outperforms the standard Lasso method, especially in L1

and L2 losses of the GLM coefficients. The simulation study also shows that the proposed

procedure improves the convergence speed of the coefficient estimators to the true ones

with heavy-tailed time series data. We also illustrate our procedure with an application to

high-frequency stock trading for predicting price changes in consecutive transactions via a

multinomial logistic regression. Our method leads to marked improvements in prediction

compared with the existing methods in financial econometrics.

3.2 The Model

3.2.1 Generalized Linear Models and the Loss Function

Consider n observations {(Xi, Yi)}ni=1, where Xi ∈ X ⊂ Rp is a p-dimensional vector of

covariate variables, and Yi ∈ Y ⊂ R is a response variable. We model the dependence of the
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mean of Yi on Xi via the linear function fβ0(Xi) = XT
i β

0, where β0 is a vector of unknown

coefficients and XT
i is the transpose of Xi. The goal is to estimate β0. In a high dimensional

model, the number of covariates p can be much larger than the number of observations n.

Let R : X × Y → R be a loss function.

We consider the following estimator of empirical risk minimization with Lasso penalty

β̂ := arg min
β

{
1

n

n∑
i=1

R(fβ(Xi), Yi) + λ |β|1

}
, (3.2.1)

where fβ(Xi) = XT
i β. Denote the best linear approximation of the theoretical risk by

β0 := arg min
β

E[R(fβ(X), Y )], and f0 = fβ0 . (3.2.2)

The excess risk is

E(fβ) := E[R(fβ(X), Y )]− E[R(fβ0(X), Y )]. (3.2.3)

Note that by definition, E(fβ) ≥ 0 for all β.

Assume the response Y is from an exponential family with the probability density function

taking the canonical form

hY (y;µ) = exp [yµ− r(µ) + b(y)]

for some known functions r(·), b(·) and unknown function µ. The function µ is usually called

the canonical or natural parameter. The mean response is r′(µ), the first derivative of r(µ)

with respect to µ. The generalized linear model assumes the form:

E(Y |X) = r′(µ(X)) = r′(XTβ0).

The canonical link function is thus defined as g := (r′)−1. Let z = µ(X). The maximum
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marginal (log-)likelihood loss function is then

R(z, y) = −yz + r(z), y ∈ Y , z ∈ R. (3.2.4)

More generally, the quasi-(log)likelihood function is

R(z, y) := −
∫ H(z)

y

y − u
V(u)

du, y ∈ Y , z ∈ R,

where V : R → (0,∞) is a given variance function, and H is the inverse link function; see

also McCullagh and Nelder [1989]. The canonical link function (up to an additive constant)

is

g(t) :=

∫ t

y0

1

V(u)
du, t ∈ Y ,

where y0 is an arbitrary but fixed constant. Let

r(z) :=

∫ H(z)

y0

u

V(u)
du, z ∈ R.

Then the loss function is R(z, y) = −yg(H(z)) + r(z). In this chapter, we define the loss

function

R(z, y) = −yh(z) + r(z), (3.2.5)

and assume h and r satisfy some uniform continuity conditions (see Assumptions 3.3.2 and

3.3.3 below).

3.2.2 Robust Lasso Estimator

Inspired by the theory on robust estimation for linear regression (see Fan et al. [2016]), we

study regularized versions of high-dimensional robust GLM estimators and establish statis-
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tical guarantees. In order to deal with heavy-tailed data, we propose the robust estimator

to be used in (3.2.1) by the simple and classical principle of truncation, or more generally

shrinkage. Our approach is simple: we truncate or shrink appropriately the heavy-tailed

covariates or/and the response variable. Intuitively, shrinkage reduces sensitivity of the esti-

mator to data corruption caused by the heavy-tailed distributions. However, shrinkage leads

to bias. We shall find an appropriate shrinkage level to balance the induced bias and the

statistical error rate. The resulting estimator is then defined as follows:

β̂ := arg min
β

{
1

n

n∑
i=1

Rτ (fβ(Xi), Yi) + λ |β|1

}
, (3.2.6)

where τ is a predetermined threshold level,

Rτ (fβ(Xi), Yi) := R(fβ(X̃i), Yi),

and X̃i is a truncated version of the covariates Xi if they are heavy-tailed and equals the

original covariates (infinite truncation threshold) if they are light-tailed. When the covariates

Xi are heavy-tailed, we choose

X̃ij = sgn(Xij)(|Xij | ∧ τ), 1 ≤ j ≤ p,

where a ∧ b = min(a, b). In Section 3.3, we focus on the case when the data generating

distribution of the response is indeed the model distribution so that we only need to trim

the covariates. If the response is also corrupted by random noises, we shall also truncate the

response. For the linear regression model with least square loss in Section 3.4, if the errors

have heavy tails, we also need to truncate the response to achieve robustness.

With the aforementioned data robustfications, the proposed methodology yields an esti-

mator that, under a bounded moment condition on the covariates or/and the response, has

the similar statistical rate as that of the estimator available in the literature for sub-Gaussian

55



distributions. Our study gives a formal theoretical consideration of both the original esti-

mator in (3.2.1) and the robust one in (3.2.6).

The first and most important advantage of our robust method is to maintain the convexity

of (negative) log-likelihood loss. There are several alternatives to robust estimation in the

context of low dimensional generalized linear model. For example, Cantoni and Ronchetti

[2001] proposed a class of robust quasi-likelihood loss function. Bianco and Yohai [1996]

constructed robust estimator for the logistic regression by bounded deviance, which was

further extended to other generalized linear models. Zhang et al. [2014] introduced a class

of robust estimators for generalized linear models motivated by the Bregman divergence.

However, most of these robust estimators in the low dimensional case are non-convex.

Our robust method is also much easier to implement than many existing ones, as it only

needs to truncate or shrink the data before applying the standard method to the transformed

data. The tuning parameter τ plays a key role by adapting to covariates and/or errors with

different shapes and tails. In practice, the optimal values of tuning parameters τ and λ

can be chosen by a two-dimensional grid search using an information-based criterion or

cross-validation, e.g., the Akaike information criterion or Bayesian information criterion.

Specifically, we may partition a rectangle in the scale of (log(τ), log(λ)) to form the search

grid. Then the optimal values are achieved by the combination of the two parameters that

minimizes the cross-validated measurement, the Akaike information criterion or Bayesian

information criterion.

3.3 Asymptotic properties

We now consider the properties of the standard Lasso method (3.2.1) and the robust Lasso

method (3.2.6). We first show the asymptotic behavior of the estimated GLM coefficients and

the excess risk for the original time series data and then demonstrate that the convergence

rates of robust estimator for shrinkage heavy-tailed data are significantly improved.
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3.3.1 Definitions and Assumptions

We begin by introducing some additional definitions and technical assumptions. Besides the

definitions of dependence measures in Chapter 2.2, we introduce the following dependence

adjusted norms

‖X.j‖q,α = sup
m≥0

(m+ 1)α∆m,q,j , α ≥ 0, (3.3.1)

‖Y.‖q,α = sup
m≥0

(m+ 1)α∆m,q,y, α ≥ 0, (3.3.2)

‖Y.‖ψν = sup
q≥2

q−ν∆0,q,y, α ≥ 0. (3.3.3)

Here ‖Y.‖ψν can be naturally interpreted as the ψν Orlicz norm in the dependence case.

Hence ‖ · ‖q,α and ‖ · ‖ψν represent polynomial decay and exponential decay dependence

adjusted norm, respectively.

In this chapter, we use the dependence adjusted norms ‖|X.|∞‖q,α, ‖|X.|∞‖ψν , ‖Y.‖q,α

and ‖Y.‖ψν to study the limiting properties of Lasso estimators in the presence of serial

dependence.

To prove theoretical properties of our method, we require the following conditions:

Assumption 3.3.1 (Convex Loss). Throughout this chapter, the map

z 7→ R(z, y)

is convex for all y ∈ Y.

This assumption is important from a computational perspective; see e.g. van de Geer

and Müller [2012] and Loh [2017]. It also plays a crucial role in our theory, as it allows us

to prove that the estimator β̂ is in a l1-neighborhood of β0.

Assumption 3.3.2 (Lipschitz Property). For the function r, it holds that

|r(u)− r(u∗)| ≤ C |u− u∗| ,
57



where C is a positive constant.

Assumption 3.3.3. For the function r, it also holds that

∣∣∣r(xT1 β)− r(xT1 β
∗)− r(xT2 β) + r(xT2 β

∗)
∣∣∣ ≤ C

∣∣∣(x1 − x2)T (β − β∗)
∣∣∣ ,

where C is a positive constant.

Assumption 3.3.3 is needed to deal with the temporal dependence of {Xi}ni=1. If the

observed data are i.i.d., then we only require Lipschitz property (Assumption 3.3.2) of the

loss function. Both Assumptions 3.3.2 and 3.3.3 describe some uniform continuity conditions.

They allow one to apply concentration inequalities in the Section 3.7. Elementary calculation

shows that the loss function for logistic regression and multinomial logistic regression satisfy

both assumptions. Consider the following smoothed version of hinge loss:

Rh(z, y) =



1
2 − zy if zy ≤ 0,

1
2(1− zy)2 if 0 < zy ≤ 1,

0 if 1 ≤ zy.

It can be shown that Rh(XT
i β, Yi) also satisfies Assumptions 3.3.1, 3.3.2 and 3.3.3.

Assumption 3.3.4 (Margin Condition). There exist M0 > 0 and a strictly convex function

J(·) such that for all β with |β − β0|1 ≤M0, one has

E(fβ) ≥ J
(
‖fβ − fβ0‖

)
.

By Assumption 3.3.1, the stochastic part of the problem needs only to be studied locally,

near the target. Moreover, the margin condition is only needed locally.

The convex conjugate of the function J is defined as G. Hence, by definition, for any

positive u and v, we have uv ≤ J(u) + G(v). Indeed, in a typical case, J can be chosen as
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a quadratic function, for example, J(u) = u2/2, then G(v) = v2/2. The margin condition

requires that in the neighborhood |β−β0|1 ≤M0, the excess risk is bounded from below by

a strictly convex function. This assumption is similar to the one in van de Geer [2008] and

Bühlmann and Van De Geer [2011].

Assumption 3.3.5 (Compatibility Condition). Let S ⊂ {1, 2, ..., p} and Sc be the compli-

mentary set of S. For a constant κ(S) > 0, if for all β satisfying |βSc|1 ≤ 3 |βS |1, it holds

that

|βSc|21 ≤
∥∥fβ∥∥2 |S| /κ2(S).

The compatibility condition we discuss here follows from van de Geer [2008]. It is closely

related to (and weaker than) the restricted eigenvalue condition as given in Bickel et al.

[2009].

3.3.2 Rate of Convergence

In the context of generalized linear model, following van de Geer [2008] and Bühlmann and

Van De Geer [2011], one can define the oracle β∗ as

β∗ := arg min
β: Sβ∈T

{
3E(fβ) + 2G

(
4λ
√
sβ

κ(Sβ)

)}
. (3.3.4)

where T is a large collection of index sets, Sβ := {j : βj 6= 0} and |Sβ | = sβ . And the

associated minimum risk is denoted as

E∗ :=
3

2
E(fβ∗) +G

(
4λ
√
sβ∗

κ(Sβ∗)

)
. (3.3.5)

The second term in (3.3.5) depends only on the set of nonzero coefficients in β∗, and we can

refer to it as “estimation error” in a generic sense. Note that in the typical case G(v) =

v2/2, it is up to a constant equal to λ2sβ∗ . The first term in (3.3.5) will be referred to as
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“approximation error”. Then β∗ balances “approximation error” and “estimation error”, we

refer to it as the “oracle”; see van de Geer [2008] and Bühlmann and Van De Geer [2011])

for detailed interpretation of β∗.

We are now ready to state our main results of Lasso method for the original time series

data. For any Lasso solution β̂ of the problem (3.2.1), the following theorem provides the

rate of convergence of |β̂−β|1 and the excess risk E(f
β̂

) by the moment and the dependence

conditions.

Theorem 3.3.1. Suppose Assumptions 3.3.1, 3.3.4 and 3.3.5 hold. Suppose the loss function

has the form (3.2.5) and the functions h(·), r(·) therein satisfy Assumptions 3.3.2 and 3.3.3,

or the loss function itself satisfies Assumptions 3.3.2 and 3.3.3. Let β∗ and E∗ be given in

(3.3.4) and (3.3.5).

(i). Assume that ‖|X.|∞‖γ,αX < ∞ and ‖Y.‖q,αY < ∞, where q, γ > 2 and αX , αY > 0.

Define

ν =

 1 if αX ≥ 1/2− 1/γ,

γ/2− αXγ if αX < 1/2− 1/γ.

Assume χ = qγ/(q + γ) > 2 and let α = min(αX , αY ). Define

ρ =

 1 if α ≥ 1/2− 1/χ,

χ/2− αχ if α < 1/2− 1/χ.

Suppose that

λ0 & p1/(2(γ∧χ)+2)(log(pn))1/2n−1/2 ‖|X·|∞‖2,αX

+nν/γ−1p3/(2(γ∧χ)+2)(log(pn))3/2 ‖|X·|∞‖γ,αX

+p1/(2(γ∧χ)+2)(log(pn))1/2n−1/2‖|X.|∞‖γ,αX‖Y.‖q,αY

+nρ/χ−1p3/(2(γ∧χ)+2)(log(pn))3/2‖|X.|∞‖γ,αX‖Y.‖q,αY .
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Assume |β∗ − β0|1 ≤ M0/2 and E∗/λ0 ≤ M0/2. If λ ≥ (20/3)λ0, then we have with

probability at least 1−C1(log(pn))−(γ∧χ), any Lasso solution β̂ of the problem (3.2.1) satisfies

λ|β̂ − β∗|1 ≤
10

3
E∗, (3.3.6)

E(f
β̂

) ≤ 8

3
E∗, (3.3.7)

where the positive constant C1 only depends on q, γ, αX and αY .

(ii). Assume that ‖|X.|∞‖ψι < ∞ and ‖Y.‖ψν < ∞, where ι, ν ≥ 0. Suppose that for some

positive constants A and B,

λ0 = A((log p)1+ι + (log p)(1+2ι)/2(log n)1/2)n−1/2‖|X.|∞‖ψι

+B((log p)1+ι+ν + (log p)(1+2ι+2ν)/2(log n)1/2)n−1/2‖|X.|∞‖ψι‖Y.‖ψν .

Assume |β∗ − β0|1 ≤ M0/2 and E∗/λ0 ≤ M0/2. If λ ≥ (20/3)λ0, then with probability at

least

1− C2p
−C3A

2
1+2ι − C4p

−C5B
2

1+2ι+2ν
,

for any Lasso solution β̂ of the problem (3.2.1), we have bounds (3.3.6) and (3.3.7), where

the positive constants C2, ..., C5 only depend on ι and ν.

If the loss function is the marginal (log-)likelihood loss function, we can further achieve

some sharper results.

Corollary 3.3.2. Assume the loss function is the maximum marginal (log-)likelihood loss

function in (3.2.4). Assume |β∗ − β0|1 ≤M0/2 and E∗/λ0 ≤M0/2. Then (i), suppose that

λ0 &p1/(2γ+2)(log(pn))1/2n−1/2 ‖|X·|∞‖2,αX + nν/γ−1p3/(2γ+2)(log(pn))3/2 ‖|X·|∞‖γ,αX

+ (log p)1/2n−1/2‖|X.|∞‖γ,αX‖Y.‖q,αY + nρ/χ−1(log p)3/2‖|X.|∞‖γ,αX‖Y.‖q,αY .

If λ ≥ (20/3)λ0, then under the conditions of Theorem 3.3.1.(i), we have, with probability
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at least 1− C1(log(pn))−γ − C2p
−C3 − C4(log p)−χ, the bounds (3.3.6) and (3.3.7).

(ii). Suppose that

λ0 =A((log p)1+ι + (log p)(1+2ι)/2(log n)1/2)n−1/2‖|X.|∞‖ψι

+B(1+2ι+2ν)/2(log p/n)1/2‖|X.|∞‖ψι‖Y.‖ψν .

If λ ≥ (20/3)λ0, then under the conditions of Theorem 3.3.1.(ii), with probability at least

1− C5p
−C6A

2
1+2ι − C7e

−C8B ,

we have bounds (3.3.6) and (3.3.7).

The assumption that |β∗−β0|1 ≤M0/2 and E∗/λ0 ≤M0/2 is a technical condition. See

Example 6.4 in Bühlmann and Van De Geer [2011] for detailed verification in the case of

logistic regression. Here we also assume that the short-range dependence (SRD) condition

holds, that is,

‖|X.|∞‖γ,αX <∞ and ‖Y.‖q,αY <∞.

If it fails, the processes (Xi) and (Yi) may exhibit some long-range dependence, and the

asymptotic behavior can be quite different.

Theorem 3.3.1 states the “oracle rate” for the excess risk and the `1 norm, where β∗

is the oracle. This terminology “oracle” is mainly chosen for ease in reference, and allows

much flexibility, in the sense that the choice of the collection T is left unspecified. In order

to improve the bound for the excess risk, one may choose to minimize over a larger collection

T . See Bühlmann and Van De Geer [2011] Chapter 6 for detailed discussions. In general, β∗

may not be the parameter of interest and is not easy to interpret. The following corollary

provides the rate of convergence of |β̂−β0|1 and the excess risk E(f
β̂

) with respect to λ and

s0.

Corollary 3.3.3. Suppose that S0 := Sβ0 (resp. s0 := |S0|) satisfies Assumption 3.3.5, the
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compatibility condition, and T = {S0}. Then under the conditions of Theorem 3.3.1,

λ|β̂ − β0|1 ≤
10

3
G

(
4λ
√
s0

κ(S0)

)
, (3.3.8)

E(f
β̂

) ≤ 8

3
G

(
4λ
√
s0

κ(S0)

)
. (3.3.9)

Theorem 3.3.1 and Corollary 3.3.2 describe how the rate of convergence depends on

the sample size n, the dimension p, the oracle excess risk E(fβ∗), the margin condition

quantified by the function G(·) and the moment conditions and strength of dependence which

are characterized by q, γ, αX , αY , ι and ν, respectively. Theorem 3.3.1(ii) and Corollary

3.3.2(ii) suggest that, under short-range dependence with exponential decay rate (similar

to exponential moment conditions for i.i.d data), we can take λ � (log p)c1/nc2 for some

positive constants c1, c2. Then the allowed dimension p can be as large as log p = o(nc3)

with c3 = c2/c1. Theorem 3.3.1(i) and Corollary 3.3.2(i) show the results under short-range

dependence with polynomial decay rate (similar to bounded moment conditions for i.i.d.

data). Roughly speaking, we can take λ � pc4/nc5 for some positive constants c4 and c5.

Assume that ‖|X.|∞‖γ,αX � 1, ‖Y.‖q,αY � 1, κ(S0) � 1 and s0 = |Sβ0|. Consider the

maximum marginal (log)-likelihood loss. Assume the typical quadratic margin behavior, i.e.,

J(u) = cu2, then G(v) = v2/(4c). We generally can take

λ � λ0 � p1/(2γ+2)(log(pn))1/2n−1/2 + p3/(2γ+2)(log(pn))3/2nν/γ−1 + (log p)3/2nρ/χ−1.

By (3.3.8), the estimation error behaves like λs0, i.e., of the order

s0p
1/(2γ+2)(log(pn))1/2n−1/2 + s0p

3/(2γ+2)(log(pn))3/2nν/γ−1 + s0(log p)3/2nρ/χ−1.

(3.3.10)

Similarly, under Corollary 3.3.2.(ii), assume that ‖|X.|∞‖ψι � 1 and ‖Y.‖ψν � 1. Consider

the maximum marginal (log)-likelihood loss and the typical quadratic margin behavior, we
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can take

λ � λ0 � ((log p)1+ι + (log p)(1+2ι)/2(log n)1/2)n−1/2.

The estimation error behaves like λs0, i.e., of the order

s0((log p)1+ι + (log p)(1+2ι)/2(log n)1/2)n−1/2. (3.3.11)

For i.i.d. data, the asymptotic behavior of Lasso estimator for GLM was studied in van de

Geer [2008]. Many other papers investigated high dimensional robust M-estimator, such as

Fan et al. [2017] and Loh [2017]. A key technique in these articles is Bousquet’s inequality

(Bousquet [2002]) or other similar inequalities for empirical process. These methods cannot

be used for time dependent data. It is noteworthy that the proof of Theorem 3.3.1 requires

new concentration inequalities for high dimensional time series. We establish Bousquet-type

inequality for time dependent data, which is shown in the Appendix.

To tackle the problem of heavy-tailed data, we propose to use the robust regularization

method in Section 3.2.2. We now turn to analyze the robust estimator. Under the same

assumptions, the next theorem shows the rate of convergence of |β̂ − β|1 and the excess

risk E(f
β̂

) by the moment condition and the dependence condition. In Theorem 3.3.4, the

response is also assumed to be generated from a particular distribution in an exponential

family. In other words, there does not exists any model misspecification issue, and the

response has sub-exponential tails.

Theorem 3.3.4. Suppose Assumptions 3.3.1, 3.3.4 and 3.3.5 hold. Suppose the loss function

R(z, y) has the form (3.2.5) and the functions h(·), r(·) therein satisfy Assumptions 3.3.2 and

3.3.3, or the loss function itself satisfies Assumptions 3.3.2 and 3.3.3. Let β∗ and E∗ be given

in (3.3.4) and (3.3.5).

Assume that max1≤j≤p ‖Xij‖
q
q < C <∞ and ‖Y.‖ψν <∞, where ν ≥ 0 and q ≥ 2. Assume

that |β∗−β0|1 ≤M0/2 and E∗/λ0 ≤M0/2. Suppose that for some positive constants A and
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B,

λ0 = A

(
(log p)

1− 4
3q + (log p)

1
2 (1−

4
3q )(log n)

1
2 (1−

4
3q )
)
n
−1

2 (1−
4
3q )

+B

(
(log p)

(1+ν)(1− 4
3q ) + (log p)

1+2ν
2 (1− 4

3q )(log n)
1
2 (1−

4
3q )
)
n
−1

2 (1−
4
3q )‖Y.‖

1− 4
3q

ψν
,

and τ � λ
−4/(3q−4)
0 . If λ ≥ (22/3)λ0, then with probability at least

1− C1p
−C2A

6q
3q−4 − C3p

−C4B
6q

(1+2ν)(3q−4)
,

any Lasso solution β̂ of the problem (3.2.6) satisfies

(λ− 2λ0)|β̂ − β∗|1 ≤
10

3
E∗, (3.3.12)

E(f
β̂

) ≤ 8

3
E∗, (3.3.13)

where the constants C1, ..., C4 only depend on q and ν.

Specifically, if maxi |Yi| < C <∞, let

λ0 = A

(
(log p)

1−1
q + (log p)

1
2 (1−

1
q )(log n)

1
2 (1−

1
q )
)
n
−1

2 (1−
1
q )

+B

(
(log p)

(1+ν)(1−1
q ) + (log p)

1+2ν
2 (1−1

q )(log n)
1
2 (1−

1
q )
)
n
−1

2 (1−
1
q ),

and τ � λ
−1/(q−1)
0 . If λ ≥ (22/3)λ0, with probability at least

1− C1p
−C2A

2q
q−1 − C3p

−C4B
2q

(1+2ν)(q−1)
,

for any Lasso solution β̂ of the problem (3.2.6), we have bounds (3.3.12) and (3.3.13).

Similarly, if the loss function is the marginal (log-)likelihood loss function, sharper results

can be effectively established.
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Corollary 3.3.5. Assume the robust loss function is corresponding to the maximum marginal

(log-)likelihood loss function in (3.2.4). Assume that |β∗−β0|1 ≤M0/2 and E∗/λ0 ≤M0/2.

Suppose that

λ0 =A

(
(log p)

1− 4
3q + (log p)

1
2 (1−

4
3q )(log n)

1
2 (1−

4
3q )
)
n
−1

2 (1−
4
3q )

+B(log p)
1
2 (1−

4
3q )n

−1
2 (1−

4
3q )‖Y.‖

1− 4
3q

ψν
,

and τ � λ
−4/(3q−4)
0 . If λ ≥ (22/3)λ0, then under the conditions of Theorem 3.3.4, with

probability at least

1− C1p
−C2A

6q
3q−4 − C3e

−C4B
6q

(1+2ν)(3q−4)
,

we have bounds (3.3.12) and (3.3.13).

Furthermore, if maxi |Yi| < C <∞, let

λ0 = A

(
(log p)

1−1
q + (log p)

1
2 (1−

1
q )(log n)

1
2 (1−

1
q )
)
n
−1

2 (1−
1
q ) +B(log p)

1
2 (1−

1
q )n
−1

2 (1−
1
q ),

and τ � λ
−1/(q−1)
0 . If λ ≥ (22/3)λ0, with probability at least

1− C1p
−C2A

2q
q−1 − C3e

−C4B
2q

(1+2ν)(q−1)
,

we have bounds (3.3.12) and (3.3.13).

From the theorem, our robust regularization method in (3.2.6) can handle the dimen-

sionality

log p = o(nc4),

for some 0 < c4 < 1, which guarantees that the “estimation error” in Theorem 3.3.4 converges

to zero as long as the tuning parameters τ and λ are properly chosen. Note that the rate

in Theorem 3.3.4 is similar to that in Theorem 3.3.1(ii). It also reveals that the estimation
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error vanishes faster if higher-order moments of the covariates exist.

Assume that max1≤j≤p ‖Xij‖
q
q < C, maxi |Yi| < C < ∞, κ(S0) � 1 and s0 = |Sβ0|.

Consider the maximum marginal (log)-likelihood loss. Assume the typical quadratic margin

behavior, i.e., J(u) = cu2, then G(v) = v2/(4c). We generally can take

λ � λ0 �
(

(log p)
1−1

q + (log p)
1
2 (1−

1
q )(log n)

1
2 (1−

1
q )
)
n
−1

2 (1−
1
q ).

By (3.3.8), the estimation error behaves like λs0, i.e., of the order

s0

(
(log p)

1−1
q + (log p)

1
2 (1−

1
q )(log n)

1
2 (1−

1
q )
)
n
−1

2 (1−
1
q ). (3.3.14)

It is clear that the estimation rate achieved in (3.3.14) is better than the one achieved in

(3.3.10).

3.4 Application to Linear Regression

Robust estimation of linear regression can be regarded as a generalized linear model with

quadratic loss. In this special case, although Lipschitz property does not hold, we still have

an explicit concentration result for our robust estimator. Consider the usual linear regression

setup for the response variable Yi and the covariate vector Xi,

Yi = XT
i β

0 + ei, (3.4.1)

where β0 ∈ Rp are unknown coefficients to be estimated, ei is the error term. Let the loss

function R(fβ(Xi), Yi) = (Yi − fβ(Xi))
2/2. Different from Theorem 3.3.4 in Section 3.3, if

the error has heavy tails, the response Yi also has heavy tails. In other words, ‖Y.‖ψν =∞.

This motivates us to truncate both the heavy tailed covariates Xi and the response Yi under

L2 loss. Then similar to (3.2.6), we propose to use the following M-estimator of β0 with the
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generalized `2 loss to robustify the estimation:

β̂ := arg min
β

{
1

2n

n∑
i=1

(Ỹi − fβ(X̃i))
2 + λ |β|1

}
, (3.4.2)

where

fβ(X̃i) = X̃T
i β. (3.4.3)

Here, we choose Ỹi = Ỹi(τ1) = sgn(Yi)(|Yi| ∧ τ1) and X̃ij = sgn(Xij)(|Xij | ∧ τ2) for all

1 ≤ j ≤ p, where τ1, τ2 are both predetermined thresholds.

To establish the convergence rate of β̂, we shall adopt the geometric moment contraction

(GMC) condition for temporal dependence.

Assumption 3.4.1 (Geometric Moment Contraction (GMC)). Assume that for all i and j,

Xij has finite q-th moment, q > 2. We say that (Xij) is Geometric Moment Contraction

(GMC; see Wu and Shao [2004]) if there exist a1 ∈ (0, 1), C1 = C1(a1) > 0 such that

‖Xij − gj(..., ε′−1, ε
′
0, ε1, ..., εi)‖q ≤ C1a

i
1. (3.4.4)

It is easily seen that (3.4.4) is equivalent to

‖Xij − gj(F∗i )‖q ≤ C2a
i
2, (3.4.5)

for some a2 ∈ (0, 1) and C2 = C2(a2) > 0.

Many nonlinear time series models satisfy GMC (cf. Shao and Wu [2007]). Instead of

geometric β-mixing, we employ the GMC as an underlying assumption for our asymptotic

theory.

To be solvable in the high dimensional regression setting, β0 is usually assumed to be

sparse or weakly sparse, i.e., many elements of β0 are 0 or small. In particular, we impose
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the following weakly sparsity condition.

Assumption 3.4.2 (Weakly Sparsity Condition). There exits some 0 ≤ ϑ ≤ 1, with a

uniform radius Kϑ such that

p∑
j=1

|β∗j |
ϑ ≤ Kϑ. (3.4.6)

Note that Kϑ might depend on p. In the special case ϑ = 0, this quantity corresponds to an

exact sparsity constraint–that is, β0 has at most K0 nonzero entries.

Finally, both assumptions together lead to the following main result. We show that

|β̂ − β0|2 and |β̂ − β0|1 are upper bounded by the same rate as the optimal rate under light

tails and i.i.d. data so long as the tuning parameters τ1, τ2 and λ are properly chosen.

Theorem 3.4.1. Assume Assumptions 3.4.1 and 3.4.2 hold. Assume |β0|1 ≤ Cβ < ∞.

Also assume E|Xij |4 ≤ C < ∞, for any 1 ≤ j ≤ p, and E|Yi|4 ≤ C < ∞. Choose τ1, τ2 �

n1/4/(log p)3/4 and λ = 2c1
√
η log p/n, where η > 1. Then as long as Kϑ(log p/n)(1−ϑ)/2 ≤

c2, we have

P

‖β̂ − β0‖22 > c3Kϑ

(
η log p

n

)1−ϑ2
 ≤ 3p1−η, (3.4.7)

and

P

(
‖β̂ − β0‖1 > c4Kϑ

(
η log p

n

)1−ϑ
)
≤ 3p1−η (3.4.8)

for some positive constants c1, ..., c4.

Theorem 3.4.1 reveals that |β̂−β0|2 has a convergence rate K
1/2
ϑ (log(p)/n)1/2−ϑ/4. This

rate is the same as the minimax rate (Raskutti et al. [2011]) for weakly sparsity models under

light tails and i.i.d data setting. In a special case that ϑ = 0, |β̂ − β0|2 converges at rate
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K
1/2
0 (log(p)/n)1/2, where K0 is the number of non-zero elements of β0. It suggests that

our robust method does not lose much information for heavy-tailed data with geometrically

decaying temporal dependence. Fan et al. [2016] considered the special setting with i.i.d.

data vectors. Our Theorem 3.4.1 is a significant improvement by relaxing the independence

assumption, by presenting a Bernstein type inequality for weakly dependent data in the

Appendix. In addition, to achieve the optimal statistical rate, we need Kϑ(log p/n)(1−ϑ)/2 ≤

c2.

3.5 Simulation Study

In this section, we expound upon concrete instances of our theoretical results and provide

some simulation results.

3.5.1 Statistical error

In the first set of simulation, we assess the finite sample performance of the robust procedure

and compare it with the standard Lasso procedure in logistic regression and linear regres-

sion. The implementation of our robust procedure is simple: truncate or shrink the data

appropriately, then apply the standard procedure to the transformed data. The simulations

are based on 5000 independent Monte Carlo replications.

We first specify the parameters in the logistic regression. We generate data from inde-

pendent AR(1) processes, say

Zij = φjZi−1,j + aij , 1 ≤ j ≤ p, (3.5.1)

where φj ∼ U [0.2, 0.6] or φj ∼ U [−0.6,−0.2], and the innovations aij is given below. To

generate cross-dependence, let

Σ = (σjk) = (ρ|j−k|), 0 < ρ < 1,
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and Σ1/2 be the square-root matrix of Σ. We use Xi = Σ1/2Zi, 1 ≤ i ≤ n, where Zi =

(Zi1, ..., Zip)
′. We choose the true regression coefficient vector as

β∗ = (3, ..., 3, 0, ..., 0)′,

where the first 20 elements are all 3 and the rest are all 0. Let θi = 1/(1 + exp(−X ′iβ
∗)) be

the probability of success of the Bernoulli distribution of Yi. Thus, Yi is a random draw from

Bern(θi). We run simulations for sample sizes n = 200, 300, 400, 500, 800, 1000, 2000, 3000,

and choose the number of parameters p to be 400, dependence parameter ρ = 0.5. For each

case, additional 500 observations are generated and used for out-of-sample predictions. To

entertain various shapes of covariate distributions, we consider the following two scenarios

for aij of (3.5.1):

(a). the Student-t distribution with degrees of freedom 5 times 1/10, i.e. 0.1t5;

(b). a log-normal distribution with parameters 0 and 0.252 times 1/5, i.e. 0.2 logNormal(0, 0.52).

They represent heavy-tailed symmetric and asymmetric distributions, respectively. To meet

the model assumptions, the covariates are standardized to have mean 0. The constants used

are chosen to ensure appropriate signal-to-noise ratio and θi not trivially equal to either 0 or

1 for better presentation. The numerical performance of the robust procedure and standard

Lasso procedure under the two scenarios is evaluated by the following five measurements.

(a). L2 error, which is defined as |β̂ − β∗|2;

(b). L1 error, which is defined as |β̂ − β∗|1;

(c). the number of false positive results, FP, which is the number of noise covariates that

are selected;

(d). the number of false negative results, FN, which is the number of signal covariates that

are not selected;
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(e). one-step-ahead forecast errors of a total of 500 out-of-sample observations, FE, which

is the misclassification rate.

For the robust Lasso, we choose the optimal tuning parameters λ and τ on the basis of

100 independent validation data sets. For each case, we run a two-dimensional grid search

to find the best (λ, τ) pair that minimizes the misclassification rate of the 100 validation

data sets. Then the optimal pair is used in the simulation. Similar methods are applied in

choosing the tuning optimal parameters in other models. The means of the five performance

measures are summarized in Table 3.1.

The results of Table 3.1 show that our robust Lasso method has certain advantages

over the standard Lasso method when the covariates are heavy-tailed. The results are in

agreement with the theorems. As the sample size increases, the performance measures

improve. In both symmetric and asymmetric covariates cases, our robust method has smaller

L1 and L2 errors. The advantage of our robust method is more pronounced when the sample

size is large. As expected, FP increases slightly with sample size n, but FN approaches zero

as n increases.

We also investigate the empirical properties of the proposed method in linear regression.

We again generate data from independent AR(1) model (3.5.1). Analogous to the logistic

regression, we set Xi = Σ1/2Zi. For response, we generate time series process Yi from the

model,

Yi = X ′iβ
∗ + ei, (3.5.2)

where ei is given below. The following two scenarios for aij are considered:

(a). the Student-t distribution with degrees of freedom 5, t5;

(b). a log-normal distribution with parameters 0 and 0.252, logNormal(0, 0.252).

For the distributions of error ei, we choose:
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Table 3.1: Simulation results of Lasso and robust Lasso for logistic regression (p = 400, ρ =
0.5, where n is the sample size. The results are based on 5000 replications.

Student t5 LogNormal(0, 0.25)
Scenario Lasso robust Lasso Lasso robust Lasso

n = 200

L2 loss 11.53 11.32 11.59 11.39
L1 loss 50.14 48.38 50.30 48.60

FP 0.96 0.88 0.88 0.79
FN 11.30 10.85 11.84 11.41
FE 28.11% 27.24% 29.08% 28.50%

n = 300

L2 loss 10.22 9.85 10.28 9.94
L1 loss 43.69 40.89 43.80 41.15

FP 1.69 1.51 1.61 1.44
FN 5.98 5.37 6.59 5.92
FE 22.02% 20.82% 23.09% 22.00%

n = 400

L2 loss 9.46 8.95 9.48 9.05
L1 loss 40.21 36.62 40.10 36.85

FP 2.28 2.04 2.24 1.97
FN 3.53 3.08 4.08 3.44
FE 20.33% 19.24% 21.34% 20.23%

n = 500

L2 loss 8.87 8.28 8.88 8.34
L1 loss 37.56 33.51 37.38 33.61

FP 2.64 2.32 2.54 2.23
FN 2.23 1.84 2.66 2.14
FE 19.44% 18.37% 20.40% 19.33%

n = 800

L2 loss 7.66 6.82 7.67 6.93
L1 loss 32.39 27.29 32.15 27.52

FP 3.28 2.94 3.12 2.71
FN 0.56 0.41 0.79 0.53
FE 18.18% 17.17% 19.22% 18.13%

n = 1000

L2 loss 7.15 6.20 7.11 6.26
L1 loss 30.27 24.71 29.85 24.82

FP 3.49 3.13 3.38 2.96
FN 0.24 0.17 0.35 0.22
FE 17.83% 16.82% 18.83% 17.77%

n = 2000

L2 loss 5.67 4.42 5.61 4.43
L1 loss 24.15 17.48 23.69 17.51

FP 3.82 3.50 3.69 3.34
FN 0.0018 0.0008 0.0060 0.0014
FE 17.19% 16.22% 18.12% 17.05%

n = 3000

L2 loss 4.92 3.53 4.84 3.52
L1 loss 21.07 13.87 20.50 13.90

FP 3.90 3.56 3.79 3.41
FN 0 0 0 0
FE 16.94% 15.98% 17.97% 16.93%
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(a). the Student-t distribution with degrees of freedom 3 times 20, i.e. 20t3, the standard

deviation of which is about 34.64;

(b). a log-normal distribution with parameters 0 and 0.52 times 20, i.e. 20 logNormal(0, 0.52),

the standard deviation of which is about 12.08.

Again, the covariates and the errors are standardized to have mean 0, and the constants used

are chosen to ensure appropriate signal-to-noise ratio for better presentation. Set n = 50,

100, 200, 300, 400, 800, 1000, 2000. We use the root mean squared forecast error (RMSE)

to measure one-step-ahead forecasts of a total of 200 out-of-sample predictions. The results

are reported in Table 3.2.

The results of Table 3.2 are also in agreement with the theorem. In particular, as ex-

pected, the RMSE approaches the standard deviation of ei as the sample size increases. In

general, similar to the logistic regression, the robust estimator outperforms the non-robust

one. This is particularly so for the case of heavy-tailed noises ei ∼ 20t3. But as the sam-

ple size increases, the difference between the robust procedure and the standard procedure

gradually decreases. The out-of-sample predictions seem to work well when the sample size

n ≥ p. For log-normal errors, FN seems to be higher than FP. Both are sizable when the

sample size is small.

In conclusion, our robust method is more flexible than the standard Lasso. The above

two cases evidently show that the robust procedure outperforms the standard procedure

under the setting with heavy-tailed covariates and errors. The truncation parameter enables

the robust method to render consistently satisfactory results under all scenarios considered

in our simulation.
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Table 3.2: Simulation results of Lasso and robust Lasso for linear regression (p = 400, ρ =
0.5), where n is the sample size and the results are based on 5000 replications

Student t LogNormal
Scenario Lasso robust Lasso Lasso robust Lasso

n = 50

L2 loss 24.01 22.31 35.11 31.90
L1 loss 148.01 140.39 218.33 201.09

FP 44.26 44.12 47.52 47.31
FN 12.23 12.16 15.12 14.94

RMSE 49.86 48.10 16.46 15.78

n = 100

L2 loss 25.29 23.44 40.86 37.04
L1 loss 200.83 187.76 331.69 302.13

FP 51.31 50.79 57.69 57.12
FN 8.05 7.73 11.52 11.18

RMSE 49.72 47.66 17.19 16.39

n = 200

L2 loss 12.46 11.04 24.52 22.78
L1 loss 66.12 52.68 205.78 187.80

FP 11.89 7.83 33.56 31.73
FN 7.19 5.85 11.06 10.64

RMSE 40.84 39.13 15.10 14.73

n = 300

L2 loss 9.67 8.03 12.64 10.36
L1 loss 39.98 36.83 55.58 52.13

FP 3.49 3.34 7.81 7.91
FN 5.78 4.47 10.30 10.25

RMSE 38.25 37.37 13.34 13.26

n = 400

L2 loss 8.77 8.04 11.72 9.24
L1 loss 37.53 32.60 50.27 47.80

FP 2.99 2.82 1.50 1.71
FN 3.67 2.67 10.27 9.51

RMSE 37.04 36.18 13.13 13.01

n = 800

L2 loss 6.42 5.78 9.44 8.95
L1 loss 25.13 22.34 38.17 36.04

FP 2.56 2.52 1.37 1.61
FN 0.86 0.41 5.94 4.67

RMSE 35.11 34.65 12.58 12.51

n = 1000

L2 loss 5.79 5.15 8.75 8.28
L1 loss 22.53 19.84 34.74 32.82

FP 2.58 2.49 0.71 0.90
FN 0.45 0.16 4.29 3.29

RMSE 34.82 34.42 12.46 12.40

n = 2000

L2 loss 4.11 3.56 6.69 6.22
L1 loss 15.85 12.60 25.65 23.94

FP 2.22 2.13 0.39 0.49
FN 0.0376 0.0014 1.10 0.67

RMSE 34.39 34.14 12.26 12.23
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3.5.2 Convergence speed

To study how the dependence and the heavy tails affect the convergence speed of the esti-

mators, we consider the two tail probability ratios for linear regression

Λ1(t) =
P(|β̂ − β∗|1 ≥ t)

P(|β̂† − β∗|1 ≥ t)
, (3.5.3)

Λ2(t) =
P(|β̂ − β∗|2 ≥ t)

P(|β̂† − β∗|2 ≥ t)
, (3.5.4)

where β̂† is the Lasso estimator of β∗ in the same models as in Section 3.5.1 with φj = 0,

aij being i.i.d. standard normal random variables and ei being i.i.d. 20N(0, 1) random

variables, and β̂ is the Lasso estimator of the models in (3.5.1) and (3.5.2) with different

serial dependence and tail conditions. We choose φj = −0.9,−0.8, ..., 0.9 for all 1 ≤ j ≤ p,

aij being t5 and ei being 20t3. The denominator in (3.5.3) can be viewed as benchmark

probabilities. By cross validation, the optimal threshold value λ for benchmark light-tail

model is around 3. Hence in our simulations, we use λ = 3, n = 100, p = 400 and ρ = 0.5.

For the benchmark, based on 106 repetitions, the 99% and 99.9% quantiles of |β̂†−β∗|2 (resp.

|β̂† − β∗|1) are 15.327, 16.441 (resp. 84.865 and 91.677). For each φj , the tail probability

P(|β̂ − β∗|2 ≥ t) (resp. P(|β̂ − β∗|1 ≥ t)) is estimated by 106 repetitions of |β̂ − β∗|2 (resp.

|β̂ − β∗|1) that are larger than the critical value t, respectively.

Table 3.3 reports the results of Λ2(t) with t = 15.327 and 16.441 and Λ1(t) with t = 84.865

and 91.677. They correspond to the ratio between P(|β̂−β∗|2 ≥ t) or P(|β̂−β∗|1 ≥ t) under

various serial dependence and moment conditions and the benchmark tail probabilities 0.01

and 0.001, respectively. As expected from our theoretical results, Table 3.3 shows that the

upper tail probabilities P(|β̂ − β∗|1 ≥ t) and P(|β̂ − β∗|2 ≥ t) with larger t are affected

more than the one with smaller t; heavy tails can lead to larger P(|β̂ − β∗|1 ≥ t) and

P(|β̂ − β∗|2 ≥ t), thus inflating the tail probability ratios. Furthermore, compared with the

standard Lasso method, the robust Lasso procedure significantly improves the convergence

speed as the ratios Λ1(t) and Λ2(t) are much smaller. In addition, the tail probability ratios
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decrease as the serial dependence increases (larger |φj |). But if the dependence strength is

too strong (φj is close to 1), the tail probability ratios increase again.

Table 3.3: Simulated values of the tail probability ratios Λ1(t) and Λ2(t) of Equation (3.5.3)
for Lasso and robust Lasso (R-Lasso) procedures. 1000000 replications are used to evaluate
the probabilities.

Λ1(t) Λ2(t)
t = 84.865 t = 91.677 t = 15.327 t = 16.441

φj Lasso R-Lasso Lasso R-Lasso Lasso R-Lasso Lasso R-Lasso
-0.9 16.4 6.4 92.1 15.9 20.5 10.0 107.3 25.8
-0.8 26.0 6.3 163.1 16.1 25.3 7.5 148.4 17.6
-0.7 37.5 8.6 252.8 25.1 32.7 8.3 202.2 20.6
-0.6 48.3 12.5 346.5 43.2 40.0 10.7 260.3 29.1
-0.5 57.5 17.5 430.7 66.4 46.5 13.8 312.7 41.9
-0.4 64.7 22.8 501.5 98.9 51.9 17.6 362.2 60.0
-0.3 70.0 28.1 558.9 129.1 56.6 21.5 403.0 77.9
-0.2 73.3 32.2 595.2 158.0 59.5 24.9 429.4 97.8
-0.1 75.7 35.2 625.0 182.0 61.9 27.5 454.2 112.5
0 76.6 36.3 633.8 189.9 63.0 28.5 464.5 120.2

0.1 76.0 35.8 628.2 184.8 62.8 28.5 462.3 119.2
0.2 74.8 33.8 612.2 171.4 62.0 27.0 454.8 112.1
0.3 71.8 30.4 577.7 147.6 59.8 25.1 436.1 100.2
0.4 67.8 26.3 534.8 119.9 57.5 22.9 417.1 90.9
0.5 61.7 22.0 474.0 92.4 54.5 21.5 388.7 85.7
0.6 55.0 18.4 405.8 72.1 52.0 21.8 374.1 96.4
0.7 47.8 16.8 338.4 64.8 52.2 26.7 384.6 143.7
0.8 42.8 20.1 292.3 86.5 57.5 40.1 455.4 273.6
0.9 50.3 40.1 365.0 247.5 73.7 66.2 655.9 561.5

3.6 Real Data Analysis

In this section, we use a real dataset to illustrate the performance of the Lasso procedures.

We consider a high frequency financial dataset that was first studied by Tsay and Chen

[2018]. The data consist of the high-frequency trading of Walgreens stock on February 6,

2017. The data are available from the TAQ database of the New York Stock Exchange. Let

y∗i be the observed price change of the ith trade during the normal trading hours between

9:30AM to 4:00PM, Eastern Time. Due to the discreteness of y∗i , as suggested by Tsay and
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Chen [2018] Example 4.2, we divide the price changes into 7 categories, namely,

< −0.02, [−0.02,−0.01), [−0.01, 0), 0, (0, 0.01], (0.01, 0.02], > 0.02,

where the unit is one U.S. dollar. The category associated with y∗i is thus defined as Yi. If

y∗i < −0.02, we have Yi = 1, if −0.02 ≤ y∗i < −0.01, Yi = 2, and so on. We define ti to be

the duration between (i − 1)th and ith transactions, which is measured in seconds. Let si

be the normalized size of the transaction, which is the trading volume (number of shares)

of the ith trade divided by 100. We also define six dummy variables for the price changes.

Specifically, let

zi,j =


1 if Yi = j,

0 if Yi 6= j,

j = 2, ..., 7. (3.6.1)

Denote zi = (zi,2, ..., zi,7)′. Then in our study, we employ the following 9d input variables,

Xi := {zi−l, y∗i−l, ti−l, si−l|l = 1, 2, ..., d},

where d denotes lag in the time series. For this dataset, we want to predict trade-by-trade

price change. On February 6, 2017, there were 29275 transactions available for the Walgreens

stock. We use the first 27275 observations as the training subsample and reserve the last

2000 observations for out-of-sample prediction for comparison.

The well known ordered probit model (Hausman et al. [1992]) with d = 3 is used as

benchmark. Setting d = 3, Tsay and Chen [2018] compare the benchmark with several

network models. In this particular instance, the 27-10-1 (feedforward) neural network ap-

pears to perform the best among the network models considered. The prediction results for

both models are reported in Tables 3.4 and 3.5, respectively. In comparison, we apply Lasso

methods with multinomial logistic regression to the data. Besides the main effects Xi, we

also add two-way interactions between y∗i−l, ti−l, si−l and zi−l, l = 1, 2, ..., d. That is, there
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are a total of 27d input variables. Note adding two-way interactions does not improve the

predictions of the benchmark. In both standard and robust Lasso procedures, we choose

d = 16. The optimal values of tuning parameters are chosen by a two-dimensional grid

search using BIC; see also Section 3.2.2. The prediction results are summarized in Tables

3.6 and 3.7.

Table 3.4 shows that the ordered probit model does not perform well in prediction. As

a matter of fact, the model predicts no price change for all of the last 2000 transactions.

This is not surprising as the probability of no price change in the training subsample is

71.3%. The forecasting results in Table 3.5 show that the 27-10-1 neural network is able to

correctly predict 3, 47, 1389, and 11 times for Categories 1, 3, 4, and 5, respectively. Its

misclassification rate is 27.5%. In comparison, the standard Lasso procedure for multinomial

logistic regression correctly predicts 2, 5, 35, 1378, 20, and 3 times for Categories 1, 2, 3, 4,

5, and 6, respectively. The corresponding misclassification rate is 27.85%. And the proposed

robust Lasso procedure for multinomial logistic regression correctly predicts 3, 6, 32, 1378,

20, 3 and 1 times for Categories 1 to 7, respectively. Its misclassification rate is also 27.85%.

The standard Lasso procedure and the robust Lasso procedure perform almost the same for

the misclassification rate but the latter improves the predictions in most categories.

In some scenarios of multiclass classification, researchers assign different costs for classi-

fying certain classes (see Duchi et al. [2016]); for example, it may be less costly to misclassify

a benign tumor as cancerous than the opposite. In our particular example, the classes are

unbalanced and we are more interested in big price changes. To this end, we use a cost matrix

W = (wjk)7j,k=1 ∈ R7×7
+ , where wjk ≥ 0 is the cost (weights) for classifying an observation

of class j as class k. We assume wjj = 0 for each j. Then the weighted empirical error is

defined as

errW (g) =
1

n

∑
i≤n

7∑
j,k=1

wjk1{g(Xi)=j,Yi=k}, (3.6.2)
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where g is a classifier. We further define wjk(k 6= j) as the reciprocal of the proportion of

class j among all the 29275 observations, i.e.,

wjk =

(
1

29275

29275∑
i=1

1{Yi=j}

)−1
, k 6= j (3.6.3)

Then, the weighted empirical errors for the 27-10-1 network, standard Lasso procedure and

robust Lasso procedure are 4.09, 4.11, 3.99, respectively. Therefore, both the standard

Lasso procedure and robust Lasso procedure are compatible to neural networks. From the

weighted empirical error perspective, our robust Lasso procedure fares best. This example

demonstrates that the standard Lasso procedure and robust Lasso procedure can be helpful

in modeling trade-by-trade price changes in financial market.

Table 3.4: Forecast tabulation for the ordered Probit model

Predicted Categories
Yi 1 2 3 4 5 6 7

R
ea

l
C

at
eg

or
ie

s 1 0 0 0 4 0 0 0
2 0 0 0 100 0 0 0
3 0 0 0 180 0 0 0
4 0 0 0 1437 0 0 0
5 0 0 0 174 0 0 0
6 0 0 0 100 0 0 0
7 0 0 0 5 0 0 0

Table 3.5: Forecast tabulation for the 27-10-1 feedforward neural network

Predicted Categories
Yi 1 2 3 4 5 6 7

R
ea

l
C

at
eg

or
ie

s 1 3 0 0 1 0 0 0
2 0 0 2 98 0 0 0
3 0 0 47 129 4 0 0
4 2 0 38 1389 8 0 0
5 0 0 11 152 11 0 0
6 0 0 5 95 0 0 0
7 0 0 0 5 0 0 0
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Table 3.6: Forecast tabulation for the standard Lasso method

Predicted Categories
Yi 1 2 3 4 5 6 7

R
ea

l
C

at
eg

or
ie

s 1 2 1 0 1 0 0 0
2 0 5 2 91 1 1 0
3 0 0 35 134 11 0 0
4 1 7 23 1378 20 6 2
5 0 1 6 146 20 1 0
6 0 1 0 94 2 3 0
7 1 0 0 4 0 0 0

Table 3.7: Forecast tabulation for the robust Lasso method

Predicted Categories
Yi 1 2 3 4 5 6 7

R
ea

l
C

at
eg

or
ie

s 1 3 0 0 1 0 0 0
2 0 6 2 90 1 1 0
3 0 0 32 141 7 0 0
4 0 7 24 1378 22 5 1
5 0 1 5 147 20 1 0
6 0 1 0 96 0 3 0
7 1 0 0 3 0 0 1

3.7 Inequalities for Empirical Processes of High-dimensional

Time Series

The proof of the main theorem requires additional new concentration inequalities for em-

pirical processes of time series. Analogous to Bousquet’s inequality (Bousquet [2002]) for

i.i.d data, we present concentration inequalities for both heavy-tailed and light-tailed high

dimensional time series under the functional dependence measure framework. The result

may be of independent interest. To simplify the notation, denote

r(fβ(Xi)) = (r(fβ(1)(Xi)), ..., r(fβ(m)(Xi))), r(fβ∗(Xi)) = (r(fβ∗(Xi)), ..., r(fβ∗(Xi))) (m-

dimensional vector) and r̄(·) = r(·) − Er(·). Denote F li = σ(εl, ..., εi) with l ≤ i, Fi =

σ(· · · , εi−1, εi). Write Pl(·) = E(·|Fl)− E(·|Fl−1).

Theorem 3.7.1. Let |β−β∗|0 = s, t = s(log p+log n), and Cq,α be a constant depending on

q and α. Assume ‖|X·|∞‖q,α <∞, where q > 2 and α > 0. Suppose that Assumptions 3.3.2
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and 3.3.3 hold. (i) If α > 1/2− 1/q, then for x ≥
√
nt ‖|X·|∞‖2,α + n1/qt3/2 ‖|X·|∞‖q,α,

P

 sup
|β−β∗|1≤M,
|β−β∗|0=s

∣∣∣∣∣
n∑
i=1

[r̄(fβ(Xi))− r̄(fβ∗(Xi))]

∣∣∣∣∣ ≥Mx

 ≤
Cq,αnt

q/2 ‖|X·|∞‖qq,α
xq

+Cq,α exp

(
−

Cq,αx
2

n ‖|X·|∞‖22,α

)
.

(3.7.1)

(ii) If 0 < α < 1/2− 1/q, then for x ≥
√
nt ‖|X·|∞‖2,α + n1/2−αt3/2 ‖|X·|∞‖q,α,

P

 sup
|β−β∗|1≤M,
|β−β∗|0=s

∣∣∣∣∣
n∑
i=1

[r̄(fβ(Xi))− r̄(fβ∗(Xi))]

∣∣∣∣∣ ≥Mx

 ≤
Cq,αn

q/2−αqtq/2 ‖|X·|∞‖qq,α
xq

+Cq,α exp

(
−

Cq,αx
2

n ‖|X·|∞‖22,α

)
.

(3.7.2)

Proof. Denote A := {β : |β − β∗|1 ≤ M, |β − β∗|0 = s}. We divide each coordinate

of β − β∗ into D segments. Define set Am := {β(1), ..., β(m)} ⊂ A, such that for any

β ∈ A,minβ(j)∈Am |β − β
(j)|1 ≤ M/D. The number of ε-balls that is required to cover a

k-dimensional unit diamond is bounded by (4/ε)k. Since β − β∗ is a p-dimensional vector

with at most s nonzero coordinates, the covering number we require is at most (4pD)s. Then
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m = |Am| � psDs. Let βh := arg minβ(j)∈Am |β − β
(j)|1. Then,

P

 sup
|β−β∗|1≤M,
|β−β∗|0=s

∣∣∣∣∣
n∑
i=1

[r̄(fβ(Xi))− r̄(fβ∗(Xi))]

∣∣∣∣∣ ≥Mx



≤ P

 sup
|β−β∗|1≤M,
|β−β∗|0=s

∣∣∣∣∣
n∑
i=1

[r̄(fβh(Xi))− r̄(fβ∗(Xi))]

∣∣∣∣∣ ≥ Mx

2



+ P

 sup
|β−β∗|1≤M,
|β−β∗|0=s

∣∣∣∣∣
n∑
i=1

[r̄(fβ(Xi))− r̄(fβh(Xi))]

∣∣∣∣∣ ≥ Mx

2


= P

(
sup

β(j)∈Am

∣∣∣∣∣
n∑
i=1

[r̄(fβ(j)(Xi))− r̄(fβ∗(Xi))]

∣∣∣∣∣ ≥ Mx

2

)

+ P

 sup
|β−β∗|1≤M,
|β−β∗|0=s

∣∣∣∣∣
n∑
i=1

[r̄(fβ(Xi))− r̄(fβh(Xi))]

∣∣∣∣∣ ≥ Mx

2


:= I1 + I2.

We first consider I2. By the Lipschitz property, Assumption 3.3.2,
∣∣∣r(fβ(Xi))− r(fβh(Xi))

∣∣∣ ≤
|(β − βh)TXi|. Some basic calculations show that

‖(β − βh)TXi‖q ≤MΩ0,q/D ≤M‖|X·|∞‖q,α/D.

Then,

I2 ≤ P

(
2nmax

i
sup

|β−β∗|1≤M
|(β − βh)TXi| ≥

Mx

2

)

≤
Cq,2n

q+1‖|X·|∞‖qq,α
Dqxq

.
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Note logm � s log p+ s logD. We can set logm = s(log p+ log n) and D � n. Thus,

I2 ≤
Cqn‖|X·|∞‖qq,α

xq
. (3.7.3)

It remains to consider I1. Let t = 1 ∨ logm, where logm = s(log p + log n). Note

that for any vector u = (u1, ..., um)T , |u|∞ ≤ |u|t ≤ m1/t|u|∞. Let L = blog n/ log 2c,

τl = 2l if 1 ≤ l ≤ L, τL = n and τ0 = 0. To simplify the notation, denote r(fβ(Xi)) =

(r(fβ(1)(Xi)), ..., r(fβ(m)(Xi))), r(fβ∗(Xi)) = (r(fβ∗(Xi)), ..., r(fβ∗(Xi))). Let

Wn =
∑n
i=1[r̄(fβ(Xi))− r̄(fβ∗(Xi))], Wn,k =

∑n
i=1 E([r̄(fβ(Xi))− r̄(fβ∗(Xi))]|εi−k, ..., εi),

Xi,k = E(Xi|εi−k, ..., εi). Define Qn,l = Wn,τl −Wn,τl−1 for 1 ≤ l ≤ L and write

Wn = Wn,0 +Wn −Wn,n +
L∑
l=1

Qn,l. (3.7.4)

Note that Wn,n −Wn,0 =
∑L
l=1Qn,l. By Lemma 3.7.7 and Jensen’s inequality,

‖|Wn,k+1 −Wn,k|∞‖q

=

∥∥∥∥∥
∣∣∣∣∣
n∑
i=1

[E(r(fβ(Xi))− r(fβ∗(Xi))|F i−k−1i )− E(r(fβ(Xi))− r(fβ∗(Xi))|F i−ki )]

∣∣∣∣∣
t

∥∥∥∥∥
q

≤ Cq
√
nt
∥∥∥∣∣∣E(r(fβ(Xi))− r(fβ∗(Xi))|F i−k−1i )− E(r(fβ(Xi))− r(fβ∗(Xi))|F i−ki )

∣∣∣
t

∥∥∥
q

≤ Cq
√
nt
∥∥∥∣∣r(fβ(Xi))− r(fβ∗(Xi))− r(fβ(Xi,i−k−1)) + r(fβ∗(Xi,i−k−1))

∣∣
t

∥∥∥
q
.

Under Assumption 3.3.2,

‖|Wn,k+1 −Wn,k|∞‖q ≤ Cq
√
ntM

∥∥∥∣∣Xi −Xi,i−k−1∣∣t∥∥∥q ≤ Cq
√
ntMωk+1,q.
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Then

‖|Wn −Wn,n|∞‖q ≤
∞∑
k=n

‖|Wn,k+1 −Wn,k|∞‖q ≤M
∞∑
k=n

Cq
√
ntωk+1,q = CqM

√
ntΩn+1,q.

By Markov’s inequality, we have

P(|Wn −Wn,n|t ≥Mx) ≤
‖|Wn −Wn,n|t‖qq

Mqxq
≤
Cq(nt)

q/2Ω
q
n+1,q

xq
. (3.7.5)

Note that Ωn+1,q ≤ ‖|X·|∞‖q,αn−α.

Recall Xi,0 = E(Xi|εi) and Wn,0 =
∑n
i=1 E[r̄(fβ(Xi))− r̄(fβ∗(Xi))|εi]. Under Assumption

3.3.3,

|E[r(fβ(j)(Xi))− r(fβ∗(Xi))|εi]| ≤ |E[(β(j) − β∗)Xi|εi]| ≤ |β(j) − β∗|1|E(Xi|εi)|∞

≤ M |Xi,0|∞.

Note that E[r̄(fβ(Xi)) − r̄(fβ∗(Xi))|εi] are independent for different i. By Fuk-Nagaev

inequality in Lemma A.2 of Chernozhukov et al. [2013], we have

P(|Wn,0|∞ − 2E|Wn,0|∞ ≥Mx)

≤
Cq,α

∑n
i=1 Emax1≤j≤m

∣∣∣E[r(fβ(j)(Xi))− r(fβ∗(Xi))|εi]
∣∣∣q

Mqxq

+ exp

(
− M2x2

3 max1≤j≤m
∑n
i=1 E|E[r(fβ(j)(Xi))− r(fβ∗(Xi))|εi]|

2

)

≤
Cq,αn‖|Xi,0|∞‖

q
q

xq
+ exp

(
− x2

3n‖|Xi,0|∞‖22

)
.
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Then, by Lemma A.3 of Chernozhukov et al. [2013],

E|Wn,0|∞ .
√
t

√√√√max
j

n∑
i=1

E(E[r(fβ(j)(Xi))− r(fβ∗(Xi))|εi])
2

+ t
√
Emax

i
max
j
|E[r(fβ(j)(Xi))− r(fβ∗(Xi))|εi]|

2

.
√
ntM‖|Xi,0|∞‖2 + tn1/q

[
Emax

j
|E[r(fβ(j)(Xi))− r(fβ∗(Xi))|εi]|

q
]1/q

.
√
ntM‖|Xi,0|∞‖2 + tn1/qM‖|Xi,0|∞‖q.

Hence E|Wn,0|∞ .Mx, which implies that

P(|Wn,0|∞ ≥Mx) ≤
C1n‖|Xi,0|∞‖

q
q

xq
+ C2 exp

(
− x2

n‖|Xi,0|∞‖22

)
. (3.7.6)

Finally, for each 1 ≤ l ≤ L and 1 ≤ i ≤ bn/τlc, define

Zi,l =

iτl∧n∑
k=(i−1)τl+1

E(r(fβ(Xi))− r(fβ∗(Xi))|F
k−τl
k )− E(r(fβ(Xi))− r(fβ∗(Xi))|F

k−τl−1
k );

Uen,l =
∑

i is even

Zi,l and Uon,l =
∑

i is odd

Zi,l.

Let c = q/2 − 1 − αq; let λl = l2/(π2/3) if 1 ≤ l ≤ L/2 and λl = (L + 1 − l)−2/(π2/3) if

L/2 < l ≤ L. Then
∑L
l=1 λl < 1. Since Zi,l and Zi′,l are independent for |i − i′| > 1, by

Lemma 3.7.8

P(|Uen,l|t − 2E|Uen,l|t ≥ λlMx) ≤
Cq

∑
i is even

E|Zi,l|
q
t

(λlMx)q
+ exp

− (λlMx)2

3
∑

i is even
|σZi,l |

2
t

 ,

where σZi,l = (‖Zi1,l‖2, ..., ‖Zim,l‖2)T .
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Similarly, by Lemma 3.7.7, we can obtain

‖|Zi,l|t‖q ≤MCq(τlt)
1/2ω̃l,q, where ω̃l,q =

τl∑
τl−1+1

ωk,q ≤ τ−αl−1‖|X·|∞‖q,α.

For 1 ≤ j ≤ m, by Theorem 3.2 of Burkholder [1973] and Jensen’s inequality,

‖Zij,l‖2 ≤
√
τl

τl∑
k=τl−1+1

∥∥∥E(r(fβ(j)(Xi))− r(fβ∗(Xi))|F
i−k
i )

−E(r(fβ(j)(Xi))− r(fβ∗(Xi))|F
i−k+1
i )

∥∥∥
2

≤ √
τl

τl∑
k=τl−1+1

‖|(β(j) − β∗)T (Xi,k −Xi,k−1)|‖2

≤ M
√
τl

τl∑
k=τl−1+1

‖|Xi,k −Xi,k−1|∞‖2

≤ M
√
τl

τl∑
k=τl−1+1

ωk,2

= M
√
τlω̃l,2.

This implies that |σZi,l |t .M
√
τlτ
−α
l−1‖|X·|∞‖2,α. So we obtain

P(|Uen,l|t − 2E|Uen,l|t ≥ λlMx)

≤
Cqnt

q/2τ
q/2−1
l ω̃

q
l,q

λ
q
l x
q

+ exp

(
−
Cqλ

2
l x

2τ2αl−1
n‖|X·|∞‖2,α

)

≤
Cqnt

q/2

xq
·
τ
q/2−1
l τ

−αq
l−1 ‖|X·|∞‖q,α
λ
q
l

+ exp

(
−
Cqx

2λ2l τ
2α
l−1

n‖|X·|∞‖2,α

)
.
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By Lemma 8 in Chernozhukov et al. [2014],

E|Uen,l|t .
√
t

√
max
j

∑
i is even

EZ2
ij,l + t

√
Emax

i
max
j

Z2
ij,l

.
√
t

√
max
j

∑
i is even

EZ2
ij,l + t(n/τl)

1/q‖|Zi,l|t‖q

. M
√
ntω̃l,2 +Mn1/qt3/2τ

1/2−1/q
l ω̃l,q

. M
√
ntτ−αl ‖|X·|∞‖2,α +Mn1/qt3/2τ

−c/q
l ‖|X·|∞‖q,α.

Notice that λ−1l τ
c/q
l . nc/q for c > 0 and minc≥0 λlτ

−c/q
l > 1 for c < 0 and minl≥0 λlτ

α
l > 1.

Hence E|Uen,l|t .Mλlx always holds. Therefore,

P(|Uen,l|t ≥ λlMx) ≤ C3nt
q/2

xq
·
τ
q/2−1
l τ

−αq
l−1 ‖|X·|∞‖q,α
λ
q
l

+ exp

(
−
C4x

2λ2l τ
2α
l−1

n‖|X·|∞‖2,α

)
. (3.7.7)

A similar inequality holds for Uon,l. Let

A =
L∑
l=1

τ cl
λ
q
l

and B =
L∑
l=1

exp

{
−
C5x

2λ2l τ
2α
l

n‖|X·|∞‖22,α

}
.

Since
∑L
l=1 λl ≤ 1 and |Qn,l|t ≤ |Uen,l|t + |Uon,l|t, by (3.7.7),

P(|
L∑
l=1

Qn,l|t ≥ 2Mx) ≤
L∑
l=1

P(|Qn,l|t ≥ 2λlMx)

≤
L∑
l=1

[P(|Uen,l|t ≥ λlMx) + P(|Uon,l|t ≥ λlMx)]

≤
C6nt

q/2‖|X·|∞‖qq,α
xq

A+ C7B. (3.7.8)

Let ψ := minl≥1 λ
2
l τ

2α
l > 0. By the definition of τl and λl and by elementary calculations,
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there exists a constant C8 > 1 such that for all y ≥ 1,

L∑
l=1

exp
{
−C5yλ

2
l τ

2α
l

}
≤ C8 exp{−C5yψ}. (3.7.9)

We apply (3.7.9) with y = x2/(n‖|X·|∞‖22,α). If c > 0, it can be obtained that A ≤ C9λ
c
l ≤

C9n
c. If c < 0, then A ≤ C10. Hence, combining (3.7.4), (3.7.5), (3.7.6), (3.7.8) and (3.7.9),

if c > 0 and x &
√
nt‖|X·|∞‖2,α + n1/q+c/qt3/2‖|X·|∞‖q,α,

P(|Wn|t ≥Mx) ≤ exp

{
−

Cq,αx
2

n‖|X·|∞‖22,α

}
+
Cq,αn

c+1tq/2‖|X·|∞‖qq,α
xq

, (3.7.10)

if c < 0 and x &
√
nt‖|X·|∞‖2,α + n1/qt3/2‖|X·|∞‖q,α,

P(|Wn|t ≥Mx) ≤ exp

{
−

Cq,αx
2

n‖|X·|∞‖22,α

}
+
Cq,αnt

q/2‖|X·|∞‖qq,α
xq

. (3.7.11)

By (3.7.3), (3.7.10) and (3.7.11), both cases with c < 0 and c > 0 of Theorem 3.7.1 follow.

Theorem 3.7.2. Assume ‖|X·|∞‖ψν < ∞, where ν ≥ 0. Let |β − β∗|0 = s, t = s(log p +

log n) and α = 2/(1 + 2ν), then under Assumptions 3.3.2 and 3.3.3, there exists a constant

Cν > 0 depending on ν such that

P

 sup
|β−β∗|1≤M,
|β−β∗|0=s

∣∣∣∣∣
n∑
i=1

r̄(fβ(Xi))− r̄(fβ∗(Xi))

∣∣∣∣∣ ≥Mx

 ≤ Cν exp

(
− xα

2eα(nt)α/2‖|X·|∞‖αψν

)
.

(3.7.12)

Proof. We shall use the argument in the proof of Theorem 3.7.1. Denote A := {β : |β −

β∗|1 ≤ M, |β − β∗|0 = s}. Define set Am := {β(1), ..., β(m)} ⊂ A, such that for any β ∈

A,minβ(j)∈Am |β−β
(j)|1 ≤M/D. Then m = |Am| � psDs. Let βh := arg minβ(j)∈Am |β−
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β(j)|1. Similar to the proof of Theorem 3.7.1, we can obtain

P

 sup
|β−β∗|1≤M,
|β−β∗|0=s

∣∣∣∣∣
n∑
i=1

[r̄(fβ(Xi))− r̄(fβ∗(Xi))]

∣∣∣∣∣ ≥ 2Mx


≤ P

(
sup

β(j)∈Am

∣∣∣∣∣
n∑
i=1

[r̄(fβ(j)(Xi))− r̄(fβ∗(Xi))]

∣∣∣∣∣ ≥Mx

)

+P

 sup
|β−β∗|1≤M,
|β−β∗|0=s

∣∣∣∣∣
n∑
i=1

[r̄(fβ(Xi))− r̄(fβh(Xi))]

∣∣∣∣∣ ≥Mx


:= I1 + I2.

Let u0 = (eα‖|X·|∞‖αψν )−1 and t = 1∨ logm. Note that for any vector u = (u1, ..., um)T ,

|u|∞ ≤ |u|t ≤ m1/t|u|∞. Let L = blog n/ log 2c, τl = 2l if 1 ≤ l ≤ L, τL = n and τ0 = 0. De-

note r(fβ(Xi)) = (r(fβ(1)(Xi)), ..., r(fβ(m)(Xi))), r(fβ∗(Xi)) = (r(fβ∗(Xi)), ..., r(fβ∗(Xi))).

Let Wn =
∑n
i=1[r̄(fβ(Xi))− r̄(fβ∗(Xi))],

Wn,k =
∑n
i=1 E([r̄(fβ(Xi)) − r̄(fβ∗(Xi))]|εi−k, ..., εi), Xi,k = E(Xi|εi−k, ..., εi). Define

Qn,l =
∑n
i=1Pi−l[r̄(fβ(Xi)) − r̄(fβ∗(Xi))]. Then, Qn,l is a martingale. By Assumption

3.3.3, Lemma 3.7.7 and Jensen’s inequality,

‖|Qn,l|∞‖q

≤ C
√
qnt
∥∥∥∣∣E(r(fβ(Xi))− r(fβ∗(Xi))|Fi−l)− E(r(fβ(Xi))− r(fβ∗(Xi))|Fi−l−1)

∣∣
t

∥∥∥
q

≤ C
√
qnt
∥∥∥∣∣r(fβ(Xi))− r(fβ∗(Xi))− r(fβ(Xi,i−l)) + r(fβ∗(Xi,i−l))

∣∣
t

∥∥∥
q

≤ C
√
qntM

∥∥∥∣∣Xi −Xi,i−l∣∣t∥∥∥q
= C
√
qntMωl,q.
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Then

‖|Wn|t‖q ≤
∞∑
l=0

‖|Qn,l|t‖q ≤M
∞∑
l=0

C
√
qntωl,q = CM

√
qntΩ0,q.

Let Zn = Wn/(M
√
nt). Then ‖|Zn|t‖q ≤ C

√
qΩ0,q. Write the negative binomial expansion

(1−s)−1/2 = 1+
∑∞
k=1 aks

k, where |s| < 1 and ak = (2k)!/(22k(k!)2). By Stirling’s formula,

as k → ∞, ak ∼ (kπ)−1/2. Hence k! ∼
√

2(k/e)ka−1k , and there exists absolute constants

c1, c2 > 0 such that c1(k/e)ka−1k ≤ k! ≤ c2(k/e)ka−1k holds for all k ≥ 1. If αk > 2, we have

Ω0,αk ≤ (αk)ν‖|X·|∞‖ψν . Hence, by elementary manipulations,

uk‖|Zn|αt ‖kk
k!

≤
uk(αk)αk/2Ωαk0,αk

c1(k/e)ka−1k
≤ aku

k

c1u
k
0

(3.7.13)

If αk < 2, then ‖|Zn|t‖αk ≤ ‖|Zn|t‖2 ≤ 2ν‖|X·|∞‖ψν . Using ex =
∑∞
k=0 x

k/k!, we obtain,

sup
n

E exp {u|Zn|αt } ≤ 1 +
∑

1≤k<2/α

uk(2ν‖|X·|∞‖ψν )αk

k!
+
∑
k≥2/α

aku
k

c1u
k
0

≤ 1 + c′α

∞∑
k=1

ak
uk

uk0

≤ 1 + cα
u/u0

(1− u/u0)1/2
,

where constants cα, c
′
α > 0 only depend on α. Let u = u0/2, then supn E exp

{
u|Zn|αt

}
≤

1 + cα/
√

2. Hence,

I1 = P(|Wn|t ≥Mx) = P(|Zn|t ≥
x√
nt

) ≤ (1 + cα/
√

2) exp

{
− xα

2eα(nt)α/2‖|X·|∞‖αψν

}
.

(3.7.14)

Basic calculation shows that ‖(β−βh)TXi‖q ≤MΩ0,q/D. Employing similar arguments,
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we can obtain

I2 ≤ (1 + cα/
√

2)n exp

{
− xαDα

2eαnα‖|X·|∞‖αψν

}
. (3.7.15)

Note logm � s log p+ s logD. We can set logm = s(log p+ log n) and D � n. Thus,

I2 ≤ (1 + cα/
√

2) exp

{
− xα

2eα‖|X·|∞‖αψν
+ log n

}
. (3.7.16)

Clearly, Theorem 3.7.2 follows from (3.7.14) and (3.7.16).

Theorem 3.7.3. Assume Ω0,q <∞. Denote X̃ij = sgn(Xij)(|Xij | ∧ τ) and

X̃i = (X̃i1, ..., X̃ip)
T . Let |β − β∗|0 = s, t = s(log p + log n), then under Assumptions 3.3.2

and 3.3.3,

P

 sup
|β−β∗|1≤M,
|β−β∗|0=s

∣∣∣∣∣
n∑
i=1

r̄(fβ(X̃i))− r̄(fβ∗(X̃i))

∣∣∣∣∣ ≥Mx

 ≤ Cq exp

(
− x2

4entτ2

)
. (3.7.17)

Proof. It can be carried out following the same routes as those in the proof of Theorem 3.7.2

by setting α = 2 therein.

Lemma 3.7.4. Assume ‖|X·|∞‖q,α < ∞, where q > 2 and α > 0, Cq,α is a constant

depending on q and α. (i) If α > 1/2− 1/q, then for x ≥
√
n log p ‖|X·|∞‖2,α

+n1/q(log p)3/2 ‖|X·|∞‖q,α,

P

(∣∣∣∣∣
n∑
i=1

Xi

∣∣∣∣∣
∞
≥ x

)
≤
Cq,αn(log p)q/2 ‖|X·|∞‖qq,α

xq
+ Cq,α exp

(
−

Cq,αx
2

n ‖|X·|∞‖22,α

)
. (3.7.18)
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(ii) If 0 < α < 1/2− 1/q, then for x ≥
√
n log p ‖|X·|∞‖2,α + n1/2−α(log p)3/2 ‖|X·|∞‖q,α,

P

(∣∣∣∣∣
n∑
i=1

Xi

∣∣∣∣∣
∞
≥ x

)
≤
Cq,αn

q/2−αq(log p)q/2 ‖|X·|∞‖qq,α
xq

+ Cq,α exp

(
−

Cq,αx
2

n ‖|X·|∞‖22,α

)
.

(3.7.19)

Proof. Use the same argument as that in Theorem 6.2 of Zhang and Wu [2017].

Lemma 3.7.5. Assume ‖|X·|∞‖ψν <∞, where ν ≥ 0. Let α = 2/(1+2ν), then there exists

a constant Cν > 0 depending on ν such that

P

(∣∣∣∣∣
n∑
i=1

Xi

∣∣∣∣∣
∞
≥ x

)
≤ Cν exp

(
− xα

2eα(n log p)α/2‖|X·|∞‖αψν

)
. (3.7.20)

Proof. The proof is similar to that of Theorem 3.7.2, and is omitted.

Theorem 3.7.6. Let (Xi) be a stationary process in the form Xi = g(..., εi−1, εi), where εi,

i ∈ Z, be i.i.d. random variables. Assume that (Xi) is geometric moment contraction (see

Assumption 3.4.1), that is, (3.4.5) holds with q-moment and constant C2 > 0, 0 < a2 < 1.

If EXi = 0 and |Xi| ≤M , then we have,

P

(∣∣∣∣∣
n∑
i=1

Xi

∣∣∣∣∣ ≥ x

)
≤ exp

(
− x2

16nν + cq,1M log(n/x) + cq,2
√
Mx3/2

)
, (3.7.21)

where ν = 2C2
2(1− a2)−1(1− a22)−1 and cq,1, cq,2 are constants depending on q and a2.

Proof. Denote Xi,m = E(Xi|εi−m, ..., εi) and Xi,{l} = g(..., εl−1, ε
′
l, εl+1, ..., εi). Then,

P

(∣∣∣∣∣
n∑
i=1

Xi

∣∣∣∣∣ ≥ x

)
≤ P

(∣∣∣∣∣
n∑
i=1

(Xi −Xi,m)

∣∣∣∣∣ ≥ x

2

)
+ P

(∣∣∣∣∣
n∑
i=1

Xi,m

∣∣∣∣∣ ≥ x

2

)
:= I1 + I2.

We first consider I1. By Markov inequality,

I1 ≤ P
(

max
i

∣∣(Xi −Xi,m)
∣∣ ≥ x

2n

)
≤ 2−qnq+1x−qE|Xi −Xi,m|q.
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By GMC (3.4.5), we obtain

‖Xi −Xi,m‖q ≤
∞∑
l=m

‖Xi,l+1 −Xi,l‖q ≤
∞∑
l=m

‖Xl+1 −Xl+1,{0}‖q ≤
∞∑
l=m

C2a
l+1
2

≤ C2(1− a2)−1am+1
2 .

Thus,

I1 ≤ C
q
2(1− a2)−q2−qnq+1x−qaq(m+1)

2 ≤ c1e
−m(q log(a−12 ))−q log x+(q+1) log n (3.7.22)

It remains to bound I2. Let L = bn/mc. Define Zl,m =
∑(ml)∧n
i=m(l−1)+1

Xi,m for 1 ≤ l ≤ L.

Then, we have

I2 ≤ P

(∣∣∣∣∣ ∑
l is odd

Zl,m

∣∣∣∣∣ ≥ x

4

)
+ P

(∣∣∣∣∣ ∑
l is even

Zl,m

∣∣∣∣∣ ≥ x

4

)
:= I2,1 + I2,2.

Recall Pi(·) = E(·|Fi)− E(·|Fi−1). Some basic calculation shows that

|Cov(Xi,m, Xi+k,m)| = |
∞∑
h=0

E(P−hX0,m)(P−hXk,m)| ≤
∞∑
h=0

|E(P−hX0,m)(P−hXk,m)|

≤
∞∑
h=0

‖Xh −Xh,{0}‖2‖Xh+k −Xh+k,{0}‖2 ≤ C2
2

∞∑
h=0

a2h+k2 .

Thus,

EZ2
1,m = E|

m∑
i=1

Xi,m|2 ≤ mC2
2(
∞∑
h=0

a2h2 + 2
m∑
k=1

∞∑
h=0

a2h+k2 ) ≤ 2mC2
2(
∞∑
k=0

∞∑
h=0

a2h+k2 ) ≤ mν,

where ν = 2C2
2(1 − a2)−1(1 − a22)−1. Note that Zl,m ≤ mM . Since Zl,m and Zl′,m are

independent for |l − l′| > 1, by Bernstein inequality, we obtain

I2,1 ≤ exp

(
− (x/4)2

(x/4) ·mM + n/m ·mν

)
= exp

(
− x2

4xmM + 16nν

)
. (3.7.23)
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Taking m =
√
x/M + (q + 1) log(n/x), we have

P

(∣∣∣∣∣
n∑
i=1

Xi

∣∣∣∣∣ ≥ x

)
≤ exp

(
−c2

√
x

M
− c3

x

M log(n/x)
− x2

16nν

)
,

for some constants c2, c3 depending on q, a2. Then (3.7.21) follows.

Remark 3.7.1. Under the geometric moment contraction, our Theorem 3.7.6 is sharper

than Theorem 3 in Wu and Wu [2016].

Lemma 3.7.7. Let Di, 1 ≤ i ≤ n, be p-dimensional martingale difference vectors with

respect to the σ-field Gi. Let s > 1 and q ≥ 2. Then

‖|D1 + . . .+Dn|s‖q ≤ c

q‖ sup
i
|Di|s‖q +

√
q(s− 1)

∥∥∥∥∥∥
[
n∑
i=1

E(|Di|2s|Gi−1)

]1/2∥∥∥∥∥∥
q

 ,

where c is an absolute constant.

Lemma 3.7.7 provides a Rosenthal-Burkholder type bound on moments of Banach-spaced

martingales and follows from Theorem 4.1 of Pinelis [1994].

Lemma 3.7.8. Assume s > 1. Let X1, . . . , Xn be p-dimensional independent random vectors

with mean zero such that for some q > 2, ‖|Xi|s‖q <∞, 1 ≤ i ≤ n. Let Tn =
∑n
i=1Xi and

σi = (‖Xi1‖2, . . . , ‖Xip‖2)>. Then for any y > 0,

P (|Tn|s ≥ 2E|Tn|s + y) ≤ Cqy
−q

n∑
i=1

E|Xi|
q
s + exp

(
− y2

3
∑n
i=1 |σi|2s

)
, (3.7.24)

where Cq is a positive constant depending only on q.

Proof. See Lemma C.6 in Zhang and Wu [2017].
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3.8 Deferred Proofs

Throughout this section, without loss of generality, define

Vn(β) =
n∑
i=1

[R(fβ(Xi), Yi)− ER(fβ(Xi), Yi)].

Set M := E∗/λ0. With the newly defined β∗, let

Tn := sup
|β−β∗|1≤M

|Vn(β)− Vn(β∗)|. (3.8.1)

Proof of Theorem 3.3.1. We use the short hand notation S∗ = Sβ∗ , s∗ = sβ∗ and κ∗ =

κ(Sβ∗). The proof is along the lines of Theorem 6.4 in Bühlmann and Van De Geer [2011].

Let

t :=
M

M + |β̂ − β∗|1
,

and

β̃ := tβ̂ + (1− t)β∗.

Then

|β̃ − β∗|1 =
M |β̂ − β∗|1
M + |β̂ − β∗|1

≤M.

So if we show that |β̃ − β∗|1 ≤M/2, then |β̂ − β∗|1 ≤M .

Since β̂ minimizes (3.2.1), by the assumed convexity of z 7→ R(z, y), we have

1

n

n∑
i=1

R(f
β̃

(Xi), Yi) + λ|β̃|1

≤ t

{
1

n

n∑
i=1

R(f
β̂

(Xi), Yi) + λ|β̂|1

}
+ (1− t)

{
1

n

n∑
i=1

R(fβ∗(Xi), Yi) + λ|β∗|1

}

≤ 1

n

n∑
i=1

R(fβ∗(Xi), Yi) + λ|β∗|1. (3.8.2)
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On the event

T := {Tn ≤ nλ0M} = {Tn ≤ nE∗}, (3.8.3)

inequality (3.8.2) implies that

E(f
β̃

) + λ|β̃|1 ≤ −
1

n

[
Vn(β̃)− Vn(β∗)

]
+ E(fβ∗) + λ|β∗|1 ≤ λ0M + E(fβ∗) + λ|β∗|1.

Now, for any β,

β = βS∗ + βSc∗ .

Note that β∗S∗ = β∗ and β∗Sc∗
= 0. So, we have,

E(f
β̃

) + λ|β̃Sc∗ |1 ≤ E
∗ + E(fβ∗) + λ|β̃S∗ − β

∗
S∗ |1 ≤

5

3
E∗ + λ|β̃S∗ − β

∗
S∗ |1.

Case a) If λ|β̃ − β∗|1 > 10E∗/3, we find

E(f
β̃

) +
1

2
λ|β̃Sc∗ |1 ≤

3

2
λ|β̃S∗ − β

∗
S∗|1.

It follows that |β̃Sc∗ |1 ≤ 3|β̃S∗ − β∗S∗|1. This means that we can apply the compatibility

condition. Thus, invoking the margin condition,

E(f
β̃

) + λ|β̃ − β∗|1 ≤ E∗ + E(fβ∗) + 2λ|β̃S∗ − β
∗
S∗|1

≤ E∗ + E(fβ∗) + 2λ
√
s∗‖fβ̃ − fβ∗‖/κ∗

≤ E∗ + E(fβ∗) +G

(
4λ
√
s∗

κ∗

)
+

1

2
E(f

β̃
) +

1

2
E(fβ∗)

It follows that

1

2
E(f

β̃
) + λ|β̃ − β∗|1 ≤ 2E∗.
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But then λ|β̃ − β∗|1 ≤ 2E∗, which is a contradiction.

Case b) If λ|β̃ − β∗|1 ≤ 10E∗/3, this implies

|β̃ − β∗|1 ≤
10λ0M

3λ
≤ 1

2
M,

and

E(f
β̃

) + λ|β̃Sc∗ |1 ≤ 5E∗.

We immediately have |β̂ − β∗|1 ≤M .

Hence, in both Case a) and Case b), the conclusion is that |β̂ − β∗|1 ≤M . We can now

use the same argument with β̃ replaced by β̂ to establish that in fact on the event T ,

λ|β̂ − β∗|1 ≤
10

3
E∗.

Next, we repeat the above argument in Case a) λ|β̂S∗ − β
∗
S∗
|1 > E∗ and Case b) λ|β̂S∗ −

β∗S∗|1 ≤ E
∗. This gives

E(f
β̂

) ≤ 8

3
E∗.

So Theorem 3.3.1 follows if we can control the probability P(T ).

We now prove (i). By Hölder’s inequality, we have for m ≥ 0 that

∞∑
l=m

‖max
j
|XljYl −Xlj,{0}Yl,{0}|‖χ

≤
∞∑
l=m

(
‖max

j
|Xlj(Yl − Yl,{0})|‖χ + ‖max

j
|(Xlj −Xlj,{0})Yl,{0}|‖χ

)

=
∞∑
l=m

(
‖max

j
|Xlj |‖γ‖Yl − Yl,{0}‖q + ‖max

j
|Xlj −Xlj,{0}|‖γ‖Yl,{0}‖q

)
.
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Since α = min(αX , αY ), the dependence adjusted norm satisfies

‖max
j
|X.jY.|‖τ,α ≤ ‖max

j
|X.j |‖γ,0‖Y.‖q,αY + ‖max

j
|X.j |‖γ,αX‖Y.‖q,0

≤ 2‖|X.|∞‖γ,αX‖Y.‖q,αY . (3.8.4)

For constant s0 < p, create a partition of {1, 2, ..., p} as

I1 = {1, 2, ..., s0}, I2 = {s0 + 1, s0 + 2, ..., 2s0}, ...

where Il, l = 1, 2, ..., has cardinality s0, except the last set which may have cardinal-

ity smaller than s0. Write δ0 = β∗, δdp/s0e = β and δl = β∗ +
∑l
j=1(β − β∗)Ij =

(β1, ..., βls0 , β
∗
ls0+1, ..., β

∗
p) for all 1 ≤ l ≤ dp/s0e. Then this partition leads to the following

decomposition

1

n

n∑
i=1

[r̄(fβ(Xi))− r̄(fβ∗(Xi))] =

dp/s0e∑
l=1

1

n

n∑
i=1

[r̄(fδl(Xi))− r̄(fδl−1(Xi))], (3.8.5)

1

n

n∑
i=1

[h̄(fβ(Xi))Yi − h̄(fβ∗(Xi))Yi] =

dp/s0e∑
l=1

1

n

n∑
i=1

[h̄(fδl(Xi))Yi − h̄(fδl−1(Xi))Yi]. (3.8.6)

Denote

Tl1 =

{
sup

|β−β∗|1≤M

∣∣∣∣∣ 1n
n∑
i=1

[r̄(fδl(Xi))− r̄(fδl−1(Xi))]

∣∣∣∣∣ ≤ 1

2
λ0|δl − δl−1|1

}
, (3.8.7)

Tl2 =

{
sup

|β−β∗|1≤M

∣∣∣∣∣ 1n
n∑
i=1

[h̄(fδl(Xi))Yi − h̄(fδl−1(Xi))Yi]

∣∣∣∣∣ ≤ 1

2
λ0|δl − δl−1|1

}
. (3.8.8)

For λ0 &
√
s0 log(pn)/n‖|X.|∞‖γ,αX‖Y.‖q,αY +nρ/χ−1(s0 log(pn))3/2‖|X.|∞‖γ,αX‖Y.‖q,αY ,
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adopting (3.8.4) and Theorem 3.7.1, we have,

P
(
T cl2
)
≤
C4n(s0 log(pn))χ/2‖|X.|∞‖χγ,αX‖Y.‖

χ
q,αY

(nλ0)χ
+ C5 exp

(
− C6(nλ0)2

n‖|X.|∞‖2γ,αX‖Y.‖
2
q,αY

)

≤ C4(s0 log(pn))−χ + C5(pn)−C6s0 . (3.8.9)

Similarly, applying Theorem 3.7.1, for

λ0 &
√
s0 log(pn)/n ‖|X·|∞‖2,αX + nν/γ−1(s0 log(pn))3/2 ‖|X·|∞‖γ,αX ,

P
(
T cl1
)
≤ C1(s0 log(pn))−γ + C2(pn)−C3s0 .

Hence, by (3.8.5) and (3.8.6), setting s0 = p1/(γ∧χ+1), Tn ≤ nλ0M holds with probability

at least,

1− (dp/s0e)(C1(s0 log(pn))−γ + C2(pn)−C3s0 + C4(s0 log(pn))−χ + C5(pn)−C6s0)

≥ 1− C1(log(pn))−(γ∧χ).

Next, we prove (ii). Let γ = τ(1 + ι/ν) and q = τ(1 + ν/ι). Then

∞∑
l=0

‖max
j
|XljYl −Xlj,{0}Yl,{0}|‖τ

≤
∞∑
l=0

(
‖max

j
|Xlj |‖γ‖Yl − Yl,{0}‖q + ‖max

j
|Xlj −Xlj,{0}|‖γ‖Yl,{0}‖q

)
≤ 2Ω0,γ∆0,q.

By the definition of γ and q, we have

sup
τ≥2

Ω0,γ∆0,q

τ ι+ν
≤ ‖|X·|∞‖ψι‖Y·‖ψν sup

τ≥2

γιqν

τ ι+ν
= ‖|X·|∞‖ψι‖Y·‖ψνC7,
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where C7 = (1 + ι/ν)ι(1 + ν/ι)ν .

Write δ0 = β∗, δp = β and δl = β∗ +
∑l
j=1(β − β∗)j = (β1, ..., βl, β

∗
l+1, ..., β

∗
p) for all

1 ≤ l ≤ p. Again, denote

Tl1 =

{
sup

|β−β∗|1≤M

∣∣∣∣∣ 1n
n∑
i=1

[r̄(fδl(Xi))− r̄(fδl−1(Xi))]

∣∣∣∣∣ ≤ 1

2
λ0|δl − δl−1|1

}
,

Tl2 =

{
sup

|β−β∗|1≤M

∣∣∣∣∣ 1n
n∑
i=1

[h̄(fδl(Xi))Yi − h̄(fδl−1(Xi))Yi]

∣∣∣∣∣ ≤ 1

2
λ0|δl − δl−1|1

}
.

Then by Theorem 3.7.2,

P(T cl2) ≤ C9e
−C10B

2/(1+2ι+2ν) log p. (3.8.10)

Similarly, by Theorem 3.7.2, we have

P(T cl1) ≤ C7e
−C8A

2/(1+2ι) log p. (3.8.11)

Hence, Tn ≤ nλ0M holds with probability at least,

1− p · C7p
−C8A

2/(1+2ι)
− p · C9p

−C10B
2/(1+2ι+2ν)

≥ 1− C11p
−C12A

2/(1+2ι)

−C13p
−C14B

2/(1+2ι+2ν)
.

Proof of Theorem 3.3.4. We use the short hand notation S∗ = Sβ∗ , s∗ = sβ∗ and κ∗ =

κ(Sβ∗). The proof is similar to that of Theorem 3.3.1. Let

t :=
M

M + |β̂ − β∗|1
,

and

β̃ := tβ̂ + (1− t)β∗.
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Define Ṽn(β) =
∑n
i=1[R(fβ(X̃i), Yi)− ER(fβ(X̃i), Yi)]. Let

T̃n := sup
|β−β∗|1≤M

|Ṽn(β)− Ṽn(β∗)|. (3.8.12)

Since β̂ minimizes (3.2.6), we have

1

n

n∑
i=1

R(f
β̃

(X̃i), Yi) + λ|β̃|1 ≤
1

n

n∑
i=1

R(fβ∗(X̃i), Yi) + λ|β∗|1. (3.8.13)

On the event

T̃ := {T̃n ≤ nλ0M} = {T̃n ≤ nE∗}, (3.8.14)

inequality (3.8.13) implies that

E(f
β̃

) + λ|β̃|1

≤ λ0M + ER(fβ∗(X̃i), Yi)− ER(f
β̃

(X̃i), Yi)− ER(fβ∗(Xi), Yi) + ER(f
β̃

(Xi), Yi)

+ E(fβ∗) + λ|β∗|1

≤ λ0M + |E(Xi − X̃i)T (β̃ − β∗)|+ |E[Yi(Xi − X̃i)T (β̃ − β∗)]|+ E(fβ∗) + λ|β∗|1

≤ λ0M + max
j

E|Xij1{|Xij |>τ}| · |β̃ − β
∗|1 + max

j
E|YiXij1{|Xij |>τ}| · |β̃ − β

∗|1

+ E(fβ∗) + λ|β∗|1

≤ λ0M + λC |β̃ − β∗|1 + E(fβ∗) + λ|β∗|1,

where λC = C1τ
−3q/4+1. If maxi |Yi| < C < ∞ for some constant C, then define λC =

C1τ
−q+1. We set λC = λ0. Now, for any β,

β = βS∗ + βSc∗ .
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Note that β∗S∗ = β∗ and β∗Sc∗
= 0. So, we have,

E(f
β̃

) + (λ− λC)|β̃Sc∗ |1 ≤ E∗ + E(fβ∗) + (λ+ λC)|β̃S∗ − β
∗
S∗|1

≤ 5

3
E∗ + (λ+ λC)|β̃S∗ − β

∗
S∗|1.

Case a) If (λ− 2λC)|β̃ − β∗|1 > 10E∗/3, we find

E(f
β̃

) +
1

2
λ|β̃Sc∗ |1 ≤

3

2
λ|β̃S∗ − β

∗
S∗|1.

It follows that |β̃Sc∗ |1 ≤ 3|β̃S∗ − β∗S∗|1. This means that we can apply the compatibility

condition. Thus, invoking the margin condition,

E(f
β̃

) + (λ− λC)|β̃ − β∗|1 ≤ E∗ + E(fβ∗) + 2λ|β̃S∗ − β
∗
S∗|1

≤ E∗ + E(fβ∗) + 2λ
√
s∗‖fβ̃ − fβ∗‖/κ∗

≤ E∗ + E(fβ∗) +G

(
4λ
√
s∗

κ∗

)
+

1

2
E(f

β̃
) +

1

2
E(fβ∗)

It follows that

1

2
E(f

β̃
) + (λ− λC)|β̃ − β∗|1 ≤ 2E∗.

But then (λ− 2λC)|β̃ − β∗|1 ≤ 2E∗, which is a contradiction.

Case b) If (λ− 2λC)|β̃ − β∗|1 ≤ 10E∗/3, then

|β̃ − β∗|1 ≤
10λ0M

3(λ− 2λC)
≤ 1

2
M,

and

E(f
β̃

) + λ|β̃Sc∗ |1 ≤ 5E∗.
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Note that λC = λ0. We immediately have |β̂ − β∗|1 ≤M .

Hence, in both Case a) and Case b), the conclusion is that |β̂−β∗|1 ≤M . Following the

same procedure, on the event T̃ , we can obtain bounds (3.3.12) and (3.3.13). So Theorem

3.3.4 follows if we can control the probability P(T̃ ).

Write δ0 = β∗, δp = β and δl = β∗ +
∑l
j=1(β − β∗)j = (β1, ..., βl, β

∗
l+1, ..., β

∗
p) for all

1 ≤ l ≤ p. Again, denote

Tl1 =

{
sup

|β−β∗|1≤M

∣∣∣∣∣ 1n
n∑
i=1

[r̄(fδl(X̃i))− r̄(fδl−1(X̃i))]

∣∣∣∣∣ ≤ 1

2
λ0|δl − δl−1|1

}
,

Tl2 =

{
sup

|β−β∗|1≤M

∣∣∣∣∣ 1n
n∑
i=1

[h̄(fδl(X̃i))Yi − h̄(fδl−1(X̃i))Yi]

∣∣∣∣∣ ≤ 1

2
λ0|δl − δl−1|1

}
.

Then by Theorem 3.7.2, for

λ0 = A(log p)1/2(log(pn)/n)1/2τ +B(log p)(1+2ν)/2(log(pn)/n)1/2τ‖Y.‖ψν ,

P(T cl2) ≤ C9e
−C10B

2/(1+2ν) log p. (3.8.15)

Similarly, by Theorem 3.7.3, we have

P(T cl1) ≤ C7e
−C8A

2 log p. (3.8.16)

Hence, T̃n ≤ nλ0M holds with probability at least,

(
1− C2p

−C3A
2
− C4p

−C5B
2/(1+2ν)

)p
≥ 1− C6p

−C7A
2
− C8p

−C9B
2/(1+2ν)

.

By setting λ0 = λC , we are able to obtain τ .

Lemma 3.8.1. Assume ‖β0‖1 ≤ Cβ < ∞. Also assume E|Xij |4 ≤ C < ∞, for any

1 ≤ j ≤ p, and E|Yi|4 ≤ C < ∞. Choose τ1, τ2 � n1/4/(log p)3/4. For any η1 > 1, it holds
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that

P

(∣∣∣∣∣ 1n
n∑
i=1

X̃i(Ỹi − X̃T
i β

0)

∣∣∣∣∣
∞
> c1

√
η1 log p

n

)
≤ p1−η1 , (3.8.17)

where c1 is a universal constant.

Proof. Applying Theorem 3.7.6, it can be carried out following the same routes as those in

the proof of Lemma 1 Fan et al. [2016].

Lemma 3.8.2. Assume E|Xij |4 ≤ C < ∞, for any 1 ≤ j, k ≤ p. Denote Σ̂XX(τ2) =∑n
i=1 X̃iX̃

T
i /n, and ΣXX = EXiXT

i . Choose τ2 � n1/4/(log p)3/4. For any η2 > 2, it holds

that for some constant c2 > 0,

P

(
βT Σ̂XX(τ2)β ≥ βTΣXXβ − c2η2

√
log p

n
‖β‖21, ∀β ∈ Rp

)
≤ p2−η2 . (3.8.18)

Proof. Applying Theorem 3.7.6, it can be carried out following the same routes as those in

the proof of Lemma 2 Fan et al. [2016].

Proof of Theorem 3.4.1. Employing the same arguments as those in the proof of Theorem 2

Fan et al. [2016] with Bernstein’s inequality replaced by Theorem 3.7.6, Theorem 3.4.1 then

follows from Theorem 3.7.6, Lemma 3.8.1 and Lemma 3.8.2.
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